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We present exact bounce solutions and amplitudes for tunneling in i) a piecewise linear-quartic
potential and ii) a piecewise quartic-quartic potential. We cross check their correctness by compar-
ing with results obtained through the thin-wall approximation and with a piecewise linear-linear
potential. We briefly comment on applications in cosmology.

I. INTRODUCTION

In recent times, first order phase transitions have gained significant interest, for example as sources of gravitational
waves [1] and in transversing the string theory landscape [2], [3]. In the latter picture, the scalar field potential
possesses a plethora of local minima. A field that is initially trapped in a higher energy vacuum jumps to a lower
energy vacuum via a quantum tunneling process.

The underlying microphysics of tunneling can be described by instantons, i.e. classical solutions of the Euclidean
equations of motion of the system [4], [5]. Tunneling proceeds via the nucleation of bubbles of true (or rather lower
energy) vacuum surrounded by the sea of false vacuum. If the curvature of the potential is large compared to the
corresponding Hubble scale, this process can be described by Coleman de Luccia (CdL) instantons, i.e. bounce
solutions to the Euclidean equations of motion [4], [5]. For relatively flat potentials, tunneling proceeds via Hawking-
Moss instantons [6].

In the CdL formalism, the tunneling amplitude for a transition from the false (or higher energy) vacuum at φ+

to the true (or lower energy) vacuum at φ− is given by A exp(−B) [4]. The coefficient A is typically ignored but in
principle calculable, see [7]. The exponent B = SE(φB) − SE(φ+) (sometimes also referred to as the amplitude) is
the difference between the Euclidean action S(φ) = 2π2

∫∞
0
dr r2

(
1
2φ
′2 + V (φ)

)
for the spherically symmetric bounce

solution φB and for the false vacuum φ+. The bounce obeys the one-dimensional Euclidean equation of motion

φ′′B +
3

r
φ′B − ∂φV (φB) = 0 , (1)

where φ′ ≡ ∂rφ and r =
√
t2 − ~x2 is the radial coordinate of the spherical bubble. This configuration describes the

bubble at the time of nucleation. In this paper, we ignore its subsequent evolution, and focus on the computation of
B.

In general, the CdL bounce solutions can be computed exactly only for very few potentials. However, if the
potential difference between the two vacua is small compared to the typical potential scale, the tunneling amplitude
can be computed using the thin wall approximation. Otherwise, one needs to resort to either numerical computations
or approximate the potential by potentials for which the exact instanton solutions are known. To the best of our
knowledge, only for very few potentials has the CdL tunneling process been solved analytically: a piecewise linear-
linear potential [8] and piecewise linear-quadratic potentials [9], [10], [11].

We present new exact solutions for tunneling within piecewise potentials where the true vacuum potential is a
quartic, see Figures 1 and 2. The potential for φ > 0 (“on the right”) is given by

VR(φ) = VT −∆V− +
∆V−
φ4
−

(φ− φ−)
4
, (2)

where ∆V− ≡ VT − V−. For simplicity, we chose φ = 0 as the matching point and V (φ = 0) = VT . We will choose
the potential for φ < 0 (“on the left”) as either linear or quartic and discuss the solutions in Section II and Section
III respectively.

For each piecewise potential, we proceed analogously to [8], [11]: First we solve the equation of motion for the scalar
field in VR(φ), subject to the boundary condition at the center of the bubble φR(0) = φ0, φ

′
R(0) = 0. We assume

that the bubble nucleation point is located at φ0 > 0, i.e. it is in the valley of the true vacuum. Then, we solve the
equation of motion for the field in VL, subject to φL(R+) = φ+, φ

′
L(R+) = 0. In other words, we assume that at

some radius R+ (which can be ∞) outside of the bubble of true vacuum, the field sits in the false vacuum. Then,
we match the solutions at some radius RT by enforcing φL(RT ) = φR(RT ) = 0 and φ′L(RT ) = φ′R(RT ). This allows
us to determine the constants RT , R+, and φ0. Here, RT is roughly the radius of the bubble when it materializes at
φ = φ0, whereas the value comparing R+ to RT gives us an idea about the width of the bubble wall.
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FIG. 1: a) Schematic plot of the piecewise linear-quartic potential. The left part of the potential is a linear function of φ, the
right part a quartic function. The bounce describes tunneling from the field sitting in the false vacuum at φ+ towards the true
vacuum located at φ−. b) Schematic view of the bounce solution for (a). Inside the bubble at r = 0, the field is at φ0 > 0.
The bubble wall is located around RT , but not necessarily thin. Outside of the bubble at r = R+, the field is still in the false
vacuum.

It is then straightforward to integrate the action for φL and φR, obtaining B. We compare the tunneling amplitude
B for the piecewise linear-quartic potential potential with the results of both the thin-wall approximation and the
piecewise linear-linear potential solved in [8]. Finally, we compute the tunneling amplitude for the piecewise quartic-
quartic potential and compare it with the results obtained using the thin-wall approximation, as well as with the
tunneling amplitude in a piecewise linear-quartic potential.

II. LINEAR ON THE LEFT, QUARTIC ON THE RIGHT

In this section we compute the tunneling rate for a piecewise potential of the form

V (φ) =

{
VT − ∆V+

φ+
φ , φ ≤ 0 ,

VT −∆V− + ∆V−
φ4
−

(φ− φ−)
4
φ > 0 ,

(3)

where ∆V− ≡ VT − V− = λ4

4 φ
4
− and ∆V+ ≡ VT − V+ = −λ1φ+ are the depths of the true and false minimum, see

Figure 1. Subject to the boundary conditions φR(0) = φ0, φ
′
R(0) = 0, solving the equation of motion of the bounce,

i.e. Eq. (1) on the right side of the potential, we have [12]

φR(r) = φ− +
2(φ0 − φ−)

2− ∆V−(φ0−φ−)2

φ4
−

r2
. (4)

Similarly on the left side of the potential, subject to φL(R+) = φ+, φ
′
L(R+) = 0, we have the bounce solution

φL(r) = φ+ −
∆V+

8φ+

(r2 −R2
+)2

r2
. (5)

A schematic view of the bounce is shown in Figure 1 b).
We now determine the constants R+ and φ0 by solving the matching equations for the two solutions φR(RT ) =

0, φL(RT ) = 0. Using the first condition, we get φ0 in terms of RT

φ0 =
φ3
−

∆V−R2
T

[
∆V−R

2
T

φ2
−

+

(
1−

√
2∆V−R2

T

φ2
−

+ 1

)]
, (6)

while the second condition gives

R+ =

√√√√RT

(
RT +

2
√

2αφ−√
∆∆V−

)
. (7)



3

Here, we have introduced ∆ = ∆V+/∆V− and α = −φ+/φ−. Similarly, using the smoothness of the solution at RT ,
i.e. φ′R(RT ) = φ′L(RT ), we find

RT =
φ−

(√
∆(1 + 2α) +

√
4α(1 + α) + ∆

)
(1−∆)

√
2∆V−

. (8)

Computing the exponent of the tunneling amplitude in terms of RT gives

B =
π2

6∆V−

{
3R4

T (∆− 1) ∆V 2
− + 8

√
2R3

Tα∆V−
√

∆∆V−φ− + 2φ4
−

[
−1 +

√
1 +

2R2
T∆V−
φ2
−

]

+2R2
T∆V−φ

2
−

[
(6α2 − 3) + 2

√
1 +

2R2
T∆V−
φ2
−

]}
. (9)

Plugging RT from Eq. (8), we obtain a rather monstrous expression

B =
π2φ4

−
6∆V−

{
4α
√

∆

[
(1 + 2α)

√
∆ +

√
4α(1 + α) + ∆

1−∆

]3

− 3

4

[
(1 + 2α)

√
∆ +

√
4α(1 + α) + ∆

(1−∆)3/4

]4

+

[
(1 + 2α)

√
∆ +

√
4α(1 + α) + ∆

1−∆

]2
−3 + 6α2 + 2

√√√√1 +

[
(1 + 2α)

√
∆ +

√
4α(1 + α) + ∆

1−∆

]2


+ 2

−1 +

√√√√1 +

[
(1 + 2α)

√
∆ +

√
4α(1 + α) + ∆

1−∆

]2
} . (10)

To cross check our result, we take the thin-wall limit of Eq. (10) by replacing ∆ = 1− ε
∆V−

, where ε is the energy

difference between the true and false vacua. In the thin-wall limit ε � VT . Performing a series expansion around
ε = 0, the lowest order term in ε is

lim
ε→0

B =
2π2

3

(1 + 2α)4φ4
−∆V 2

−
ε3

. (11)

We compare this with the results obtained using the thin wall approximation [4]

BTW ≡ 27π2

2

S4
1

ε3
, (12)

where

S1 ≡
∫ φ+

φ−

dφ
√

2 (V (φ)− V (φ+)) = −
√

2∆V−φ−

3

[
(1 + 2α)

√
∆ + 2

√
∆− 1 2F1

(
1

4
,

1

2
,

5

4
,

1

1−∆

)]
, (13)

with hypergeometric function 2F1. Again, replacing ∆ = 1− ε
∆V−

gives to the lowest order in ε

BTW ≈ 2π2

3

(1 + 2α)4φ4
−∆V 2

−
ε3

, (14)

in agreement with Eq. (11).
As another cross-check, we observe that for fixed ∆ and φ+, sending |φ−| � |φ+|, the potential on the right appears

more and more like a linear potential. In other words, in the limit of α � 1, the tunneling amplitude in Eq. (10)
must agree with the tunneling amplitude in a piecewise linear-linear potential. The exact tunneling amplitude for a
piecewise linear-linear potential has been calculated by Duncan and Jensen [8]. In our notation, their result for α > 1
is given by

BDJ =
2π2

3

(
1 + α√
∆− 1

)3 φ4
−

∆V−

[
(α− 3)

√
∆ + 1− 3α

]
. (15)
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FIG. 2: a) Schematic view of a piecewise quartic-quartic potential. b) Schematic view of the bounce solution for a). Note that
the position where the field is still in the false vacuum goes to infinity, R+ → ∞.

In the limit of large α� 1, i.e. for |φ−| � |φ+|, this becomes

lim
α→∞

BDJ =
2π2

3

α4(
√

∆− 3)

(
√

∆− 1)3

φ4
−

∆V−
, (16)

which indeed agrees with the corresponding limit of Eq. (10). Note that this is independent of the thin-wall limit.
As an aside, we observe some curious systematic behavior: the radius of the bubble in the thin-wall limit for a

piecewise linear-quartic potential is given by

RT =
3S1

ε
= (1 + 2α)

√
2∆V−φ−

ε
. (17)

For a cubic potential for VR(φ) on the right, the thin-wall approximation gives

RT =

(
6

5
+ 2α

) √
2∆V−φ−

ε
. (18)

Finally, for VR(φ) a quadratic potential, the bubble radius is given by [11]

RT =

(
3

2
+ 2α

) √
2∆V−φ−

ε
. (19)

Thus we find that in the thin wall approximation, the nucleated bubble size shrinks mildly as the power of the
monomials for potential in the exiting part (near the true vacuum) becomes larger.

III. QUARTIC ON THE LEFT AND QUARTIC ON THE RIGHT

In this section, we compute the bounce solution for tunneling from the false vacuum in a quartic potential to
the true minimum in another quartic potential, see Figure 2a). We can reuse parts of the previous calculation, in
particular the solution inside the bubble from Eq. (4) and Eq. (6). Outside of the bubble, the field sits in the false
vacuum

φL(R+) = φ+ φ′L(R+) = 0 . (20)

Note that, if we are not interested in knowing the width of the bubble, the boundary conditions above can also be set
at r →∞. It turns out that this is what we need to do. The solution φL(r) has the form

φL(r) = φ+ +
8A

8− 4∆∆V−A2r2

φ4
+

, (21)
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with A to be fixed by the condition that φL(RT ) = 0. Thus we find

φL(r) =

(
r2 −R2

T

)
αφ−

(
∆R2

T ∆V−
α2φ2

−
+

(
1 +

√
2∆R2

T ∆V−
α2φ2

−
+ 1

))
∆R2

Tα
2 ∆R2

T ∆V−
α2φ2

−
− r2

(
∆R2

T ∆V−
α2φ2

−
+

(
1 +

√
2∆R2

T ∆V−
α2φ2

−
+ 1

)) . (22)

From the smoothness of the solution φ′L(RT ) = φ′R(RT ) we obtain

RT =

√
2(1 + α)(α+ ∆)

1−∆

φ−√
V−

. (23)

Integrating the Euclidean action gives

B =
2π2

3

4α3 + 6α2∆ + 4α∆2 + ∆3 + α4(3 + ∆(∆− 3))

(1−∆)3

φ4
−

∆V−
, (24)

which in the thin-wall limit reduces to

B ≈ 2π2

3

(1 + α)4∆V 2
−φ

4
−

ε3
. (25)

Using the thin wall formula we find

S1 = −
√

2∆V−

3

[
(1 + α)

√
∆ + 2

√
(∆− 1) 2F1

(
1

4
,

1

2
,

5

4
,

1

1−∆

)]
, (26)

and in the small ε limit B agrees with Eq. (25).
We note that in the thin-wall limit, the tunneling amplitude B for tunneling in a piecewise linear-quartic potential

differs from the one in a piecewise quartic-quartic potential by the substitution α→ 2α. In particular, this means that
for α � 1, tunneling in a piecewise linear-quartic potential is much more suppressed than tunneling in a piecewise
quartic-quartic potential: the respective values of B differ by a factor of 16, suppressing the relative amplitude by the
16th power.

IV. CONCLUSIONS

In this brief article, we discuss a quantum tunneling event in a piecewise potential where the false vacuum part
is either linear or quartic and the true vacuum is described by a quartic potential. Often, the analysis of quantum
tunneling in field theory is performed in the thin wall approximation [4]. This does not necessarily capture all
realistic scenarios. In particular, cosmological phase transitions usually involve a large change of the energy scale.
For example, the relative energy difference between neighboring vacua in the landscape of string theory is typically
large. Although any specific realistic scenario can be solved by numerical methods, this makes it rather difficult to
get a good qualitative understanding of the process under a change of potential parameters. Together with previous
exact tunneling solutions [8], [9], [10], [11], this work contributes to bridging the gap in qualitative understanding. As
a consistency check, we have shown that the tunneling rates always reduce to the thin-wall result in the appropriate
limit.
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