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Abstract

We study the large-behaviour of the physical evolution kernels for flavour rednglet observables
in deep-inelastic scattering, wherés the Bjorken variable, semi-inclusieg e~ annihilation and
Drell-Yan lepton-pair production. Unlike the correspamgiMS-scheme coefficient functions, all
these kernels show a single-logarithmic largerhancement at all orders in-X. We conjecture
that this universal behaviour, established by Feynmagrdia calculations up to the fourth order,
holds at all orders in the strong coupling constantThe resulting predictions are presented for the
highest If'(1—x) contributions to the higher-order coefficient functions.Mellin-N space these
predictions take the form of an exponentiation which, hasveappears to be less powerful than
the well-known soft-gluon exponentiation of the lead{g-x) *In"(1—x) terms. In particular in
deep-inelastic scattering théN corrections are non-negligible for all practically relatAl.
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1 Introduction

Disregarding power corrections, hard hadron processatearibed in perturbative QCD in terms
of process-dependent short-distance coefficient funsefiorass-factorized partonic cross sections)
and universal space- and timelike parton densities inotydon-perturbative long-distance effects.
The separation between the coefficient functions and thepalensities and the splitting func-
tions governing their scale dependence is, of course, nguarbeyond the leading order (LO)
in perturbative QCD. It is usual to perform this separatiortie modified [1] minimal subtrac-
tion [2] schemeMS, see also Ref. [3], of dimensional regularization [4§ gtandard framework
for higher-order diagrammatic calculations in quantundftéleory.

While this scheme does not provide a physical definition efghrton densities, it does lead
to a stable (order-independent) functional form of the dwnt diagonal (quark-quark and gluon-
gluon) splitting functions in the limit of large momentunaétionsx [5—10]. This feature assists
a stable evolution of the parton densities over a wide ratigeaes as required, e.g., for LHC
predictions based on data from fixed-target and HERA exparim

The coefficient functions, on the other hand, receive doldgjarithmic largex enhancements
in the MS scheme, i.e., terms up (d—x)_1+kln2”*a(1—x) occur, for allk, at then-th order of
the strong coupling constaat (the offseta > 1 depends on the observable and the pdwatrthe
expansion in £x). The highest leadingk(= 0) logarithms can be resummed by the soft-gluon
exponentiation [11] which is now known to the next-to-neodaext-to-leading logarithmic (NLL)
accuracy for inclusive deep-inelastic lepton-protontecatg (DIS),Ip — | + X [12], Drell-Yan
(DY) lepton-pair production and Higgs production in profmroton collisions [13—-15], and semi-
inclusive electron-positron annihilation (SIA e — h+X (h=m K, ...) [16,17]. On the other
hand, recent studies of the subleading 1 logarithms [18,19] have not led to similarly systematic
predictions for higher-order coefficient functions yet.

An alternative description of hard processes can be oltaigecliminating the parton den-
sities, leading to physical evolution kernels (also cafdgsical anomalous dimensions) for the
scale dependence of observables [3], see also Ref. [20% iF leispecially simple for the flavour
non-singlet quantities dominating the langéimits of the semi-leptonic DIS, SIA and DY pro-
cesses mentioned above. The direct relation betweenehtf@rocesses via the universal parton
densities is absent in this approach, but the soft-gluon®aptiation [11] guarantees an only sin-
gle logarithmick = O higher-order large-enhancement [21], see also Refs. [22].

Using the coefficient-function results of Refs. [23—32] floe above processes, one finds that
the corresponding non-singlet physical kernels exhibly @single logarithmic enhancement
for all values ofk at least to the next-to-next-to-leading or next-to-nextrext-to-leading order
(NNLO or N3LO) in the expansion iais. We are thus led to the rather obvious conjecture that this
behaviour, already established to orddrin DIS, persists to all orders ims. The required cancel-
lation of double logarithms in the physical kernels thenlisgexponentiations also of terms with
k > 1, yielding explicit all-order predictions for the highdsgarithms in the respective quark co-
efficient functions. In the rest of this article we derive ahscuss these predictions, emphasizing
the subleadingg = 1 logarithms. Especially for this case a formal proof of thpanentiation may
be expected in the near future from the new path-integraicagat of Ref. [19].



2 Physical evolution kernels for non-singlet observables

We start by recalling the construction and fixed-order prioge of the physical evolution kernels.
We first consider the DIS structure functions (see Ref. [8BBfgeneral overview)

1 _
F1=2F1ns, o= )—(F27ns, Fq=Fa"™ . (2.1)

The longitudinal structure functiof. = F» — 2xF; has been addressed already in Ref. [34]. Dis-
regarding terms suppressed by powers 4, the non-singlet quantitieg (2.1) are given by

Fa(%,Q%) = [Ca(Q%) ®Uans(Q?)](X) = l%aé(cf) [Cal ®0ans(@D)](X) . (2.2)

As usualx is the Bjorken variable, an®? = —g? the negative squared four-momentum of the
exchanged gauge bosomy represents thé-loop non-singlet coefficient function for, with
Ca0(X) = 8(1—x). The exact three-loop resultg 3(x) for the structure function$ (2.1) have been
computed in Refs. [26—28]. Beyond this order onlycr:t?cemf'*1 leading#; terms are exactly known
[35,36]. Furthermorea nsdenotes the corresponding combination of the quark desgiticluding
electroweak charge factors), asdstands for the standard Mellin convolution, given by

asti9 = [ Yayb() 2.3)

for two regular functions and Eq. (3.4) of Ref. [21] iHadistribution is involved. The renormal-
ization and factorization scal@s andp; have been set to the physical hard scle Eq. (2.2).

The scale dependence of the running coupling of QCD, in thid@normalized as
Os
as = —
S 4T[ )

is governed by

das
dinQ? = B(as) = _|Zoaé+zﬁl . (2.4)

Besides the scheme-independ@nt= 11/3Ca—2/3n; [37] (with C, = Neolours= 3 in QCD) and

B1 [38], also the coefficient, and B3z have been computed [39, 40] in tMS renormalization
scheme adopted throughout this study. All these four caeffiis are required for calculations
including the NLO quantitiescy 3. Here and belown; denotes the number of effectively massless

flavours (mass effects are not considered in this articl@)ally the evolution equations for the
quark densities in Eq_(2.2) read

X Q%) = [Pa(@) ®0ans(Q)](X)
ZO aé+1 [Pa,l ® qams(Qz)] (X> . (2-5)
|=

d
dTQZ Ua,ns

As the coefficient functions,, the (1+1)-loop splitting functions, depend only orx for the
above choice ofiy and;. All three independent third-order (NNLO) non-singletigpig func-
tionsP, 2(x) are known from Ref. [6].



The convolutions in Eq9.(2.2) arld (.5) correspond to sérppbducts of the respective Mellin
transforms given by

aV = /Oldx xN~1a(x) (2.6)

for regular functions such ag ns and

aN = /Oldx(xN_l—l) ax), (2.7)

for +-distributions such as the leading langeeontributions tocy) (X). Hence calculations involv-
ing multiple convolutions as, e.g., in EqE._(2.9) below aestlrarried out ilN-space where the
coefficient functions and splitting functions are expréssgeterms of harmonic sums [41]. We
mainly use BRM [42] and TFORM [43] to manipulate such expressions, to transform them back
to thex-space harmonic polylogarithms [44], see also Ref. [24d, tarextract large¢ coefficients
from the results.

It is convenient, both phenomenologically — for instancedeterminationsis — and theoret-
ically, to express the scaling violations of non-singlesetvables in terms of these observables
themselves. This explicitly eliminates any dependenceherfdctorization scheme and the asso-
ciated scalgi, and avoids the non-negligible dependence ofMI& scheme initial distributions
for gans ON the perturbative order. The corresponding physicalgioi kernel; can be derived
for u? = Q2 by differentiating Eq.[(Z]2) with respect ©2 by means of the respective evolution
equations[(2]4) and (2.5) fas andga ns, and then using the inverse of EQ. (2.2) to elimingdgs
from the result. This procedure yields the evolution ecuregi[21]

%Qz Fa = {Pa(as) + B(as) dcja(js) ® Ca(as) 71} ® Fa

Ka® Fa = Z)aleaJ X Fa
=

= {aspa,o + l;aéJrl (Pa,l - :(Z: Bk 6a,|k>} ® Fa - (2.8)

Notice that inN-space the second term in the first line simpl@(as) dIn C,(as) /das. Up to N*LO
(terms up td = 4 included in the sums) the expansion coefficienjgX) in the last line read

Ca1 = Ca1

Ca2 = 2Ca2-— Csf

a3 = 3Ca3—3Ca2®Ca1+C5; (2.9)
Cas = 4Cas—4Ca3@Ca1— 202?22 +4Ca2® cff — cgf’f

with f®2 = f @ f etc. The above expressions #4,>1 are valid forp, = Q, the explicit general-
ization toyy # Q to this order can be found in Eqg. (2.9) of Ref. [21].

The NBLO physical kernels for the structure functiofs {2.1) arecmmpletely known at this
point, as the four-loop splitting functio® 3(x) contributing to Eq.[(218) have not been derived so
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far beyond the small leading- contribution [45]. Already the corresponding three-lo@fiting
functionsP, 2, however, have only a small impactat- 1073, see Fig. 7 of Ref. [6]. Moreover, the
dependence of the non-singlet splitting functiorNband on the specific quark combination is such
that a single four-loop moment of any of them sets the scalénNLO contributions outside the
smallx region, cf. Fig. 1 of Ref. [6]. Such a calculation has beers@néed in Ref. [46], and the
fourth-order correction is indeed found to be small. Henoeugh estimate o, 3(x), for instance
via anN-space Padé estimate, is sufficient in Eqg.1(2.8) for all prakhon-singlet analyses.

The expressions for the transverse, longitudinal and asstnoriragmentation functions
Fr = F'Ih,nsv FL = FLrjnsv Fa = FA (2.10)

in semi-inclusiveet e~ annihilation (see Ref. [33] for a general overviewye™ — y/Z — h+X,
are completely analogous to those for the corresponding-ohegastic structure functions. The
scaling variable in Eq[{2.2) now reass= 2pg/Q? whereq with g> = Q2 > 0 is the momentum
of the virtual gauge boson, arlthat of the identified hadroh. The second-order non-singlet
coefficient functions, 2(x) for these cases have been calculated in Refs. [29], see afs¢oR
where we have derived the corresponding timelike splitlimgtionsP; > for the evolution of the
non-singlet fragmentation densitiggns of the hadrorh. In these cases we know the three-loop
coefficient functions, 3, beyond the leading largeterms of Refs. [16, 17], only up some terms
involving {, = T2/6, cf. the hadronic Higgs decay rate in Ref. [10]. These inglete results have
not been published. Their (complete) highe${Ih-x) terms will be presented in the next section.

Finally we also consider the non-singlet quark-antiquamkilailation contribution to the total
cross section for Drell-Yan lepton-pair productigep/pp — |71~ + X,

- 1 dops
PY 7 oo dQ?
In a rather schematic (but for our purpose sufficient) matimsmuantity can be written as

Foy(%Q?) = [Cov(Q?) ®a(Q?) ®q(Q%)|(X) . (2.12)

(2.11)

Here Q2 > 0 denotes the squared invariant mass of the lepton pair, lenddaling variable is
given byx = Q?/SwhereSis the squared CMS energy of the proton— (anti-)protonahgiate.
As in the case of deep-inelastic scatterig@x, Q?) represents the initial-state (spacelike) quark
densities of the proton which evolve with the splitting ftinons of Ref. [34]. The non-singlet
quark-antiquark coefficient function has a perturbativpamsion analogous to Ed. (P.2) above,
with o, in Eq. (2.11) chosen such that algg, 5(x) = 8(1—X). The complete expressions for the
NNLO contributioncDsz(x) have been calculated in Refs. [31,32]. ALND only the leading
largex terms,(1—x)~1In"(1—x) with n=0,...,5, are presently known from Ref. [13], see also
Ref. [14].

The derivation of the physical evolution kernel fpg, proceeds completely analogous to the
paragraph of Eq[(2]8), with the non-singlet quark-quatktsm function occurring twice instead
of once. As we will show in the next section, this modificatisrirrelevant for the purpose of
this article, the determination of subleading lasgdargeN double logarithms in the higher-order
coefficient functions for the quantities in Eqs. (2.0), ®.and [Z.111).
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3 Known large-x logarithms at the second and third order

We next need to address the expansions in powers(@fr) of the known non-singlet splitting
functions [6,9,47,48] and coefficient functions [23-32{leMS scheme. The spacelike splitting
functions [2.5) for all three types of non-singlet combioas of quark densities,

ik — — n _
qj(cl,r)\s = ¢ £0q — (qk:l:qk) ) Qvns = zrle (qr _qr) ) (3.1)
are given by
Pay(X) = ( fj;l) + B10(1—X) + Gyg In(1—x) + o((l—x)k21|n'(1—x>) . (3.2)
+

The last term indicates that ti{e+1)-loop splitting functionsP, (x) receive contributions from
terms no higher than l\1—x), and that these contributions occur at all orderglinx) from the
first. It is interesting to note that the new colour structd?®d,y,. entering the valence splitting
function R, at three loops contributes only non-leading ter(msx)kzlln (1—x), in striking con-
trast to its dominance in the smallimit [6]. As indicated the first three terms in EQ.(B.2) ahet
same for all three splitting functiorg, — with the non-vanishingl(> 0) coefficientsﬁﬂ being
combinations of lower-order cusp anomalous dimensfoas — and their functional form is inde-
pendent on the perturbative orderThis independence is established to all orders in Ref.db] f
the first two terms, and strongly suggested for the third teyrthe conjecture of Ref. [8] and its
third-order verification in Refs. [9, 10], see also Ref. [49]

Eq. (3.2) also holds for the corresponding timelike splgtfunctions [9, 48] governing the
evolution of the non-singlet fragmentation densitieshwite same larg&-coefficients except for
a sign change of relative to the spacelike case [8]. Hence it appears that nbthe non-singlet
splitting functions exhibits any largedouble logarithms at any order Gf—Xx).

The known coefficient functions for the deep-inelastic stinee functions[(Z]1) and the frag-
mentation functiond (2.10) — with the obvious exceptiorFpf- receive the same highest double
logarithmic contributions,

Cal®) = _11)! (2Cr)' paq(x) IN21(1-x) +o((1—x>k2—1|n2'—2(1—x)> (3.3)
with

Pgg(X) = -2+ (1-x) (3.4)

(1_X)+
andCr = (2Ng) "1 (N2 —1) = 4/3in QCD. Eq.[[3.B) conforms to the general observation, goin
back to Ref. [50], that the coefficient of the highéi;t—x)0 logarithm is the negative of that of
the highest +-distribution. Actually, this pattern als@bgs to theC'Ffl{CA, ne } In?~2(1—x) and

CL2{CZ, Can;, n?} In?3(1—x) terms tol = 3, see Refs. [27, 28]. Analogous results, e.g.,

Cpy (X) = (|_711>I (8Ck)' paq(x) IN?~2(1-x) + 0 ((1—X)k271|n2|_2(1—x)> (3.5)

hold for the Drell-Yan cross section (2]11).



For the convenience of the reader, we now proceed to proléditl In"(1—x) contributions to
all known coefficient functions as far as they are relevandto main predictions in later sections.
The coefficient functions (2.2) far; read

C1(X) = In(1-x) 2C pgq(X)
+Cr {Paq(X) (—3/2— 2Ho) — 8(1—X) (9+422) + 3+ 3/2(1-X)} (3.6)
c1o(0) = (In3(1-x) 4CZ —In?(1-x)CeBo) Paq(X)
+1n2(1-x) [CZ{Pqgq(X) (—9—14Ho) +6-+4Ho — (1—-X)(1+2Ho) }]
+n(1-x) [CFZ { Paq(X) (—27/2— 4H1 0+ 24 Ho o+ 12 Ho — 1672) + 8H1 g
~11—16Hyo—32Hg+ (1—x)(—53/2 — 4H1 0+ 8Hoo + 12H0+812>}
+CrBo { Pqq(X) (29/6+4Hg) —3+5/2(1-x)}
+CrCa{ PaalX) (8/3+4F10+ 4Hoo — 402) +2+ (1-X)(14- 43;) |
+Cr(Ca—2Ck) pgg(—x) (BH_10—4 Ho,O)]
+0(In°(1-x)) , (3.7)
ClaX) = (Ins(l—x) 4C8 — In*(1-x) 10/3C2PBo + In3(1—x) 2/3CF[33) Pag(X)
+In%(1-x) [C8 { pgq(X) (—15— 24 Ho) + 6+ 8Ho — (1—xX)(5+4Ho) |
+In3(1-x) [cé { Paq(X) (—18— 8H10+ 296/3 Ho o+ 54 Hy — 4872) + 32H 10
—22—64Hgg— 84 Hy— (1-X)(33+ 16H1.0— 32Hyo — 54 Ho — 1612)}
+CEBo{ Pyq(X) (70/3+ 164/9Hg) — 8 — 4Ho + (1-X)(8+2Ho) }
+C2C{ pyo(x) (32/3-+ 8Fio + BHoo — 1622) +4-+ (1-X)(28-87) }
+CA(Ch—2C¢ ) Pgal—X) (16H 10— 8Hoo)|
+0(In?(1-x)) . (3.8)

Here and below we suppress the argumeif the harmonic polylogarithms [44] for brevity.
Furthermore we use a slightly non-standard set of basigiouns; i.e., Eqs[(3]17) and(3.8) include

Hio(x) = HioX) +% = —InxIn(1-x)—Lix(x)+2,

H_10(X) = H_10X)+22/2 = InxIn(14+Xx) + Li2(—x) +{2/2

besides Ij(x) = Inx and Ho(x) = 1/2 In?x. All (modified) H-functions employed in our equa-
tions have a Taylor expansionxat 1, starting at ordef1—x) or higher, with rational coefficients.
Thus also all terms with the Riemairfunction can be read off directly from our expansions.



The corresponding results for the structure functionn (2.1) are given by

C1(X) = C11(X)+4xCe (3.9)
Coa(X) = Cpa(X)+In?(1—x)8xCE
+In(1-x) [CZ {8—xX(4+24Ho)} — 4xCePo— Cr (Co—2Cr ) 16x(1—2)]
+C,:2{12—8Ho— (130/3+ 8H10— 16Hg o+ 1622) x}
—CePo {4— (50/3+8Ho) X}
+Cr(Ca—2C) {—32/(5X2) (H-10—C2/2) —32/(5%) (1—Ho)
+8/5—32H_10— 16/5Ho+ 1602+ X(236/15+ 16[2H_1 10
—H_100+H100—H_10+Hoo] +104/5Hy — 82, — 24L3)
—48/5X%(1+ Ho) +48/5x*(H_10—Hoo+{2/2) } . (3.10)
C3(X) = €300 +In*(1-x)8xCE
+In®(1-x) [C3{16—x(8+48Ho)} — 32/3xCZBo — CE(CA—2Cr) 32%(1 - 2)]
+In2(1-x) [C,? {16— 48Ho — (166/3+ 3210 — 160 Hyo — 24 Ho -+ 967>) x}
— CZBo {20— (158/3+ 52 Ho) X} +C B3 4x
+CA(Ca—2Cr) { ~64/(5x%) (1.0~ {2/2) — 64/(5X) (1~ Ho)
— 144/5—64H_10— 32/5Ho+ 6402+ X(872/15+32[2H_1 _10
—H 100+ H100—H_10+Hoo] +688/5Hy — 48Z, — 962 Ho — 48C3)
—96/5x%(1+ Ho) +96/5x3(H_10— Ho7o+Z2/2)}
+Cr (Co—2Cr) Po 24X (1 — Lp) + Cr (Co—2Cr 232X (2o — 13)]
+0(In(1-x)) . (3.11)

The differences,| —c, | are, of course, the coefficient functions for the longitadistructure
function in DIS. Hence we have included one more order ifinx) in Egs. [3.ID) and(311).
This order additionally includes a combination of threegintithree harmonic polylogarithms,
Ho1 10(X) = H_o1-10(x) +H_1(x){2/2—23/8,
H_100(X) = H_100(x)—323/4,
Hioo(X) = Higo(X)—Q3

besides the unmodifiedgd o(x) = 1/6 In3x. The reader is referred to Ref. [24] for expressions of
these functions in terms of the standard polylogarithm$dliand Lig(x).



To the same accuracy as Eds. [3.6] —1(3.8) fer the coefficient functions forrz can be
written as

C31(X) = Cp1(X) —2C¢ (1-x) (3.12)
C32(X) = Cp2(X) — In?(1—-x) 4C£ (1-x)
+1In(1-x) [CE{-32Ho+ (1-x)(18+28Hy — 165)}
+2CBo(1—X) +CrCa{16Hy— 8(1—X)(1+Ho—2)}
~Cr(Ca— 2C¢ ) Bpag(—X) (2H-10~ Hoo)|
+0(In°(1-x)) , (3.13)
C33(X) = c13(0) —In*(1-x)4CE(1-x)
+1n3(1-x) [C2{-64Ho+ (1-X)(36+56Hy—322p)}
+16/3C2Bo (1—X) + C2CA{32Hy — 16(1—x)(1+Ho—22)}
—C# (Co—2Cf ) 16pgq(—x) (2H-1,0—Hoo)
+0(In?(1-x)) . (3.14)

As mentioned below Eql_(3.8), the H-functions in our expansistart at ordefl—x) or higher at
largex. Hence one can directly read off from Eds. (3.12) — (B.14) ti coefficient functions for
1 and 73 differ for x — 1 only in terms of ordef1—x). This fact was already noted in Ref. [28].

The third-order coefficient functions(3.8), (3111) abdl@.receive contributions from new
flavour classes involving the higher group invaridA®dap [26—28]. The highesti?®%d,y,. terms
behave ag1—x) In(1—x) for #1 and 72, and ag1—x) In?(1—x) for #3. Their leading contribu-
tions for the longitudinal structure function is of orddr—x)? In (1—x). These terms will not be
relevant on the level of our present analysis. The same laidise new three-loop functiorgs(x)
which also show only a single-logarithmic behaviourXor 1 [27, 28].

The coefficient functions for the transverse fragmentafiorction 77 are related to those
for 71 in DIS by suitably defined analytic continuations. Hence \g® gresent their I(il—X)
expansions relative to the results fgr (x) in Egs. (3.6) —{(3.8):

cra(X) = ©¢11(X) +Cg {12428(1—X) + 6 paq(X) Ho—6+3(1—x) } , (3.15)
Cra(X) = Cpo(X)+In?(1—-X) CZ {24pgq(X) Ho— 12+ 6(1—x) }
+ln(1-x) [cg{pqq(x> (8H10—28Hoo — 18Ho+2475)

+22+440Hg o+ 12Hy — (1—-X)(11+ 20 Hy o+ 10 Ho) }
+CeBo{—6pgq(X) Ho+6—3(1—x)}

+CrCha { Pqq(X) (—8Ij|17o —4Hpo) —4+2(1-X) }]

+0(In°(1-x)) , (3.16)



cra(X) = cpa(X)+In?(1-x)C2 {36pgq(X) Ho— 12+ 6(1-x)}
+1In3(1-x) [cs{pqq(x) (16H10— 104 Hy o — 72 Ho -+ 4825)
+44+4+128Hy 0+ 24Hy — (1-X)(22+ 64 Hyo+ 44 Ho) }
+C#Bo{—232/9 pgq(X) Ho+ 16— 8(1-x)}
-l-C,:zCA{pqq(X) (—16H1.0— 8Hoo) — 8+4(1—x)}]
+0(In?(1-x)) . (3.17)

As for the spacelike case of Eqb. (3.9)[=(3.11), also theficamit functions for the timelike
longitudinal structure functiorF in Eq. (Z.10) will be needed to one more order if1ax)
below. Their corresponding expansions are given by

cLix) = 2Cg, (3.18)
cLo(X) = In?(1-x)4C?Z
+1n(1-x) [C2{—2+4Ho+4x} — 2C¢Bo—8Ck (CA—2Cr ) (1—12)]
+C,:2{—41/3— 12H;0— 12Ho o+ 2Ho+ 165 — X(2— 8H0)}
+CrPo {25/3 — 2Ho — 2x}
+Cr(CA—2C) {—24/(5x2) (H_10—22/2) — 24/(5x) (1— Ho) + 118/15
—8[2H 1 10—H 100—2Ho_10—H100—H 10/ —12/5Hg
425~ 8pHo — 1205+ x(4/5+16H_10— 16 Hoo + 8/5Ho + 822)
~16/5%%(1+ Ho) +16/5x(H_10—Hoo+22/2)} . (3.19)
cLa(x) = In*(1-x)4C?
+In3(1—x) [CE{—4+8Ho+8x} — 16/3C2Bo— 16CZ (Co—2C¢ ) (1—L2)]
+In2(1-x) [cé {—35/3— 16H10— 16Hoo — x(8— 16 Ho)}
+C2Bo {79/3—10Hy— 10x}
+C2(Cy—2Cy) {—48/(5x2> (H_10—22/2) — 48/(5%) (1 Ho) + 436/15
—16[2H_1 10— H_100—2Ho_10—H100—H_10] — 104/5Ho
— 2475 — 2473+ X(—72/5+ 32 _10— 32Ho0+ 16/5Ho+ 322)
—32/5x2(1+Ho) +32/5x3(H_10— Hoo+ 2 /2)}
+2C¢ B3 +Cr (Ca—2Cr ) Bo12(1— L) +Cr (Co—2C¢)* 16(L2 — La)
+o(In(1-x)) . (3.20)



The last two equations include one more modified harmoniglpgarithm,
Ho, 10(X) = Ho_10(X)+Ho(X){2/24323/2.

The final observable in EJ.(2110), the asymmetric fragntemtdunction 75, is analogous to
the structure functiorrs in DIS. Theag-expansion[(2]2) of its coefficient function reads

ca1(X) = cra(X) —2Cc (1-x), (3.21)
Ca2(X) = crp(X)—In?(1-x) 4CE(1-x)
+In(1-x) [CE{-32Ho+ (1-x)(18+ 12Hy — 165)}
+2CeBo(1-%) +CeCA{16Hy—8(1—X)(1+Ho—C(2)}
—Cr(Ca—2Cr) 8 pgg(—X) (2H_10—Hoy)
+0(In°%(1-x)) , (3.22)
Cas(X) = cra()—In*(1-x)4CE(1-x)
+1n3(1-x) [C2{—64Ho+ (1-X)(36+24Hy—32L5)}
+16/3C2Bo (1—X) + C2CA{32Hy — 16(1—X)(1+Ho—22)}
—C# (Ca—2C¢) 16pgq(—X) (2H-10— Hoo)
+0(In?(1-x)) . (3.23)

The relations[{3.17)[(3.20) and (3123) for the third-ortierelike coefficient functions have not
been presented before. These results have been obtainetebgiag the analytic continuations
of Ref. [9] to terms of ordea €Y in dimensional regularization. At the end of this sectionwik
present sufficient evidence that, for thesélinx) contributions, this analytic continuation does
not suffer from tha®-problem mentioned below Ed. (2]10).

Finally the known coefficient functions for the Drell-Yaross sectior (2.11) are given by
Coy1(X) = In(1-x) 8C pgq(X) +Cr {—4pgq(x) Ho — 8(1-x) (16—-8L2)} , (3.24)
Coy2(X) = (In®(1—x) 64CZ —8In?(1—x)CgPo) Pqq(X)

+1n?(1-x) [CZ{—124pgq(X) Ho+ 64 Ho — (1—X)(64+ 32Hg) } ]
+1n(1-x) |C?{ pgq(x) (~128— 8H10+ 112+ o~ 24Ho — 64%;) ~ 4
+96[H1,0— Hoo] — 160 Hy+ (1—X)(4— 48H1 o+ 48 Ho o + 168 H))}
+ CrBo { Pqq(X) (40/3+ 16 Ho) +16(1—x) }
+CrCa{ Pag(x) (32/3-+ 810+ 16 Hoo — 167) + 4+ 16H1 0
+32Hy + (1-X) (44— 8H10— 16 H@H
+0(In°(1-x)) . (3.25)
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At the third order only the +-distributions contributio{‘(ﬂ—x)*1 In""(1-x)],,n=0,...,5 are
known so far, see Ref. [13].

Egs. [3.6) —[(3.23) can be employed to derive the tax) expansion of the physical evolution
kernels [[2.B) for the deep-inelastic structure functi@hd)and thes" e~ fragmentation functions
F1, F1 + FL and#a of Eq. (2.10). Recalling thaf, » denotes the RLO kernel for 75, one finds

Kao(X) = 2Cg pgq(x) +3Cr3(1-X) ,

Ka1(¥) = In(1=X)pgg(X) [~2C¢Po F 8CEHo] + 0(In°(1-x)) ,

Ka2(X) = In?(1-X) pgq(X) [2CeB§ + 12CZBoHo +32C2Hoo| + 0(In(1-x)) ,
Kag(®) = In®(1-X) paq(X) [~2CrBS F 44/3CF B§ Ho — 64CEBoHo,0 + &, CF Hoo0]

+ o(In%(1-x)) . (3.26)

From the NLO resul&, ; we have only written down the leading(lb—x) terms. These contri-
butions are the same for all six structure functions up taya shange of the fiterms between
the DIS quantities (upper sign) and the fragmentation fonst(lower sign). The nofip terms in
Egs. [3.26) are the contributions of tNES splitting functions[(312), consequently the fourth-ard
coefficientép, is unknown at this point, but irrelevant for our further cmlesations.

The corresponding results for the Drell-Yan cross secobl() are given by
Koy o(X) = 4C pgq(X) +6Cr 3(1-X) ,
Koy 1(X) = In(1—x) pgq(X) [-8CxBo—16CEHo] + 0 (In°(1-x)) , (3.27)
Koy 20 = In?(1—x) pqq(X) [16C g +56CF BoHo+64C2 Hoo] + 0(In(1-x)) .

Egs. [3:26) and(3.27) represent our crucial observatibe: physical kernels for all seven
non-singlet observables display an only single-logarithiargex enhancement, at all powers of
(1—x), to all orders inas for which the corresponding coefficient functions are knoWe con-
sider it extremely unlikely that this pattern is accidengald hence conjecture a single-logarithmic
behaviour of these physical at (all) higher orderstinwith the leading contribution showing the
same independence on the specific structure function assn(E@®). In support of this conjec-
ture we note that for the +-distribution partskf,, (including the Drell-Yan case), recall EQ.(B.4),
this single-logarithmic enhancement is established bysttiiegluon exponentiation as explained
in the next section. Furthermore the all-order leadipgesults of Ref. [36] prove the all-order
generalization of Eqs[ (3.P6) for ti@ ] contributions to the DIS kernel§; n andKo .

The single-logarithmic enhancement of the physical kardékectly leads to predictions for
the highest Iii1—x) terms of the higher-order coefficient functions. Considagyifor example,
the third (NLO) line of Egs. [Z.D), one notes that the convolutionggf(x) andc, 2(x) lead to
terms up to IR(1—x). The vanishing of terms higher thar®lfL—x) thus fixes the IA(1—x) and
In®(1—x) terms ofca3(x). In fact, exactly this reasoning, together with the absesfcany {»
terms in Egs.[(3.26), provides the additional confirmatibthe correctness of Eqs$. (3117), (3.20)
and [3.2B) mentioned below the latter equation.
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4 Soft-gluon exponentiation of the leading contributions

The leading (+-distribution) largeterms of the above coefficient functions can be expressed to
all orders inas in terms of the soft-gluon exponentiation [11]. Switchigthe Mellin moments
defined in Eq.[(2]7), these contributions to EEqg.](2.2) can bitem as

C(N) = go(as) exp{ NN G;() +o(A) +asgs(M) + 0 (2 F (M) } (4.1)
up to terms which vanish fdd — . Here we have used the standard abbreviation
P prm— % i prm—
A = aflol = 4T[BOL with L = InN (4.2)

and we have again pyt = |, = Q. By virtue of the first line of Eq.[(2]8) — the logarithmic
derivative inN-space — EqL(4l1) leads to the following expression for éseimmed kernels up to
next-to-next-to-leading logarithmic (NNLL) accuracy [21

Ka(N) = —na(Aras+Ara2+Agald) InN—<1+%as+Eza52))\2 3;‘\1
gaz

~ (ao+a2B1) A 722 22 * (Agas(V) + 02T (43)

with na=2 fora=DY andna=1 otherW|se, cf. the last paragraph of Section 2. Thus the
leading logarithmic (LL), next-to-leading logarithmic I(N) and NNLL largeN contributions to
the physical kernels are of the forfasInN)", as(asInN)" andaZ(asInN)", respectively. Recalling

1-—x

one notes that Eq.(4.3) implies that the single-logarithemhancement (3.26) arid (3.27) holds to
all order inas for the +-distribution contributions.

f(N) = (_—nl)nlnanLo(In”ZN) for  f(x) = {W} |
N

In the next two sections we will provide analogous all-omdsults for the subleading—1In"N
contributions to the coefficient functions. These resuitsyever, will be restricted to a tower-
expanded NLL accuracy, see Ref. [51]. The exponents anasagpdEq. [(4.11) will be given relative
to the LL and NLL functions entering the soft-gluon exponeRor the deep-inelastic structure
functions7y » 3 and the fragmentation functions ;. 1 a these functions read

Gaa(asl) = 53 [)\+(1 Nin(1-N)]| = kzlglk(asL)k

kl

= zk > (ad)* (4.4)
_YeA1—Bs A
Gap(asl) = —mp (1) - B—%[A+|n(1 M)
A1 1 _
i [)\-l-ln(l N +3In (1—)\)] = k;ng(asL>k
o eA]__Bl A]-B]_ BO
- +6 Si(k—1)—1 L (45
3 {208 oo 24 B sic-n 1] ) e s

12



with By; =1 for k> j and 6 = 0 else, andS; (k) = z'j;l 1/j [51]. HereA; andA; are the one-
and two-loop +-distribution coefficients in Eq.(B.2), gMay [52]

67 5
AL = 4Ck , A, — 8CrK = scp[(ﬁ—zz)cA—gnf} . (4.6)
Note that, besides these expansion coefficients and thake béta functior (214), only one addi-
tional coefficient,
By = —3Ce 4.7)

enters the functioga 2 in Eq. (4.5) [11]. This pattern does persist at higher ordérthe expo-
nentiation [22, 25]. Consequently the functiaps 1 are completely fixed by the first term of their
respective expansion img, if the cusp anomalous dimension and the beta function avevkrio

a sufficient accuracy. To a large extent the predictive paféne soft-gluon exponentiation rests
on this fact: the calculation of the WO coefficient function is sufficient to also determine the
N"LL resummation functiorg,. 1, and thus two additional all-order towers of logarithmsg,se
e.g., Ref. [12]. As we will see below, however, this situat@nes not directly generalize to the
non-leading larged/ largeN terms addressed in the next two sections.

The LL and NLL resummation exponents for the Drell-Yan cresstion[[2.111) are related to
Egs. [4.4) and (4]5) as follows:

Oov1(A) = 20pisa(2A)
Oov2(A) = dpis2(2\) with By — 0 andye — 2Ve. (4.8)

Here, as above, ~ 0.577216 denotes the Euler-Mascheroni constant. The abséacg NLL
resummation coefficient additional #&a andp; is a low-order ‘accident’, non-vanishing coeffi-
cientsDpy n occur at NNLL [53] and all higher orders.

For later convenience we finally recall the leading contitmsg,,, defined as fog; andg, in
Eqgs. [4.4) and(415), to the NNLL resummation function in @gl). The universal coefficient for
DIS ande’e™ annihilation, first extracted in Ref. [51] from the NNLO rétsof Refs. [23], reads

3155 22 22 , 367
Oa31 = < 54——312—4053—832Ve+§\/§+?ye) CrCa
3 ) 247 4, 4 , 58
+ (5—1212+2423) Ct — (—27 —§Z2+§Ve+§Ve) Crny . (4.9)

The corresponding result for the Drell-Yan case [31, 53]jvelgy by

1616 176 1072
Ooys1 = (=5 —56{3—3202Ye+ —- V& + —=— Ve ) CrCa
27 3 9
224 32 160
- (7+§y§+7ye> Ceng . (4.10)

Having collected all relevant fixed-order and soft-gluosummation information, we can now
turn to our new higher-order predictions.

13



5 Non-leading largeN/ large-x terms in structure functions

Keeping only the leading and subleading contributions,léingeN behaviour of the coefficient
functions [2.2) for the structure functiomg in Eq. (2.1) can be written as

_ &l k 1%¢ 1d(”) k 2n-1
k=0

with, as in the previous sectioh,= InN. At the present accuracy the leading soft-gluon coeffi-
cients do not depend on the structure function, thus we haweewc, instead ofcg}z. C; andCs

are identical at the level of Eq._(5.1) as discussed belo(EGd2) — recall thaN—2In2N corre-
sponds to/1—x) In?(1—x). Note that the second sum extends tb-21, i.e., higher by one than
the corresponding expansion figr analysed in Ref. [34]. Thus the highest coefflcmﬁ% _,at
each orden are identical also foE; andC,. Recall that also the leading logarithms of the physical
evolution kernels(3.26) to RLO are the same fau= 1, 2, 3. Their I/N contributions are

Kaa| , = —2BoCr — 16CZ ,
Kaz| ., = —2B3Ce — 24BoCE
88
— 3 202
Kag| 15 = —2BoCr — EBOCF : (5.2)

As discussed at the end of Section 3, the vanishing of hidtaer single-enhanced logarithms
in Kan leads to relations between coefficient-function coeffitsext different orders. For the two
highest terms at all orders one finds

() W ch’ !
S = iy - WEenn 53
Bn3 Cr. 2 1 0 20n72 1 ch-1
dzg,nz)nfz = d11{C3— C12C11} % + {dej(\z) —d(,igclz} ﬁ + d(.ig (nl—zl)!
— dll{hlZ (n—3)' + hZJ.m + da70 m . (54)

dfgll) is independent od, as noted above, hence we denote this coefficien bipelow. By in (5.4)
has been defined below Ef. (4.5), and the coefficieptandh,; in the last line are given by

1
h12 = Cy3—Cy5C11 = éBO Ci2,
duhzs = d —d{ycpy. (5.5)

Here the second identity in the first line arises from the-ghfon exponentiatiori (4.1) together
with the LL and NLL expansion$ (4.4) and (4.5).
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A comparison with the tower-expansion [51] of the soft-gluesummation reveals that also
Egs. [5.8) and(5l4) correspond to an exponential strugthieh can be written as

Ca(N) —Ca N0|_k —
1(d L+dY 421 +d?a2 L hy (asL) + hp(asL 5.6
S (ldul+dig)as+ [da L +df]a2 + .. ) exp{Lhn(al) +he(asl) +...} . (5.6)
where also the functiontg are defined in terms of a power expansion,
he(ask) = Z hkn(asL)”. (5.7)
K=1
Notice thatafﬁ in Eq. (5.6) is not identical taﬂﬂ in Eq. (5.1) — the latter quantity receives a

contribution from the expansion of the exponential. In thagation the third tower of logarithms
is given by

Bzl 1 Bngh Bns0p;
s = {5 e 08) - S e ) - 205

-2 n—-3 n-2
1) en2 h;T]_ en3 h]_]_ ~(2) en2 hll
+ da,O{ (n—2)! hy1 + (n—3)] hip o + day (n—2)i (5.8)

with hyp = Cp = 2CF.

The new coefficienhy, entering Eq.[(5)8) (and its lower-logarithmic general@as) can be
determined iteratively from fixed-order information. Thepenentiation[(5J6) then ensures the
vanishing of the third-highest (and lower) double-lodamic contributions to the physical ker-
nel at all orders imts. Consequently the conjectured single-logarithmic latggthancement of
the physical kernel is equivalent to an exponentiation ifliMspace beyond the leadifg®Lk
contributions.

All coefficients entering Eqd.(3.3), (5.4) and (5.8) can étednined from present information.
The corresponding coefficients of the exponent turn out tithbesame foF; andF,. They read

hy = O for k=123, (5.9)
1

hyy = O+ > Bo + 6C¢ , (5.10)
5 17

hy, = g+ 2—48% + 9 BoCr — 18C# . (5.11)

We conclude that the/N leading-logarithmic functiorh; (ask) for DIS is identical to its soft-
gluon counterparf(4l4). The functitn(asL), on the other hand, receives additional contributions
which, it appears, prevent direct predictionggf etc from Eqs.[(5.10) an@ (5.]11). This situation
is analogous to that fof, found in Ref. [34]. Hence also here the present predictigityhe
exponentiation is restricted to the three highest logaritht all higher orders ias.

The prefactor functions in Ed._(5.6) required to this accurare given by the coefficient

diy = 2C , (5.12)
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and for#; — and#3, recall the discussion below E@. (b.1) — by

d(l) 13

10 = ?CF +2YeCr (5.13)
gl2 1133 11
dil) = —CZ(47+472—18ye—4y2) +CFCA(¥ 4T+ 5 Ve)
127 2
~Cemi(35 3 %) (5.14)
The corresponding coefficients fgp read
21
dg = 5 Cr+2veCr (5.15)
gl2 1973 11
dpy = —C?(119-28%o—18Ye—4V2) +CeCa( = — 2002+ = Ve)
151 2
~Ceni( g 18" 3Ve) (5.16)

Insertion of Eqs.[(5]9) 4(5.16) into Eq5.(5.3), (5.4) and@)Provides explicit formulae for
the coefficients of the three highestNLlogarithms in Eq.[(5]1) at all orders a. For brevity, we
here only present the fourth-order results, Mellin-ingdrback tox-space. Forr; one obtains

C14(X) = Cig4 DeB1r) %GCF {%ZCF + 238C|: BO}
—{ 188 12805 G+ [12 - 4805] GGy + -6 G2+ 5 CF Bo}
+0(LY), (5.17)
where we have used the abbreviations
Dy = [(1-x)"1In"(1-x)], and Ly = In(1-x).

The coefficients oC2 L/, C2BoLf andC2B3 L} in Eq. (5IT) are the negative of those of the
corresponding +-distributions given (in terms@, Ca andn;) in Egs. (5.4) — (5.6) of Ref. [12].
Hence the general pattern noted below Eq.(3.4) is part gittheent exponentiation and predicted
to persist to higher orders. The corresponding resulirfocan be written as

16
Cra(X) = C14(X)+— 3 CALY
+{[72-6425]CE - 321 LoICEC, - TR} L+ OLY) . (5.18)

This result, obtained from the subleading terms of the iy $iernels ofF; andF, is consistent
with Eq. (16) (which also provides the coefficientldf) of Ref. [34], derived from the leading
largex physical kernel of the longitudinal structure functiBn This agreement provides a rather
non-trivial confirmation of our approach.
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Although it is not fully known at present, it is instructive tonsider also the fourth tower of
logarithms. The corresponding generalization of Eq. (63 0] to the present case (5.1) reads

Onzhe B M7y 1 On7 ]y’
da(,nz)n—4 = dll{ <:]_%1) h§3)+ (;_141) (hz3+ hoohyy + 6h21) _6(”n_1;)_! ht,

enS h 1 ) ens h

1
+ (n— 5) (h14+ hy3hog +hyohpo + 2h12h21 (n— 6) (h13h12 5 h12h21> }

3 n—4
1) enS h;?l 1 2 en4hll en5911
' da’o{ (n—3)! <h22+§h21) =4 (Paa+hazhyy) + 2(n—5)! iz

~(2 | 6nzh] Bnahf? 2) B2}
+ daz {T ho1 + mhlz + dag I (5.19)

The additional second- and third-order coefficients in BALY) are

295 23
dy = —CE(T+7z2—1213—7ve+4zzve 31v§—4v§)
12419 35 781 11,
+CFCA( 108 ——ZZ—ZOZS‘FEVe 4Z2Ve+§ye>
1243 2 83
~Ceny(To - 5l g vet ve), (5.20)
431 49
A = —CP(~; +470 600+~ Yo 2802Ye — 39V —4%2)
17579 13 1333 11,
+CeCa (T + 5 Lo~ MGa+ — Yo~ 2002V + = VE)
1699 2 107 2
—Can<H_§Z2 — Ye T 3Y ) (5.21)
and
88 116 34 51
hya = 931+C§<160——Zz—36ve) CFBO(—-i-ZZz— ye)+[30(16+12ye)
211 44 13 5
+(CA—20F>{CF(T——Z2) a(% - 20) (G +z2)} . 622
160 5
hi3 = iy +136C2— == CeBo-+ 2 B3
—(CA—ch>{<80cF—sso><1—zz>+16<CA—2CF><Z3—12>} (5.23)

with g5, given in Eq. [4.D). Thus, in contrast to Eds. (3.10) dnd (b.ftfe NNLL resummation
functionshg 3 are not the same far= 1 anda = 2, and the deviation of their leading coefficient
from g3, involves{-functions, including;z in the case off».

17



The only other new coefficient entering Ef. (3.19) at ordgris hy3. This quantity can be
constrained, but not completely fixed, from the rather obsiextension of Eqs[_(8.2) for the
(a-independent) leading/N behaviour of the physical kernel to the next order,

= —2B5Ce — &pis, B3CE - (5.24)

The first term on the right-hand-side is fixed by the all-orgadingn; result forC, [36]. More-
over the allx expressiond (3.26) strongly suggest that terms with a I@eerer of 3y only con-
tribute toK, 4(N) at higher orders in AN. The consistency of Eq$.(5119)[=(5.24) then requires

Ka’4 N-1L4

s = Gt B3+ (EDE;S“ - ?;) B3C — o BoCZ + 722 (5.25)
As implied by the notation used above, also this coefficiérthe NLL resummation function is
the same for all structure functioris (2.1). The missingrimfation foréps, is a next-to-leading
largen; contribution to the fourth-order coefficient function. &athe leading large; terms were
derived more than ten years ago, and enormous calculapoogiess has been made in this time,
an extension to the next order m should be feasible in the near future. We will comment on
relations between the rational coefficients in Egs. (5.@11) and[(5.25) below Ed. (6.21).

The resulting next contribution to Eﬂﬂl?) reads (recale In(1—x))
1270

CLaf s = —Cf <T + 1424, + 2L 13) CECA<%76_ &1232 - 40053)
1222 5200,) 2z (0+ 200,) + c2eupo( ) —a0ts)
rozp3(tos 4 2T oy (5.26)

As expected, the coefficient GTFBS’ is the negative of the corresponding coefficient in Eqs.)(5.7
of Ref. [12]. The presumea-independent ofp,s, leads to a definite prediction for thefil—x)
term of the fourth-order longitudinal structure function,

Coa| , = Cia L4+Cé(32z2—160z3)—CECA(8+22412—20813)+120F2[3§
352 176
—~C2Bo(80— -C2) +64CECE(La—La) + 5 CECABO(1-L2) . (5:27)

This result completes the independent re-derivation OKE@). in Ref. [34].

The vanishing of the double-logarithmi¢—1In®N contribution toK 4 5(N) fixes the final co-
efficient in Eq. [5.1B),
1
hyy = —CF BS = O (5.28)
where the second equallty refers to Eq.[(4.4). Thus, up tprasently unknown numbéps,, the
four highest ¥N (or (1— x) ) logarithms for the structure functioris (2.1) are fixed imadlers in

as. Moreover it appears obvious from Eds. (5.9) dnd (5.28)Hh@kL ) is identical to its soft-gluon
counterparty (ask).
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Instead of working out the corresponding all-ortlespace formalism at the next power(s) in
1/N, we close this section on deep-inelastic scattering byepitesy the fourth-order extension of
Egs. [3.6) —[(3.14), recall the last paragraph of Section 3:

CLal¥) = (|n7(1—x) 8/3C# —In®(1—x) 14/3C3 B0+ In5(1—x) 8/3C2 Bg) Pag(X)
+1In8(1-x) [CA{ paq(X) (—14—68/3Ho) + 4+ 8Ho — (1—X)(6+4Ho) }]
+1n(1-x) [cé{pqqo() (—9—8Hy,0+448/3Hoo+ 84 Hy — 6472) +48H10

—22—96Hy 0 — 104 H — (1—X)(13+ 24H; 0 — 48 Hy o — 84 Hy — 1622)}
+C2Bo{ Pqq(X) (41+316/9Hg) — 10— 32/3 Ho + (1—x)(41/3+16/3Ho) }
+CEC,{ Pag(x) (16-+ 8Fiv0 +8Hoo — 2402) + 4+ (1-X)(28-82) }
+C3(Ca—2Cr) pgq(—X) (16H_10—8Ho )

+0(In*(1-x)) , (5.29)

Coa(X) = Cp4(X)+In®(1-x)16/3xCH
+In®(1-x) [CA{16—x(8+48Ho)} —40/3xCEBo—CZ (Ca—2Cr) 32¢(1—{2)]
+In%(1-x) [cé {8— 80Ho — (24+ 48H 10 — 288 Hyo — 48 Ho + 1602) x}

—CPBo {112/3— (224/3+ 104 Hy) x} + C2 B3 12x
+CE(Ca—2C¢) {—64/ (5x%) (H-10—2/2) — 64/(5x) (1—Ho) — 304/5

—64H_10—32/5Ho+ 967, +xX(424/5+32[2H_1 _10—H_100

+Hy00—H_10+Hoo] +1168/5Hy — 802 — 192{>Ho — 48L3)

—96/5X%(1+ Ho) +96/5x*(H_1.0— Hoo+ {2/2) }
+C? (Ca—2C¢ ) Bo176/3X(1—L2) +CE (Ca—2C)?64x (L2~ Ca) |

+0(In%(1-x)) , (5.30)
C3a(X) = 140 —In®(1-x) 8/3CF (1-x)
+1n°(1-x) [CE{-64Ho+ (1-X)(36+56Hy—3225)}
+20/3CEBo (1—X) + C2Co {32Hy — 16(1—X)(1+Ho—22)}
~C# (Ca—2Cr) 16Pgq(—X) (2H-10— Hoo)|
+o(In%(1-x)) . (5.31)

The In*(1—x) contribution toc, 4 involves two unknown coefficients d€a 4(x), see Eqs.[(3.26)
and [5.24). The corresponding terms in Hq. (5.31) can beigiegicompletely. However, as
C3 — C; does not correspond to an observable, we have refrainedviriimg them down here.
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6 Results for fragmentation and the Drell-Yan process

As discussed above, the subleading laxgéargeN structure of the coefficient functions for the
fragmentation function$ (2.10) in semi-inclusiee annihilation (SIA) is completely analogous
to that of their DIS counterparts addressed in the previeasan. Consequently the notatign (5.1)
can be used for the present\ coefficients as well. Also these contributions can be resadhim
the form [5.6), with the first four towers of logarithms giviem Egs. [(5.8B) -[(5]8) and (5.119).

The coefficient function€r andCa are identical up to terms of ordey 2 or (1—x), cf. Egs.
(B3.21) - [3.2B8) above. The leadingN logarithms of the physical kernels (2.8) are the same for
all three fragmentation functiong = 71 +7,, F1 and7, (recallL = InN),

_ 2
Ka1 i o —2BoCr + 16C¢ ,
Kaz| ., = —2B3Cr + 24BoCf .
88
_ 3 22
Kas| s = —2PoCr + 5 BoCE
Kag| 0 = —2B3Cr + &gia, BOCE - (6.1)

The first three lines derive from Ed. (3126). These resultsidentical to Eqs[{5]12) for the DIS

kernels except for the different sign of the non-leadingédar; terms. The close relation between
the SIA and DIS cases suggesiga, = &pg, for the fourth-order generalization in the final line
corresponding to Eq(5.24).

The expansion coefficients of the LL and NLL contributiongtie resummation exponential
(5.8), fixed by Egs[(611) and the vanishing of higher thaglsiiogarithmic contributions, read

hiye = i for k=1, ...,4, (6.2)
1

hyy = O+ > Bo — 6C (6.3)
5 17

hyy = O+ ﬂﬁ% — g PoCr — 18C# (6.4)
1 53 &gia 34

hos = O3+ 5[384‘(@— 84)B§CF—§BOCF2—72CF3. (6.5)

The coefficients[(6]3) £(8.5) differ from their DIS counterts [5.10),[(5.111) and (5.25) only by
the signs of every second term in the expansion in powefss.ofhe first coefficients of the NNLL

resummation functioh, 3 (defined ag; in Eq. (4.1)), on the other hand, are neither the same for
the coefficient function€t A andC;, the SIA analogue df;, nor do they show a close relation to
their DIS counterpart$ (5.22) arld (51.23). These coeffisiant

% = gar — C2(240- 220 +36ve) ~Cebo( oo + 220+ oive) B3 (1~ 2 ¥)
—(Ca—2Cp) {CF (é - 4—3‘1@) +CA<3—;— glz) — Bo(%a — Zz) } , (6.6)
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hy = hi} +20C2+ g CeBo + 132 BS
+(Ca—2C) { (8Cr +4Po)(1—C2) —8(Ca—2C¢) (L3 — Zz)} : (6.7)

Finally the required coefficients of the prefactors of thpanential, again obtained by expand-
ing Eq. [5.6) in powers aofis and comparing to the results in Section 3, are given by

diy = 2C¢ (6.8)
for both coefficient functions, the same result as in Eq.4pfar the DIS case,
afy = ~2ctanc (6.9)
Ay = —C2(97—200p+6ye—4y2) +CFCA<63—25— 4%p+ %ye)
—Ceny (1—2+ gye) (6.10)
dy = C? (%1 ~ 1575+ 1203~ %3 Ve 202 Ve~ 29v3 + 42 )
—CFCA(%S— %722+2013+ i—gye‘f“'rZZVe— %1\/3)
reen (ot 2t e 2 2) 611)
and
d'g = - %’ Cr +2VeCr (6.12)
67 = —~C?(109-360 + 6y —4y2) +CeCa(Toro— 1225+ S ve)
Cey (%+ gye) (6.13)
d'y = c? (4713 — 15305+ 3603 — %yﬁ 3602Ye — 25Y2 + 4y§)
—CFCA(GJTL;S— %112+3223— %v& 1205 Ye — %1\/5)
voen (B0 200 e 242). (6.14)

Except for the coefficients witfz (and some obvious terms witR) there is no direct relation

either between Eq9.(6.9) E(6114) and their DIS countesari2) —[(5.16)[(5.20) and (5]21).

Inserting Eqs.[(6]2) £(6.14) into EqE._(5.3)={(5.8) dnd¥p\ie arrive at explicit predictions
for the coefficients of the four highestNl logarithms to all orders ins, with the fourth logarithm

including the unknown coefficieris|a, of Eq. (6.5). After Mellin inversion back tg-space the
fourth-order result forrr (and 7a, see above) read
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Cra(X) = Crgq

16 16 28
———CFL7+{ Ci4+ = CF&}

D,o(1-x) 3 3
. .. 424 .
+ [104+ 32&2] CF - [52— 48&2] CF CA 9 CF BO - = CF BO LX
a4 964 112
+{CF<—§—27252——13> CECA( 5 +—Zz—40053>
223 280 290
-—CFBO< ———zz) c§c£(78-——z2)4-CFC¢BO(———-4012)
115 &
+CRB3(T37 - 25+ CeB ) LY + OLL). (6.15)

where we have again used the abbreviations introduced HetpyB.1T). As for the correspond-
ing +-distributions, see Ref. [17], the coefficients@f L, CZ BoL?, C2B3 L2 andCr B3 Ly in
Eq. (6.15) are the same as in E¢s. (5.17) &nd {5.26) for thecBd8.

The corresponding predictions for the total fragmentafiorction 7, = 71 + 7 lead to the
following results for the longitudinal fragmentation fuiomn 7, :

8
cLa¥) = 3 CALS+ {[36— 320,|C# — 16[1— L5 C3Cp —

20

3
+{C? (6472 80L3) ~ CACA (4+ 1120, — 104L3) ~CEPo(4 0—-EZ§Z2)

—C¢ Bo} L5

+6CE B3 + 320G (G2 To)+ BCRCABa(1- T} + OLY) . (619

Besides an overall factor of two arising from the differeefiditions of 7, in SIA and DIS, this
expression differs from its counterparits (5.18) dnd (5f@7the longitudinal structure functions
in DIS only in the coefficient 0f,C# In%(1—x). Eq. [6.16) can be derived also via the physical
evolution kernel for the longitudinal fragmentation fuioct, in complete analogy with the DIS
case in Ref. [34]. In fact, Egs. (20) — (22) of that articlech@r the present case as well, with
the above difference arising from the second-order prefdotthe resummation exponential. This
close relation between the spacelike and timelike casesmmepersist at higher orders jh—x),

as can be seen already by comparing Egs] (3.9)[and (3.18).

We now turn to the corresponding results for the non-singledl-Yan cross sectio (2.11).
The leading IN contributions to its physical kernel are given by G

_ 2
Koy 1 i - —8BoCr — 32C¢,
_ 2 2
Kova| ,, = —16BoCr —112B0Cs,
Kpy 3 = —32B3Cr + &y, BSCE
IVRTE 3 ’
Koval 14 = —64B5Cr + &py, BICE - (6.17)

Here the first two lines follow from Eqs_(3.27), while therthiand the fourth are the obvious
generalization to ordems anda?, respectively, exploiting the complete analogy to the Dif a
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SIA cases discussed above. Also these parts of Eqs] (6€1@) some interest despite the unknown
subleading larggo terms.

This can be seen from the resulting coefficients of the LL ahtd M:summation exponents,

hy = 95 for k=1, ...,4, (6.18)
hyy = go1+Bo+ 7Ce, (6.19)
5 & 49
hyy = O+ chz) - ( DYS)B Cr — ?CF : (6.20)
7 &py <py T&py 343
h23 - 923 + Bg - <§ + 243 4) BgCF (49— 24 3) BOCE TCF (621)

We note that, both here and in Eds.(5.11) and (5.25) for tiuetstre functions in DIS, the coeffi-
cients ofC? in h,,, are given by In times then-th power of the corresponding coefficienthigy.
Furthermore the coefficients 6BC|:2 in Egs. [(5.2b) and_(6.21) are the products of the respective
Cr andBoC coefficients inh,, andh,,. These relations seem to point towards a general structure
for the functionshy(asl) in Eq. (5.6) which, we hope, can be uncovered in some moreatigdu
approach to the /N contributions to the coefficient functions.

The prefactor coefficients relevant for the highest thrgaitihms read

dély); = di1 = 8C¢ d&()p = 8YeCr , (6.22)
0 884 88
Aoy, = —C2 (1561287 56ye— 64ye)+CFCA<T—16Z2 Eye>
176 16
—Ce f( e ye) . (6.23)
Together with Eqs[{6.18) £{6.20) these results lead torting-tand fourth-order predictions
640
Cov 3(0) = CDY’?’)@ké(l—x)—SlZCE LE+{17280§ =5 C? Bo} L2
544
{[2272+ 307205]CE - [T - 51212] C2C,
2944 ¢
- |55 DYs]CFBo CFBO}L3+0( 2 (6.24)
3 3
and
40964 7, (19712, 3584 .
_ _ 90 LS
Coy 4(X) CDY,4‘DK76(1_X) 3 Cr x+{ 3 Cr+ 3 CFBO}

+ {19088+ 20480| C# — [1408- 3072L] CEC,

8
B [20264+ E3DY3} C3po 1%24
where the respective third logarithms depend on the prigsenknown quantity¢py,. Also in
Egs. [6.24) and (6.25) the coefficients of the highest +ibistions and powers dfy = In(1—x)
for each colour factor are equal in magnitude but opposigggn.

C2 Bo} L5 + oL, (6.25)
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Finally we provide the generalizations of Eds. (3.15) —HB the next order ims. For the
fragmentation function$ (2.]10) these are given by

Cra(X) = C14(X) +In%(1—x) CF {32pgq(x) Ho— 8+ 4(1-x)}
+1n®(1-X) | CA{pag(X) (16H10— 152Hy0— 108+ + 482;)
+44+4 176 Hy o+ 24Ho — (1—x)(22+ 88 Ho o+ 68Ho) }
+CP Bo { —428/9 pgq(X) Ho+ 20— 10(1-x) }
+CECa{ Pga(X) (—~16M10~ 8Ho) ~ 8+4(1-x) }|
+0(In*(1-x)) . (6.26)
cLa(x) = In®(1-x)8/3C¢
+In%(1—x) [CA{—4+8Ho+8x} —20/3C3Bo— 16C3(Ca—2C¢ ) (1—L2)]
+In%(1-x) [C,?' {4—8lj|170—8H070—4H0—32Z2 ~x(12-16 Ho)}
+C3Bo {112/3—56/3 Hy—56/3x}
+CF(Ca—2C¢) {—48/ (5x%) (H-10—2/2) —48/(5x) (1—Ho) +212/5
—16[2H_1_10—H_100—2Ho 10— H100—H_10] — 184/5Hy — 40,
— 2473+ 16 Ho + X (—152/5432H 19— 32Hg o + 16/5Hg + 4875)
—32/5%?(1+Ho) +32/5x3(H_10 - Ho,o+Zz/2)}
+6CEB5 +C#(Ca—2Cr ) Bo88/3(1— L2) +CH(Ca—2Cr)?32(L2 — L3)
+0(In3(1-x)) . (6.27)
Caa(X) = Cra(X)—In®(1-x)8/3CE(1-x)
+1n°(1-x) [CE{—64Ho+ (1-X)(36+24Hy—32Lp)}
+20/3C8Bo (1—X) + C2Co {32Hy — 16(1—X)(1+Ho—22)}
~C#(Ca—2Cr) 16Pgq(—X) (2H-10— Hoo)
+0(In%(1-x)) . (6.28)
The corresponding result for the third-order Drell-Yanféiogent function reads
Covs(X) = (|n5(1—x> 192C3 — 80 In* (1—x) G2 [30) Peq(X)
+In%(1-x) [C2 {—648pgq(X) Ho+ 384 H — 192(1-X)(2+Ho) }]
+0(In3(1-x)) . (6.29)

Unlike Eq. [6.17), the fourth-order generalization of E@21) involves more than one unknown
coefficient, hence we have not included the incompletéllax) contribution in Eq.[(6.29).
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7 Numerical illustrations

We close by briefly illustrating the numerical size of the Wimeand new subleading lardé-€ontri-
butions to the coefficient functions. Far= 4 the corresponding expansions of the two- and three-
loop coefficient function foF,, the practically most important structure function, aneegiby

Cyo(N) = 3.556L%+26.28L%+40.76L° —67.13L — 157.3
+N"1(7.111134 9276L2+2395L 4 2140) + 0 (N?) , (7.1)

cy3(N) = 3.160L°+44.92L°+2389L% +4708L° - 6202L% — 1639 — 3586
+N71(9.4811L° 4211914+ 139313 + 4157L.% + 5200L + 5230)
+0o(N72). (7.2)

In Fig.[d these approximations, with and without th@lterms, are compared to the exact results
of Refs. [23,24] and [27]. At both orders the latter conttibas are relevant over the full range
of N shown in the figure, while terms of ordeyN? are sizeable only ai < 5. Note that the
classification afN® andN 1 terms does not reflect the numerical behaviour forNRealues of
the figure. E.g., the third-order increase due to tHéicontributions in the first line of Eq{7.1)
strongly resembles a linear rise, and the sum ofth&In*N terms in the second line almost looks
like a constant. In fact, the decrease of this contributmwatrds largeN is very slow: only at
N = 1.5-10? has it fallen to half of the value at its maximumMt= 6.6. The situation for the
corresponding third-order coefficient functions ferandFs [28], not shown here for brevity, is
similar except at smaNl where in both cases the sum of 1€ andN ~1 terms is close to the exact
result even down tdl = 1, the lowest value dfl used in the figures.

The pattern of the coefficients is rather different for bataN® andN — contributions to the
corresponding coefficient functions for the transversgrfrantation functior,

cra(N) = 3.556L%+25.69L°+1056L%+1043L
+N7}(7.1111% - 29.02L% ~ 1114L —5040) + 0 (N~2?) | (7.3)

cra(N) = 3.160L°+43.34L°+3093L*+1017L3 + 2306L2 + 2090L + 9332
+N71(9.481L° - 10.17L* - 3627L3 - 3247L.2) + 0 (N L) . (7.4)

These expansions are shown in [Elg. 2 together with the eraonsl-order result of Refs. [29, 30].
As adequate for an observable measured in particular agssoak too far from th&-mass, the
results refer ton, = 5 effectively light flavours. AIIN© contributions are positive in Eq$.(7.3) and
(Z.4), yielding a larger soft-gluon enhancement than inQie case especially due to the lower
powers of I as already discussed in Ref. [17]. On the other handNth&InkN coefficients
change sign here, again in contrast to EQs.] (7.1) (7.B)s |€ads to smaller and negative
1/N corrections which do not exceed 10% exceptNo« 7 in the two-loop case in the left part
of the figure, where their inclusion results in a good appration down toN ~ 2. At the third
order theN~tInN andN ~1 contributions are not yet known. One may expect similarlgvant
smallN corrections from these terms to the corresponding curvesho the right part of the
figure. Similar results are found for the integrated and amgitnic fragmentation functions.
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Figure 1: The second- and third-order non-singlet coeffidienctions for the structure functids
as defined in Eq[(212) in MellilN space. The leading and subleading lakgeentributions[(7.11)
and [7.2) are compared to the exact functionsifor 4 light flavours. The results are multiplied
by suitable factors compensating our small chaige: as/(4m) of the expansion parameter.
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Figure 2: As Fig[1L, but for the fragmentation functibn atn; = 5. Neither the exact three-loop
result nor the corresponding coefficients of delln N andN ~1 terms are known at present.
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We now turn to the four-loop predictions derived in the poes two sections, again focusing
on the same two DIS and SIA observables. The known and newiloations at this order read

Co4(N) = 2.107L8+48,71L" +4779L°+2429° +5240L% — 1824 % — 30308.2
+0(L) + N71(8.428L7 +2843L°+3324L° + [18884+ 30.86¢ 5, | L)
+o0 (N71L3) (7.5)
and

Cra(N) = 2.107L8+46.60L7 +51411°+3126L°+11774.* + 23741 % + 466372
+0 (L) + N"1(8.428L7+3247L° - 44811° — [7315+ 26.12Eg 5| LY)

+o (NIL3) . (7.6)

As above, the results fdf, in Eq. (7.5) are given fon; = 4, and those fofr in Eq. (7.6) for

n; = 5. TheN© coefficients have been presented already in Tables 1 of @&fs17]. The IIfN
term in both equations includes a small contributfyi2 from the fourth-order cusp anomalous
dimension for which we have used the respective Padée essnoa#310 fom; = 4 and 1550 for
n; =5 [12]. The fourthN ~1 Jogarithms receive small contributions from the presentixnown
(and most likely identical) fourth-order coefficierfsis, and&sia, of Egs. [(5.2%) and (611). Values
expected from the latter equations contribute less thand¥tet coefficients oN ~1In*N.

The presently unknown lowdr-N—2InXN terms can be expected to enhance thN &ffects
shown in Fig[B. Yet already now one can conclude that theepatif the previous two orders
appears to persist to ordef, e.g., that the\ ~* contributions are small fdfr at least aN = 10.
We stress that this figure does not intend to present the ppsbximation to dominani® con-
tributions, but simply illustrates the effect of the knoverrhs as given in Eqs_(7.5) arld (7.6).
Rough estimates of the missing coefficient oNlcan be obtained by expanding the soft-gluon
exponentiall[(Z11) or (also for the non-logarithrl€ terms) via the Mellin transform of the known
seven +-distributions given in Egs. (5.4) — (5.10) of ReR][% note that there are some typos in
the first archive and journal versions of this article — anBdn (32) of Ref. [17]. The latter article
includes also the, , — ¢y, difference of the IN andN?© coefficients in Eqs[{715) and(7.6).

Finally the largeN expansion of the second- and third-order coefficient fmstifor the non-
singlet (quark-antiquark annihilation) Drell-Yan crogzton [Z.11) are given by

Cyo(N) = 56.89L*+1859L°%+4286L°+267.6L+4428
+N~1(1138L%+3784L%+577.3L+5343)+ 0 (N?) | (7.7)

Cya(N) = 2023L°+1282°+4676L*+8172.3 + 114042+ 6395+ 0 (1)
+N"1(6068L° +4267L% + [12164- 4.5438y, ] L3) +0 (NIL2)  (7.8)

for n, =5. These expansions are shown in [i. 4 together with thet éwacloop results of
Refs. [31,32]. The higher-order corrections are much kargthis case than in DIS and SIA. Also
here the IN contributions appear to be numerically rather unimportarieature that appears to
persists to even lower values Mfthan for the fragmentation functions.
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Figure 3: LargeN contributions to the fourth-order non-singlet coefficigmictions forF, in DIS
(left) andFr in SIA (right). Shown are the knowN ® andN —1 contributions as given in Eq§.(7.5)
and Eqs.[{7]6). The results have been multiplied by 2504@m)* for display purposes.
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Figure 4: As Figl.R, but for Drell-Yan cross section (2.1Kjing the expansions (7.7) and (7.8) with
&py, = —400. Besides the coefficients mentioned in the caption offidpare, also the third-order
constantN andN —1In?N coefficient are unknown in this case.
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8 Summary and outlook

We have analysed the“ihl—x) contributions to the physical evolution kernels for — irdihg the
results already presented in Ref. [34] — nine flavour nogistrobservables in inclusive DIS, semi-
inclusivee™ e~ annihilation (SIA) and Drell-Yan lepton-pair productioib turns out that all these
kernels include only single-logarithmic higher-orderreations, up tcrxs”(l—x)klnnfl(l—x), at
all powersk of (1—-x). On the other hand, the coefficient functions from which ¢hlesrnels are
constructed received double-logarithmic contributiopstmasn(l—x)kInznfl(l—x) at all orders.
This difference implies that the termté‘(l—x)kln' (1—x) with n < < 2n are functions of lower-
order terms, i.e., a general resummation of the doublerihgaic terms at all powers gfL—Xx).

The above pattern is established to all ordexinby the soft-gluon exponentiation of the
(1—x)"1InX(1—x) contributions to the coefficient functions [11-17]. Alld@r results underpin-
ning it at all powers irf{1—x) are presently known only for the leading langeeontributions to DIS
structure functions [35, 36]. However, all available fixadler results on higher-order coefficient
functions [23-32] are consistent with the behaviour désctin the previous paragraph.

In our view it is most unlikely that this consistency is a@idal, given the large number of
observables and the depth of the perturbative expansichedaespecially in DIS and SIA — for
the latter this article includes some new third-order rssuloreover it should be noted that the
resummation of in both DIS and SIA can be consistently constructed eachwiadifferent
physical kernels: that for these quantities themselvestiisg with (1—x)_1) and via the differ-
ence (starting witm—x)o) of the respective kernelkK,; — K1 andK; — K, for the structure func-
tionsFy » and fragmentation functiorfsr | whereF, is our notation for the total (angle-integrated)
fragmentation function. We thus definitely expect that we @vserving a genuine feature of the
coefficient functions and expect that a more deductive ambrosuch as that pursued in Ref. [19],
can provide a formal proof in the near future at least for tévet power in(1—Xx).

We have employed the conjectured single-logarithmic eoéxaent of the physical kernels to
derive the explicik-dependence of the coefficients of the three highest powehe dourth-order
DIS and SIA coefficient functions, while in the Drell-Yan ease are restricted to two logarithms
at orderd. For this purpose we have employed a modified basis (reqtardayond the weight-3
functions shown in the article) for the harmonic polylogfams. An extension of these results to
higher orders i is possible but not necessary at present in view of the disauigiven below.

For the subdominant (except fBr) logarithms with prefactofl—x)0 we have cast our results
in the form of an exponentiation, akin to that of thl&x)‘l soft-gluon effects, in MellinN space
where these terms behaveMstIn¥N. One more logarithm can be effectively predicted in this
case, as the one unknown parameter turns out to be numerscgdpressed. Our resummation
of the 1/N terms is, nevertheless, far less predictive than the doftrgexponentiation (which
predicts seven of eight fourth-order logarithms in DIS aiél)$or two main reasons: Firstly the
prefactor of the exponential is of first instead of zerotheoid as, thus one more order needs to be
calculated in order to fix the same number of coefficientsoBely, while the leading-logarithmic
function, usually denoted by, (asInN), in the exponent is the same as in M soft-gluon case,
this does not hold for the higher-logarithmic functions efhhave an (at least presently) not fully
predictable power expansion (frogg) and do not show any universality (frogg).
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Finally we have illustrated the numerical size of th&Nlcontributions. It turns out that, in
the restricted\-region of practical interest, the logarithms at the thindl daigher orders essen-
tially compensate one power b, i.e., theN? terms together resemble a linear increase With
and I/N corrections almost look like a constant. The sum ofNflland N~ contributions is
found to provide an excellent approximation of the exaatltssexcept at smaM-values such as
N < 5, wherever both are known. However, only in the DIS case @dlfiN terms constitute a
phenomelogically significant correction over a wide ranfyjgoments.

The main application of the present results and, hopefthigir future extensions in a more
deductive approach — we note that also an extension of RéJ.tf3the next-to-leading large-
n; terms would provide very useful information in the presemmtext — may be in connection
with future higher-order diagram calculations, e.g., & fourth-order DIS coefficient functions:
Firstly they can serve as important checks of such comuunsitivhich will be of unprecedented
complexity. Secondly, they will be very useful in combimetiwith future partial results such as
a fourth-order extension of the fixéd-calculations of Refs. [54], as fewer computationally gpstl
moments will be required for usefiispace approximations along the lines of, e.g., Ref. [21].
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