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ABSTRACT: 

 

The determination of the three-dimensional structure of a weak protein-protein complex 

in solution using Small-Angle X-ray Scattering requires the deconvolution of its 

contribution from those of other components coexisting in equilibrium.  

Using the oligomerization equilibrium of low molecular weight phosphatase (lmwPTP) 

as a model system, we show computationally and experimentally that the individual low-

resolution structures of monomeric and dimeric lmwPTP can be determined from a small 

number of SAXS curves using the Multivariate Curve Resolution with Alternating Least 

Squares (MCR-ALS) algorithm. The dimeric complex represents no more than 15% of 

the macromolecules in the most concentrated sample. The derived structures are in good 

agreement with the crystallographic ones and the dissociation constant match the one 

measured by NMR. These results demonstrate the power of SAXS, in combination with 

MCR-ALS, to study transient biomolecular complexes. The limits of the method were 

explored using a three species model that describes the oligomerization of lmwPTP at 

higher concentrations. 
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INTRODUCTION 

 

Weak protein-protein interactions are inherent components of the functional interactome, 

i.e. the ensemble of macromolecular interactions responsible for regulatory processes.1,2 

In contrast to the long lived constitutive interactions that involve large contact areas and 

substantial interaction energies, regulatory interactions involve small binding energies, 

comparable to k•T, resulting in a dynamic situation in which bound and free forms are 

easily inter-converted. The corresponding equilibrium is readily displaced in response to 

minor environmental changes and the dynamic nature of the complexes depicts a major 

experimental challenge for their structural characterization. Solution techniques such as 

NMR and Small Angle Scattering of X-rays (SAXS) or neutrons (SANS) are best suited 

for the study of transient protein complexes. NMR and scattering techniques can be 

measured under very similar experimental conditions and are highly complementary: 

NMR can provide information about the contact interface (through chemical shift 

perturbation or NOEs) and the relative orientation (from residual dipolar couplings or 

spin relaxation rates) of the interacting partners. A limited long range NMR information 

can be provided by paramagnetic induced relaxation or pseudocontact shifts.3-5 On the 

other hand, SAXS can provide low-resolution structures of pure species in solution, 

which define the overall shape of the complex.6-9 

When different species are present, the SAXS curves are the weighted average of all the 

coexisting species in solution and pure scattering curves of all participating species are 

required to interpret SAXS data.10-12 Individual scattering curves can be obtained 
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experimentally from isolated species or computed from 3D models. As shown recently, 

transient protein complexes can be isolated through cross-linking experiments and their 

pure scattering curves recorded.13 

An elegant strategy based on Singular Value Decomposition (SVD) has been employed 

to study protein folding by SAXS using a series of scattering curves measured in different 

conditions. Exploiting the significantly different features of the scattering curves of 

folded and unfolded proteins, the pure profiles for the coexisting species along the 

folding pathway were obtained.14-17  

Weak oligomerization processes involving the interaction between identical proteins are 

specially challenging for both NMR and SAXS. Previous studies from our group showed 

that 15N NMR relaxation data at different protein concentrations could be used to 

characterize the formation equilibrium of different oligomeric species of a low molecular 

weight phosphatase (lmwPTP).18,19 The analysis of the NMR relaxation data required the 

previous knowledge of the three-dimensional structure of the major species present 

(monomer and dimer), in this case derived from crystals.20,21 These studies were 

complemented with 129Xe NMR experiments in which the noble gas atoms acted as spies 

of the formation of specific protein oligomeric species.19 

Recent work using synthetic SAXS data has suggested that the SVD based approach 

could also be applicable for the study of protein oligomerization.22 

Here we use lmwPTP as a test system to show that SAXS data obtained at different 

protein concentrations can be used to simultaneously characterize oligomerization 

equilibria and to obtain the ab initio low-resolution structure of a dimer representing only 

a minor portion (less than 20%) of the total protein in the sample. At higher lmwPTP 
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concentrations, variable concentration SAXS also provides evidence about the presence 

of at least one additional oligomer and about its stoichiometry, although the information 

obtained is not sufficient to derive a reliable structure. 

The layout of the paper is the following: In the first part we show a global analysis of 

variable concentration SAXS data, the evidence of the formation of oligomers at the 

higher concentrations and the derivation of the number of species that contribute 

significantly to the observed data. In the second part we briefly present the Multivariate 

Curve Resolution method using an Alternating Least Square (MCR-ALS) algorithm to 

extract the SAXS contributions from individual species. In the following sections we use 

this method to study the low concentration part of the experiment, where only two 

species are present and we show, using simulated and real data, that low-resolution 

structures of lmwPTP monomer and dimer can be obtained without a priori information. 

Finally, we analyze the complete concentration range in which higher oligomers are 

formed to explore the limits of the approach. 
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RESULTS 

 

Concentration dependence of global parameters derived from SAXS data 

The eight scattering curves of lmwPTP recorded at total protein concentrations of 0.056, 

0.17, 0.25, 0.34, 0.41, 0.48, 0.55, and 0.60 mM (1.01 to 10.8 mg/ml) are displayed in Fig. 

1a. Different parameters reporting on size and shape characteristics of each sample can be 

used to compare the different curves. The forward intensity, I(0), obtained through the 

extrapolation of the scattering curve to zero angle using Guinier’s approach, is 

proportional to the total protein concentration and the molecular mass of the solute (Fig. 

1b). For a pure species, the forward scattering increases linearly with the concentration. 

However, the observed increase is not linear with lmwPTP concentration, indicating that 

several species are present and that their relative populations depend on the total protein 

concentration, as expected for an oligomerization process. The dashed lines represent the 

expected values for pure monomer (extrapolated from I(0) at the lowest concentration) 

and pure dimer. The theoretical values are based on the crystal structures and take into 

account, in addition to the fact that the concentration of dimers is half that of monomers 

for the same amount of protein, the differences in the solvent shell in the monomer and 

the dimer. The comparison of the calculated scattering profiles from the crystallographic 

monomeric and dimeric structures of the lmwPTP shows thatI(0)D = 3.45⋅ I(0)M .  

The radius of gyration (Rg) characterizes the average size of the dissolved particles and 

can therefore provide insight into the oligomerization processes. The apparent Rgs, 

estimated using Guinier’s approximation for each scattering curve, are plotted versus the 
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corresponding total protein concentration in Fig. 1c. The increase in apparent Rg is also 

consistent with an oligomerization process. Even at the lowest concentration studied, 

which is very close to the sensitivity limit of SAXS, the experimental Rg is larger than 

expected for pure lmwPTP monomer. Contrary to the I(0) value yielding a weight 

average of the molecular mass, Rg is a so-called z-average which is more sensitive to the 

presence of larger particles i.e. higher oligomers. The Rg versus concentration plot is 

approximately linear up to 0.34 mM but significant deviations from linearity are observed 

beyond 0.41 mM. 

The diameter of the largest particle in each sample (Dmax) is obtained from the distance 

distribution function calculated with the program GNOM.23 As in the case of I(0) and Rg, 

a systematic increase with lmwPTP concentration is observed in Dmax. The concentration 

dependence of Dmax is plotted in Fig. 1d. A plateau with an average Dmax of 7.46 nm is 

reached between 0.34 to 0.48 mM lmwPTP. This dimension corresponds closely to the 

largest dimension of the crystallographic lmwPTP dimer (7.5 nm).20 At higher 

concentrations, increasing values of Dmax point to the presence of larger oligomers. 
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Figure 1. a) Scattering intensities measured for lmwPTP at total concentrations of (from bottom to top) 

0.056, 0.17, 0.25, 0.34, 0.41, 0.48, 0.55 and 0.60 mM as a function of the momentum transfer s = 4π sin(θ) 

/ λ. b-d) lmwPTP concentration dependency of different parameters derived from SAXS. b) Forward 

intensity I(0) at different lmwPTP concentrations. c) Apparent Rg. d) Dmax. The dashed lines are the values 

calculated for pure monomer (red long dash) and dimer (green dash dot dot) solutions. 

 

Determination of the number of species by Principal Component Analysis (PCA) 

SAXS data of complex mixtures are concentration weighted linear combinations of the 

scattering curves arising from the different species present. Principal Component 

Analysis (PCA)24 of a series of experiments, in which the same species are present in 

different proportions, can be used to determine the minimum number of coexisting 

species required to account for the data. Following the analysis of Rg and Dmax, we 

analyzed the complete set of curves and a subset containing the curves up to 0.41 mM.  

Figure 2 shows the first four PCA eigenvectors, together with the corresponding 

autocorrelation functions C(r), for the low concentration subset and the complete set.  

Clearly in both cases the first two eigenvectors contain significant features while the 

fourth eigenvector shows only random fluctuations around zero. The third eigenvector of 

the complete set show small but significant systematic deviations from zero, most clearly 
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seen in the autocorrelation function. In contrast, the third eigenvector of the low 

concentration subset is already at the noise level.  The significance of the different PCA 

eigenvectors can be quantified by the relative values of the associated eigenvalues 

(Supplementary material, figure S1). When the analysis is restricted to the low 

concentration samples the third eigenvalue is already at the noise level. In contrast, when 

the complete concentration range is analyzed, the third eigenvalue is significantly higher 

than the successive ones.  The PCA in combination with the analysis of the size 

descriptors derived from SAXS data suggests the presence of only two significant species 

up to a lmwPTP concentration of 0.41 mM, while at least one additional species is 

needed to account for the SAXS data obtained at higher concentrations. 
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Figure 2. First four eigenvectors resulting from PCA of concentration dependent SAXS data of lmwPTP in 

the concentration ranges 0.056 – 0.41 mM (a) and 0.056 – 0.60 mM (b). In each set, the bottom row 

corresponds to the vectors’ autocorrelation functions.  

 

Low concentration experiments: monomer-dimer model 

The crystallographic structures of the monomeric (1pnt)21 and dimeric (1c0e)20 species 

were used to characterize the two-component equilibrium of lmwPTP through fitting the 

SAXS curves using OLIGOMER.10 Each scattering curve was fitted individually to linear 

combinations of the theoretical scattering curves of monomer and dimer yielding their 

relative populations. The estimated populations of monomer and dimer at each lmwPTP 

concentration and the fitting error χ2 are shown in Fig. 3. The fitting error to a two-state 

model decreases with decreasing protein concentration down to the detection limit, 
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consistent with the PCA results. A dissociation constant (Kd) of 0.93 mM is obtained 

using data up to 0.41 mM. 

 
Figure 3. Molar fractions of monomer (filled circles) and dimer (open circles) calculated with OLIGOMER 

using the crystal structures of monomer and dimer lmwPTP. The dashed (monomer) and dash dot dot 

(dimer) lines correspond to the molar fractions calculated using a Kd = 0.93 mM. The inset shows the 

OLIGOMER fitting errors at different lmwPTP concentrations. 

 

Multivariate Curve Resolution 

In the previous section we used known structures to analyze the SAXS data. We wanted 

to investigate if, in the absence of prior structural information, it would be possible to 

derive simultaneously both the dissociation constant and the low-resolution structures of 

the monomer and dimer using only SAXS data taken at different protein concentrations. 

For this, we employed Multivariate Curve Resolution (MCR), a powerful chemometrics 

method used to analyze sets of multivariate (multichannel, multiwavelength, etc) signals 

arising from weighted linear combinations of pure components. Details about MCR and 

its applications in different fields are given elsewhere.25-29 An extended description of the 

method is provided as supplementary information. 
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In the present application, the initial data set consisted of a matrix of scattering curves 

obtained at different protein concentrations from which MCR analysis can provide 

estimates of two factor matrices, one related with the unmixed (pure) SAXS curves of the 

components in the mixtures (the spectral matrix, SM) and another one related with their 

relative concentration profiles (the concentration matrix, CM). The MCR factor 

decomposition method imposes chemically relevant constraints, like non-negativity or 

unimodality, and uses an Alternating Least Squares (MCR-ALS) algorithm to estimate 

the best combination of concentration and spectral matrices. 

Singular Value Decomposition (SVD) has been used in other studies with a similar 

purpose of decomposing a matrix of spectra obtained in different conditions.14-17,22 The 

problem using SVD lays in its interpretability. Even though SVD provides a 

mathematically consistent decomposition of the data and identifies the number of 

components, the extraction of the curves of the pure components is not warranted.   

 

MCR-ALS of SAXS curves using a monomer-dimer equilibrium: synthetic data 

First, the MCR-ALS strategy to derive pure scattering curves of different species from 

SAXS mixture curves was investigated using synthetic data. Using the curves calculated 

from the available X-ray structures and a Kd = 1 mM, 101 synthetic scattering curves of 

lmwPTP samples ranging from 0.05 mM (0.9 mg/ml, the experimental limit of detection) 

up to 1.55 mM (27.9 mg/ml) in steps of 0.015 mM were generated. At the lowest 

concentration, the molar fraction of monomer is more than 91% whereas the dimer 

represents up to 40% of the macromolecules at 1.55 mM lmwPTP. Noise was included as 

explained in the Materials and Methods section. The 101 curves are shown in Fig. 4a. 
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MCR-ALS of the synthetic data assuming a monomer-dimer equilibrium but no structural 

information about either of the two species provided an estimated Kd = 0.992 mM (Fig. 

4b inset), in good agreement with the expected Kd = 1 mM. A fit using the software 

CRYSOL30 of the estimated pure SAXS curves with the original structures gave χi
2 of 

1.260 and 1.266 for the monomer and dimer, respectively (Fig. 4b). The calculated ratio 

I(0)D/I(0)M is 3.45, equivalent to the ratio calculated from the 3D structures of the dimer 

and the monomer with CRYSOL. 

The MCR-ALS application to SAXS data was further tested using an experimentally 

realistic number of scattering curves in the concentration range of the available 

experimental lmwPTP SAXS data. Synthetic SAXS curves were simulated at the five 

concentrations of 0.085, 0.17, 0.25, 0.34 and 0.41 mM (Fig. 4c). With Kd = 1 mM, the 

maximum percentage of dimer is 21.1% at the highest protein concentration. The best 

solutions found using the MCR-ALS strategy were very similar to the ones obtained from 

the set of 101 SAXS curves, although the minimum was less well defined (Fig. 4d). The 

average Kd for the five best solutions was 0.898 ± 0.096 mM. The scattering curves 

extracted from the best solution are in very good agreement with the theoretical curves, 

having χi
2 of 1.292 and 1.283 for monomer and dimer, respectively. The ten best results 

have χi
2 < 1.300. The I(0)D/I(0)M ratio for the best solution is 3.44, in perfect agreement 

with the theoretical value of 3.45. 

The ab initio low-resolution structures obtained using DAMMIN31 show a very good 

superposition with the input structures (see Fig S1 in Supplementary Information). These 

results show that MCR-ALS is a robust method that can be successfully applied to a 
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small number of curves involving mixtures in which one of the components is below 

20%. 

 

Figure 4. MCR-ALS of synthetic SAXS curves generated for the monomer-dimer equilibrium of lmwPTP. 

a) Simulated scattering curves at 101 different concentrations between 0.05 and 1.55 mM lmwPTP. b) Pure 

scattering curves of monomer (red) and dimer (green) fitted with CRYSOL. The theoretical curves are 

superimposed (black dashed lines). c) Reduced set corresponding to lmwPTP concentrations of 0.085, 0.17, 

0.25, 0.34, and 0.41 mM. d) Pure scattering curves obtained from the reduced set. The fitting errors of 

MCR-ALS are shown in b) and d) as a function of Kd in the insets.  

 

 

MCR-ALS of experimental SAXS curves from low concentration lmwPTP solutions 

The MCR-ALS algorithm was used to analyze the five experimental scattering curves 

obtained from lmwPTP samples at protein concentrations up to 0.41 mM, which can be 

described as a monomer-dimer equilibrium. A well-defined minimum was found at a Kd 

= 1.72 mM with a χ2 = 3.993 (Fig. 5a inset). The average of the dissociation constants for 

the five best results having χ2 < 3.997 gives Kd = 1.62 ± 0.12 mM, in good agreement 
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with the 1.5 ± 0.1 mM value determined by 1H-NMR chemical shift changes assuming a 

two component equilibrium.32 Fig. 5a shows the SAXS curves of the pure components 

extracted by the MCR-ALS algorithm in color, superimposed on the by CRYSOL fitted 

crystal structure scattering curves of lmwPTP monomer and dimer. A very good fit to the 

crystallographic structures of the monomer and dimer are obtained, although visually the 

fitting of the monomer is slightly better. A quantitative estimate of the goodness of fit 

depends on the estimate of the noise level of the pure curves (see materials and methods).  

The average I(0)D/I(0)M ratio of the five best solutions is 3.80 ± 0.05, slightly exceeding 

the theoretical value of 3.45, probably being caused by the presence of small quantities of 

higher oligomers. The Rg values derived from the scattering curves using Guinier’s 

approximation are in very good agreement with the theoretical values for the monomer 

(16.37 ± 0.01 Å versus 16.45 Å) and the dimer (23.90 ± 0.1 Å versus 23.32 Å). Ab initio 

shape reconstructions of the scattering curves extracted by the MCR-ALS method are 

calculated by DAMMIN and show to be in very good agreement with the crystal 

structures of the monomeric and dimeric lmwPTP (Fig. 5b).  

The low-resolution structure correctly represents the oblate shape of the monomer and the 

characteristic dumbbell shape of the dimer. Although optimizations were performed 

without symmetry constraints, the final shape of the dimer shows a nearly symmetric 

object. 

These results confirm that the combination of MCR-ALS and SAXS provides correct ab 

initio low-resolution structures of two individual species in equilibrium, of which the 

dimer represents only 3.0 to 15.1% of the total macromolecular concentration. For the 

fitting protocol, no a priori structural assumptions had to be made. 
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Figure 5. a) Scattering curves of the pure components superimposed on the theoretical scattering curves of 

monomeric (red) and dimeric (green) species (black dashed lines) as calculated by CRYSOL. b) Ab initio 

low-resolution reconstructions derived from the pure curves shown in a), superimposed with the 

corresponding crystal structures of either lmwPTP monomer (1pnt, red) or dimer (1c0e, green). 

 

 

Exploring the limits of MCR-ALS analysis of SAXS data  

Previous results using NMR relaxation data showed that lmwPTP participates in a more 

complex oligomerization equilibrium involving at least one species in addition to the 

monomer and dimer.18,19 This is also observed by SAXS at concentrations above 0.41 

mM. The feasibility of studying this rather complex equilibrium by MCR-ALS was first 

tested by using eight synthetic scattering curves simulated using the dissociation 

constants previously determined by NMR (Kd = 6.00 mM & Ktet = 0.07 mM).19 As the 

three pure scattering curves, the one derived from the X-ray structures of the monomer, 

the dimer, and a putative compact tetramer with a Rg of 26.86 Å, compatible with NMR 

relaxation experiments, were used. The proportions of dimer and tetramer at the highest 

protein concentration under the simulated conditions are 6.9% and 3.4%. 
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Attempts to decompose the SAXS curves without any prior structural information 

provided only the scattering curve of the major species, which was consistent with the 

monomer structure. The other scattering curves were combinations of dimer and tetramer.  

Using the calculated curves from the known structures of the monomer and dimer as 

additional input, the correct dissociation constants were found (Kd = 6.017 ± 0.098 mM & 

Ktet = 0.072 ± 0.003 mM, average of the five best solutions) and the extracted scattering 

curve for the tetramer was in very good agreement (χi
2 = 2.823 for the CRYSOL fit, Fig. 

6c) with the theoretical structure used to generate the synthetic data. The agreement 

between the extracted and theoretical values of Rg (27.70 Å and 26.86 Å, respectively) 

and I(0)T/I(0)M (13.1 and 12.9, respectively) confirmed that the putative tetramer structure 

could be derived from the simulated data if the structure of monomer and dimer were 

known beforehand. 

The MCR-ALS analysis of the eight experimental SAXS curves obtained up to 0.60 mM 

lmwPTP, assuming a monomer-dimer-tetramer equilibrium and the knowledge of the 

structure of the monomeric and dimeric species, failed to provide a scattering curve from 

which a low-resolution structure of the additional species could be extracted. Restricting 

the analysis to the forward scattering I(0)T derived from the extracted curve and 

comparing it with the value from the monomeric species (I(0)T/I(0)M), we find a value of 

12.847 ± 2.00 for the five best solutions, well within the range of values computed from 

5,000 tetramers generated by random docking of two dimers (12.55 < I(0)T/I(0)M < 

13.23), see Materials and Methods. The results using experimental SAXS data are in 

agreement with previous NMR results concerning the stoichiometry and dissociation 

constants (Kd & Ktet), although it was not possible to extract a low-resolution structure 



18 

from a third minor species, representing less than 4% of the protein in solution. Although 

at this concentration the tetramer structure used to generate synthetic data could still be 

retrieved, the failure using experimental data may reflect the effect of deviations from the 

ideal three-species model or additional noise sources not included in the synthetic data. 

These results illustrate the current limitations of the MCR-ALS analysis of complex 

equilibria using SAXS. 

 

Figure 6. a) Simulated scattering curves at (from bottom to top) 0.085, 0.17, 0.25, 0.34, 0.41, 0.48, 0.55, 

and 0.60 mM of lmwPTP assuming a monomer-dimer-tetramer oligomerization model governed by a Kd = 

6.0 mM and a Ktet = 0.07 mM. b) Two dimensional grid search showing a minimum around the expected Kd 

and Ktet values. c) MCR-ALS derived scattering curve of the model tetramer (blue), superimposed on the 

theoretical curve (black dashed line) calculated from the tetrameric model with CRYSOL.  

 

 

DISCUSSION 

 

The functionally important weak protein-protein complexes can usually not be isolated in 

their pure form as they coexist with their individual components in a dynamic 

equilibrium in solution. Therefore, their structure determination presents the challenge to 

extract the relevant structural information unique to each component of the mixture. In 

this work we have used the oligomerization of lmwPTP as a model system to study weak 

protein-protein interactions.33 This system is well defined, the crystallographic structures 
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of monomer and dimer are known,20,21 and the equilibrium has been extensively 

characterized using ultracentrifugation,20 chemical shift perturbation,32 15N NMR 

relaxation,18 and 129Xe NMR.19 

SAXS data were obtained under identical conditions at different concentrations from a 

single protein batch. It should be noted that the complete data set was measured 

consecutively ensuring a constant scaling factor for all the curves. This is essential for the 

simultaneous analysis of all the data, which lies in the heart of the MCR-ALS method. 

The data have been analyzed at different levels to explore the limits of the information 

that can be derived from SAXS depending on the prior knowledge about the system. 

The first level of analysis is based on simple shape parameters obtained from the analysis 

of each scattering curve, such as the forward scattering I(0), the apparent radius of 

gyration Rg or the distance distribution function and, in particular, its maximum value 

Dmax. Shape analysis of variable concentration SAXS data obtained at increasing 

lmwPTP concentrations provided a simple diagnostic for the formation of different 

oligomers. 

At a second level, Principal Component Analysis (PCA) provides information on the 

number of species present and the concentration ranges at which a given model applies. 

For lmwPTP, PCA confirmed the almost exclusive existence of monomer and dimer at 

concentrations up to 0.41 mM but the presence of a more complex equilibrium at higher 

concentrations. 

Finally, the MCR-ALS method extracts the individual scattering curves of the complex 

and its components present in equilibrium. Simultaneously, the dissociation constant 

governing the relative concentration of the different species is obtained. The separated 
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scattering curves of lmwPTP monomer and dimer, the later representing only 3.0 to 

15.1% of the protein in the mixtures, could be extracted without using any prior structural 

knowledge from the analysis of only five experimental SAXS curves obtained at 

concentrations up to 0.41 mM. From the extracted curves, low-resolution structures in 

good agreement with the crystallographic ones could be obtained. The dissociation 

constant also matched the one derived from NMR.32  

Deconvolution of concentration dependent SAXS curves of oligomeric mixtures had 

previously been shown using SVD and simulated data, although no analysis with 

experimental data was presented. In addition, the simulated conditions assumed rather 

low dissociation constants (µM to low mM) such that even at protein concentrations 

below the usual experimental detection limit (0.25 mg/ml) a large variation in the 

concentration of all protein species was ensured and, in some cases, the complex was the 

dominant species.22 

The limits of MCR-ALS were explored by studying the more complex equilibrium that 

exists at higher lmwPTP concentrations where additional very low concentration species 

are present. Simulations assuming the monomer-dimer-tetramer equilibrium previously 

suggested by NMR data suggested that MCR-ALS could provide the structure of the 

tetramer if the structures of the other species were known. Experimentally, we could only 

extract an estimate of the molecular mass of the tetramer from the forward scattering 

value but we could not obtain a pure scattering curve for this species, which is estimated 

to represent only around 3.4% in the most concentrated sample. At the corresponding 

minimum, the MCR-ALS determined dissociation constants of both dimer and tetramer 

did match the ones determined by NMR though.19 
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Our results further underline the usefulness of SAXS in the large-scale studies of 

biomolecular complexes. Although we have applied the approach to an oligomerization 

process, other experimental data sets in which the relative concentrations of two or more 

partners are changed in a controlled way could eventually allow the study of transient 

hetero-complexes, provided that the presence of additional species (e.g. homodimers as 

well as heterodimers) could be ruled out or accounted for using previous information.34 

The scattering curves extracted using MCR-ALS represent a direct insight into the 

structure of the contributing partners. For all these reasons we envision a prominent role 

of SAXS in combination with intelligent data analysis, such as MCR-ALS, in the large-

scale studies of macromolecular assemblies. 
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MATERIALS AND METHODS 

 

Protein expression and purification 

Unlabeled lmwPTP was expressed as described before.19,35 Three days before SAXS 

measurements, the solution was re-purified over a size exclusion column (Superdex 75) 

and the buffer exchanged to 200 mM potassium phosphate, 3 mM sodium azide and 10 

mM TCEP*HCl at a pH = 6.00. The final protein concentration was determined by UV 

absorption as described before.32  

 

SAXS measurements and overall parameter determination 

Synchrotron radiation X-ray scattering data was collected following standard procedures 

on the X33 camera at the European Molecular Biology Laboratory (EMBL) on the 

storage ring DORIS III of the Deutsches Elektronen Synchrotron (DESY).36 Scattering 

curves were recorded on a MAR345 image plate detector for the eight different lmwPTP 

concentrations of 0.60, 0.55, 0.48, 0.41, 0.34, 0.25, 0.17 and 0.056 mM. (10.8 to 1.01 

mg/ml). The samples were prepared by successive dilution of a 1 mM lmwPTP sample 

with the corresponding buffer. Scattering curves of the buffer were collected before and 

after each acquisition of a protein sample to avoid systematic error. SAXS measurements 

were performed at 37°C after letting the sample equilibrate for two minutes. The 

scattering curves covered the range of momentum transfer of 0.0956 < s < 5.0455 nm-1. 

The scattering due to buffer was subtracted by averaging the buffer measurements 
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enclosing the actual protein measurement. All data manipulations were performed with 

the program PRIMUS.10 

The forward scattering I(0) and the radius of gyration Rg were evaluated with the Guinier 

approximation assuming that, at very small angles (s < 1.3/Rg), the intensity is 

represented as I(s)=I(0) exp(-(sRg)
2/3).37 The actual concentration of the lowest lmwPTP 

concentration sample (0.056 mM) was determined from its I(0) value by extrapolation of 

the I(0) obtained at 0.17 mM lmwPTP. 

 

Calculation of synthetic SAXS data 

Synthetic scattering curves were generated with CRYSOL30 using the crystal structures 

of the monomer (1pnt.pdb),21 dimer (1c0e.pdb),20 or a hypothetical compact model of the 

tetramer. Scattering curves from mixtures were generated as the concentration weighted 

sum of all species present. The concentrations of all species at various total protein 

concentrations were calculated from the dissociation constants of dimer (Kd) and tetramer 

(Ktet) defined as:  

Kd = [M]2 /[D]         (1)  

]/[][ 2 TDK tet =          (2) 

Where [M], [D], and [T] correspond to the molar concentrations of the monomer, dimer, 

and tetramer, respectively.  

To each synthetic SAXS curve, an error based on the experimental data obtained from the 

measurement of the sample at 0.60 mM lmwPTP was added as described before.22 

Briefly, the relative noise from the experimental data set was calculated by dividing the 

experimental noise (σexp(s)) by the intensity (Iexp(s)) observed: 
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kexp(s) = σ exp(s) /Iexp(s)        (3) 

The resulting factor kexp(s) was related to the relevant lmwPTP concentration 

[lmwPTP]sim through its ratio with [lmwPTP]exp = 0.60 mM and multiplied by the 

intensity of the simulated scattering curve (Isim(s)) giving the noise σsim(s): 

σ sim(s) = kexp(s) ⋅ ([ lmwPTP]exp /[ lmwPTP]sim ) ⋅ Isim (s)     (4) 

For the inclusion of noise in the simulated scattering curve, σsim(s) was multiplied by a 

Gaussian distribution centered around one and added to the simulated scattering curve. 

 

Principal Component Analysis 

Principal Component Analysis (PCA) was conducted by using the Singular Value 

Decomposition (SVD) algorithm implemented in Matlab for determining the singular 

values and vectors of the data matrix containing the set of SAXS spectral curves.38 As the 

noise level increases significantly for consecutive eigenvectors, we calculated the 

autocorrelation function C(r) of each eigenvector as: 

  ∑
−

=

+
−

=
rN

i

riIiI
rN

rC
1

)()(
1

)(           (5) 

where N is the total number of points. The autocorrelation functions have a higher signal-

to-noise level and reveal systematic deviations from zero in the third eigenvector 

resulting from the analysis of the low concentration subset.    
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Multivariate Curve Resolution Alternating Least Squares (MCR-ALS) analysis of 

the SAXS curves 

SAXS curves ranging from s = 0.185 – 1.86 nm-1 were used, consisting of 734 points. 

The maximum s-value was chosen due to the existence of only positive intensities for all 

scattering curves up to 1.86 nm-1. The large divergences in the intensities up to 0.185 nm-

1 of the lowest concentration curve (0.056 mM) restricted the analysis to low angle 

measures. 

Initial estimations of the pure scattering curves best describing the set of SAXS curves 

were obtained using the same approach as in the SIMPLISMA procedure, looking for the 

‘purest’ curves amongst the experimental ones.29  The purest curves are those spectra 

channels that depend only (or mostly) on one of the components of the mixture. They 

served as the starting point for the MCR-ALS determination of the optimized pure SAXS 

scattering curves of the macromolecules present in solution and of their corresponding 

concentrations. Scattering curves number 20 (0.3 mM) and 101 (1.55 mM) were selected 

as starting search points in the first analysis conducted, consisting of 101 synthetic SAXS 

data. For the experimental data set the curves corresponding to the extreme 

concentrations are the obvious choice.  When the signals of the individual components 

are highly overlapped, as is the case of SAXS curves, the pure spectra depend basically 

from the applied constraints used during the ALS optimization and the choice of the 

initial estimates of the curves is not crucial. 

Different parameters had to be selected throughout the ALS optimization, including the 

number of maximum iterations = 50 and the convergence criteria, which was set to a very 

small value of 0.0005 for the monomer-dimer equilibrium and 0.01 for the monomer-
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dimer-tetramer one, as small differences are expected around a determined set of 

dissociation constants. In case of the equilibrium bearing a third species, the scattering 

curves of monomer and dimer were fixed through the option “vclos1” during the ALS 

optimization. In this case, scattering curves of these two components were constrained to 

be the theoretical scattering curves obtained from the crystal structures of monomer and 

dimer, which were also in good agreement with those obtained by ALS in the reduced 

concentration range where only these two species were present. Before the ALS 

optimization, the raw input SAXS experimental data is filtered by PCA for a selected 

number of components and the PCA filtered data matrix is used instead of the original 

raw SAXS curves data matrix. As a consequence of this, a more stable ALS optimization 

is in general achieved. ALS optimization is performed under constraints like non-

negativity and unimodality (a single profile maximum), which are applied to the 

concentration profiles as well as to the pure SAXS curves. Details about the 

implementation of these constraints are given elsewhere.25-29 Furthermore, in this work an 

additional constraint had been implemented to force concentration profiles to follow the 

mass-action oligomerization equilibria law. The way to implement such a constraint is 

similar to previous implementations for acid-base multi-equilibria systems and for 

multicomponent kinetic systems (with concentration profiles fulfilling rate laws).39-41 

Here, the analyzed monomer-dimer equilibrium is explained by a single equilibrium 

constant referred to as Kd (equation (1)). In order to ensure that the global minimum was 

found, the algorithm was initiated from different values of possible dissociation constants 

in a grid search manner. 
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Hereby, 401 different starting Kds equally spaced on a logarithmic scale in the range of 

0.01 to 100 mM were used in case of a monomer-dimer equilibrium. For the monomer-

dimer-tetramer equilibrium, an additional dissociation constant (Ktet) is necessary. In this 

case the grid search included 61 different Kd and 61 different Ktet values equally spaced 

on logarithmic basis. Starting Kd values ranged from 0.2 mM to 200 mM (-0.7 – 2.3 in 

steps of 0.05), and Ktet values ranged from 0.001 mM to 1 mM (-3.0 – 0.0 in steps of 

0.05) and 0.0002 to 6.3 mM (-3.7 – 0.8 in 61 steps of 0.075) for the theoretical data and 

experimental data, respectively. 

After the adjustment of the theoretical dissociation constants to the ALS resolved 

concentration profile matrix (CM), a new concentration matrix is obtained. As a result, an 

increase in the overall error occurs, which is reduced by estimating a new scattering 

curve matrix (SM) by ALS optimization with previously mentioned constraints. Other 

than in case of the typical MCR-ALS approach, the scoring function driving the grid-

search minimization is based on the real experimental data set (Iexp)nsp,ns and the 

corresponding error (σexp)nsp,ns: 

χ 2 = { (( Iexp

ns

∑
nsp

∑ − Icalc ) /σ exp)nsp,ns
2 } /{ nsp ⋅ ns} + ε ⋅ {([ conc]n − [conc _kdis]n )2 /[conc]n}

n

∑

(6) 

Further variables are (Icalc)nsp,ns, which are the calculated scattering curves, nsp and ns are 

the number of scattering curves and the number of points s, respectively. [conc]n is the 

concentration matrix calculated by ALS for each species n and [conc_kdis]n is the 

concentration calculated for each species from the dissociation constants. ε is a factor 

accounting for the differences in magnitude of the error in the spectra and the error in the 

concentration. It was chosen to weight the overall error χ2 by roughly 5% for the 
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monomer-dimer and by 20% for a three species equilibrium at the best minimum found, 

resulting in ε = 50 in case of monomer-dimer data and ε = 1 and 10 for the theoretical and 

experimental data of a three species equilibrium. The error is mainly determined by the 

pure scattering curves of each species (SM), whereas the reason for the incorporation of 

an error due to the concentration matrix is to help guiding MCR-ALS in the right 

direction. Furthermore, it is of importance to remark again that the final results are based 

on the matrix of the scattering curves (SM) obtained from PCA filtering of the 

experimental data set. 

Visually, the fitting of the pure scattering curves with the ones predicted from the 

crystallographic structures of monomer and dimer is very good. In order to calculate χ2 

values one has to estimate the real noise level of the curve extracted by MCR-ALS. 

Clearly, the curve for the minor species shows a higher statistical noise. Using the 

experimental error of the lowest concentration SAXS curve as an estimate of the 

experimental error of the pure dimer curve we obtained an upper limit of χ2 = 1.9. The 

error in the monomer curve fit should be lower. Using a constant relative noise of 3% 

(the CRYSOL default value) as an estimate of the noise of the monomer curve gives χ2 = 

2.0. 

The forward intensities I(0) and the Rgs were calculated using the program autoRg42 from 

the scattering curves generated by MCR-ALS.  

The forward scattering I(0) depends on the molecular mass. In the absence of hydration 

contribution I(0)D/I(0)M equals 4. However the volume of the hydration layer for a dimer 

is smaller than the sum of two monomers because of the buried surface upon binding. 

Theoretical I(0)D/I(0)M values were derived from the crystallographic structures using 
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CRYSOL. To estimate the range of possible I(0)T/I(0)M ratios, 5,000 different tetramers 

of lmwPTP were obtained with the FT-Dock43 software using the structure of the dimer 

as a starting template. 

 

Low-resolution Models of monomeric and dimeric species 

Low-resolution structures from pure scattering curves were built with DAMMIN.31 This 

program represents the protein shape as an ensemble of M densely packed beads inside of 

the search volume, a sphere of diameter Dmax. Maximum dimensions, Dmax, from the 

monomer and dimer pure curves were obtained from the scattering curves with the 

indirect Fourier transform package GNOM.23 Ten independent DAMMIN reconstructions 

were performed for the optimized scattering curves of the monomer and the dimer. The 

optimized shapes were averaged to yield the most probable models of both proteins with 

the software package SUPCOMB.44 
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