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Abstract

We formulate a complete theory of Edge Radiation based on a novel method
relying on Fourier Optics techniques. Special attention is payed in discussing the
validity of approximations upon which the theory is built. Our study makes con-
sistent use of both similarity techniques and comparisons with numerical results
from simulation. We discuss both near and far zone. Physical understanding of
many asymptotes is discussed. As an example of application we discuss the case
of Transition Undulator Radiation, which can be conveniently treated with our

formalism.
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1 Introduction

Synchrotron Radiation (SR) sources from bending magnets are brilliant, and
cover the continuous spectral range from microwaves to X-rays. However,
in order to optimally meet the needs of basic research with SR, it is desir-
able to provide specific radiation characteristics, which cannot be obtained
from bending magnets, but require special magnetic setups, called inser-
tion devices. These are installed along the particle beam path between two
bending magnets, and introduce no net beam deflection. Therefore, they can
be incorporated in a given beamline without changing its geometry. Undu-
lators are a typical example of such devices, generating specific radiation

characteristics in the short wavelength range.

The history of SR utilization in the long wavelength region (from microm-
eter to millimeter) is more recent than that in the short wavelength range.
Long wavelength SR sources may have a strong potential for infrared spec-
troscopy or imaging techniques. In fact, they are some order of magnitude

brighter than standard thermal sources in the same spectral range.

Large angles are required to extract long wavelength SR from bending
magnets, because the “natural” opening angle in this case increases up to
several tens milliradians in the far-infrared range. However, the situation
changes dramatically if a straight section is introduced between two bends,
like in Fig. 1(a). Long-wavelength radiation emitted by relativistic electrons
in this setup is called Edge Radiation (ER), and presents a significantly
smaller opening angle than standard SR from bends (see, among others, [1]-

[14]). In other words, in the long wavelength region (compared to the critical
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bending-magnet radiation wavelength) a simple straight section between

bends can play the role of a kind of insertion device.

ER and bending magnet radiation have equivalent flux and brightness. In
fact, the physical process of ER emission is not different from that of radiation
emission from a single bend. However, radiation from the setup in Fig. 1(a)
exhibits special features, due to a narrower opening angle of ER over SR
from bends. Although for many experiments using infrared radiation one
can accept large collection angles in the horizontal and vertical directions, as
the wavelength gets longer ER can be advantageous in terms of simplicity

of the photon beamline [15] e.g. in infrared microspectroscopy applications.

ER theory is a part of the more general SR theory, very much like Undulator
Radiation (UR) theory is a part of SR theory. Similarly to the UR case, also for
ER the knowledge of the applicability region of the far-field formulas and
corrections for near-field effects are of practical importance. In most practical
cases, the distance between ER source and observer (i.e. the first optical
element of the photon beamline) are comparable or even much smaller than
the length of the straight section, which plays the role of the length of the

insertion device for ER.

In this paper we developed a theory of near-field ER based on Fourier Optics
(FO) techniques. These techniques can be exploited without limitations for
ER setups, because the paraxial approximation can always be applied in
the case of electrons in ultra-relativistic motion [16]. The use of the paraxial
approximation allows reconstruction of the field in the near-zone from the
knowledge of the far-field data. The solvability of the inverse problem for the

field allows characterization of any ER setup, starting from the far-zone field,
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Fig. 1. Four main types of edge radiation setups: (a) Far-infrared beamline for
synchrotron radiation source using edge radiation. (b) Arrival-time monitor for
XFEL source using optical coherent edge radiation. (c) Electron bunch length mon-
itor for XFEL using far-infrared coherent edge radiation. (d) Ultra-short electron
bunch diagnostic for laser-plasma accelerator facility using optical coherent edge

radiation. 4
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in terms of virtual sources. These sources exhibit a plane wavefront, and can
be pictured as waists of laser-like beams. Using this kind of description we
develop our theory in close relation with laser-beam optics. In particular,
usual FO can be exploited to characterize the field at any distance, providing

a tool for designing and analyzing ER setups.

It is the purpose of this article to discuss the principles of production and
properties for all applications of ER. First, we treat the relatively simple case
of ER from a setup composed by straight section and two bending magnets
atits ends (see Fig. 1(a)). We begin calculating an analytical expression for ER
from a single electron in the far-zone. Then, we characterize the near-zone
with the help of the virtual-source technique. Two alternative techniques
for the field propagation are given, based on a single virtual source located
in the middle of the ER setup, and based on two virtual sources located at

its edges.

Based on this study-case we turn to analyze a more complicated setup,
consisting of an undulator preceded and followed by two straight sections
and two bends (see Fig. 1(b)). ER from this kind of setup is commonly known
as Transition Undulator Radiation (TUR). The first study on TUR appeared
more than a decade ago in [17]. In that work it was pointed out for the first
time that, since an electron entering or leaving an undulator experiences
a sudden change in longitudinal velocity, highly collimated radiation with
broadband spectrum, similar to transition radiation, had to be expected
in the low-frequency region in addition to the usual UR. Reference [17]
constitutes a theoretical basis for many other studies. Here we remind only
a few [9, 18, 19, 20, 21], dealing both with theoretical and experimental

issues. More recently, TUR has been given consideration in the framework
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of X-ray Free-Electron Laser (XFEL) projects like [22, 23, 24]. For example,
an arrival-time monitor for XFELs using infrared coherent ER from a setup
similar to that in Fig. 1(b) has been proposed in [25], which should be used
for pump-probe experiments with femtosecond-scale resolution. In view of
these applications, there is a need to extend the characterization of TUR to
the near-zone, and to the coherent case. From this viewpoint, specification
of what precedes and follows the undulator is of fundamental importance.
As has been recognized for TUR many years ago [9], if this information
is not known, any discussion about the intensity distribution of TUR is
meaningless. According to our approach, the two straight sections and the
undulator in the setup in Fig. 1(b) will be associated to virtual sources with
plane wavefronts. The field from the setup can then be described, in the near
as well as in the far-zone, as a superposition of laser-like beams, radiating

at the same wavelength and separated by different phase shifts.

Our study makes consistent use of both dimensional analysis and com-
parisons with outcomes from numerical simulation. All simulations in this

paper are performed with the help of the computer code SRW [26].

2 General relations for edge radiation phenomena

2.1  Physical discussion of some numerical experiment

This Section constitutes an attempt to introduce ER theory to readers in as
intuitive and simple a fashion as possible by simulating the spectral energy
density per unit angle as a function of observation angles for the geometry

in 1(a). For this purpose we take advantage of the code SRW [26], which



99

100

101

102

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

provides a numerical solution of Maxwell’s equations.

The origin of a Cartesian coordinate system is placed at the center of straight
section. The z-axis is in the direction of straight section and electron motion
is in xz plane. Parameters of the problem are the radiation wavelength A, the
radius of thebend R, the relativistic Lorentz factor y, the length of the straight
section L and, additionally, the position of the observation plane down the
beamline, z. We work in the far zone. In this Section it is operatively defined
as a region where z is large enough, so that the simulated spectral energy

density per unit angle does not show dependence on z anymore.

ER carries advantages over bending magnet radiation in the limit for A/A. >
1, where A. ~ R/y® (here & = A/(2n) is the reduced wavelength) is the
critical wavelength of bending magnet radiation. We will work, therefore,
in this limit. We set y = 3.42 - 10* (17.5 GeV), R = 400 m, which are typical
values for XFELs. Note that in this case A. ~ 0.1A. Here we take A = 400
nm. We begin with the case L = 0 (bending magnet), and we increase the
straight section length (see Fig. 2). As one can see from the figure, radiation
becomes more collimated, up to about L =~ »*A ~ 100 m (case (d)), where
the collimation angle reaches 1/y ~ 30urad. Further increase of L only leads
to the appearance of finer structures in the radiation profile. It is important
to remark that the total number of photons in the +1 mrad window shown
in Fig. 2(a) is roughly the same in the £100urad window in Fig. 2(d). It is
clear that the length of the straight section L is strongly related with the

collimation of the radiation.
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Fig. 2. Illustrative calculations of the effect of bending magnet separation on the
directivity diagram of the radiation. The bending magnet radius R = 400 m, the
relativistic factor y = 3.42 - 10%, and the wavelength of interested A = 400 nm are
fixed, while the straight section length varies from L = 0 up to L > 7?4 ~ 100 m. In
this setup (as well as in all others in this paper) A > A, ~ 0.1A. Case (a) is a bending
magnet setup. Case (b) is a complex setup, where the radiation beam divergence
is practically the same as in (a). Case (c) illustrates an ER setup. Bending magnet
separation dramatically lowers the radiation beam divergence. (d) Optimal bending
magnet separation. The straight section length L ~ 21 corresponds to a radiation
beam divergence 0 ~ 1/y. (e) Further increase of L only leads to the appearance of
finer structures in the radiation profile. 2D plots on the left show the spectral energy
density per unit angle as a function of ’éhe horizontal and vertical angles 0, and
0, for various lengths of the straight section. Middle plots are obtained cutting the
2D angular distributions at x = 0. Right plots show a schematic of the considered

layout.
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2.2 Similarity techniques

To study ER further we apply similarity techniques. Similarity is a special
symmetry where a change in scale of independent variables can be com-
pensated by a similarity transformation of other variables. This is a familiar
concept in hydrodynamics, where the cardinal example is given by the
Reynolds number. Similarity allows one to reduce the number of parame-
ters to a few dimensionless ones that are directly linked to the physics of the
process, and that control it in full. Such parameters are found by analysis
of the underlying equations characterizing the system under study. In this
Section we limit ourselves to list them, to show their correctness with the
help of the code SRW, and to describe their physical meaning. This allows
one to obtain general properties of the ER process. A comprehensive theory

of ER will be presented in the following Sections.

For the setup in Fig. 1(a), two dimensionless parameters controlling the
radiation characteristics can be extracted from Maxwell’s equations. In the
next Section we will show how these parameters can be derived. Here we

limit ourselves to write them:

3

d

R2 L
L Y=y

o]
Il

1)

The detector is supposed to be far away from the source so that the above-

given definition of far-zone holds.

The most important general statement concerning ER is that all possible sit-
uations correspond to different values of the two dimensionless parameters

6 and ¢.
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Note that the working limit A/A, > 1 means ¢-6 < 1in terms of dimension-
less parameters. For any two cases characterized by the same values of 6 and
¢, the spectral energy density per unit angle from the setup in Fig. 1(a) will
”look” the same in terms of angles scaled to VA/L, i.e. 0 = 6/ \A/L. In other
words, data for different sets of problem parameters corresponding to the
same values of 6 and ¢ reduce to a single curve when properly normalized.
We tested the scaling properties of ER by running numerical simulations
with the first principle computer code SRW. We used two different sets of
dimensional parameters corresponding to the same case in terms of param-
eters 6 and ¢, and we checked that the spectral energy density per unit angle
normalized to their maximal values are identical. Results are presented in
Fig. 3 and Fig. 4, where the normalized spectral energy density per unit

angle is indicated with I/l .

When 6 ~ 1, the presence of the bending magnet radiation strongly influ-
ences the radiation profile (see Fig. 3(a)). When 6 decreases up to 6 < 1, one
can neglect bending magnet contributions (see Fig. 3(b)): what is left in this
case is ER. These situations are realized, for example, if one works at fixed A,
y and R while increasing the length L as in the case of Fig. 2. It follows that
6 is responsible for the relative weight of ER and bending magnet radiation
contributions in the radiation profile. Since we are interested in ER emis-
sion, it is natural to consider more in detail the limit for 6 < 1. In this case,
results are independent on the actual value of 6, and the only parameter left
is ¢b. This fact can be seen from Fig. 3(b), where the two sets of dimensional
parameters refer to two different value of 6 < 1. We will name this situation

the sharp-edge asymptote.

In the limit for ¢ < 1, the opening angle of the radiation is independent of

10
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Fig. 3. Verification of similarity techniques. Left and right plots show the normalized
spectral energy density per unit angle as a function of the horizontal and vertical
angles 0, and éy respectively (at éy = 0 and O, = 0 respectively). (a) Case 6 ~ 0.43
and ¢ ~ 6.7 - 1073. The solid curve is the result of SRW calculations with L = 0.5
m, R =400 m, A = 400 nm at 17.5 GeV. The dotted curve is the result for L = 1 m,
R =800 m, A = 800 nm at 17.5 GeV. (b) Case 6 < 1 and ¢ ~ 4. The solid curve is
the result of SRW calculations with L = 300 m, R = 400 m, A = 400 nm, at 17.5 GeV
(corresponding to & ~ 7-107%). The dotted curve is the result for L = 150 m, R = 400

m, A = 800 nm at 8.5 GeV (corresponding to § = 2 - 1073).

the actual value of ¢ too. In this case we obtain the universal plot shown
in Fig. 4, and one talks about a self-similar behavior of the profile of the
spectral energy density per unit angle, which asymptotically approaches
the self-similar form I/I.x = F(éx, éy). Note that the separation distance L
between the bends dramatically lowers the radiation beam divergence, but
the characteristic angle of emission is still larger than 1/y. In fact, radiation
peaksat 6 ~ 2.2 V/A/L. When ¢ increases, radiation becomes better and better
collimated, up to angles 0 ~ 1/y. This happens for values ¢ ~ 1. Radiation

has reached the best possible collimation angle and further increase of ¢

11
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Fig. 4. Illustration of self-similarity techniques. Left and right plots show the nor-
malized spectral energy density per unit angle as a function of the horizontal and
vertical angles 0, and éy respectively (at éy = 0 and 6, = 0 respectively). The
profile of the spectral energy density per unit angle asymptotically approaches the
self-similar form I/l = F(éx, éy) for 6 < 1 and ¢ < 1. The solid curve is the
result of SRW calculations with 6 =~ 0.02 and ¢ = 0.13. The dotted curve refers to

the case 6 = 0.01 and ¢ = 0.27 instead.

(see Fig. 3(b)) only modifies fine structures in the radiation profile.

2.3 Qualitative description

It is possible to present intuitive arguments to explain why all problem

parameters (R, y, L and A) are effectively grouped in 6 and ¢.

To this purpose let us consider first the parameter 6. By definition, 1/6 is a

measure of the straight section length L in units of a characteristic length

VR2A.

To explain the meaning of the quantity VR2A, following [27] we consider
Fig. 5(a), and we focus on the region of parameters A < R and y? > 1.
A posteriori, this region of parameters will turn out to correspond to an
angular dimension along the trajectory 20 < 1 within the bending magnet.

Radiation from an electron passing through the setup is observed through

12
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Fig. 5. Geometry for SR from a bending magnet.

a spectral filter by a fixed observer positioned on the tangent to the bend
at point P. Electromagnetic sources propagate through the system, as a
function of time, as shown in Fig. 5(b). However, electromagnetic signals
emitted at time ¢’ at a given position x(t') arrive at the observer position at a
different time ¢, due to the finite speed of light. As a result, the observer in
Fig. 5(a) sees the electromagnetic source motion as a function of . What one
needs to know, in order to calculate the electric field, is the apparent motion
x(t) shown in Fig. 5(c), which is a hypocycloid, and not the real motion
x(t'). In fact, the electric field at the observation point is proportional to the
second derivative of the x-coordinate with respect to the retarded time t,

because the observer sees everything as delayed. We discuss the case when

13
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the source is heading towards the observer. Using the fact that 0 < 1, one
obtains the well-known relation dt/dt’ = 1/2 - (1/y* + 6%). The observer sees
a time-compressed motion of the sources, which go from point A to point
B in an apparent time corresponding to an apparent distance 2R0dt/(dt’).
Let us assume (this assumption will be justified in a moment) 6% > 1/y. In
this case one has 2ROdt/(dt') ~ RO?. Obviously one can distinguish between
radiation emitted at point A and radiation emitted at point B only when
RO® > A, i.e. for O > (A/R)!. This means that, as concerns the radiative
process, we cannot distinguish between point A and B on the bend such
that RO < (R*A)1/3. It does not make sense at all to talk about the position
where electromagnetic signals are emitted within Ly, = (R?A)!/? (here we
are assuming that the bend is longer than Lg). This characteristic length
is called the formation length for the bend. The formation length can also
be considered as a longitudinal size of a single-electron source. Note that
a single electron always produces diffraction-limited radiation d - AO ~ 2,
d being the transverse size and A0 the divergence of the source. Since d ~
Lg,AO, it follows that the divergence angle A0 is strictly related to Ly, and A:
0 ~ \/m One may check that, using L¢, ~ VR21,., one obtains 6 ~ VA/R;
in particular, at A ~ A, ~ R/y? one obtains 6 ~ 1/y, as is well-known for

bending magnet radiation.

Let us now consider the case of a straight section of length L inserted between
the two halves of a bend. Since we cannot distinguish between points within
Lg, the case L = 0 is obviously indistinguishable from the case L < L.
Significant deviations from the bending magnet case are to be expected
when L 2 Lg, i.e. when 6 < 1. This hints to the fact that 6 is responsible

for the relative weight of ER and bending magnet radiation contributions
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in the radiation profile.

Let us now discuss the parameter ¢. By definition, ¢ is a measure of the
straight section length L in units of a characteristic length y?1. One can still
use the same reasoning considered for the bend to define a region of the
trajectory where it does not make sense to distinguish between different
points. In the case of a straight section of length L connecting A and B,
dt/dt’ = 1/(2)?). It follows that the apparent distance AB is equal to L/(2)?).
Since it does not make sense to distinguish between points within the ap-
parent electron trajectory such that L/(2)?) < A, one obtains a critical length
of interest ~ y2A. This hints to the fact that for values ¢ ~ 1 radiation has

reached the best collimation angle.

Note that for ultrarelativistic systems in general, the formation length is al-
ways much longer than the radiation wavelength. This is related with a large
compression factor dt/dt’. For comparison, in the case of non-relativistic mo-
tion the compression factor dt/dt’ ~ 1, and the formation length is simply of
order of the radiation wavelength. The counterintuitive result follows, that
for ultrarelativistic systems one cannot localize sources of radiation within

a macroscopic part of the trajectory.

3 Paraxial approximation

In the next two Sections we present a complete theory of ER. All electrody-

namical theories are based on the presence of small or large parameters.

In general, the theory of Synchrotron Radiation (SR) is based on the ex-

ploitation, for ultra-relativistic particles, of the small parameter 2. By this,
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Maxwell’s equations are reduced to much simpler equations with the help
of paraxial approximation. ER theory constitutes a particular case of SR

theory, based on the extra small-parameter 6.

Here and everywhere else in this paper we will make consistent use of

Gaussian units.

In this Section we deal with the paraxial approximation of Maxwell’s equa-
tions. We will treat both near and far zone cases, with special attention to
the applicability region of equations describing ER in different regions of

the parameter space.

Whatever the method used to present results, one needs to solve Maxwell’s
equations in unbounded space. We introduce a cartesian coordinate sys-
tem, where a point in space is identified by a longitudinal coordinate z and
transverse position 7. Accounting for electromagnetic sources, i.e. in a re-
gion of space where current and charge densities are present, the following

equation for the field in the space-frequency domain holds in all generality:

AV2E + ?F = 471026;5 - 4niw7, (2)

where p(z, 7, w) and j(z, 7, w) are the Fourier transforms? of the charge den-
sity p(z,7,t) and of the current density ]?(2,17, t). Eq. (2) is the well-known
2 We explicitly write the definitions of the Fourier transform and inverse transform

of a function f(t) in agreement with the notations used in this paper. The Fourier

transform and inverse transform pair reads:

fw) Zfdt f(t)exp [iwt] ; f(t) = %fdw flw) exp [~iwt] .

16
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Helmholtz equation. Here E indicates the Fourier transform of the electric

field in the space-time domain.

A system of electromagnetic sources in the space-time can be conveniently
described by p(z, 7, t) and f(z,?, t). Considering a single electron and using

the Dirac delta distribution, we can write

e

0.(2)

s(z) B

0

0(2,7,8) = —ed (7 - 7o) 8z — 20(8) =~ (7 70@))5( t) ®)

j@ 78 =dbDp (71, 4)

where (zo(t), 70(t)) and o(t) are, respectively, position and velocity of the
particle at a given time ¢ in a fixed reference frame, v, is the longitudinal
velocity of the electron , and (—e¢) is the electron charge. Additionally, we
defined the curvilinear abscissa s(z) = vt(z), where v = |z7(t(z))| is a constant.

In the space-frequency domain the electromagnetic sources transform to:

(7,2, w) = —sz)é (7= () exp [ia)z(z)] 5
and
17,2, 0) = 32)p(F, 2, @) ©)

Since we will only be interested in the transverse components of the field,
from now on we will consider the transverse field envelope E, a 2D vector
defined in the space-frequency domain as E = F L expl[—-iwz/c], the sym-
bol ”1” indicating projection on the transverse plane. By substitution in

Helmholtz equation we obtain

17
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(Vz+%92)§:4mx%ppwfgl_Eﬂﬁga@g—ﬁqaw—%@»xn

0(2)
where, according to our notation, V. indicates a gradient with respect to
transverse coordinates only, and U, is the transverse velocity of the electron.
Eq. (7) is still fully general and may be solved in any fixed reference system

(x,y,z) of choice with the help of an appropriate Green’s function.

When the longitudinal velocity of the electron, v,, is close to the speed of
light ¢, one has y? > 1, where y;? = 1 — v?/c?. The Fourier components
of the source are then almost synchronized with the electromagnetic wave
travelling at the speed of light. Note that this synchronization is the reason
for the time compression factor described in Section 2.3. In this case, the
phase w(s(z)/v — z/c) is a slow function of z compared to the wavelength.
For example, in the particular case of motion on a straight section, one has
s(z) = z/v,, so that w(s(z)/v — z/c) = wz/(2y3c), and if y2 > 1 such phase
grows slowly in z with respect to the wavelength. For a more generic motion,

one similarly obtains:

22

$(z2) =s(z1) z—z1) _ . W
”( v c)'f”wwx’ ®

21

Mathematically, the phase in Eq. (8) enters in the Green’s function solution
of Eq. (7) as a factor in the integrand. As we integrate along z, the factor
w(s(z)/v—2z/c) leads to an oscillatory behavior of the integrand over a certain
integration range in z. Such range can be identified with the value of z, — z
for which the right hand side of Eq. (8) is of order unity, and it is naturally
defined as the radiation formation length L of the system at frequency
w. Of course there exist some freedom in the choice of such definition:

“order of unity” is not a precise number, and reflects the fact that there is
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no abrupt threshold between “oscillatory” and “non-oscillatory” behavior
of the integrand in the solution of Eq. (7). It is easy to see by inspection of
Eq. (8) that if v, is sensibly smaller than ¢, but still of order ¢, i.e. v, ~ ¢
but 1/y2 ~ 1, then L ~ A. On the contrary, when v, is very close to ¢, i.e.
1/y2 < 1, the right hand side of Eq. (8) is of order unity for L = z, —z; > A.
When the radiation formation length is much longer than 4, Edoes not vary
much along z on the scale of A, that is | 82Ex,y < w/c | Ex,y |. Therefore, the
second order derivative with respect to z in the V? operator on the left hand
side of Eq. (7) is negligible with respect to the first order derivative, and Eq.

(7) can be simplified to

(VLZ + Zz_cui) E: % exp [ia) (? Bl E)] [ic_cgﬁl(z) - §¢] o (= ro(2)) ,

c
)

where, as said before, we consider transverse components of IA:?, and we
substituted v.(z) with ¢, based on the fact that 1/y2 < 1. Eq. (9) is Maxwell’s
equation in paraxial approximation. Eq. (7), which is an elliptic partial dif-
ferential equation, has thus been transformed into Eq. (9), that is of parabolic
type. Note that the applicability of the paraxial approximation depends on
the ultra-relativistic assumption y? > 1 but not on the choice of the z axis.
If, for a certain choice of the longitudinal z direction, part of the trajectory
is such that y2 ~ 1, the formation length is very short (Ly ~ 1), and the
radiated field is practically zero. As a result, Eq. (9) can always be applied,

i.e. the paraxial approximation can always be applied, whenever y* > 1.

Complementarily, it should also be remarked here that the status of the
paraxial equation Eq. (9) in Synchrotron Radiation theory is different from

that of the paraxial equation in Physical Optics. In the latter case, the paraxial

19



335

336

337

338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

approximation is satisfied only by small observation angles. For example,
one may think of a setup where a thermal source is studied by an observer
positioned at a long distance from the source and behind a limiting aperture.
Only if a small-angle acceptance is considered the paraxial approximation
can be applied. On the contrary, due to the ultra-relativistic nature of the
emitting electrons, contributions to the SR field from parts of the trajectory
with formation length Ly > A (the only non-negligible) are highly colli-
mated. As a result, the paraxial equation can be applied at any angle of
interest, because it practically returns zero field at angles where it should

not be applied.

=2
Finally, since the characteristic scale of variation of E is much larger than A4,
the paraxial approximation is valid up to distances of the observer from the

electromagnetic sources of order A.

The Green’s function for Eq. (9), namely the solution corresponding to the
unit point source can explicitly be written in an unbounded region as

|77 P

G(?_ 7’7,2—2,) = - 2C|Z—Z/| 7

1
iz =21 °F l“‘) 10

Note that when z -z’ < 0 the paraxial approximation does not hold, and the
paraxial wave equation Eq. (9) should be substituted, in the space-frequency
domain, by the more general Helmholtz equation. However, the radiation
formation length for z—z" < 0is very short with respect to the case z—z" > 0,
i.e. there is effectively no radiation for observer positions z =z’ < 0. As a
result, in this paper we will consider only z — z’ > 0. The reason why |z — |
is present in Eq. (10) (while z — z’ > 0 always) is that, mathematically, the

Green’s function G is actually related to the operator on the left hand side
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of Eq. (9), and not to the whole equation. For example, when dealing with
wavefront propagation, one must consider the homogeneous version of Eq.
(9), and the same Green’s function in Eq. (10) can be used, as we will see, to
propagate the electric field. In this case, propagation can be performed in

the backward direction as well, i.e. for z — z’ < 0.

Note that Eq. (10) automatically include information about the boundary
condition for the field. In the present case, since we are dealing with un-
bounded space, the field vanishes at large distance from the sources. Due
to this fact, the Green’s function in Eq. (10) is a scalar function, while in
general it admits tensorial values. Using the definition of Green’s function,

and carrying out integration over transverse coordinates we obtain

z

E: % dz' {iC—C;)HL(z’)G (F-7(z),z=2) + [ﬁ’lG (17— ¥,z— z’)]ﬁ:# , }

—00

X exp lia) (S(—Z) - E)] p (11)

v
where ﬁl indicates derivatives with respect to 7. Explicit substitution of Eq.

(10) yields the following result

zZ

E(Z’F):_ia)_efdz,z 1 [5:_(2’) 3 7— ,76(2/)‘|

c? -z| ¢ z—2z
2 _ o 2 z 1
Xexp1iw m + fdz - , (12)
2c(z — ') 2y2(2)c

where we the choice of integration limits in dZ indicates that the electron
arrives at position z = 0 at time ¢, = 0. Eq. (12) is valid at any observation
position z such that the paraxial approximation is valid, i.e. up to distances

between the observer and the electromagnetic sources comparable with the
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radiation wavelength. One may recognize two terms in Eq. (12). The first in
U, (z) can be traced back to the current term on the right hand side of Eq.
(7), while the second, in 7 — 7(z’), corresponds to the gradient term on the

right hand side of Eq. (7).

Eq. (12) is used as starting point for numerical codes like SRW. The only
approximation used is the paraxial approximation. This rules out the pos-
sibility of using SRW to study the region of applicability of the paraxial
approximation. However, once the paraxial approximation is granted for
valid, SRW, or Eq. (12), can be used to investigate the applicability of ER
theory, which is built within the constraints of the paraxial approximation.
Note that the evaluation of the field begins with the knowledge of the trajec-
tory followed by the electron, which is completely generic. In other words,
one needs to know the electromagnetic sources to evaluate the field at any

position z down the beamline.

Alternatively, the knowledge of the far-zone field distribution, i.e. a limit
of Eq. (12), allows one to specify an algorithm to reconstruct the field in
the near zone up to distances of the observer from the sources much larger
than A. An important characteristic of this algorithm is that it works within
the region of applicability of the paraxial approximation, y? > 1 only. Such
algorithm was developed in [16] to deal with SR problems in full generality,
and will be used in this paper to develop our ER theory. It follows three

major steps.

I. The first step is the characterization of ER emission in the far zone. From

Eq. (12) follows directly:
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z

E(z, 0) = —% fdz’(@ - 5)

Z

. dz iw 2 3 > ' 02
xexp wachg(Z) +2—C(29 —26-r0(z)+26) , (13)

0

where 6 = 7/z defines the observation direction, and 0 = |§|. Note that the
concept of formation length is strictly related to the concept of observation
angle of interest. In fact, given a certain formation length L, and substituting
it into the phase in z’6? in Eq. (13), one sees that the integrand starts to be
highly oscillatory for angles 0 =~ \/m Eq. (13) is taken as the starting

point for our algorithm.

II. The second step consists in interpreting the far-zone field in Eq. (13) as a
laser-like beam, generated by one or more virtual sources. These sources are
not present in reality, because they are located at positions inside the mag-
netic setup, but they produce the same field as that of the real system. Hence
the denomination “virtual”. A virtual source is similar, in many aspects, to
the waist of a laser beam and, in our case, exhibits a plane wavefront. It is
then completely specified, for any given polarization component, by a real-
valued amplitude distribution of the field, located at a fixed longitudinal

position.

Suppose we know the field at a given plane at z, and we want to calculate
the field at another plane at z,. In paraxial approximation and in free space,
the homogeneous version of Eq. (9) holds for the complex envelope Eof the
Fourier transform of the electric field along a fixed polarization component,

that is [V.? + (2iw/ c)&Z]E = 0. One has to solve this equation with a given
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initial condition at z, which defines a Cauchy problem. We obtain

2 2i 52 - N -
E(z,7) = —% fdr’ E(z,7)G (r -1,z — z) , (14)

where the integral is performed over the transverse plane and the Green'’s
function G in unbounded space is given in Eq. (10). Similarly as before,
it is important to remark that since E is a slowly-varying function with
respect to the wavelength, one cannot resolve the evolution of the field on
a longitudinal scale of order of the wavelength within the accuracy of the
paraxial approximation. In order to do so, the paraxial equation should be
replaced by the more general Helmholtz equation. Let us now consider the
limit z — oo, with finite ratio v /z. In this case, the exponential function in

Eq. (14) can be expanded giving

2 ; - . 2
E Y | 47 Bz LGN -
E(ZS,F)—ZRCZ fdr E(z,r)exp[ s (r 271 + . )] (15)

Letting 6 = 1 /z we have

i

2 iwz > w6? 2 iw_, =
E(z,7)= rro fd@ exp [— oy (z+2z)|E (z, 67) exp [Tr . 6] , (16)

where the transverse vector 7 defines a transverse position on the virtual
source plane at z = z,. Eq. (16) allows to calculate the field at the virtual
source once the field in the far zone is known. The specification of the vir-
tual source amounts to the specification of an initial condition for the electric
tield, that is then propagated at any distance. From this viewpoint, iden-
tification of the position z = z; with the virtual source position is possible
independently of the choice of z;. In other words, like in laser physics, the
SR field can be propagated starting from any point z,. However, there are

choices that are more convenient than others, exactly like in laser physics the
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waist plane is privileged with respect to others. The most convenient choice
of z; is the one that allows maximal simplification of the phase contained in
the far-zone field E(0) with the quadratic phase factor in 62 in Eq. (16). In
practical situations of interest it is possible to choose z; in such a way that
the field at the virtual source exhibits a plane wavefront, exactly as for the
waist of a laser beam. Finally, in some cases, it is convenient to consider the
far zone field E(6) as a superposition of different contributions. In this way,
more than one virtual source can be identified and treated independently,

provided that different contributions are finally summed together.

III. The third, and final step, consists in the propagation of the field from
the virtual sources in paraxial approximation. Each source E(zs, ) generates

the field

=2 iw 52 -
E(Z,Tj’) = mfd?’ E(ZS,T’ )exp (17)

2¢(z — zy)

.l 22
lw |r - r" }
as follows directly from Eq. (14). Note that here we assume z > z;.

It should be stressed that the inverse field problem, which relies on far-field
data only, cannot be solved without application of the paraxial approxima-

tion.

If the paraxial approximation were not applicable, we should have solved
the homogeneous version of Eq. (2). Boundary conditions would have been
constituted by the knowledge of the field on a open surface (for example,
a transverse plane) and additionally, by Rayleigh-Sommerfeld radiation
condition at infinity, separately for all polarization components of the field.

However, this would not have been enough to reconstruct the field at any
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position in space. In order to do so, we would have had to specify the
sources. In fact, the boundary conditions specified above allow one to solve

the direct transmission problem, but not the inverse one.

Since, however, the paraxial approximation is applicable, the inverse field
problem turns out to have unique and stable solution. A conservative esti-
mate of the accuracy of the paraxial approximation is related to the distance
d between the point where we want to know the field and the electron

trajectory in the space-frequency domain [16].

The fact that we can reconstruct the near-zone field starting from the knowl-
edge of the far-zone field and from the propagation equation looks para-
doxical. In fact, in the far zone, all information about the velocity field in the
Lienard-Wiechert expressions for the field is lost. It is interesting to note, for
example, what is reported in [28] concerning the velocity term: ”In the case
of infrared synchrotron radiation, and THz radiation in particular, this term
is not small and must be included in all calculations”. Here we apparently
seem to have lost track of every information about the velocity term. As
shown in [16], the paradox is solved by the fact that, although in the far-
zone limit of Eq. (12) includes information about the Fourier Transform of
the acceleration term of the Lienard-Wiechert fields only, information about
the velocity term is included in the field propagation equation through the
Green’s function Eq. (10), which solves Maxwell’s equations as the Lienard-

Wiechert expressions do.
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4 Sharp-edge approximation

Let us consider the system depicted in Fig. 1(a). In this case of study the
trajectory and, therefore, the space integration in Eq. (13) can be split in
three parts: the two bends, which will be indicated with b; and b,, and the

straight section AB. One may write

E:(Z/ 7) = Ebl(zl 77) + E/AB(Z/ f) + E:bZ(Z/ F) ’ (18)

with obvious meaning of notation. We will denote the length of the segment
AB with L. This means that points A and B are located at longitudinal

coordinates z4 = —L/2 and zz = L/2.

Recalling the geometry in Fig. 1(a) we have y.(z) = y for z4 <z’ < zg. With

the help of Eq. (13) we write the contribution from the straight line AB

-

L/2
=2 iwe L= iw|6%z zZ (1
EAB:E dz@exp{7 T+E(?+9)‘|}, (19)

where we assumed that 7y(z’) = 0, i.e. that the particle has zero offset and

deflection. From Eq. (19) one obtains:

=2 1 w6z >
Eup = el exp [la)ZQC Z] 0 sinc |a)_L (62 + l)l . (20)

Note that Eq. (20) describes a spherical wave with the center in the middle

of the straight section. Moreover, it explicitly depends on L.

In the previous Section we defined the formation length as the length needed
for the phase of the electric field seen by an observer on the z axis to overtake

the phase of the sources of a radiant. It follows from this definition, and from
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the phase in Eq. (19) that the formation length L for the straight section AB
can be written as Ly ~ min[y?A,L]. Then, either Ly ~ y*A or Ly ~ L. In
both cases, with the help of the phase in the integrand in Eq. (19) we can
formulate on a purely mathematical basis an upper limit to the value of the
observation angle of interest for the straight line, 07, < A/Ls. Moreover, if

Ly ~ y*A, the maximal angle of interest is independent of the frequency and

equal to 1/y, in agreement with what has been said before.

According to the superposition principle, one should sum the contribution
due to the straight section to that from the bends. However, as discussed in
Section 2, when 6 < 1 one can ignore the presence of the bending magnets
with good accuracy. Note that a direct confirmation of this fact can be given
by analyzing explicitly the field from the half bends, e.g. Ehz. An expression
for the quantity Em can be found from first principles, applying Eq. (13) to

the case of a half bend.

In the framework of the paraxial approximation we obtain for z > L/2:

s(z) ~z+ % , As)=-R [1 - cos(S —RL/2)] e, (21)

e, (or e}) being a unit vector along the x (or y) direction. Substitution in Eq.

(13) and use of Eq. (8) gives?:

3 Usually, in textbooks, the z axis is chosen in such a way that 0, = x/z = 0, i.e. it
is not fixed, but depends on the observer position. This can always be done, and
simplifies calculations. However, since the wavefront is not spherical, this way of
proceeding can hardly help to obtain the phase of the field distribution on a plane
perpendicular to a fixed z axis. Calculations in our (fixed) coordinate system is more

complicated and can be found in e.g. in [29]. After some algebraic manipulation
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=2 5 we , . (Z S R
Ep(z,0) = o exp [iDs] exp [iDo] fdz (Eex + dey)
RO,
iw| z 0oy 278
X exp {7 lzyz (1 +y Gy) + 6R2]} , (22)
where
wz(0* + 62
s = —y) and
2c )
_ wRO, (1 O ,\ L1 s o

Oy = — o ()/2+3+8y)+4c()/2+6x+6y . (23)

Analysis of the phase term in z® Eq. (22) shows that the integrand starts
to exhibit oscillatory behavior within distances of order of Ly, = VR22,
that is the radiation formation length for the bending magnet at A > R/y?.
Similarly, as we have seen from Eq. (19), and has been also shown with
qualitative arguments in Section 2, the formation length for the straight
section amounts to L = min[L, y21]. The ratio L v/ Ls is responsible for the
relative weight of ER compared to bending magnet field contribution. Note
that strictly speaking, when ¢ > 1, Ls,/L is equal to 6 - ¢ (and not to
0). However, 6 - ¢ < 1 always, to insure that A > A.. As a result, in all
generality, it is possible to talk about ER if and only if 6 < 1and 6-¢ < 1

(or VR2A /L <1, A/A, < 1 in terms of dimensional parameters).

When 6 2 1, one cannot talk about pure ER. One must account for bend-
ing magnet contributions as well. Then, expressions presented here for the
electric field from the straight section can be seen as partial contributions,

to be added to bending magnet contributions calculated elsewhere.

Although equivalent criteria are briefly discussed in [30, 31], in this paper

and change of variables we obtain Eq. (22).
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we first introduced a measure of “how sharp” the edges are through the
parameter 6 and, with this, we specified the region of applicability for ER

theory.

It should also be noted that bending magnets at the straight section ends
act like switchers, i.e. they switch on and off radiation seen by an observer.
Observers see uniform intensity from a bend along the horizontal direction.
However, not all parts of the trajectory contribute to the radiation seen by
a given observer, because radiation contributions from different parts of
the bend is highly collimated, hence the switching function. Since we are
not interested in electromagnetic sources responsible for field contributions
that are not seen by the observer, we may say that bends switch on and off

electromagnetic sources as well.

Finally, it should be remarked that the far-zone asymptoticin Eq. (19) is valid
at observation positions z > L. This is a necessary and sufficient condition
for the vector # pointing from source to observer, to be considered constant.
This result is independent of the formation length. When L < 9?1 we can
say that an observer is the far zone if and only if it is located many formation
lengths away from the origin. This is no more correct when L > 1. In this
case the observer can be located at a distance z > )?A, i.e. many formation
lengths away from the origin of the reference system, but still at z ~ L, i.e.
in the near zone. As we see here, the formation length L, is often, but not
always related to the definition of the far (or near) zone. In general, the far
(or near) zone is related to the characteristic size of the system, in our case

L.Inits turn Ly < L, which includes, when Y21 < L, the situation L << L.

Since in the following we will only deal with a contribution of the electric
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field, i.e. that from the straight section EAB, from now on, for simplicity, we

will omit the subscript AB.

The radiation energy density as a function of angles and frequencies w, i.e.

the spectral energy density per unit angle, can be written as

Ef , (4)

dQ) being the differential of the solid angle €). Substituting Eq. (20) in Eq.

dW cz?

dodQ ~ 412

(24) it follows that [5]
dw  e’l? , . L|Llw(,, 1
= i — —1| . 2
dwdQ)  4m2c3 07 sinc [4c (6 " Y2 @)

It is now straightforward to introduce the same normalized quantities de-
fined in Section 2: 6 = VL/A 6, and ¢ = L/(y*1). We may write the spectral

energy density per unit angle in normalized units as

. L RP
so that
X A 1/4
22T _ N2 o 2 2
22} = 62 sinc [Z (6 +qb)] ) (27)

where Z = z/L. Eq. (27) is plotted in Fig. 6 for several values of ¢ as a function

of the normalized angle 6. The natural angular unit is evidently VA/L.

The spectral energy density per unit angle, once integrated in angles, is
divergent, as one can see from 22] o 1/62. This feature is related with the
limit of applicability of the sharp-edge approximation. Note that within

the framework of the paraxial approximation alone, the integrated spectral
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Fig. 6. Normalized spectral energy density per unit angle of the radiation from the

setup in Fig. 1(a) for different values of ¢.

energy density per unit angle calculated with Eq. (13) does not have any
singularity, whatever the electron trajectory is. The paraxial approximation,
as discussed above, is related to the large parameter y?. However, our ER
theory is related to another parameter, 6 < 1, which controls the accuracy of
the sharp-edge approximation. It is within the framework of the sharp-edge
approximation that the integrated spectral energy density per unit angle is
logarithmically divergent. Accounting for the presence of the bend would

simply cancel this divergence.

We can now justify findings in the previous Section. From Eq. (27) we see
that, in the limit for ¢ < 1, the radiation profile is a universal function, and
peaks at O ~ 2.2. When, instead, ¢ > 1, radiation is much better collimated

peaking at O ~ \/5 corresponding to 6 ~ 1/y.

The behavior of the far-field emission described here is well-known in lit-

erature. Nonetheless, the accuracy of the asymptotic expression for 6 <« 1,
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Fig. 7. Spectral energy density per unit angle as a function of the normalized angle
0 for two different edge length parameters 6 = 0.2 and § = 0.02. Here the straight
section length parameter ¢ ~ 0.01. Left and right plots are obtained cutting the
profile of the spectral energy density per unit angle at éy = 0and 0, = Orespectively
(i.e. electron motion is in xz plane). The dotted curves are calculated with the
analytical formula Eq. (27). Solid lines are the results of numerical calculations

with computer code SRW.

Eq. (27), has never been discussed: the parameter 6 has been introduced
here for the first time. Numerical calculations were never used before to
scan the parameter space in 6 and to provide an universal algorithm for es-
timating the accuracy of the ER theory. We can study such accuracy now by
comparing asymptotical results with SRW outcomes at different values of
6. This comparison is illustrated in Fig. 7. It can be seen that edge radiation

approximation provides good accuracy for 6 < 0.01.

For completeness, and within the limiting case for 6 < 1, it is interesting

to study the accuracy of the asymptotic expression for ¢ < 1 of Eq. (27).
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Fig. 8. Spectral energy density per unit angle as a function of the normalized angle
0 for different straight-section length parameters ¢ calculated after Eq. (27) and

comparison with the asymptotic limit for ¢ < 1 in Eq. (28).

sz In this case one does not need comparisons with SRW results, because the

s asymptotic limit of Eq. (27) is simply

A2
22 = 6% sinc® l%] . (28)

s+ Results are shown in Fig. 8. It can be seen that the asymptotic expression

05 Eq. (28) provides good accuracy for ¢ < 0.1.

s From now on, we will only consider the asymptote for sharp-edges 6 < 1in
so7 the far-zone. This is the starting point for further investigations of near-zone

o8 ER, based on the use of virtual source techniques.
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5 Near field Edge Radiation theory
5.1 Edge Radiation as a field from a single virtual source

Eq. (16) and Eq. (20) allow one to characterize the virtual source through

w?el oL{, 1
E(O ‘)-— 53 fd@@smclzl (9 +)/_)

(29)

exp [lﬁf 6]

Eq. (29) is valid in any range of parameters, i.e. for any choice of ¢. However,
the Fourier transform in Eq. (29) is difficult to calculate analytically in full
generality. Simple analytical results can be found in the asymptotic case for
¢ < 1,ie. for L/(y?A) < 1. In this limit, the right hand side of Eq. (29) can
be calculated with the help of polar coordinates. An analytic expression for

the field amplitude at the virtual source can then be found and reads:

=2 4
EQ0,7) = —z% 7 smc(ac)z ) , (30)

where 7% = |F]2 as usual. It is useful to remark, for future use, that similarly
to the far-field emission Eq. (20), also the field in Eq. (30) explicitly depends

on L.

It is interesting to comment on the meaning of the phase in Eq. (30), i.e. on
the factor —i in front of the right hand side. Such phase is linked with the
(arbitrary) choice of phase of the harmonic of the charge density at z = 0. In
particular, such phase was chosen to be zero at z = 0. Propagating Eq. (30)
to the far-zone, one obtains Eq. (20). In other words, the plane wavefront
transforms into a spherical wavefront centered at z = 0. Note that there is an

imaginary unit i in front of Eq. (20), meaning that an extra minus sign, i.e. a
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phase shift of 7, results from the propagation of Eq. (30). This extra phase
shift of  represent the analogous of the Guoy phase shift in laser physics,
and is in agreement with our interpretation of the virtual source in Eq. (30)
as the waist of a laser-like beam. Note that, while for azimuthal-symmetric
beams the Guoy phase shift is known to be 7/2, this result is not valid in our
case where the cartesian components of the field depend on the azimuthal

angle.

We define the normalized transverse position 7 = 7/ VAL. Moreover, since
the source is positioned at z = 0, we indicate the normalized spectral energy
density at the virtual source as I, defined similarly as I in Eq. (26). It follows

that
1(7) = 16 Psinc () . (31)

The profile in Eq. (31) can be detected (aside for scaling factors) by imaging

the virtual plane with an ideal lens, and is plotted in Fig. 9.

Note that Eq. (30) describes a virtual source characterized by a plane wave-
front. Application to Eq. (30) of the propagation formula, Eq. (14), allows
one to reconstruct the field both in the near and in the far region. We obtain

the following result:

25 2¢ 0 iwz6?
E(z,0) = o exp e
iwz6? iwz6?
<P (_20(1 i Zz/L)) - P (2c(—1 T ZZ/L))] ' (32)

where we defined 6 = 7/z, independently of the value of z. This definition
makes sense whenever z # 0, and yields usual angular distributions in the

far zone, for z > L. Eq. (32) solves the field propagation problem for both
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Fig. 9. Normalized spectral energy density at the virtual source, 1,, as a function of

7 (upper plot) and 3D view as a function of £ and 7.

the near and the far field in the limit for ¢ < 1.

Eq. (32) is singular at 7 = 0 (i.e. 6= 0) and z = L/2. Within our sharp-edge
approximation, this singularity is mathematically related to the divergence
of the integrated spectral energy density per unit angle in the far zone, which
has been discussed above. If one goes beyond the applicability region of the
sharp-edge approximation by specifying the nature of edges and calculating
the field within the framework of the paraxial approximation alone (i.e. with
Eq. (13)), one sees that the integrated spectral energy density per unit angle

is not divergent anymore, and that the field reconstructed at the point =0,
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Fig. 10. Evolution of 2%] for edge radiation in the limit for ¢ < 1. These profiles,
calculated with Eq. (34), are shown as a function of angles at different observation
distances Z = 0.6, 2 = 1.0, £ = 2.0 and Z = 5.0 (solid lines). The dashed line always

refers to the far-zone asymptote, Eq. (28).

z = L/2 using this far-field data has no singularity at all.

Note that in the limit for z > L Eq. (32) transforms to

E=

. . 2 5 2
iwel. o [zw@ zl [a)LG l 33)

2, 0 sinc
corresponding to the limit of Eq. (20) for L < y?4,ie. ¢ < 1.

The normalized spectral energy density per unit angle associated with Eq.

(32) is given by
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2

2,é)=ii

5 . (34)

o 0%\ i0%
P\ 20+ 22)) " P\2c1 2

This notation is particularly suited to discuss near and far zone regions. Eq.
(34) reduces to Eq. (28) when Z > 1. To sum up, when ¢ < 1 we have only

two regions of interest with respect to Z:

e Far zone. In the limit for £ > 1 one has the far field case, and Eq. (34)
simplifies to Eq. (28).
e Near zone. When Z < 1 instead, one has the near field case, and Eq. (34)

must be used.

Of course, it should be stressed that in the case Z < 1 we still hold the
assumption that the sharp-edge approximation is satisfied. It is interesting
to study the evolution of the normalized spectral energy density per unit
angle for edge radiation along the longitudinal axis. This gives an idea of

how good the far field approximation (2 > 1) is. A comparison between 22]

at different observation points is plotted in Fig. 10.

The case ¢ < 1 studied until now corresponds to a short straight section, in
the sense that L < y?A. When this condition is not satisfied, we find that the
integral on the right hand side of Eq. (29) is difficult to calculate analytically.
Thus, the single-source method used here is advantageous in the case ¢ <1
only. However, one can use numerical techniques to discuss the case for any
value of ¢. With the help of polar coordinates, the right hand side of Eq. (29)

can be transformed in a one-dimensional integral, namely

[o¢]

=2 diwe 7 6> . |oL, 1 wOr
E(O,F) = _C_z; f62+—W81n [z (6 + ?)] ]1 (T)dG , (35)

0
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Fig. 11. Normalized spectral energy density at the virtual source for the setup in
Fig. 1(a). These profiles are shown for ¢ = 0.1, ¢ = 1.0, ¢ = 10.0 and ¢ = 50.0 (solid
lines). Solid curves are calculated with the help of Eq. (35). The dotted lines show
comparison with the asymptotic limit for ¢ < 1, shown in Fig. 9 and calculated

using Eq. (31).

0,30
0,25

0,20

50

<=
Il

0,15

0,10

0,05

I

Fig. 12. Normalized spectral energy density at the virtual source for the setup in
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0

Fig. 1(a) for ¢ = 50 (enlargement of the bottom right graph in Fig. 11).
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yielding

. T2 [0+ 09 AN A
I(P) = fé2+¢5m[ 1 ]1(6r)d9 . (36)

0

We calculated the spectral energy density associated with the virtual source
for values ¢ = 0.1, p = 1, ¢ = 10 and ¢ = 50, the same values chosen for
Fig. 6. We plot these distributions in Fig. 11. It is also instructive to make
a separate, enlarged plot of the case ¢ = 50, that is in the asymptotic case
for ¢ > 1. This is given in Fig. 12. Fine structures are now evident, and are

consistent with the presence of fine structures in Fig. 6 for the far zone.

We managed to specify the field at the virtual source by means of numerical
techniques, even in the case ¢ > 1 (see Fig. 12). Once the field at the virtual
sourceis specified for any value of ¢, Fourier Optics can be used to propagate
it. However, we prefer to proceed following another path. There is, in fact,
an alternative way to obtain the solution to the field propagation problem
valid for any value of ¢, and capable of giving a better physical insight for

large values of ¢.

5.2 Edge Radiation as a superposition of the field from two virtual sources

Consider the far field in Eq. (20). This can also be written as

E(0) =i (20)+ Ex(2.6) | 37)
where

= a1 ; T 02

Eq, (z, 5) = 1% exp |I;Z)—7fz exp [leLCG (% F %)] (38)
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When z > L, the two terms El and Ez represent two spherical waves re-
spectively centered at z;; = —L/2 and zs, = L/2, that is at the edges between
straight section and bends*. Analysis of Eq. (38) shows that both contri-
butions to the total field are peaked at an angle of order 1/y. While the
amplitude of the total field explicitly depends on L, the two expressions El
and Ez exhibit dependence on L through phase factors only. This fact will
have interesting consequences, as we will discuss later. The two spherical
waves represented by El and ]?2 may be thought as originating from two
separate virtual sources located at the edges between straight section and
bends. One may then model the system with the help of two separate vir-
tual sources, and interpret the field at any distance as the superposition
of the contributions from two edges. It should be clear that contributions
from these edges are linked with an integral of the trajectory followed by
the electron. Thus the word “edge” should be considered as a synonym for

”virtual source” here.

Let us specify analytically the two virtual sources at the edges of the setup.
To this purpose, we take advantage of Eq. (16) with z; = zy4,2), separately

substituting E, and E, and using polar coordinates. We find the following

4 At first glance this statement looks counterintuitive. In order to find where the
spherical wave is centered, one needs to know where the phase becomes zero. Now,
when z = L/2, the phase in 62 for Ez in Eq. (38) is not zero, hinting to the fact that
the spherical wave Ez is not centered at z = L/2. This last observation, however, is
misleading. In fact, one should account for the fact that the definition g = 7/z is
not natural for El and Ez. In fact, according to it, 6 is measured from the center of
the straight section, while it should be measured from z = —L/2 for El and from

z = L/2 for Ey. Also note that Eq. (38) is only valid in the limit z > L.
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expressions for the field at the virtual source positions z; = —L/2 and
Zgy = L/ 2:
2we _iwL ] ?K (a)r) ’

E (:5?)—+—ex F10 | Dg (£
2\ T ey P ay2c|r ey

(39)
where K; () is the modified Bessel function of the first order. Analysis of Eq.
(39) shows a typical scale related to the source dimensions of order Ay in
dimensional units, corresponding to 1/ \/5 in normalized units. Also, the
fact that the field in the far zone, Eq. (20), exhibits dependence on L only
through phase factors implies that the field at the virtual sources, Eq. (39),

exhibits dependence on L only through phase factors (and viceversa).

Application of the propagation formula Eq. (14) allows to calculate the field
atany distance z in free-space. Of course, Eq. (39) can also be used as input to
any Fourier code to calculate the field evolution in the presence of whatever
optical beamline. However, here we restrict ourselves to the free-space case.
In order to simplify the presentation of the electric field we take advantage
of polar coordinates and we use the definition E = E\/ﬁ c/e (so that I,
introduced in Eq. (26), is given by I= |I§ |?) for the field in normalized units.

We obtain:

z-12 OP|l2E-1)2)

): {52«/5exp[i¢/4] ) l 0222 ]

PN » éA’A i
ar'#v'K, ( \or )]1 (ﬁ) €Xp lml

0

/
éZ ﬁexp [—i¢/4] [ 0252 ]
0

*P12Er1/2)

o , 072 i
d?’]"Kl( QDV)]l( )exp [m . (40)
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In the limit for Z > 1, using Eq. (40) and recalling fooo ar’ 7 Ky ( \/51”) J1(67) =
O/l \/a(éz + ¢)] we obtain back Eq. (27). Similarly, in the limit for ¢ < 1,
and using the fact that K;( \/5?) ~1/(7 \/5) one recovers Eq. (32). In general,
the integrals in Eq. (40) cannot be calculated analytically, but they can be

integrated numerically.

5.3  Classification of regions of observation

Qualitatively, we can deal with two limiting cases of the theory, the first
for ¢ < 1 and the second for ¢ > 1. As for the case of a single virtual
source, there are no constraints, in principle, on the value of ¢p. However, as
we will see, the two-source method gives peculiar advantages in the case
¢ > 1, while, has we have seen before, the case ¢ < 1 is better treated in

the framework of a single source.

531 Casep <1

Let us briefly discuss the case ¢ < 1 in the framework of the two-source
method. In this case, one obviously obtains back Eq. (32). An alternative
derivation has been shown in Section 5.1. As one can see, Eq. (32) is inde-
pendent of ¢. In Fig. 10 we plotted results for the propagation according to
Eq. (34). Radiation profiles are shown as a function of angles 0 at different
observation distances 2 = 0.6, 2 = 1.0, 2 = 2.0 and 2 = 5.0. As discussed be-
fore, one can recognize two observation zones of interest: the near and the far
zone. As it can be seen from Eq. (32), the total field is given, both in the near
and in the far zone, by the interference of the virtual source contributions.

The virtual sources themselves are located at the straight section edges. Eq.
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(40) shows that the transverse dimension of these virtual sources is given by
yA in dimensional units. This is the typical scale in 7" after which the inte-
grands in 7" in Eq. (40) are suppressed by the function K. Thus, the sources
at the edges of the straight section have a dimension that is independent of
L. In the center of the setup instead, the virtual source has a dimension of
order VAL as it can be seen Eq. (31). When ¢ < 1 the source in the center
of the setup is much smaller than those at the edge. This looks paradoxical.
The explanation is that the two contributions due to edge sources interfere
in the center of the setup. In particular, when ¢ < 1 they nearly compen-
sate, as they have opposite sign. As a result of this interference, the single
virtual source in the center of the setup (and its far-zone counterpart) has a
dimension dependent on L (in non-normalized units) while for two virtual
sources at the edges (and in their far-zone counterpart) the dependence on
L is limited to phase factors only. Due to the fact that edges contributions
nearly compensate for ¢ < 1 one may say that the single-source picture is

particularly natural in the case ¢ < 1.

532 Casep>1

Let us now discuss the case ¢ > 1. In this situation the two-sources picture
becomes more natural. We indicate with d;, = z + L/2 the distances of the
observer from the edges. From Eq. (19) we know that when ¢ > 1 the
formation length is Ly = p?A, much shorter than the system dimension L.

As a result, one can recognize four regions of observation of interest.

In Fig. 13 we plotted, in particular, results for the propagation in case ¢ =

50. In this case, for arbitrary 2, integrals in Eq. (40) cannot be calculated
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Fig. 13. £2] at ¢ = 50. These profiles are shown as a function of angles at different
observation distances Z = 0.52,2 = 0.6, 2 = 1.5 and 2 = 100.0.
70 analytically, but they can be integrated numerically. Radiation profiles are
71 shown as a function of angles 6 at different observation distances 2 = 0.52,

2 Z = 0.6, 2=15and 2 = 100.0.

73 ® Two-edge radiation, far zone: d,, > L (i.e. z > L). Eq. (20) and Eq. (25)
784 should be used. When d;, > L we are summing far field contributions
75 from the two edge sources. This case is well represented in Fig. 13 for
s 2 = 100, where interference effects between the two edges contribution
77 are clearly visible.

s ® Two-edge radiation, near zone: d,, ~ L. Eq. (40) should be used. When
789 dip, ~ L the observer is located far away with respect to the formation

70 length of the sources. Both contributions from the sources are important,
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but that from the nearest source begins to become the main one, as d; and
d, become sensibly different. This case is well represented in Fig. 13 for
z2=15.

Single-edge radiation, far zone: y’1 < d, < L and r < L/y. Eq. (41)
should be used. When 1?1 < d, < L, the contribution due to the near
edge becomes more and more important. Such tendency is clearly de-
picted in Fig. 13 for Z = 0.6. Interference tends to disappear as the near
edge becomes the dominant one. In this case, one finds that the electric

field in Eq. (40) reduces to

- 262 iwL iwLE (z 1
(Z'g) oz —-L/2)(y2&2 +1) P [4@/2] exp[ 2c (E B E)] @)

where & = r/(z — L/2) = r/d,. Note that £ is used here in place of 0,

uu i

because by definition O = r/z, where z is calculated from the center of
the straight section, whereas the definition of ¢ is related to the edge
position at z = L/2. It should be remarked that Eq. (41) constitutes the
tield contribution from the downstream edge of the straight section, and
that the contribution from the upstream edge (at z = —L/2) can be found
from Eq. (41) by performing everywhere in Eq. (41), i.e. also in &, the
substitution L/2 — -L/2, and by changing an overall sign. Eq. (41)
corresponds to a spectral energy density per unit angle [5]

2 422
D S S 42)
dwdQ)  cm? (2&2 + 1)°
It is important to specify the region of applicability of Eq. (41) in the
transverse direction. For a single edge in the far zone, the amplitude of the

field decreases as r!

, as can be checked by substituting the definition of £
in Eq. (41), and does not depend on z nor y for angles of observation larger

than 1/y. Since d, < L, such dependence holds for the upstream edge at
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r 2 L/y, and for the downstream edge at r ~ d,/y < L/y. As a result,
for r 2 L/y, the contributions from the two edges are comparable, and a
single-edge asymptote cannot be used. It follows that Eq. (41) applies for
r<<L/y.

Single-edge radiation, near zone: VAR? < d, < )24, r < yA. Eq. (43)
should be used. When VAR? < d, < 21 we have the contribution from
a single edge in the near zone.

As d, becomes smaller and smaller the maximum in the radiation profile
increases (see Fig. 13). This behavior is to be expected. In fact, on the one
hand the virtual source exhibits a singular behavior at = 0, while on the
other hand the integral in Eq. (14) must reproduce the virtual source for
z — z,. In other words, for z — z,, the propagator must behave like a
Dirac 6-distribution. However, the way such asymptote is realized is not
trivial. At any finite distance d, from the source, Eq. (14) eliminates the
singularity of the Bessel K; function. This means that the maximum value
in IIA:?I2 increases as d, decreases, but it always remains finite. In particular,
at7” =0, Iﬁl2 = 0. However, by conservation of energy the integral of
IFI:?I2 = 0 over transverse coordinate must diverge at any finite distance
from the source, because the field diverges at the source position.

Note that when r < ¥4 and d, < y?A, the integral pertaining the near
(downstream) edge (at z;, = L/2) in Eq. (40) can be calculated analytically.
In fact, the Bessel K; function in the integrand can be expanded for small
values of the argument when # < 1/+/¢. When this is not the case
" z1/ \/q_)) the phase factor under the integral sign makes the integrand
exhibiting oscillatory behavior (because 2 — 1/2 < 1/¢, since d,6 < y21).

Contributions to the integrals are therefore negligible. As a result, in this
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case one can use the expansion Kj( \/61”) ~1/( \/51”). Then, using the fact
that fooo dxJ1(Ax) exp[iBr*] = 1/A{1—-exp[-iA?/(4B)]} (for A and B positive),
one obtains [8]

20 o 2iek iwL iwE(z - L/2)

E (Z'g) Cc&2(z-LJ2) P [4@/2 exp[ 4c

X sin [Wl . (43)

Note that while the modulus of Eq. (43) is independent of ¢, its region of
applicability is related to ¢ and the asymptotic expression deviates from
Eq. (40) for smaller value of O when ¢ is larger. In fact, Eq. (43) is valid
only when £ —1/2 < 1/¢ and 26 < 1/ /¢ (ie. 7 < yA and d, < y?2).

It is interesting to remark here that Eq. (32), which was derived for
¢ < 1, reduces to Eq. (43) when d, < L and r < VAL. It follows that the
validity of Eq. (43) has a wider region of applicability than that considered
here. In fact, it may be applied whenever VAR? < d, < min(L,y?A) and
r < A[Amin(L, y22).

If we propagate Eq. (43) to the far zone we obtain an asymptote which
is valid only for angles much larger than 1/y (i.e. Eq. (43) is an asymptote
for high values of spatial frequencies). The modulus of Eq. (43) does
not depend on y (while in the non-asymptotic case radiation for any
value of z must depend on y, because the far-field radiation from a single
edge depends on y too) nor it includes information about distribution in
the far zone within angles comparable with 1/y. Thus, the applicability
of this high spatial-frequency asymptote depends on what practical (or
theoretical) problem we try to solve. It is useful, for example, if we discuss
about a sample in the very near zone. However, if we discuss about design

of beam line with an acceptance angle comparable with 1/y (which is
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equivalent to some spatial-frequency filter) the asymptotic expression in
Eq. (43) cannot be applied anymore, and one should use exact results from

the propagation integral, i.e. the near-field expression Eq. (40).

The above-given classification in zones of interest with asymptotical expres-
sions for the electric field constitutes an important result of our paper. In fact,
expressions for the electric field without explicit specification of their region
of applicability are incomplete, and have no practical nor theoretical utility.
From this viewpoint, it is interesting to compare our results with literature.
We will limit our discussion to a comparison with recent review [28], which

summarizes up-to-date understanding of ER within the SR community.

One result in [28] (Eq. (26)) corresponds to the square modulus of our Eq.
(43), the single edge near-zone case. The region of applicability specified

in [28] for such result® is A < d, <

~

y?A and L — oo. A first problem in
applying this prescription is intrinsic in the condition L — oo, as there is
no comparison of L to any other characteristic length. Secondly, this result
is independent of y and L. As a result, it cannot be valid for arbitrary
transverse distance r. In fact, since the far-zone field depends on both y and
L, should we propagate Eq. (43) in the far zone, we could never obtain an
outcome dependent on y and L. It follows that, as we discussed above, Eq.
(43) is valid for arbitrary L (under the sharp-edge limit VAR? < L), but its
region of applicability depends on L or y: VAR? <« d, < min(L,y?1) and
r< \/W Note that the requirement r << Ay for the applicability
of Eq. (43) is present in the original paper [8], but has been omitted in

some later publications, e.g. [9, 10, 13]. Because of this the dependence of

5 Converted to our notation.
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near-zone single-edge radiation upon y was unclear, and the asymptotic
expression Eq. (43) started to be considered by other authors, as in [28],

without proper requirements on r.

A second result in [28] for the case of a finite straight section length L (Eq.
(27)) corresponds to our Eq. (34). This fact can be proved with the help of
straightforward mathematical steps. The region of applicability of Eq. (27)
in [28] is specified by the words “under conditions of validity of equation
(26)”, i.e. & < dy < p?A. In contrast to this, we have seen that Eq. (34) is
valid for arbitrary d, > W, but includes limitations on L in the form:

VAR? < L < y?A.

The following result in [28], Eq. (28), is the far-zone single-edge result, i.e.
our Eq. (42). Eq. (28) in [28] is presented without region of applicability
while, as we have seen, it is valid for ’41 < d, < L and r < L/y. Note
that in this case the denomination ”“far zone” is not related with the usual
understanding d, — oo, as is the case for the usual far-zone expression for

two-edges, but it includes a limit on d,, i.e. d, < L.

The final result in [28] is Eq. (29), that is our far-zone two-edge case, Eq. (25).
Also Eq. (29) is presented without region of applicability while, as we have

seen, d, > L.

It should be appreciated how our analysis of ER through the parameter 6
allowed us to define "how sharp” the edges are, and to specify the region

of applicability for ER theory.

As a final remark, note that in literature the single edge far-zone case is

usually presented as the simplest and fundamental case, while in our view
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Fig. 14. Transition undulator radiation geometry.
this is the most complicated and misleading case to discuss. For the sake
of exemplification, consider the usual assumption made in this case, i.e.
L — oo.In order to discuss the far-zone expression, one needs z — oo, and
comparing z to L becomes impossible. In other words, L drops out of from
the problem parameters and, as in [28], it never appears in the condition for
the region of applicability anymore. In contrast to this, our simplest model
is the two-edge far-zone model, whose region of applicability is: z > L (or
d, > L). It is independent of y and it is much easier (although an extra-
limitation on angles 0 < +¥/A/R should be included, due to the sharp-edge
approximation). After introduction of this model, the following natural step
was to generalize it to the near zone, introducing more complicated regions

of applicability discussed before.

6 Transition undulator radiation
In this Section we apply the method of virtual sources to the more compli-
cated case of an undulator setup.

Instead of the setup in Fig. 1(a), we now consider the system depicted in Fig.
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14 and we consider a single particle moving along the system. The electron
enters the setup via a bending magnet, passes through a straight section
(segment AB), an undulator (segment BC), and another straight section
(segment CD). Finally, it leaves the setup via another bend. Radiation is
collected at a distance z from the center of the reference system, located in
the middle of the undulator. The passage of the electron through the setup
results in collimated emission of radiation in the range A > A, and A > A,
where 1, is the resonance wavelength of the fundamental harmonic of the
undulator, i.e. the extra characteristic length introduced in the setup. This
kind of radiation is known in literature as Transition Undulator Radiation
(TUR) [17, 18, 9, 19, 21]. We will retain this name although, as we will see,
what we are really discussing about is edge radiation from an undulator

setup.

In our case of study the trajectory and, therefore, the space integration in
Eq. (13) can be split in five parts: the two bends, which will be indicated
with by and by, the two straight sections AB and CD and the undulator BC.

One may write

E(Z, F) = Ebl (Z/ 17) + EAB(Z/ f) + EBC(Z/ f) + ECD(Z/ 17) + E’172(21 f’) s
(44)

with obvious meaning of notation.

We will denote the length of the segment AD with L., while we will indicate
the length of the straight section AB with L;, the length of the straight
section CD with L, and the length of the undulator with L,. It follows
that Lt = L1 + Ly, + L. This means that point A is located at longitudinal

coordinate z4 = —L; — L,,/2, while B, C and D are located respectively at
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25 = —Ly/2, zc = Ly/2 and zp = Ly/2 + L.

We will describe the field from our TUR setup as a superposition of three
laser-like beam from straight sections and undulator. As before, with the
help of Eq. (13) we will first derive an expression for the field in the far zone.
Then we will calculate the field distribution at the virtual source with the
help of Eq. (16). Finally, Eq. (17) will allow us to find an expression for the

field both in the near and in the far zone.

6.1  Far field from the undulator setup

Let us describe the far field from the undulator setup in Fig. 14 by separately

characterizing different field contributions and finally adding them together.

6.1.1  Field contribution calculated along the undulator

We first consider the contribution EBC from the undulator. Assuming a pla-
nar undulator with N, periods we write the following expression for the

transverse velocity of an electron:

7.(z) = —% sin (k,z)x . (45)

Here K = (A,eH,,)/(2mmec?) is the undulator parameter, 1, being the electron
mass and H,, being the maximum of the magnetic field produced by the
undulator on the z axis. Moreover, k,, = 21t/A,, where A, is the undulator

period, so that the undulator length is L,, = N,A,. The transverse position
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of the electron is

K S
ro(z) = s cos (k,z)x . (46)

We can now substitute Eq. (46) and Eq. (45) in Eq. (13). Such substitution

leads to an expression valid in the far zone. We obtain

Zc
EBC(Z,?,a)):% f dz'exp [i@sc] {[;sin (ko2') + ex]ﬁ eyy} .4

ZB

Here

w 62 z (1 2 Kex ’ K2 . ’
Dpc = = {72 + 5 (% +0 ) - VTw cos(k,z') — 87k, sin(2k,,z )} , (48)

where the average longitudinal Lorentz factor y. in Eq. (48) turns out to
be 7, = y/ V1 +K?/2, and is always smaller than ) because the average
longitudinal velocity of the electron inside the undulator is smaller than

that along the straight sections.

In this paper we will be interested up to frequencies much lower than the

resonance frequency, i.e. 1 > A,, with A, = 1/(272k,).

We can show that this condition is analogous, for TUR radiation, to condition
¢ - 6 < 1 for the simple edge radiation setup in Fig. 1(a). In order to do so,
we first need to discuss the formation length associated with the undulator,
i.e. with Eq. (47). The definition of formation length was introduced before
as the value of z, — z; for which the right hand side of Eq. (8) is of order
unity. However, the physical meaning of formation length is related with
the integration range in z’ such that the integrand in Eq. (47) exhibits an

oscillatory behavior. In our case, not only the phase in Eq. (48), but also
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the sin(-) term in Eq. (47) have an oscillatory character, and must be taken
into account when calculating the formation length. As a result, in the long-
wavelength asymptotic (1 > A,), we deal with a situation where the sin(-)
and the 0 terms in Eq. (47) have different formation lengths. From the sin(-)
term in Eq. (47) and from Eq. (48) follows a formation length Ly = A,, and a
characteristic angle 0 ~ VA/1,. However, the TUR contribution is given by
the terms in 0, and 0, in Eq. (47). For these terms, from Eq. (48) follows a
formation length L¢ ~ min(72A, N Ay), in the limit for A > A,. In this limit,
the TUR contribution is collimated to angles 0% < A/ Ay. Only within these
conditions one can properly talk about TUR. Note that Ly > A, always,
because j2A ~ A,A/A, > A, and we assume N, > 1. The expression for the
formation length L; above is analogous to that for edge radiation, which is
given by min()?A, L). The analogous of the ¢ parameter is now givenby ¢,, =
AwNw/(721), while the analogous of the 6 parameter is 6, = A,/(A4xNy) =
1/N, < 1, as N, > 1. It follows that ¢, - 0, = A,/ (J2A) ~ A,/2 < 1.

For ¢ - 6, < 1 and 6, < 1 the contribution due to the term in sin(k,z")
in Eq. (47) can always be neglected when compared with the maximal field
magnitude of the terms in 0, ,. Similarly, in Eq. (48), phase terms in cos(k,,z")

and sin(2k,z’) can also be neglected. As a result, Eq. (47) can be simplified

as
. ZC
= " lwe , : " )
EBC(Z/ 7, a)) = Z de exp [ZCDBc] (Qxx + ny) (49)
ZB
where
Dpe =2 9—22+Z—, 1. (50)
27 2\ 52 '
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6.1.2  Field contribution calculated along the straight sections

With the help of Eq. (13) we write the contribution from the straight line AB

as
. -
=2 10e , . > =)
EAB = E dz exp [Z(DAB] (Qxx + ny) (51)
ZA

where @3 in Eq. (51) is given by

@ 02 zZ (1 2 Lw Lw
®A32?|7Z+E(?+6)—E+E]. (52)

The contribution from the straight section CD is similar to that from the

straight section AB and reads
ZD
=2 iwe , ) 5 R
Ecp = =, dz’ exp [iPcp] (Qxx + ny) , (53)
zc

where O¢p in Eq. (53) is given by

wl|0* (1 L L
Op=—|=z+=|=+0%|+ 2 - 2|, 54
R P 2(7/2 ) 4y? 4%] 4

In general, the phases ®cp and ®,4p start exhibiting oscillatory behavior
when z'/(2)y*A) ~ 1, which gives a maximal integration range in the longi-
tudinal direction. Similarly as before, in general one has that the formation

lengths L¢; and Ly, for the straight sections AB and CD can be written as

Lfs(1,2) ~ min [7(’)/2, L(1,2)].

6.1.3  Total field and energy spectrum of radiation

The contributions for segment AB and segment CD are given by Eq. (51)
and Eq. (53). One obtains
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exp [—ia;il (% + 92)] . (55)

2 iwel w0z | - L (1
Ecp = wezs exp[lw@ Zl 0 sinc [2 (— + Gz)l

4c \y?
] 1 iwl, (1
X exp[ i (? + 62) exp lm;cz (? + 82)] . (56)

Finally, the contribution for the segment BC is obtained from Eq. (49). Cal-

culations yield:

2 iweL w0z | » wLy (1
Epc = w inc|—|= + 6°]| .
BC 2 exp l r ] 0 sinc [ i ()7§ + 0 )] (57)

The total field produced by the setup is obtained by summing up Eq. (55), Eq.
(56) and Eq. (57). By this, we are neglecting bending magnet contributions.
A sufficient condition (in addition to the already accepted ones, N, > 1
and A/A, > 1) is A > R/y2. In fact, we may neglect bending magnet
contributions for 6;, < 1, but in this setup L;, may be set to zero, in which
case we should also impose that the formation length of the bend be much

shorter than y24, which reduces to A > R/73.

As before, the observation angle is measured starting from the center of the
undulator, located at z = 0, i.e. 6 = 7/z. The spectral energy density per
unit angle can be written substituting the resultant total field in Eq. (24). We

obtain

daw & y'o?
dodQ)  m2c (1+ 7/2@2)2

_ W -~ 202
expl Z4cy2(1+ > +;/6)]
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—eXpli;C_l;zz(l +7/262)+ %(1 K_z +120 )]

that is equivalent to the analogous expression in [9].

(58)

Note that L, L, and L,, can assume different values. y and 7, are also dif-
ferent. It may therefore seem convenient to introduce different normalized
quantities, referring to the undulator and the straight lines. However, in
the end we are interested in summing up all contributions from different
sources, so that it is important to keep a common definition of vertical
displacement (or observation angle). Therefore we prescribe the same nor-

malization for all quantities:

2 Liot 2 Ltot 2 r
0= ‘/ Zot g ,Qr = and 7= . (59)
VLtotP(

Then, we introduce parameters Iy = Li/Liot, Ly = Ly/Liot, Ly = Lu/Lio,

P12 = Lip/ (y27() i, 20 and ¢, = L,/ ()/ A), as seen above. Here it should
be clear that ¢, has been introduced only for notational convenience, while
real parameters related to the physics of the problem are ¢;,. Finally, we

define Z; = z;/Li. From Eq. (58) follows

462

#l= (qbt-i-—éz)z p |_171 ((Pt + 62) - é ((Pw + LwQZ)] —exp [—i (wa + Lwﬁz)]
+ 62 : o , o
+h {— exp [i ((f)w + Lwez)] + exp [—i ((pw + Lwez)]}

2

4

—exp [1L2 (qbt + 62) 4 (qbw + iwéz)] + exp [i (qbw + iwéz)]
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where [ = |E| and E = E\//TLtot c/e. Note that outside the undulator the

longitudinal velocity is nearer to ¢ than inside (7 < y?). It follows that
the contribution of the undulator is suppressed compared with that of the
straight sections, and in the case of comparable lengths and K% > 1, the

straight section contribution becomes dominant.

In the special case for I,=1,=L,=1/3, ¢12 = ¢¢/3, and Eq. (60) simplifies

to

(61)

Eq. (61) can be readily evaluated. As an example, we can calculate the
intensity distribution of TUR emitted by the SASE 1 European XFEL setup
at a wavelength A = 400 nm. We assume that the XFEL operates at 17.5
GeV. Setup parameters are L; = L, = L, = 200 m, R = 400 m, K = 3.3 and
Aw = 3.56 cm [22]. In this case 6 ~ 107 and 6, ~ 1/N,, ~ 107, while ¢; ~ 8.0
and ¢, = 52. Results are plotted in Fig. 15. In that figure, we also propose a
comparison with outcomes from SRW at z = 6000 m (vertical and horizontal

cuts).

In the far zone, well-accepted expressions for the TUR emission are reported
in literature [17, 18, 19, 21], that are equivalent to the following equation for

the radiation energy density as a function of angle and frequency:

dW e? VzQKZ ? ) TtLy, K? 212
dodQ e | A+ 2+ 2+ 200 | S | maa (2 Y|
(62)
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Fig. 15. Cross-check of Eq. (61) with the help of SRW. Here L1 = L, = L, = 200
m, E =175 GeV, A = 400 nm, R = 400 m, and K = 3.3. Here A, = 3.56 cm. The
observer is located at z = 6000 m. Circles represent horizontal and vertical cuts of
the intensity profiles calculated numerically with SRW. The solid curve is calculated
with Eq. (61). The dashed curve is obtained with the near-zone expressions Egs.
(69)-(72).

We will show that Eq. (62) cannot be applied for TUR calculations. In our

understanding, there cannot be any range of parameters in the setup in Fig.

14 where Eq. (62) is valid.

In order to prove this it is sufficient to compare Eq. (62) with Eq. (58). Eq.
(62) does not depend on the straight section lengths L; or L,, and can be

applied when L;, L, — 0.

However, in that limit, Eq. (58) reduces to:

dW 2 2)/26 2 .0 an K? 22
dwdQ EL +K2/2+7/292] e P A TR | R

that is obviously different from Eq. (62). Also note that in the limit for K — 0
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Eq. (62) tends to zero, whereas Eq. (63) gives back Eq. (25) as it must be.
6.2  Virtual source characterization and field propagation

There is a general need, in the FEL community, to extend the current theory
of TUR to cover the near zone. For instance, a possible use of coherent TUR to
produce visible light synchronized with X-rays from an X-ray free-electron
laser is discussed in [25]. As we have seen, TUR can be discussed as a more
complicated edge-radiation setup. Within the sharp-edge approximation we
have contributions from three parts, two straight lines and the undulator.
The undulator contribution is similar to a straight line contribution, the only
difference being a different average longitudinal velocity of the electron.

Then, the far-zone region can be identified by distances z > L.

Expressions in Eq. (55), Eq. (56) and Eq. (57) can be interpreted as far field
radiation from separate virtual sources. For each far field contribution we
use a picture with two virtual sources, located at the ends of the straight
sections and of the undulator. This makes a total of six sources. However,
since the virtual source at the downstream [upstream] edge of the first
[second] straight section has the same longitudinal position of the virtual
source at the upstream [downstream] edge of the undulator, i.e. z = —L,,/2
[z = L,/2], we combine them together, summing them up by superposition

principle. As a result, we are left with only four sources, located at

Lw LIU LIU Lw
=-——-1L, = 5 253:?/ and Zs4:?+L2- (64)

We obtain an explicit expression for these sources with the help of Eq. (55),

Eq. (56) and Eq. (57), proceeding analogously as in Section 5.2:
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exp |-
c%y dey? | r ey

200 | WL | Py (@ (66)
2y, p 4ey? | v ! cy:]’

2we ioL, | 7. (wr
-Ki— 7
Hee|qnt| (5] &
2 (L, )\ 2we iwL, iwLy, f wr
Ey (7 + L, r) = 2 exp lzcyzl exp [4@/5 ] rKl (cy) . (68)

In order to calculate the field at any distance z we proceed in analogy with
Eq. (40), applying the propagation formula Eq. (14). As before, the above
given equations for the sources can also be used as input to any Fourier
code to calculate the field evolution in the presence of whatever optical
beamline. However, here we restrict ourselves to the free-space case. In
order to simplify the presentation of the electric field we take advantage
of polar coordinates and we use the definition E = AE\/KL—tot c/e (so that I,
introduced in Eq. (26), is given by I= IE ?) for the field in normalized units.
Note that here Z = z/L,;. We obtain four field contributions, one for each

source:

) 32 \/Eexp[—zﬂqbt/Z] exp [—iqbw/él]
B s+ L,/2+ 1

r _ 072
’\/’\/K 4
derr 1( qbtr)h(é"‘iw/z"‘tl)
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{ezrexM”] Eam
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Egs. (69) to (72) can be used to calculate the field, and hence the intensity,
at any position of interest in the far and in the near zone. Obviously, in
the far zone, for Z > 1, the square modulus of their sum reduces to Eq.
(61). As before, It is interesting to cross-check Egs. (69) to (72) with the
computer code SRW. We used the same numerical parameters as before:
L1 =L, =L, =200m, E =175 GeV, A = 400 nm and R = 400 m, with
an undulator parameter K = 3.3. Additionally, we chose different values
z = 360m, z = 600m, z = 1200m (see Figs. 16 + 18), and z = 6000m (see
Fig. 15), corresponding to 2 = 0.6, Z = 1.0,Z = 15,2 = 20 and Z = 10
(which is the far-zone case treated before). Here the bending plane is the
horizontal plane. As the observation point becomes nearer to the edge of
the magnet, the influence of the bending magnet becomes more and more
important, an effect which is evident in the figures from the horizontal cuts
of SRW two-dimensional intensity profiles. From Figs. 15+18 we can see
that the analytical result for the vertical cut is valid with good accuracy up

toz =0.6.

7 Conclusions

In this article we showed how the theory of laser beams can be used to
characterize radiation field associated with any Edge Radiation (ER) setup.
In fact, in the space-frequency domain, ER beams could be described in
terms of laser-like beams, with large transverse dimensions compared to
the wavelength. Similarly to usual laser beams, ER beams were shown to
exhibit a virtual "waist” with a plane wavefront. The field distribution of

ER across the waist turned out to be strictly related to the inverse Fourier
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Fig. 16. Cross-check of analytical results with SRW. Here L1 = L, = L, = 200 m,
E =175 GeV, A = 400 nm, R = 400 m, and K = 3.3. The observer is located at
z = 360 m. Here A, = 3.56 cm. Horizontal and vertical cuts of the intensity profiles

are compared with results obtained with the help of Egs. (69) to (72).

transform of the angular field-distribution in the far-zone. As a result, stan-
dard Fourier Optics techniques could be taken advantage of, and the field
could be propagated to characterize ER beams at any position down the
beamline. In particular, we reconstructed the near-field distribution from
the knowledge of the far-field ER pattern. This could be accomplished by (i)
describing the far-field pattern with known analytical formulas, (ii) finding
the virtual source(s) and (iii) propagating the virtual source distribution in

the near (and far) zone.

After a qualitative discussion in Section 2, we applied our techniques to a
typical setup constituted by a straight section between bends in Sections 3, 4
and 5. These Sections constitute the first comprehensive treatment of ER, in

the sense that we consistently used similarity techniques for the first time,
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Fig. 17. Cross-check of analytical results with SRW. Here L1 = L, = L, = 200 m,
E =175GeV,A =400nm, R = 400 m, and K = 3.3. Here A, = 3.56 cm. The observer
is located at z = 600 m. Horizontal and vertical cuts of the intensity profiles are

compared with results obtained with the help of Egs. (69) to (72).

allowing discussion and physical understanding of many asymptotes of the
parameter space together with their region of applicability. In particular, the
main parameters of the theory are found to be 9, the ratio between the bends
formation length and the straight section length, and ¢, the ratio between
the length of the straight section and the maximal formation length of ER.
Note that introduction of the parameter 6 allowed us to define for the first
time “how sharp” the edges are, and to specify the region of applicability
of ER theory. A classification of regions of observation of interest, which is
regarded by us as a novel result, is presented in Section 5.3 with the help of

dimensionless parameters.

In Section 6 we applied our treatment to deal with a Transition Undulator

Radiation (TUR) setup. As before, we relied on virtual source expressions
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Fig. 18. Cross-check of analytical results with SRW. Here L1 = L, = L, = 200 m,
E =175GeV,A =400nm, R = 400 m, and K = 3.3. Here A, = 3.56 cm. The observer
is located at z = 1200 m. Horizontal and vertical cuts of the intensity profiles are

compared with results obtained with the help of Egs. (69) to (72).

derived from the far-field pattern. These virtual sources were propagated
in free-space in the near zone, thus providing for the first time an exact

analytical characterization of TUR in the near zone.

As a final remark, it should be noted that in our work we consistently
exploited both theoretical and numerical results from simulation. These
approaches are complementary, and we first took advantage of such com-
plementarity. Computer codes can easily account for finite bending magnet
edge length (finite value of 0) in a particular set of problem parameters.
From this viewpoint, our theory can be used to prepare, based on similarity
techniques, particular sets of problem parameters to be used as input for
computer codes, which subsequently return universal plots presenting the

accuracy of ER theory in terms of dimensionless parameters.
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Figure Captions

Fig. 1. Four main types of edge radiation setups: (a) Far-infrared beamline for
synchrotron radiation source using edge radiation. (b) Arrival-time monitor
for XFEL source using optical coherent edge radiation. (c) Electron bunch
length monitor for XFEL using far-infrared coherent edge radiation. (d)
Ultra-short electron bunch diagnostic for laser-plasma accelerator facility

using optical coherent edge radiation.

Fig. 2. Illustrative calculations of the effect of bending magnet separation
on the directivity diagram of the radiation. The bending magnet radius
R = 400 m, the relativistic factor y = 3.42 - 10%, and the wavelength of
interested A = 400 nm are fixed, while the straight section length varies
from L = 0 up to L > »?A =~ 100 m. In this setup (as well as in all others
in this paper) A > A, ~ 0.1A. Case (a) is a bending magnet setup. Case (b)
is a complex setup, where the radiation beam divergence is practically the
same as in (a). Case (c) illustrates an ER setup. Bending magnet separation
dramatically lowers the radiation beam divergence. (d) Optimal bending
magnet separation. The straight section length L ~ 21 corresponds to a
radiation beam divergence 0 ~ 1/y. (e) Further increase of L only leads to
the appearance of finer structures in the radiation profile. 2D plots on the
left show the spectral energy density per unit angle as a function of the
horizontal and vertical angles 0, and 0, for various lengths of the straight
section. Middle plots are obtained cutting the 2D spectral energy density

profile at x = 0. Right plots show a schematic of the considered layout.

Fig. 3. Verification of similarity techniques. Left and right plots show the
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normalized spectral energy density per unit angle as a function of the hor-
izontal and vertical angles 0, and 0, respectively (at 6, = 0 and 0, = 0
respectively). (a) Case 6 ~ 0.43 and ¢ ~ 6.7 - 107°. Solid curve is the result of
SRW calculations with L = 0.5m, R = 400m, A = 400 nm at 17.5 GeV. Dotted
curve is the result for L =1 m, R = 800 m, A = 800 nm at 17.5 GeV. (b) Case
6 < 1and ¢ ~ 4. Solid curve is the result of SRW calculations with L = 300
m, R = 400 m, A = 400 nm, at 17.5 GeV (corresponding to 6 =~ 7 - 107%).
Dotted curve is the result for L = 150 m, R = 400 m, A = 800 nm at 8.5 GeV

(corresponding to 6 ~ 2 -107%).

Fig. 4. Illustration of self-similarity techniques. Left and right plots show
the normalized spectral energy density per unit angle as a function of the
horizontal and vertical angles 0, and éy respectively (at éy =0and 0, =
0 respectively). The profile of the spectral energy density per unit angle
asymptotically approaches the self-similar form I/Ina.x = F(6,, 0,) for 6 < 1
and ¢ < 1. Solid curve is the result of SRW calculations with 6 ~ 0.02 and

¢ =~ 0.13. Dotted curve is refers to the case 6 = 0.01 and ¢ = 0.27 instead.
Fig. 5. Geometry for SR from a bending magnet.

Fig. 6. Normalized spectral energy density per unit angle of the radiation

from the setup in Fig. 1(a) for different values of ¢.

Fig. 7. Spectral energy density per unit angle as a function of the normalized
angle 0 for two different edge length parameters 6 = 0.2 and 6 = 0.02. Here
the straight section length parameter ¢ ~ 0.01. Left and right plots are
obtained cutting the profile of the spectral energy density per unit angle
at 0, = 0 and 6, = 0 respectively (i.e. electron motion is in xz plane). The

dotted curves are calculated with the analytical formula Eq. (27). Solid lines
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are the results of numerical calculations with computer code SRW.

Fig. 8. Spectral energy density per unit angle as a function of the normalized
angle 0 for different straight-section length parameters ¢ calculated after

Eq. (27) and comparison with the asymptotic limit for ¢ < 1 in Eq. (28).

Fig. 9. Normalized spectral energy density at the virtual source, I, as a

function of 7 (upper plot) and 3D view as a function of £ and 7.

Fig. 10. Evolution of £2] for edge radiation in the limit for ¢ < 1. These pro-
tiles, calculated with Eq. (34), are shown as a function of angles at different
observation distances Z = 0.6, 2 = 1.0, 2 = 2.0 and 2 = 5.0 (solid lines). The

dashed line always refers to the far-zone asymptote, Eq. (28).

Fig. 11. Normalized spectral energy density at the virtual source for the
setup in Fig. 1(a). These profiles are shown for ¢ = 0.1, ¢ = 1.0, ¢ = 10.0
and ¢ = 50.0 (solid lines). Solid curves are calculated with the help of Eq.
(35). The dotted lines show comparison with the asymptotic limit for ¢ < 1,

shown in Fig. 9 and calculated using Eq. (31).

Fig. 12. Normalized spectral energy density at the virtual source for the
setup in Fig. 1(a) for ¢ = 50 (enlargement of the bottom right graph in Fig.
11).

Fig. 13. 2] at ¢» = 50. These profiles are shown as a function of angles at

different observation distances Z = 0.52,2 = 0.6, 2 = 1.5 and 2 = 100.0.
Fig. 14. Transition undulator radiation geometry.

Fig.15. Cross-check of Eq. (61) with the help of SRW. Here L; = L,, = L, = 200
m, E =175 GeV, A = 400 nm, R = 400 m, and K = 3.3. Here A, = 3.56 cm.
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The observer is located at z = 6000 m. Circles represent horizontal and
vertical cuts of the intensity profiles calculated numerically with SRW. The
solid curve is calculated with Eq. (61). The dashed curve is obtained with

the near-zone expressions Egs. (69)-(72).

Fig. 16. Cross-check of analytical results with SRW. Here L; = L,, = L, = 200
m, E =175 GeV, A = 400 nm, R = 400 m, and K = 3.3. The observer is
located at z = 360 m. Here A, = 3.56 cm. Horizontal and vertical cuts of the

intensity profiles are compared with results obtained with the help of Egs.

(69) to (72).

Fig. 17. Cross-check of analytical results with SRW. Here L; = L, = L, = 200
m, E =175 GeV, A = 400 nm, R = 400 m, and K = 3.3. Here A, = 3.56 cm.
The observer is located at z = 600 m. Horizontal and vertical cuts of the

intensity profiles are compared with results obtained with the help of Egs.

(69) to (72).

Fig. 18. Cross-check of analytical results with SRW. Here L, = L,, = L, = 200
m, E =175 GeV, A = 400 nm, R = 400 m, and K = 3.3. Here A, = 3.56 cm.
The observer is located at z = 1200 m. Horizontal and vertical cuts of the

intensity profiles are compared with results obtained with the help of Egs.

(69) to (72).
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