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Riemann—Hilbert approach t?(the tlime-dependent generalied sine
ernel.

K. K. KozIowskiE‘],

Abstract

We derive the leading asymptotic behavior and build a neveseepresentation for
the Fredholm determinant of integrable integral operappearing in the representa-
tion of the time and distance dependent correlation funstaf integrable models de-
scribed by a six-vertelR-matrix. This series representation opens a systematid¢avay
the computation of the long-time, long-distance asymptatpansion for the correla-
tion functions of the aforementioned integrable modesilsyfrom their free fermion
point. Our method builds on a Riemann—Hilbert based armlysi

1 Introduction

Highly structured determinants appear as a natural wayeforesenting the correlation functions in integrable
models that are equivalent to the so-called free fermidnsas already shown by Kaufman and Onsager that cer-
tain two-point functions of the 2D-Ising model can be repreésed by Toeplitz determinants [29]. Then Montroll,
Potts and Ward [41] made this observation more systematiexpyessing the so-called row-to-row two-point
function of this model in terms of a Toeplitz determinantwés observed by Lieb, Mattis, Schultz [37] that such
Toeplitz determinant-based representations also holthéoso-called XY model. Then, the systematic study of
the correlation functions of the impenetrable Bose gasXthenodel or its isotrpoic version the XX model lead
to the representation of various correlators in terms oflkoém determinants (or their minors) of the so-called
integrable operators [7] 8,134,136,/ 39] 44]. Such types ditiokn determinants also appear in other branches of
mathematical physics. For instance, the determinant afahealled sine-kernel acting on an interdak directly
related to the gap probability (probability that in the babialing limit a given matrix has no eigenvalues lying in
J) in the Gaussian unitary ensemble|[20]. Integrable infeyparators([10] are operators of the type V where
the integral kerneV takes a very specific form. This fact allows for a relativelpgsle characterization of the
resolvent kernel and often for a construction of a systenmadfal differential equations satisfied by the associated
Fredholm determinant or its minors |13,/ 23] 25,128, 46].

In all of the aforementioned examples, the integrable nategperatord + V act on some curv& with a
kernelV (1, u) depending, in an oscillatory way, on a parametein the previous examples a lot of interesting
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information can be drawn out of the asymptotic behavior @fde V] for large values oi. For instance, when
dealing with the correlation functions of integrable maggIplays the role of a spacial afwt temporal separation
between the two operators entering in the correlation fanctin such a case, computing the largasymptotic
expansion of the associated Fredholm determinants, abboeto test the predictions of conformal field theories.
The form of the asymptotic behavior of the pure sine kerné&tri@inant log detl[ + S] was strongly argued in
[6l [18] and then proven, to some extend, using operator st 19/ 48]. Also, the discovery of non-linear
differential equations of Painlevé V type for this determin@8{ pllowed to compute many terms in the lange-
asymptotic expansion of the associated correlation fanst{28/ 38, 3¢, 40]

However, a really systematidfieient approach to the asymptotic analysis of various gtiestrelated to
integrable integral operatois+ V has been made possible thanks to the results obtainéd|in T2&re it was
shown that the analysis of such operators can be reduce@solation of an associated Riemann—Hilbert problem
(RHP). The jump contour in this RHP coincides with the one driclv the integral operator acts and the jump
matrix is built out of the functions entering in the desdoptof the kernel. In this way, one deals with a RHP
depending orx in an oscillatory way. The asymptotic analysis of their siohs is possible thanks to the non-
linear steepest descent method of Deift-Zhou [15, 16]. Ihithis context, that the full characterization of the
leading asymptotic behavior of Fredholm determinants ofiéds related to correlation functions in free-fermion
equivalent models (the long-distance, long-tilmeg-distance at zero and also non-zero temperature) heas be
carried out in the series of papelrs([4, 9] 22,[24] 26, 27]

This paper deals with an extension of these analysis to the @ba Fredholm determinant of an integrable
integral operator whose integral kernel has a more invobfedture then in the aforementioned cases. We call our
kernel the time-dependent generalized sine kernel. ThghBta determinant we analyze arises in the represen-
tation of the zero temperature long-distgtmeg-time asymptotic behavior of two-point functions in &lesclass
of integrable modelawayfrom their free fermion point. In particular, its asymptstiexpansion (and especially
the new series representation that we obtain for it) playsieia role in the computation of the long-tiheng-
distance asymptotic behavior of these two-point functions

In a wide class of algebraic Bethe Ansatz solvable models,i®able to compute the so-called form factors
(matrix elements of local operators) and represent thermiés-Bize determinants [33,/43] . It has been shown in
[34] that, for free fermion equivalent models, itis possitd build on these representations so as to explicitly sum-
up the form factor expansion and compute the zero-temperéamd even the non-zero temperature) correlation
functions of the model. In the limit of infinite lattice sizestwo-point function is then represented by a Fredholm
determinant (or its minors) of an integrable integral opmré+ V acting on some contow” determined by the
properties of the model. For time and space translatiorrimvamodels, the kerndl depends on the distance
separating the two operators as well as on thedince of time evolution between them. One can show that
for general free-fermion type models, the integral operate V associated with the form factor expansion of
two-point functions acts on a finite subinteryalq; q] of R and its kerneV belongs to the class of kernels

sin [z (A)] sin[7v (u)]
2im (A - p)

V() =4 {E() el -Ewe)} . (1.1)

Therev is some function encoding the fine structure of the exciatiabove the ground state wherea& are
oscillating factors. The functiok is expressed in terms ef

dse?(9)  e?*()

E(W) =ie() T > — >

e
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The functionsy ande just as the integration curvég appearing in[(1]2) depend on the specific model that one
considers. We will give more precision about their progsriin the core of the paper. We stress that, in free-



fermion equivalent modelg (1) is some constant aneltakes a simple form. It was in such a context that the
asymptotic analysis of dek | V] has been carried out in the aformentioned papers.

As will be shown in a series of subsequent publication [32, §6ite astoundingly, it is as well possible to
build on the finite-size determinant representation forftren factors of local operators in integrable models
out of their free fermion point so as to sum up the form facenes over the relevant sector of excited states.
The intermediate computations can be shown to boil dowrnffecive generalized free fermionic models. As
such, they involve, again, the Fredholm determinants ofaipes| + V with V given by [1.1). However, then
the functionsy ande become much more complex that at the free fermion point. imessense, the approach
of [32,[35] shows that kernel§ (1.1) appear as a natural lodsipecial functions allowing one to represent the
correlation functions of a wide class of interacting #way from their free fermion point) integrable models as
certain linear combinations thereof. Therefore, the maippse for our study of the time-dependent generalized
sine kernel[(1]1) is to obtain a convenient ariiéetive representation for the associated Fredholm deteri
allowing to re-sum the aforementioned linear combinatrosame compact, explicit form, that moreover enjoys
the property of giving an almost straightforward accesfi¢éoasymptotic behavior of the correlators.

This article contains two main results. We first derive tragllag asymptotic behavior of the Fredholm deter-
minant of | + V understood as acting dr? ([ -q; q]), with q < +co. This sets the ground for the second main
result of the article. Namely, we derive a new series reptesien -the Natte series- for the Fredholm determi-
nanfl. This series is converging rather fast in the asymptetie +oco regime. Its main advantage is to provide
a rather direct (without the need to perform any additiomalysis) approach to the asymptotic expansion of
the determinant. As already stressed out, this seriessepiaion plays a crucial role in the computation of the
long-timglong-distance asymptotic expansion of the two-point fiomst in integrable models corresponding to
a six-vertexR-matrix [32,35]. Also, the very form of the asymptotic expaom stemming from the Natte series
proves several conjectures relative to the structure chslyenptotic expansions for certain particularizations (fo
specific values of, ande) of such Fredholm determinants [42] 45]. Also, upon sp&ehbn, it yields the general
structure of the asymptotic expansion of the fifth Painlesagcendent associated to the pure sine kernel [13, 28]

This article is organized as follows. In sectidn 2, we owetline main assumptions that we rely upon throughout
the article and give a discussion of the class of funct®tisat we deal with. After introducing several notations,
we present the two main results of the paper. The remainirtgsoaf technical nature. In sectidh 3, we present the
RHP problem that is at the base of the asymptotic analysietf & V] and the construction of its Natte series.
We also outline the chain of transformations correspontbrige implementation of the Deift-Zhou [16] steepest-
descent method. In sectiéh 5, we build the various localrpatdaces. This brings the original RHP into one
that can be solved through a series expansion of the assdaisgular integral equation![5]. The latter naturally
provides the largec asymptotic expansion of the solution. We build on theselt®so as to derive the leading
asymptotic expansion of the Fredholm determinant in sefioFinally, sectio]7 is devoted to the construction
of Natte series for the Fredholm determinant-6¥lIn particular, we establish the main properties of suafese
We then give a conclusion and discuss the further possilgliicagions. In appendixJA, we recall all the properties
of the special functions that we use in this article. In aplpeBl, we gather some proofs relative to the structure of
the largex asymptotic expansions of certain matrix valued Neumaniesegpresenting the solution to a singular
integral equation of interest to us. In apperidix C, we eislaldome bounds for certain matrices appearing in our
analysis.

"The origin of this name issues from the so-called pig-taillj@id) hairstyle that is called Natte in French. A braid ispecifically
ordered reorganization of the loose hair-do style. Siryiléine Natte series reorganizes the Fredholm series inyasgercific way, so that
the resulting representation is perfectly fit for carrying an asymptotic expansion.



2 The main results and assumptions

In this article, we will focus on the case where the funcidakes the form

- xu(d) + g(2)

el)=€e7 "7 . (2.1)

e(1) is quickly oscillating in thex — +oo limit and the functiong entering in the definition o&(1) has been
introduced so as to allow for some finitejndependent oscillatory behavior of the functie(®). The principal
value integral apperaing in the definition Bf(1.2) is carried out along a cun#: which corresponds to a slight
deformation of the real axis and is depicted in Eig. 1. Unberforthcoming hypothesis, such a contour allows to
strengthen the convergence of the integral defiriirat infinity (in the case oR, the convergence would be the
one of an oscillating non-absolutely integrable power-awereas it is exponentially fast alofig).

2.1 The main assumptions

Throughout this paper, we make several assumptions on tiogidn u, g andy entering in the description of the
integrable kerne[[(T11).

There exists an open neighborhdddf R such thau andg are simultaneously holomorphic &h

The functiong is bounded orJ.

The functionu is real valued ofR and has a unique saddle-pointUnlocated atly € R. This saddle-point
is a zero ofu’ with multiplicity one, thatisto say@! 1o € R : U (1p) = 0 andu”(4g) < 0. We also assume
that the saddle-point lies away from the boundarigs# +q.

u is such that, given any > 0, & decays exponentially fast inwhen+3J (1) > § > 0 for any fixed
6 >0, andR (1) = Foo.
€

e The functiony is holomorphic orlJ and such that simj (1)] has no zeroes in some open neighborhood of
[-d;q]lying in U.
e The function has a "séiiciently” small real part atq, ie |R [v (xq)]| < 1/2.

For technical reasons, one has to distinguish between twatisins when the saddle poing is inside of
]—q;q[ or outside. Following the tradition we refer to the first césg < 1o < ) as the time-like regime and to
the second ongAp| > Q) as the space-like regime. Actually, in this article we witlly consider the case where
Ao > Q. Also, we do not treat the limiting case whag = +q as this would require a significant modification of
our approach.

2.2 The main result

We now gather the main results of this paper into two theorems



Theorem 2.1 Let V(1,u) be as in(Ld) and | + V act on [?([-q;q]). Then, under the assumption stated in
sectior 2.1, the leading % +c0 asymptotic behavior afet || + V] reads:

def gy [1 +VI e_‘f“[iXU/qu/(ﬂ)]V(ﬂ)dﬂ = By[w, U] (1 O(IOQ X)) . - d Bx [v, U] (1+ O(Iog X))
X2

e lu@-u-al+0@-o-9p, [, 1 1. (1+o(| )) reluca-ua+o-a-9@p, [, — 1. (1+o('°9 X)) ,
X
2.2)

The functional B[v, u] takes the form

G*(1+v(9) G*(1 - v(-9)) (2@ g5 (AD-4-0) 2.3)
[2ax(ur(a) + 09" [2gxu (- T

It is expressed in terms of the Barnes G functian [1] and thdl@uy functional

Ci[] = fd/ld Vv - ;(#)V(ﬂ)+ (q)fV(Q) @y - q)fV( Q- V(/l)d/l. 2.4)

By [, u] = €“1

The functional b[v, u, g] takes diferent forms depending whether one is in the so-called spleeeegime Qo > Q)
or in the time-like regimeAp € | —q; q[):

v(-a)  So v@  So _ '
S S, time — lik
by [rtng =t ) WED o+ S (@) (o - @) S e (2.5)
1%, U, V=2ru"{Ao) v(i-cg) S v@ S pace. ke : .

w(-q) (o +6)? S0 w(@) (Ao - g)? So

There, we agree upon

_ +121(q) im(g) 4\ L (1=v(Q) {_ V(Q)—V(,u) }

S. = (2@ +i0 PO (0 - ) L Dol 2 [ R
(et g F@+v(-) %y (~q) - v (1)

S 7 gt COTavea) ownfz [ o). &0

2 .
So= & (o) &l (ﬂo—“‘.)wc}) exp{—2 f M }x (e~ 1" time—like 2.8)
Ao~ Qq-10* q Ao-— 1 space- like

The proof of this theorem will be given in sectibnl6.2. It higarelies on the asymptotic analysis of the RHP
associated witl that will be carried out in sections 3[io 5.

Above, thei0* regularization is important only in the time-like regimethenu’(g) < 0. It allows one for
a non-ambiguous definition of the power-laws appering abdnehe space-like regime, thé* regularization
makes no dterence .

A special limit of the kernel[(1]1) can be related to the galieed sine kernel studied in [31]. Indeed, when
the saddle poinflp is send to infinity, by deforming slightly the contoutg, the functionE can be seen to
be proportional tee !, up to corrections that are uniformly @ *) on[—-q;q]. In particular, one has that the



X — 400 asymptotic expansion of the two Fredholm determinantsoodénin this limit. This can be seen directly
by inspection of our formulae, at least in what concerns ¢ladihg asymptotics.

A specific case of our kernel(1) = 1 —t1?/x, g = 0,q = 1 andv = csthas been studied in the litterature
in the context of its relation with the impenetrable fermgas [4]. Upon such a specialization, our results agree
with the codficients of the asymptotic expansion obtained in that paper.

The second main result obtained in this paper is the Natiessepresentation for the Fredholm determinant.

Theorem 2.2 Under the assumptions stated in secfiod 2.1, the Fredhotermé@ant of the operator + V where
the kernel V is given bff.T) admits the below absolutely convergent Natte series eiqanis other words, there
exists functionals-, [v, e, e'X“] such that

det]l + V] [v,u,g] = det[l +V]© [v,u,g] {1 + D Halv €, u]} : (2.9)

n>1

There

det[l +V]Q[v,u,g] = Bx[v,u] -exp{ f ! [ixu' (1) + g’ ()] v (1) d/l} . (2.10)

-q
A more detailed structure of the functiong, can be found in the core of the text, formul@eld) One has the
following estimates for the functionalsf, [v, €9, X]| < [m(x)]", with m(x) = O (x™") being n-independent and

w= i—imin(l/Z,l—v'\‘/—2r6n:a+1x|%v(eq)|) with W= 23up{|‘R[v(/l)—v(eq)]| S l-eq =6, e= i} , (2.11)

wheres > 0 is taken small enough. Hence, the series is convergent fnge Enough.
The functionalsH, [v, €9, u] take the form

(3] il uedu(
gxm[ u(@)-u(-q)] -
2, Sabancey eyl

_ 2
[3]:0 gxm{u(@-u(-a)]
x2m[v(@)+v(-q)]

Ho[v,€2,u] = HE) [v,e9,u] +

gxn[bu0)-pu()-(b-p)u(-a)]
CHMPP e8] L (2.12)

li)
x21(b—p)v(-a)—2npv(q) n

- X
1 p0m-o-{ ]

Above, we agree upap = 1 in the space-like regime angl= -1 in the time-like regime. Theré(r(,‘x’) [v,e9,x] =
O(x~°) and the functionals{{") [v, &9, u] and H™P® [y, &8, u] admit the asymptotc expansions

(Iog X)n+r—2m]

Xn+r

HO [ eu] ~ S HD [ with A [v,eg,u]:O(
r>0
n+r—2(m+b)
HMOP e8] ~ S HIP [ u]  with w,ﬁﬁ*rlb’m[v,eq,u]:o(%].(2.13)

r>0

This theorem, together with a more explicit expressiongtierfunctionalsHy,, will be proven in section]7.
Here, we would however like to comment on the form of the aggtipexpansion. Indeed the above asymptotic
expansion is not of the type usually encountered for higtaerstendental functions. In fact, the lasgbehavior
of the functionalsH,, (v, €9, u) and hence of the determinant det{V] contains a tower of dierent fractional



powers ofx, each appearing with its own oscillating pre-factor. Otz bne has fixed a given phase factor and its
associated fractional power gf then the corresponding functional me'entsﬂr(,m) [v,e9,u] or Wr(,m’b’p> [v,e9, 4]
admit an asymptotic expansion in the more-or-less starglmde. That is to say, each of their entries admits an
asymptotic expansion into a series who8é¢erm can be written a8, ., (log x) /x™" with P, ., being a polynomial

of degree at most + n. One of the consequences of such a structure is that anabisigjlkerm that appears in a
sense "farther” (large values of in the asymptotic series might be dominant in respect toraaseillating term
present in the "lower" orders of the Natte series. This stinecof the asymptotic expansion proves the conjectures
raised in[[42,_ 45] for certain specializations of this kénfdso, upon specialization, it yields the general stroetu

of the asymptotic expansion of the fifth Painlevé transcehdssociated to the pure sine kernel [28].

The series representatidn _(2.9) might appear abstract giece is no generic simple expression for the func-
tionalsH,, n > 1. However, the slightly more explicit (but also more cundoene so that we did not present it a
this point) characterization of the functionat,, gives a thorough and explicit description of the way acts on
€9. This characterization, together with the overall formhaf Natte serie$ (2.9), is enough to build a multidimen-
sional deformation of_(Z]9) which describes a class of ¢atign functions appearing in integrable modaigay
from their free fermion points. The very fact that the sernggresentation one starts with has good properties
from the point of view of an asymptotic analysis (for instaricimmediately provides the leading asymptotics)
leads to a multidimensional deformation which has bagich# same good properties in respect to the asymptotic
analysis, in the sense that it admits an expansion of the 8¢, (2.12),[(2.I3). As a consequence, the long-
time/long-distance asymptotic behavior of two-point functiamsn interactingintegrable model can be simply
read-gf by looking at the multidimensional series.

2.3 Notations

We now introduce several notations that we use througheuauticle.

o D,5=1{zeC : |z—- 2| < 6} is the open disk of radius centered ary. 0D, s Stands for its canonically
oriented boundary andd D, s for the boundary equiped with the opposite orientation.

e 03, ot andl, stand for the below matrices

we(30) w03 w00 ne(29). ca

e Given an oriented curv& in C, I' (¥)) stands for a small counterclockwise loop around the ci@fvd his
loop is always chosen in such a way that the only potentigiudarities of the integrand inside of the loop
are located or¥’. For instance, if6’ consists of one point, thenI (¥)) can be taken a8D, s, for some
6 > 0 and small enough.

¢ When no confusion is possible, the variable dependencéwitimittedje u() = u, g(1) = g, etc

e log refers to the }x; 7 [ determination of the logarithm, and it is this determipatthat is used for defining
powers.

e Given asel, U refers to its interior antl to its closure.
e H., resp.H_, stands for the uppde e C: J (2) > 0}, resp. lowefze C: I (2) < 0}, half-planes.

e Given matrix valued functiond1(2), N(1), the relationM(2) = O(N()) is to be understood entry-wise
Mz (1) = O (Nk ().



Ml ey = max([Mig .

2.4

Given an oriented curv&’, one defines its- (resp. —) side as the one lying to the left (resp. right) when
moving along the curve. Above and in the following, given &myction or matrix functionf, f. (1) stands
for the non-tangential limit of (z) whenz approches the point € ¥ from the + side of the oriented curve
.

Given a piecewise smooth cur#e and matrixM with entries inLP (%), p = 1, 2, o, we use the canonical
matrix norms { stands for Hermitian conjugation):

@+ Mz = Jtr[MTM . (2.15)

]“Ll(?f) and |IMllLi) = ”}f‘XIIMinLw)
The distance between any two subs&tB of C will be denoted by @A, B) = inf{{x-y| : xe A, ye B}.

Several remarks

It now seems to be a good place so as to gather several remadgpiect to our assumptions.

The assumptions on the type of the saddle-pointh@uarantee that there exists a local parametrization for
u(2) aroundag, u(2) — u(lg) = —w?(1) with w(1) = (1 — Ag) h(1), whereh (1) # 0 andh is holomorphic
onD,, s for somes > 0.

As it will become apparent from our asymptotic analysisegifunctionauy, v, g satisfying to all the hypoth-
esis, one has that ddtf V] # 0 for x large enough.

The assumption on the number of saddle-points and their @ale be relaxed in principle. RHP with
multiple saddle-points have been considered_in [47]. Thiskwvas later extended to the case of less
regular functions and higer order saddle-points_in [17].

The restriction on the real part ofin the vicinity of +q is of technical nature. It allows us to avoid the
analysis related to the so-called ambiguous Fisher—Harsyimbols. The method for dealing with such
kinds of problems in the framework of Riemann—Hilbert pesbs has been proposed(in[L1] 12]. The cases
whereR (v(xq)) > 1/2 could in principle be treated along these techniques, leuthose not to venture
into these technicalities.

We have depicted the contodk appearing in principal value integral in (I..2) on Fig. 1. §bontourée is
chosen in such a way that the integral is converging expaigrfast at infinity. This avoids us unnecessary
complications and corresponds to most, if not all, situsdithat can arize in interacting integrable models.

In the case of kernels involved in the representation of W goint functions in integrable models, the
functionu takes the formu (1) = p(2) —te (1) /x. p corresponds to the momentum of excitations whegeas
corresponds to their energy. The paramefgays the role of the time-shift between the two operatodsxan
that of their distance of separation. In general, one iga@sted in the large-distanteng-time behavior of
the two-point function in the case where the rdtiris fixed. In such a limit, for many models of interest,
the functionu has a unique saddle-point & This physical interpretation can be seen as a motivation fo
certain of our assumptions.

It is not a problem to carry out the same analysis in the casgenthe contou#t given in Figl.l is replaced
by ¢ = Gen {zeC : |R ()| < w}, withw e R* such thaty, ~q and.1o belong to }-w; w[. Up to minor
modifications due to such a truncation of the remote partettntour, the results remain unchanged.



2

=q g X

Figure 1: Contoufsg for the definition ofE.

3 The initial RHP and some transformation

3.1 The RHP fory

The kernel of any integrable integral operator can be r@nastorm allowing one to give a convenient character-
ization of the kerneR (4, 1) of the resolvent operatdr— Rto | + V.
Namely, in the case of the kernélgiven in [1.1) one sets

|ER(/1)> _ 2 sin frv (1)] (E(/l)

i e(/l))’ <EL ()| = sin [xv ()] (—e(/l) , E(/l)), (3.1)

so that the kerneV is expressed as the scalar product:

(EFD)IER Q) (3.2)

V(4,u) = -4

The resolvent — Rof | — V exists if det| + V] # 0. In that case, one defin{aER(/l)> as the unique solution to
the integral equation:

_ 2sinfv ()] (Fl(ﬂ)) (33)

q
IFRw>>+fV<#’ﬂ>IFR<ﬂ>>dﬂ=|ER<~)>, D (S
-q

where the integration is to be understood entry-w(d‘e% @) | corresponds to the solution of the integral equation

where| ER (/l)> has been replaced wi(I‘E'- @) | It was shown in[[25] that the resolvent kernel can be remteske
as:

(FE () | FR(w)) _ (3.4)

R(A, 1) = -1

It is well know since the results established[in|[13,[23, 2&it the study of many properties (construction of
the resolvent, calculation of the Fredholm determinanhstroiction of a system of partialféigrential equations
for the determinant) of the so-called integrable integgagratorsl + V can be deduced from the solution of a
certain RHP. In the case of the kernel of interest, this RHidse

e y is analytic onC \ [ —q; q] and has continuous boundary values|ew; q| ;



o)((/l):o(l 1)Iog|/12—q2| for1 > +q ;

e y(A) = I2+/1‘1O( 1 1) uniformly in A — oo ;

* x+ (DG (W) =x-(1) forie]-q;qf .

We remind thaj.. stands for the: boundary value of from the+-side of its jump curve.
The jump matrixG, (1) appearing in the formulation of this RHP reads

G )= I2+4S|r12[7rv(/l)]( e((//ll)) )(—e(/l), E(1) . (3.5)

The above RHP admits a solution as long as HetY] # 0. Indeed, it has been shown in [25] that the matrix

f|FR(ﬂ) EL(#)|

X 1) =

ER FL
f| () ){ (ﬂ)| 3.6)

solves the above RHP. This solution is in fact unique, as easelen by standard argumerts [2]. It follows|[25]
readily from [3.6) that the solutiop(1) allows one to constru¢FR(A) > and< FL () |:

|FRW)) =x W |ERW) . (F-@|=(E"Wx W . (3.7)

3.2 Relation betweeny and det [l + V]

One can express partial derivatives of det [V] in respect to the various parameters entering in the diefimaf
V (4, 1) in terms of the solutiory (1) to the above RHP. We will derive a set of such identities beldhese will
play an important role in our analysis.

Proposition 3.1 Letn > 0 and T (¢g) be a loop in U enlacing counterclockwisel and such that it goes to
infinity in the regions where”@, > 0 is decaying exponentially fast. Then,

_id
on

d¢logdet | + V] 56 %ei”“(z)tr [020) @ (03 + 2C[e?| @)X @) (3.8)

I'(¢k) 7=0*

d,,logdet | +V] X 56 gz [01u(@D)] €™M [(90) D) (o5 + 2C[€2| @ o) @] - (3.9)

I'(¢e) n=0*

There, ([ f] stands for the Cauchy transform 6fg and C. [G] for its + boundary values of§e. One has more
explicitly

C[Gl (1) = j‘% % , and C.[Gl)-C_[G](1)) =G(1) , for A€ FE. (3.10)
e
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Proof — The proof goes along similar lines o [31]. It is straightiard that

q
dxlogdet] +V] = f [0V - (I - R] (1, A)d1 . (3.11)
—-q

In order to transform(3.11) int@_(3.8), one should start bifimg a convenient representation fayV (1, u). One
has that

%u(s)—u(/l)

__l _ L _ -2
oxe(Q) = 2u(/l)e(/l) , OxE (1) 2u(/l) EQ)-e(Q) f o s 1 e“(9 . (3.12)
(ﬁE
The last integral can be recast in a more convenient form
duu@)-ul) o, . [ 95 Z  u@
2 a1 S W= o Pt W
e 43 r({a.u)
inu( inu(2
SR SEE—EJ e2) =i fd—“ ﬁz—é e (1)
on 2 2in (z— ) (z— ) on 2 2in (z— ) (z— )
e ({a.u}) =0+ e I'(%E) n=0*
8 dz &M@ [ due? () 8 dz€™M@C|e?|(2) 213
o) Py ) mrn [ T'an e e
I'(6E) e 7=0* [(%E) n=0*

We first have replaced the ratio offdirences by a contour integral Bif{1, u}). HerelI ({4, u}) consists of two
small loops around the poinsandy. In order to manipulate convergent integrals, we then wiftéantegral as
ann-derivative. The derivative symbol could then be taken duhe integral. Next we deformed the contour of
integration from a compact ofg({4, u}) into ' (¥g). Such a replacement is allowed#s is chosen precisely in
such a way so as to mak&¥V, » > 0, decay exponentially on a small neighborhoodgfwhere one can draw
I' (¥&). Such a choice of contours allows us to satisfy to the hymihef Fubini’'s theorem and hence permute
the orders of integration. Also, we stress that one shoulgpee the;-derivative only once that all integrals have
been computed. Indeed, for generic choices of functigneermuting thej-derivation with thet-integration in
the last line of [(3.13), leads to apriori divergent integral.

Once that this dferential identity is established, one readily convincesseif that

0 gmi@ _ . dz
AV (4, 1) = Fm m(EL(ﬂ)|(o—3+2C[e @) |ER ) (- (3.14)

I'(%e) n=0*

11



DenotingS (2) = o3 + 2C [e‘z] (2) o, using the representation (B.4) of the reso\Raind the fact that
(FH) | FRG) = tr | FR) ) (FH(D) [], we get

q L R
L0 L (4, (EED[SAIERW)
axlogdet[I+V]_|an 564ﬂé'7 _{dﬂ Y

[(%E)

q
.0 dz
—i—tr éaénﬁfdzdy|FR(A))<EL(A)|

on
[(%E) -q
ER (1) ) (F ()
% (i _ L)S(z) [E%6){F* W (3.15)
-z A- (u—2)?
n=0*
Using the integral expressioris (8.6) foandy ™!, we obtain
a L R
p dz | (E-)|s@|ERW)
—i= 22 an@@
Oxlogdet] + V] |(,)77 564ﬂe' fd/l Y
I'(%e) -q
q
- ER@W) ) (F )
i) e [ it -x@)S@ [E7 ) (P
on 4 (u-2)7?
[(%E) -q n=0*
il 56 % gty ox@s@x '@} . (3.16)
on 4n
I'(%E) =0+
where we used (3.7). The proof of identify (3.9) goes alonyg sémilar lines.

[ |

4 The first set of transformations on the RHP

We now perform several transformations on the original RM&Tfirst simplify the form of the oscillating functions
E appearing in the formulation of the RHP. This step in carnethe spirit of [27]. Then, we map this new RHP
into one whose jump matrix can be written as the identity ptuse purely fi-diagonal matrix. Finally, we apply
the non-linear steepest descent method by deforming thewoso as to obtain jump matrices that are &0O°)
uniformly away from=q andAg. These last steps are a standard implementation of the Zxeit steepest descent
method [15 18].

4.1 Simplification of the function E

In order to replace the complicated functiBrby e 1, we perform the substitution

x () =x ) (12 + o Cle?] () (4.1)

whereC is the rational Cauchy transform with support@g defined in[(3.1D).
It is readily checked that this new matfxis the unique solution to the RHP

12



e Yy is analytic onC \ %g and has continuous boundary values@n\ {+q} ;

e y( D=1 +/l‘10( 1 1 ) uniformly in2 — oo ;

.)7(/1):0( 1 i)log|/12—q2| for 1 - +q;

« T (DG () =x-(1) forde e

The jump matrix fofy takes two dferent forms

e—2i7rv(/l) 0
G)? (/1) = [ e2i7rv(/l)e2(/l) (e—Zinv(/l) _ 1)2 e2i7rv(/1) for 1 e ] —q; q[ (42)
and
—2
G;(A)=((l) © 1@) for e 4e\[-q;q] . (4.3)

The existence and uniqueness of solutions for the RHJ &msures that there is a one-to-one correspondence
betweeny andy.

4.2 Uniformization of the jump matrices

We now carry out the second substitution that will yield a Ri&h upper or lower diagonal jump matrices whose
diagonal is the identity. For this purpose, we define

() q
a (1) = K(ﬂ)(%g) . where  loge(1) = - f %Il(")dﬂ. (4.4)
-q

The functiona (1) is holomorphic orC \ [ —q; q], @ (1) P 1 and satisfies to the jump condition

a, )™V =q_(1) for Ae]-q:q[. (4.5)
Then we set
EW) =y a3 () . (4.6)

The matrix& (1) is the unique solution to the RHP:
e Eis analytic onC \ % and has continuous boundary values@n\ {+q} ;

11

° E(/l)=0(1 1

) (- )7 (2 + )7 Dlog|a%2 - ?| for 41— =q;

e Z(1) = I2+/l‘10( 11 ) uniformly in A — oo ;

11
+(D)Gz() =E_(1) forae k.
The new jump matriGz (1) reads

==L 7€) Leq : d G ! %) :
= —( 0 1 ) € E\[_Q-Q] an = = ezi”"a+a_e2(e‘2iﬂv—l)2 1 E]—q,q[ .

[1]

Again, there is a one-to-one correspondence bet\esmdy .
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4.3 Deformation of the contour

We now perform the third substitution that will result in aaclge of the shape of jump contour. Due to the fact
thate*1(1) are exponentially small ix in appropriate regions of the complex plane, we will end ufhai RHP

for an unknown matriX" whose jump matrices ate + O (x=*°) and this fora uniformly away from the pointsq
andAg.

4.3.1 The time-like regime

Figure 2: ContouZy = F%L) U FEL) U F%R) v FER) appearing in the RHP for (time-like regime) .

We first introduce three auxiliary matricé(1) andN-R (1)

M(1) = ( (1) a* (ﬂ)le_z(ﬂ) ) = 1L+ P()o* 4.7)
1 0
N(L)(,U = ( 2() 20 (e_zmw B 1)2 1 ) = I+ Q(L)(/l) o
1 0
N(R)(/l) = ( a2 (1) e4i7rv(/1)e2(/1) (e—Zinv(/l) _ 1)2 1 ] = o+ Q(R)(/l) o . (4.8)

Note that although the matriceR/Y) (1) have diferent expressions, they coincidedmue to the jump conditions
for @ (1). It is clear from its very definition thall(®) (), resp. N®(1), has an analytic continuation to some
neighborhood of —q; q] in the lower, resp. upper, half-plane. Also, the maiiX1) has an analytic continuation
toU \ [—-q;q] starting from%e \ [ -q;q].

The functionsP and Q™ andQ® have the local parameterizations arourgi

) @00 1 2 @00 _ 1

z_ - — a4 z -
oI for 1€ 9D g5, P() =€ GIN)

P (1) = &4]¢ 4] for 1 € 9Dqs , (4.9)

QU = cOW eeafe o[ (W -1)  and QR =CRWEE ¢ " (7D -1) . (4.10)
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There{_q = x(u(4) — u(-0q)) and{gq = x(u(q) - u(1)) and we have set

2( 1) @ 9()—-ixu(-q) 2
c _ k(e ( A+q ) 2 1) |
@) G- P \tw-uca) © )
—2() (u@)-u@ . \*W o) ( iy
cPW = egWXU(q)( e +i0 ) [x(1+Q)?W (e2™ _1) . (4.11)

We now define a piecewise analytic mathixaccording to Fig. 2. We will be more specific about the choice
of the contoursl"(T%R) around the pointsq and 1o when we will be constructing the local parametrices. Here,
we only precise that the jump contour fisiremains inU and that all jump curves are chosen so that, for a fixed
ze F(TL) U I“%R) \ {0, Ao} (resp.z € F(lL) U FER)), exu@ (resp. €*U?) is exponentially small irx. The matrixY is
discontinuous across the curtlg = 'Y uT® U F§R> U FER). One readily checks that the matfixis the unique
solution of the below RHP (and hence there is a one-to-onegmondence betwegrand):

e T is analytic onC \ Xy and has continuous boundary valuessgn\ {+q} ;

11
11

T(1) = O( )(/1 — )@ (1 + )7 Dlog|a% - ¢F| for 1 =q;

T) =1+ /1‘10( 1 i )uniformly iNA— oo ;

T () Gyr(A) =T_(2) for A€ Zy\{£q, 0} .
With

Gy (1) =M(2) on r}”u rf‘) ., Gy () =NOQ) on rj” and Gy (1) = NP onr@.
(4.12)

4.3.2 The space-like regime
We introduce two matrices! andN

1

e—2i7rv _ 1)2

1 2,2 .
'V'=(o ale )=|2+P(/1)(f and Nz(aﬁez(

S): b+ Q) o . (4.13)

The matrixM(1) has an analytic continuation td\ [ —q; q] starting from%g \ [ -q; q]. The matrixN(2) has an
analytic continuation t&J N H_.
This allows to write convenient local parameterizatiorsuad +q for P andQ:

(1) W _ 1 i [ q:IZV(/l) edm() _ 1 with { {q x(u(2) —u(-q))

P() =e“ig] ™ = =-

Cc@) CR(1) L = x(u)-u()
(4.14)
Similarly,
Q) = COW) e[z (7 — 1) = —cR) e[| > (e27W -1) . (4.15)
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Figure 3: Contouky = Fg") v l“i") v F%R) U FER) appearing in the RHP for (space-like regime).

Here, we bring to the reader’s attention théetience of signs in the definition @f in the time-like and
space-like regimes. Also, the functio@8-/® (1) have been defined ii{4]11). The solfelience is that, in the
space-like regime, theiO" regularization plays no role.

The matrix Y (1) defined in Fig[B in the unique solution to exactly the same RidRormulated for the
time-like case but with the contours being defined in Eig. @ tae jump matrix being now given by

Gr()=M@) on rPur®ur® and Gr()=N(@) on 1. (4.16)

5 The local parametrices.

We now build the parametrices arourd and 1p. These will allows us to put the RHP faf (and hence the
one fory) in correspondence with a RHP that has its jump matrice®dimshe identity, uniformly on its whole
jump contour (in the case &f (1) the jump matrices are close to the identity only uniformlyagfrom the points

Ao and+q). The role of the parametrices is to mimic the complicatezhldehavior of the solutiog near the
stationary poinflyg and the endpointgg. Once again, due to slightféierences between the two regimes, we treat
the space-like and the time-like regimes separately.

5.1 The time-like regime

We recall that for the time-like regime, the functioR$1) andQ(-/R (1) appearing in the jump matrices are given
respectively byl[{419) and (Z110) with-/R (1) given by [Z.11).

5.1.1 The parametrix around g

It follows from the assumptions gathered in subsediion thdt, the functionu admits a local parameterization
aroundAo, ie there existg > 0 such thatD,, s ¢ U and a holomorphic functioh on some open neighborhood of

D,.s Such thau (1) — u (o) = —w? (1) with w (1) = (1 - Ag) h(2), andh(@,lo,(g N Hi) c H,.
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The curved /R in D, ; are defined according to Fig. 4.

0D, 5

Figure 4: Contours appearing in the local RHP aroggh the time-like case.

The parametri¥Py aroundig reads
Po(d) = 15 — b1 (R) e‘i%%‘l’ (1, :—23; inz(/l)) o . (5.1)

There,¥ (a,b; 2) is Tricomi’s confluent hypergeometric function whose déifami is recalled in appendix]A.
The functionb,; is defined piecewise:

b21(2)
Db21(2)

a,2(/l) e—iXU(/lo)—g(/l) (e—2i7rV(/l) - 1)2 foraecH N D/lo,é , (5.2)

QZ(/D e4i7rV(/l)e—iXU(/lo)—g(/l) (e—Zim/(/l) _ 1)2 for1eH ™ N D/lo,(i ) (53)

It is holomorphic onD,, s due to the jump condition satisfied by(4.5).
The paramertiX¥P, solves the RHP:

o Py is analytic inD,, s \ {F%R) U 1“5”} N D,,s with continuous boundary values t{)ﬂ@ U 1"5")} NDiys

1 . .
o Po=Il2+—=0O(c") uniformlyinde dD,,s;
X

\/_
o [Pol.(A) (12 +Doa(1) @™ = [Pg]_(1) .
The first two points in the formulation of the RHP 8 are obvious. The validity of the jump conditions can
be checked with the help of identitfy (A.1).
5.1.2 The parametrix at—q

The parametrices for the local RHPszaq are well known. They have already appeared in a series ofsvork
[4,[11,[31] and can be constructed from thfetiential equation method [21]. Here, we recall their form.
The parametri¥P_q around-q reads

P_q (D) =¥ (D) L) [x () - u(-q)PWos e | (5.4)
wu):( ¥ (v (1), 1;-ix [u(1) - u(-g)]) b1l ¥ (L (). LX[UW -uCaAD) oo
b)Y (L+v (), L-ix[u@) —u(=9)])  P(-v@).Lix[u@-ux) )
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_sin[zv ()]
- 7rCT(/l)r2 (1-v(2)

,  sothat bia(1)boi(2) = —v2(1) . (5.6)
bZl(/l) i ﬂ'C(L)(/l) 12 21
sin [rv ()] T2 (—v (1))
c®() is given by [4.111) and
2 -n/2<arg[u(d) —u(-a)] <=/2,

b12(1)

L (1) = ( é eZizS/(/l) ) n/2 <arg[u() —u(-q)] <, (5.7)

irv(A)
( ¢ 0 2 ) —n < arg[u(d) —u(-qg)] < —-n/2.

P_q is an exact solution of the RHP:
o P_qis analytic onD_gs \ {F(TL) U F(lL)} with continuous boundary values ML) U Fﬁ")} \{-a;

11
11

1 (11

o P_g(d) = O( )(ﬂ +9 9 log|i+ql, 1 — —q;

e Pq) =12+ 0[] |

v ) uniformly in A € 0D_qs ;

[P-q], ()M () [P ) foraer®no g ;
|P_a], ) NO(2)

Here, we have set

[Po| () foraerPno gy .

py = 2sup{|R (v(1) : A€ dD.qy UID_qp|} <1. (5.8)
The fact thaps < 1 for suficiently smalls’ is a consequence of the assumptions {#agv (+q))| < 1/2. The
canonically oriented contoutD_q s together with the definition of the contouf%)l is depicted in Fig.156" > 0
is chosen in such a way thél.qs U, Digs N Dyys = 0 andDqy N D_qe = 0. Playing with thes entering
in the definition of the parametriRy, one can tune it in such a way th#it= §. We shall assume such a choice in
the following.

5.1.3 The parametrix atq

The parametri¥Py aroundq reads

P (1) = ¥ () L () [x(u(@) - u ()] "W e 3" (5.9)
Here,
voy=| ‘P(—v(ﬂ),l;—iX[uQ) -u(@)) i D12(2) ‘P(1+v(_ﬁ),1;iX[u(ﬁ) -u(@)) . (5.10)
—ib1(2) W (1 -v(2),1;-ix[u() — u(a)]) ¥ (v (1), Lix[u(d) —u(@])

18



aD_q,&

Figure 5: Contours for the local RHP around in the time-like case.

x[c®W|
"2 () sin v (U] . Bra() bas(d) = —2() . (5.12)
b1 () = in 2 (1 - v () C®) sin [xv (1)]
c®(1) is given by [4.111) and
I -n/2 <argu(@) —u()] <n/2,

imv(A)
( e20 2) /2 <arglu(@) -u()] <, (5.12)

bi2(2)

L (1) =

1 0
( 0 eZiﬂv(/l) ) -n< arg[u (q) - U(/l)] < _7T/2 .
Pq is an exact solution of the RHP:

o Pqis analytic Or@q’g\{F%R)UF(lR)} NDqs and has continuous boundary values{ﬁﬁ)UFER)} N Dgs\a) ;

1 1 =03V
. Pq(/l):O( 1 1)(/1—q) @ logld-q ,1—q;
1 11 . : .
o Py(d) =1+ mo 1 1) uniformly in A € 0Dq;s

|Pq], (ONPQ)

|#q], () M(2)

The canonically oriented contod®q s together with the definition of the curv in the vicinity of q is
depicted in Fig. 6. Note the change of orientation of the jumwe due tar (g) < 0. Alsops is as given in[(5.8).

[Po] () foraer®nDys\(at,

[Pq] () for e nDgs\ ().

R)

5.1.4 Asymptotically analysable RHP forll

We now define a piecewise analytic matfbxn terms of Y and the parametrices according to [Eig. 7. In particular
one hadl = r everywhere outside of the disks. The matfiixas its jump matrices uniformly close to the identity
matrix in respect to th& — +co limit. Hence, it can be computed perturbativelyxby the use[16] of Neumann
series expansion for the solution of the singular integgalagion equivalent to the RHP fof. This matrixIT is

the unigue solution to the RHP:
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aDqﬁ

Figure 6: Contours for the local RHP arouqdh the time-like case.

e ITis analytic onC \ X and has continuous boundary valuesXgn;

— -1
e II(A) =12+ O( 11

1 ) , uniformly in A — oo ;

o I1.()Gp(2) =TI_(1) foraeXy.
The jump matrixGy (1) for IT (1) reads

Gn()=Gy() onT=TPUuTOUTRUT®  and G = . (5.13)
B T l l ! " 7)61(/1) on —90Dy,s

Figure 7: ContouZy; appearing in the RHP fdil, time-like regime.

5.2 Asymptotic expansion for the algebraically small jump natrices

Note that the jump matrices aloffgare exponentially close 3 in x and this in theL! (Zr) N L2 () N L™ (2n)
sense. Only the jump matrices on the disks are algebraitatkclose to the identity matrix. The latter jump
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matrices have the below asymptotic expansion into inveogeeps ofx, valid uniformly on the boundary of their
respective domains of definitiodD.qs or 0D,,s):

3 N V()
Puald = o+ ;) (n+1)![x(s+ g™’
3 N V(+?”)(s)
Pole =l S8+ D x(s- g™
~ ~ d(”)(s)
p-1 ~ | . 5.14
0 (9 2+ 243 (om 1 (5.14)
Where,
n+1 n+1 2 . n+1 2
—n) o S+q DM ()5, i(n+ 1) b2 (-1)™ (1 -v);
Ve = D l(u(s)—u(—q)) ( (0t D) by (15 ) (2 ) + (519)
n+1 n+1 2 : N n+1 2
(+:n) _(_nn+l $-q GV (= i(n+1) b2 (=)™ (L+ )5
Ve = 6 (u(s)—u(q)) ( i+ DB 2 (Vs ) - 619
A = (i (1/2+n) e's Bar(9) . (5.17)

o h2n+1(s)

We remind thatw (1) = (1 — 4g) h(1) and we have used the conditions [ﬁgq] = 1 = det [Py] so as to invert
the parametrices and then infer their asymptotic exparfsan the one of CHH(AR). Also, we have not made
explicit thatbjj, bjj andv are functions of.

5.3 The space-like regime

The discussion of the space-like regime resembles, up tormsubtelties, to the previous one. Therefore, we
make it as short as possible.

5.3.1 The parametrix around g

The parametri¥y on D,, s for the local RHP aroundg reads
Po () = | — bio(2) €4 %‘P(l > —|xw2(/l)) ot with  bra(2) = a72(1) PU+9  (518)
b1 is holomorphic orD,, 5. The parametri¥ is a solution to the RHP
e Py is analytic inD,, s \ {I“%R) U FER)} N D,,.s and has continuous boundary values{ﬁﬁ) U FER)} N Dyy.s;

1 . .
e Po=1Ilp + —O(c™) uniformlyin2edD,,s ;
VX

o [Pol+ () (I2+bro(2) €™ Wa) = [Pg] (1) .

The jump curve for the parametr#¥, is depicted on Fid.18.

21



0D, 5

Figure 8: Contours for the local RHP arouaglin the space-like case.

5.3.2 The parametrix around—q

This parametrixP_g is exactly the same as in the time-like regime. Hence, we dpmsent it here.

5.3.3 The parametrix aroundq

The parametri¥Py aroundq reads

Pa(1) = ¥ (DLW [xU) - u(@)] "W e | (5.19)
Here,
vy =| ‘P(—v(ﬁ),l;—iX[U(ﬁ') —-u(@]) ib12 (1) ‘P(1+v('ﬁ),1;iX[U(ﬁ) —u(@]) . (5.20)
—ibp1 () ¥(1-v (), 1;-ix[u(2) —u(aq)]) ¥ (v(A),L;ix[u(d) —u(@))
Bul) =i D gy
~ e - Bra()Bar(l) = (1) (5.21)
b2l = (v (V) sin [rv (V)]
c® is given by [4.111) and
I -n/2 <arg[u(d) —u(q)] <n/2,
1 0
L (/l) — ( 0 e2m() ) m/2 < arg[u (/l) - U(q)] <7, (5.22)
( e_zng cl) ) _r < arg[u(d) - u(@)] < /2.

Pq is an exact solution of the RHP:

o Pqis analytic onDgs \ {F(TR) U FER)} N Dqs With continuous boundary values {jh(TR) U FER)} N Dgs \ G}

1 1 —o3V
. Pq(ﬂ)=0( 1 1)(ﬂ—q) *@logli-q . 1—a;
1 11 . . _
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[P, OM@) = [Pg] () ToraerPnog,.

|Pq], ON )

|Pq]_() fmﬂeF@mZhw

The canonically oriented contodDg s as well as the definition of the jump curvE%R) is depicted in Figl®.
Finally, ps has been defined if (5.8).

u-u(aq)

aDq,(S

Figure 9: Contours for the parametrix arounoh the space-like regime.

5.3.4 The RHP forll

The matrixII is defined according to Fif. 10 and is the unique solutioned?®kIP formulated in exactly the same
way as for the time-like regime. Theftk#rence consists in the precise form of the contours due tiadt¢hat in

the space-like regimay > Q.

Figure 10: ContouEy; appearing in the RHP fdi, space-like regime.

5.4 The asymptotic expansion for the parametrices

The jump matrice$;; have the same asymptotic expansion as in the time-like ee{Bi4) with the sole excep-
tion that the coficientsby,, by1 entering in the definition of/+" (5.18) are now given by {(5.21). The matrix
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Pal has the below asymptotic expansion

d(s) _ " — 2 L(1/2+n) €2
] (- 1™ with d"(s) = bya(s) (—i) o T

CEIPRTASY (5.23)

n>0

6 Asymptotic expansion of the Fredholm determinant

Starting from now on, we will treat both regimes (space amabtlike) simultaneously.

6.1 The asymptotic expansion foll

In this subsection we present two ways of writing down thengsptic expansion for the matrid. The first,
given in propositio 6l1, traces back all thefelient fractional powers of and oscillating terms that appear in
the asymptotic expansion oF. It also provides one with a sharp and quite optimal contféhe remainders. The
second one, given in propositibn 6.2, is considerably l&picit and, by far, does not provide optimal estimates
for the remainders. However, it is easier to implement fdiendomputational point of view, especially when one
is interested in calculating only a couple of terms in thengsiptics. One can then build on the first asymptotic
expansion so as to on the one hand argue for a sharper forra ektimates for the remainders and on the other
hand identify which among the computed terms are relevehinich are not. We start this section by presenting
the Neumann series expansion for

Definition 6.1 Let X be the jump contour for the matrid. We define the contomEg\') as being the inslotted
version of the N-fold Carthesian produEf; x - - - x ;. Namely it is obtained frorii; x - - - X Xy by putting the
contour for z,1 slightly shifted to the right from the contour fog.ZWe have depicted the inslotted contour for
N = 2 on Fig.[11.

(L
N Y [z] R

Figure 11: The inslotted contour f&d = 2. The integration over; runs through the dotted contour whereas the
one overz, runs through the full one?D [z] refers to the three disks over which the variahles integrated.

Let pr, stands for the projection on thd"Kactor of an N-fold Carthesian product, ie given= (z,...,z)
one haspr (2) = z. The contourz(}” thus defines N curvesy [z] = pr (£{1"), k = 1.....N. Each of these
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can be interpreted as giving rise to the jump contour for th#PRproblem associaed with the matiik In the
following wheneven, resp. V, is inegrated along [z], it should be understood as originating from the jump
matrix I + A, resp. b + V, appearing in the RHP fofl, resp. IT"%, when the latter is formulated on the jump
contourXy [z].

Lemma 6.1 Let | + A be the jump matrix fofl andV = Comat(A)! be the transpose of the adjugate matrixAto
Then, for x-large enough, the matricEsandI1~! admit the below uniformly convergent Neumann series

dNz AzN)...A(z7)

) = I+ - 6.1)
N=150 (2I7r)N (A-2z) NHll (2s — 2Zs41)
RPN dz v (21) - V(zn)
ni) = |2+N221(f 2y (6.2)
ZN

(1-2) H (zs - Zs+1)

The convergence holds irf°l{O) sense fort € O, with O any subset @ such thatd(O, 2;) > 0. Also, it holds
for 1. € Xy in the L?(Z) sense. Finally, the matricesandV that are integrated along the inslotted conttﬁﬁ\')
should be understood according to definitionl 6.1.

Proof —
We define two linear operators on<2 L%(Xp)-valued matrices

CQH[M](A)=I%M(S)A(S) and tcgn[lvl]u):fz ds

Zn 2n
Using that for stficiently regular, not necessarily bounded, contdLiis the + limits of the Cauchy transform

with support or=p; are continuous operators as(Xr) with normc () [30], it is easy to see that that the two
above operators are also continuos the space#, (LZ(ZH)) of 2 x 2 matrices with_?(Z;) entries:

IA

ez, M1l 2,
ez, Ml e,

There we made use of the fact thais the transpose of the adjugate matrixtso that|All «(s) = VI~
and||All 2y = IVl

It is a standard fact [5] that there is a one-to-one corredpoce between the solution to the RHP Ibfor
I171) and the unique solution to the singular integral equations

2¢ (Zm) 1Al s MLz (6.4)
2¢(Zm) Al (s M2z (6.5)

IA

I, - C§, L] = I and it -toy, [mt] =12 (6.6)

Indeed, provided thalfl, is known, the matrix1 (or II"1) admits the below integral representation foaway
from X

H(ﬂ):lz+fﬁn+(sm(s) and H‘l(/l):lz+f%V(s)H () . (6.7)

2n 2

"By intechanging the roles af andM, it is easy to see tha{1§n is continuous on#, (L*(Zn)) sinceA € L2(Zy).
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The estimates for the jump matrices on the boundary of thesdi®.qs andoD,,s and the specific choice for
the shape of the contoll; at infinity lead tol|All 2z, + lAll o) = O(x™™) withw =min(1/2,1- ps) > 1 and
ps defined in[(5.B). This implies that forlarge enough the operators-C¢ andl —' CY are invertible and that
their inverse can be computed by a Neumann series exparmiverging inL? (Zp):

M) = f+ Y (s )T (A)=|2+Zf(2| i Aa). A (6.8)
N>1 Nelg, 7 (e = 2) [ (@) - 2)

i) = | e M) =1 V.. Vi) 6.9

W = e 3| T M) 2+NZ>1f(2m)N A (6.9)

N-1
(/l+ - Zl) 31;11 ([Zs]+ - Zs+1)

Where{C%n}N: Cg, o---oCy stands for the composition &f operatorsCy . In (6.8)-[6.9) the integration runs
across the Carthesian producthtopies of¥y: Xy x - - - X Zpy.

The fact thatlT*! (1) admits a uniformly convergent Neumann series fdbelonging to any open set O
at finite distance fronEy follows from the L? (X)) convergence of the serielS (6.8)-(6.9), the fact that
Mo (L2(Zn) N L (2n)), and that O, ) > 0.

Finally, it is easy to check that one gets the expressiodiI{@) (resp.II71(1)) on C \ Xj by replacing ther
type regularizationt, of 1in (6.8) (resp.[(619)) byt € C\ Zpj.

The N'" summand of the Neumann series 6! can be expressed in terms of regularized by deforming the
original contourZy x -- - x Xpy to the inslotted ona(m The latter manipulation is possible due to the properties
of the locally analytic matricea (2) andV (2). It aIIows one to get rid of the regularization in the integrals.

The construction of the inslotted contcﬁﬁ\') is depicted in Fig_12 arld 13. Initially, the integral is perhed
with the use of ther boundary value of; on the integration contour fa. Hence, away from the points of triple
intersectiong;, we can deform the integration contour farto the + side of the integration contour fag. One
ends up with a contour as depicted in FFigl 12. There, theditittes correspond to the integration contour Zpr
whereas the full lines give the integration contour Zar One then proceeds inductively in this way ugto As
A is assumed to lie uniformly away from the original cont@yy, there is no problem to deform the integration
contour forz; in the vicinity of £ as the pole at; = A is lying "far" away.

It remains to threat the integration on the intersectiomygoof the disks)D[z;] with the curvef%iR)[zj].

We first reduce the most interior disc (the one over wiaghs integrated and then the procedure is repeated by
induction) to smaller a one. The jump matricebave diterent analytic continuations from the right and left of the
pointsc; (this corresponds to the discontinuity linesff and®..). Taking this diterence into account produces
the small extensions of the contoﬂ?%/lR) [zn] as depicted on the right part of FIg.]13 together with smallscs

0D [zy]. Itis in this way that the matrix\ integrated ovekEy [zy] is identified with the one stemming from the
jump matrix forIT when the latter is defined as in(5113) but with jumps3pi{zy] (what corresponds to slight
deformations of the curvel@‘.T IRy, n

Proposition 6.1 The matrixII admits the series expansion

W) =1lp+ i H)N(,S” , (6.10)

N>1

that is valid uniformly away fror;; and also on the boundary;; in the sense of 4(Zy;) boundary values. The
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cC°C

Figure 13: Deformation of the circles.

codficientsIIy of this expansion take the form

IN/2] Gixm[u(@)-u(-q)] -

IIn(2) = An(A _
N( ) N( ) + N] sz[v(q)+v(_q)] N

m=—

2
2 b (3 fu@-u-o)

’ 2,

b1 50 mby)

gxn[bu(10)-pug)+(p-b)u(-a)]
X

b
2@l T b -2pn(@

b,
n™>Pw) . (6.12)

and one should set = 1 in the space-like regime ang= —1in the time-like.

The matrix A (1) contains only exponentially small corrections, [®];j (1) = O(x ) with a O that is
uniform for A-uniformly away fronky;.
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The matriceﬂg\lm)(/l) and Hg\lmb’p)(/l) admit the asymptotic expansion

. lo N+r—6mo—2m
nPw = Y@@ wih 0= o(( 9%) = M] , (6.12)
r>0
N+r—2(m+b)
b, b, , b, log X
ntePw = Y agtPe)  with oGP = o(( ) ” M] , (6.13)
r>0
The estimates hold fot uniformly away frony;.
The matrix M appearing in the variou3 estimates takes the form:
gxu(a) _ _
1 m, E) + m_XZV(—Q)elXU(—CI) +my \/T(GIXU(/lo)
M=l 2@ _ gma _ g (6.14)
M@ "Moo ¥ Mgty 1

There m, mp, M. and My are x-independent cgéents. Moreover, necessarilyoms 0 in the time-like regime
andmy = 0in the space-like one.

We postpone the proof of this asymptotic expansion to aprdBihs it is rather cumbersome and long.
However, at this point, we would like to make several commantespect to the form of the asymptotic expansion.
The above asymptotic expansion is in a form very similar ®odghe of the functional$t, [v, €%, u] given in

Theoreni 2.R. In fact, the largebehavior of the matriXIy contains various fractional powersxfeach appearing
with its own oscillating pre-factor. Once that one has fixeghan phase factor and fractional powerxgfthen

the corresponding matrix cﬁhzlentsl'[(m) or H(m’b P admit an asymptotic expansion in the more-or-less standard
sense. That is to say, each of their entrles admits an asgimptpansion into a series whos® term can be
written asPy.n (logx) /X" with Py, being a polynomial of degree at mast+ n. One of the consequences
of such a structure is that an oscillating term present i, (1) may be in fact dominant in respect to, say, a
non-oscillating term present " I,y (1) wheren’ < n.

We would also like to point out that the asymptotic expansiofily andIIy,1 share many oscillating terms
at equal frequenciegge*[U@-u-a] is present ifTy andITy.1 for anyN > 2). However, those issued froffy.1
have an additional dumping pre-factor bgx ! in respect to the same ones issued fidg Finally, there may
also appear additional oscnlator%/ term@d?, z = xq or Ao (and their associated fractional powersxpin the
off-diagonal parts oH(m) andIly Mb.p) o G12).

There is also another way of writing down the asymptotic esjpan ofI1 (1). Although it is more compact, it
is also less explicit and provides one with weaker estimiatethe remainders.

Proposition 6.2 The matrixIT admits the asymptotic expansion

™ : (1
) =1+ Z 1+(n/1) ( 1 1 )x‘(N+1)W with  w = min (5’ 1- ,05) , (6.15)
>0 X2

that is valid uniformly away fromp.
For A belonging to any connected componentoin C \ Xy, the first few terms appearing in this expansion
read

dO (1) V(€9 (eq)
Oy - 9o @) = —
@ (1) T @ (1) ; pppreat (6.16)
© (€0) €0) 2 (4@
o - 3 900 (VD V@) o & (4] 6.17
= ﬂo—Eq A—=Ap /1—6q 20 s=1o

28



The expression fdi® is a bit more involved.

2
[d(O) (/10)] oV (eq) o N Z V(€0 (_eq) VEO (eq)
= €

A=l o (o-e)? & 2q(1 - €q)

_ }Z 9 VED (5) — 2V(E€D (eq) VD (s) (6.18)
244 9s A-s seq

Thereo = o* in the space-like regime and = o~ in the time-like regime.

This form of the asymptotic expansion is the closest, intspirthe one appearing in the literatuct, eg[14].
However, it does not represent a "well-ordered" asymp#tjzansion in the sense that each mafi% depends
on the various fractional powers a&fand oscillating corrections. Some terms present in theesnaf [1P) are
dominant in respect to the ones presBff, £ < p. Moreover, the expansiofi {(6]15) does not provide one with a
precise identification of these terms. This form is howeyconvenient from the computational point of view,
and having explicit expressions for the matri€&€ easily allows one to identify the various matrices enteiing
the "well-ordered" asymptotic expansidn (8.10)-(6.11).

Proof —
The unique solutiodl, to the singular integral equation (6.6) equivalent to thigguely solvable RHP fofl
provides an integral representation fdon C \ ;. Namely,

ds
H(/l)— I2+fmn+(S)A(S) for AGC\ZH (619)
Zn
The only places where the jump matrix idris not exponentially close to the identity are the three lolawies
of the discs-0D.qs and-0D,,s. There one has

MLPg=T_ on -8D.qs and ILP =T on —0Dy;. (6.20)

Note that the minus sign refers to the clockwise orientatibtihe boundary of the discs in Fig.]10 dnd 7.
By using the estimate

: (1
N (A) = ANy + ALy = o(x™™) with w= mln(é, 1—p5) (6.21)

and equation (616), one shows by standard methods(qd4d]) the existence of the asymptotic expansion (6.15)
for IT(1). This expansion is valid uniformly away from the jump cuBe

We would like to stress that for computing the fft@ents of the asymptotic expansion, we can drop the
integration contours other then the boundaries of the digBsy, ;5. Indeed agIl, - 1) € L2 (Zp), cf &),
and”A”LZm_l(F) = O(x™™), it is clear that the integration alofgin (6.8) can only produce exponentially small

corrections. Thence, it cannot contribute to the asymptetipansion[(6.15). As a consequence, the matrix
codticientsII™ in (6.18) can be computed by plugdﬂnhe asymptotic series into the integral equation (6.19),
dropping there all the exponentially small correctionerfgining from the integration alorig) and replacing the

flt is possible to insert the asymptotic expansion, whichiarpis valid only uniformly away fromzy; in (6.18) in as much as one
slightly deforms the contoly; in the + direction what is allowed in virtue of the analytic propestiofIl, and the local analyticity oA.
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jump matricesPal, SD;}] by their asymptotic expansions which are valid uniformlytib@ boundaries of the three
discs. This leads to the formal (in the sense that valid dogi@rder inx) equation,

. (6.22)

H+(S) d™(g) o I1,(s) VE(s)
" 2in Z f Ay — S

W=t [ =
+) = m s Ay = S £ (s— Ay x*3 4 (n+ 1)l (s— eq)™ ! xl
10-0

It now remains to equate the dtieients of equal inverse powers xa This yields sets of recurrence relations
between the various terms appearing in the asymptotic siparorIIl. A straightforward residue computation
leads to the result fdi™, n=0,..., 3, for A belonging to any connected componentofn C \ Zy. [

6.2 Proof of the leading asymptotics of the determinant

We now prove theorein 2.1. We divde the proof into three parst,Fwve obtain a modified version of the integral
representatior (3.8) faiy log det | + V] that will be more suited for our further computations. Thes use this
integral representation so as to compute the first fesependent terms in the asymptotics. Finally, we fix the
constantx-independent part of the asymtptotics.

e Modification of the integral representation

The first few terms of the asymptotic expansion of diet V] can be obtained by using the identity (3.8) between
the x-derivative of log det[ + V] and the RHP datg, together with the asymptotic expansion forAs a starting
remark, we observe that one can always choose the cohiGfk) appearing in[(318) in such a way that it only
passes in the region where

x () =T1() a3(2) (12 + C|e?| () o) . (6.23)
Then, plugging this exact expression fomto the trace appearing in_(3.8), one gets that
tr{o (4) [os + 2C [€2] () o | x 1)} = tr [GaIT (1) oalT ()| - 29,1 (log @) (2) (6.24)

It remarkable, but also important from the computationahpof view, that the matrix allowing one to simplify
the complicated functiong (1) (1.2) appearing in the formulation of the initial RHP, does play a direct a role

in the computation of the asymptotics of the determinantpdrticular, one does not have to deal with integra-
tions onI" (¥g) of Cauchy transform€& [e 2] (1). Inserting [6.24) into[(318), one obtains that the contrdiuof
—20, (log ) (1) can be separated from the rest, so that

dylogdet] +V][vu, gl =a4 - 12 I ) [oaTT () a1 ()] ¢ (6.25)
on 4n
'(6e) n=0*
where we have set
~da W\ . [
’ @— s /
aj;= IZ u (1) Iog(oz+ (/l)) =i fu (Dv()da. (6.26)
_q —_

Note that one cannot exchange theerivation and thel-integration symbols i’ {6.25) yet. To be able to do
so, we deform the most exterior parts of the con(f:) in (6.23) toF(T") andF(lR), cf Fig.[I4. We denote©
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the resulting interior loop. The integrand alopd remains unchanged. However, when integrating along the
contoursl"(T%R), one should replace 6,11 (1) 1% ()] by the diference between the two boundary values:

tr [0,I1 (2) or3T1=* ()] — tr 0,11, (4) oralT,H ()] - (6.27)

=(L/R)
Ve

This is a consequence of the fact the jump malsix A for IT on TR admits an analytic continuation to a
neighborhood of these curves. This fact allows one for d ldeformation of the jump contow;, meaning that
IT, (resp.Il_) admits an analytic continuation to some neighborhooBplocated on its- (resp.+) side.

The diference in[(6.27) can be estimated with the help of the jumplition for IT anngF%';iR): ILM =TI
whereM is given by [(4.7) :

We remind that not only the boundary values themselves, but also thesd$'®Hlerivatives do exist o

tr [ 9T (D) oaT ()] = tr[{[9aT1, (DI M (2) +TL () 9aM (D} oM~ () T (D)
= tr [T (041, (2)) M? (2) 03] + tr [0,M () sM 1 (2)] . (6.28)

Using thatM = |, + Po*, with P being defined in(4]9) , we obtain the jump formula
tr [0u11 (2) or3T1=* ()] = tr [0,11, (4) oralT;t ()] = 2072 (2) € 2() tr [ 0,11, (1) o T1,H ()] - (6.29)

Using, once again, the jump condition ©l //lR), we see that t[rc’)ﬂl'[(/l) 0'+H‘1(/l)] has no discontinuity across
those parts of%im that we focus on. It can thus be extended to a holomorphiciiumin some neighborhood

of this curve. Thence, we can deform the contours of intiigréff%f) to y(-/R as depicted on Fig._14. Once
that this has been done, there is no problem anymore to egetthan-derivation with thet-integration. Indeed,
tr [0,11 (1) o*1T1 ()] is bounded whefR (1) — +oo alongy(+/R, and the functiorG given by

G (1) = u() {Lo) + 2072 () e (D) Luu,w () (6.30)

is integrable. Herel stands for the characteristic function of the 8etOnce that the-derivative is computed,
we get the below integral representation

dylogdet] +V][vu,g] = a1+ 9§ j—ie () tr[oaTT () o ()T ()] (6.31)

Y

The final contouty is depicted in Fig. 14 and the matrix-valued function reads) = o31,0(1) + o+ 1,0 uy® ().

e Extracting the first few x-dependent terms

tr|9a11(2) o*T1-(1)] is bounded o™ U y® and|IGll(,my,w) = O(x*). Hence, we can drop the part of
integration oven(Y) U y(® when computing the asymptotic expansion of log dlet /]. It thus remains to treat
the integration along©.

As follows from propositiod 6J1IT has a uniform asymptotic expansion g given by [6.10). In order to
obtain the leading asymptotic expansion for ik@erivative of the determinant, it is readily seen that gm®ugh
to plug in the more compact expansidn (6.15) to the desirddrand then drop all the terms that are irrelevant.
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Figure 14: Contouy =y U@ Uy, The contouy is depicted in dotted lines.

This is simpler from the point of view of computations andtifisd a posterioriby the form of the well ordered
asymptotic expansiofl (6.110). Therefore we get
1 / 1
-1 - = @ il @) ©) ) ) ©)
tr 9,01 () o3I ()] = Xtr{[n [ @yos)+ v tr{[mm ] (1) - 1O [ ] (1) -0 [m ] ()} s

e {u@-u-a]  gn{uto)-u=a] (jogx)
se2lr@+2(-q+2"  yFFan(zq)

tr{[H(3)]’(/1) . (I9)) [nﬂ)]’u)}a?, + o( ] , (6.32)

X2

uniformly ony©. There the o refers to sub-leading terms that have beendgndt distinguishes between the
various oscillating and non-oscillating corrections thate been ignored. Also one should get 1 in the
space-like regime angl = —1 in the time-like regime. Note that due to the compactnesg®fthe order of the
o-remainder is preserved by the integration algff

Note that, in[(6.3R), we have been able to simplify certamdpcts by exploiting that, regardless of the time
or space like regimeEl‘I(@]2 = 0 and that traces of matrices proportionabtgwith o = o* depending on the
space ot time-like regime) vanisteg 11 [H(C’)]' « o).

We now insert the explicit form of the first few matrix dteients appearing in the expansionlbfand then
integrate the expansion (6]32) alopd with the appropriate weight. At the end of the day, by usirgyhecise
estimates provided by the expansibn (6.10), we get

0SC no OSC
dclogdet] +V] = a1+ 22+ % (1 o('ogx)) % (1 o('ogx)) % (1 o('ogx))+o( a13)+o( % )
X x3 X X2 X X2 X

XW+ 3 XW+ 2

Above the last O corresponds to higher order oscillatingembion with bigger phases than those involved in the
definition ofay andagsc. The term responsible for the logarithmic contributionhe teterminant coincides with
the one appearing in the time-independent case (the sedagdineralized sine kernel) considered in [31]:

20 = - (VA(a) + v*(-9)) . (6.33)
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The firstig dependent term is an oscillating correction

ZZ 4O )U(/lo) ugzq) (VIO eq) [, 7]} (6.34)

aJ°¢ contains the oscillating term coming from the boundatigs

0SsC u(q) —u (_Q) +: —
a =—WU{[V( o), VOO (-g)| 3} . (6.35)

Finally, aJ° corresponds to the first non-oscillating corrections idsuem the endpoints:q:
i 4 €, €, 2 / €, 4 €, €, ’
&= > Wt {v< D(eq) - [V (eq)| }O'3+U (eq) tr {[V] (eq) - 2V (eq) [V (eq)} 5 (6.36)

Here, we precise that = 9,u, u” = $2uand[V(d] = g,v(2,

It now remains to insert the explicit expressions V¥t as well a=d™ so as to obtain the expressions for the
codficientsay, k = 1, 2.

We get that, independently of the time-like or space-likgme,

B (@ ula). @7 (0 t&‘gﬁ

@ = Hu(@-u(-9)] T A A (6.37)
As for a1, we have

a_ 1 _i%ﬂ:&ﬂﬂ_-,wwﬂmm&} 6,38

% 2ﬁmmé%’qu%mw+WS-”“)wmw—w&- (638
in the time-like regime, and

a_ o lulo) —uals. mw>wm&} 56

x2 2vah(do) X%{ ' (=0) (Ao + @)* So - u' () (Ao — @)* So (639

in the space-like one. We remind th&t andSy have been defined i (2.7) and (2.8)

e The constant term

Thex-derivative cannot fix the constantirpart of the leading asymptotics. We use filgederivative identity so as
to fix the 1o dependent part of this constant. Then, in the space-likeneegne obtains thég-independent part of
the constant term by sendifg — oo (the asymptotic expansion is uniformAg lying uniformly away to the right
from @). In such a limit, the determinant can be related, up {&c@) corrections, to the generalized sine kernel
determiant studied in [31]. In this way, we are able to fix tbastant in this regime. In the time-like regime, in
order to fully fix the constant, one has also to computegtherivative of the determinant asymptotically.

We already know from the above analysis that log tletY/] = xa_; +log xap+ C [v, u, g] + 0(1). Using [3.9),
we get

tr [V(E;O) (eq) 0'3]
(z— €0)?

= ~0,, ?(-g)logu (-q)} . (6.40)

oClnugl = P Z @Y

5O
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The absolute value has been chosen so as to treat the dpaesdi time-like regimes simultaneously.

In the space-like regime, the asymptotics are uniformgnas long asly remains uniformly away frong.
Hence, one can s@p = « in the asymptotics so as to fix the constant term. Whee +co, the functionu has
no saddle-point, a straightforward computation showsWhat i) = Vask (4, u) + O (x™*), with

Vesk () = {1 3 ezinv@)}% { 1- ezim(,,)}% '6_1(/1)2';)(; ii)(y)é’(/l) with () = e(d) (e‘Zi”V( o l)% .

Moreover, the big O symbol is uniform dr-q; q]. This means that
det[ ~q:q] [I+V]= det[ ~q:q] [l +Vesk - (L+O(X™)) . (6.41)

This last identity stems from the fact that the resolvent géaeralized sine kernel is polynomially boundedk,n
and this uniformly or{ —q; q], cf [31]]. Using thex — +co0 asymptotic behavior of dFIQ?q] [l + Vesk] obtained
in [31]], we get that

C[»u.gl = —*(a) log[2q (U (q) +i0%)] - v*(-0) log [2qu (~0)] + 109G (L, ¥ (D)) G (L, v (~q)) + C1 [V]

q q
+ f dig () v (1) — f div () log' (e2™W —1) . (6.42)
—-q —-q

The functionalC; has been defined in(2.4) and we agree upon the shorthantbn@dtl, 2 =G (1+2G(1-2

for the product of two Barnes functions. Note thatithieregularization only matters in the time-like regime where
U (g) < 0. Of course, for the moment we have only proven the valuee€timstant term in the space-like regime.
To see that the constant term is indeed giverChiy, u, g] (6.42) in the time-like regime as well, we apply the
so-calledq derivative method [31]. Namely, starting from the identity

dqlogdet] +V] =R(q,q) + R(-0,-q) , (6.43)

one replaces the resolvarby its leading inx part corresponding to sendimfy= I, in the reconstruction formula
for |FR(/1)> in terms ofy. The leading resolvent arounel is then expressed in terms of CHF with the use
of identities [A.6). Then, following word for word the stedsscribed in[[3[1] one obtains that, in the time-like
regime,dqC [v, u, g] is indeed given by the partigtderivative of [6.4P). This fixes thé andq dependent part of
the constant term in this regime. As the remainiiggandq independent part has to be the same in both regimes,
the constant term is fully fixed.

The form of the asymptotic expansion given in theofem 2.lbfed once upon applying the identity

q
- [ log' (g7 W -1)y(2)dA
-q

e G (L v(q) G (L v(-q) = d3(14D) (27D G2 (1 4 v () G? (1 - v (~0)) .

(6.44)

This identity is a direct consequence [of (A.8). [ ]

7 Natte Series for the determinant

In this section, we derive a new series representation,weatall the Natte series, for ddtf V]. Just as a
Fredholm series is well adapted for computing the determtiod the operatod + V perturbatively when the

34



kernelV is small, the Natte series is built in such a way that it is irdiagly fit for an asymptotic analysis of the
determinant. The form and existence of the series is clasdyed to the fact that the asymptotic behavior of this
determinant can be obtained by an application of the DédifitZsteepest-descent method.

Letl + A be the jump matrix fofl. Then, according to sectioh$ 3 dddAbhas an asymptotic expansion that
is valid uniformly on the contouky;:

d"(2)
(7 = B
A(n)(z; X) A (Z, X) \/7((2 - /10)2n+10- for ze 6@,10’5
A2 =~ E where (7.1)
- xn+1 VE(Z) '
n>0 Az x) = for z€ 0D.qs

(n+ D! (zF g™t

and everywhere els&" (z x) = 0. In other wordsh (z, X) is a O(x"*) everywhere else on the contour. Moreover,
one can convince oneself that thig>) holds in theL' N L* (%) sense, for any curv& that is lying stficiently
close to¢e. Finally, we remind that- = o* in the space-like regime and= o~ in the time-like regime.

7.1 The leading Natte series

We start the derivation of the Natte series by providing avearent integral representation for log det{ V].

Lemma 7.1 Let V be the kernel defined @d.1) andI1(2) = I1(4; X) be the unique solution to the associated
RHP. Then, the logarithm of the Fredholm determinant adthisbelow representation

logdet] + V] [vu,g] =logdet] + V] [v,u,g] + logdet] +V]S®[y, u,g] (7.2)
where
q
logdet [l +V]©[v,u,g] = ix f () v()da - (vA(a) + v*(-a))log x+ C[v,u.g] (7.3)
-q

and CJ[v, u, g] has been defined i®.42) Also

dz tr [A(l) (zX)o 3]
2in (A - 2)?

1

log det | + V]S [y, u, g] = f dx’ 56 j—:eu) tr (0201 (4 X) o (DI xX) + f
too Y D

(7.4)

The contoury is as defined in Fid. 14 andD = —0Dqs U —0D_qs U —0D,,. The function G has been defined
in 6.30) AW in (Z)and we remind thatr (1) = o31,0(2) + o Lw,w(4).
The convergence of this integral representation is parhefdonclusion of the lemma.

Proof —
The formula for thex-derivative of the determinarit (3.8) is the starting poihthe proof. By re-ordering the
terms we get, exactly as in the proof of theofen 2.1,

dxlogdet] +V][vu,g] = dxlogdet] + VIO, u, gl + R, (7.5)
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in which

9 1 dz tr [A(l) (z. X) 0-3]
= —i—| [|==™ltr|a,11(1; x) oal1 7L, f__—
R Iaﬂ fiﬂ r[ JI(2; X) o3I ( x)] + Zr X127
I'(¢g) oD n=0*

(7.6)

Here the matrixa® appears in{716) as its contribution has already been tateratcount id, log det | + V]©.
It had thus to be substracted.

Now, performing exactly the same steps as in the proof ofrédm.1, we recast the integral in such a way
that then-derivative can be moved inside of the integration symbobteNthat the operation of squeezing the
contourT (%) in (Z.8) toy does not fect the term coming from® as it is holomorphic outside @&®D. Once
that then-derivative has been computed, the result follows by-@mtegration. This integration is licit as, due to
the presence ak®, then-differentiated integrand behaves a(skig x/x2) , for x = +o0, in what concerns the
non-oscillating contributions and a&'%e" for the oscillating terms. Here,andw are constants such that R
andR (w) > 0. The oscillating contributions are thus also integrabatdeast in the Riemann-sense. [

We are now in position to derive the logarithmic Natte serggsesentation for log det - V].

Theorem 7.1 There exists a sequence of function@ls[v, u, €9] (x), such that
log det ]l + V] [v,u,g] = logdet] +V]? [,u,g] + > Fn[»u ] (x) . (7.7)
N>1

There exists a positive N-independent constafx)rsuch that|#y [v,u, €9] (x)| < [m(¥)]N. m(x) is such that
m(x) = O(x™") where, for§ > 0 but small enough

W= ?1 min(1/2, 1-W-2 rg]:elx|‘R [v (eq)]|) and W=2 max{ sup |R [v - v(eq)]|} (7.8)

Deq 0

The functionalsfy [v, u, €9] (x) admit the integral representation
N N
A ueEg=> > > f 56 25 Hue(2 210 X ) ) ] e (7.9)
r=1 ka 0 " L1 (rN)(zm) p=1

in terms of the auxiliary functionals

~G () D[ (21, ey 1L )
HN,r(/l, {zj}szl, X; {fj}?l:l)["’ ul = — S . (7.10)
(A= 2z)? (A= Z41) [El (Zp - Zp+1) ; =I;[+l (Zp - Zp+1)

The first summation ifi”.9) runs through all possible choices of the variabégs {+1, 0} subject to the constraint
3 & = 0. Then, one sums over integrals running over the yppeer party!/! of the contoury and also over the

. . 1/ (N)

associated inslotted contogit, :
For N > 2, the functionals [ are defined as the functionals wand u that appear in the expansion of
N
N N Elfpg(zp)
tr[AZ)...A@) o (D V (z+1) ... V()] = Z DN,r(/L {7} X;{Ej}jzl)[v, u] e : (7.11)
=0
ekze?;l,O}
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into different powers o89%). For N = 1 one has
D1 (4,21, ¥) =tr[(A(z) - x *AD(z)) o3| Lo (4) (7.12)

Above,V is the adjugate matrix tah: V = Comat[A]", so that b + V corresponds to the jump matrix féf;>.
Finally, y'/! denotes that part of the curgewhich lies abovlelow ofZy. Let Py, P, stand for the two intersection
points betweern andXy, cf Fig.[14. ThenZITI/l is the contour equal eveywhereXg except in a small vicinity of

the points R, where it avoids these points by belabove. Theds/ l}(r’N) is realized as the Carthesian product
of two inslotted contours of length r and-Nr: {Zm}(r N {Zm}(r) {EITI“}(N_”.

Starting from the definition 611 of the matricAsandV on inslotted contourEﬂ“’, one defines the matrices
andv onz!/* [z] as the analytic continuations affrom = [z].

Proof —

The functionalfy [v, u, g] will be constructed by merging the integral representafi@d) with the Neumann
series forll (6.1) andIl™! (6.2). These series converge uniformly.ir(and every finite orden-derivative) on
every open seb such that €O, X;) > 0. However, in[(Z}), one integrates[&al‘[ Do) H‘l(/l)] with a weigth
alongy, where the contouy is depicted in Figi_14. The latter contour intersex{s Hence, it contains points
that are not uniformly away fro@y;. However, we have already argued thz{tr’j’;lrﬂi (D)o () H;l(/l)] can be
analytically continued to a small neighborhooddgflocated to the righieft of ;. Such an analytic continuation
can be also performed on the level of the Neumann serigg*br

In order to have a Neumann series representatiofIfor IT-* that is uniformly convergent in € y'/4 \
{P1, P2}, we use the local analyticity of the jump matrices fdrso as to deform the original jump contoby
appearing in the RHP fdil andIT~! (61)-(6.2) into the contouz!/*:

HONEDY [ (eI @a@ and =ty f O {CT T )

T/L

According to these formulaH, IT-! are holomorphic on some small vicinity gf/!. However, we do stress that
these analytic continuation from above and beRwdiffer atPy. Hence, forl € y'/1 \ (P4, P,}, we get

tr [0,I1(2) o () TTH(2)] = Z fa (A, X) (7.13)
N>1
with
—dzdy N-r-1
fn(2,%) = Z f(2|7r)2 (1-22(1-Y) -t [{ Zm} (121 @A ZX) o () V(y,x) { sz} [12] (Y)]

+ f_—dz 'tr[{ Zm} [|2] @Az X)U'(/l)] (7.14)

Y
k7 2ir(1-2)

1

Above, we have insisted on the dependencex ohthe matrices\ andV. The representatiof (7.113) allows us to
define the functionafy [v, u, €9]:

- dz tr[AD (z x) d
Tl[v,u,eg]:fdx’sg fL (4 X) + 1f2; [ - 7| G(/l)4—i (7.15)
+00 0D
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and, forN > 2,
X d
Fn v, u, 9] = fdx’ 56 fn (4, X)G (4, X) ﬁ . (7.16)

We remind that is given by [6.3D) and above, we have explicitly insistedtemxidependence.

In the following we justify that[(Z.T5)=(7.16) are well defich and that one can exchange the integrals pver
and [X; +oo [ in (Z.4) with the summatior (7.13). Then, we provide explounds forfy [v, u, €9] and finally
outline the steps leading to the derivation of the represiemt [7.9) forfy.

Exchange of symbols

Building on the identities:
tr (AB)| < maxix (|Bi|) D [Ai| and > [[(AB il sy < D 1Al 2y 1BklILoge) < 41112 1BllLeges)
jk j-k ke

and after some algebra one obtains that

N-1
1Nl gy < 4 max 7 ZT Z Z{
k:2,3 =1, r=1

\v/ N-1-r
i ch) T

fiot) i

fcx il o

L2(=h)

L2(=h)

A
Eo

2(27) =

In the intermediate calculation we have uged )|l ~(,) = 1. By using the estimates (6.4)-(6.5), one gets that for
T=To0r]

‘{CA [|2]H < 2o (3h) Il ek 1)

L2(=r) < {20 (Eﬁ)}r IIAIILf>°(2T) IIAIILZ(ZT)

and

fret, [|2]H < {eo (=) 18l 18lagep)
Also, one has

H{CQB}EIZ] A N ‘{Céa}i'ﬂ (7.17)

L2(s)

The estimates and asymptotic expansiona efisure that there exists arindependent constafl, such that

L2(=h)

W

C . .
Tm{||A||Lw(y)+||A||L2(ZT)}smx where C(ZH):Trgngc(ZH). (7.18)

Hence,

N
I fnllLegy) < CZ(SH) T i(}{d_k(yT,Zﬁ)} (%) (xt+c(Zn) with w= % min(1/2,1-W- 2max |Rv (+q)]) .
k=23
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(7.19)

It follows that forx large enough and fad > Ng (with Now > 1) (4, X') Z'F\,‘:No G (4, X) fy (4, x') is bounded
onvy x| X;+oo[ by an integrable function. The terms correspondingte 1,...,Ng — 1 are also integrable as
will be shown below. Hence, by the dominated convergenceréme one can exchange the summation and the
integration symbols leading tb (7.7). It now remains to jtevsharper estimates for each summand.

Sharper estimates forfFy [v, u, €]

It follows from propositiori Cl1 applied to the jump contcEEl, that forA € y'/! one has the representation

[N/2] b [N/2]-b . m- . b
(ZO0) (T S fetu? g e 01

ec{+1,0}

[N () = Av() + Z Z e (—0; X) e(=0; %)

b=0 p=0 m=b-[N/2]

wheree (g, X) = X2 ¢ (—q, X) = XU-Dx2D ande (1o, X) = XU)x—2. Also, we remind thay = 1 in

the space-like regmie angl= -1 in the time-like and we agree upep = 1o andv.q = +q. The matrixAn(a)

contains exponentially small correctionsxmnd the remaining part represents the algebraically sma#.o
This representation ensures that Aog y

an (4. %) X 1 N2+t b [N/2J+1-b (

fN (/L X) = XN

G )Wﬂp( ¢ (10. %) )"b <P () (7.20)

YN — —
X2 ez ¢ (CAX) ¢(=0.)

The functionscﬁ\lm’b’p) (1,X) anday (41, X) can be expressed as traces involving appropriate cominirsatf
the matricesAy andHﬁ\I”;"Eb’p). We have included all the exponentially small correctioiesngning from theA;’s,
j=1,...,Ninto ay (1, X).

It follows from the properties of(4) andH(m’b’p) W, j= ,N that these functions are smooth/re y
andx. Moreover, by using the estimates for th‘é norms of the aforementioned matrickg andl‘I(m’b P) c3a),

after some algebra one shows that, fdarge enough, given arly € N there exists amN- mdependent constant
C > 0 such that

N _
lan (2, )| < C):(—k and |cf\,mb’p) (, x)| < cNx\W | uniformly in A € y™/* . (7.21)

These estimates remain unchanged when considering first padtial derivatives in respect toof these func-
tions. Hence for all integens, b, p of interest the function

N € (q’ y) )m—np ( € (/10’ y) )'Ib (mb,p) .
(e —a.y) c—qy/ (1.y)G(y) (7.22)

is Riemann—integrable onx ] X; +co[. Suppose thamn, b or p is non-zero. Then, foN > 2 an integration by
parts leads to the estimate

~ 1N
[fN]W G, (7.23)

(Ay) = dmpp(.Y) =Yy

+00
f Aydmbp (1.Y)] <
X

with w being defined as in_(7.19). When= b = p = 0 one simply deals with a non-oscillating integral. In that
case,

(<

w1 Gl (7.24)

+00
f Aydmp (1.Y)] <
X
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There are two cases of interest to considemnv ¥ 3/8, then sincav = O(6), takingé suficiently small we get
thatNw < N (1-w) — 1. It remains to treat the case when, for@l 0 small enouglw < 3/8. In other words,
1-W-2max |Rv(=q)| < 1/2. Therefore

NIE!

7 -3 <max|Ry(xq)| (7.25)

Thus, takings small enough, so that < 1/10 one gets ma_xI‘Rv(iq)| > 1/5. Hence, foN > 2

~ 1N
SR (7.26)

fd)@m,b,p(/LY) <
X

Thus, once upon the integration ovee y' Uy! =y, we get that there exists a constamfx) = O (x™") such that
|7—’N [v,u, g](x)| < [m(X)IN for N > 2. The fact thatﬂ [v,u,0] (x)| < m(x) from a direct calculation based on the
representatiori (7.15) and the first few terms of the asyneptapansion of the matria.

Justification of (7.9)

We conclude this proof by explaining how one can obtain ahliigmore convenient representation for each
individual functional#y [v, u, g] (X). Starting from the Neumann series representation$ (6@BJ&B8), it follows
that fora e y1/4

N
won@ewnre]=- Y [ Sr MA@ A@@TE)T@] g

2ir)N r-1 N-1
N=1 rzl{zm}(fv'\‘) (2im) (A~ 21)2 (A-2z41) I1 (Zp - Zp+1) [1 (Zp - Zp+1)
1 p=1 p=r+1

Above, {=!/ l}(r’N) is the Cartesian product of two inslotted conto{E§ l}(r) X {Zgl}(N_r? To obtain [Z.2V) it is

enough to multiply out the two series f8§11 (1), II"1 (1) and then take the trace. One can convice oneself that
the matrices\ andV are such that

g@o3 9oz

A@ =P hg0@e ™ and V@ =PV 0@e . (7.28)

This means that there exists functionﬁr(/l, {zj};.\':l, X; {q}g\‘zl) [v, u] such that

N

A A@ (WY@ V@)l = Y Du(d(zly i)y vl exp{ 3 ea(z) - (7.29)
Ze=0 p=1
eke{=1,0}

Above, the sum is taken over all possible choicefNdhtegersec € {1, 0}, such thatZk 1 & = 0. We replace
the trace in[{7.27) by[{7.29) and then insert the result inintegral representation for log detf V]*“°>. One
can exchange the and x’-integrals with the summation ové in virtue of the previous discussion. One can
also pull-out the finite sum ovex € {1, 0} out of the integrals. Indeed, given any choice{q}, the function
(4, X') = G (4, X)) Dy, is Riemann—integrable alongx ] X; +oo [ . This stems from the fact th@y, is bounded

in A, and as follows from the previous discussion, is at leasimRien-integrable irx as an oscillatory integral.
Moreover, it is clear that by harping on the steps that alloe t prove the expansion fbiy given in proposition
[6.7, one can just as well prove a similar type of expansiorFfefv, u, €9]. [
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Lemma 7.2 Under the assumptions of section]2.1, the Fredholm detembiof | + V, with V being given by
(@.1), admits the below, absolutely convergent for x-large ehoitatte series representation:

det[l + V] [vug] = det[ + V] [»ug] {1+Z D0 DT Ha (K et ) [ U gy, “g(z”]} . (7.30)
n>1 ke, {e}eE(K)

The " term of this series is ® ([m(x)]™"), with m(x) = O (x™%¥) and w being given as if’.8). The functional
Hn appearing above is a linear functional in respect to theitum{] . I e9(#) of the n-variables It produces
a weighted integration of this function over curves lyingame small neighborhood of the real axis:

& dig ddlzdj
Ha (% 1K) kg ) pru [ [ @)= >0 fd d56 "o
teduy rq=1 7¢4=7/l deDy oo - o dl)( |7T)
dED(k) d}
n
1

l_[ Pl 1—[ Hdl,rd(/ld,{zd,j}?il, Xd;{fd,j}?il) [v,u] - l_[ et92)  (7.31)

deDyg tedy

In (Z.30) the sum is carried out over all the possible choices of resipif integerk = (ky, . .., k,) belonging to
n
‘Kn:{k:(kl,...,kn)eN” : Zskszn} (7.32)
s=1
Each such n-uple of integers defines a set of triplets
Jy={(sp.j).sel1;n].pell;k].je[1; s]| (7.33)

and a set of doublets

={(sp),se[1;n], pell; kl}. (7.34)

A triplet (s, p, j) belonging to {; is denoted byt and a double(s, p) belonging to B, is denoted byd = (s, p).
The notationd; stands for the first coordinate @f ie if d = (s, p), then s= d;. Once that a choice df is made,
one sums over all the possible elements of

di
&(k) = { ethicy, © ), €j=0 forallde D{k}} : (7.35)
=1

The sums and integrations {i.31)are also ordered by the sets of tripletg,Jand doublets ;. One first
starts to sum up overgr whered runs through B),. There are#Dy, such sums in total, corresponding tb
running through the set [3. Finally, for eachd € Dy, there is one integral over the corresponding &ne over

. . . : d
the correspondingly and d, integrals over the subordinate set of z—varlab{eg;j}jil

Proof —
We define an auxiliary function

AW) =D NPl ugl (9 (7.36)

N>1
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which is holomorphic iry on the open disc of radius=(x), with m(x) = O (x™") andw given by [Z.8), as follows
from the estimates on the growth®f, with x. This means that®” is holomorphic on the same disc. The radius
of convergence of its Taylor series aroune: 0 has its lower bound given by ().

The series for the Fredholm determinant is obtained by usiadg-aa-di-Bruno formula so as to compute the

n derivative of é® aty = 0
n n
[4m(x)] d exp 1
n! dy 2—vy =0

A (0)
_ Z eA(O)l_[{kJ ( - ) }
(7.37)

1 d A

1 da
el )
nt th" o

n! cy"

y=0 y—O

Zsl(S n

Where we used th#fN v, U, g]| < (MmN, with m(x) = O(x™¥). The last estimates allow one to see explicitly
that the Taylor series at = 0 for €’ has a radius of convergence that scalesnas(x). It is in particular
convergent ay = 1 leading to

=}

det[l +V][v,u,g] = detl + V]9 [v,u,qg] {1+Z > l—[(kj!)_l~ﬁ[¢j [v,u,9] (x)]k"} . (7.38)
j=1

n>1Xsk=n j=1

In this language of doublets and triplets, the expressiothf®product in[(7.38) reads

n

[Fbuge)f =3 3 3 fddg€‘“d frl?;i;

j:]. rq= 1 dl Td= T/J, dED(k)
dED(k) Zfd,j—o oo Td I'ddl
j=1

€4,j€{+1,0}

X l_[ Haprq(Aa, {Zdj}J 210 Xai a2 1) [v,u] exp{z Etg(Zt)} . (7.39)

de D(k) tEJ(k)

The result follows. [
The expressior (7.81) for the functionals involved in thet&laeries is more explicit then as it was given in
theoreni 2.2.

7.2 Proof of theorem(2.2

The first part of theorerin_2.2e the very form of the expansiof (2.9) is a consequence of le@ghaThe latter
provides moreover a more explicit form for the functionig[v, €9, u].

The well ordered asymptotic expansionrfor each functionalH, [v, €9, u], as given in [2Z.IR), is a di-
rect consequence of the existence of a similar representédr #y [v, u, g] together the correspondence (7.38)
between¥y [v,u,g] and det[ + V]. Finally, the existence of a representation 6y [v, u,g] in the spirit of
(2.12) can be readily obtained by inserting the well-ordeseries representation fbrandII~* (we remind that
-1 = 'Comat(IT) since det[l] = 1) given in propositio_6]1 into the integral representatior ¥, (7.14),
(Z13), (Z.186). =

7.3 Higher order Natte series

The higher order Natte series is a generalization of theeNs#ities derived in the previous sub-sections. It gives a
direct access to part of the asymptotic expansion withovingato compute theféective form of the functionals
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D, and then carry out the contour integrals. Indeed, evensfabissible in principle to compute explicitly, order-
by-order the functional®y, and thusHp, this task becomes very quickly monstrously cumbersomerder to
get the corrections, it is more desirable to apply the procedelow (or its obvious extension to higher order
asymptotics) if one wants to access to the higher order ctisrethen those contained in détf V]© [v,u,q].

Proposition 7.1 The Fredholm determinant of V admits the below convergent Natte series representation:
det]l +V][v,u,g] = det]l + V]9 [y, uqg] exp{ fdx [X] E a(X)+] 2[a‘z’sc(x )+ a°(x )]}

{1+ Hin (6 K}, (ed)) [ U, T, €790 } . (7.40)
n>1 ke, {e}€E(K)

ThereH, is defined as iZ.31), (Z.10), but with the minor gference that the functionals \pin (Z.10) should
be replaced by the functionaBy as given in(Z.42) Also, a, &>, )¢ are given by(6.36) (6.37) (6.38)
(©39) Note that here we have explicitly insisted on their depaod®n the large-parametef.XThe fundamental
difference between the higher order Natte series and the onasdied previously is that for x large enough and
for an n-indepenen®d:

19(zt)
Hn (X’ {k} > {Et}) I:V’ u, tl;ll:() eE ] X”W X3 Xg X3 5 X%‘FW’ X2+W

2 OSCI OSC
:min{o(i) , O(Iog x’allogx’az ogx @ & )}

The constant w is as defined (fi8).

Proof — One starts by performing the decomposition

(al v, BW+

v +logdet ] + V]©P3[y, u,g] .

logdet] + V] [vu,g] = logdet] +V]©[y,u g+ fdy aSO(Y))

There, log detl[ + V]©UP3[y, u, g] corresponds to that part of log détf V]“9[y, u, g] (Z4) where all terms that
give rise to the integral involving, anda3*?"™ have been substracted. Namely,

logdet || +V]®2 [y, u g] = f dx’ 95 j—i G (1) {tr 0411 () o (1) T2 ()] - %%M)tr{[n(l)]'(/l) o3} (7.41)

Y

3

N

ly”() tr{[n®@] (1) - nO) 1] (1) - 1) [1] (1)} & 17(;)2(/1)tr{[l'[(3)]’(/1)—H(l)(/l) [H(1>]'(A)}ag}.

We stress that the variable of integratigincorresponds to the large parameter (denoted libgfore) that enters in
the formulation of the RHP foll and on whicHT depends implicitly.

The expansion of log det f V]S48 [v,u,g] goes along the same lines as before, with the minfierdince
that the functional®y, are defined slightly dierently. Indeed one has to substract from the Neumann si&eges
expansion for t[(’))H (D) o (1) H‘l(/l)] all the subleading contributions that appeaiin (I7.41).tRisrpurpose we
define

rA@). AWV @) V@)l -Rur (@9 = Y Due({aly xfe] ) vu ") (7.42)
Te=0
exe{=1,0}
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In order to defindRy, ({Z}, X) we represent the asymptotic expansiom\@g) slightly differently then in[(Z.I1).
dP(2)

(Z— /10)2p+1

VEr-D(z)

== pl (z— eq)Pt

M@p+1) (%) . 11)/10‘26\ D/lo,é’(z)

A(2) = Z xEMP (zx)  with (749
o1 M (2p) (z x) : 1Deq,25\Deq,5/(Z) :

There we tooks small enough and > ¢’ > 0. In terms of such matrices one has

4

Rnr (12, X) = Onj16eN Z X o tr [M(p)(zl, X) 0'3]
p=1

ON,30r.3

+ =5 tr[MO(z, ) MO (2, ) MOz, X) 75

2 2
_ﬂ /
+ Z;&N,g(—l)r ;lx 2 tr[M(p)(zl,x)o-3M(p>(22,x)] )
r= p.p'=

Finally, definingH,, as in [Z.31),[{Z.210), but with the minorftérence that the functiona3y in (Z.10) should be
replaced by the functionaBy given in [7.42). One gets the desired representation. [

A similar Natte series can be obtained for other quantitias &re also related with the correlation functions
in integrable models.

Proposition 7.2 Let F; be as defined i3.3), then the below Fredholm minor admits a Natte series reptase
tion:

q
% —2(1) + f g—imwﬁ[nvu)] F1(D)EQ)}det]l +V][v,u,g] = det]l +V]O[y,u,dg]
-q

(ﬁE

So gt v(Q) v (~0) ~
% ’ + S1_ Sty A (%, k, {e) [v, u, T @WO}.
I R LY YA ekt @)

(7.44)
There the summation runs through all the possible choicategers k, . .. ky+1 belonging to
n
K = {k: (ki kner) T kse€N, s=1,...,n and kpg e N* kya+ ) sk= n}. (7.45)
s=1
The remaining summation run through sets that are labelleddublets and triplets belonging to
Jy = {(spi).se[1;N+1]. pell; ks]. je[1; s-osnaN]]
Dy = {(sp.i).sel1; NI, peld;ksl}.
Indeed, then
_ di kn+1
E(K) = {et (1,0} teJy : Y ej=0 with de Dy and > g, p1= 1} : (7.46)
j=1 p=1
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Finally, the functionalsH$" (x, {k} , {&}) read

_ d N
A (% (K fer )[v u, l—[ ef‘g(zo fl_[ ZN+1pl N({Zns1pa g tenvapath g, X) [ Ul l—[eEN”‘p’lg(ZN*l’p‘l) :

tedi 2(N) = p=1

when ki;1 = N and in all other cases,

dq X dy . Kns1
— ) . ~ dig d 24, dzq... p.1
Hn (X’{k}’{ft}teJ(k))[V’ u ] etg(zt)] 2 2 |l f dx dSB in f (2in)% [ [=%
€0 dredD(t, ra=1/1 4D 1o yrd (= Tnd}(rdvdl) Zl(ikN”) p=1

n

+ d . d
1_[ x CkN*l e, pl}l;JNl’X {GkNﬂ’p’l}lgill)[v’ uj - 1_[ Hdl,fd(/ld’{zd,i}jil’ Xds {fd,j}jil) [v,u] - 1_[ e,
deDyy tedyy

Note that we have used above the notation introduced in IdhfaAlso we have set

tr[A(zn)...A(z) o] - 6N é X5 tr [M(p)(zl, X) a-‘]
1

i N1 i = Z CN( z;} l’ el [V u] l_[ efpg(zp)
I (Zp — Zp—l) Yes=1
p=1
N-1 1
itr[Azy)...A@) o] | |(o-21) = Z Cn(iz)Y, % 16Ny [, U] HeEpg(zp)
p=1 Zes=1

The sums in the two equations above run over all choices ofahableses, s=1,...,N with s € {+1,0} and
Zgzl €s = 1

Proof —
By using the integral representation fp(3.6), one readily gets that

q
i teliz = fim tr[Ax (Do) = f %4sinz[7rv(/l)] FL()E() . (7.47)
-q

Also, it is easy to convince oneself that

Mediz = el [ €205 (7.49

(ﬁE

The claim follows by expandindl.]1» into a higher order Natte series (where the first few termsefisymp-
totics have been taken into account) and then taking theuptad this series with the Natte series for the Fredholm
determinant. The details are left to the reader. [

It follows from the leading asymptotics given in {7144) thiait the case of the time-like regime, the saddle-
point 1o does not contribute to the leading order. It can however kelad that it does eventually contribute. Its
contribution is a x5/, x™5/2(x @ 4 x D)),
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8 Conclusion

In this paper we have obtained the first few terms in the lepdir +oco asymptotics of the Fredholm determinant
of a class of integrable integral operator that provide #istapoint for the analysis of the large-distayioag-
time asymptotic behavior in integrable models away fronirtfiee fermion point. Also, we have derived a new
series representation for the Fredholm determinant, thealbed Natte series. This series is well adapted for an
asymptotic analysis of the Fredholm determinant and cas euthought of as being an analogue of the Mellin-
Barnes integral representation for hypergeometric fonsti In two subsequent paper, the Natte series will appear
as a central tool in computing the large-distalm®y-time asymptotic behavior of the correlation functon the
non-linear Schrodinger model away from its free fermiomp{82,.35]. As a byproduct of our analysis, we have
been able to bring a little more order to the structure of #hargtotic expansion of Fredholm determinants of
operators belonging to the class of the generalized simekdt would be interesting to extefplish forward the
form of the full asymptotic expansion of the determinantgiin theorem 212, in particular by providing a closed
form (ie the explicit values of cdBcientgfunctionals), at least in the case of some particular kesneh as the
sine kernel.
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A Several Properties of CHF

One can check that fare R*

y (1, g; —o” z) _y (1, g; 0" Z) = 2i \/ge‘Z . (A.1)

¥ (a, ¢; 2) has an asymptotic expansionzat> co given by

M
. _ (a)n (a_ C+ l)n —a— M- 3 3r
¥(a,c2 = nZ:(:)(_l)n — 2 an 4 O(z a) , -5 < arg@ < > (A.2)
It also satisfies to the monodromy properties
) ) 27rie_i”a+z
¥(a,1;z6'") = ¥(a, 1;2)e 2" + Fz—(a)‘}’(l -al;-2, I <0, (A.3)
) ) 27riei”a+z
P(a, 1;z627) = W(a, 1; )€™ — ) Y(1-a1;-2, 3@ >0. (A.4)

Tricomi’s CHF can be expressed in terms of Humbert's CHF

c-1
lI’(a,c:;z):l"( ]d)(a,c;z)+1"[ ]zl‘°d>(a—c+1,2—c;z) . (A.5)
a

a-c+1
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There exists a similar formula expression Tricomi’'s CHF&, c; 2) in terms of Humbert's one

r'(c)

®(acd)=r ) €Y (a,c; 2) + %é“’(ﬁ‘@*z‘l’ (c-ac-2), (A.6)
wheree = sgn(3(2)), and
d)(a,c;z):nzzg)%g. (A.7)
The BarnesG function satisfies to the reflection property
z
G(l-2-= G((;;:)FZZ) exp{fnxcot [rX] dx} , (A.8)
0

which holds forR (2) < 1 in the usual sense (and also everywhere else by analytimaation).

B Proof of the asymptotic expansion forl

B.1 Twolemmas

We first need a technical lemma

Lemma B.1 Let the matrices\; take the form

73~ _o3 a bie;
Aj = [ej]ZAjle] 2 =( Cjejj—l éj’ ) : (B.1)

where the entriesjabj, ¢j, d; do not depend or;. Then

(2] -
A enBi@ Cjp - € 3
AnN... A1 = E E ( Y J | . (B.2)
a=0 j@eg, N Cj(a) Di(a) i+ Cjoan

Above, the sum runs through all choiceafuples of integers® = (j1, ..., j2a) with j@ belonging to
Ban = {(j1, s J2) € N2 1 1< i< < joa< N} . (B.3)

The entries of each matrix appearing in the sum are lineaypamials the entries of the matricgg.

This lemma allow us to trace back all the dependence on theédral power ofx in the products\ (zv) ... A (z1)
of the non-trivial parts of the jump matrices fir

Proof —
The result clearly holds fal = 1 as then, the only possibility is to take= 0.
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We prove the induction hypothesis for the 11 entry. It goesilarly for all the others. By applying the
induction hypothesis tay ... A; and then explicitly multiplying out witlAn..1, we get that

Cjp -+ Cip
[AN+1-- Al]ll—z Z ( L b ){aN+1AJ(a)+ 2N, (a)}

a=0 |@cg, “+ Caa1
(3]

Q €i,. ¢
j2a *N+1
= Z Z (e e )aN+1AJ(a) + Z Z (ﬁ) bN+1Cj(a)
a=0 j@cg, Jre a1 a=0 [@cgyy 1 If j2a-1*N

< €joa 2ENEN+1
+Z > Jap )bN+1cj(a). (B.4)

. € ¢
a=1 J(a)EBaN j2a-1*N
j2a=N

The result follows as the above sums can be seen organizedpaat to the partition

[N+1/2] [N/2] [N/2]
Ba;N+1={ | sa;N}U{ J{1<ii<-<ia<N-1, jsaa =N, joasz = N+1}}
a=1

a=1 a=1

[N/2]

U{ J{1<ii< <im1sN-1, joa= N+1}} . (B.5)
a=1

[

Lemma B.2 Let¥n (z, ..., zy) be a holomorphic function ofd = Dy, X - - - X Dy, WhereO < oy < -+ < 1

and ve C. LetdD = 0Dy, X - - - X 0Dy 5, be the skeleton ab and r, a set of positive integers. Then, folying
outside ofD,5,, one has

dVz FN (Z]_,...,ZN) N 1 i 11 1 { 1 o 1 o - }
im)N - T T IRy R T IN
N TR < ¥ = = L S
k=1
(B.6)
where we agree upon
rp_an+N p—Zkg and ng=0. (B.7)

{=p+1

The proof is a straightforward induction. Note that the ltbighest possible order of derivatives $§ that is
produced by the above contour integral§i$':1 n, + N — 1. It corresponds to no-derivation in respect to the
variablesz, ..., zy and a derivative in respect m of orderzt'ﬁ‘:1 n; + N — 1. All other choices of the intege(k,}
lead to a total order of the partial derivatives that is #irismaller.

B.2 Proof of proposition[6.1

We are now in position to prove proposition6.1.
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Here, we will only discuss the case of the time-like regimée Pproof in the case of the space-like regime
goes very similarly, so that we omit it here.

We have already established that, felarge enoughlT (1) is given in terms of a uniformly convergent Neu-
mann serieq (618):

dNz A(zn) ... A(z0)

i\N N-1
) (2in) (1-2z) p[ll (Zp - Zp+]_)

M) =1+ Z Ht‘((ﬂ) with Iy () = xN (B.8)

N
N>1
= (N
2l'[

Above each N-fold integral runs across the inslotted carﬁ#? as defined in Fig. 11 and the equality holds for
uniformly away from the boundary;. We remind that in this Neumann series the matrit€x) are subordinate
to the jump matrixl, + A (2) for IT1(2) solving thell-type RHP associated with the jump contdii [z], cf
definition[6.1.

To prove the claim of propositidn 6.1, we build ¢n{B.8) so@shtain a more precise form of the asymptotic
expansion ofTy (4).

Recall that each contoltif; [z] entering in the definition of the inlsotted contoiﬁ\') can be divided into its
exterior parf[zk] and three circledDq 5, U 0D_g5, U 0D,y 5. There 0< oy < --- < 61 andéy is small enough,
in particular it is such thai; < |1g = q| /2. However, the very choice of the cont&fj'rmplies that

||A||Lw(f[zk]) + ||A|||_2(F[zk]) + ||A|||_1(F[zk]) =0(X™) . (B.9)

Hence, from the point of view of the asymptotic expansiorg oan drop all contributions tAy (1) stemming
from those parts of the multiple integral [0{B.8), whereestdt one variable is integrated aldngindeed, due to
the estimates (Bl9), such an integration would only prodd¢e ) terms.

The matrixAn(4) appearing in[(6.11) contains exactly these contributians, henceAy (1) = O (x™*°) uni-
formly away fromZy.

It thus now remains to focus on thé&ect of the integration on the boundary of the three diskseredtat:q
andAg. In other words,

TN (A) = An () + XN Z where z=21. (B.10)

N N
ecEN 2I7T)

56 dNz  A(zn)...A(z)
0D, ( [1 (-1 —2%)
k=1
The above sum corresponds to summing up over all the possibiees of the integration contodD,, s, for
each variableg,. More precisely, one sums over all tNedimensional vectors belonging to

En={e=(e1,...,en) : e €{x1,0}} . (B.11)

We also agree upon the shorthand notatipr= g, v = —q andvp = Ap. Finally, the integration contowiD. in
each summand corresponds to the Cartesian product of R&H®, = 0Dy, s, X -+ X 0Dy s, Of decreasing
radii 0< 6N < - -+ < 61, with 61 small enough.

We stress that there exists natural constraints on thelpesshoices of they. Indeed, ifz; andzj,; both
belong to a sfiiciently small neighborhood ofo, thenA (z)A(z,1) = 0. Hence, choices di-dimensional
vectorse having two neighboring coordinateg @ndej,; for somej) equal to zero do not contribute to the sum

in (B.10).
The asymptotic expansions 4f(z) on each of the three disks all take the generic form:

A@) =~ Z [e(ze)]Z -A"D) [e(z )] 7

Xn+1 (Z — VE)n(2_|E|)+1

uniformly inze Dy, 25 \ Dy, & ee{x1,0} . (B.12)

n>0
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The radii are such that > ¢’ > 0 and¢ is taken s#iciently small, but are arbitrary otherwisé. _(Bl.12) is to be
understood in the sense of an asymptotc expansonp to a truncation to any given order ¥a The detailed
expression for the matrices™ (2) ande¢ (z €) differ on each of the diskse(for € = +1 or 0). Howeverg(Z )
are holomorphic on any fiicently small neighborhood afq or Ag. Also, the matrixA("(z) does not depend on
x anymore. The functiom(z €) contains a fractional power ofand also an oscillating term:

eUu@x2@ for e=1
e(ze) ={ SUDD for e=-1 . (B.13)
U3 for €=0
We are now in position to establish the asymptotic expansidhe second term in (B.10).

Expanding each matrik (z,) into its asymptotic serie§ (B.lL2), using that the lattemigarm on the compact
domain of integration we obtain the asymptotic expansio pf

[en] ? AM™)(zy) [en-a/en] 7 [ea/e2] F A (z) [eg] 7

Iy (1) =~ f N (B.14)
N N 2
r>o eesN om0 5 B ) (=22) 11 @r—20- T (29 - ve,) 10
k=2 p=1
There appears a summation o¥edimensional integer valued vectanelonging to
N,(\l'):{n:(nl,...,nN) DmeN, =N np=r}. (B.15)

Note that in order to lighten the notations slightly, we haeéey = e (; €x). Also, just as in[(B.IR), we did not
make the remainder explicit.
LemmaB.1 ensures the existence of holomorphic funcﬂkfj@ﬁ({zk} D([‘a)) ({z}) of z, ..., zy such that

. . g3
()
Cjr - Cjoas

(B.16)

o3 AD ( O

T3~ en-1 |2 1 (a) {Zk eNB(a) {z })
en] ZAM)(z )[—] [—] A(”l)(z) a7 =
[en] N e - 1) [ea]” ;J(aé —1C(n) ) D(i)) (2)

Due to the form taken by the matrica$”(2), not all configurations of thezuples j® appear in[[B.16).
Indeed, wherg € 9D,,, (ie ex = 0) the matrixA™(z) is proportional tor~ (cf (5.14)). It appears if(B.14)
with a pre—factore;l. Therefore, forz, € 0D,, s, the only non-vanishing terms in the sum 0\4'@ € By are
those corresponding to choices @@plesj®@ = (ji,..., joa) such thatj, = k for somep. In other words, each
time an integration variable belongsa®,, s, for somek, the associated oscillating exponent(1o; 0) is always
present. Moreover, all matrix entries in the expansion @Bthat appear (after taking the matrix products) in front
of the monomialgej, ... ejZa)il/(ejl - ejZa_l)il vanish whenever a functiory, = ¢(zj,; j,) corresponding to
Zj, € 0Djys5, would appear in the numerator. More precisely, if theretexap such thatj, = k then

o for pe 2N + 1 (ie €j,,, = 0 for somer), one hasB(?a)) =pM =0;

(a)
e for p € 2N (ie €j,, = O for someY), one hasA('g) = C(?a)) =0.

Putting togethe (B.14) anf (B.16) leads to the below forrthefasymptotic expansion foly

iy (4) = Z DT Yl [Mpa] - (B.17)

I’>0 neN(') j@eByy €€EN
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ThereM;@ stands for the matrix appearing in the expansfon (B.16) lapds a functional depending on the
choices of the entries of tHe-dimensional vectore andn. It acts on holomorphic functions (or matrices in the
sense of entrywise actio)e = 4Dy, , x---x Dy, , according to:

dV FN (Y1, - YN)

Ie‘n [7:N] = - .
' 2im)N N N e
D, (2i7) (A=y1) - T1(Ysc1—Ys) - T1 (¥s— VES)(z ledns+1
s=2 s=1

(B.18)

The functionall .. can be estimated by computing the residueg atThis produces partial derivatives % at
the pointsys = Ve,. From now on, we focus on the analysis of the actioiefon the 11 entry of the matriMj(a).
The case of all the other entries can be treated similarly.
Depending on the choice of the components of the N-dimeaki@ttore and hence of the evaluation points
Ve,, after performing the integration induced by (and having computed the eventual derivatives) the ratio

(¢j2---¢jza) / (€]s - - - ¢jar ) Presentin the 11 entry of (B17) reduces to:

e"(q}, +)
e ———forsome-a<m<a;
eM(—-q; -)
eP(g; +) P P(—q; =) [ el +) \" .
o Or B0 0) . q ) forsomel<b<m, 0<p<b,-(@a-b<m<a-b;

Hence, we get that there exists two sets of consi%tandc(m’b P

a ( ) . { b ab p( ; ) b_p(_ ;_) ( ; ) m ’
2,2 In;e[[Mj(a)]ll]:n;a(ee(q+ ) CADIIDV e '(ei—qq;+—)) G

nen ) eein b=1 p=0 m=b-a

(B.19)

Each derivative of the facta in respect ta, whenz is in a neighborhood ofq, produces one power of
log x. This logx term appears due to affiirentiation of the exponemt2e(@)_ |t thus follows that the cdicients
cﬁ'(g and cj(a)b P are polynomials in log. In the following, we determine the degree of these polyrabsni This

will allow us to show that

max deg(cgg) =r+N-2m-6n0 and max deécgg‘)b’m) =r+N-2(b+m) (B.20)

where the sup is taken over all possible choices, @ j®. Once that[{B.20) is established we get the claim.

The degree ofc((a)

As already argued, whesy = 0, there necessarily appear; 0) in the denominator oﬁM j(a)] . As no function

¢ (z:;0), £ # k, can appear in the numerator, this implies that in such atsitue (1, 0) appears with some strictly
postive exponent after computing the integrals. Therefone ends-up with a term that does not corresponds to
the coéﬁmentc((az Hence, contribution to the cﬁ?&:ientscgg can only stem from these choice of N-dimensional

vectorse whose entries are ift-1}. This means that when focusing at)], all "admissible" choices of the

N-dimensional vectoe can be parameterized as

a)’

e=(e,....e1,€,....,6,..., €,...,€) with esz(—ls_lelele{il} forsomep < N. (B.21)
~_———— O ——— \ ,

0 [#) lp
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We now compute explicitly the action of the functiorial, corresponding to some given by [B.21). For this
purpose, it is convenient to relabel the integration vaeisly appearing in[(B.18) in a form that is subordinate to
such a representation of the veceoiNamely,

s-1

Wi W) = {211 0210 B0 Bt 02y} - i€ Z =Yg, where Ts= ) 6. (B.22)
r=1

We relabel the entries of the vectoiin a similar wayjie ng; = N7t Then, the functionaly., reads

p fs 1

dVz [Mje],, (2
le:n [[M'(a)] ] = - . 11 l—[l—[
o 0D, (2in)" IEIl {(Zs—l,fyl - Zs1) - tljll (zst - Zs,t+1)} =1 11 (%t~ Ves

S=

(B.23)

)I’]St+l :

Here we agree upofy = 0 andzgo = 1. The above integral is directly computed by an inductiveliappon of

lemmdB.2:

& 1 ok
onl[My]. | znn{k—g}

Ket=0 s=1 t=1

P
[Mj‘a)]ll({Z}) 1_[ (Zs-1.661 — VEs)_rS(J] : (B.24)
s=1

Z5t=Veg

In (B.24) one sums over integekg: with s=1,..., pandt =1,..., {s where eaclks; is summed from O to

j=t+1

It follows that each block of variablggs1, . . ., Zs¢,) associated to the sarag is subject to partial derivatives
of total orderzfi1 kst. Hence, the maximal total order of all the derivatives thayract on this block of variables
is rg“fx = Zfii nsj+ {s— 1. The unique way of realizing this maximal order is througdirgle derivative of order
rg‘f‘x with respect to the variables;. We stress that in this case, all the other variables of thekbre simply
set equal to/.,. Very similarly, the maximal total order of all the partia¢rivatives that may act on a sub-block
of variables(zs, . . . , Zs¢,) associated to the sanagis r ™ = Zf; nsj + ¢s — t. The unique way of realizing this
maximal order is by a derivative of ordr—:‘;‘tax with respect to the variablg. Thenzst,1, ..., Zse, should be set
equal tov,,.

As we have already mentioned, the functign= e(yjk; ek) depends omx. Hence, its derivative in respect to
Yj« generates powers of log Therefore, the highest degree in bogppearing i”e;n[Mj(a)] will be generated by
a derivative of the highest order possible in respect to #m@blesy;,, withk = 1,..., 2a.

Hence, to be able to determine this maximal degree ix)oge first have to order the indicgg according to
the block to which they belong. For this purpose, we set

ﬂsz{k : jke|[zs+1;fs+1]|} and as=min{k : ke Ag} . (B.26)

Suppose that one deals with a block of varialiles, ..., zs.,) such that #1s # 0. Then the highest possible
power of Inx that an integration over the variables of this block can poedwill be issued by the action of a
derivative of the highest order possible on the varlag e 7. Thence, an integration over this block of variables
generates a polynomial in Jnof degreer™m* 3 . Clearly, it #?ls = 0, its associated set of variables and functions

as~ ts

cannot generate, once upon being integrated, any poweg &f lo
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a1:1 a2:4 ap=2€—l
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Figure 15: Definition of the set#ls and of its minimal elemerds. One hasA; = {1, 2, 3}, Az = {4,5},
A3=0,...,Ap = {20 - 1,2(}. Theg delimit the block of variables of lengtfy associated te.

We now characterize the oscillating term appearing;m[Mj(a)]. If a given block(zs1, . . ., Zs¢,) corresponds
to a setAs having an even number of elementsAd e 2N), then after taking the derivatives and once upon
evaluating aizs; = V,,, the associated ratio of the functionscancels out. Indeed, there are as many identical
factors in the denominator that in the numerator. For irgawhergs is even one has

ejas tee ejas+#ﬂs

~1. (B.27)

Zst :VES

Clagel * + + Clageras—1

However, if a given blocKzs1, . .., Zs,) corresponds to a sefls with an odd number of elementsf# e
2N + 1), then after taking the derivatives, the associated odtibe functions:; reduces tde (v, es)](‘1> ° Indeed
1

= NRTSh (B.28)

ejas ctt ejag-##ﬂs—l eJ-as+1 cte ejas+#.‘7ls—2

ase 2N =

=e¢(Vg6) and ase 2N+1=
Zst=Ves Clas * * + Clas+#ns-1

Clage1 « + - Clagritns—2 Zst=Veg

Therefore, we obtain that

() p as HE) p [S p—
len [[Mj(a)]ll] = ng;))(log X)- 1—[ [e (Ve €)Y where deQPg;’;))) - Z Z Nk + £s — (jas - fs)
#ﬂssezﬁ+l #5{23@0 kzjas_zs
(B.29)

Now, in order to obtain the cdiécient c(_'(g we should sum ug (B.29) over € NI(\P and also over all the

possible configurations of vectoesparameterized as i (B.21) and such that we eventually genéne power
(e (q; +) /e (=g; =))™. Then, among such configurations, we should look for thaaedbrrespond to a polynomial
Pen (log x) of highest degree.

Given a fixed number of flipp in (B.21), one maximizes the degree [in_(B.29) by choosingehgths(s is
such a way that #s # 0 for any s and such thaj,, = {s+ 1. One can do so for a, buts = 1. Indeed, in
the latter case one necessarily has= j1 > 1. Therefore, for such a choice of lengtfys once upon choosing
nt=0fort=0,...,j1 — 1 one obtains that this maximal degree of is N — p— (j1 — 1). Note that, we have
used) s Nst =randysfs = N.

There is also a condition on the number of flips that are nacgss generate the oscillatory factors
(e (g +) /e (=g; =))™. Due to the form of the oscillatory factor ii (BI29), we geattone sequencs, .. ., €s)
generates at most one facfeKesq; €5)], T = +1. Hence, ifm # 0 there are at leasn2flips necessary to generate
the factorge (g; +) /e (—=g; —))™. If m= 0, then one still has one sequerfeg.. . ., 1) of length¢; = N. Therefore,
one hag > max(2m, 1). Taking the lowest possible value, p = max(2m, 1), we get that

max deg(Pg;j:‘))) =N+N-2m-S6mo+(j1—-1) . (B.30)
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In order to obtain estimates falfy] 1 one should still sum up over all the possible configuratidriZaeuples
i@ Therefore the highest degree in bogf [IIE\I"})]11 is obtained by setting; = 1. That is, we reproducé (B.R0).

The degree ofc ™ P
j

It follows from the previous discussions that each time aegration ovebD,, s occurs in [B.IF){B.I8), there
appears, once upon integrating, a factdi(1o, 0). Hence, the oscillating factor in front oﬁf(’;; bP) g necessarily

generated by these choicesfdimensional vectorg where precisel\b entries are equal to zer@e(there are

exactlyb integrations oved D, ).
Taking into account the fact that, as previously argued,eighboring entries of the vectercannot simul-

taneously vanish, we get that such veciocan be parameterized as

p
e=(e,....€0,....,6....6,0,641,...,6,,0,..., ,...,€p), Where Zfer—b. (B.31)
Hg/—/ ~——— ~—— =1
1 [ 4
1 p

We relabel the integration variablgsappearing in[(B.18) in a form subordinate [fo (B.31):
Wi W) = {20 Zr @a Zes1 200 € =YL, @a=VYig (B.32)

where we agree upon
_ s-1
ls= > € + #{k : 7c<s}. (B.33)

We also relabel the entries of the vectoin a similar way,e ns; = ng_,, and nQ = Nz, s1- The action of the
associated functional., takes the form

d\-bz

. [Mjo ], (12 {w))
rllMield _61) @mNP (2|7r)b n (25—153—1_25’1) nl—[(&t_zﬁtﬂ) b s

s=1 t=1 [1 11 (zs - V)"t

+1
S:#‘ra 11

b 1 b 1

: — X . (B.34)
a=1 (Zra,ffa - wa) (Wa = Zrp+11) a1 (wa— /lo)zn(ao)Jrl

X

The integrals ovet, are readily computed. We set

b 1 g2? [Mja],, (@) ()
Gn-b ((2) = g {(ano))! awgngdo)} ' l(ZTa’ : (B.35)

lia wa) (Wa — Zry11) wam o

Then, the analysis boils down to the case previously studied

p
lanl[Myolyy] = 9€ @)™ ng o () D (zHeﬂ Z&l)l—[n(zst—z&nl) 1_H—[(zs,t—vES et

s=1 t=1 s=1 t=1
oDEd S#Ta+1

(B.36)
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The integrals runs over the conto@!*® which corresponds to that part of the initial cont@®, where the
integrals over the variable, have been suppressed. Therefore

I'st p fs k.
1 o' Gn-m({2})
le:n |V| (a) . . B.37
[ J Z l—[l—[{(k&t)I Ozt P _ rso lizg,=v, ( )
t H (ZS—l,fs—l VEs) St=Ves
s=1
S#Ta+1

ls ls
The sum over the integekg; runs from O targy = > Ngj + fs—t — 3 Kst .
j=t j=t+1
Similarly to the previous analysis, we set

ﬂsz{k: jkel[?s+l;zs+€s]|} and as=min{k : ke A} . (B.38)

It is then easy to see by using similar arguments to thosekmi/torc(’(‘g that

p

(i®) "
Ie;n[[l\/lj(a)]ll]:PEm—(IOQX)- l_[ [e(ves;es)](_l)as where degﬁP(J())) Z Z Ngk + €s — JaS 5)

P (/10; 0) s=1 s=1 k=jas—C
H#AE€2N+1 #A#0 as~ls
(B.39)
In order to obtain the maximal degree in lwgssociated to the oscillating term
ep(q’ +) eb_p(_q’ _) . ( e(q’ +) )m (B 40)
¢®(10; 0) e(-g; -)

present in[In]11, we should maximize the degree of the previous polynomidBiB9) under the constraint that
the sequence, in (B.31) ought to change its value at leastmtimes (this in order to produce the sought form of
the oscillatory term with its associated power-law behgwamd that these changes are such that eventlially|(B.40)
is generated.

We should also maximize this degree in respect to all theilplesshoices of a-uples j® of various lengths
2a and over the allowed vectorse N(r) In order to obtain this maximal degree, one should choosearal
number of flips (n + b), choose the length% and thejy in such a way thaf,, = (s + 1. Finally, one should also
takena = 0 for all a. This leads to the conclusion that the maximal degree iigir + N — 2(m+ b). [

C Fine bounds onIIy

In this appendix we provide bounds for the matriﬂ%‘b’p) entering in the decomposition fbly given in propo-
sition[6.7.

Proposition C.1 LetX be a contour appearing in the RHP fér and U any open set such thd{U, %;) > 0.
LetITy be as defined bf6.10)and, agreeing upom = 1 in the space-like regime angl = -1 in the time-like
regime, let

U232 for e=1
e(ze) ={ SUDD for e=-1 . (C.1)
exuloyn:  for e=0
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Then the matriXIy(1) admits the representation

(g +) m"”"( ¢ (10;0) )”b (mbp)
e(—q:—)) e(-q;-) My (@) (C.2)

N2 b [N/2]-b
M@ =AvE) + >, >0 ) |
b=0 p=0 m=b-[N/2]

For x-large enough, the matricm}(\,mb’p)(/l) and Ay(1) depend smoothly on x and holomorphically.ba U. One
has the decomposition

nreP ) = ) [e(ve 17 TP (D [e(ve; ] 7 where  v.=+g andw=do. (C.3)
ec{+1,0}

The matrixHE\ln.]’eb’p) () is such that it does not contain any oscillating factor indtgries. Moreover, for all kk N
there exists an N-independent constant O such that

N

C b
Il < < and [P

NGAN  ien oo _
Noe HLN(U) < CNX"™W with W= Zﬂgx{a%up IR (v v(eq))|} . (C.4)

€Q,0

These estimates also hold for the first order partial derxex (in respect to x ar).

Proof —
Recall that the matriXIy can be represented in terms of Cauchy transforms (or thboundary values) on
2

My (2) = b o0 Ch 1121 () = {ci 1Tl () (C.5)

Above and in the foIIowingC% [M] (1) for A ¢ ¥ corresponds to the case where in the integral represamtatio
(©3) for this operator we substitute theboundary value witht ¢ ¢. This is clearly a well defined expression.
We decompose the jump contour faraccording t&; = 4D U =y with 4D = 0Dqs U 0D _qs5 U 0D,y 5

The exponentially small ix terms gathered iAy can be written as

N-1
A = > fehp)" o fet Yo fet i () | (C6)
k=0
whereas
N () — Ay (1) = Z cgﬂw 0o cgﬂw . (C.7)

€cEN

There, the sum runs throughe Ey = {€ = (g, ...,€EN) . €s€ {£1,0}}. One can readily convince oneself that
for any matrix functionM such thaAM e L? (ZH) there exists a constant such that

o2

L2(9D) <c ”AMHLZ(EH) . (C.S)

Thence settingg = max{c’,c(Zn),c(0D)} (we recall that for a curvé, c(I') stands for the norm of the
boundary value of the Cauchy operatorldi(I')), one gets

[2cNs, ()]

A © <N
IANIIL= ) < m2d (U, Zp)

Nz (8)  with Ny (A) =1Allige) + Al -
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Thus, the claim follows foAy as, by construction/,\/gn (A) =0 (x ™).
It remains to obtain estimates for the remaining, algebtgicmall inx, part. For this we set

K@=kw@x@W?A@kw@x@ﬁ?\Mh{¢@ = ooy ~ Ao, +Aolany,

€@ = Looys — Lop g,
Then, by carrying out similar expansions [fo (B.14) dnd (Bifli& easy to convince oneself that
2 _
(mb,p) _ / o ABkok Ak 1k
[P (D= D) D) Coit oo Cyp 2] (C.9)
ey ka=1 v N

Above Ay, stands for theab entry of A. Also, there appearE instead ofA as the oscillating factors have been
already pulled-out, as ib.(Q.2)-(C.3). Also the primés front of the two sums are there to indicate that these are
constrained. Namely, one should sum-up only over thosesehofe € Ey andky € {1,2}, a= 2,..., N which,

upon the replacement — A would give rise to the oscillating factor associated V{M‘N".”Eb’p)]k - By using
! 1,KN+1

the continuity of ther boundary value Cauchy operator bh(dD), one shows that there exists a constastich
that for anye, T € {+1,0} and anyf € L2 (6D):

[y (F12]] 2y, < HTAo (C.10)
Then,
mb.p) :
m, p, ’ ’ N
H HLm(UT d(U,zn) Z H kkall2(am, O)HH "a“"a’Lw(a@v 5) ‘ walslliz(ap, )
ecEN ka=1
(ZC N-1 .
< — A) . (C11
= a0z el - e
Since there existe’ > 0 such that| A 2@y < ¢’ X", the claim follows. Also, we stress that, by construction,
HE\I”;"Eb’p) does not contain any oscillating termsxin its asymptotic expansion wheti— +oo. [
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