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Large-distance and long-time asymptotic behavior of the rduced
density matrix in the non-linear Schrodinger model.

K. K. Kozlowskill

Abstract

Starting from the form factor expansion in finite volume, we¥ide the multidimen-

sional generalization of the so-called Natte series forzéme-temperature, time and
distance dependent reduced density matrix in the non+lidelarddinger model. This
representation allows one tead-gf straightforwardly the long-timtarge-distance

asymptotic behavior of this correlator. This method of gsialreduces the complexity
of the computation of the asymptotic behavior of correlafimnctions in the so-called
interacting integrable models, to the one appearing infrgmion equivalent models.
We compute explicitly the first few terms appearing in thenagiotic expansion. Part
of these terms stems from excitations lying away from therfrboundary, and hence
go beyond what can be obtained by using the CETinger liquid based predictions.

1 Introduction

One-dimensional quantum models with a gapless spectrurbadieved to be critical at zero temperature. In
other words, in these models, the ground state expectatires of products of local operators should decay,
for large distances of separation between the operatorspras power-law in the distance. It is also believed
that, for a generic class of Hamiltonians, the actual valugh@® exponents governing this power-law decay, the
so-called critical exponents, does not depend on the nuopis details of the interactions in the model, but only
on its overall symmetries [21, 24]. Therefore two modelsobging to the same universality class should be
characterized by the same critical exponents.

It has been argued that the equal-time correlation funsiioguantum critical one-dimensional models exhibit
conformal invariance in the large-distance regime [74]néée its appears plausible to infer their large-distance
asymptotics from those of the associated conformal fieldrth@CFT). The central charge of the CFT lying in the
universality class of the model can be deduced from the fgiite corrections to the ground state eneigy [3, 11].
The possibility to compute such finite-size correctiongmany integrable models allowed the identification of the
central charge and scaling dimensions leading to the gredscfor the critical exponentsl[b, 177,118,154/ 55, 84]
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of the long-distance asymptotics. We remind that it is atsoetimes possible to give predictions for the critical
exponents[[25, 26, 67] by putting the model in corresponeenrith a Luttinger liquid[[27].

Due to their wide applicability and relative simplicity, i& more than desirable to test these @FRiktinger
liquid based predictions versus some exact calculatiomgdaout on such models; this starting from first principle
and in such a way that no approximation (apart from assumilagge distance) is made to the very end. Such
exact computations have been carried out in the 70’s andd80igarious two-point functions appearing in free
fermion equivalent model such as the Isingl[13,[70, 71], tNemxodel at the critical magnetic field [68,169] or the
impenetrable Bose gas [83]. The latter approaches werentiagie much more systematic (and also simplified)
with the occurrence of a Riemann—Hilbert based approaate#fermion models’ asymptotids [30] together with
the development of the non-linear steepest-descent métbpdindeed, the latter constitutes a relatively simple
and systematic tool for carrying out the asymptotic analj2®, 31| 32] of Riemann—Hilbert problems associated
with Fredholm determinants representing the correlatofsee fermionic models.

However, obtaining long-distance asymptotic expansidng/@-point functions for models not equivalent to
free fermions faced several additional problems of tecimature. This fact takes its roots in that even obtaining
explicit expressions for the correlation functions in tleecglled interacting integrable models demands to over-
come new types of combinatorial intricacy that disappedremdealing with free fermion equivalent models. The
first approach to the problem of computing correlators ouheffree fermion point can be attributed to 1zergin
and Korepin[[35, 36]. These authors managed to construticeseries representations for the correlation func-
tions of the non-linear Schrédinger model and the XXZ spi-thain. However, the” summand appearing
in these series was only defined implicitly by induction. Lowalculation allowed them for anffective per-
turbative characterization of a vicinity of the free fermipoint. First manageable expressions for correlators at
zero temperature in an interacting integrable model wetaioéd by Jimbo, Miki, Miwa, Nakayashiki through
the vertex operator approach. They have provided multigiegral representations for the matrix elements of
the so-called elementary blo€kin the massive [39] regime of the infinite XXZ chain. Theseaulsswhere later
extended to the massless regime of this chain [40] or to aitfalite chain subject to a longitudinal magnetic
field acting on one of its ends [38]. The multiple integralresgentations were then reproduced, in the framework
of the algebraic Bethe Ansatz by Kitanine, Maillet and Terfi@ the massive and massless regime of the periodic
XXZ chain [52]. These two series of works opened a way towardystematic andfiective computation of
various types of multiple integral afai combinatorial representations for the correlation fioms in numerous
integrable models. In particular, it was possible to deef¥ective representations in the case of finite temperature
[23], non-equal times [49], models in finite volunie [37], Ihég spin chaing [15],... These results should be seen
as of uttermost importance from the conceptual point of viga multiple integral representations for the correla-
tors of interacting integrable models naturally providesraerpretation for these objects as a new class of special
functions (of the distance, time, coupling constants, Hgwever, the complexity of the integrands appearing in
such multiple integral representations makes the thoralggicription (computation at certain specific values of
the distancoupling or extracting their large-distarilomg-time behavioetc..) of these new special functions a
quite challenging problem. Many investigations that fakw where oriented towards a better understanding of
these special functions. In particular, it was observetttremultiple integral representations for the elementary
blocks of the XXZ chain can be reduced to one dimensionafjiate by a case-by-case analysis [10,47[ 50, 75].
This observation led to the proof that it is possible to safgathe multiple integrals representing the elementary
blocks of the XXZ chain on the algebraic level [7]. In its tuthis led to the discovery of a Grassmann structure
in the XXZ chain [6, 8/ 89]. Among many other developments saslthe possibility to compute the one-point
functions of the sine-Gordon model [41,42], the existerfcguoh a Grassmann structure constitutes a promising
direction towards bringing the complexity of the analysish@ correlation function of the XXZ chain to the one
of a free fermion problem. A completely other method for r@dg the complexity of the multiple integral repre-

fthese constitute a basis on which it is possible to decomgibserrelation functions of the model



sentations for the correlation functions was the so-calleal field approach [59]. It led to representations for the
correlators in terms of expectation values in an infiniteetisional Hilbert space of unbounded operator valued
Fredholm determinants [56,57]. However, apart from cayeece issues posed by such an infinite dimensional
framework, the main problem of that method was posed by tmeceonmutativity of the dual field’s vacuum
expectation values and the asymptotic expansion of a deldlvfalued Fredholm determinant. Its and Slavnov
[33] carried out, on a formal level, such a dual field-baseal\ais for the large-distandeng-time decay of the
so-called one-particle reduced density matrix at finitederature in the non-linear Schrédinger model (NLSM).
They have been able to provide operator valued expressiotise correlation length. The dual field vacuum ex-
pectation values where computed[inl[80], which led to a digison of the correlation length in terms of a solution
to a non-linear integral equation. We would like to mentibattuntil recently, although formal, the dual field
approach was the only approach alternative to a/C&flinger liquid based correspondence that allowed one to
write down certain predictions for the critical exponents.

There have also been developments aiming at obtainingnattee types of fective series of multiple integral
representations for the distance dependent two-pointiurs [48,/51]. The guideline being a construction of
such a representation that would allow one to carry out a-thsi;nce asymptotic analysis of the two-point
functions. This project has met a success in [45]. Thislarteveloped a first fairly rigorous method allowing
one to compute, starting from "“first principles”, the longtance asymptotic behavior of the spin-spin correlation
function in the massless regime of the XXZ spif2Thain. This method relied on a few conjectures relativéeo t
permutation of symbols, summability of the remainders,veagence of the obtained series representations, but
was rigorous otherwise. These last results not only confirthe CFJLuttinger liquid-based predictions for the
critical exponents in this model but also provided expkoipressions for the amplitudes in front of the power-law
which, in their turn, cannot be predicted by universalitguements. These explicit formulae for the amplitudes
were then identified with certain, properly normalized ispect to the size of the system, form factors of the
spin operators_[44, 46]. This identification allowed one ¢inp out the universality in the power of the system-
size that one uses for normalizing the form factor assatiai¢h the amplitudes. The aforementioned method
of asymptotic analysis was applied recently to study thgddistance asymptotic behavior of the correlation
functions at finite temperature in the NLSM [63].

The large-distang®ng-time asymptotic behavior of the correlation funcidn massless one dimensional
guantum models goes beyond the predictions stemming frowrr@spondence with a CHIuttinger liquid.
Hence, this constitutes a clear motivation for obtaininghsan asymptotic behavior from exact considerations
on some integrable model as this could help to understamdstinecture and origin in the general case where ex-
act computations are not feasible. We would like to mentiat there already exists several exact results relative
to this regime of the asymptotics in the case of free fermguivalent modeld [32, 68, 69, [72]. We also would like
to remind that there has been proposed recently [28] a messliLuttinger liquid theory allowing one to predict
the behavior of dynamic structure factors or spectral fonstat low energy and momentum. Our results support
these predictions along with the recently proposed valoethé amplitudes of these functions [12] .

This article develops a method allowing one to compute the-tmperature asymptotic behavior of the
correlation functions in integrable models starting frdme form factor expansion for two-point functions. The
fact that we build our method on the form factor expansioaved! us to include the time-dependence and hence
access to the large-distance and long-time asymptoticvi@halhe method has been introduced recently on
the example of the current-current correlators [65]. Here provide many elements of rigor to the method and
treat the example of the one particle reduced density matrtke non-linear Schrédinger model. We would
like to stress that this method of asymptotic analysis ndy allows us to carry out the analysis in the large-
distancdong-time regime but also constitutes an important tecinamd computational simplification of the
approach proposed in [45]. It has also the advantage of lagipticable to a much wider class of algebraic Bethe
Ansatz solvable models as it solely relies on the universatire of the form factors in these models. All the



more than the number of models where these have been deteriniconstantly growing [14, 36, 53,161) 73]. The
main result of this paper can be summarized as follows. W e method for constructing a new type of series
representation for the correlation functions of integeamlodels, that we call multidimensional Natte series. This
representation is THE one that is fit for an asymptotic amslgs the first few terms of the asymptotic expansion
can be simplyread-gf without any éfort by looking at the terms of the series. Moreover, the cdatmn of the
higher order asymptoticgtectively boils down to the case of a free fermionic modetdmputation of subleading
asymptotics of the Fredholm determinant of an integratikgiral operator) and thus bears the same combinatorial
complexity. The main implication of our result for physissthat the asymptotics in the time-dependent case are
not only driven by excitations on the Fermi boundary (thé&elatoincides with the region of the spectrum that
can be taken into account by using GEtttinger liquid-based predictions), but also by excaas around the
saddle-pointly of the "plane-wave" combinatiorp (1) — te (1) of the dressed momentumand dressed energy

¢ of the excitations. Also, we provide explicit expressions &entify the associated amplitudes with the infinite
volume limit of the properly normalized in the size of theteys form factors of the field.

We stress that although we have been able to set our methosharearigorous framework then it was done
in [45,[63], we still have to rely on a few conjectures. More@sely, we have been able to split the asymptotic
analysis part from the one of proving the convergence ofagerderies of multiple integrals representing the
correlators. The part related to asymptotic analysis hag ket into a rigorous framework. However, in order
to raise the results of this asymptotic analysis to the le¥¢he two-point function of interest, we still need to
assume on the convergence of the series of multiple insegralobtain.

The main novelty of this method is that it provides a systémwady for carrying out the asymptotic analysis of
multiple integrals or series thereof whose integrandsainstsome large-parameter dependent driving term being
dressed up by coupled functions of the integration vargablge provide a setting that allows one to interpret the
"coupled"” case as some deformation of the "uncoupled" ohis. deformation is such that, provided one is able to
carry out the analysis in the "uncoupled"” case (but withfAgently rich range of functions involved), one is able
to deform the "uncoupled" asymptotics back to the "couptebe of interest. It is in this respect that the analysis
carried out in this article strongly relies on the resulttaoted in [62] (where the relevant "uncoupled” series of
multiple integrals of interest has been analyzed) as welheabe fact that correlation functions of generalized free
fermionic models (which correspond to the "uncoupled” tase naturally representable in terms of Fredholm
determinants [60].

This paper is organized as follows. In sectidn 2, we remimddifinition and main properties of the model.
We also introduce all the necessary notations allowing psdsent the asymptotic behavior of the reduced density
matrix. In sectio 3, we present our result and discuss tiagegly of our method. Then, in sectioh 4, we outline
the main properties of the form factors in the model and wittern the form factor series for the reduced density
matrix. We explain how this series can be re-summed into thealed multidimensional deformation of the
Natte series. Once that such a representation is builtk¢htarthe very properties of the Natte series, it is possible
to literally read-gf the first few terms of the asymptotic expansion. We gathethallauxiliary and technical
results in several appendices. We discuss the large simpAoe of the form factors of the fields in appendix
[Al In appendiXB, we derive finite-size Fredholm minor repreations for the form factor based expansions of
certain two-point functions in generalized free fermiondals. In appendix IC, we prove the existence of the
thermodynamic i€ infinite volume) limit for certain quantities of interest. Mlso provide various alternative
expressions for this limit. In appendiX D, we develop theotlgeof functional translation in spaces of holomorphic
functions. The results established in this appendix ctstihe main tools of our analysis. They allow for an
effective separation of variables in the intermediate stepbatmne is able to carry out various re-summations of
the formulae by building on the results stemming from theegalized free fermion model studied in apperidix B.



2 The non-linear Schrédinger model

2.1 The eigenstates and Bethe equations

The non-linear Schrédinger model corresponds to the Hanigh
L
Hnis = f {0y®7 (y) 8y® (¥) + c @7 (y) DT (y) @ () @ (y) — h D' (y) @ (y)} dly . (2.1)
0

The model is defined on a circle of length so that the canonical Bose fields ®' are subject td_-periodic
boundary conditions. In the following, we will focus on thepulsive regime > 0 in the presence of a positive
chemical potentiah > 0. The HamiltoniarH y s commutes with the number of particles operator, and thus can
be diagonalized independently in every sector with a fixethlmer of particledN. In each of these sectors, the
model is equivalent to a N-body gas of bosons subjeétltke repulsive interactions. The corresponding model
of interacting bosons was first proposed and studied by @Gaear[22] in thec = +c0 case and then introduced
and solved, through the coordinate Bethe Ansatz, by LiebLamider [66] in the case of arbitrarg. It is also
possible to build the eigenstates of the Hamiltonian by reedithe algebraic Bethe Ansatz. This was first done
by Sklyanin [77] directly in the infinite volume. In the casdfinite volumel, as observed by Izergin and Korepin
[34], it is possible to put the continuous model on a lattiteuch a way that the standard construction [20] of the
algebraic Bethe Ansatz holds. At the end of the computatibisthen possible to send the lattice spacing to zero
and recover the spectrum and eigenstates of the continuodslnThe fact that this manipulation is indeed fully
rigorous has been shown by Dorlas|[19].

In the algebraic Bethe Ansatz approach, the Hamiltoriiah) @ppears as a member of a one-parameter com-
muting family of operatorsl — 7~ (1). It is sometimes useful to considepBadeformation of this family7 3 (1),
such that7z ()30 = 7 (1). The common eigenstat¢sy ({u})) of 74 (1) in the N,-particle sector are param-
eterized by a set of real numbe{ysga}g'il which are the unique solutions to tjgedeformed logarithmic Bethe
equationsl]4, 85]

ic+ A4
ic—A

N +1

N¢
Lpo(yga)+29(pga—ygb):27r(€a— )+2i7r,8 with po(1) =1 and eu)ziln( ).(2.2)
b=1

Po is called the bare momentum afithe bare phase. The set of solutions corresponding to dtehof integers
{a € Z such thatty < --- < ¢y, yield the complete set of eigenstates in Meparticle sectori [19].

In each sector with a fixed humber of particdg the so-called ground state’s Bethe roots are given by the
solution to [2.2) corresponding to the choiceNyfconsecutive integerg, = a, witha=1,...,N,andB = 0. The
numbem, corresponding to the number of particles in the overall gdostate oH s is imposed by the chemical
potentialh and scales with.. It will be denoted byN in the following. One shows that in the thermodynamic limit
(N,L — +oo so thatN/L — D) the parameter{sij}l'\‘ associated to this ground state condensate on a symmetric
interval[ —q; q] called the Fermi zone.

All other choices of sets of integefg lead to -deformed) excited states. In principle, these excitetksta
can also be found in sectors with &drent numbeN, # N of particles. Itis convenient to describe the excited
states in the language of particle-hole excitations ablogdlt-particles-deformed ground stafe Namely, such
an excited state corresponds to a choice of integers (2.2) such that

=] for je[1; NeJ\hy,....,hn and &, =pa for a=1,...,n. (2.3)

T thes-deformed ground state corresponds to the chfjeea, witha=1,..., N,



The integergp, andh, are such thap, ¢ [1; Nc] =1{1,...,N,J andh; € [1; N,]. There is thus a one-to-one
correspondence between integérand the integerb, and p, describing particle-hole excitations.

In this picture, the integerh, correspond to holes in the increasing sequence of integdisirgy thes-
deformed ground state roots, whergascorrespond to extra integers appearing in the equation amde seen
as defining some new position of "particles”. Given a sotut;qa} corresponding to a fixed choice of integers
{1 < --- < Ly, itis convenient to introduce their counting function:

N
po(w) 1 ¢ Ne+1 .3
€t (@) = &y (0 e )i¥) = =5 %L;ew A (24)
By construction, it is such that,, (ug,) = €a/L, fora=1,....N. Actually, &, (w) definel a set of background

parametersu,}, a € Z, as the unlql@solutlons tog 1a) (,ua) = a/L. The latter allows one to define the rapidities
Hp,» T€SP.Un,, Of the particles, resp. holes, entering in the descripmib{mtga}?K

2.2 The thermodynamic limit

When the thermodynamic limit of the model is considereds passible to provide a slightly more precise de-
scription of the solution to the Bethe equations for the gnbt:_ltate{/la}g‘=1 as well as for any particle-hole type
B-deformed excited state&pga} *. above it withNx — N being fixed and not depending &ror N. Introducing the
counting function for the ground state

Po (w)
2r

1 N+1 . — a
£ =€ (0] (a))) = ﬁ;e(w—ﬂaﬂ - ie E(la) = . (2.5)

it can be shown that, in the thermodynamic limit, it behawes a

E(w) =& (w) +O(L‘1) where ¢ (w) = pz(;«)) + 5 and N/L—-D. (2.6)

There, the CQL‘l) is uniform and holomorphic i belonging to a strip of some fixed width around the real axis,
p is the so-called dressed momentum, defined as the uniqugosdio the integral equation

q
P - [60-0P ()% = P @)

-q

The parameteq corresponds to the right end of the Fermi interjaly; ] on which the ground state’s Bethe
roots condensate. It is fixed by the value of the chemicalrpiaten by demanding that the dressed enesgy),
defined as the unique solution to the below integral equati@nishes atq:

q
8(/1)—fK(/l—/J)8(ﬂ)d§ =¢&0 () with &9(1) = 42 —h and e(xq) =0. (2.8)
-q

We also remind the relatiopr = 7D wherepg = p(q) is the Fermi momentum.

"Note that dfferent sets of rootg,, } and{u,,} lead to diferent sets of background parameters
#The uniqueness of solutions follows from the fact that tHatgmn to (2.2) are such that, (8) = ., (0) + 2ixB/L. This allows one to
show thai,, () is strictly increasing of® + 2iz8/L and maps it ont®. Moreover, one can check thﬁt@/a,) #00onC\ (R + 2inB/L).



In the following, we will focus on the excited states in tig= N + 1-particle sector only. In order to describe
the thermodynamic properties of sygfdeformed excited states, it is convenient to introduceaisociated shift
function

N N+1
Fiea (@) = F (o1 e 1) = LE@) - B )] = 5= D 00— 1) = o= 3" 0@ —pe) ~5+i6. (2.9)
a=1 a=1

It can be shown that this counting function admits a thermeadyic limitF4 that solves the linear integral equation

q
s Mot YO .1 1 1<
wiof e ]f o] ] ) =93 - -0 - 23 -0

Thereuy,, resp.un,, are to be understood as the unique solution(4q,) = pa/L, resp.& (un,) = ha/L, where
& is given by [2.6). Note that we have explicitly insisted oa #uxiliary dependence of the thermodynamic limit
of the shift function on the positions of the partiglesles. However, in the following, whenever the value of
{tp,} and {un,} will be dictated by the context, we will omit it. We also rerdithat the above shift function
measures the spacing between the ground state Agasd the background parameters defined by’g\{ga}:
#a = da = Fg(1a) - [L&'(12)] ™ (1+ O(L™Y)).

The integral equation for the thermodynamic limit of theftshinction Fz can be solved in terms of the dressed
phasep (4, u) and dressed charg&(1)

q q
¢u,u)—f|<(a—r)¢(r,u)d—2;:%eu—y) and Z(/l)—fK(/l—T)Z(T)d—Zz;:l. (2.10)
-q -q

Namely,

Fs (1) = Fp (A’ }’;;’i )= (iB-1/2Z() - 6(1,0) - > [6(dpp,) — & (A, n,)] (2.12)
a a=1

Here, we also remind two very nice relationships that exeésiveen the dressed phase and dressed charge

ZW)=1+¢(1,-0)-¢q and Z '@ =1+¢(-0.0) -4(a.0) . (2.12)

The first one is easy to obtain and the second one has beenebtai[58/ 79].

The shift function allows one to compute many thermodynalnmidts involving the parameterfu,,}. For
instance, introducing the combination of bare momentumearatgyug(1) = po(1) — teg(2) /X, one readily sees
that for an particlghole excited statgu,,} at3 = 0

N+1 N n
NILian{Z (e — o (Aa)} = ) urtp) W) (213)
> a=1 a=1 B=0

a=1

Above and in the followingu stands for the combination of dressed momenta and ener§igés: p (1)—ts (1) /x.
It admits the integral representation
q
u(d) = U () - | Uy ()¢ (. A)du . (2.14)
-q



The functionuj admits a unique zero of first order &n It is believed that this property is preserved foClearly,
in virtue of Rouché’s theorem, this holds true &darge enough. We will not purse the discussion of this priyper
here as it goes out of the scope of this paper and will use itvesrieing hypothesis. In other words, we assume
that given a fixed ratio/x, there exists a uniqué, such thaur'(1g) = 0 andu”’(1p) < 0.

We do stress however that this working hypothesis should@obnsidered as a restriction but a simplification
of the exposition at most. Indeed, it follows frdmi(1)] — +oo0 whenR (1) — *oo that, for any value o€ > 0,
U’ has a finite number of real zeroes. The case whdras multiple real zeroes of arbitrary order could be treated
within out method but would make the analysis heavier.

As a concluding remark to this section, we would like to strémat all functions that have been introduced
above (the dressed momentynthe dressed energy the dressed chargéand the dressed phaggare holo-
morphic in the strip

Us ={zeC : |3(2)| <20} (2.15)

around the real axis. The parameieratisfies/8 > § > 0 and is chosen sliciently small so thap is injective on
Us and infiey, [R (Z(2))] > 0. We will tacitly assume such a choice in the following eaatetthe stripUs will
be used.

3 The method and main results

The zero-temperature one-particle reduced density matfirite volume refers to the below ground state expec-
tation value:

pn(xD) = (w (1)@ () @700 [u (14al)) ) - o (L1al)] - (3.2)

The parameterSla}lN correspond to the set of Bethe roots parameterizing thengrstate of[(ZI1). We recall that
the fields evolve in space and time according to

(I)(X, t) — e—iXP+itH NLS(I)(O, 0) eiXP—i'[H NLS (32)

whereH s is the Hamiltonian of the model given in_(2.1) aRds the total momentum operator. The action of
P on the eigenstates &fy s has been computed inl[4].

We denote by(x,t) = limy -+ on(X T) the, presumably existing, thermodynamic limitagf(x, t). We will
not develop further on the existence of this limit, and tdks &s a quite reasonable working hypothesis.

3.1 Description of the method

In this article, we carry out several manipulations thatllaa to propose a series representatiorp{art) giving
a straightforward access to its leading large-distAocg-time asymptotic behavior.

The starting point of our analysis is the model in finite voiunWe will first provide certain re-summation
formulae forpn(x,t) starting from the form factor expansion ¢f(3.1). The latteolves a summation over all
the excited statesg over all solutions to[(2]2)-(213) & = 0). This sum has a very intricate structure which
prevents us from analyzing its thermodynamic limit rigaigurom the very beginning. We therefore introduce a
simplifying hypothesis. Namely, denoting the energy of atited state byE., and the one of the ground state by
Egs we argue that all contributions issued from excited statesacterized by, — Egs = O (L) do not contribute
to the thermodynamic limit of the form factor expansiorpg{x, t). In the light of these arguments, we are led to
analyze anfective form factor serigsy.e¢ (X, t) and a certairy-deformationon.e (X, t | ) thereof. Our conjecture
is thaton-er (X, t | ¥ = 1) = pnie (X, t) has thesamethermodynamic limit agn (X, t).



We studyy — pne (X, | y) by means of its Taylor cdgcients aty = 0:

m
(0 = 5 o (1), (3.3)

All rigorous, conjecture-free, results of this paper atatiee to these Taylor cdgcients. We show that these
admit a well defined thermodynamic Iin}ig“,:)(x, t). In addition, we provide two dierent representations for this
limit, each being a finite sum of multiple integrals.

e The first representation is in the spirit of the ones obtaindd5,63]. It corresponds to some truncation of
a multidimensional deformation of a Fredholm series foredRplm minor.

e The second representation is structured in such a way thdbws one toread-gf straightforwardly the
first few terms of the asymptotic expansionp@;)(x, t). The various terms appearing in this representation
are organized in such a way that the identification of thoaedte negligibledgexponentially small) in the
X — +oo limit is trivial.

The above two results are derived rigorously without anyr@xmation or additional conjecture. However,
in order to push the analysis a little further and provideilteghat would have applications to physics, we need
to rely on several conjectures. Namely, we assume that

1. the series of multiple integrals that arises upon summmthe thermodynamic limits of the Taylor d&e
cientsZ;fopgg)(x, t) /m! is convergent;

2. this sum moreover coincides with the thermodynamic lmhjin-er (X, t | ¥ = 1) and hence, due to our first
conjecture, withp (x, t).

These conjectures allow us to claim thgix, t) can be represented in terms of a series of multiple integfdls
latter series corresponds to a multidimensional defownatif the Natte series expansion for Fredholm minors
of integrable integral operators [62]. This multidimemsb Natte series has all the virtues in respect to the
computation of the long-tinkarge-distance asymptotic behavioragk, t); it is structured in such a way that one
readilyreads-gf from its very form, the sub-leading and the first few leadiagnts of the asymptoics.

So as to conclude the description of our method, we wouldtbk&tress that the aforementioned conjectures
of convergence are supported by the fact that they can beptovhold in the limiting case of a generalized free
fermion model[[62]. Unfortunately, the highly coupled rmatwf the integrands involved in our representations
does not allow one for any simple check of the convergencpepties in the generaleo > ¢ > 0 case.

3.2 Large-distancglong-time asymptotic behavior of the one-particle reducedlensity matrix

We have now introduced enough notations so as to be ablederrihe physically interesting part of our analysis.

Let x > 0 be large and the ratig/t is fixed. Letly be the associated, presumably uniqefe(2.14)), saddle-
point ofu(2) = p(1) — te (1) /x. Assume in addition thaty # +q and1g > —g. Then,under the validity of the
aforementioned conjecturethe thermodynamic limit of the zero-temperature oneiglarteduced density matrix



p (%, t) admits the asymptotic expansion

“2ir P () luto-ua] |rif®
p(x,t)=\/ - ; — —— (1] grseo[ (10) + 0(D)
17 40) = XP"A0) i (1 v P 0T [ (x - v IF0) (aiee 0 -0 )

e2xpr |7_~q—q|2

+ T — (L+0(1)
[ x+ v Fa" 03] [ (x - vy [Fe@)
@i
+ -(1+0(1) . (3.4)

[i (¢ vet)] IS0 [ (x = vy [F@-+1]

The critical exponents governing the algebraic decay irdib&nce of separation are expressed in terms of the
thermodynamic IimitFﬁfﬁ of the shift function (a3 = 0) associated with an excited state [of {2.1) having one
particle atup and one hole gt,, namely,
Za_ 20 00 FEw=-22 0. @9

The type of algebraic decay in(8.4) can be organized in tassas. There is a square root power-law decay
(te”(20) — xp(’(/lo))‘% stemming from the saddle-poifty. All other sources of algebraic decay appear in the
so-called relativistic combinations+ vet and exhibit non-trivial critical exponents driven by thefsfunction of
the underlying type of excitation. We recall thatr corresponds to the velocity of the excitations on the figfit
Fermi boundaryve = £'(q) /p' ().

Each of the three terms in these leading asymptotics hamiditade {?}MZ, |Tg)|2 or |?‘q_q|2) given by the
thermodynamic limit of properly normalized in the lendtimoduli squared of form factors of the conjugated field
®'. More precisely,

Fo () =- o9  Fgl()=-

2. : .
. |7—‘qA°| involves the form factor o™ taken between thBl-particle ground state and an excited state above
theN + 1 particle ground state with one particledgtand one hole af.

. |9L"q_q|2 corresponds to the case when one considers an excited lstate theN + 1-particle ground state
with one particle at-q and one hole a.

2 :
o |7—’gf’| corresponds to the case where the form factor average @ taken between the N and therii+-
particle ground state.

The explicit (but rather cumbersome) expressions for thplitimes together with a more precise definition
are postponed to appendixA.3.

Finally, 11 4., [ Stands for the characteristic function of the interM@| +oo [. Itis there so as to indicate that,
to the leading order, the contribution stemming from thedgagoint only appears in the space-like regitge- q.
We stress that by pushing the calculations to an even higiger a x, one can show that hole-type excitations
in a vicinity of the saddle-point also contribute in the titilee regime wherelp € | —q; q[. Their contribution is
however much more dampen.
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Remarks

The oscillating phases and amplitudes appearing_in (3ed)aminiscent of the type of excitations that give rise
to their associated contribution. Each term[in{3.4) candseciated with some macroscopic state of the model.
For instance, the one occurﬁﬂy the first line of [[3.4) corresponds to a macroscopic statgacterized by one
particle atlg and one hole a. There are infinitely many microscopic realizations of saamacroscopic state.
For instance, any excited state realized as one particlg ahe hole ag,

o n, particlesu; and holeg." located af in the thermodynamic Iimiwgg,yﬂ)N — gfora=1....n,,
a a N,L—+c0

o Nn_ particles,ufc',z1 and holesuﬂi located at-q in the thermodynamic Iimit,ugzl,,uﬂi Nt —qfora=1,...,n_.
would give rise to the same (from the point of view of ene&y= &(1o0) , momentum® = p(1o) — p(Q),...)
macroscopic state. In a joint collaboration with Kitaniiaillet, Slavnov and Terras we have shown|[43] that
indeed, in the zero-time case, the contribution of a givewrostopic state to the asymptotics is obtained by
summing up over all such zero-momentum excitations on e&theoFermi boundaries. Clearly, this picture
persists in the time-dependent case as well. The offigrénce being that, in the time-dependent case, the number
of relevant macroscopic states contributing to the asytigstés bigger (one has to include the contributions of
excitations around the saddle-point in addition to thetexions on the Fermi boundary). Moreover, we would like
to draw the reader’s attention to the fact that it is pregisieé sum over such zero momentum excitations on the
Fermi boundary that gives rise, through some intricate esimopic mechanism of summation, to the relativistic
combinationgx + vgt)** (in what concerns the left Fermi boundary) gxd- vet)*- (in what concerns the right
Fermi boundary) arising in the asymptotics. This mechardambe considered as yet another manifestation of
conformal field theory on the level of asymptotics.

Our analysis leads us to propose an alternative interpetaf the universality hypothesis. Namely, when
dealing with asymptotics (large-distaneg) of correlation functions, one is brought to the analysishef con-
tributions of "relevant” saddle-points. As one can expeminfthe saddle-point type analysis of one-dimensional
integrals, the leading asymptotics are only depending eroital behavior around the saddle-point of the driving
term. All other details of the integrand do not matter forritxthe exponent governing the algebraic decay. There-
fore, it is quite reasonable to expect that models shariagsime types of saddle-points exhibit the same type
of critical behavior. The universality hypothesis [24]tstg that models sharing the same symmetry class have
the same value for their critical exponents can be now rxinéted as the fact that the symmetries of a model
uniquely determine the structure of the driving terms in saddle-points that are relevant for the asymptotics.
As a consequence, the leading power-law decay stemmingtfrertocal analysis around these saddle-points is
always characterized by the same critical exponents regardf the fine, model dependent, function content of
the integrals describing the correlation functions.

We draw the reader’s attention to the fact that the termsapyein the 29 and 3¢ lines of [3:3) correspond
solely to excitations on the Fermi boundaries and confirm@R&/Luttinger liquid-based predictions for the
long-distance asymptotlﬂatt = 0 due to the identifications following frorn (Z2]12):

Z-Y(q) Zq) Z Y0
2 2 2

"The o(1) corrections being excluded

‘X2 . . .
#Taking thet — 0 limit of (3.4) is slightly subtle. The first line produces entribution proportional to~2e% . In thet — O limit, this
function approaches, in the sense of distributions, a Difa§ function. The presence of thégx) function is expected from the form of
the commutation relations between the fields. However,arahgex limit of interest to us, it does not contribute.

0 _ 0 _ —d oy _ —q _ Z'0)
Fp@+1= , Fp(=0) = - , Fq' (@) = -2(9) , Fq (—q)—l——T—Z(q) . (3.6)
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However, we do stress thdf (B.4) clearly shows the need toegortl the CFjLuttinger liquid picture so as
to provide the correct long-timdlarge-distance asymptotic behavior of the correlatiorctioms in gapless one-
dimensional quantum Hamiltonians. In particular, our ksstontain additional terms in respect to the predictions
obtained in[[2]. Our result support the predictions stengnfnom the non-linear Luttinger liquid theory for the
behavior of the spectral function [12,]28].

4 The form factor series

In this section, we will provide two new representations tfug zero-temperature reduced density mairix] (3.1)
starting from its form factor issued expansion:

+1 .
mixy- 3 S | ()| 07 0.0 (12a}) ) @)
i T () o ()

The above series runs through all the possible choicesedéns(;, a=1,...,N + 1 such thaty < --- < fny1.

Below, we shall argue in favor of several reasonable apprations that allow us to reduce the form factor
series to another,fiective one, whose structure is simple enough so as to be @loentinue the calculations
directly on it.

4.1 The dfective form factors

It has been shown in_[64] (slightly flerent determinant representations for these form factawe hlready ap-
peared in[[6], 73]) that the form factors of the operabdrtaken between thl-particle ground statela}’l\‘ and

any particle-hole type excited stdje,, }N+1 as described i (2.3) takes the form

(0 (e )| 07 0.0) [ (12 )
o () o (]

= Q\Nl({{ﬁjﬁ) |Fica&ica-€ ] - D (iﬁ:}}ﬁ) [Fieaséieasé| - (42)

This representation involves two functionals, the soethBmooth part of the form fact@N;l and the so-called
discreet parﬁN. These are functionals of the counting funct@Sfor the ground state, of the counting function
£,y for the excited state and of the associated shift fundéigy.

It has been show in [64], that, in the largdimit and for anyn particle-hole type excited state, wittbounded
independently of, these functionals satisfy

(§N;15N)( )[F{fa £ €| = QNl({{ ha)? )[Fo,f éro] - D ( pa}l)[Fo,f fFo](1+O(InLL)) . (43

We stress that the functionals appearing onrlisof the above equation act on

i) the thermodynamic limit §f1) of the shift function ag = 0 associated to the excited state labeled by the
set of integerg(a Nt (2.11),

ii) the thermodynamic limi (1) of the counting function (Z2]6),

iif) the counting function associated witfy: £g,(1) = £(12) + Fo(1) /L.

12



We do stress that the shift functidfy depends implicitly on the rapidities of the particlgs,}} and holeun, }}
entering in the description of the excited state of interebt(2.11). We chose not to write this dependence
explicitly in (4.3) as the auxiliary arguments 6§ are undercurrent by those of the functlorﬁks andgN 1. Given
any holomorphic functiom (1) in a nelghborhood ok, the explicit expressions f@y [v,&, 6] (andgN [v,&,&)])
involves two sets of paramete{psa} and{,nga}'\‘+1 which aredefinedas follows

e uyx, ke Zisthe unitu solution to¢ (ux) = k/L, ie the secondargument of the functionals;
e A, ke[1l; N]isthe uniqu@ solution to&,(Ax) = k/L, ie thethird argument of the functionals.

We insist that here and in the following, the paramejgr®r 1, entering in the explicit expressions for these
functionals arealwaysto be understood in this way. Also, we remind that the integgare obtained from the
integers{pa}] and{ha}] as explained ir((2]3).

e The discreet part

The functionalﬁN represents the universal part of the form-factor:

H31{4sinz[nFouk)]} . (ﬂfa—ﬂfN+l)2 de[ 1 ] “.4)

= [{pal]
Dn ({h }1)[F°’§ G a— Moy He, = b

H 2rLE" (ue,) H 2rLér (Aa) &1

The largeN, L behavior of [4.4) can be computed explicitly and is giverA2}-(A.4). However, it is the above
finite product representation 8fy that is suited for carrying out resummations.

e The smooth part

The functiona@N,l represents the so-called smooth part of the form factor:

2) + = + V - A ) — + H
gNW({{E }})[Fo,f fr] = Vn: 1(/1N 1) Vni—1(un+1) ( Mo}t )1—“—[{ N:e(Hpa) Hh, — 1N 1+I€C}

dety.1 [E6) [£]]dety [ED [£r, ]\ fenad] )1 1L U\ Vivie(un,) pp, — pinvs + iec
N N/ —
xWN( L’}aih )deTN [5jk +7ij[Fo]({/la}E';{#za}1N+1)] dety [6jk +ijk[Fo]({/1a}§‘;{yga}i‘”)] . (4.5)
aly

Above, we have introduced several functions. For any seeonégc parameter(sza}g; {ya}'I) e Ul x U}

0\ 177 @—Yo—ic) (Ya—2 —ic) N - Ay +iec
W, ( {ya}?_ ) B ab=1 (ya - Vb — |C) (Za —Zy— |C) and VN € (U-)) l—[ W — pip + iec (46)
Also we have set
—(/t) _ K (ue, — pay) d .—.(/l) _ K (1a — Ap) 47
€] = L) k (67l = 0 = 25 () (4.7)

*The uniqueness follows from the fact that the dressed mamept(1) is a biholomorphism on some ficiently narrow stripU;
around the real axis and tha{l) e R = 1 € R.
"The uniqueness follows from Rouché’s theorem when L is largrigh.
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Finally, for any set of generic paramet{tza ya}”+1) € Ul x Ug‘” the entries of the two determinants in
the numerator read
n+1
HmyMHAAHQ

@ K(z - z)

imv(z) —
H(Zk—za) ]:[(zk—ya+ic)e_2 :

th’[V] ( 11 Ya}n+1)

n+1

H@wﬂﬂ&a ic) _
Vi) (2l tyalg?) = i S (4.9
al;[k(Zk - Za) ]jl(zk —Ya—icC)

Note that the singularities of the associated determiraiis= z;, j # k are only apparentf [45,64].

4.2 Arguments for the dfective form factors series

Itis believe that when computing th€ = OK form factor expansion of a two-point functi@®.S.| 0,0, |G.S.)

on the intermediate excited states (as[inl(4.1)), the dartdn of those excited states whose energiggedi
macroscopically from the ground state’s omelfy a quantity scaling as some positive powetLdfvanishes in
theL — +oo limit. This can, for instance, be attributed to an extrengglick oscillation of the phase factors and
the decay of form factors for states having large excitatrmmenta and energies. Therefore, we shall assume
in the following that the only part of the form factor expamsiin (4.1) that has a non-vanishing contribution to
the thermodynamic limip (x,t) of pn (X, t) corresponds to a summation over all those excited stateshvetne
realized as some finite (in the sense that not scaling Withumbern, n = 0,1, ..., of particle-hole excitations
above the(N + 1)-particle ground state. Indeed, these are the only exctadssthat can have a finitee (not
scaling withL) energy gap above the ground state inthparticle sector.

Even when dealing with excited states realized as a finitebeum of particle-hole excitations above the
(N + 1)-particle ground state, it is still possible to generate anwscopically diferent energy from the one of the
N-particle ground state if the rapidities of the particlesdrae very largei€ scale withL). This case corresponds,
among others, to integeps becoming very large and scaling with We will drop the contribution of such excited
states in the following.

Limiting the sum over all the excited states in tfi¢ + 1)-particle sector to those having the same per-site
energy that the ground state means that dfexgvely neglects correcting terms in the lattice dizdt thus seems
very reasonable to assume that, on the same ground, onlgddeng largd- asymptotic behavior of the form
factors will contribute to the thermodynamic limit pf; (x, t). It is clearly so when focusing on states with a low
numbem of particlghole excitations. However, in principle, problems couldemhen the numberbecomes of
the order ofL. Our assumption lead to the following consequences:

¢ we discard all summations over the excited states having ktge excitation energy. This means that we
introduce a "cut-&" in respect to the range of the integers entering in the gasan of the rapidities of the
particles. Namely, we assume that the integgrare restricted to belong to thefSet

BN = {n €Z : —-W_<Nn< WL} \[1; N+1] where w_~ L1+d (4.9)

T The computations presented in appendices B.27and B.3 caedmeas a proof of this statement in the case of a generalieed fr
fermion model.

#Note that we could choose_ to scale as.*¢, wheree > 0 is small enough but arbitrary otherwise. We choosel/4 for definiteness.
cf appendiXB.1L for a better discussion of the origin of suchaperty.
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N+1
e The oscillating exponeng Uo (1e,) — Z Up (13) is replaced by its thermodynamic limit as givenin (2.13).

e \We drop the contribution of the @‘1 -In L) terms in the large-size behavior of form factors giverL ig)4.

Note that, within our approximations, the localization loé Bethe root$,uga}'1\'+l for an excited state whose
particles’ (resp. holes’) rapidities are labeled by thegrtrspa}},_, (resp.{ha})_,) does not dependn the specific
choice of the excited state one considers. Hence,fieetesely recover a description of the excitations that is in
the spirit of a free fermionic model.

Our simplifying hypothesis suggest to raise the below atioje

Conjecture 4.1 The thermodynamic limit of the reduced density makX(x,t) coincides with the thermody-
namic limit of the gective reduced density mattix.et (X, t):

Jim pn(ct = lim oy (D) (4.10)

wherepn.er (X, t) is given by the series
N+1 ixU(tna)
€ a) {pa})[ (
X 1) = D =
prien (1) = nZO p1<Z:<pn h1<Z<h 1;:[ e_'xu(“pa) n G 1)({ha} U
Pac B haesiMt

{tpat ) . ..
{#ha} ) 1§ lfFo] . (4'11)

ThereB. ={neZ : -w.<n<w}, 8=8\[1; N+1] andB'nt [1; N+1]. Also, thex refers to the
running variable of iy on which the two functlonals act.

The dfective form factor serie§ (4.111) possesses sevetaldnt features in respect to the form factor expansion-
based series that would appear in a generalized free fenrmaate! €f (B.20)). Namely,

e the shift functionFy depends parametrically on the rapidities of the particles laoles entering in the
description ofeachexcited state one consideds, (2.11). It is thus summatiodependent

e Each summand is weighted by the fac@}u;l that takes into account the more complex structure of the
scattering and of the scalar products in the interactingahothis introduces a strong coupling between
the summation variable{ma}g and{ha}'I. Indeed, the explicit expression féN;l involves complicated
functions of the rapiditiegup, }7 and{un, }}.

A separation of variables that would allow one for a resunwnadf (4.11) is not possible for precisely these
two reasons. To overcome this problem we proceed in sevieas.sFirst, we introduce g-deformation of the
effective form factor series such tha.er (X, t|7);,=1 = Pniert (X, 1):

N-+1

S
PRNCRIE T YD S S i ot Z i (B gN;y)(iEa;)[yFo(*
=0 P15<pnhy<-<hy a=1 € tpa) a

Pa€BP!  haes

&?i)f;%a]- (4.12)

For any finiteN andL, it is readily checked by using the explicit representati¢h4) forf)\N,n and [4.5) foréN;y
that they-deformationpn.er (X, t | v) is holomorphic iny belonging to an open neighborhood of the closed unit
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dis¢l. Hence, its Taylor series around= 0 converges up tp = 1. We will then show in theorein .1 that, given
any fixedm, themt" Taylor codficient of pn.e (X, t | ¥) aty = O:
m

a0 = o 9 ety (4.13)

¥=0

can be re-summed into a representation where the existétice thermodynamic I|m|p(m)(x, t) is readily seen.
This fact is absolutely not-clear on the level bf (4.13) as tb [A.3){A.4), each individual summand vanishes
as a complicated power-law in L that depends on the excit#e sbnsidered. We will then show that one can
represent the thermodynamic Iim@?(x, t) in another way. This representation is given in terms of afisiim of
multiple integrals and corresponds to a truncation of thealed multidimensional Natte series that we introduce
below. The latter description gm‘eg)(x, t) gives a straightforward access to its asymptotic expansion

The proof of the existence of the thermodynamic limit anddtvestruction of the truncated multidimensional
Natte series fop(m)(x, t) constitute the rigorous and conjecture free part of ouryaigl This is summarized in
theoreni4.11.

Working on the Taylor cdﬁc:lents,o(m) (x,t) instead of the full functiompn.er(X,t|7y) taken aty = 1 has
the advantage of separating all questions of convergentieeafepresentations we obtain from the question of
well-definiteness of the various re-summations and defbomgrocedures that we carry out pﬁ‘;‘éﬁ(x, t) (and

subsequently op(m)(x, t) once that the thermodynamic limit is taken). Indeed, byrigkhem™ y-derivative at

v = 0, we always end up dealing with a finite number of sums. Howdfre/e had carried out the forthcoming
re-summation directly on the level p(x, t), we would have ended up with a series of multiple integradseiad

of a finite sum. The convergence of such a series constituseparate question that deserves, in its own right,
another study. Nonetheless, in the present paper, in codamovide physically interesting results, we will take
this convergence as a reasonable conjecture in a subsgrprent the paper.

4.3 An operator ordering

Prior to carrying out the re-summation of the form factor @xgion fOI’p(m) (x,t), we need to discuss a way
of representing functional translations and generabnatithereof. These objects will allow us to separate the
variables in the suni_(4.13), and carry out the various rersations. A more precise analysis and discussion of
these constructions is postponed to appehdix D. In theviollg, we denote by’ (W), the ring of holomorphic
functions in¢ variables oW c C¢. Also, here and in the following € ¢ (W), with W non-open means thdtis

a holomorphic function on some open neighborhoot\ofFinally, for a setS on which the functionf is defined

we denotd|f||s = sup.s |f(9)I.

Throughout this paper we will deal with various examplBs (, é‘ﬁ), ...) of functionals¥ [v] acting on
holomorphic functions.. The functionv will always be defined on some compact sulgebf C whereas the
explicit expression fos [v] will only involve the values taken by on a smaller compad€ c Int (M). In fact, all
the functionals that we will consider share the regularityperty below:

Definition 4.1 Let M, K be compacts ifi such that Kc Int (M). Let W, be a compact it©’, £, e N = {0, 1, ...}.
An ¢,-parameter family of functionalg [-] (2) depending on a set of auxiliary variablese W, is said to be
regular (in respect to the paifM, K)) if

i) there exists constants/£> 0 and C > 0 such that for any ,fjg € ' (M)
Ifllk +ldlk <Cr = [FIF10) = F 9l Ol|y, <C'IIf — gl - (4.14)

_ TThe apperent singularity of the determinants&t& @) — 1 = 0, cf (@8), are candelled by the pre-factorsdsiffo(1,)] present in
Dn, cf @)
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where the indicates that the norm is computed in respect to the setxifiary variablesz € W,.

i) Given any open neighborhood Mif 0in C%, for somety € N, if v (1,y) € & (M X Wy) is such thaf|vllkxw, <
C#, then the functioy, 2) — 7 [v (+, y)] (2) is holomorphic on Wx W,. Here, thex indicated the running
variable A of v (4, y) on which the functionaf [-] (2) acts.

The constant ¢ appearing above will be called constant of regularity of thectional.

This regularity property is at the heart of the aforemergbnepresentation for the functional translation and
generalizations thereof that we briefly discuss below. H@weprior to this discussion we need to define the
discretization of the boundary of a compact.

Definition 4.2 Let M be a compact with n holes (@ M has n bounded connected components) and suck at
can be realized as a disjoint union ofmnl smooth Jordan curveg, : [0;1] —» dM, iedM = |_|2:} va([0;1]).
A discretization (of order s) oM will correspond to a collection ofn + 1) (s+ 2) points {a = ya(X;) With
j=0,...,s+1landa=1,....,n+1where x =0< X3 <--- < Xs £ 1 = X1 iS @ partition of[0; 1] of mesh
2/s: |Xjs1 — Xj| < 2/s.

4.3.1 Translations

Suppose that one is given a complin C without holes whose boundary is a smooth Jordan cunvigd ;1] —
0M. LetK be a compact such thkt c Int (M) and¥ a regular functionaldf definition[4.1) in respect ttM, K),
for simplicity, not depending on auxiliary parameters

It is shown in proposition D]1 that, then, fi small enough one has the identity

Yall || _ T gm0tz
?[yWn (* @ ||~ SI_|)rDoo geg - Flyfsly - (4.15)
= lsx=0
The functionW, appearing above is defined in terms of an auxiliary funatign, 1) that is holomorphic o x M
wafa] Y1) 2 Sy p h fs(A] (ga)S) = fs (1) = S (mh) g 4.16
A (2} _;:ﬁ( ,Ya) — ¥ (1,z2) whereas s( |{S'a}1)= s( )—;ﬁﬂ (4.16)
Finally, gs (1) is a diferential operator in respectég, witha=1,...,s

5 d
Gs() =D ¥t 4) - - (4.17)

=1 osi

The definitions ofs and fs involve a set ofs + 1 discretization points; of M.

The limitin (4.15) is uniform in the parameteysandz, belonging toM and in[y| small enough. Actually, the
magnitude ofy depends on the value of the constant of regulaCify If the latter is large enough, one can even
sety = 1. The limit in (4.15) also holds uniformly in respect to anyit order partial derivative of the auxiliary
parameters. In particular,

AP ghay oM
- - (.- W,
1—[ {ayga ai{a} aymT[V n(*

n
a=1

sk=0

a = =
a=1 a=1 =0

{4tpa) )] — i S TEARAR P T T
{luh} b’:o SI—I>TOO n{ayga ai;a}r[eg 6,ym¢[7fs] ‘
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Figure 1: Example of discretized contours. In thethe compacM is located inside of its boundafg,: whereas
the compacK corresponds t&yq as defined in[(4.27). In this cadé¢ has no holes. In thens the compacM is
delimited by the two Jordan curvé&s, and%,; depicted in solid lines. The associated compagof definition
4.7) corresponds to the loag (Ka) depicted by dotted lines. The compadtdepicted in thehs has one hole.
This hole contains a compakf inside.

(4.18)

We refer to appendikD for a proof of the above statement. Heeewould like to describe in words how
formula [4.15) works. By properly tuning the value pfand invoking the regularity property of the functional
F [vfs] one gets that, for ang, {ca}; — 7 [y fs] is holomorphic in a sfliciently large neighborhood of & C*.
This allows one to act with the translation operatpt§_, €%0»)-9®). Their action replaces each varialig
occurring in fs by the combinatior};p_, [ (ta, Yb) — ¥(ta. 2o)]. Taking the limits — +co changes the sum over
ta occurring infg into a contour integral ovet,y, cf lhsof Fig.[d. Due to the presence of a poletat 2, this
contour integral exactly reproduces the functip that appears in thens of (4.15).

Note that such a realization of the functional translatian also be build in the case of compabtshaving
several holes as depicted in thes of Fig.[1. Also, there is no problem to consider regular fiorals 7 [-] (2)
that depend on auxiliary sets of parameters

4.3.2 Generalization of translations

In the course of our analysis, in addition to dealing withdiional translations as defined above, we will also
have to manipulate more involved expressions involvingesesf partial derivatives. Namely, assume that one is
given a regular functionaf [ f, g] of two argumentsf andg. Then, the expressiond)'s [y fs, Gs];,-o : is to be
understood as the left substitution of the varidysderivatives symbols stemming froga.

More precisely, lefs be the below holomorphic function af, ..., ag

Ts() = > w(t4) & . (4.19)
j=1

The regularity of the functionalF” ensures that the functiofa,} — 82“7—’ [y fs, Qs is holomorphic inay, ..., as
small enough. As a consequence, the below multi-dimenissames is convergent fa; small enough:

a AN
ny’ gS ly=0 — Z l—[{n |3a } ?[st, gs]‘ . (420)

n;j>0 j ;=0
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We stress that a& (4.16) is a holomorphic function afy, .. ., gs, the functional offs codficients of the above
series give rise to a family of holomorphic functions in tteiabless, ..., ¢s. This analyticity follows, again,
from the regularity of the functionat [ f, g] and the smallness ¢f|.

The: - : ordering constitutes in substitutireg < d,;, j = 1,..., sin such a way that all dierential operators
appear to the left. That is to say,

oM AR AR
. W ?[st,gs |,}, 0 Zl—[ 1_[ n_JlgTj a—m ?[’yfs,gs]' ._}/:0_ . (421)

nj>0 j= ag‘j =1

Although there where no convergence issues on the levelpafreston[(4.20), these carpriori arise on the level
of therhsin (4.21). Clearly, convergence depends on the precise &rhe functional#, and should thus be
studied on a case-by-case basis. However, in the case mshte us, this will not be a problem due to the quite
specific class of functionals that we will deal with.

At this point, two observations are in order.

e (4.21) bears a strong resemblance withsatimensional Lagrange series.

e The functional (offs) codficients appearing in theéhs of (4.21) are completely determined by the func-
tional ¥ [y fs, 0s] whose expression only involves standaidnon-operator valued) functions. Should this
functional have two (or more) equivalent representatidinsn any one of them can be used as a starting
point for computing the cd&cients in [4.2D) and then carrying out the substitutionI}.2

Actually, for the class of functionals that we focus on, now@rgence issues arise. Indeed, in all of the cases,
them" y-derivative aty = 0 of the: - : ordered functionals of interest appears as a finite linearbiations (or
integrals thereof) of expressions of the type

r

@ . am Os(4 i 0 .
Em = W {Q gfa0s(daa) H e’bGs(yo) . [yfs]}| (; where ag € [1; N] and e, vy €{ . (4.22)
— - Y

Abovey, are some auxiliary and generic parameters whetgaare implicit functions ofy and¢s,...,¢s. For
L-large enoughy,, is the unique solution to the equatiéyx, (1,,) = aa/L.

The prescription that we have agreed upon implies that omal@lfirst substitut@s <— §s as defined in{4.19).
Then, one computes tg" y-derivative aty = 0 of (4.22), this in the presence of non-operator valuedtfans
Os. In the process, one has tdférentiate in respect tp the functional# [y fs] and the arguments @s (1., ).
Using that/l(,alyzo = [q,, ONE arrives to

a—{ﬂ i) [ @b ﬂyfsl} - [ el [ Jermon > a8l 629
ly=0 M.

b=1 b=1 b=1 b=1 .,ns=0 j=1

The sum is truncated at most@t=m, j = 1,...,mdue to taking them™ y-derivative aty = 0. It is readily
verified that the{n;}—-dependent cdﬁcientsc{nj} [ fs] are regular functionals df with suficiently large constants
of regularity. It remains to impose the operator substituton the level of[(4.23%; — d,; with all differential
operatorsd,,, k = 1,..., s appearing to the left. It is clearly not a problem to imposehsan operator order
on the level of the polynomlal part of the above expressiordeéd, the regularity of the functlonai&

implies that these are holomorphic éna, ..., ¢s belonging to an open neighborhodd, of 0 € CS. Hence
[Tg_; 82} “Cin;) [fs], -0 is well-defined for any set of integefsy}. In fact, in all the cases of interest for us, the
neighborhoodVj is always large enough so as to make the Taylor series issoidtifie products of translation
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operators[_, e#0:(«a) [TT_, e99%0) convergent. Their action can then be incorporated by a fieitien of fs
leading to

ém = Z ﬂ{n_]j-!%}'c{ni}[g]kkﬂ (4.24)

with

fs (1) = fs () + Z 2(tb+(%[ to) {Z e (th, o) + Z vkt (to, Yk)} -
k=1

k=1

In this way, one obtains a (truncated to a finite number of $grsrdimensional Lagrange series. The procedure
for dealing with such series and taking their» +co limits is described in propositidn D.2. In the following) al
operator valued expressions ordered by should be understood in this way.

4.4 Resummation of the finite-volume Taylor cofficients

In order to carry out the re-summation of tHéeetive form factor expansion with the help of functionahstations
and generalizations thereof, we need to regularize theesgun for the fUﬂCtiOl’la@\N;y with the help of an
additional parametes. This regularization will allow us to represent it as a regdunctional that, moreover, has
a form suitable for carrying out the intermediate calcolagi

The parameter 8

It is easy to see that
i) [l o o -l (o1

We now introduce a prescription for taking te— O limit. When considered as a separate object fidR)

the functionalGy., may exhibit singularities should it happen that{e? W) — 1} = 0, cf ([@.5)-(438). Forly|
small enough, as it will always be the case for us, such pater@roes correspond to the existence of solutions to
Fs(1;) = 0. Forg e Ug, with

Upo ={z€C : 10R (Bo) > R (D) = R (Bo) and |3I (2] < I (Bo)} (4.26)

R (Bo) > 0 large enough and (Bp) > 0 small enough, there are no solutions of

n
Fﬁ(w‘ ?ZIZE ) =0 for weUs, thisuniformlyin 0<n<mand (8, {yal. {za}'{) e Ug, x UM x UD.
It is clear that the optimal value @f preventing the existence of such solutions depends on ftieh wiof the
strip Us and on the integem.

Hence, our strategy is as follows. We will always start ounpatations on a representation that is holomor-
phic in the half-planéR3 > 0, as for instancé (4.12))-(4]13). In the intermediate datmns whose purpose is to
allow one to relate the initial representation to anothes, ame will assume thag € U,;O. This will allow us to
avoid the problem of the aforementioned poles and repr@@mn terms of a regular functional that is moreover
fit for carrying out the intermediate calculations. Then¢®that we obtain the final expression, we will check
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that this new representation is in fact holomorphic in thi-plane R (8) > 0 and has thus a unique extension
from Ug, up tog = 0. As the same property holds for the initial representatoanh will be equal a8 = 0.

Having agreed on such a prescription for dealing withghregularization and treating thiee— 0 limit, the
effective form factor expansion-based representatiop@ﬁ(x, t) (4.12) can be simplified with the use of the two
properties below.

The functional G,
GivenA € R*, we define the compadt contained inJs:
Ka={zeC : |34 <5, |R4 <A}, (4.27)

and denote the open disk of radiuby Do, = {z€ C : |4 <r}.
As follows from lemmaA.R, give\ > 0 and large andh € N* fixed, there exists

e a complex numbeBy with a suficiently large real part and an imaginary part small enough
e a positive numbeyy > 0 small enough

e aregular functlona%A(B)

such that, uniformly in@& n<m, (y BoAtp, )]s A, } ) € Doz, X U,;O x KR x K7 one has

o ({Pal] "(ﬁ) {tpa) : {pa)] 1 1
QN”( )[yFﬁ £i6my| =4 [ ( {rng )7 )] i H(A’ {ﬂha}l) Zﬂ Hp, A=, - (429)

The = in the argument 0%7;’2 appearing above indicates the running variablélan which this functional acts.

The explicit expression for the functior@(ﬁ) is given in lemm&A.lL. The main advantage of such a repretsemta
is that all the dependence on the auxiliary parameters issub&ly contained in the functiod given in [4.28).
The constanyg is such that

{Yal] )

F 1

‘y ! (‘“‘ (za)}
The functlonalg |s regular in respect to the to the péiMy,, ¢ (Ka)) where% (Ka) in a loop inUs around
Ka as depicted in thehs of Fig.[1 andM, corresponds to the compact with one hole that is delimitedippnd

%out- This hole contain&a. Finally, the paramete;&) € C andyg > 0 are such that the constant of regulafity,
satisfies to the estimates

ﬂd(a M@Aa %(KA))
|a Mg, | + 27d(0My,, €' (Ka))

1 . . ~
<3 uniformly in (8. 1ya)]. (za)]) € Doz, x Ugy x KA x K} and 0O<n<m. (4.29)

A, (4.30)

where|8 MgAl stands for the length of the boundaiiy, andd(0Mg,, ¢’ (Ka)) > O for the distance 0¥ (Ka) to
OMgy,.

Similarly to the discussion carried out in sectlon 4.3.2 andording to proposition Dl.1, one has that, uni-
formly inn,pe{0,...,m}, andzj, yj, j = 1,..., mbelonging toKa:

oP ¥ . {Zj}T . n 50 ()5 () (')_p .
[H[ n )]Iy:O = lim {geg J j ayp%y;A [@:] ‘na;,: (4.31)

8_’)/p y;A {yl}l r—+o0

y=0
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The compacMg, has one hole. Hence, as discussed in seCfioh D.3 one hassid@otwo sets of discretiza-
tion pointsty p, p = 1 ,r +1forépnandtyp, p=1,...,r + 1 for €ou. The functionw, appearing in[(4.31) is
a linear polynomial in the variableg,p witha = 1,2 andp =1,...,r

r r

tp1 — T, t2p1— T2

@r(A ] {Ua,p}) = Z Mﬂl,p + Z MUZ,p . (4.32)
1 2ir (tLp - 2) 1 2 (top - A)

Finally, 92 (1) is a diferential operator in respectigpwitha=1,2andp=1,...,r

r r

— 1 0 1 0
) = — 4 — 4.33
Gar (1) p;tl,p_ T pZ;tz,p— Toms (4.33)

The functional Dy

One can draw a small logg,y: aroundKzq in Us as depicted in thihs of Fig.[d. LetMg be the compact without

holes whose boundary is delimited #¥.«. Then, giverL large enough, the function®y, as defined by (4l4), is
aregular functional (in respect to the pai§, Koq)) of yFz with g € Ug, and|y| < yo. The parametergy andyo
are as defined previously. This regularity is readily seewbing down the integral representation:

(w) ¢
va ) o
96 &yry(w) = j/L 2in J=L1....N (4.34)

which holds provided thdt is large enough (indeed then all's are located in a very small vicinity of the interval
[-q;d]). Therefore, according to the results developed in appddind outlined in sectioh 4.3, one has that,
uniformly ing € Ug, and 0< p,n<m

ki {pa})[ ( {upa}Q). : ]}
87'0{[) ({h }l YFB {:uha}?_ ’é‘ ’é:),Fﬁ ly=0

negls(ﬂpa) gls(ﬂha) ayp {D ( h }n)[yvs ,f fyvs]}‘ 0 ] . (435)

a=1 5k=0

= lim
S—+00

The functiond — vs (1) appearing above is holomorphic in some open neighborhoédah Mg and given
by

S (a-t) o
vs(A1sal]) = vs () = (B~ 1/ Z() - ¢ (1.9) + ; RS (4.36)
The parameters;, j = 1,..., scorrespond to a discretisationf (definition[4.2) of the loopéoy: aroundKyq in

Us that has been depicted in thes of Fig.[l. ¢; are some dficiently small complex numbers ait s (1) is a
differential operator in respect ig:

Tus(A) = —Z(ﬁ(tj’/l);- (4.37)
i=1 s
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We remind that the parametets appearing in the second line 6f{4135) through the exprag@ial) for Dy,
are the unlq@solutlons ta),, (1a) = a/L. As such, thely's become holomorphic functions ()gfa}l when these
belong to a sfiiciently small neighborhood of the origin {F.

Representation for the Taylor codficients

To implement the simplifications induced by the functiomahslations on the level @I(m) (%, t), we first observe
that all of the rapiditieg, andup, occurring in the course of summationfin (4.12) belong toriterizal [-A, ; By ]
with LE(-AL) = —w — 1/2 andLé(BL) = w + 1/2 (AL > BL). Hence, a fortiori, they belong to the compact
Koa_ . We can thus represent the smooth part functiongy%L. We are interested solely in tid" y-derivative

of @12) aty = 0. AsDy o y&™D andgﬂﬂ) _ [@] has no singularities around= 0, all terms issuing fronm
particlehole excitations witm > mwill not contrlbute to the value of the derivative. Hence, @& truncate the
sum ovem in (4.12) atn = m. Once that the sum is truncated, we represent the functﬂf}%a{DN %

Y 2AL}b/ 0
with the help of identitied (4.35) and (4]131). This leads to

Yyoy (e
=2
n=0 P1<- <pnh1< <hp a=1 EZ (/'l )
Pa€BS eB'm

om a
Lo (et}

(m)
P00 = fm Jim_ 1,

We have set
E2(1) = ™0 with  G(A) =Gus(A) +Tor (A) - (4.39)

Above, in order to lighten the notation we have not writtepliitly the dependence ofs, @, on the auxiliary
parametersy, 17ap NOr the one of_ (1) on the discretization indicesands. However, we have kept the hat so
as to insist on the operator valuednes&of We do insist that{4.38) has to be understood as it was diedus
sectior4.B.

Starting from representaﬂoE@B& o (X 1) can be related with the" y-derivative of the form factor like

representation of the functloﬁ]a}(N [yvs, ] given in [B.20). Namely, for such an identification to holaheo
has to extend the upper bound in the summation aieom mup toN + 1. This does not alter the result as it
corresponds to adding up a finite amount of terms that arediggdo the presence ¢fderivatives. Then, one
should use the identity

om {Paly g
W{D ({h }l)[)’Vs -év‘: é‘:)’Vs:I yZAL[ ] } y=0

's’p—o—ﬂap
{ M3 E2 (ua) T3, E? (da) = ( Pall
MY, B2 () TV E2 G e

Bllsiein] 0 1m0 | : @a0)

‘G p=0=nap

THere, as previously, the unigueness follows from Rouch@&srem. By writing down an integral representation.;fgr one readily
convinces oneself that, fersmall enough and given any fixeda, is holomorphic ing,};. It is also holomorphic iry belonging to some
open neighborhood af = 0.

"The latter is a functional ofs andg as discussed in subsect{on 413.2
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Just as itis the case for the parametgrappearing in the expression R, the ones appearing in the pre-factors
of therhsin (4.40) are the unique solutions 9,.(1s) = s/L. (4.40) is an expression of the type (4.22), and to
deal correctly with it one should implement a : prescription for the way the fierential operatoré,, or o
should be substituted in thias of (4.40).

With the help of identity [[4.40), one is able to force the appace of the product of functioB. whose
presence is necessary for identifying the sum over thegitiole type labeling of integers ih (4138) with the
functional 97X [yvs E‘Z]ly-o given in (B.20). This leads to the below representation:

Ma,p

(m am {HQ':T E2 (ua) «

pN;eﬂ.(x,t): lim Iimo<> Emw: —
po0 oo rove 0YM [N B2(1a)

N[yvs, E?] EZ(;B) [@r] . . (4.412)

4.5 Taking the thermodynamic limit

It is shown in appendikIC, theordm C.1 tlzﬁf)eﬂ(x, t) admits a well defined thermodynamic limit that we denote

pgf?(x, t). This limit is given in terms of a multidimensional analogefea (truncated) Fredholm series. This series
is close in spirit to the type of series that have appeared5rig3]. It is also shown in that appendix (proposition
[C) that it is allowed to exchange

¢ the thermodynamic limiN,L — +oco, N/L — D
with
o thed]' differentiation along with its associated operator subsbituti

¢ the computation of the translation generate@py,

the computation of the-dimensional Lagrange series associated @ith
e the computation of the —» +o0 ands — +co limits,
e the analytic continuation i from R (8) > By up to3 = 0.

The result of such an exchange of symbols is ﬂgé)t(x, t) admits the representation

q
oM (- = [Tixu()+g"(D)] yvs(A)da .
(m) T : ; : . 2() . o - 21 «»B) .
AR = Jim i 2 (B e Xoolrrs B2 42, ] }W-:O- 442)
This formula deserves a few comments. In the case of compleed functionE_, the functionalX_w|yvs, E2]
E

appearing in[(4.42) corresponds to a Fredholm mihar (B.34naintegrable integral operatdr+ V acting on
L2([-9;q]). The kerneVN of this operator is given by (B.85).
The subscripﬁfé"” in X, w[yvs, E?] refers to an auxiliary compact contour entering in the dédiniof the
E

kernelV. The parametew delimiting the size of this contour plays the role of a reguaktion. The limit of an
unbounded contmﬂféw) can only be taken aftarand s are sent to infinity and the analytic continuation up to

B = 0is carried out. Finally, if(4.42) also appears the furntak%y(f’z)w. It can be thought of as the thermodynamic
limit of the functionalf?;(;ﬁzzlv. Its precise expression and properties are discussed maéinl.

We also would like to stress that the paramg@iedefining the regioriJAJ'ﬁO from which one should carry out the
analytic continuation up t8 = 0 depends on\ as stated in lemma A.1. This dependence is chosen in such a way
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Figure 2: The contou%”éw) consists of the solid line. The conto%é‘”) corresponds to the union of the solid and
dotted lines. The localization of the saddle-poigtcorresponds to the space-like regime. Both contours lie in

U5/2.

that that the constant of regulari@y, for the functlonalgy(ﬂ) is large enough so as to make licit all the necessary
manipulations with the translation operators and gereadins thereof.

We stress that formula (4.42) constitutes the most imporesult of appendiXIC. Indeed, it provides one
with a convenient representation for the thermodynami wg.')(x, t). The latter constitutes the first step towards
extracting the large-distanceand long-time asymptotic behavior c,rfgf?(x, t). The proof of such a representation
for the thermodynamic limit is however quite technical aaadthy. It can definitely be skipped on a first reading.
Moreover, should one be solely interested in a "short pattextracting the asymptotics, we stress that formula
(4.42) can be readily obtained without the use of any coraf@itt and long computations. It is enough to take the
thermodynamic limit formally on the level of formula_ (414 5uch a formal manipulation leads straightforwardly
to the representation (442).

4.6 The multidimensional Natte series and asymptotics

Theorem 4.1 The thermodynamic limit of the Taylor g_‘ﬁelentSp(m)(x, t) admits the below truncated multidi-
mensional Natte series representation

i - Ao. A
(m)(x 0= om 1] Qoo [ (10) y e'X[U(ﬂo) “(q)]B[quo, p] Ao [)/qu] ©) ( o )
W N=ZXT)  (x— typ 4 i0+)DFQ] (x 4 tyg)DFe-al’ EANC

Acrenbrtdd( ) Embeeen(y )

+
(X—tvg + iOJf)[VFaq(Q)]2 (x+ tvF)[VFau(‘q"l]2 (X —tve + i0+)[7F3(Q)+1] (x+ tv,:)[ng(‘q)]2

—ixu H{EY (tu(@)); () [YFZ18BlyFE; pl © (z,) ) d'z
(q)ZZ Z f(w) . 24112 — 2g|{z'_}|;y( (2.} )(Ziﬂ)n}l .O (4.43)
’y:

1K gy G (X tVE + i0+)FZ@]" (x + tyg ) FEC)

There, we have introduced the notations

{4} = {zt , te J{R} D& = 1} , {L} = {zt , te ‘]{|Z} D& = —1}U{q} , |{4}| = #{zt , te ‘]{|Z} D& = 1} .
(4.44)
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Fo, Féo, Fq have been defined @35)and, in general, we agree upon

z
ﬁx@EFP‘Ej)= 20 S s+ Y ez . (4.45)
tEJ“i, IGJS(:)L

The functiongﬁ% is related to the thermodynamic limit of the smooth part effibrm factor. Its expression can
be found in(A.8). The functional®, A. and.Ay are given by

x 1qv’/lv = (v
e 1] (O GA(1+ v (@) GX(1 - v (-q) dE(70-T0) [

1@ [2qp (@) [20p (-o)] 2 (27) @9
where G is the Barnes double Gamma function,

%hm=i@fﬂ@mf*”®%—i—1’ zM@:a%igﬁﬂzﬁﬁ%JMﬂ

, (4.46)

Blv,p] =

[2ap @@\ @ Jear@ - 1= p
and
_ =29 (1-v(-q))[2ap(-q]* " _ in o o - q)\ 20
A_ [V, p] = mr( y (_q) ) e—2i7rv(—q) 1 and ﬂo [V] =€ 4x [V] (/l )( q) . (448)

The second sum appearing in the last line{@#3)runs through all the element%belonging to

n
Wn:{E:(kl,...,kn+1) kw1 eN* andkaeN,a=1,...,n such that Zaka+kn+1:n}. (4.49)
a=1

Once that an element &, has been fixed, one defines the associated set of trig}gts J

¢ ={(t1,t2,t3) ctrefl;n+1], t2e[1; ky ], t3e[1; t1—n5t1,n+1]|}- (4.50)

The third sum runs through all the elemetttstejm belonging to the set

t1 Kni1
8n(E) = {{Et}tdm g e{£1,0} Vte J{R} with Z =0 fort;=1,...,n and Z €n+lpl = 1} .
ta=1 p=1

In other words,&n(K) consists of n-uples of parameterslabeled by tripletst = (t1, to, t3) belonging to N
Each element of such an n-uple takes its valudsin0}. In addition, the components of this n-uple are subject to
summation constraints. These hold for any valug @fr t, and are diferent whether one deals with=1,...,n
orwitht; =n+ 1.

The integral appearing in thethsummand occurring in the third line q.43)is n-fold. The contours of
integration%e(tw) depend on the choices of elemente),i,(ﬁ) and are realized as n-fold Cartesian products of one-
dimensional compact curves that correspond to variousrdeitions of the base curﬁéw) depicted in Fig[R.

In the w— +co limit, these curves go to analogous deformations of the basﬂa%é“’). All these contours lie in
Us/2

The integrand Iﬁ )( {u(z)};{z:}) [v] is a regular functional ofv, that is simultaneously a function o’(zg)
and z with t running through the set g . This functional depends on the choice of an elereht ; i from Sn(k)
and on x. It appears originally as a building block of the Nageries (cf appendixB.5 for more detalls)
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We stress that all summands involving the functic@% are well defined a8 = 0. The potential singularities
present irgn(@ are canceled by the zeroes of the pre-factors.

Proof —

As a starting point for the proof, we need to introduce th@Wwedet of functions depending on the auxiliary
parametersy, by p, andby p. As it has been discussed in section 4.3.2, these functidhallew us to compute
the (functional) cofficients necessary for carrying out the operator substiiuiide set

E2(2) = e ™00 with F(A) = Tus(A) +Tor (1) , (4.51)
where
@‘15(4)=—ZS¢(tp,A)ap and @‘zru)=2£ + Zﬂ (4.52)
’ p=1 ' =1 tip—4 e top—A4

It is readily checked with the help of lemrmaA.1 and proposiB.3
that fory small enougty¥ given below is a regular functional of, @, andg:

q
= = — [ [+ 0] yvs(a)da N
?- [YVS’ g, wl’](Y) = E_Z(q) -e a x(ﬁéw) [st, E_Z] gy(’ﬁz)w[w'r] . (453)

In particular¥ [yvs, G, @, |(y) is holomorphic iny, at least fory small enough. In order to implement the operator
substitution, we have to compute the Taylor ff@éents of the series expansion ®f[yvs, 0, @, |(y) into powers
of byp, bop with p=1,...,r andap with p = 1,...,s. These Taylor ca#cients aresolelydetermined by the
functional ¥ [yvs, G, @ |(y) depending on thelassicalfunctiong (4.19). Therefore, one can uaay equivalent
representation fof [yvs, @, @ ](y) as a starting point for computing the various partial dérres in respect to
bj p orap. In other words, one can uaayequivalent series representaliidar the Fredholm mino)((ﬁéw) [yvs, E2].

Clearly, dtferent series representations for the Fredholm minor valll I diferent type of expressions for the
Taylor codficients. However, in virtue of the uniqueness of the Taylafficients, theirvaluescoincide. As
shown in [62], the Fredholm minor we're interested in adrfits so-called Natte series representation. The latter
series of multiple integrals is built in such a way that itegiva quasi-direct access to the asymptotic behavior of
x(géw) [yv, EE]. Itis thus clear that this is THE series representationithiiitfor providing the large-distangleng-

time asymptotic expansion of the two-point function. Welhus take this series representation as a starting
point for our calculations.

The first remarkable consequence of the use of the Nattessertbat the exponential pre-factor in front of
X(gém [yvs, E?] in (4.53) exactly compensatele one appearing in the Natte series (B.48). Once that firese

factors are simplified, one should take thi y-derivative of the remaining part of the Natte series regmegtion
B.48) for X_w[yvs, E?]%y@w [@]. One of the consequences of taking thi&-y derivative is that the Natte series
e ;

TOne natural representation that can be used as a startingfpotaking the derivatives is the Fredholm series-likgresentation for

X [yVs: EZ2]. In fact, it is this series representation that has been fegatie computations carried out in theroem]C. 1.
E
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given in [B.48) becomes truncatedret mdue to the propertii) of the functioner(]{;;t}) (cf appendiXB.b):

m

9 : oy O
G s @) = @il eio-oa { [wr]} XY giuen] ()

M ((BA) [yvs;u+ i0+] (BAL) [yvs;u+i07]
+ g@¥[u-0-u@] H(-a-5@ " @
Oy™ | xL-rrd-a)P o4 % 2l ] =0 ay 3 A+ (rvda)+1)? o] =0

Blyvs;u+i0" | Ap [yvs]
2707 (o) X - X¥¥&+AE-0) Tyom

4 e 0@-ixu(@) iz S ¢ [ feo=) :y {H({E‘)(u(zt) (22 v 220t 1009 | r]} Az

o
n=1 % En(lka) tedy) XYZVgQ)JrVZVg( Q) ly=0 (2I7T)

(4.54)

It follows from lemmaA.1, representation (BI50) and thelexipformulae for the functional8, Ay and A.
(4.48)-[4.48) that the functionals occurring [in_(4.54) alleegular €f definition[4.1). Moreover, as follows from
the previous discussion relative to the procedure of takitegd — O limit, at thIS stage of the calculations,
R (B) > O is large enough so that the constant of regula®igy, of the functlonalgy is suficiently large to be
able to apply proposition Dl.1 and corolldary D.1 (due to thinestes [(4.3D) foCy,,,, the constany occurring in
(G.4) is greater then 1 faw large enough, which is the limit of interest) to this funaib. propositiori D1 and
corollary[D.1 are also directly applicable to all functitsaf yvs in as much as, at the end of the day, one sets
v=0.

Clearly, there is no problem to implement the substitugn- d., andb; , = d,, , on the level of [(4.54) in
such a way that all the partial derivative operators appetine left of ally; , andg, dependent functions. The first
two lines in [4.54) will give rise to translation operatots. the case of the ultimate line ih{4]54), this operator
substitution will produce expressions of the type

5 5 e T e M}gﬁﬂ[ﬂm]”"ﬁﬁ[ﬂ el
Na,
Np=0nNg p=0 p=1 Np! dsy” p=1 a=1 (Na.p)! 92y 0 p=1 p=1 a=1 P
ﬂ (te)) _ Blyvs;u+i0* ] d"z
X aym {Hn;x ({U(Zt)} ’ {Zt}) ['st] ngq)+ygvg q) [ r] ‘ 70:0 (2|7T)n . (455)
Sp=Y=Tla,p
WhereQ andQ); , take the form
Qp ({Zt}) = ¢(tp, q) - Z Et¢(tp, Zt) and Q! p( Zt}) = — 2t (456)
tedy, tG-J(k)

One can compute thes — +co limit of such series of integrals by applying corol@ and observing
that‘ﬁg(tw) is a Cartesian product of a finite number of compact one difoeakcurves that are containedUify ;.
In fact, the result of this corollary allows one to carry ol toperator substitution i (4154) directly under the
integration sign. In other words, one is allowed to replgge < 01.s andQyr < Ty, directly on the level of
(4.54), this without pulling out the partigl, or 175 derivatives out of the integrals. Hence, one is brought to
computing the action of translation operators. The latéer lbe estimated by applying proposition D.1. Again,
there is no problem to apply this proposition either becauseompute then™ y-derivative aty = 0 (so thaty
can be as small as desired in the case of functionajs )for because the constant of regularity is large enough
for %(ﬁ As follows from this proposition, one can permute the pastiderivative symbols ay = 0 with the

TThis corollary can be applied Eé - Precisely because its constant of regularity is large enoug
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action of the finitesandr translation operators. It then remains to takerthe +co and thes — +co limits. As in
each case the convergence is uniform, the limit can be taikeatlg under the finite sum, compact integrals and
partial y-derivatives symbols.

Then, in order to compute thdfect of thes — +co limit we apply the identity[(4.15) (alscf appendiXx D.B):

n

— — n
lim [ [ @800 Z[yr] = F[yF,| with Fs(1) = Fy (/l’ iiiﬁ ) , (4.57)
a=1

valid for any regular functiona#, |y| small enough and,, y, all lying in Us. Here, we would like to remind that
Fs appearing above correspond to the thermodynamic limitefttieformed shift functiongf (2.11). Similarly,

H(‘ (zaly )] with H(/l‘ {Z""irln] )— 1 (459)

n
lim g2 (Z)-G2r(Ya) .cgB) 151 = ) -
r—+o0o0 %ZW[ r] ;2w {ya}g ey A—23 A—-VYa;

a=1

All this for ({za}] ; {ya}]) € KZ%. Then, by applying lemm@A.1 backwards, we get

® [u(.| %) )]: (@)( {za}E)
%Y;M[H( ‘ {Yal Gy yaly |- (4.59)

The functiongn(@ has been defined i (A.8).
Therefore, we obtain

PpM(x.t) = lim lim

6m 8 I:'}/Ealo’ u -+ |O+] ﬂo ['}/Ealo eix[u(/lo)—U(q)] (ﬂ) /10
W—+00 -0 9yM

=270 (o) X e Ee-gl” 7\ d
gx[u(-a)-u(@]

+ —~ 2 ~ 2

xrFata] +[1-FeY-a)]

(BA,) [yl?q’; u+ i0+]

1 Fa] +[R-ol’

(BA.) [yl?aq; u+ i0+] Q(fi( _qq )
B[yl?i*;u+ i0+]

m
®(0 —ixu(q)
“#(s) e b
or\ 0 2,2 2, Kz +[Fza)’

n=1 %, an({ka})(/(w)
Cet

<@ )| 6, ) ) s

(z_} (2i7T)n }|y;0 (460)

HereFZ (1) = FZ (1) +iBZ (1) andFZ has been defined il (4145).
Once that the functional translations have been computeglshould carry out the analytic continuation of
the expression in brackets frgéne Ug, up tog = 0 and then send to +co. For this, we recall that the functions

H{<) admit the below decompositioef((B:50)):

HUS U (2) ) (2)[yF2 | = A (P2 @) @) (z0) [ ] (4F21 @)™ [ (e—z‘"yﬁ?f(m—l)z. (4.61)
teJi) zie{z,}

It follows from the wayH,(f;i‘}) depends on the set of itstype argumentd (4.61) and from the expression for the
functional B [v, u] (4.48) andg@ (A.8) that all of the expressions one deals with contain tmakination

G?(1-yF% (-9))G?(1+yF2 (@) [ | (e-zi”ﬁ?f@t) - 1)2 dety, || + yVIFZ:, F2 ]| dety, || + yVIFZ, F2]]
zie{z }
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In virtue of propositior”AlL, the function appearing abosehblomorphic in(8,7y, {z:},{z-}) € {R (B) > 0} x
Doa x U Ul

The functionA{g! ((YFZ ()} (u(2)). 1z2}) is analytic in(y.8) € Doz, x Ug, (here¥p is chosen so that
|yﬁ§* (zt)| < 1/2 uniformly in the variableg;, t € J{k} belonging taUs), and integrable in respect to thg}te s,
variables. The remaining part gn@ has also the same properties. As the integrals are compagtiyorted
it follows that the whole expression appearing inside of'thig" brackets in[(4.60) is holomorphic ify,) €
Doz, X Uﬁo. As a consequence, thé" y-derivative aty = 0 can be continued up ®= 0. To get the value of the
analytic continuation at this point it is in fact enough to8e- 0 in (4.60).

The last step consists in taking the limit— +oco. This operation will result in an extension of the integati
contours from bounded on&ﬁw) to ones going to infinit)ffe(t""). Hence, one needs to check that the resulting
integrals will be convergent. Note that the functiB& (z) are bounded whenever or any of the variables
belonging to the sefz.} or {z_} goes to infinity. Also, the functio@ﬂ is bounded at infinity by a polyno-
mial in z; of degreen, this uniformly in respect tg-derivatives of order Q..,m. Therefore, as the functions
ﬁr(]{;;‘}) ({ﬁi’ (z0)}, {u (@)} { ) go to zero exponentially fast in all directions Wh@"é goes toco, the integrals

over% ™ are indeed convergent.
]

4.7 Some more conjectures leading to the dominant asymptas of p(x, t)

Under the assumption that
1. the Taylor serie§; >, pgf?(x, t) /mlis convergent up tey = 1,
2. its sum givep(x, t),
3. the multidimensional Natte series given below is corsetg

We get thaip (x, t) is obtained from[{4.43) by removing tg" y-derivative symbol and setting = 1. It then
remains to identify the cdicients in the first two lines with the properly normalizedrthedynamic limit of form
factors of the field as given il (A.46]), (Al47) arid (Al.48). Ghen obtains the below series of multiple integral
representation for the thermodynamic limit of the oneipkrreduced density matrix:

o , ix[ u(0)-u(@)] |Fo 2
p(xt) = \/ _ 2in , y P’ (10) (3'l : [73°| ——1]gisc0[ (40)
te (/10) — XFY (/10) [—I (X _ tVF)][FEIO(q)] [I (X + tVF)][qu(—q)]
~2ixpr |=—4|2 0|2
) 2 7 ) 7

[ - tve)] P00 i G w011 ety YO8 f (o g (P00

gixu Hr(1{'§<t})( {u(z)} {z )[FL]B[FZ*' ] dn
(q)ZZZSB(W) |({C;)+|1( ) Z

=1 Kn &n(K) (X = tve +i09)[FE @] (x4 tv) [FE ]’ @

(4.62)

It follows from the above representation and from conjesfiBir] that

Corollary 4.1 The reduced density matrix admits the asymptotic exparss@iven in subsectidn 3.2.

Proof —
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The proof is immediate as far as the multidimensional Nattées definingo (x,t) is convergent. Indeed,
then, the fine structure of the functioh{%{;i‘}) given in [B.51) implies that all the contributions stemmiingm
integrations are subdominant in respect to the first twoslime{4.62), this provided th4F§* (iq)| < 1/2 for
all configurations of variables ifz.} that belong tq g, =q}. This condidtion is not satisfied, especially{i, }|
becomes large. One should then invoke conjedfuré B.1 gtdtat, in fact, higher order oscillating terms in the
representation (B.51) fdl‘lr(]{;it}) are more dampen than it is apparent from the surin (B.51)s iBhénough to
show that, indeed, the ftierent type of higher oscillating tems stemming frb’fﬁi‘}) are subdominant in respect
to the first two lines of[(4.62). Actually, in this way, one oers the whole expected tower of critical exponents
for the terms corresponding purely to oscillations at ietegultiples ofu(q) — u(—q) as predicted in[2] on the
basis of CFT-based technique. [

Conclusion

In this article, we have continued developing a new methtmivalg one to build two types of series of multiple
integral representation for the correlation functionsneégrable models starting from their form factor expansion
One of these series which we called the multidimensionateNsgries yields a straightforward access to the
large-distanc#ong-time asymptotic behavior of the two-point functiots this way, we were able to extract the
long-timelarge-distance asymptotic behavior of the reduced densityix for the non-linear Schréodinger model.

In order to provide applications to physically pertinenses, the method we have developed has to recourse
to a few conjectures. The first one is relative to the convezgeof the series of multiple integrals representing
the correlators. This conjecture is supported by the fremifen case, where the convergence is rather quick,
especially in the large-distanteng-time regime. The second conjecture concerns the kpligsof using an
effective series instead of the one appearing in the form faetgpansion of two-point functions. Both series have
been assumed to have the same thermodynamic Npnhit— +oco0. This conjecture is supported, on the physical
ground, by the argument that sums over states whose ensrgiksas some power of the system-size ought to
give a vanishing contribution to the sum over form factorsethat the thermodynamic limit is taken. It would
be very interesting and important from the conceptual pointiew to prove these two conjectures in the case of
models that are away from their free fermion points.

However, we do insist that we have organized the analysisigh & way that all of the aforementioned
convergence issues are separated from the asymptoticseanprt. Therefore, all the part of this work related
purely to the asymptotic analysis is rigorous. Moreover,deeexpect that the scheme of asymptotic analysis
we have developed can be applied in full rigor to many caseshndre free of convergence issues. We do also
stress that, for the moment, the proofs of convergence mdssef multiple integral representations for correlation
functions of models away from their free-fermion point danegeneral, an open problem. Apart from very specific
representations related to the spif2 XXZ chain, the proof of convergence of a series representér two-point
functions could have been carried out only in the case of tree Yang model by F. Smirnov.

We have chosen to develop our method on the example of thpamiele reduced density matrix in the non-
linear Schrédinger model. The case of the current-to-atircerrelation functions in this model will appear in
[65]. It seems however that the method is quite general aplicaple to a vast class of integrable models where
the form factors of local operators are known. In particutashould be applicable not only to lattice models where
the form factors admit determinant-like representatidas/53/ 61, 73] but also to integrable field theories where
the form factors of local operators can be computed throhghrésolution of the so-called bootstrap program.
For instance, the method seems applicable to the analysirtafin two-point functions (and their short-distance
asymptotics) in the sine-Gordon model whose form factove lieeen obtained in [8L, 82]. In the latter case, we
expect to deal with some multidimensional deformation ef 8 Painlevé transcendent, a new type of special
function whose description and asymptotic behavior ig@sing in its own right.
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A Thermodynamic limit of the Form Factors of conjugated fields

A.1 Thermodynamic limit of form factors

It has been shown in [64] with the help of techniques intredlin [46/ 78] that the normalized modulus squared
of the form factor of the conjugated field taken between tlvaigd state/la}’l\‘ and any finiten particlghole type
excited statéyu,,}\'** admits the below behavior in the thermodynamic lifj. — +co, N/L — D

o )| @' 000w () (1) (Pl (1,7 InL
o (e o PoulFol RN’”( ol )[ ]Q(no)l({zp} )(l O( - )) A

Above, Fg corresponds to the thermodynamic limit of the shift funetassociated to the excited state of interest
(atp = 0). The auxiliary parameters &%, are undercurrent by the various functionals appearing @bdhe
parametergy are defined as the unique solutiong{@,) = a/L.

The discreet part

The first two functionals appearing in(A.1) correspond ®l&ding inL behavior of the so-called singular part
Dn[Fic.. &ie.)- €] Of the form factor, namely

SN( iﬁ: )[F (¢a- €10a)-€] = Do [Fo] RN,n( }ﬂpa}}l {{EZ} )[Fo] (1+O(In|_L)) : (A-2)

Given any functionv(2) holomorphic in some neighborhood [ofq; q], one has

q
V() v()—v'()v(A
3 [ LD gy,
-q

Doy [v] =

o PRY: (=
[%[v] (- q)v(q):‘2 n(ﬂm ,Upa) qG*(1-v(-q)G*(2+ (@) /x (A3)

[ [v] (O] AN+1 — Hh, (2r) @9 . [2q ng(q)](V(Q)+1)2+v2(—Q) .

The parametefy, 1 appearing above is defined as the unique solutidréfdAn,1) = N + 1, % [v] (1) is given by
(4.47) andG stands for the Barnes double Gamma function. Finally, weeagpon

n 2 2
RNn( {/Jpa}l’ )[ ] = {w(,uha,#ha)w(#pa,#pa)e"[v](“pa)} i Ynettn)e” Gien) deﬁ[ ! ]
{kng}7 4 (1 pas g ) (g g ) E¥1 (1) ﬁ 92 (ipg» tihy) °

Xﬁ(sm[ﬂv(,uha ) ﬁrz( Pa— N - 1+v(,1pa) Pas N +2—hg—v(un,), ha+v(,uha)).

5 -~ N-1, pa+v(up,), N+2-h,, hy

(A.4)
There

q
- A L) () - v (w) o Ak
N[ (@) = 27 (w )In( " _q))+2_[ oM and s =2l as)
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Above, we have used the standard hypergeometric-typesemtagion for products df-functions:

ai,...,an " T (ay)
F( bi,...,bn)=l_[—- (A.6)

Description of gn(ﬁi

In order to give an explicit representation @[@ we need to introduce a few notations. First,Agtcorrespond
to the thermodynamic limit of tha-deformed shift function associated to the choice of thediags {u,} for the
particles andun,} for the holes. The auxiliary arguments of the shift functiwili be kept undercurrent. Also, let
m e N andU; be the open strip (2.15) arouid

Then there exist$p > 0 small enough andy € C with R (3p) > 0 large enough and (8p) > 0 small enough
such that

@) _1£0 uniformlyinn=0,....m and (y,w.B,{up,}]. {un,)]) € Doz, xUsxUgyxUTXU] . (A.7)

Let all parametersn,, a = 1,...,n belong to a compady,. > [ —q;q] for somee > 0 and let¢y.. be a small
counterclockwise loop around this comp#g, ., theng@ admits the below representation

Qn@ ({ﬂpa}g) _ e—2iﬂ€§iC[7Fﬁ] (qr+eic) ﬁ { ph, — 0 + eic e27CLyFs] (una+eic) }eCO[)’Fﬂ]

AR LI i, =g+ eic nclrFal (uparec)

o [T Yt — O, it 20 0l [+ VI Pl dete [y VI oFel]
apo1 (Hpa = Hp, =€) (ktn, = thy, = iC) def [l — K/2x] S
ThereC[F] stands for the Cauchy transform pag; q] andCo[F4] is given by a double integral
q q
du Fp (1) Fs (4) Fp (1)
ClFsl(1) = | =——— and ColFs] =- | ——————=dadu. A9
[Fsl (D me,u—/l ol Fy] o (A —u —ic)? a (A-9)

The integral kernels/ andV read

VIvplw.o) = =

w-q 1" (‘” —H F’a) (@ — pin, +1C) . Cl2im](w)-Cl2im](w+ic) K(w-w') (A.10)
2nw—q+ic ] ’

(Cl) - /Jha) (a) — Mp, T+ IC) e2inp(w) _ 1

and

Vv, plw, ) = — - :
el o= L @) o) el -1

n _ _ —q ’

-1 w-q {(‘“ '“pa) (@ — pn, 'C)} . Cl2im(@)-Cl2imv] (w-ic) K (w - ') . (A11)

The representatior (A.8) is valid for= 0,...,mand (%,3, {tp. )7 {,uha}T) € Do, x Ugy x U x Kg,. and
defines a holomorphic function of these parameters belgngithis set.

It is also valid aty = 1, provided thatR (8g) > 0 is taken large enough for conditidn_(A.7) to be fulfilled at
vy=1

Finally as follows from proposition_Al1 given below, the drat DO;L[Fﬁ]RN,n[Fﬂ]gg is holomorphic in
RB > 0, and can thus be analytically continued frﬁl"/g}) up toB = 0. Itis in this sense that the formula_(A.1) for
the leading asymptotics in the sikeof the form factors ofb" is to be understood.
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Proposition A.1 [64]

Let me N, § > 0 small enough define the width of the strig BroundR and ({upa}g; {tn, } ) e U x K3+E,
wheree > 0 and the compact ¥ is as defined b{@.27)

Letv, h andr be holomorphic function in the stripgaroundR and such that §Us) c {z : R (2) > 0} and
I (h(2) is bounded on k. Setvg (1) = v (1) +iph(1).
Then, there exists

e Bp € C with R (8p) > 0large enough and (8p) > 0 small enough
e yo > 0and small enough
e asmall loop%g,. c Us around the compact &

such that uniformly i € Ug, the functiond > e2mC+W _ 1 has no roots inside oFy... In addition, the
function

(Ikpa) fana )3 7.8) - G (L= y7 (- Q))G(2+7T(Q))]—[ e 2mline) — 1) - detg, [ + vV [yr. yvs] (tpa) . ana)))
(A.12)

is holomorphic functions in PIx Kg, . X Doz, x Gﬂo, this uniformly in0 < n < m.

It admits a (unique) analytic continuation tofk Kg, . x Doy % {zeC : R (2 = 0. In particular, it has a
well defineds — O limit. TheB — 0O limit of this analytlc continuation is still holomorphic ifiup, )7, {un)7) €
Ul x Kg

O+e”

In (A.12) we have insisted explicitly on the dependence efittiegral kernefl’ on the auxiliary parameters
({pa}ys {un}7), cf (BI0). The same proposition holds when the keriek replaced byV as it has been defined

in (A.11).

Alternative representation for gn(ﬁi

It so happens that the smooth part of the form factor’s asgtigstadmits a representation as a functional acting
on a unique functiond. More precisely,

Lemma A.1 Let me N and the strip U be fixed. Let A- 0 be some constant defining the size of the compact K
(@.Z1) Then, there exists &,m dependent parameters

e Bp € C with R (8p) > 0 large enough and (8p) > 0 small enough
¢ yo > 0 small enough
such that uniformly ini{ya}g, (za)]) € KR X KR, Iyl <%, 8 € Ug,andO<n<m

Walt) _ @ {ya}E)] - (‘{ya}g):” 11
A taRAL (‘{za}” with (A o )= T (A13)

1 a=1

The functlonalgy(ﬂ) acts on a bounded loof” (Ka) ¢ Us around the compact K The functlonalg(ﬂ/i [@] is
a regular functional (cf definition 4l1) ab in respect to the paifMy,, ¢ (Ka)) where the compact M has its
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boundaries given b¥o,t and 4, as depicted in the rhs of Figl 1. For air € & (Mg, ) such that|@|l4 k) < Cx,,
where G, is a constant of regularity of the function@ly@, one has

gy(;ﬁ,l (o] = ColrGr] 1—[ exp{ - é%w(z) {2inC [yGy| (z+iec) +In(z-q+ ieC)}}

= %(Ka)
xexp{ 56((21:/:)22@ W@ @In(z-—y-—ic) }

) dety, [I +yY [yGﬁ, ¥Gg, w” dets, [I +yV [yGﬁ,yGﬁ, w]]
%(Ka)

def [l - K/2r] exp{2in % ClyGsl(q + iec) |

(A.14)
In the above formula, one should understanglas a one parameter family of functionalswmfgiven by
. dz
Gg (1) = Gplw] () = (iB-1/2) Z(2) - ¢ (1,0) - 56 5T @) . (A.15)

% (Ka)

In the second line offA.Z25) there appear Fredholm determinants of integral operatarrey on a contouréa.
The contouréa corresponds to a loop arourfd (Ka) such thatéa c Us. The kernels read

1 w-q dz w-1Z Cl2inv] (w)-C[2i ic) K (w—0o)
Vv, p, W) = . : | (—) . oCl2inv](w)-C[ Inv](w+lc)— A.16
[v, 0, @] (w, W) P —w—q+|ceXp{ Sg—zlﬂw(z)n w—z+ic } € e2np(w) _ 1 ( )

and

n_~1 w-q dz w-1Z Cl2im] (w)-Cl2imv](w-ic) K (@ — @)
Vv, p, w](w, ') = T—— eXp{ 96 2i7Tw(z) In (w —5= ic)} € G 1 (A.17)
% (Ka)

The A, m and-dependent parametefy andyo and the compact®” (Ka), My, are such that the constant of
regularity Cy, satisfies to the estimates given(#h30)and is such that one has

¥ ll@llskn < Con  [[70Gs [w]HU5 <1/2 and [Hllg, < Cg uniformly in ({ya}g, {za}g) e KA xKh .

Proof —
We first check tha%y(;ﬁ/l is a regular functional.
e Gg[w] is aregular functional as it is linear sxr and%¢ (Ka) is compact.

e the estimatee* — €| < d¥*M|x — y|, majorations of integrals in terms of sup norm and derivatinder the

integral sign theorems ensure that all of the exponentefactors in[(A.2b) are also regular functionals of
w.

The associated constants of regularity can be taken asdardesired. It thus remains to focus on the Fredholm
determinants. For this let us first assume that we are abliekalpe contourséyyyin delimiting the boundary of
the compacMgy, in such a way that there exists

BoeC and 7 >0 suchthat &C[@tVIW _120 v(4,y,875) €UsxWyx Tg x Doz, (A.18)
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this for any holomorphic functiomr (4, y) on Mg, x W, W, ¢ C%, that satisfiefiwllgkxw, < Coa-
If this condition is satisfied, then the integral kerngt§ [yGﬁ,yG,;,w](w, «') andy ¥ [yGﬁ,yGﬁ,w](w, w')
are holomorphic inv, w’ belonging to a small neighborhood 6k andy € W,. The contouréa being compact,

the two integral operatorg’V [yGﬁ,yGﬁ, w] andyV [yG,;, vGg, w] are trace class operators that have an analytic
dependence ope W,
Recall that ifA, B are trace class operatotif|l{ stands for the trace class norm) then

|det [l + A] — det]l + B]| < ||A - Bj|, &Al+lBl+1 (A.19)

Also [76], if A(y), y € Wy, ¢ C%, is an analytic trace class operator then[tlet A(y)] is holomorphic or\,
These two properties show that, indeed[in (A.25), the tvemlRolm determinants of integral operators acting on
the contouréa are regular functionals af.

Hence, it remains to prove the existenceypfand By such that condition[(A.18) holds. Given(4,y) €
0(Mg, x W), the functionw ~ e#™%1@1@) _ 1 has no zeroes provided that

FoGslw(= NI <1/2  and I (Gglw(+ )] (1) >0 uniformly in (1,y.8) € UsxWyxTg, . (A.20)

One has that, fg8 € Ug,

. d
3 (Gsl (0) > % (80) Inf (% @ (DI-(S (o) + 12| @], ~luz—llhecpens i (95)5 62 .
7

Hence,J (Gg [@] (1)) > 0 as s00n agwls(kxw, < Co, With

1
Co=fesw § Zowant {xe jnf (% @I- G G0+ 125 @y, - Ioie] - (A21)
AEUJ%& e €ls

Here'R (Bo) > O is taken large enough f@y, as defined above to be positive. Theﬂldﬂkg(KA)xwy < Cy, with
Cy, as given above, one has

d
SL:JP Gs[@(+, )] ()| < (10K (Bo) + I (Bo) + 1/2)11Zlly, + li¢llyz + el (k) fllJJp % ¢ (2, 2)|
CQ)EEWS oK)
< (11K (Bo) + 28 (Bo) + D lIZlly, - (A.22)

Hence, if we takéx‘al = 2(11R (Bo) + 23 (Bo) + 1) 1 Zlly,, the condition|yGﬂ [w]| < 1/2 will be satisfied for all
lyl <yoandB e Uﬁo. It remains to tunéR (Bp) so that conditions

(Mg, € (Ka)) A 2m

Cyp - >A and -0
P 1oMg,| + 22d(0My,, % (Ka)) d(Ka, € (Ka))

Cy, . (A.23)

are satisfied.

One can always choose the conto@ig,yin definingdMgy, in such a way that @My,, ¢ (Ka)) > c this
uniformly in A>0. These contours can also be chosen such that there existindependent constani with
|a MgA| < ciA. ltis also clear that the conto# (Ka) surrounding the compadfa can be chosen such that
| (Ka)l < CA for someA-independent constamp and also (Ka, € (Ka)) > €. It is then enough to take
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R (Bo) > Cs,A% with ¢z, being properly tuned in terms @ c’, ¢, ¢; so that conditionsT{A.23) hold for an
suficiently large.
Note that the second condition [n (A]23) guarantees thduttetionH as given in[(A.1B) satisfigifH|4(x,) <

Cy, uniformly in the parameterfdup, )7, {un,}7) € K& x K.

Having proved thaf?(ﬂ) is a regular functional with a regularity constady, > O suficiently large, we can
evaluate it orH. Then, |t is readily seen tha&z [w] (1) coincides with the shift functiofrz once upon taking
@ = H as given in[(A.1B). All other integrals involvingr = H are computed by the residues.gt andun,. All

calculations done, one recovers the representdtion (r8hé functlorgn) We stress that the parametggsand
Bo ensuring the regularity of the functlor@(;ﬂg are also such th@ n.y IS well defined due to conditions (A.R(8.

Regular functional for §N;y

A very similar representation to the one given in the presimma exists for the functionaN;y.

Lemma A.2 Let me N and the strip U be fixed. Let A- 0 be some constant defining the size of the compact K
(4.21) Then, there exists A, m adedlependent constants

e By € C with R (Bg) > 0large enough and (8y) > 0 small enough,
e Yo > 0 small enough,
such that for L large enough and uniformly (i, 17, {un,}7) € K& x K3, [yl <7oand0<n<m

o (o - | 2

HMhatq

n

with H(/l’ thpaly ) . (A.24)
;/l ,Upa A= pn,

The functlonalg ) acts on a bounded loo” (Ka) c Us around the compact K The functlonalg )[w] is
a regular functlonal (cf definitiof_411) ab in respect to the pai{Mg,, ¢ (Ka)) where the compact M has its
boundaries given b¥,,t and¢i, as depicted in the rhs of Figl 1. For att € &' (Mg, ) such that|wll4k,) < Cep,

where G, is a constant of regularity of the function%:(ﬁA),

71 = Wil (2 )] Teo{ = Gz @ (-n(drGol) @+ i)

€(Ka)
dydz ' dets, [I + y% [yGﬁ,yGﬁ, w]] dety, [I + YN [yGﬁ,yGﬁ, w]]
xexp{— 56 - s@ (Y) @ (9 In(z—y-ic) } — —_ -
L (@m det.a [50) [£]] dew [EW[&6, ] T Vi [yGsla] | Gan-1)
(A.25)

In the above formula, one should understang & the one-parameters family of regular functionalszofis
defined by(A.15). We did not make the functional dependence pbGw explicit in (A.25). The functionals W
and \4\, have been defined {@.6). We have added thgGg] symbol so as to make it clear that the parameters
{ﬁa} entering in their definition are functionals G through the relatiomy = 1 (a/L).

In the second line offA.25) there appear Fredholm determinants of mtegraf operatarsrg on a contour
%a. The contouréa corresponds to a loop arourtd (Ka) such thatéa ¢ Us. The kernels read

— "N 1 W — UN+1 dz w-—17Z VN;]_[V] (a)) K (w w’)
e i =T exp{ $ gro@n(s2 ic)} Vol @) ez —1 A20)
€ (Ka)
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and

iN[v,p,w](w,w,):—_lwexp{ Sg%w(z)m( w—zic)} VneiD] (@) K (@ - o) ) (a2)

21 @ = piNs1 — IC w-2z- Vol (w)  e@mle) —
% (Ka)

The constant of regularity £ satisfies to the estimates already giverf4B0)and is such that

V llollyn < Con |[70Gs [w]”U <1/2 and [Hllg,) < Ce, uniformly in ({,upa}l, {tn,} ) e KAx KA.

Proof —

The proof is very similar to the one of lemfaA.1. Hence, we @plecify that for_-large enough, and as soon
as conditiodyGﬁ [@] (/l)| < 1/2for all 1 € U; is satisfied, the parametetg are seen to be regular functionals of
w thanks to their integral representation

dz f;eﬁ[w](z)
ol = é : __ A.28
/lj [ ] 2ir fyGﬂ[w] (Z) - J/L ( )

q

All other details are left to the reader. []

A2 Specific values of the functional&Z*, and 4

In this subsection, we estimate the value of the functi&y@ [w] for a specific type of functiorw. This result
will play a role later on.

Lemma A.3 Let the functiorv (1) = v(4 | {zk}Q,{yk}Tl) be the unique solution to the linear integral equation
driven by the resolvent R of the Lieb kernel(lie- K/27) (I + R/2r) = 1):

n+1

V(1) + yfzﬂRu P (@) =(8-1/2Z () + ZW 2) - Zw i) - (A.29)

Let A> 0 be large enough and such thii ] . {yi}T™) € K3 x K21 Letfsy € C and¥, be the two numbers
associated to the constant A as stated in lernmé A.1. Thenndgfin

n+1

q
~ 1 < yv (1)
@) = ;A—ya 1-q ;/1 Za J - T)2d (A-30)

the below identity holds

n n+l

[1TT (0o~ 2% ~10) (Za = Yo~ i) dep o1 +yVie [v]] dety [5kg + Wi [yv]

G (@] = —ic-== A.31
yalo] el o _ def [l - K/21] (A3
[T (Ya=Yo—ic) [l (za—2—ic)
ab=1 ab=1
The non-trivial entries of the two determinants are giverfaf). The auxiliary variableg{z}}, {yi}7*) on which

these entries depend are undercurrent by the set of auxiiariables on which depends
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Proof —
The functionv is bounded on the strigs. As a consequence, the associated functidd.30) is also bounded
by anA independent constant. The estimales (4.30) for the cdn:a‘te&guIarltychA for the functionat¢®) - €nsure

that there existé large enough such thtollx,) < Cy, uniformly in ({z}], {yi}7+1) € KA x KR, Thus,%ﬂ [@]
is then well definied.
A direct calculation leads to

n+l n

dz w-12 _a)—qiiC W —Ya w - Zﬁ+ICC2lnv(w+|C)C2lnv(w)
exp 96_—w(z)|n (F) = l—[ n [2imyv] [2mr] @) (A.32)

2in +ic w—q w—Yaxic w -
%, a=
A

By using the linear integral equation satisfiedvbgnd the representation (A]15) we get that
Ggl@] (1) =v(1). (A.33)

As a consequence, the kern€land¥ simplify

n+1

n .
W—VYa l—lw—4+lc K(w-w)

4 [yGﬁ [@].7Gs[@] ,w] (@, o) = g w-VYaticll w-z 2r(e?m 1) (A.34)
and
— , i - Va THw-za-ic K(w-o)
7 |yGsl@] 1G] . @] (w. ) = - n " 1_[ o @D (A.35)
a

The associated Fredholm determinants can now be reduceutéedize determinants by computing the poles
atw = zzwitha = 1,..., n (by definition ofyo andgo, sincely| < ¥o andg € Ug,, there are no poles of &) -1

inside of%a).
This leads to
dets, [| +77[Gsl@],Gyl@] @] = deh sk +yVie [y](12a)] (ya)1™)] (A.36)
det [1 +97(Gs (@], Cplw] @] = deb|dic + Vi [rv] (1za)h val])| (A.37)

The claim then follows once upon applying the identity

n n+l
[T [T (Yo — za - ic) (za = Yb — ic)

—ic n‘i:llbzl - = exp{— C;ydzzw(y)w(z)ln(z—y—ic)}
ML Oa=Y=ic) T (za=2-ic) i

Lol ~2r % C[yGpl=]] (a+iec) 1—[ p{ - 96—13 (2 {ZmC [yGﬁ[w]] (z+iec) +In(z—qg+ Iec)}}
e %(Ka)
(A.38)
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Lemma A.4 Lety be small enough and L large enough such gk (u) is the unique solution to the non-linear
integral equation

N+1 n+1 N
WW=GB-1/DZW - ¢(Aa) + ) ¢(hpa) = D ¢(AYa) = D, ¢(1,1a) (A.39)
a=1 a=1 a=1

The parameters, appearing above are functional of-) through the relatior¥,,,w (1a) = a/L, ua are such that
¢ (ua) = a/L and the parametersye U2 are arbitrary. Finally, L is assumed large enough so thatgtameters
({#a}1N+1, {Aa}Y, {ya}Tl) of the2N + 2 + n-uple belong to Kx . Then, giverBy andyg as in lemma&Al2, one has
the identity

1y {1 11 (- . - ic) (%, - yo - c)
gA(é)AL[H (*‘ {%/ }} 1L{Jy{3’\‘}?1 )] = -ic i_l = N _ def:s [E(ﬂ) ]detﬁ [ ()f (L)]]
H:( —Yp —icC) ll(ﬂia_/lib—'

x deh o + Wielv O ()5, yaly™) | det [sie + PWielyv O] ()5 yali™) | (A.40)

Proof —

It has been shown in propositién 0.3 that fer small enough andl large enough the solutior™) to the
non-linear integral equation occurring in ttres of (A.39) is unique and exists. Moreover this solution is ided
on U by anL-independent constant.

As discussed in the proof of lemraA.1, the cont@l(K,4, ) can always be taken such that, uniformlyLin
d(é(Kaa, ), K2a ) > ¢ > 0 for some constart. Hence, the principal argumenbf H is uniformly away from the
compactkKza, where the auxiliary arguments bf are located. As a consequence, it follows from the expraessio
for H and the estimates for the spacing between the parametarsi 1,

— Ao = 2myv" (ua) / (LP'(ua)) + O(L72) . uniformly ina=1,....N (A.41)

that||H||<g(K2AL) is bounded by ath-independent constant, this uniformly inlarge enough. In particular, far
large enough, due to the estimates (#.30) for the con€lant of regularity forgyA@L, we get that|H|l4«k,) <
C%AL. One can thus acts with the functior'i%x;f’;;)AL onH. A straightforward residue calculation shows that

H (*‘ Q/a}Tl U {/la}lN )] — V(L)(/l) ) (A.42)

G
g ()7 U ()

This means that all tha, appearing in the expression (Al25) for the functioé%ﬁ‘gAL [H] coincide with the
parametersl, defined above. The claim of the lemma then follows from shiigward residue computations

and multiple cancelations. The Fredholm determinantsaeda finite rank determinants that can be computed
by the residues ab = 4;,,a=1,...,n. [ ]
A.3 Leading asymptotic behavior of one particlgone hole form factors

We now build on the formulae for the leading asymptotic b&raef form factors so as to provide, properly
normalized in the size of the model, expressions for theskargimit of the form factors of the fields between
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the N-particle ground state ard + 1-particle excited states corresponding to one hole at bifeecends of the
Fermi zone and one particle either at the other end of the iFsne or at the saddle-poini of the function
u(4) given in (2.14). Such thermodynamic limits of properly natired form factors appear as amplitudes in
the large-distangldng-time asymptotic expansion of the reduced densityimalhe explicit expressions that we
write down will allow for such an identification. We do strakat all shift functions appearing below are taken at
B = 0. The fact that (A.46):(A.48) are well-defined in this lirfotlows from propositio A.IL.

In the following, let{1} = {/la}lN stand for the Bethe roots corresponding to the ground stateeiN-particle
sector. Lel{ug} = {ﬂ8}1N+1 stand for the Bethe roots corresponding to the ground state{N + 1)-particle sector.
Taking into account thafg stands for the thermodynamic limit of the correspondindt $ainction cf (3.3), we
define

7 = m

N,L—>+c0

( L )[Fg(q)+1]2+[Fg(—Q)]2 ‘<l//({ﬂ8}) ‘ 07(0,0) ‘ l//({/i}» ? (A.43)

o G RECY

Similarly, given the setyaq} = {,uaq}i”l corresponding to a particle-hole excitation such tfyat= 0 andh; =
N + 1, we denote bF;q the thermodynamic limit of the corresponding shift funnti (3.5), and define

((lea™) |0 [u(1) )2

7 = i o] - o)

N,L—+o0

( L )[Fa“(q>]2+[Fa“(—q>—1]2 (A.44)

21

Finally, given the setyé } = {,uq }N+1correspondlng to a particle-hole excitation such tmat N + 1 and
Hp, = Ao we denote b)FéO the thermodynamic limit of the corresponding shift funotef (3.5), and define

(w(tug®))| @70, 0) |u(ta) )2

= g () ws
= m — .
T Nl 1) - et
By using [A.1) and expressiorls (A.3)-(A.5) we are lead to
74 = zﬂs g o [Pl B(F p]g“”( )exp{ (IFe-a I —[Fé°(q)]2)}, (A.46)
739 = A% p| B[Fs°. ]g“’)( qq) exp{iZ (IFa'(-a) - 172~ [F%a) )} . (A47)
and finally
70 = A, [FO. p| B]FY. p]g(o)( ) exp{ig([Fg(—q)]z—[Fg(q)+1]2)}. (A.48)

The functionalsB, A. and Ay appearing above have been definedin (4.46), (4.47)and)(4.48

B The generalized free-fermion summation formulae

In this appendix, we establish summation identities alhgrne to recast the form factor expansion of an analogue
of the fieldconjugated-field two-point function that would appear inemeralized free fermion model in terms
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of a finite-size determinant. The representation we obtairstitutes the very cornerstone for deriving various
representations for the correlation functions in the exd&ng case. In particular, it allows one for an analysis
of their asymptotic behavior in the large-distafiaeg-time regime. We first establish re-summation formulae
allowing one to estimate discreet analogs of singular naleg This will open the way for obtaining Fredholm
determinant like representations out of the form factoetdasxpansions.

B.1 Computation of singular sums

Let¢& stand for the thermodynamic limit of the counting functi@g) andE_ be a non-vanishing and holomorphic
function in some open neighborhotl} of R such thatk (In E:z) has, at most, polynomial growtle

|‘R [In EZ2(1) - iCl/lkH <G, |‘R (i/lk‘l)|+C3 , forsomeC;, C,, C3eR* andk>1 uniformlyine Us.

(B.1)
The neighborhoodl; is always taken such thétis a biholomorphism ot
In the following, we study the below singular sums over the{sg:
SﬁL)[EZZ] 1) = Z B (ua) - with u, being the unique solution t©(u,) = a/L . (B.2)
21L&’ (ua) (Ha — )

acBL
The summation runs through the gt = {a€ Z . —w_ < a < w_} wherew, is somelL-dependent sequence in
k-1
N such that. = o(w) and(wg - L™})" " = o(L).

Proposition B.1 Let N be a compact neighborhood pfq;q] lying in Us, then under the above assumptions
and provided that L is large enough, one has, uniformly i N

SY[EZ| () = f g—fr E2() + 1S[EZ?| () (B.3)
GokL
du EZ2 . EZ?
SPY[E?| (1) Eﬂ ﬂ—_(’;) — i eZiﬂL;(A(f)_l + 11P[E2?] () (B.4)
GokL

0 (dE2w BP0 e

— —_— | — + T
6{6 2r p-2 i — 1 T 2sir? [7L£ (1))
Ohk L

SP[EZ?| (1) + IPEZ . ®5)

The integration goes along the cur#g.. depicted on Fig. 4. Also, givena N,

ZEP*@ 1 L [RE2@ 1 ( dzZEZ(Q)
2r(z— )" 1- e 2L 2r (z— ) 2@ — 1 2 (z- )"

Gl CLL GhaL

(B.6)

IP[EZ2] () =

The contoursé}, ;.. are depicted in Fig.13 wheredg,q, is depicted on Fid.l4.
The functionalsr(l")[Ezz] (1) are such thatr(l")[E:Z] (4) = O((L/wy)**" 1), uniformly inA € Ng.

Proof —
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T~ - R+ie
%T:L
s WL 1 oW 1
_A B M= b
L L L 2L L 2L
L ~— — -- >
f_l R -l

Figure 4: Contour&p. (solid lines) andé,g. (dashed lines) in the case kfodd (hs) andk even (¢hs) in the
caseC; < 0. The dotted line&yq are pre-images of the segmentgsW + €,1/2;e,wW + €,1/2 + i€’ @], with

v e {l,r} andg = —1 andg = 1. The sign ok’ depends on the left or right boundary, the paritkaind the sign
of Cq.

Let Nq be a compact neighborhood fofq;q] in Us. Then, forL large enough it is contained inside of the
contouré;.. U 6. as depicted in Figl3, and thus

S(lL)[E:Z] 0 iEZ2(1) f E-2(2) 1 &

T nlé() — 1 27(z- Q) L @inlé@) _ 1
ChLVUBLL
_ E-2(2) 1 q E-2(2) eAnLé(d) 1 iIE~2(1)
T ) mepei@ 1t ) mey\Fwe-1 ¥ T Fmm_q
L L
_ du EZ2(u) . EZ2(Q) (D)2
= oot @t 12| () (B.7)

CokL
In order to obtain the last line, we have deformed the cont@ur into the contouréy. U 6haL as depicted in
Fig.[4. The endpointsA are chosen large (in order to includg) but fixed, in the sense thatindependent.

The representation fcﬁ?(zL)[Ezz] (1) follows by differentiation. The computations fGIéL)[Ezz] () are carried
out similarly with the sole dference that there is no polezat A.

In now remains to prove the statement relative to the asyiepbehavior inL of the functionalslr(")[Ejz].
The main dificulty is that the functiorie_ (1) might have an exponential increase whiepelongs to the upper or
lower half-plane. We establish the claimed estimates feféth -part of the contour. This can be done similarly
for €., and we leave these details to the reader.
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We first perform the change of varialﬂ@s: £71(s) and seu. = w /L + 1/2L. The contour of integration is
then mapped to the contour depicted ontthe of Fig.[3. We stress that the parameater 0 is chosen in such a
way that#}.. U .. lies in Us. The aforementioned change of variables leads to

dz E2(2) 1 (dsE? _,, 1 P
p (z= A 1-e2E@ ~ | 21 ¢ °¢(s+ia) [e1(s+ia) - A {1_e2ﬂ © }
oL u
FidsE2 . 1 -1
+ ;eofz iz o&H(is+eu) ET(s+ eu) AT {1+e2” } . (B.B)

We first establish a bound for the integral over the lireu[;u,]. It follows from the integral equatiori(2.7)
satisfied byp that,

p(1) =1+7D-2cD/A+0(17?)  when R (1) - oo (B.9)
Hence, uniformly in O< 7 < @ and fors € R large,

ENs+it) =ys + 2int + O(s?) where yg=2rs—aD(1+1)+ ‘;—2 €R. (B.10)
The condition[(B.1l) implies that there exists constadits 0, C’ > 0 such that

’9% [In EZZ(/l)” <C ‘9% (i/lk)‘ +C’, uniformly in 2 € Uy . (B.11)

As a consequence, uniformly inQr < a,

IA

|% [In E:Z ° g—l (S+ |T)]| C |8 [(ws)k + 2irkt (lﬂs)k—l + O(Sk—z)” +C’

Crk (27)¢ gk |s (1+ o(s—l))| +C. (B.12)

IA

There exists ar such thajO(s™)| < 1 for|§ > sp, this uniformly in 0< 7 < @. Moreover, for such aso,
we define

C’=C+ max|‘R [InE20£X(s+ ir)]| , (B.13)
with the maximum being taken ovig < sy and 0< 7 < a. Hence, foranyse Rand 0< 7 < «
|‘R [INE2o&(s+ iT)]| < 2kCa (20)<|g L+ C” . (B.14)

Therefore, we obtain the estimate

_uLd_S E:2
2n &

1

La —2irsL] L
ey e

o0& (s+ia)

uL

< su
Zef(REa) { lz-A"¢ (2

fwe remind that is a biholomorphism otJs and thatp’ > 0 of R.

=0(L™), (B.15)

€| 2w+l oI
2l el 1
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where we have used th@t_ - L‘l)k—l = o(L). It remains to estimate the integral over the lines ¢{;

CidsE?2 1 L)1
;eofz z o0& (IS+€UL)(§—1(is+euL)—A)r {1+eH 7 <

(~ e2CK2nK ()< e

1
— | ————0dr. (B.16
=10; a]{f’ l(iS+eu|_)||[§—1(is+eu|_)—/1]|r}>< 7 1T dr- (B.16)

By making the change of variablgs= Lt and then applying Lebesgue’s dominated convergence tmeanee
can convince oneself that the integral in the second linEBdq) is a QL™1).

The last class of integrals to consider stems from integmatalongéyq. . In order to carry the estimates, we
need to use the finer conditidn (B.1). Here we only treat tise cék even andC; < 0. All other cases are treated
very similarly. An analogous reasoning [0 (B.12) leadsfarmly in0 < r < a to

R[NEZog (stin)| =7 (Fk (@)K Crs ™t +O(s2))  for #s>0. (B.17)

There existss, such that fols > , one hasio(é“z)‘ < k(21)¥|C1Y /2. As a consequence, ft8 > <, and
Fs>0

k
R[NEZog(stir)| < - )’ ¢! uniformly O<r<ea. (B.18)
Therefore
-2 E-2 -1 o
du EZ (w) Z f /f E(euL —ier)
2n (/l - ’u)l’ 2|7T 1(€U|_ — |€T) ]
God,L
-r
[f_l(eu'- —ler) - /l] r dr Ky et
<2 su : e K@)uTCs — o(utkT) . (B.19
re[O;B] & o & (eu —ier) 27T ( ) ( )
eef+1)

B.2 The generating function: form factor-like representaton

From now on, we assume that the functién takes the formE-2 (1) = eXU+9) whereu (1) is given by [Z.14)
andg is a bounded holomorphic function on the stiip aroundR (Z.15). We also assume thate & (Us).

We remind that the parametelis,}, ., (resp. {1a}acz) are defined as the unique solutionsL®(u,) = a, (resp.
L&, (1a) = a), wheref is given by [Z8) and, (1) = £(4) + v (1) /L. We define the functionaXy [v, E2| as

N+1 H E? (1a)

XN[ Ez] Z Z Z Nel DN({{EZE)[v,f,fy]- (B.20)

n=0 P1<<Pn hy<---<hy E
preB hes ‘—}:I (ca)

The functionalDy, has been introduced ii(#.4). The sumsin (B.20) run througkredn — uplesof integers
p1 < -+ < pn belonging toB" = B, \ [1; N + 1] and through ordered — uplesof integersh; < --- < h,
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belonging toBiI[1 =[1; N+1]. Finally, 8. ={jeZ : —w_ < j <w_}and the sequencg_ ~ L3, In particular,
whenL — +co0, Wi grows much faster theN. The integergp,} and{h,} define the sequendg < --- < fn;1 @S
explained in[(Z.B).

The functionalXy[v, E2] admits two dferent representations. On the one hand, as writtén Inl(BRJY, E?]
is closely related to a form factor expansion of certain peaat functions in generalized free-fermion models.
On the other hand, after some standard manipulatioris [6@]can also recadty[v, E2] in terms of a finite-size
determinant which goes to a Fredholm minor in Mhé — +oo limit.

We derive this finite-size determinant representationGev, E?| below.

Proposition B.2 Under the aforestated assumptions concerning the furetiorand v, the functional X[v, E?]
admits a finite-size determinant representation

21 _ JoWe—21, 9| VO, ) P(L)(/lk,/lf)]
Xn v, E_]—{So [E?] + aa}m:odem Sike + o TR | (B.21)
where
sin [zv (A)] sin [zv (u)] _ -
VO = 42 - u_#’; E-WE-()-{[0O[E?| () -0V[nE?|(w). (B.22)
PO,y = 420 [”V“)]Z:'”[”V(“)] E- () E- () - OV[v. E2|() - 0O, E2| () - (B.23)
Also, we have set
E-2 -2
o[V, EZ2|() =i g’; (") + e_inn—vu(fil + il[EZ2] () (B.24)
GbkL

The contour of integration has been depicted on Eig. 5 agrol (@esp. I‘)) is given by(B.3) (resp. (B.G)).
LE(-AL) = -w - 1/2
LE(BL) =w +1/2

__.__.____-——

Figure 5: Contouréh appearing in the definition ddB[v, E-2|(1), contouréy (solid line) and contourﬁq
(dashed line). The contofi is such that, fofRA| > 4q, it stays uniformly away from the real axis.

Proof — We first recast the sum over the integgps} and{ha} corresponding to particle-hole like excitations into
the equivalent sum over all possible choices of intedgré; < --- < fn;1 With £3 € B = B"“ U 8‘”“ cf 23).
As all the sums are finite, there is no problem in permuting)ﬂukers of summation. Therefore

I1E2 (1) (Pa)
XN[V, EE] Z ,\T_‘__]]:— ' DN ({ha}l) [V f é‘:v] . (825)
fli’ e<2§|[\‘+1 H E2 (lufa) 1

a:
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The determinant entering in the definitionX[v, E?] can be represented as

N

_ 1 1-6 9

Ha ’UNJ'l-deTN[ ] = defys1 [—( i+1) + 5b,N+l] = (1+ —) dety
11 da— N+ Ha — Ap Ma — Ab da),—o

1 a
—Ap  HUN+1— b

. (B.26)

There we have used that for any polynon@abf degree 1, one had(1) = Q(0) + Q’(0).

It follows from the above representation that the summan(Bi&5) is a symmetric function of thN + 1
summation variableg,, that is moreover vanishing whenev&r = ¢, k # a . Therefore, we can replace the
summation over the fundamental simpléx< -+ < ¢ny1 in the (N + 1)™ power Cartesian produ@}** by a
summation over the whole spa@‘*l, provided that we divide the result X + 1)!. Once that the summation
domain is symmetric, we can invoke the antisymmetry of therd@nant so as to replace one of the Cauchy
determinants byN + 1)! times the product of its diagonal entries. This last operaproduces a separation of
variables[|60]. Eventually, the result can be recast in tifof a singleN x N determinant:

N 4sir [nv (12)] =
Xn [v. E?| = g 0 n; SlF (ﬂn)( a)lazodem[MjkajK (un)] (B.27)
with
2
Mk = Ok Ezjfif)s(” [E2?] (1) + (1—6;@% (SP[E?] (1) - SP[E?| (1)} . (B.28)

S being given by[(B.R) [(BI3)(BI5) anﬁjk (un) being au,-dependent rank 1 matrix:

E2 (1) S[E?] (4
(,Un _ /lj) 2nL )

Using the fact thaﬁjk (un) is a rank one matrix that contains all the dependence of tlerrdant on the
summation variablgan, it is readily seen that

Pik (un) = - (B.29)

o) _ 0
Z 27”—6,(#;1) ( £)|a2-0 dety [Mjk + aPjk (,un)] = [SS—)[E_Z] + = dety [Mjk n Q’ij] (B.30)

nesBL |a=0
where
Pj = —%S(P[E?] (4 - SU[E2| (1) - (B.31)

Applying (B.4), [B.5) and then using tha¥ (1x) = L&, (k) — v (k) = k— v (k), we obtain that

OBy, E2] (&) - OL[v. E22| (1)
2irL (A — A¢) ’

E- (&) _ £, ()
E-(W)  “asito ()]

Mie + E- (1) E- (A) (B.32)

WhereO('-)[v, E:z] is given by [B.24). Note that we have slightly deformed therfaf the contoursépi in
respect to Fid.J4. Very similarly, we find

‘ E_ (/lj) ~ E_ (/lj) E_ ()
KE () 27

P(L)(/lj,ﬂk)
AL sinmy (4;) sinzv ()

o[y, E2?| (1) O, E?| (1)) = (B.33)

wherepP®) (Aj,/lk) is given by [B.ZB). It then remains to factor out the pre-destffrom the determinant. [
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B.3 Thermodynamic limit of Xy [v, E:Z]

Proposition B.3 The thermodynamic limit Of[\X[V, EE] is well defined and can be expressed in terms of a Fred-
holm determinant minor. NamelyN*v, E_] o X [v, E_] with

X(ﬁéoo) [v, EE] =

q

Syw|EZ?|+2 f M i [y ()] F+ (4) E- (1) Oy v EZ?| (A)]-detﬂ +V][»E?| . (B.34)

E T ’E
—q

Here | +V is an integral operator ofi—q; q] acting on 12 ([ —q; q]) with a kernel

sin [rv ()] sin[zv (u)]

V) =4—— 0

E- () E- () {0 EZ| () = Oy B ()} (8.35)

and the contoufféw)dependent functionals Qv [v, E:Z] @) andS(ﬁm)[E:Z] are given by
E E

. (" du EZ2(w) EZ2(1) . a1 __
2 _ i 2] _ 2
ocgéw)[v, EZ2| (1) =i P e and S%éw)[E_ |= o> EZ2() (B.36)
CgléW) (Kéw)
F. (1) is the unique solution to the integral equaﬁbn
q
sin[zv ()] Fy (1) + f V (4, ) sin[zv ()] F+ (@) du = sin [y ()] E- (1) O () [v, E:Z] ) . (B.37)
E

%q
Also, ™ = ) n {zeC : |R (9| <w}and %) have been depicted on FIg. 2.

This representation can be seen as a generalization ofgtiksrebtained in [60]. Also, the conto%fé“’) can
be thought of as the — +co limit of the contourépy .

Proof —
It is a direct consequence of the estimates obtained in app@al for Ir(L)[E:Z] together with the fact that
dety [(5kg + o(L‘l)] — 1 in the case of remainderﬁml) that are uniform in the entries, that

1 0
Xn [v. E?] e (S(ﬁéw)[E_z] + 5)@0 det]l +V + aP] (B.38)

with | + V + P acting on[ —q; q] and
P(A,u) = ; sin [rv ()] sin v (1)] E- (1) E- (u) O%ém) [V, E:Z] () chém) [v, E:Z] (1) . (B.39)

Note that there is no problem with the integration over amitﬁicontoufféw) in O(ﬁéw) [v, E:z] (u) andS%éw) [E:Z]
in as much aﬁ.ﬁé"") is built precisely in such a way to ensure the exponentiahget the integrand at infinity.
Using thatP is a one dimensional projector, we get that
q
det[l +V + aP] =det[l +V] [l + af(l + V)Y, 1) P (u, A) dadu | . (B.40)
-q
It then remains to take the-derivative and use the definition Bf, (1). [

"By no meand-, ought to be confused with the shift function

48



B.4 An algebraic representation for the Fredholm minor

Proposition B.4 For L large enough, the finite N Fredholm minon{(v, EE] defined in(B.21)can be represented,
through purely algebraic manipulations, as the below fisiten:

n+1

(") .E2 : 2/,
’’’’’ ¢v (2|7z-)2” (2I7z')n+1 l_[ (Vx> v (W) - EZ (yk)} g E2 (Ai,)

Ia€[1 N]| %q
Yor =2 g [ 1| [ ASiP Lo ()] }
Xk:l B2 = 4i) 0= 2) de“[za—aib]Q{ck—mknf;uik) - B4

XN [V,

Above, appear two contourgy which stands for a small counterclockwise loop arojirdy; q] as depicted on

Fig.B and¢® = GokL U 61,L U Gl U GhaL Y % As shown on Fig]% stands for a small counterclockwise
loop encircling%y. Finally, the function f-)(y, v) is supported o) and reads

1 1 1
F Oy, v) = 14, () + mlﬁm(w + eZi,,Ty)_ll(m;L(Y) - mlﬁm + lgg (¥) - (B.42)

wherel, stands for the indicator function of A.

Proof —

The functionalOM)[v, E-2] (2) as defined in{B.24) is holomorphic in somefatiently small open neighbor-
hood of[ —q; q]. Hence, there exists a small counterclockwise lBg@round| —q; q] (cf Fig.[5) such that the
kernelV(Y (4, 1) admits the integral representation

OV, E?| (2 dz
(Z-0(@zZ-w @2ir)?’

V(L)(/l,,u) = 4sin [rv ()] sin[7v (u)] E- (1) E- (/J)§ for Aue{dy,...,An) . (B.43)
%q

In (B.43) we have used thal, ..., Ay are all inside of¢ for L large enough. We first expand tiex N
determinant appearing in the final expressionXqfyv, E2] into its discreet Fredholm series:

(L) L N det, [V, 4i,) + PO, 4i,)
dety o + et s oA | =S Rty
Lfv(/lf) Lfv(/lf) =0 i n! Hk:l [Lé‘:v(/llk)]
iacl[1:N]
Next, observe that
dz  (OV[v, EZ?] (z)
det, [V, 4i,) + PO, 43| = { > - }
'h[ (Aig, Aip) + P (A, |b)] (2i7r)2n L1 Zo— A,
a =
L (Za_/lib)_l
x | [{4sir? [zv (4i,)] E? (4,)] x det, (B.45)
g{ [ i ] 1 } +1 —iO(L)[V, E:Z] (/lib) 1
It can be readily seen that for amypelonging to the interior d%
idy f : ~
o® [v, E:Z] (2= %yw E2(y) with € = Gl UG UG UG U GogL » (B.46)

(L)
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andf() is as given byl{B.42). Then, using the multilinear strucifra determinant, one gets that

\-1 \-1
- +
0 da J g -ioO[v,E2|(1,) 1 —i0W®[v, E2| (4;,) S(L)[E:Z]
-1
dy -2 (L) (Za_/lib) 1 2 (L) [ 1 ]
= _E_ f ,V de = f ,V .
[ EE0 10 dets ot 1 2(y) 10y (y))l_[ [y e
48] Qg(L)
(B.47)
The leads to the claim, once upon inserting this repregentatto the discreet Fredholm series. [

B.5 The Natte series for a Fredholm minor

In this subsection, we recall the form of the Natte seriesasgntation for the Fredholm mindr (Bl34) involved in
the representation of form factor sums in generalized fegmibnic models. We refer the reader to theorem 2.2
and proposition 7.2 of referende [62] for further detailatige to this Natte series expansion.

Let E2 = e U9 pe such that

e uandg are holomorphic in the open neighborhddgl, of R;

¢ U has a unique saddle-poing on the real axis which is of order & u”’(1g) < O;
e the functiony is holomorphic in an open neighborhodg, c Us» of [ -q;q].

Also, lets™ = € n {zeC : |RF <w}. The contourss ™ and %™ have been depicted in Fig. 2.
Forw > | 10| + g > 0 andx large enough, the Fredholm minXr w[v, E?] defined in[B:34) admits the below
E
Natte series representation

q
.o [V EZ] _ Me_fq[lxu(/l)+g(/l)]v(/l)d/l Aolv] l] q;+oo | (10) eixu(/lo)+g(/lo) ﬂ+[y u+iot ]eixu(q)+g(q)
S —21xU” (o) x1+2(Q)
ﬂ v, u e d"z
v Totlencasscd | 3% f ()Hé{;;” (@) )b ] eftg@o(z_ntn}. (B.48)
n>1 7(n Sn({ka tEJ(k)

The+i0" regularization ofi only matters in the time-like regime (wherg| < g). The functionalsB, A, andAy
are given respectively by (4.46) (4]147) ahd (4.48). Thetiwia and the structure of the sums appearing in the
second line of[(B.48) are exactly as explained in thedrein 4.1

The Natte series is convergent folarge enough in as much as, fotarge enough,

> \H,E;”[]]—[ T o 2)° (B.49)

%o Enlfka) tedy X

L)

Therec; andc;, are some constants depending on the values takendiydg in some small neighborhood of the
(e) ; .
base curvesz ™ and byy on a small neighborhood ¢f-q; q], whereas

C3 = i—imin(l/z, 1- er:alxm[v (TQ)” - ‘I’E) where Y. = 25up{ |‘R [v(@ - v(rq)]| S lz-1q <e, T= i} .
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Heree > 0 is suficiently small but arbitrary otherwise. We stress that, fiththese norms change, then so would
change the constants, ¢, andcs but the overall structure of the estimatesxiwould remain.

The Natte series expansidn (B.48) has a well defimed +co limit: all the concerned integrals are convergent
as the functionsHﬁ,{;;t}) approach zero exponentially fast in respect to any varitdidé runs toco along %E(f").
Moreover, this limit does not alter in any way the estima<l9) ensuring the convergence of the Natte series
(the constants;-c3 arew-independent).

We now list several properties of the functidﬁé‘ti‘}):

i) H({Et ) ({u(ze)}; {z}) [v] is a function of{u(z;)} and{z}. It is also a regular functional of
i) H{SD (fu(z)}; {z)) [yv] = O (3" and the O holds in theL: N L=)(% ™)) sense.

iii) H(‘Et D can be represented as:
€; €f €; a4 2
HI (@) z) D = A% (v @) u @) (z) | | @) x| | (e2~® - 1)" . (8.50)
teJi tedi,
=1

AY<) is a holomorphic function fofR (v)| < 1/2 andx [v] (1) has been defined ifi{4147).

iv) One hasH{"” = O (x) and forn > 2
o (eiX[U(q)—U(—q)] ]m"’p ¢
2 (@+v(-a)] o

(/2] b [/2-b ¢ x[u(lo)-u(-0)]

0 b0 meb-{3]

: Hg‘;;‘”]mpm . (B.51)

b
X1~ 2

The O(x~°) appearing above holds in tke'n LW)(%("")) sense. In order to Iighten the formula, we have dropped
the argument-dependent part. However, we do stress th@t(tkie®) as well as{H( a) lmpp.- depend on the same

set of variables aH,(fQ. Also, we agree upon = 1 for 19 > q, n = -1 for |1o] < q and we made use of the
shorthand notation

¢, = @U@ o = M-y (-9 and ¢ = (1+ )0 (B.52)

Finally, the functlons[H({Et lmpp- are only supported on a small vicinity of the poirtg and Ao. In such a
case, the contour of integration reduces to an integratoredch variable; to a small circledDg,, aroundv,

(v+ = £0, Vp = o). Their dependence oxis as follows. If a variable; is integrated in a vicinity oW, The
function [H,(fx})]m’p’bﬁ contains a fractional power of[2 (@)~ multiplied by a function ofz; which has an
asymptotic expansion into inverse powersxofThis asymptotic expansion holds 6o, . The codicients in
this asymptotic expansions contain poleg@at v,. By computing the integrals associated to the terms in this
asymptotic expansion through the polesgat v, one obtains that function cficients associated to" terms
producejn fing, a contribution that is én x/x)". Finally, the structure of these poles is such that, uponpzdimg

all the partial derivatives and for any holomorphic funatioin the vicinity of the pointstq, 1o, one should make
the replacement:

Z et (z) — 7b(h(0) — h(-)) +(m-7»p) (h(Q) — h(-Q)) + (6r1 + 6r-1 + (1 + 1) 6r0/2) N (Vy) . (B.53)

tEJ“z,

There is one last property which we conjecture to be truetferdetailed representatidn (Bl51) Hﬁ;it}) but
that has not been proven so far. Namely,

51



Conjecture B.1 For a given n the sum ifB.57) only contains those combinations of the integergpsh andr
that satisfy to the constraint

(m—np+6ﬂ1)2+b+(m+q(b— p)—(ST,_l)2 >n. (B.54)

C Multidimensional Fredholm series for lim Nﬁmp (x t)

We begin this appendix by deriving the so-called discreeltidionensional Fredholm series representation for
pmﬂ(x t). We will prove in theoreni_C]1 that this representation hasedl defined thermodynamic limit that
we denotep(m)(x t). This analysis will allow us to provide in proposition _C.1t ymother representation for the
thermodynamic |Im|1;0(m)(X, t). This alternative representation fpg;')(x, t) is used in subsection 4.6 so as to

construct the multidimensional Natte seriesﬁ@?(x, t).

Theorem C.1 p(m) (%, t) admits a well defined thermodynamic Ilmi'g?)(x t) that is given by a multidimensional
Fredholm series

ngm Ao n n+1 XU ({42} tyal T Hy) Tn+L B
>(X t)_ZC( 1|) i) d"a dz d e ) TTRET f Yk v (WK)) tq[(y"” Zk)]

“ (2ir)" J (2in)" J (2i7r)n+1 TRy @ — ) (yk — Zk) (Vn+1 — ) Za— p
n n+l
111 0b=4a=i0) (la=Yp=i) de [ + YVie [1]] det [k + YV,
L [] ooy ) S0 Lo M|k b))
&El(ya_yb_iC)&El(/la_/lb_iC) k=1 e[ +yR/ ] e [ - K/ ] =0

(C.1)

The function f appearing above is supported on the conus %é"") U % The contouré¢y is a small loop
around[ —q; q] whereasé is a small loop aroundsy. Bothéy and ¢ lie below the curvéfé“) as depicted on
Fig.[6. All of the aforementioned contours lie inside of thgdJs (Z.18) The function f is supported o#f and

reads

v () = Lo ) - M(y) 11z0)  with G =6 UGy (C.2)

There1a stands for the indicator function of the set A. The functicappearing in the R-summand of{CJ)
corresponds to the unique solution of the linear integralia@oppn driven by the resolvent R of the Lieb kernel
(ie [I = K/2x][l + R/2n] = 1):

n+1

V() + yfzﬂRu W)= -Z()/2 + ZW SEDWIAE (€3)

Hence,v depends on the integration variabldg (witha = 1,...,n)and y (witha=1,...,n+ 1), iev(1) =

v(/l | {Aa}] {ya}”+1) We kept this dependence implicit@.J) so as to shorten the formulae. The entries of the
finite-size determinants are as definedd8). They depend on the same set of auxiliary variables. d&&nally,

we agree upon

n+1

U Bl 1) = 300 - Zuoua)+(1 » f U (W) v () a1 (c.4)
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Figure 6: The contou%”é‘”) consists of the solid line. The conto%é‘”) corresponds to the union of the solid and
dotted lines. The loofy is depicted in solid lines whereas the lo6pis depicted in dotted lines.

Proof —
In order to implement the substitution of the opera@ysanda,, , (cf sectior{ 4.B) in the representation (4.41)

we introduce, exactly as it was done in the proof of thedrefh the functionsE_ (1) (@.51) (whose definition

involves the functiong = 1 s + G2 cf (4.52)) as well ass (4.38) andw, (4.32).
We then consider the discreet Fredholm series represemtati 97Xy [yvs, EE]W:O obtained in proposition

B.4. This will allow us to compute the relevant Taylor bgents €f subsection 413 equatioh (4120) ahd (4.21))
arising in the representation (4141) @\,F.‘zﬁ(x, t). One has that

m (N+1
a {l_[E (ka) HE (a) - Xn [yvs, E2] ;(g)AL[wr]} _
ly=0

m
( dz dn+1y _
Z 9€(2i7r)2” (2. )n+1£(r2)) [?1,-~-ing:(€2%] . (C.5)

n=0 i1,00in o
ia€[1; Rl]lgq

The contoursg®, %4 have been defined in propositibn B.4. We stress that the stiomvern in (C.5) could
have been stopped at= m since, prior to taking the-derivative aty = 0, then™ term of the serie§ (B.41) is a
smooth function ofy that behaves as @"). We have set

n { 4sir? [ryvs(d,)] } TR F O yvs ()
@I (- 20 k- 20

«det, Yl = 25 | xarO (it yidy) (C.6)
k=1 A |

the functionf®M(y, v (y)) is given in [B.42) and we have set

n+1 n N
UOQA s d 0 1Y) = D U0 = D ui) = Ulansa) + Y () —uuy) - (C.7)
k=1 k=1 k=1
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Last but not least,

m- S Mo m N+1 01 s(Yi) S
(= B ] ap | 9 12 & L o
LF(L) [?Il" I"gy 2AL] Z 1_[ {n_pl} a)’m{ 3 e(hs(/llk) U {F [yVS] (tp)}

nl,_..6nS p=1 01 s(un+1) H”
N+1 _ N _ n+1 _
X l—[ g G2r () l—[ g92r (1)) l_[ eG2r 1) . Firoie [¥76] o gy ZLL (@] } (€8
= = =1 sa=0 ly=0
#11

The functionall'") is evaluated at the discretization points (lefinition[4.2, subsectiodn 4.4 and subsection
42)t,, p=1,...,sfor the contouréy, encircling the compadzy. 6oyt has been depicted in thies of Fig.[1.
The functionall™) reads

N

O W= ), d@nu)-¢(w1)  with ujandl;defined by £(uj) = j/L and &(4) = j/L. (C.9)

We do stress that the variablgg with k = 1,...,n+ 1, andup or 1p with p = 1,...,N + 1 appearing
in (C.B)-(C.8) are all located inside of the comp#gh, , whereA is such that ¢ (-A.) = -w_. - 1/2. As a
consequence, the singularitiestat t; , of the functionsgy (1) (C.8) are always disjoint from the variablgg 1
or Aj,. Indeedty p, andty , with p = 1,...,r stand for discretization points of the contc£lsuyin appearing in the
rhsof Fig.[, cf subsection 4]4. These two contours are such tt¥%igin, Ko ) > 0 uniformly inL.

According to the prescription that has been adopted inadi3, one has to compute th#' y-derivative of
representatiori (C.8) prior to implementing the operattsstution. For this, consider any smooth functieify)
such thaw (y) = O(y") aty = 0. By applying the Faa-di-Bruno formula, we get that

1 0m w(fN+1)(0) 1 o' a'
((1a) 7 r(p) 70
m a m{ ) n & yZAL (o] } - Z to! €N+1' 1_[ ol (%/fp iy }|7=0X(9y€° {gy;ZAL [wr]}|y=0

=0 {ta)
:FI]_ ..... In ’’’’’
wifv2)(0) N lkel e (rp) fp Ag? TN R
=), ol luet! N H {W H(T) }Xayfo {Fon @]}, - (C.10)
{ta} {ka,]} ;tI?—lln Tp Tp=Hp =1

There the in front of the sums indicates that these are constrained.fif$t sums runs through all choices of
N + 2 integers/, > 0 such that

N+1
t,=0, for p=1...,n, ¢ny12n and pr:m. (C.11)
p=0

The second sum runs through all the possible choices of segs®f integerk, j with

tp
p=0,....,N and j=1,...,¢, suchthat ijp,j ={p. (C.12)
=1
Finally, we agree upon
|Kp| = > koj and have set A = 8} [4p(vp)|yp=0 With &y, (4p) = p/L . (C.13)

=1
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In (C.13), we have explicitly insisted on the fact thigtis a function of the parametet,. By substituting the
representation (C.10) on the level &f (C.6)-(C.8), one caplément the operator substitutieap — ., and
bjk < dy,, on the level oflKZB)

The functionalsf;, and% 2A are regular in the sense of definitionl4.1. Moreovel, and hence &, are

.....

Iarge _enough, and deflnlngU,;(J is chosen in such a specific v{ibty\at the constant of regularity,, of E%@AL
satisfies[(4.30), one gets that
(Gal P Firin [yvs (e sl and (naply Ulnaply o 900 [@r (x| 7ap))] (C.14)

are holomorphic in respect {ga}; € NS mpl Ulnapl] € Ngr, whereNp is anr andsindependent neighborhood
of 0 € C. As the constant of regular|t§2gZAL is large enough anf| can be taken small enough, the size of the
neighborhoodVy is large enough in order to ensure the convergence of thessefridiferential operators issuing
from the exponentials¥% and &2, once upon the operator substitution is carried out. Iueixf corollaryD.1,
and similarly to the summations_(4]55)-(4.56), the actibthe translation operators can be computed directly
under the integral sign in_(3.5) (the integration contowesy Cartesian products of one dimensional compact
curves) and prior to taking the partig or y-derivatives in[(C.10). There are also théeliential operators arising
from the substitutions, — d,, in (C.8) for those parametees, that are written down explicitly. The resulting
d,,-derivatives should appear outside of the integrals thataaitten down in[(C.b). However, the integrand of
these compactly supported integrals is a continuous fomaif the integration variables that is holomorphic in
respect tosp}], this uniformly in respect to the integration variables. a\sonsequence, one can exchange the
derivation and integration symbols in this case as well.

Note that the constraints {(Cl13) on thg's ensure that il (C.10) there is at mast- n integersk,  that difer
from zero. As a consequence, there will be at nmstanslation operators in respect to thg variables to take
into account once that the operator substitution is madereNeecisely, the substitution;x — d,,, shifts the

parametersy; in @ (1. {njx}) @32) to the below value

n+1 n 1 N 1 1
Dik = + - , (C.15)
) pZ;t k—Yp Zt]k—#l tik — UN+1 pZ:;tj,k—Tp tik — Up
tp#0

where the ulimate sum in(C.1L5) only involveserms at most. Under the substitutiap — d.,, the exponentials
in (C.8) produce a translation of the functieg— vs, where

_ S t _ t n

Vs (4 (sal) = vs (i sal) + > =00 (tj. inia) = 6 (4 Yner) + 6 (4 i) — #(tj.va) - (C.16)
j=1 2|7T(tj - /l) a=1

After carrying out all these manipulations, we are led torgresentation

- l)n ™y m Z)
meeff(X t)_Ilm lim lim | o Z 96(2m)2” LFTL) [?"1 .n%ﬂAL]. (C.17)

—0 S>>+ r—>+c>o (2| )n+1

fin particular it depends on Icf lemmaA2. Howevetyg| - L1 is still very smallcf lemma[A2.
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whereL(rTL)) is a truncated Lagrange series:

L[ o) Lo m_ 0 o s
[‘(L) [?1 in 72AL] Z 1_[ n !Bg‘ Z fo'gN 1 8yina 1—[ [yvs (tp) ..... in [77s]
g 0nS p=1 tal p=1 ly=0
N ()i a N IKal
, Az 0% 0"
<SG 7 ] g lec ml o - ©19
J ;tla:ll J 7 ;tia:li (9Ta e
Tyeres n 1sees n

We now take the — +oco limit of (C.17)-(C.18). The very construction af; (1 | {n;k}) along with the choice

of parameters;; x given by [C.15) associated with the fact tlﬁé(@A is a regular functional with a s$iiciently
large regularity constant, leads &f roof of propositiori D.11)

n+1
lim gﬁgﬁ) AL [H( {Yal1 ™ U{talar,20 )] ’ C.19
AN, Fyan (1] = Gan | # {ti}7 U {unea) U fabag,0 (19)

this uniformly inya, ua 12 andr, belonging toKza, . This uniform convergence also holds in respect to any finite
order partial derivative in these parameters. The unif@ssrof this limit in respect to the integration parameters
occurring in [[C.1I7) allows one to take it directly under th&egral sign over a compact domain.

As a consequence, we get that

N f /()i af N IKal
. A3 (90 o'ka —~®)
im S TS s 11 < 3 (1 ona])
fa) 2ot 1=t At o
N Vs 1 N
1 9% [z [ ( ‘ {YalT™ U {Aa(ya)} )]}
H(+ 1 1 . (C.20
1;[) 'y fa{ 70:2AL talt " Ui ) o (€20
#i1,.00in

To get therhs of this equality we have, in addition to exchanglng the Igvand derivatives, applled the Faa-di-
Bruno formula backwards. The constant of regularlty%f% being large enough, the actlon@(ﬂ2A onH as
written in the second line of (C.20) is indeed well defined.

After collecting the various, derivatives into a single one, we arrive to the represemiati

m S n. m S
. (m) _ 1 6 a 6 (L) —_ Na . ) —_
Nim L0 [T Don ] = ) n{@@}m{g{r Vsl @@} - Tiain ¥l o+ (€:20)

Na,....Ns a=1
=0

where we have set

Tiv...dn [YVs] = Fiy. i [¥7s] %:(;‘QLL [H (* (C.22)

YalTHt U {20} )]
alyu iy )|

Since, no confusion is possible on the levellof (C.21)-({;.2®y-dependence of the parametdpsp=1,...,N
is kept implicit again.

The truncateds-dimensional Lagrange serids (4.21) together withsits> +co limit has been studied in
appendi{X D.5R. It follows from the latter analysis that thes> +oo limit is uniform in respect to the parameters
({yk}”+1, {z}]) on which g, i, depends. Therefore, this limit can be taken under the iategigns. Similarly,

.....
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one can exchange the limit with tg" y-derivative symbol. It follows from the results gatheredajppendix
[0.5.2 that

L (M) [~ ®w1_9" [ [0 1 o) [p]
SI—I)TOO rI—I>rDc><> LF(L) [7:'1,- |ng7 2AL] W{xyll,...,ln [’)/V ] ) de%q | - Y (Sp (é) (/J) Y =0 . (C23)

The answer is expressed with the help/$1, the unique solution (fop-small enough) to the non-linear integral
equation driven by the functional®):

NI N £1(@/0)

W= 08122 - 6(1.0) + 310 (hua) = D 6(hya) - Z p(LAs)  with { w<1>(a/L)
Ha=¢

: (C.24)

Also, in (C.23), appears the Fredholm determinant of thesalirintegral operator acting on a small Icéparound
[-q;q] whose kernel is given in terms of the functional derivathfé" [p] () /6p (). The definition of the
functional derivative is given i (D.11).

LemmaA.4 allows one to reexpress the functloﬁé”\a(i) appearing[(C.22) in the case where the parameters
Aa andu, are defined exactly as i (Cl24) in terms of the unique salutib.

This leads to the below representation:

- . m (1" g™ dn+1y n 4 sir? [ﬂ"}’V(L)(/lik)] [ 1 ]
Phen (% 8) = ,/!;Lnonz:;)c ntoym,. Z 95 (2m)2n ) (@im)t n{'—f;,v(u(/lik)(zk_/lik) Rl P

|ae|[1 N]| “q

n n+l

eIX’Ll(L)({/la )M Llyal 2 ) H IT (- Aiy — ic) (/1ia —VYp—ic)

. Yni1 — a=1b=1
XQ((YK—ZK) (Yn+1 — Ik))detg [l _ or¢ ([f]
! op (¢

(,u)] nﬁl (Ya— Yo —iC) InI (A, — A, — ic)
ab=1

p= yv(l—) a, b=1

y [T fO(vie O )
dety,1 [EW [¢]] dety [EW[E,,w]]

Above we have written down the dependence of both deterrtsrar;,} and{y,} as a common argument.
There is no problem to carry out the analytic continuatiofGB0) fromg € Uﬁo up toB = 0: the potential
singularities that could appear in the determinants areatad by the prefactdr]y_, Sir? [nyv('-)(/lik)]. From now
on, we can thus s@t= 0
In order to prove the theorem, it remains to take the thermanhyc limit of (C.30) a3 = 0.

: (detq |6k + Yhe[ D] dety 61 + ﬁke[w(”]]) (100 tyali™)  (C.25)

L — +oo behavior of v

It was shown in this appendix that) admits a largel asymptotic expansiont™ (1) = v(A | {4,)]; {yalT) +
O(L™1). There the O is holomorphic and uniform in some open neiditmmt of the real axis and the function
v(d) = v(A | {Ai,)],{Ya) n+1) stands for the unique solution to the linear integral egua{C.3) (here we have
already seB = 0).

As all of the functions we deal with are smooth functions/6t, we are thus able to replace everywhefte
by v, up to O(L™?) corrections.
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Building on the large. asymptotics of () andv(M it is shown in subsectidn D.5.2, (DJ43)-(D]44), that

sT® [p] R -
i = def_qq) |1 + 75 |(1+O(LY)) . (C.26)

with a O that has the same uniformness properties as statek bé\bove, we did not insist that the Fredholm
determinant defl + yR/2r] corresponds to an action §r-q; q].

dety,

I -y (,U)]

o=y (L)

L — +oo limit of 7@

The thermodynamic limit o/ ({4} ; {ua) ; {ya} | ¥) is readily computed by using that

y (L) (1a) + P (ua)

& (ua) —€,,0(1a) =0= - - -

(a—4a) + O(L7?) . (C.27)

The remainder (()L‘z) is uniform ina e [1; NJ and holomorphic in respect to the variablgsandz, belonging
to Us/2. By using the Euler-MacLaurin formula, the linear integeglation[(C.B) satisfied byand the integral
representatior (2.13) farone gets that

UO (a5 a5 V2l T 1) = U({w )] valT™ 17) +O(LY) (C.28)

with a O that, again, is uniform and holomorphic in respegi;f@r y, belonging toUs,». It is also holomorphic
in R (B) > 0.
By using the densification of the paramet@gsandu, on[ —q; q], it is likewise easy to check that

dety,1 [E¢[£]] dety [EV[€,,0]] = def [| - K/2a] - (1+O(L7H)) . (C.29)

L — +oo limit of the remaining terms

It is also readily seen due to the densification of the pararsgdt, on [ —q; ] that the sums over the discreet
sets;, can be replaced by integrals oMerq;q] up to QL) corrections. Finally, it remains to estimate the
contributions of the functiong®. If one focuses on the contributions of the integrals ogela = 1,...,n+ 1
along the curvess;, ;.. and %y, then one readily convinces oneself that one deals withytpe of integrals
studied in the proof of propositidn B.1. Namely, these aexisely the integrals appearing when deriving the
estimates for the functionalé") given in [B.6). Clearly, each of these integrals can be edtoh successively.
By repeating word for word the proof given in proposition IBohe has that each of these integrals produces a
O(L/w.) = o(1) contribution. Hence, this part of the contdé) does not contribute to the thermodynamic
limit.

As a consequence one obtains the following represental'rmﬁ?éﬁ(x, t):

PN:et

q n+l
m .. 1\n am n nly XU({Aa)i(ya) 1) n+1f B
M (x 1) = Zﬂa_fdn L dz (d T3 £ (Vi yv(%) e,h[yml zb]

= n! Bynlq % (2i7r)2n A (2i7l')n+ H (Zk /lk) (yk _ Zk) (YH+1 _ /1k) Z3 — /lb
n n+l —
[TTI(Wb—Aa—ic)(da—Ypb—iC) n det, [(5kg + kag[v]] det, | Sk + kag[v]
n"jll b-1 [ [{4sirf [ryv(a) 1} [ ]

IT (a—yo—ic) [T (da—p—ic) kL det[l + yR/2r] def [l - K/2x]
ab=1 ab=1

X (1+0(1),-0 - (C.30)
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In order to obtain the representatién (C.1) for the thermadyic limit it remains to drop the (@) corrections.
]
We now provide an alternative representation for the thesmamic |Im|'[pex)(X t).

Proposition C.1 The functlorpex)(x t) admits the representation

om - f [Ixu()+G'(D)]yvs()da
(m)(x t)= lim lim lim [lim Lo {E (9e
ym

W—+00 -0 S—+co F—+4o0

’,éw) [yvs, EZZ] %y(ﬁz)w [@(] }| 0 (C.31)
’y:

The contouffé"") = %é“)m{z eC: |‘R (z)| < W} corresponds to a compact approximatiorf@f") as depicted
in Fig. 2. Itis such that im 7 = ¢{). The functional X has been defined (B.34)
—+00 E

The functionarﬁy(fz)w [@] appearing in(C.31)acts on the loog¥ (K2w) and has been defined in lemmalA.1.

The compact approximatidﬁé"") ofthe contouﬁfé"") appearing in[(C.31) is there to ensure the well-definiteness
of the translation operators. Indeed, in the setting dsedisn subsection 4.114 and apperidix D, the translation
operators area priori, only defined for functionals that involve the values of theigument on some compact
subset ofC. As a consequenca,priori, thew — +co limit andr — +co limit do not commute.

Also, theg — 0 limit and thew — +oo limits do not commute. These limit should be understood Hevis.
Givenw fixed and large enough, one considers the regular funct%y[%j as introduced in lemmaA.1. The value

of wdefines an associatggd € C andyp > 0 such thaf%fz)w is a regular functional fo8 U,;O and|y| < yo with a
regularity constant large enough (in particular satisi{dn30). Thes&R (Bp) andyg are such thalk (8g) — +oo
andyp —» 0 whenw — +co.

Proof —

Let E2 be as given in[(Z.31)-(4.52);s as in @B}i) ando,; (4.32). In order to implement the operator
substitution, we first expand the functlormyw) v, E2 2] appearing in thehs of (C.31) into a series very similar
to the one occurring in the proof of proposmﬁB 4. The sateeption is that, this time, the sums ovigrs
are directly replaced by integrals oerq;q] of the correspondlng variables. Also, the functif® (resp. its
associated contouf ") should be replaced bf (resp.4™ = 4 U %). At the end of the day, one deals with
the multi-dimensional Lagrange series below

q
. . " d"a n+ =(m) ®
WILTOO SI—IH—]OO I’I—IH—]OO I n! (2|7T)n (2|7T)n f(ZI )n+1£ [Tg ;ZW:I ‘ (C32)
n=0 v
q %4
The functional¥ appearing above reads
—ixu(/la)

— TR f e yvs(Yi) (Yn+1_zk)' deh[w] i [ ) 2

— — 1
T (@ - A (- 2 k-1 Yot = e f Ti e—'XU(ya)
k=1

a=1
And we have set
m s n n+1 1 s(¥k) S
— [ap] ™) o™ [l e n
.[,(m) 7_‘%(/5) — { — — — r[yv ](t ) ’
T [ y,Z\N] n%;nsg np! dy™ | eds(@ HE:l a01s() g{ sip }
Hﬂ+1 e9.s(¥k) - f G ()yvs(A)da ®
F Tyvellng [w]} . (C33)

€@ TR egls(/lk) ° 020 vaw s ly=0
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The functionall” is evaluated at the discretization poitgsp = 1,.. ., sfor the contouré,,: appearing in the
lhs of Fig.[1.

One can implement the operator substitution on the levelCa83) as it was done in the proof of theorem
[C.1. The well-foundedness of these manipulations (in@agir the justification of the exchange of various limits,
partial derivatives and integrals over compact contowrg)stified along very similar lines. Once upon taking the
r — +oo limit we end-up with the below multidimensional Lagrangees

(M) [y ®) I B AR BCAN o F RO ®
20092l = 3 T araes | oy { [J{roml @) 7170 4301 | - @39
1,_(5 s p=1 §a ly=0
There, we agree upon
S tb 1 n+1

-~ . _ . +

Vs (/11 {ga}) =Vs (/11 {ga}) + £ m{¢ (tbs q) + Z ¢ (tba /1&) - Z ¢ (tba ya) } (C35)
Also, the functionw is to be considered as a functionahaf

n+1 n q
_ _ _ 1 Vs (T)
@ [Vs] (1) = Z 2w e dr. (C.36)

The multidimensional Lagrange series (C.34) has beenaiundlappendimu. Its = +oo limit is uniform
in respect to the auxiliary parametdrng}], {z.}} and{ya}Tl. Hence, just as in the proof of theorém D.1, one is
allowed to exchange the — +co limit with the integration over the compact contours. One t#&n apply the
results of appendix D.5.1 leading to

F 190, @ V] }
0

| de_qqp [T+ yR/27] [, (C.37)

m (/3) o
The functionv appearing above is the unique solution to the linear integgaation [C.B). One can build on
this result so as to simplify the obtained expression. Thmession for the functional functloié’(ﬁ) wl@lv]] is
simplified with the help of lemmia Al 3.

By using the linear integral equation satisfiedbygether with the representation wfn terms ofg andug
(2.14), we get that the oscillating factor presenfilyv] coincides with the one appearing in theorflem| C.1:

n+l n q

Dlula) = > ulda) - u(@) - ¥ f u() v () dd = U ()] yalT 1 7) - 2iBpF - (C.38)

a=1 a=1 =

We are thus led to the below representation forrtieof (C.31)

lim
W—+0o S0

jim ezpr  CCD)" o f 56 d™y é”‘ A0 TR £ (v yv(9) e,h[Ynﬂ 3 zb]
ol (2I7r)2n (2|7r)n (zk 10 Ok — 20 (Ymen — A1) Zy — Ap

n n+l

[T IT O~ 4a =€) (da =¥ —iC)  n det, [ + Vi [v]| dety [ S + YVier ]
nizllb:1 n 1—1[4Sinz[7r)’1/(/1k)]] [ e V] [ e V]

[T Ya—Yo—ic) I (la—Ap—ic) k=t det[l + yR/2r] def [l - K/2x]
ab-1 ab-1

(C.39)
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Tha auxiliary arguments of the entrivgy [v] and Vi [V] are undercurrent by those of
One can carry out the analytic continuation frgne Ug, up tog = 0 as the potential singularities of the two
determinants are canceled by the pre-facfdfs, sirt[yv(Ak)].

There is no problem to take tlve — +co limit of the above integrals. Indeédé‘x’) is chosen in such a way
that &40=) a = 1,...,n+ 1 is decaying exponentially fast i, wheny, — o along%é‘x’). As the rest of the

integrand is a @y3), a = 1,...,n+ 1 at infinity, the integrals ann@?é“) are convergent. Once upon taking the
B — 0 and thew — +oo limits, we recover the representation given[in (C.1). [

D Functional Translation operator

In this appendix, we build a convenient for our purposesasgntation of a functional translation. Our repre-
sentation applies to fliciently regular classes of functionals acting on holomarphnctions. Our construction
utilizes multidimensional Lagrange series (seeleg. [1]).

D.1 Lagrange series

Theorem D.1 [1]
LetDo, ={ze C : |4 <r}. Assume that

° ({ga}i), j=1,...,sand f({ga}f) are holomorphic functions dta}$ belonging to the Cartesian product
S .
or’

o there exists a series of radij k r such that forlgj| = rj, j = 1,...,s, one hase; ({sa})| < rj.

Then, the multidimensional Lagrange series
S(1 o™ s
= —_ . Ny .
= 3 [ase! [ 67 tsa 52D | g

is convergent and its sum is given by
f ({za))
det; | A j (fsa})
ik angDJ Sa

Ls= (D.l)

l{sal={za}

Above,(z, ..., zs) stands for the unique solution to the system=z¢p; ({za}) such that|zj| < rforall j. The
uniqueness and existence of this solution is part of thelasion of this theorem.

D.2 Some preliminary definitions

Throughout this appendiXyl andK will always stand for two compacts @ such thatk c Int(M), M hasn
holes (e C c M hasn bounded connected components) ahdl can be realized as disjoint union mf 1 smooth
Jordan curvéy, : [0;1] —» M = UM ya ([0;1]).

fwe remind thaty, satisfiesy, (0) = ya (1) andyayo.1( IS injective.
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Let h be a holomorphic function oM and set

S(1] —inj fept - ta’p +inf‘(ta’p” ta’p)h(t ) (D.2)
g&p ) p=1acl 27 t&p e p=1a=1 2'”(t&P /l) e '

The pointst, , correspond to the discretization points #iv associated with the Jordan curvgs as given in
definition[4.2. It follows readily that the functioh+— fs(1 | {sa}) is holomorphic in1 € K. Moreover, given any
holomorphic functiornv (4, y) € ﬁ(M X Wy) whereW, is a compact ircY, ty € N, one has that

fs(21{v (tap-¥)}) . f%dg =v(4,y)+h(2)  uniformlyin i€ K andyeW,. (D.3)

This convergence holds sin¢g 4, y) = v (£, y) + h(£) / (£ — 4) is uniformly continuous 0@ M x K x W,
We recall that, given a holomorphic functibron M (and hence also on some open neighborhookl pfand
S a subset oM, we denoté|hl|s = sup,g [h(9)!.

D.3 Pure translations

We are now in position to establish a representation fostedion operators for functionals acting on holomorphic
functions.

Proposition D.1 Let F[](2), z € W, c C% be a regular functional in respect to the pdiM, K) and let the
functions §, v and h and the compacts M and K be defined as above. Then, fcémahy e k[y) e Noy+1

ty 8 s n+l (t )a gm by Bkj om
lim - elapY)isap. —_ [y f S (2 =| | ——7==F [y y) +vh(x)] (2 .
S—)+001:][ oy kJ g 1] dym [ S( { a40})] 6ap=0 111 (')ylj(J aym

Above, the inside of the argument of indicates the running variable drici the functionalF [-] (y) acts. This

convergence holds uniformly (i, y, 2) belonging to compact subsets®4,,, x Int (W) x Int(W,), where
Cy rd(OM, K)

2|Vl + NNl 10M] + 272 d(OM, K) *

3yo = (D.4)

|0M| stands for the length GfM, d(0M, K) for the distance of K téd M and Cr > 0 is the constant of regularity
of 7. Finally, Do, = {z€ C : |4 < yo}.

Proof — We first consider the case= 0 andk; = - - - = k, = 0. We assume thatis taken large enough so that
s n+l
2> ltap—tapsa| < 210M] . (D.5)
p=1a=1

Then, forly| < 2yg and|ga| < 2||vllm, One has

n+1

> |a,p+1 a,p| 2|0M| 2
|ny(A|{ga,p})| < Iyl(iupp|ga’p|+||h||,\,| )xp;azl 2t <yl (sup|ga,p| +||h||M)W < 3%
(D.6)
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Hence,
(7. 1saph 2) = F [yfs(+ | {sap})| (2 is holomorphicin  (y.{sap} 2) € Doy, x Dogri X Wz, (D.7)

this for anyslarge enough. As a consequence, the below multi-dimenisi@yéor series is convergent uniformly
in (v, Y, 2 € Doy, X Wy x W, and

s n+l

l_[ l_[ ev(tap’y)acap 7 [)/fs (* | {S'a,p})] (Z)‘S‘apzo

p=1a=1

+oo s n+l Nap anap
=S T { [V(tap, Y)I™ 8 }.?['st(*|{S‘a,p})](Z)Lap:O:?[’yfs(*|{V(tap,y)})](z) . (D.8)

| Na.p
Nap>0 p=1 a=1 (Nap)! ISap

Moreover, for anyy € Wy andy € Z)o 2y0, ONE has the bourﬂtfs v(ta,p, y)})HK + Iyl (v ¢, Wik + 1Ihllk) < Ce.
As a consequence, by (4]14)

7 [yt ( 1{v (ta )] @ = F v (5, 9) + 70 (9] ()

50,270 XWX W,

fs(11{r(tap Y)}) - vV -] — 0,

< vyoC’
=0 KXWy, s—+oc0

due to [D.8). The norm in the first line is computed in respediyty, z) € 505270 x Wy x W,. The one in the
second line in respect (@, y) € K x W,. We insisted explicitly on the variable-dependence of theefions so as
to make this fact clear.

It remains to show that the convergence also holds unifoonlgll compacts 0D, x Int (W) x Int (W,)
when considering partial derivatives in respecyg, . . ., Y, of finite total order.

One can exchange any such partial derivatives with the Tagides in[(D.B) in as much as its partial sums
define a sequence of holomorphic functions that is unifolcolyvergent oDg 2,, x Wy x W,. The same arguments
can be applied to the sequence of holomorphic functiefsfs (« | {v (tap. y)})] (2) . n

Corollary D.1 Assume that the conditions and notations of proposifionHald. Letz(4) = €1 % -+ X ¢y, and

¢\ = ¢y x- - -x%,, be Cartesian products of compact curvesiauch thatz (%) c Int (W) and 62 c Int (W,).
Then one has

i s n+l 1 Ghap fdgy fdg by s n+l [ t 7:[ f ( { })] ( )
m V4 , . Z
S—+00 nZO l[l 1:[ {(n&p)l ag } y L 6yIJ(J lp_!- g v a,p Yls Sa,p y cap=0

oy)  ¢le)
fdfvyfdfzz]‘[ kam Flyv () 402 . (D.9)
o Fw L0

this uniformly iny belonging to compact subsets®f,,,.

Note that it depends on a third set of variables belonging to a compaeteults hold as well in respect to
this third set uniformly on the compact.

Proof —
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Proposition D.IL allows one to conclude, in virtue of the anifi convergence of the sequences, thatyfor
belonging to compact subsets©f,, one has the equality

00 2
S!)rpoo ] fdfyyfdeZﬁﬁ{ 1 OMer } l—y[ k] 1—[

s n+l
- a1 | napldeni |
nap—O%([y) 22 p=1a=1 ]—1 p=1 a=

[[¥(tp )™ T It fsaof)] 012

Sap=0

am
= [y dfzz]—[ kJ ST e+ M09 - (0.10)
A A LY
The integrals occurring in the first line df (D]10) are ovemgact curves and the integrand is smooth in respect
to the integration variable, z) and the auxiliary parametessg p. As a consequence, the parigl,-derivatives
can be pulled outside of the integration symbols. [
D.4 Weighted translation

One can generalize the notion of functional translatiorhwhie help of multi-dimensional Lagrange series and
consider more complex objects. For this purpose, we neattrimduce some more definitions. Also, from now
on we only focus on the case of a compB&ttvithout holes.

LetI'[-] (u) be a one parameter family of functionals such that:

e There exists a consta@- > 0 such that ifv (4, y) is holomorphic in(4,y) € M x W, with W, c C% and
IMlkxw, < Cr then(a,y) = T'[v (x, y)] (4) is holomorphic inM x W,

e There exists a contow in Int (K) such that fot|o|l + |I7llk < Cr one has

o' [v]
ov({)

[l () -T7] (u)=f(p—f) @) (W= dZ + o(llo - 7llk) - (D.11)
%

ol [v] (u) /6v () will be called the functional derivative @f. This functional derivative is such that, for any
7 holomorphic onM with ||7]|x < Cr, there exists an open neighborho®(%) of the contour#” in (D.11)

such that
w0) 51:5”(](()“) . is holomorphic i, ) € M x V(%) . (D.12)
e There exists a constafy. > 0 such that foli||lx + [Ivllk < Cr one has
IC ] Wl < Cr IVllk and IC[7] () = T[] Wiy < Crllv —llk - (D.13)

The properties of the function&l[-] (1) ensure the solvability of an associated integral equation

Lemma D.1 Let the compacts MK and the one parameter family of functiora]-] (1) be as defined above. Let
he ¢ (M) andr, yo be such that

2|0M| )< r min(1, Cr)
2rd(@M.K)) ™~ 2(r + Cp)

, (D.14)

2yo(r + ||h|||v|)(1+

. and I)ryo(1+ 2|0M| )<m|n(1,Cr)

27d(OM, K) 2

Then forlyl < yo, there exists a unique solutignto the equatiorp (1) = I [yp(-) + yh(-)](1). This solution is
holomorphic in(1,y) € M x Dq,, and such thallplly, < r.
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Proof —
Suppose that andp’ are two solutions. Then fdy| < 2y one has, by construction ¢, that|y| |0 + hllx +
lylllo” + hllk < Cr. As a consequence,

lo=¢|ly = Ty e+ M =Ty + 0|, < 2CHolle =0l <lle=¢1ly - (D.15)

Thereforep = p’ on M, this uniformly inly| < 2yo.
In order to prove the existence, one considers the sequéra@amorphic functions oM: hy = h and, for
n > 1h,(2) = h(2) +T [yhn-1 (-)](4). Itis readily seen by straightforward induction that, fédrrac N and|y| < yo,

yollmllk <Cr/2  and  [lhnya = Mally < [1hn = ha-allv /2. (D.16)
Henceh, is a Cauchy sequence in the space of holomorphic functioriat¢K). It is thus convergent to some

holomorphic functiorh on Int(M). Sinceh (1) = h(1) + T [yh] (1), it can be analytically continued to a holomor-

phic function onM. Then, the functiop = h—h solvesp (1) = [ [y (o + h)] (12). It also follows that theffjol|y, < r
]

Proposition D.2 Let f; be as in(D.2) and assume that the function[p] (u) satisfies to the assumptions given
above. LetF[](2), with ze W, c C%, be a regular functional in the sense of definition 4.1. Set

Lr (.9 = Jim li[er[st(*l{S‘p})](tr)agr ,w[,,fs(* | {gp})] | (D.17)
r=1

§p=0

where: - : indicates that the expression is ordered in such a way tHahalpartial derivatives appear to the left
(cf. subsectioi4]13) and &re the discretization points éf\M.

Then there existgy > 0 such thatLr (y, 2) defines a holomorphic function 6f, 2) € 50,70 x Int (W,).
The convergence of the rhs @.17)to Lr (v, 2) is uniform on compact subsets 6%,,, x Int (W), and this in
respect to any partiaj or z-derivative of finite orderLr (v, 2) is given by

?[gle][f]Z) with p being the unique solution top (1) = h(2)+T [yp] (1) . (D.18)
dets |l —y @)
ov (1) v=yp
In the denominator appears the Fredholm determinant of itheal integral operator acting on the contow’
with an integral kernebT" [v] () /6v (u),,-,,,- The contours’ is defined in(D.11).

~£F (y’ Z) =

Proof —
We have, by definitionfr (y, 2) = limg_, ;e Ls(y, 2) with

LD = Zn{n, ag} ]‘[r (s @07 Pt @) - (0.19)

The above series representation #y(y, 2 corresponds to a particular case of a multidimensional dyagg
series.

We start by checking the convergence conditions. Cetenote a common constant of regularity for the
functionalsF andT, ie for any (1,y) € @ (M x Wy) , with W, ¢ C% such thaf|v{lyxw, < C one has

F (N2 €0 (WyxW,) and Tl (xy)] ()€ (MxW) . (D.20)
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Then letr > 0 andyy > 0 be as given by (D.14) but witG being replaced witlC, s be large enough so that
Yo 1 Ita—tasal < 2|0M] andly| < 2yp. It then follows from [D.6) thatly fs(- | {sa})llk < C. Itis also easy to see
that for|gp| < r and for anyt, € M, one hasl[y fs(x | {sp})] (t)| < r/2. Therefore,

o T'[yfs(x [ {sph] (t), k=1,..., sandF [y fs(* | {sp})] (2) are holomorphic functions dfa} in D, ;
o for | = 3r/4 withk € [1; s] one hadI[y fs(+ | {sp})] (k)] < r/2 < 3r/4.

Hence, according to theordm .1, the multidimensional &age series is convergent and its sum is given by
F [vfs(+ | o)) (@
0
ik — — T [yf t;
dets [5Jk O [y fs( | {§'p})]( J)]

Ls(y, 29 = (D.21)

lsp=7p

where(ry, ..., 7s) is the unique solution to the system= Ty fs(x | {rp})](tj) with |rj| < r for all j.

It is easy to see that, in facLs(y, 2) is a uniform limit of holomorphic functions ofy, 2) € Do2,, x W,.
Therefore,Ls (v, 2) is holomorphic on all compact subsets®j »,, x W,. Moreover, there one can permute any
partial y or z-derivatives with the summations in (D]19). It is also cléarthe previously obtained bounds that,
Ls (v, 2) is well defined for anys large enough and this independently of the choice of thetpin

We now show that it$ — +oco limit exists and then we will compute it. It is readily infed from the integral
representation

T = f s ¢ d% (D.22)
aer I {¢o =TIy fs (x| {za)] (t)]

thattj = 7j(y), j = 1,...,s solving the system; = I'[yfs(x | {tp})](t;), is a holomorphic function oy for
lyl < vo. Hence, the functioms(1;y) = Ty fs(+ | {rp})] (1) is holomorphic in(1,y) € M x 50,70. Also, by
construction,

ps(tj;y)=7j(y) and ||,0|||\/|><z)0,y(J <r. (D.23)

Now letp be the unique solution to(1) = I [yp + yh] (1) with |jodlly < 1, as follows from lemm&aD]1.
Then, keeping the dependence implicit, we consider

p (D) =ps(2) =T [y (o + )] () =Ty fs( [ {ptp)D] (D +LTy fs(+ [ {otp)D] () = Ty fs(+ [Hos(tp)] (1) . (D.24)
s(d)

It follows that

2C{yoloM|
2rd (0M, K)
Hence|lp — ps — ¥slly = llo — pslly /2. On the other hand, it follows frorh (D.R24) that

1
Wslw < Cyol|fsC 1 to(ta)}) = T+ [ Hos(tp))c < llo = psllw < 5 llo = psll - (D.25)

o= ps = sl = [T T + vh] =T [yfsx oo, < #0Cf [lo +h= s LoDl =2 0 (D-26)
Thereforeps converges uniformly t@ on M. Hence, in virtue of the regularity of,

Flyist Hos(tp)D] (2 — F [ypl(2) uniformly in (y, 2) € Do yo X W, . (D.27)
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It remains to compute the limit of the determinant. It foldvom the functional derivative property (D]11)
that

0 du 1 or
3 LD 10 DIyt = 7 (et ~ W) f eromim] LearSI L)) (CV I (D.28)
€
By expanding the determinant appearingin (ID.21) into issdiet Fredholm series we get
dets [51k - if[yfs(* | {§‘p})](ti)] = Zs: i f d%u dety [As (. )] (D.29)
sk ep}=lre} b0 p! p
with
As (uq,ug) = ZS: .tk+l —k 0 Iy + fs(+ [ {os(tp)D)] (tj)
k=1 2'” (tk - #f) ov (/lq) =0
N f% 1 ov+yl@)  _ oClv+yp] w) (030
s—>+ooaM 2r (,V — M oy (luq) =0 oy (qu) =0

The above convergence is uniform (i,nq, ,Ug) € ¥ x €. Therefore, by elementary estimates, we obtain that
the determinant of interest does indeed converge to thehBhaddeterminant given in(D.18), this uniformly in

Yl < o.

Therefore, we obtain thafs(y, 2) is a sequence of holomorphic functions ©g,, x Int (W,). that converges
uniformly. As a consequencer (v, 2) is holomorphic on every compact subset/of,, x Int (W,) and one can
permute any partiaj-or z derivative of finite order with th& — +co limit on these compacts.

[ ]

D.5 Examples

We now treat two examples that are of direct interest for #smmation of the form factor series. In the below
examplesy (4, u) refers to the dressed phake (2.10). We remind that it is hafoinic onUsxUs. In the following,
the compact& andM c U; are such that—q; q] is contained in their interior. We will also consider furetsh
that are holomorphic oM.

D.5.1 T'[p] () as alinear functional of p

LetT'[p] (1) = f_?lduaﬂqb (u, A) p (1). Then given a regular functiondl[-](2), z € W, c C%, there existg > 0
such that foy, 2) € Doy, X Wy

q
with (1) — y f 816 (. 1) p () A = h(A) . (D.31)

-q

7 1l (2

3= det[ -q;q] [I - y0.9]

The limit definingLr (v, 2) as in [D.18) is uniform in respect to such parameteasd|y| < yo.

Proof —
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In order to apply proposition Dl.2, one should check the aggiams on the functional’. It is readily seen
that, independently of the norm efandp

ol'[T
IC Dl < 20110l Mk and - [[C0 =T lpllly, < 200028l IV = pllc  and - = B () = (9:8) €11 -
The validity of the holomorphicity conditions is readilyetked by standard derivation under the integral theo-
rems. One is thus in position to apply proposition]D.2 andcthen follows. ]
D.5.2 Non-linear functional ™ [p] (1)
We now treat the case of the non-linear functional below
! IA@) dw
FOT () ) — o) = 56 ,{f(‘“)_ b }_ D.32
Pl ) = D0 (uepi) = 6 (1 di) = D, PO 75— £l L) 7n (D-32)

jed jed %

Thered =[1; N] \({i1,...,in}, éis given by [2.6)¢ér = € + F/L and 0< j/L < D with N/L — D. Finally, € is
a small counterclockwise Jordan curve arofind|; q] such that InfK) > %5. Note thatu,, resp. 1, appearing
in (D.32) stand for the unique solutionsddu,) = a/L, resp. taé, (1a) = a/L.

Proposition D.3 Let7[-](2), ze W, c C% be a regular functional and assume thatlNare large (and such that
N/L — D). Then, there existg > 0 such that for(y, 2) € Do,, x W, and L large enough

Flyo(2)

ors
dety, |1 - 75 o0 60|

wherep() is the unique solution tp(1) = h(1) + F(L)[yp(l‘)] (1). This solution is such thai® (1) = p (1) +

(D.33)

‘[,1"('-) (% Z) =

V:yp( L

O(L™1), wherep solves the linear integral equatic(rh + y—R) -p = h and theO(L™!) is a holomorphic function of
v and A and holds uniformly irfy| < yo anda € Uy. Finally,

sTO [y] (0c8) (. {) 1
= — — . D.34
@ W, T a5 0-IL (©-34)
Above |+ R/2r stands for the resolvent of the Lieb kernel acting ew; g ]. And one has
ST [v] ~ 1
det, [I -y 5 Q) ('u)]v:yp(u = det[ ~q:q] [l +yR/2rx] (1+ O(E)) . (D.35)

Proof —
In order to apply proposition Dl.2, we ought to check it satisfies to all the necessary conditions. For this
we observe that

e =inf|é(w) — A >0 where the inf is taken forw € 65, 1€[0;D] . (D.36)

Then, we choose a constaht- 0 and considek large enough so th& < €L /2. It then follows that the functions
& (w) = j/L, for j = 1,...,N, have no zeroes oy and some immediate neighborhood thereof provided that
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v(zy) € ﬁ’(M ny) with W, ¢ C% and|vliuxw, < C. It then follows by derivation under the integral sign
theorems thab® [v (x, y)] () is holomorphic in(u, y) € M x Wy

In order to establish bounds & [v (+, )] (1) for v holomorphic and such tht{ly,w, < C it is convenient
to represent

v(w)
fw ) o V(v) LA
E@-JL &@-jL  LEw-0 f L (& (w) - /L2 (D.37)

As %q c Int(K), there exists a constant > 0 such that for any function holomorphic orK, one hasﬂv’ll(,gq <
c1 |vilk. Also,

inf |&; (w) — 8 > €/2  where the inf is taken forw € ¢4, s€[0;D] and |t <elL/2. (D.38)
Hence, for any € ﬁ(M X Wy) such thavllkxw, < C < eL/2

J]

Wl
W”hwwumkwmwmﬁﬁﬁ{ o, * (10, KM}

L (¢/2)?

< 1@l msem 27|qu|C1{1+ [||§||K+E/2]} ||V||K><Wy . (D.39)

This provides an estimate for the const@nt, entering in the bounds fa-) [v]”Mwa. Next one has

@ O] (1) = h—M@)@—M@&@} "
o] @) - T[] (W) = ;9%(# ){g,(w) L @ i ) ZnL RY @) . (D.40)
Where,
plw)
@ ~7) () (p—7)" (w) dtt-p@)§ @ | do
R ) = ;égﬁ(ﬂ ) L2(§T(w) /L)2 z(f)v L2 (& (w) - j/L)3 2in _O(“,D T||K) , (D.41)
this uniformly inu € M andL large enough. Therefore,
STOWIW|  _
v (£) v=yp a{¢ b 4); Ev (5) j/iLe (D.42)

It follows that there exists a fliciently small open neighborhoot (%q) of 64 such that the functional derivative
is holomorphic in(u, £) € M x V' (%,). Moreover, we get that there exists lasindependent consta@k such that
Ir® [p] - TO A < Callo = 7l

We are now in position to apply propositibn D.2. It followsthCw) can be expressed in terms of the unique

solutionp® to p® () = h () + T [ypM] () with [|o®)]|,, < r uniformly in [y] < yo.
This means that,

oT®) [yv] ()
v ()

& (u)

zlnm uniformly in - (u,?) € cqu ) (D.43)

amwof

V:p(l‘) Lo+
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In this limit, the contour integréky in the Fredholm determinant can be computed and since tiuhélre deter-
minant of a trace class operator is continuous in respebgettrace class norm (which is bounded by the sup norm
in the case of integral operators acting on compact contours

dety, [1 = ST [yv] () /5v(§)|_pm] — def_qq1[1 ~ 790 (. D] = def _qq) [1 +yR/21] . (D.44)

WhereR s the resolvent of the Lieb kernel.

We now characterize the leading behavior of the solutibhwhenN,L — +co. By repeating the type of
manipulations carried our previously, and using &t is bounded orK uniformly in L, we get that the non-
linear integral equation fgr“) takes the form

v B - of)

There the O is uniform i € Us. The Riemann sum can be estimated by using the Euler-Mabdammnula and
the uniform boundedness pf) on K. After carrying out the resulting contour integral ov&y we obtain

q
ds _
P90 =h) v [ 5RE.9I+O(LY). (D.45)
~q
The O appearing i {D.45) is holomorphic jne Us. Indeed,p™ just as all the other terms i (DM45) are
holomorphic orlJ;. This proves thgb(®) admits an asymptotic expansionlirsuch thap(w) = p (w) +O(L‘1),
wherep is the solution to the integral equati¢h+ yR/2x) - p = h. As p(") andp are both holomorphic itJ;, so

is the remainder. Moreover, one can convince oneself ti&aChs uniform inu € Us. Therefore, the regularity
of the functionalF [] (2) @.13) leads toF [yp] (2) = F [yp] (2 + O(LY). n
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