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Abstract

We present the coefficient functions for deep-inelastittedag (DIS) via the exchange of a scalar
@ directly coupling only to gluons, such as the Higgs bosomalimit of a very heavy top quark
andn; effectively massless light flavours, to the third order imtpiative QCD. The two-loop
results are employed to construct the next-to-next-tdieporder physical evolution kernels for
the systen( F», Fy) of flavour-singlet structure functions. The practicakkeince of these kernels
as an alternative tMS factorization is bedevilled by artificial double loghrits at small values
of the scaling variableg, where the large top-mass limit ceases to be appropriateietdsr, they
show an only single-logarithmic enhancement at latg€onjecturing that this feature persists to
the next order also in the present singlet case, the thigedoefficient functions facilitate exact
predictions (backed up by their particular colour struejuf the double-logarithmic contributions
to the fourth-order singlet splitting functions, i.e., btterms(1—x)®Ink(1—x) with k = 4, 5, 6
andk = 3, 4, 5, respectively, for the off-diagonal and diagonal quésito all powers in (1—Xx).
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1 Introduction

Structure functions in lepton-nucleon deep-inelastidtedag are classic observables probing
Quantum Chromodynamics (QCD), the theory of the strongracteon, and in particular the
structure of the nucleon. Indeed, structure function mesmsants provide the backbone of our
knowledge of the quark and gluon longitudinal momentunritistions in the proton to this day,
40 years after the pioneering measurements of DIS at SLAGEH also Refs. [2]. In turn these
distributions, in short referred to as the parton distidmg or parton densities of the nucleon, are
indispensable for the description and analysis of hardestiad) processes at the proton colliders
forming the high-energy frontier of particle physics, e TEVATRON and the LHC. See, e.g.,
Ref. [3] for introductory overviews and the present statustiaucture functions and QCD.

The asymptotic freedom of QCD [4] facilitates a partly pdvative description of hard hadron
processes. At all practically relevant scales, however,stihong coupling constats is much
larger than its electroweak counterparts. Hence calaulatio a higher order are required in per-
turbative QCD in order in arrive at precise predictions. cAls this respect structure functions
form a special tool, since they can be expressed in termseobplerator-product expansion [5]
which provides a framework that renders higher-order datmns considerably more accessible.

In a series of previous articles, three of us have exploiesifact to derive the exact third-
order QCD corrections to the splitting functions governthg scale dependence of the parton
distributions [6, 7] — and thus the transfer of informatioonh DIS at moderate scales to the high
scales involved in Higgs, gauge boson, top quark and newigghgeocesses atEVATRON and the
LHC — and to the partonic cross sections (coefficient fumstjdor the most important structure
functions [8—10]. As all modern higher-order calculatiamperturbative QCD, those calculations
have been performed in dimensional regularization [11d,tAe splitting functions and coefficient
functions have been determined in the modified [12] miniroatsaction [13] scheméS.

Consequently the higher-order parton densities are natatkiin terms of any physical process,
but by a mathematical description employed for isolating mass singularities which lead to
their scale dependence. TMS scheme has definite advantages, e.g., it leads to a stabtkr
independent) functional form of the dominant diagonal (gtguark and gluon-gluon) splitting
functions in the limit of large momentum fractior$14], see also Ref. [15], a feature that assists
a stable evolution of the parton densities over the wideearigcales mentioned above.

An alternative approach has been suggested already lonig &gd. [16], see also Refs. [17]:
As discussed below, the parton densities can be eliminabea the description of the structure
functions (and other hard processes). The dependence ob8ervables on the physical hard
scale (in DISQ? = —g?, whereq is the four-momentum of the exchanged electroweak gauge
boson) is then given in terms of so-called physical evofukiernels or physical anomalous dimen-
sions. While the direct relation between different obsklegvia the universal parton densities is
obscured in this approach, it can be practically useful faygses of selected observables such as
the determination adis from the scaling violations of structure functions [18].



The construction of physical evolution kernels is partelyl simple (and unique) for flavour
non-singlet, i.e., gluon insensitive observables. It$uvat that these kernels show an only single-
logarithmic enhancement at large values of the scalin@liak for a wide range of non-singlet
quantities in DIS, semi-inclusive™ e~ annihilation (SIA) and the Drell-Yan process [19, 20]. This
general behaviour is in contrast to that of all correspogi$ coefficient functions which receive
double-logarithmic contributions. As a result the phykkernels provide an — at present not
yet formally proven — all-order exponentiation of the highl(1—x) terms beyond the leading
(1—x) ! contributions covered by the standard threshold resunomfgiL] to all powers if{1—x).

In the present article we address the flavour singlet casetwbguires two observables and a
2x 2 matrix evolution kernel. Unlike Refs. [17,18] we study tdeal — for theoretical purposes —
gluonic complement to the most important gauge-boson eghatructure functiofy, i.e., DIS
by the exchange of a scakpcoupling directly only to gluons via an additional tegG Gy, in the
Lagrangian, wher&" represents the gluon field strength tensor. Such a ternadglreuggested
as a trick in Ref. [16], is of course not present in the fundat@leStandard Model Lagrangian.
However, it does occur effectively for the Higgs boson inlihet of a very heavy top quark [22].

This interaction was included, in order to directly accdse the quark-gluon and gluon-gluon
splitting functions, in the calculations of Ref. [7] andfatt, its precursors [23,24]. Hence the one-
and two-loop coefficients functions for the resulting stawe functionF, were calculated, but not
published, quite a while ago. The more recent, but also umghda three-loop results have already
been employed to determine the third-order gluon jet fmcin threshold resummation [25] and
the pole terms of the three-loop gluon form factor [26] — arahT the latter the next-to-next-
to-next-to-leading logarithmic (ALL) threshold resummation for Higgs production in the heavy
top limit [27]. These coefficient functions also provideaan analytic continuation to timelike
kinematics, a strong check of the next-to-next-to-nextetaling order (RLO) computation in
Ref. [28] of the top-induced Higgs decay into hadrons [29{e Tirst- and second-order coefficient
functions forF, have now been derived independently in a completely difftemeanner [30].

The outline of this article is as follows. In Section 2 we atduce the formalism used for
calculating the coefficient functions &, to orderag, briefly discuss the diagram calculation and
its checks, and provide the transformation to the physieaddls to the fourth order. In Section 3
we then present the exact expressions for the coefficiestiunms and address their size and end-
point behaviour. The one- and two-loop results are then aoedbin Section 4 with the known
second- and third-order splitting functions to derive tle&trto-leading order (NLO) and next-to-
next-to-leading order (NNLO) physical kernels for the sys{F,,F,). Also these kernels show an
only single-logarithmic large-enhancement to all powers {i—x), a feature that we conjecture
to hold also at the next order. In Section 5 this conjectucktha three-loop coefficient functions
of Section 3 are then employed to predict the coefficiente@highest three powers of(h—x) in
all four singlet splitting functions at orderd (N3LO). We summarize our results and give a brief
outlook in Section 6. Appendices A and B contain the partiyy\eng expressions, respectively,
for the new third-order coefficient functions and the eleta@fithe NNLO physical kernel matrix.
In Appendix C we finally provide the largetimit of the gluon coefficient functions fdfs.



2 Formalism and calculation

We consider inclusive deep-inelastic lepton-nucleontsday through the exchange of a scalar
(Higgs) bosonp, which proceeds through the reaction

@®(q) + nucl(p) — X. (2.1)

Here X denotes all hadronic final states allowed by quantum numireservation. The bosap
transfers a space-like momentunti.e., Q% = —qg? > 0), while the nucleon carries momentym
The scaling variable of the reaction is defined as usuakFa®?/(2p-q) with 0 < x < 1.

In complete analogy to ordinary (gauge-boson exchange)tbésross section for this process
can be parametrized in terms of a structure fundégnrhrough the optical theorem the total cross
section (hence the structure functigy) is related to the imaginary part of the forward amplitude
T for the scattering process in EQ. (2.1) of a virtual Higgsdsosff the nucleon,

To(p,q) = i / d%zd% (nucl p| T(3(2) 3(0)) [nuck, p) . 2.2)

This quantity contains the time-ordered product of two @calrrents (see below) to which the
standard operator-product expansion (OPE) can be appli¢dei Bjorken limit (largeQ? for
fixedX). The relevant steps have been already discussed in pedeiwar-order and fixed MellilN
third-order calculations, see Refs. [23, 24], hence we edorief in recalling some key issues.

The OPE decomposes the current product in Eql (2.2) in tefrtiseostandard set of spin-
averaged matrix elements of the (renormalized) $pimvist-two irreducible flavour-singlet quark
and gluon operators

(nuck p| O/ M jnuct p) = pli.. pA A (N, 12) (2.3)

and the respective hard scattering parton coefficient fomsCy; with i = ¢, g, whereu stands
for the renormalization scale. The operat@gandQOg in Eq. (2.3) arise from the symmetric and
traceless part dil covariant derivative®¥, respectively acting on the quan) and gluon fields
(GM"). Neglecting ¥Q? power corrections, the OPE applied to Hg.{2.2) allows uxpress the
Mellin-N moments of the structure functidig in terms the matrix elemen#§ ¢ and coefficient
functionsCy; as

Fo(N.Q%) = /OldxleF(p(x,Qz), (2.4)
2

= 2 Cai (N’Q_zvaS)Ai,nucl(Nauz)- (2.5)
i=0,9 H

Here the first line[(2]4) fixes our conventions for Mellin marteN and the second relation (2.5)
holds (due to symmetry properties for— —x) for even-integer values dd. All (complex) mo-
ments, and the completedependence, are uniquely fixed by analytic continuationdih.
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The renormalization of the singlet operat@®g and Og in Eq. (2.3) in terms of their bare
counterparts proceeds as
O = Zj Opa'e, (2.6)
where the renormalization factofg are matrix-valued (i.e., summation kfis understood) and

the dependence dxi has been suppressed here (and in the following) for brevitg. well-known
anomalous dimensioryg arise from the renormalization factofg as

d 4
Yik = — (W Zij) V4 )j|(7 (2.7)
and the scale dependence of the operapiis given by

d

Woi = —VYikOk = P O. (2.8)

Eq. (2.8) also recalls the conventional relation betweenaimomalous dimensions and the mo-
ments of the splitting functionBj (x).

Using dimensional regularization [11] D = 4 — 2¢ dimensions and the modified minimal
subtraction schem®S [12, 13], the renormalization factoZs in Eq. (2.6) are a given by a series
of poles in Y& which can be expressed in terms of the perturbative expawmsiefficientsy(!) of
the anomalous dimensions and the coefficightgoverning the running coupling. In a power
expansion irus the former can be written as

- I+1,,()
Yik = ) 8 YiK (2.9)
ik I; ik

while the latter are given by

d as da

ding2 4mt — dinp2 —gas—Poal —Pras —Prad — ... . (2.10)

Herep, .. 4 denote the known four-dimensional expansion coefficieftiseobeta function of QCD
[4,31-33],B0 = 11/3Ca — 2/3n; etc, withn; representing the number of active quark flavours
andCp = 3 (andCg = 4/3) denoting the usual Sd{=3) colour factors.

The N'LO anomalous dimensiong') are related to the /& single poles oZj in Eq. (Z.6) at
orderal ™. TheD-dimensional coefficient functiorG,;, on the other hand, have an expansion in
non-negative powers @f viz

Coi = Big+ Y al(cy +eag! +e%y) +...) (2.11)
I=1

wherei = q, g as before, and we have again suppressed the depenaeddamndQ?/u?). Recall
that contributions of ordeg*>? in Eq. [Z.11) enter the extraction of the anomalous dimerssio
and coefficient functions at higher orderson For example, as shown in Eq. (2.19) below, the
determination of the third-order coefficient functimﬁ) requires the two-loop! quantitieea((p?.
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For the perturbative determination of splitting functi@msl coefficient functions the nucleons
in Egs. [2.2) and(2]13) can be replaced by partons. Thus wktoemmpute all Feynman diagrams
for the forward scattering amplitudes which contribute etding-twist accuracy to the singlet
structure functiongy in partonic DIS,

Ta(p.d) = i a2 (kpITADIO) kP, k=00, 2.12)
i.e., we are considering the reactions,

parton(p) +scalaq) — parton(p) + scalarq) (2.13)

where the scalar couples directly only to gluons vig@"G,, contribution to the Lagrangian.
Such an interaction is effectively included in the Standdatiel for the Higgs boson, in the limit
of a heavy top quark and negligible Yukawa couplings to dieotquark flavours [22]. Actually,
the resulting coefficient functions for the Higgs bosonaetifirom those of a scalar with a generic
@GHG,y coupling by a perturbative prefactor, known tSLND [34], which is however irrelevant
for our considerations. We will return to the limitationstb&é heavy-top limit in Sections 3 and 4.

The above scalar current in EQ. (2.12) requires an additiamdl-known renormalization [35],
1
as) /(€as)

which is calculable in terms of the coefficierfts of the QCD beta functiori.(2.10). Moreover the
field strength in Eq.[{Z.14) is subject to operator mixingsolkhhowever, give either vanishing
contributions to the on-shell matrix elements considere&q. [2.18) or, as in case of a quark
mass termmg Py, vanish in the present limit of massless quarks.

(GMGw) = Zg2 (GMGw) ™+ ..., Zg = T , (2.14)

In order to determine the coefficient functiog; to orderag, we thus ‘only’ need to evaluate
the forward scattering amplitudds (2.13) to three loopse Gbrresponding Feynman diagrams
have been generated automatically witB ®RAF [36]. The resulting number of diagrams is shown
in Table[1. Note that, as already in Refs. [23], the geneamadiod counting of the diagrams are
non-standard, as some tricks (e.g., using symmetries galidat the relevant even values dj
have been employed to reduce the number of diagrams.

process tree 1-loop 2-loop 3-loop

gqe — qQ 1 23 696

g — go 1 8 218 6378

he — ho 1 33 1184
sum 1 10 274 8258

Table 1: The number of diagrams for the forward amplitudepleyed in the calculation of the
structure functiori to three loopsh stands for the external ghost discussed in the text.
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For all external partons states in Eq. (2.13) we need to grroje their physical polarizations.
To that end it has proven efficient to contract the externabgllines only with the metric tensor
—g°P instead of a physical projector

o ~B BAa o ~BA2
P9"+pP"q" P pPq (2.15)

_ O(B_|_
J p-q (p-q)?”’

matching the kinematics of Eq.(2]13) wif = 0, g = —Q? < 0. To compensate the additional
unphysical degrees of freedom we have to consider an extsa of diagrams with external ghosts
instead of external gluons, i.e., the procegs— hglisted in the third line of Tablel1. In particular
the resulting absence of higher tensor integrals from theeamator of Eq.[(2.15) leads to a vital
simplification of the calculations. For the same reason bUX@omputations have been performed
in the Feynman gauge. As before the gauge independence érasdxdfied for a few low values
of N along the lines of Refs. [23] where also the projedior (218 been employed for checks.

The calculation of the MellirN projection of the forward-scattering integrals for all wes
of N has been discussed extensively, if not exhaustively, migue publications [6, 7, 9, 24, 37].
Also the present calculation has been carried out usingorefs of the symbolic manipulation
program ORM [38] to which new features, such as an efficient databasktydor huge numbers
of intermediate integrals, were added in order to make saptpatations feasible [39]. We would
like to stress again that the calculation has been set upcim@unanner that checks of fixed low
moments could be performed at all intermediate stages ukagrogram MNCER [40, 41] for
massless three-loop self-energy integrals. Note alsdhibakcent computations of fixed moments
of heavy-quark structure functions [42] and of the thregplguark and gluon form factors [43]
provide strong independent checks of different aspectsiotalculations.

Having calculated the perturbative corrections to thewiddial parton contributions td in
Eq. (2.12) it remains (first) to perform the renormalizatidis and the scalar current in EQ.(2114),
and (second) to disentangle the coefficients of the Laurgraresion in terms of anomalous dimen-
sions and coefficient functions. The second task also kn@amass factorization is non-trivial,
requires an explicit representation for the makHjxin Eq. (2.6) and introduces the dependence on
a specific scheme, i.MS in our case. To that end, we set the factor(exm(4m) —ve} ) = 1 where
Ye IS the Euler-Mascheroni constant and choose, without lbgsrerality, the renormalization and
mass factorization scales ps= Q?Z.

A suitable normalization, already used in Eq.(2.11) abaverdera? implies

0 _ (0 _ o _ (0 _
Tw = Cypq = 0, T(p7g = Cpg = 1. (2.16)

At the first order inas the respective forward amplitudes need to be calculated opdere? for

our purposes, yielding
o _ 1o, o

_ 1 | 241
op — gYop + Cop T €8yp + €Dy (2.17)

with p=q,g. Correspondingly the two-loop contributions are reqiitgy to ordere. These



guantities are given by

T(é,? - 2—12{ <yg| BOagl) )} + 5z {yé,p) +Zcfp,)y,(p)} (2.18)

2) (D)0
"'C((up T a(p,i Vi(p) TE {acpp+ bc(p,i)yi(p)} ’

wheredj, is the Kronecker symbol and summation over repeated intBagsderstood. Finally we
are ready to write down the third-order coeﬁicieﬂiﬁ) in Eq. (2.12),

® _ 1 10,0/
Top 683{

yg| y|k ykp 3B yg| y|p +ZBO Vgp}

1
+ o { VgV 2v5 Vi —2Bovep — 2Bavip + 3¢, (Vi — Bodi ) Vi }

1 2 1. (1 2) (0 1)
+5 {ZVép) + 30((p,i)yi(p) + 60((p i)yi(p) + 3afP7i (ylk [305lk> yl((p)}
1
+Cap+ 531 Vip +apiVip + zbfp ! (Vi Bodic ) vigy - (2.19)

from which the NLO coefficient funcUon&fP% are extracted.

As mentioned above, the mass factorization in Eqs. 12.1Z)I9] provides the splitting func-
tions and coefficient functions in thdS scheme at the scalg = Q2. The full scale dependence,
including the case of unequal renormalization and facéion scales, can be reconstructed from
these results using, e.g., Egs. (2.16) — (2.18) of Ref. [44].

For transformations to other schemes it is convenient tobtoethe present ‘gluon’ structure
functionFy, recall Eq.[(2.16), with a corresponding ‘quark’ obsereadlich as (the flavour-singlet

part of) F2 in photon-exchange DIS [9], Witbg)gI =1 andcg?g)J = 0. Hence we define the two-
dimensional vector of the moments of the singlet quark andmgtistributions,

N

a= (%) win - 3@+a (2.20)
and the correspondingd-dependent quantities (recall EQ._(2.8))
FZ) (qu qu) (CZq CZQ)
F = ., P = , C= ’ ’ (2.21)
( Fo Pog Pog Coq Cog
at )2 = Q2. Any scheme transformation can now be performed by ingpetisuitable (finite, no
relation to Eq.[(2.6) above) transformation maiixvith

- |
Zi = 3k + Y azy (2.22)
I=1
which results in transformed coefficient functidb’sand parton distributiong’ via
F=Cq=Cz'zq=C(q. (2.23)
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l'he corresponding transformation of the splitting funcoeads
dz
/ ke -1
P P+ (Bd + [Z,P]) Z (2.24)

where represents the right-hand-side of Hq. (2.10), &\dP] the standard commutator of the
matricesZ andP. To orderad (N3LO) the insertion of the perturbative expansions thus l¢éads

P' = asPo
n asz(pu) +[ZW PO _ BOZ(1)>
n ass(p<2> +[2?) PO 4 [z pD] [z pO)]z(D) 4 BO<{Z<1>}2 _ 22(2)) _ Blz“))
n as4(p(3) +1203,pO] 4122 PO 4 [z PR ([Z(Z), PO 4z, p(l)]> 7(1)
+[zW,pO)] ({Zm}z _ 22(2)) _ Bo({z<1>}3 7M7) _97(2)7(1) 3z<3>>

+[31({Z(1)}2—ZZ(2)>—Bzz(l)> + 0(ad). (2.25)

In order to transfer the momentum sum rulg;-g = 1 atN = 2 for all scales, fronMS to the
transformed parton densitieg in Eq. (Z.23), the coefficients in Ed._(2]22) need to satibfy t
relations

ZW(N=2) + ZH(N=2) = 0, Z§(N=2)+Z{J(N=2) = 0. (2.26)

Egs. [2.2P) -(2.25) can be employed to transform to the physiolution equations for the
systemF = (F,, Fy) by choosing

I I 0~
( Z((lq) Z((lg) ) . ( C2,q CZ,g ) (2 27)
| ] ) <0 '
Zg Zag Cpa Cog
in Eq. (2.22). This leads to

0 e
d B e 1 Kz Koo F
ding?" = KF = I;as (ng) o le ) (2.28)
- ol

where the matrix elements of the physical evolution kekhate given by Eq[(2.25) after inserting
Eq. (2.27). As far as we know this transformation has firsnbmeggested (at NLO) in Ref. [16].
The above relations refer to the chojée= Q2 of the renormalization scale — the mass factorization
scheme and scale have now been eliminated from the probleom these results the physical
kernel af? # Q2 (or in other renormalization schemes) can be reconstructée usual way. As
we shall see below, EJ. (2]27) does not represent a ‘norroérae transformation of the quark
and gluon distributions, since thS coefficient functions foF, andF, on the right-hand-side do
not fulfill the momentum sum rule constrainis (2.26).



3 Coefficient functions for Higgs-exchange DIS

In this section we present and discussxifspace results, obtained from our abdspace calcu-
lations by a by now standard inverse Mellin transformath f5], for the previously unpublished
MS-scheme coefficient functiomﬁg) andc) || = 1, 2, 3, at the standard choig€ = Q? of the

.q 09’
renormalization and factorization scale.

We express our results in terms of the harmonic polylogastHy, .. m,(X) with m; =0, £1.
Our notation for these functions follows Ref. [45] to whidietreader is referred for a detailed
discussion. For completeness we recall the basic defisitibhe lowest-weight = 1) functions
Hm(X) are given by

Ho(x) = Inx,  Hii(x) = FIn(1Fx) . (3.1)
The higher-weightW > 2) functions are recursively defined as
1 W .
Wln X, if m,..m,=0,...,0
Hiny,...my(X) = y ' (3.2)
dz tn,(2) Hm,,...m,(2) , else
with L L
f = f = —. 3.3
o) =5 Bl = (3.3)
For chains of indices zero we employ the abbreviated natatio
Ho,...,0,41,0,...,0,+1,..(X) = Himy1), £(nt0),...(X) (3.4)
m n

and usually suppress the argument

Thel-th order coefficient functions involve harmonic polyloigiams up to weight -1. Hence
only the results up to two loops, with < 3, can be expressed in terms of standard polylogarithms.
A complete list can be found in appendix A of Ref. [24]. ARTRAN program for the harmonic
polylogarithms including weightv = 4 has been published in Ref. [46]. Its extensiomte: 5,
required for the third-order coefficient functions, is ads@ilable [47].

In this notation the first-order coefficient functions areegi by

i) = Cr (2 Dgq(X) (—Ho— H) —3x 2 +2x> : (3.5)

0 —

09 = Ca(#Pog)(—Ho—Hy) ~ 11/3((1-x) 2 +x°) +(67/9- 422) 8(1-%))

+ g (2/3((1—x)_1+x*1 ) — 10/96(1—x)> . (3.6)

Here and below,, represents the Riemann zeta-function, and as abpwkenotes the number
of effectively massless flavours<Ca andCg are the usual QCD colour factors specified below
Eq. (2.10). Finally we have employed the abbreviations
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Pga(X) = 2x71—2+x

Pgg(¥) = (1—x)t+4x7!

—24x—x2. (3.7)
The corresponding two-loop (NLO) coefficient functionsdea

0.9
+8pgq(—X) (—H-1{2 —2H_1_10+H_100 —Ho{2) —16(1 +x)H_10

—423(2+8x 1 +3x) +2(2—x)(5Ho00 +2Hz0 +2Hp1 +4Hz)
+4(5-9x1 —6x)Hy —4%2(5-9x 1 —2x) —8L2(6 —x)Ho — (12 —x) Hop
+(15—10x 1 +18x)Ho +2(16 — 18x 1 — 7x)Hy0 + (56 — 64x 1 +3x)H;
+1/2(208—59x * —30x) —32H_ 0 — 4 HLl)

+CaCr (ZOng(X) (C2H1 —H100 —H110 —H111 —H12)
+4pgg(—X)(—2H-1{2 +3H_100+2H_12) +16(1 +2x 7t +2x) ({2Ho —H3)
+4(2-10x1 —7x)Hz1 —4(104+4x 1 +7X)Hop0 — 403 (16 — 18x 1 — 11x)
+4/3(24+22x 1 +9x+4x%)H _10+4/3(46—53x 1 +x+4x%)Hyp
—1/9(60+1362x 1 +513x +352x%)Hg +2/3(70 — 84x  +-13x +8x%)Hy 1
—4/30,(88—53x 1 +7x+12x%) +4/3(88 —31x 1 +16x + 12x%) H>
+1/9(242—288x 1 —127x —176x%)Hy +2/3(268— 106x 1 4 13x +32x% ) Ho 0
+1/54(6172— 13455 1 + 76x +1216x%) —8(4x 1 +3X)Hpo — 16 H_270>

C(z) (x) = C,:2 (4 pgq(x) (—6 Hi1 —2Hy110—H111 —2H12 —2Hy0 —2Hp1 -2 Hs)

+Ceny (2/9 Puq(X) (24 Hoo+29Hy + 12Hy o+ 6Hy 1+ 12Hp) +8/372(2 — 2x 1 —x)
—2/3(26—32x 1 —11x)Hg — 1/27(332—737x" 1 —28x) ) (3.8)

and

2 = Ck (pgg(x> (—2570/27 + 6875 + 176/3%2 + 24H_50 — 778/9Ho + 56 Ho >
—44Hyp —28Hy00 — 778/9Hy +40H Lo — 176/3Hy 0 —40H1 00 — 176/3Hy 1
—56H10—48H1 11 —56H1 2 —176/3Hy —48Hp0 —56Hp 1 — 56Hg)
+4pgg(—X) (7{3 +6H 20 —8H 1{2 —8H 1 _10+10H 100 +4H 12 +2Hol>
—3Ho00 —2H3) +16(1 +x) (223 +4Hol2 —5Ho00 — 2H20 —2Hz1 —4Hs3)
+8/3(6+11x 14+ 6x+11x%)H _10+1/27(10 — 5659 1 — 1916x+ 3177%)
+4/3(14 — 44x 71— 25x433%%) (Hy0 +H11) — 4/302(45 — 44x 1 — 24x+ 77%°)
+4/3(45—-22x" 1 —12x477x%) Hy +2/3(171 — 44x 1 — 33x+220x%) Ho 0
—2/9(182+4121x 1 —58x)Hy — 1/9(1107+ 778x "1 + 699x+ 536x) Ho

+ (30425162 — 242/35 — 778/972 + 101/523) 6(1—x)>
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+Cany  pag(x) (224/9 — 32/32z +56/3 Ho + 8Hoo + 56/3 Hi +32/3 (Hy o + Ha1)
+32/3Hp) 4+ 4(1+x)Hoo +8/3(2 —x+x2)(H1o +H11) +8/3(34+x?)(Ha — {o)
+2/9(40+48x 1+ 7Tx—4x®)Hy +2/9 (47 +48x 1 +14x— 4x*)Ho
+2/27(389+320x 1 — 46x+59x%) — (4112/81 +28/33 —56/3>) 6(1—x))

+Cr 1 (2 Pgg(X) +4(1 +X) (—2{3 —4Hol2 +5Hop0 +2H20 +2Hz1 +4Hsz)
+4/3(3+4x 1 —3x—4x%)(H1o +H11)+4/3(9+4x 14+ 6x—4x%)(Hz —p)
+2/3(2148x 14 15x—8x%)Hoo +2/9(93+32x 1 — 57x— 68x?) Hy
+2/9(129+32x 1 — 3x—68x%)Ho +1/27(16714307x 1 — 1212x — 442x?)
- (63/2 - 2423)8(1-))
+n? (8/27pgg(x) (=5 —3Ho — 3H1) +8/27(2 — x+52)(—5 — 3Ho — 3H1)
+(100/81 — 8/922) (1) ) . (3.9)
As mentioned in the introduction, the above results haweladéen derived, in a quite different and
completely independent manner, in Ref. [30]. As their ceypurts for photon- and/-exchange
DIS presented in Refs. [9, 10], the full third-order express, not obtained by any other group

so far, for the present Higgs-exchange coefficient funsteme exceedingly long. Therefore these
expressions are deferred to Appendix A.

Before we illustrate the numerical size and perturbatiabitity of these coefficient functions,
it is instructive to discuss their behaviour close to thepantsx = 1 andx = 0. For this we will
use to abbreviations

x, =1-x, Lo=1Inx, Li=Inx, 2 =[x, . (3.10)

As usual, the +-distributions are defined by

1 1
/dxa(x)q(x) - / dxax) {F(x) - f(1)} (3.11)
0 0

for regular functionsf (x). It is understood that all A1—x) poles in Eqs.[(3]16)[(3]9) and (A.2)
have to be read as +-distributions.

The leading large«contributions to the gluon coefficient functioné?é(x) are given by soft-
gluon emission contributions, with k = 0, ..., 2n—1. At the first order these and all other
endpoint contributions can be read off directly from EQBY&nd [3.6) with the help of EJ.(3.1).
The +-distribution coefficients of the two-loop gluon coefnt function read

(2 _ 2

Cot - 8C2, (3.12)
2) 83 ., 16

C(p,g @2 — —3 CA + §CAnf , (313)
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@ 778 56 8
|, = CA(T —4ozz> — 2 Cany + NP, (3.14)
2 _cp(B0_gp, 1T 22432 40,
Co.g D, = CA( 27 —32(3 ZZ) CA”f( 9 Zz) +2CF g 27nf , (3.15)
and the corresponding contributions at the third-ordegaren by
3) _ 3
00l = 8C3 | (3.16)
(3) - 550 100
Coal,, = —?cA 5 ——=CZn, (3.17)
256 16
col| = CR(340—128Lp) — “"CEn; + — Can? (3.18)
#9lp, 3 3
(3) _ (3 9623_ 1892 - 3106_%1
C(p,g D, - CA( 9 ZZ 256Z3> +CA I (—9 Zz)
292
+16Cg Cany — % Can? + g n, (3.19)
@®|  ~3/192268 16268, 2816, 1316
0|, = CA( 81 g 273 GFf ZZ)
67730 4192 128 598
_ 2 —_— _ —_ —_—
CAnf< 81 (2 13> CFCAnf< 3 128{3)
6652 272 20 80 5
+Canj (H ——Zz> §CF — 57N (3.20)
(3) _ (3 1616486_ 169910 B 40454 7931, 1280 B
0|, = CA< 759 g 27 57 Gt g+ (2(3 8015)
1234307 55388 1816 1538
2 _ _ o= 2
+CAng ( 1458 (2 (3 + ZZ) Céng
7810 1624 5 350 80
“‘CFCAnf(?—?’ZZz —5 % Zz) —Cen f(?——13>
138493 584 152 200 16
- -5 Lt—o7 = T 21
Cani ( 1458 g 2" ZS) ( 81 ZZ) (3-21)

Together with thed(1—x) contributions arising from soft-gluon emissions and \attcorrec-
tions — which can be read off directly from Eqgk._(3.6), [3.80 dA.2) — these results have be
employed in Ref. [25] to obtain the soft-gluon exponentiabfCy 4 to the next-to-next-to-next-to-
leading logarithmic (NLL) accuracy. Consequently the highest seven +-distiiimstiare known
at the fourth and all higher orders @ny, which the exception of the (almost certainly numerically
irrelevant) contribution of the four-loop cusp anomaloueehsion to the coefficient @fl» 2,_7.

As discussed in Refs. [26, 48], the computation of the fodAmmpIitudest("g and T(é"g in

photon- and Higgs-exchange DIS to oraere®~! with | < 3, in the above soft+virtual limit,
facilitates the determination of all/& pole terms of the three-loop‘qg and Hgg form factors

12



(the latter, of course, in the heavy-top limit). The cor@sging results, including the additional
aonf contributions in the/“qq case, have been verified recently in direct calculationeedge form
factors [43], thus providing a check of Egs. (3.16] — (B.21d ¢hed(1—x) in Eq. (A.2) and the
corresponding results in Refs. [6, 7, 9] including, in parar, the full results for the three-loop
qguark and gluon cusp anomalous dimensions. Those resultsni, involve a considerable part of
the three-loop forward-scattering diagrams and integnadering the complete (ak} calculations
of the third-order splitting functions and coefficient faioos.

Returning to the large-behaviour of the gluon coefficient functiong‘é(x) we note that, as
Eqs (3.1R) —-[(3.14) and (3116) E(3118) above, the coeffisief the highest three subleading
InX(1—x) terms k=3, 2, 1forcéé( x) andk =5, 4, 3forc((pé( X), do not include contributions with
the colour factoCr, i.e., gluon emission from quarks. Hence they are guardrteeriginate from
‘non-singlet like’ diagrams with a (modulo self-energyensons) unbroken gluon line connecting
the incoming gluon to the scalgr Consequently non-singlet considerations and structuoés
for these contributions, cf. Refs. [15, 19, 29], and thes#eading logarithms can be predicted to

all ordersn along the lines of Ref. [20].

We now turn to the quark coefficient functioné“%(x) where the integrable logarithns =

In"(l—x) with k = 1, ..., 2n—1 form the leading large-terms. Again the first-order coefficient
is obvious from Eq.[(3]5), and the second-order contrilmstiare given by
e - 1—300F CA+§CF : (3.22)
e - gcp Ca —14C2 + gcp ne (3.23)
c L =G CA<3%9 ~200z) +5CE - %SCF n . (3.24)
The corresponding three-loop results read
coy 5o %)CFCA +§CF, (3.25)
co) LT gcp c2 - 4247ch Ca— 115870 gcp Cany + ;CF ne (3.26)
il = GRSy — g %)+ (Sgp — g %) +C (5 + 5 0)
- %i'SCF Cans — lgiSCF ng + ;CF n? (3.27)
c(f’é g —&Q«%%—@Zz —84ZS> _CFZCA<%186_@ZZ —3—1613)
+C8 ( 225 + 1243 18433) +Cr Cany (%56 - @Zz)

6616 4 ) - 104 5
F

+c§nf( T 3l) — o (3.28)
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. 227065 17384. 590. 368 524873
i, = CFCAZ( 243 27 ZZ_?Z”?Z%) +C§CA( 972

638, 2954 2674, 52927 328 1804,
- (2 — 9 3+ 15 Zz) _CF< +17012—?Z3+ Zz)

27 12 15
75052 3260. 52 ,_ (70747 812, 272
'_CFCA”f< 243 27 12_'2523)'_0an< 486 _'5712'__5_13)
544 40

The two-loop coefficients (3.22) E(3124) contribute to hugex behaviour of the NNLO physical

kernel Kéé) (x), recall Egs.[(2.27) and (2.28) above, which will be discdssethe next section.

The third-order result§ (3.25) E(3127) will enter our lasgpredictions for the four-loop splitting
function Pg(g)(x) in Section 5.

At smallx both the coefficient functiorﬁgn%(x), p= g, g, show a double-logarithmic enhance-
ment, i.e., termg1Inkx contribute withk = 0, ..., 2n—1. The second-order coefficients are

Xcyn BT gcp Ca (3.30)
mﬂ%:-f%&q+?&m, (3.31)
xcy) L= ~CeCa (? - 32z2) ~C2(10-162) + 6—34 Ceny (3.32)
xci) o = ~CeCa (135—4457— 2?12(2 —72z3) 2 (%9 — 362, +3213>
veen (27 - 20) (3.33)
and
XCog - —§CK : (3.34)
XQ%L%::-%?C§+4me+§CFm, (3.35)
@gm: 4&@%94&Q+?%m+%&m—g¥, (3.36)
XC&);, 9 = -C§ (%5—%212 —4053> +Cany (%;2— %212)
+anf(32—671—1—:z2> —g—;)nfz. (3.37)
Their three-loop counterpart are found to be
XCh o —135 CeCZ, (3.38)
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XCy e —24CFC§+%3CFCAnf +gcénf, (3.39)
il - ek (%0t et (- )+ By

gch ne — 1360F n?, (3.40)
il - () o)

+CB (52— 487, +32L3) +Cr c:Anf (546 — 4805)

+C2n, (ot - 64z) — S PCe | (3.41)
< - c2 <35§f78_ 492578012_ 159104Z 5584ZZ>

—cen (B, 1+ 2, 1 208) 1 (a50- 2242,

1t s2) - cocuny (ZEET0 10000, 400,

vopn (P2 102y, B) cerp(T2 12) . @az)
) s c2 ( 193%67+ 14§f44zz+ 11217202ZS - 5547548Z2 608, , _ £84<5)

—clea (20 BT, s 202 592zzzs )

4+l (%01 5447, — 7675 — &8412 +640203 + 560Z5)

LC-Can, (3?;7371_ 1721704ZZ - 1322704Z 896Z2> c2n, (%8

- 3::3819612 - 32341 65652) ny (%2:1 %Zz —613> (3.43)
and
xc(fé 5" —%037 (3.44)
XCyy i —%)CA 2c§nf +%3CF Cany (3.45)

—12—172n$cp , (3.46)
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(S B (92
PEE O SIINEE S
7267OC|: n? -+ Snf , (3.47)
XC(SQ)] . _ 2(5087;19_ 952971212 B 4:;36Z 812812>
+CA Ny ( 5922772— 192674832 + 1—633> +CEny (%ﬁ - 5i452 1—2833>
N TS
e (B -200) 23 ? , (3.48)
), (T s g oo
+C2n, (43194853855_ 12;3584Z2 - 7§$8Z 5864Z2>
(5, 8
(1, (B0
+22005) —Cen? (122 1§$4z 155213) P20 21) (349)

This behaviour is different from that of the (spacelike)itsiplg functions and gauge-boson
exchange coefficient functions which receive an only siggmrithmic (‘BFKL) enhancement
of the leading ¥x contributions to all orders ims [49-51]. In fact, this seemingly surprising
feature of thepGH Gy, probe of the hadronic system was already briefly stated in [Bef, and
the leading double-logarithmic terms were explicitly caéted in Ref. [52] for the related case of
Higgs production in proton-proton collisions in the hedwop-limit.

However, the functionsg’%(x) are probed at very small valuesxobnly at very high centre-of-
mass (CM) energieg’s. Given the finite physical top mass, the large top-mass appatdions for
Higgs exchanggproduction breaks down in this region. Indeed, as expjictiown recently for
Higgs production in Ref. [53], the full finiteayp coefficient functions receive only single logarith-

mic contributions at smak. Consequently the effective-theory coefficient functioﬁ%(x) cease
to provide useful approximations for Higgs-exchange DIgia limit. Where exactly7irxthis oc-
curs cannot be established without the very non-triviatwation of at least all NNLO Ax terms
in the full theory. This point has not been reached yet eveherphenomenologically important
case of Higgs production in proton—(anti-)proton colligpfor the present status see Refs. [54].
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We are now ready to discuss the numerical size of the coeftitimctions[(3.5) {(319)[(Al1)
and [A.2). In Figs. 1 and 2 their cumulative effect is showrrfo= 4 quark flavours and an order-
independent values(p? = ufzng) = 0.2 for the strong coupling constant corresponding to a
scale ong ~ 20...50Ge\’. The same reference point was used in Refs. [8,9], henca¢sent
results can be compared directly to the photon-exchange diasussed in those articles. Note
that Fig. 2 does not provide the full information about thieetf of the gluon coefficient function
Cy,g(X) due to presence of +-distributions, recall Hq. (8.11), &fid-x) contributions.

As shown in the right parts of both figures, the perturbatixea@sions ofCqp(x) are rather
stable in the midk region, but, unsurprisingly, large beyond-NLO correcti@are found in the
soft-gluon largex and the high-energy smatlregions. While in the former the NNLO ancNO
are similar, the perturbative expansion appears to break delowx ~ 102 andx ~ 10~ for
Coq(X) andCyg4(x), respectively. This breakdown thus occurs in a region whisisecoefficient
functions are definitely not expected to represent Higgha&mnge anymore, as a CM energy of
aboutmyop is required to access= 10~ at the chosen scal@? ~ 30 Ge\~.

Obviously the (perturbative) coefficient functions entieygical quantities such as the structure
functionFy only through convolutions such as

Coaz 00 = [ Yeqana(}) 2:50)

with the (partly non-perturbative) quark and gluon disitibns which, due to the general shape of
gs(x) andg(x), shift the onset of the smaX-instability to considerably lower values gfthan in
Figs.1 and 2. The resulting contributions of E§s.1(3.9) 9X3A.T) and [A.2) td~, are illustrated

in Fig. 3 for the schematic, but sufficiently realistic ordledependent input

XGs(x,QF) = 0.6x93(1—x)3°(145.0x%8) |
xg(x,Q3) = 1.6x %3(1—x)*°(1-0.6x%3) (3.51)

already employed in Refs. [7-9]. In reality bail and the parton distributions do depend on the
perturbative order in a manner that reduces the relativiednigrder corrections in particular at
largex. Keeping this in mind, the mediui®? perturbative stability in Fig. 3 is satisfactory over a
wide range irnx despite, as expected for a gluon-dominated quantity, teegoice of considerably
largeras corrections than found for the standard-DIS structuretiond= .

(n
o,

=

Finally we need to address the Mellin moments of the new aoeffi functionsc
n=1 2 3(p=4q,qg). The second moments for the quark case are given by

(x) for

=]

1 4 -
CoaN=2) = ~3Cr = ~177778, (3.52)
2 6224 1237 44
C(EJ,EJ(NZZ) = _CFCA(H_3223>+C|:2<H—3213>+§CF o
>~ 194729+ 19.5556n , (3.53)
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Figure 1: The perturbative expansion to ordér(N3LO) of the quark coefficient functioByq(X)
for DIS via the exchange of a scakawith a @G* G, coupling to gluons. The results are shown
for a standard medium-scale reference point and have bekiplied by x for display purposes.
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Figure 2: As Fig[lL, but for the gluon coefficient functiGggy(x) atx < 1, multiplied by an addi-
tional factor(1—x) compensating the largedependence due to the +-distribution contributions.
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Figure 3: The perturbative expansion of the quark (left) ghdn (right) contributions to the
structure functiorF, normalized to the lowest-order res@j(x, Q?) = xg(x, Q?), for the order-
independent inpuf{351) at our reference point corresipgrio a scaleQ? ~ 20...50 Ge\~.

(3)

C, 4(N=2)

10744957 121232

- z+%z§ ke d

9 _CeC2 (

+CF2(:A(

4374
4294603 6483

- 640 )

4374
137462 41792

{3+ Zz——————Zs
128

: 1280 )

—C,?(

729

2560Z5>

3+ &

81 15

-2

—CFan(

62201 11264Z 128Z ) .
2187 S 2 "

(33854 64 )

81 729

+Ck CAnf (

[acd

1616063 22768Z 128Z )
2187 2

—1211673+190216n;

81

— 50.5213n? (3.54)

where the second (approximate) equalities are obtainedssrtingCa = 3, Cg = 4/3 and the
numerical values of thé-function. The results for the gluon coefficient functioade

D)y 203 10
Cpg(N=2) = S-Ca—gny = 338333~ 11111In; (3.55)
2 /ny A2 23473_ 8215
cAN=2) = CA<—108 6613) cAnf(—162+1213)
1726 100
_CF”f< 81 2413) 81"
~ 124206 185349n + 1.23457n2 . (3.56)
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27878711 66970 880
¥ N=2) = C,i’( — {3+ Zs)

9.9 5832 27
2824243 1o4 760
—Ce Cany <W —652(3— Zz — —Zs)
3723227 4162 280
— 2 — —_— —
i (Sorgr ez ot ZZ 7 <)
40081 24668 32 1360 1000 5
2 —_—
+CF”f< 286 T 81 B 1% 15) 720"
53945 8360 1155203 3652
+Cen f( 486 Z?’) Ca f( 8748 | 81 Z?’)
~ 567788—136738nf+541328nf—1.37174nf3. (3.57)

Note the conspicuous absence of coefficient linedpifrom the above second- and third-order
results, a feature that has been observed and discussed bafthe corresponding moments of
the gauge-boson exchange structure functions in Refs. [23]

Forn; = 4 flavours Eqs[(3.52) £(3.57) yield the rather benign exjoziss

Copq(N=2) =  —0.141505 — 0.737802 — 2.6791a3 + ... , (3.58)

Cog(N=2) = 1+ 2.33870s+ 3.295602 + 5.3704a2 + ... (3.59)
which nevertheless, as expected, are rather differenttinemcounterparts for the photon-exchange
structure functiori given by [23]

C2q(N=2) = 1+ 0.0354as — 0.0785a2 — 0.1986aS + ... , (3.60)

Cag(N=2) =  —-0.159205 — 0.225902 — 0.027403 + ... . (3.61)

Consequently, as already indicated at the end of Sectiohe2s¢heme-transformation relation

(2.28) is not fulfilled with the choicé (2.27) involving EqB8.58) — [3.611).

TheN-dependences @y q andCy ¢ are shown graphically, again fag = 0.2, in Fig. 4. The
corresponding results fdf, andF_ in standard DIS have been presented in Figs. 11 and 12 of
Ref. [9]. The present pattern is rather similar to thatFei(with the quark and gluon coefficient
functions interchanged), albeit with considerably largercorrections. In fact, th&l-dependent
values of the strong coupling,

(n-1)
c.. (N
Gy (N) = 4n“”'7(>, (3.62)
) (n)
2c(p7i (N)

for which then-th order corrections are half as large as those of the puswaoder — recall that
the coefficient functions are expressed in terms of the sexplhnsion parametess = as/(4m)

of Eq. (2.10) — shown in Fig. 5 are rather more similar to thiese_ than forF which can be
found, respectively, in Figs. 13 and 14 of Ref. [9]. Note, bwer, that also in Fig. 5 the values for
a(W(N) increase, rather than decrease, with the perturbative ordeis behaviour indicates that
also here we have not yet reached the expected asymptatecaed the expansion in powers of
as with a factorial-type growtle(" ~ n! of the expansion coefficients.
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Figure 4: The perturbative expansion to ordgr(N3LO) of the quark and gluon coefficient func-
tions for the structure functioR, in Mellin-N space, shown for four effectively massless flavours
and the order-independent valueogfspecified in the right panel.
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Figure 5: TheN-dependent valueg(3162) af at which the effect of the-th order (N'LO) quark
and gluon coefficient functions fdf, is half as large as that of the previous order. A NLO curve
can only be shown for the gluon case (right) since only hezd_th contribution does not vanish.
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4 Physical evolution kernel forF, and F,

We are now in a position to write down and discuss the phy&ieaiels for the coupled flavour-
singlet evolution of the structure functiofs andF, as defined at the end of Section 2. To NNLO
(I = 2) these kernels,

Kap = Z)alegg with ab =20, (4.1)
=

are specified in terms of the three-loop splitting functif®s/] together with the second-order
coefficient functions foF, first calculated in Refs. [55], arfé, provided in the previous section.
Also these results will by given in terms of harmonic polydoithms [45] as summarized in Eqs.
B.) - [3.4) above. Frorh= 1 we will presenK, in the form
| | |

Ké?_) = Ké,gls"i' Kéz),ps7 (4.2)
i.e., we separately provide the scalar evolution kernetdernon-singlet structure functidf ns
(addressed, but not written down in this form, before in RE8, 56]), which is of direct phe-
nomenological interest for, e.g., the determinatiormgfrom scaling violations. As above, our
results are given in theIS renormalization scheme for the scale- Q.

Atleading order (LO) the elements of the physical kernelideatical to the splitting functions,
recall the first line of Eq[(Z.24), i.e.,

Ky = Cr(2pgq(¥)+33(1-%)), (4.3)
Kie = 20 pog(x) . (4.4)
K = 2Cr pga(), (4.5)
k9 = ¢ (4 (x)+1—15(1—x)>—3n 5(1—x) (4.6)
o9 — “A(“Pgg 3 3" , .

where we have used E. (B.7) and the additional abbreviation

Pg®) = 2(1—-x)t-1-x
Pgg(X) = 1 —2x+ 2x2. (4.7)

The next-to-leading order (NLO) contributions to thesenkds are given by

Ké,ln)s(X) = C? <pqq(x) [—6Ho +8H10 +8Hz] +8pgg(—X) [—{2 —2H_1,0 +Hop]
+2(~2+2% +Ho — 3xHo — 2Hoo — 2xHo0) +[3/2— 1202 + 244 6(1—x)>
+CaCr (pqq(x) [367/18+2/3(—65 +22Hy +6Hoo + 11 Hy )]
+4pgq(—X) [L2 +2H_1.0 — Hoo] +1/6 (13— 167x + [215+ 1760, — 72] 6(1—x))>
+Cr 1y (PaalX) [~29/9—8/3Ho —4/3Ha] +1/3(1 +13x ~ [19+ 1645]8(1-X)) ) , (4.8)
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K$apsX) = Cr Ny (2/3 (32x1 — 69 +45x — 8x2) +4/3(4x L —9x +8x%) Ho

—8(1+x) Ho7o> , (4.9)

KD

(%) = Cany (8 Pag(X) Hz2 — 8pgg(—X)H_1,0 +2/3(1 — 50x+ 50x) Hy

—8(1+2x)Hoo —8L2(1+2%%) +2/3(8x 1 — 11— 98x+ 66x*) Hg
+2/9(100x ! — 322+ 155x + 18x2)) + Ceny (4 Pag(¥) [2Hoo — 3Hy +2Hyo]
—4(1—2X)Hoo +2(1 +4x—12%) Ho +2(2 —7x+4x2)+16H1>

+n? (4/3 Pag(X) [Ho +H1] +4/9(—2x 1 +11 — 25x+ 21x2)) , (4.10)

K (9 = CZ (8Pag(x)Ha +822(~2x+2 —x) ~4(2 —X) Hoo +2(2 + 3%) Ho
L(10x 118 - x) + 12x*1H1) + CaCr (pgq(x) [4/3Hy +8Hyo]
—8pgq(—X)H_10 —6(2 —X)H1 +8(2 +X)Hoo +1/3(87x 1 — 22 + 83x + 64x?)
+2/3(22x 1~ 138+ 15x—16x° ) Ho + 82 (2x ' + x))
+Ceny (pgq(x) [—4Ho —4/3Hy] —2/3(29x 1 - 26+ 13x)> , (4.11)

ol
-8 pgg(—X) [Zz +2 H,]_?o — H070] + 32(1—|—X) HO,O — 4/3 (25 —11x+ 44X2) Ho

—1/9(268x 1 — 728+ 607x— 3892 ) — (449/27 — 44/31, — 1273) 6(1—x))

KW (x) = c? (pgg(x> (389/9 — 81, +44/3Ho +8Hoo +44/3Hy +16H1 o + 16 Hy]

+Cay (4/3 Dog(X) [=7—2Ho — 2H;] —8/3(1+X) Ho —4/9(13x 1 +13 — 2x— 2x?)
+4/27(43—1805) 6(1—x)> 4 Ceny (— 8(1+X)Hoo —4/3(4x 1 +6 — 9%) Ho
—2/9(44x"L — 27 — 45x 4 28x2) — 26(1—x)>
+n? (4/9 Pg(X) +4/9(2 — x+X2) — 20/276(1—x)> . (4.12)
The five corresponding third-order (NNLO) corrections fidloait 10 pages (in total) and therefore

are deferred to Appendix B.

The leading largeccontributions to the evolution kernels_ (41.8)(=(4.12) dndlljB- (B.3) are
given by terms of the fornm, (defined in Eq.[(3.10)) for the diagonal entrlégz‘) andk " and

¢’
LK = In(1—x) for their off-diagonal counterpartéég)) and K(%g). It turns out that in all cases the
higher-order enhancement (as far as known, obviously) lis gingle-logarithmick = 0, ..., n.

This is in contrast to the behaviour of the off-diagoM splitting functions, cf. Egs. (4.17) —
(4.19) of Ref. [7], and of all coefficient functions f6s andFy as discussed in Ref. [9] and Section 3
and Appendix C of the present article. Hence the key nonlairapservation of Refs. [19, 20]
generalizes to the present flavour-singlet case. We wiikatihis fact in the next section.
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The NLO and NNLO largexcoefficients forK,,(x) are given by

1 44 8
Kéz)‘{Dl = — §CFCA+§CF N ,
| _ (367 _ o8
Ky o = ( 9 8(2) CeCa 9 Cr g
and
484 176 16
2
2 9298 176 3104 32
KéZ) D, - = ( 27 - ? ZZ) CFCK + (—27 - ? Zz) CrCang
232
+8C2n; — = Cr n?
2 50689 680 176
k8|, = (Tgr 3 264+ 75 B )G
15062 512
+(11-88L2+17603) C3Ca — (=37 — 1623 — >3~ {2) CeCary

—(1%’4—1622)03nf +<%)—%312)CFW2~

The corresponding terms fcbt&g (x) and Kéfg (x) read

W _ 442 8
Koo|, = —3CATZCaM,
(1) /389 >, 28 4 5
Koo, = (T ~8%)Ck~FCam +
and
| 484 _, 176 _, 16 _
Koo|,, = "9 CA— g CAM +g Cant',
@| (9782 176\ 5 (3764 32\
Koo, = (%7 3 @)+ (T 5 &) Cn
424 16
+8CFCAnf —ECAnfz—i—Z—?n?,
@ _ _ 3008, 1765\ 3
Kol . (18974/27 52— 883+ z2>cA
, 176
- (20858/81 — 967, + 1623) C2n, — (7 - 32z3) CFCan
2284 64 , , 80 4
<H—§ZZ)CAnf +4Can —ﬁnf .
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Note that the leading largeeoefficients at all three orders are simply given(byBo)" Ay p, where
A1 p denotes the appropriate one-loop quark or gluon cusp amosaimension, i.e., the coeffi-

cient of(l—x)*l in Eq. (4.3) or[(4.6).

The log-enhanced largeeontributions toK {Y (X) andK(Z)(x) are

2¢ 2¢
1 2 4
Kio L= —3Cam—4Cen; — n? (4.23)
and
2) 118 100 >
Kagl s = ~ (5 —16% ) cecan; + (=5~ —16%2) Gy
8 4
+ 20C2 g +§CAnf‘2 +3Cr n? (4.24)
110 64
K| = —(2-6422+963)CPn; (— 2, - 9613) CECan,
L1 3
8 16
o 2 e R 2
24C2n, + (3 +3 42)Cen? . (4.25)
The corresponding terms fd€g(x) are given by
1 14 4
K L= GG 12CE + ; Ceny (4.26)
and
2 208
KD o = (64 3225)C8 + (34 — 6475) C2Ca — (? - 32z2) C-C?
2
—12C2ny +§OCF Cany +SCF n? (4.27)
2024 212
K| = (106+247,-48(3)C2 ~ (— Sl 120z3) C2Ca
L1 3
6308 236 272 32
(S5 + 582720 ) CGeCR + ( 5+ 5 L) oy
620 56 232 .
(? ——Zz> CFCAnf _ECF nf . (428)

Thus already the leading larggterms are of a more complicated form in the off-diagonal sase

At small-x these physical evolution kernels, unlike tRES splitting functions [49], include
double-logarithmic Ix-contributions originating, via Eq4.(2125) afd (2.27)the corresponding
behaviour for the coefficient functiorc%% discussed in the previous section. Specifically, the

quantitiesKég) (x) and KSB (x) are found to include terms up 10 1In?""x for n=1, 2, 3. The

corresponding leading smalleontributions to the KLO and NLO kerneIsKg) (x) andk " (x)

29
are of the formx 1In?"~2x. Since also these terms are artifacts of the langiy-approximation

discussed above, we will not write them down here.
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Instead we directly proceed to a brief discussion of the migakimplications of Eqs.[(4]8) —
(4.12) and[(B.1) -[(B]5). The resulting perturbative expams [4.1) of the elements, of this
evolution kernel are illustrated in Figs. 6 — 9. Here theiahitonditionsF>(x, Q2) andFy(x, Q3)
are physical quantities and consequently, unlikeNigparton densities in Section 3, in principle
independent of the perturbative order. Hence it is easiex teeprovide a realistic (and not only
schematic, as in the previous section) account of the goative (in-)stability of the quantities
under consideration.

The only remaining order-dependent quantity isM coupling at our chosen reference scale.
Here we employ the NLO and NNLO values obtained from a schieraailysis of non-singlet
scaling violation in Refs. [9, 56], supplemented by a cqroesling LO result,

0s(Q3) o = 0.255
as(Q)no = 0.208
as(Q3)nno = 0.201. (4.29)

These values are consistent with a NEQINLO difference of about 0.002 to 0.003 at the mass of
theZ-boson as found in recent fits of structure functions andedldata [57]. The actual sca’.@%
in Eq. (4.29) depends, of course, on the valuegf2) with, at present, 20GEAL Q3 < 50Ge\~.

For the illustrations of the resulting scaling violationdHigs. 10 and 11 we use the sufficiently
characteristic formi (3.51) for the structure functionshat teference scateg, l.e., we employ

F2(x,Q3) = 0.6x %3(1—x)3°(1+5.0x%8)
Fo(x,Q3) = 1.6x %3(1—-x)*°(1-0.6x%3). (4.30)

Note that, as implied by the identity of EqE.(3.51) and (}.8@& have absorbed the averagé)
of the quark charges into the definition of the singlet strtefunctionF,, which is thus given at
leading order byF, = xqs instead of the standard normalizatiBn= (€?) xc.

At medium to largex especially the diagonal entri&s, andK ¢ respectively shown in Figs. 6
and 7, are rather stable, with the relative NNLO correctiooisexceeding 10% in the range20<
x < 0.9 in both cases. Larger higher-order effects are found s ibgion for the (absolutely
smaller) off-diagonal kernels displayed in Figs. 8 and 9allrcases the perturbative expansion
appears ill-behaved at small valuesxofstarting from abouk ~ 10~ for Kpp to X =~ 102 for
Ke. We expect that a (physically realistic) inclusion of thet&mmop effects as discussed below
Eq. (3.49) would fundamentally change these smadisults.

Due to the ubiquitous Mellin convolutions_(3]50) — and thagdinal distribution effects not
visible in Figs. 6 and 7 — even the present evolution of thecstire functions-, andF, illustrated
in Figs. 10 and 11, is perfectly stable down to abost 10~2 and rather acceptable awvalues as
low asx ~ 10~3. At largex these physical scaling violations are, unsurprisinglycmstronger
(by a factor between 2 and 3) for the gluonic observépleéhan forF,. Here the relative NNLO
corrections exceed 5% only at> 0.7 for the scale derivative d%, and atx > 0.6 for that ofF.
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Figure 6: The perturbative expansion to ordér(NNLO) of the diagonal elemen,,(x) of the
physical evolution-kernel matrix for the systeffp( Fy) of flavour-singlet DIS structure functions
atx < 1. The poles at = 0 andx = 1 have been suppressed by multiplication with—x). Also
shown is the pure-singlet contributié, ps defined in Eq.[(4]2).
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Figure 7: As FigLB, but for the second diagonal elemégy(x). As in all figures in this section,
the order-dependent valués (4.29) are employed for thegtrouplingas.
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Figure 8: The perturbative expansion to ordgr(NNLO) of the off-diagonal elemeri{y(x) of
the physical evolution-kernel matrix for the systeff, (Fy) of singlet structure functions.
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Figure 9: As Fig[B, but for the second off-diagonal elemgi(x). In both cases the curves have
multiplied by a factor ok compensating the maidependence.
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Figure 10: The perturbative expansién (2.28) to 2 (NNLO) of the normalized scale derivative
dInF,/dInQ? of the photon-exchange singlet structure functeffior the initial conditions{4.30)
at a mid-scale reference point with the coupling const&gx).
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Figure 11: As Figl_TI0, but for the scaling violations of thalsc-exchange structure functiéy.
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5 Large-x behaviour and four-loop predictions

We now return to the expansion of the physical kernels and/8esplitting functions in powers
of L1 = In(1—x). The leading largecterms,(1—x) 'L for K2, andK e and (1—x)°LX for Kz,
andK g, have been given to order? (NNLO) in Egs. [4.IB) —[(4.28). In fact, the only single-
logarithmic enhancementk-< n at N"LO — does not only hold for these leading contributions,
but to all orders in1—x) for all matrix entries. Thus the physical evolution kerrfelsill

(n)
K = f k>1 A
a | sk 0 for >1, (5.1)

to (at leasth = 2, wheref (x) denotes functions with a non-logarithmic expansiorat1l.

Already the leadind-1'f(x) terms are not particularly simple for the off-diagonal exiin
kernels, hence we refrain from writing them down here fowlye The observation made below
Eq. (4.22) for the diagonal entries, on the other hand, as®ializes to all orders ifl—Xx), i.e.,
the leading terms are those of the non-singlet kernels,laréfore given by [20]

KSP() = In(1-X) pag(x) [~2CrRo — 8CZHo] + 0 (IN°(1—x)) , (5.2)

K2(x) = In2(1-X) pgq(¥) [2CeBE + 12C2PoHo+ 32C3Hoo] + 0(In(1-X)) (5.3)

and

Kia(X) = In(1-x)2pgg(x) [~2CaBo — 8CZHo] + 0 (In°(1-x)) |, (5.4)

Keo (X) = In2(1-X) 2pgg(x) [2CaBE + 12C2BoHo+32CE Hoo] + 0(In(1-x)) . (5.5)
Note that the additional factor of 2 in the latter two equasi@rises from a mismatch, in terms
of the normalization of the leadingl—x) ' terms, of the definitions 0Pgq(X) and pgg(X) in
Egs. [3.7) andl(4]7). These results imply that evenlthi(x) contributions to the pure-singlet
guark and gluon kernels (recall the discussion in the papgabove Eq[(3.22)) vanish to at least

n=2,
(n) _ K(n)

22ps| np(y) 00 =0. (5.6)

Ce Lf f (X)

The above behaviour of the physical evolution kernels istiikiag contrast to that of the
MS-scheme splitting functions, which do include doublgddthmic contributions, Ih(l—x) with
k>n>1at N'LO, at all orders in the expansionxat= 1. At NLO these contributions, and the
single-logarithmic terms of the diagonal splitting fureets, are given by

PG (%) = IN2(1-x)Carny { —4pag(¥)} + 0(In(1-X) (5.7)

Py’ (X) = IN?(1—X) CarCr { +4pgg(X)} + 0(In(1-X)) (5.8)
with Cag = Ca —Cg, and

P (X) = In(1-x)CZ{ —8pgq(X)} Ho + o(In(1-x)°) , (5.9)

P (X) = In(1—X)CZ{—16pgq(X)}Ho + 0(In(1-x)°) . (5.10)
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The corresponding NNLO results read
Pig (9 = In*(1-X) Gy 4/3 pag(x)
+In3(1-x) [C,EF ne {—(34+16/x— 92x+ 64x%)/9—8/3(1+ 4x) Ho}
+ CarCr 1y {—40/9 — 16/(9x) — 28/9x+80/9x° + (4 — 24x+32/3%x%) Ho}
+ Carn?4/9 pqg(x)} + o(In2(1-x)) , (5.11)
Piz (x) = In%(1-x) CZ=Cr 4/3 pyq(X)
+In3(1-x) [C,EFCF {(344/x— 316+ 170x— 16x%)/9—8/3(4/x—8+X) Ho}
+CarC? {128/(9x) — 76/9— 16/9 (x+**) — (32/(3X) — 24+ 4x) Ho}
+CarCr s (—20/9pgq(X)) | + 0(In?(1—x)) (5.12)
and
P& (X) = In3(1-x) [CAFCF ne {—32/(9x) — 8/3+8/3x +32/9x% — 16/3 (1 +x) Ho}
+1In2(1-x) [cé ne {2/3(16/x+7—7x — 16x2) + 8(3+4x+4/3x2) Ho}
+CrCans {—8/(9x) — 646X +8/9x% +4/3(4/x— 11— 17x— 4x%) Ho}
+Cgn? {16/(9x) +4/3—4/3x—16/9x* +8/3(1+X) Ho}
+Car Ce 1 {8(1+ %) (Hoo — 2Fi.0)} | + G2 32pgq(X) Hoo
+ o(In(1-x)), (5.13)
P2 (x) = In¥(1-x) [CAFCF ne {32/(9x) +8/3— 8/3x— 32/9x% + 16/3 (1 +X) Ho}
+In2(1-x) [cé N {—2/3(16/x+7—7x— 16x%) — 8(3+4x+4/3x%) Ho}
+CrCans {8/(9x) +6—6x—8/9%% —4/3(4/x— 11— 17x— 4x%) Ho}
+Crn?{—16/(9x) —4/3+4/3x+16/9x*> — 8/3(1+x)Ho}
+Car Ce 1y {~8(1+X) (Hoo — 2F10)} | + CF 64pgg(x) Hoo
+ o(In(1-x)) . (5.14)

The respective final terms of the last two equations repteésemon-singlet contributions directly
corresponding to the final terms in Eds. {5.3) dndl(5.5).

Egs. [5.Y) —[(5.14) show a couple of interesting featurese @buble-logarithmic contribu-
tions, unlike the single-logarithmic terms, all vanish tbe caseCr = Ca which forms a subset
of the colour factor conditions leading to ag =1 supersymmetric theory. In fact, the coeffi-
cients of the leading, next-to-leading etc double loganglsuccessively include terms of the form
(Ca—Cr)"1, (Ca—Cr)"2 etc. Moreover, to the accuracy of Eds. (5.13) dnd (5.14)ptive-
singlet parts oPéé) and Péé) turn out to be completely identical up to an overall sign.
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Both the single logarithmic enhancement of the physicahdédsralso in the present flavour-
singlet case, and the above features are non-trivial (ahdlmoously related) properties. In the
non-singlet case the former property is known to hold alshi%tO [20]. Recall also that it is
implied [56] for the Ieading[l—x)*l by the soft-gluon exponentiation [21], and establishedlat a
powers of(1—x) in the largen; limit by Refs. [58, 59].

Hence it appears very natural to conjecture that also EqQ¥) éhd Eqs.[(5]6) are valid at
N3LO as well. As the three-loop coefficient functions are kndwm Refs. [9] and Section 3, this
implies that the known double logarithms originating frdme matrix [2.2)7) in Eq[{Z.25) at order
ad have to be compensated by the (hitherto unknown) correspomrdntributions to the four-
loop splitting functions®®). These terms can therefore be predicted from the aboveatarge
and checked against the colour-factor pattern expected fgs. [5.7) {(5.14).

For the off-diagonal splitting functions these predict@re found to be

Pig () = In®(1-x)| Gy {32/(27%) +46/27-+ 52/27x — 4%+ 16/9 (1+4X) Ho}
+C2-Cr ng {32/(27x) +58/27+ 100/27x — 68/9x%+8/9 (1+ 10x) Ho}
—CZen? {4/27pag(x)}]

+In%4(1-x) [c,i’F ne {152/(27x) —106/9+ 1178/27x — 719/27x>

—2/9(8/(3x) — 1+ 16x—1114/3x%) Hg — 80/9 (1+2x+2x%)H_1
— (104/9+ 160/9x) Ho o+ 8/9(11+ 38x+ 2x2) H1 0 — 80/92 pag(X) }

+ C2-Cr g {—176/(81x) + 685/162— 1426/81x + 1166/27x
—1/27(32/x— 71+ 742x—2156x% ) Hg — 80/9 (1+ 2x+2x%)H_19
+8/9(31—2x+52x%) Hy 0+ 16/9 (7x+ 10x?) Ho0 — 822 pag(X)}

+ C2=n? {8/(27x) — 98/81+ 184/81x — 226/81x%+4/9 (14 4x) Ho}

+ CArCZn {—632/(81x) —877/81+1349/81x+49/27%
—1/27(16/x+ 211+ 28x+552x% ) Ho — (10 — 220/3x+80/3x%) Ho 0}

+ CarCr n? {—40/(81x) 4+ 719/81— 1060/81x+ 398/81x
+2/27(29+50x — 52x% ) Hp+8/9 (2 — 29x) Ho 0}

— Cagn? {4/81pqg(x)}] + o(In3(1-x)) (5.15)

and

P (X) = In3(1-x)| C3:-Cr {(292/x— 236+ 46x— 32x2) /27+ 16/9 (4+X) Ho}
+ C2-C2 {(148/x— 44— 86x— 32x%) /27+8/9(10+X) Ho}
— CR-Cr 1y {4/27pgq()}
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+In*(1-x) [Cg,: Cr {3029/ (81x) — 428/81+295/81x+ 128/27x
— (1168/x— 2300— 68x+ 176x?) /27 Hy+ (80/(3x) — 400/9+ 16x) Ho 0
+80/9(2/x+2+X)H_10+8/9(26/x+ 144 23x) H1 0+ 16/92 pyq(X) }
+ C2-C2 {7142/(81x) — 1418/27— 505/54x+ 736/81x% — (1472/(27X)
—1022/9—89/9%+64/9x% ) Ho + (160/(3x) — 128+ 280/9x) Ho 0
+80/9(2/x+2+X)H_10+8/9(52/x— 2+ 31x) H1 0 — 82 pyq(X) }
+ CZCr s {—2290/(81x) + 656/27 — 70/9x + 184/81x°
+ (8/(3x) — 440/27—56/27x) Ho}
+ CarCP {47/(3x) — 1855/81+ 185/81x+ 352/81x>
— (304/x— 424+ 17x+ 16x?) /27 Ho+ (80/(3x) — 220/3 4 10x) Ho 0}
+ CArCEny {—(1474/x— 1460+ 217x— 248x%) /81
+ (8/x—532+62x) /27 Hy+16/9(2—x)Hoo}

+ CarCen? {32/81pgq(X)}| + 0(In3(1—x)) . (5.16)

Here, and in Eqs[(5.19) and (5120) below, we have employedntbdified basis of Ref. [20] for
the harmonic polylogarithms, in which all logarithms a@dunctions are made explicit in the
expansion ax = 1 to all orders. The corresponding functions entering tlrevalexpression are

H 10(X) = H 10(X) +2/2, Hio(X) = Hio(X) + &2 (5.17)
and, e.g., I 1(x) has been expressed by
Ho1(X) = —H1o(X) — In(1-Xx) Ho(X) — Z2 . (5.18)

The corresponding predictions for the four-loop pure-&nhgplitting functions (which, as ex-
pected, are suppressed by another powét ef) for x — 1) read

Piohs(X) = In%(1-x) [CAZFCF ne {—728/(81x) — 602/27+ 122/27x+ 2168/81x2

+4/27(40/x— 121— 241X — 40x% ) Ho + 80/9 (1+X) Ho 0}

+ Cap G2y {—248/(81xX) — 62/27+ 62/27x+ 248/81x2
+4/27(40/x—1—61x—40x?) Hp + 160/9 (1+x) Ho o}

+ CarCr n? {176/(81x) 4+ 44/27(1—x) — 176/81x%+88/27(1+x) Ho}

+1In3(1—x) | C¥n; {1072/(27x) +610/9 — 2182/27x— 80/3x?

— (320/(27X) +80/9 (1 —X) — 320/27x%) L + (2252/27— 884/27x
— 2560/27x% — 160/95 (1+ X)) Ho — 8/3(5+ 25/3x+ 152/9x%) Ho 0
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+(1216/(27x) —112/3 - 1264/9x— 1216/27x*) H1
—320/9(1+X)H1.00+ 32(1+X) Ho.1.0+ 560/9 (1+X) Ho0,0}

+ CACang {—24232/(243x) 4+ 8954/81— 16730/81x+ 47560/ 243>
+ (84/(27x) +16/9(1—x) —64/27x%) (> — (4864/ (81x) + 2584/27
— 4952/27x— 6944/81x% — 32/9 (1+X) {2) Ho — 16/27 (142
+301x) Ho 0+ (640/(27x) — 160/9 (14 X) +640/27x%)H_1 0
—16/27(88/x — 205— 457x— 88x?) H1,0 — 320/9 (1 —X) Ho, 1.0
—128/3(1+x)Ho 10— (176/3 —208/9x)Ho 00}

+ CrC2n¢ {1580/(27x) — 13028/81+ 23804/81x — 1724/9%
+ (256/(27X) + 64/9 (1 — X) — 256/27x%) Lo + (2720/ (81x) + 632/27
— 3656/27x+ 3872/81x% +128/9 (14 X) {2) Ho — (832/(27x) — 1376/27
— 4064/27x—128/9x?) Hoo— 160/9(4/(3x) —1—x+4/3x%)H_10
+(64/(9x) —2272/27 — 3520/27x— 64/9x?) H1 0+ 32/3(14X) Ho.1.0
+320/9 (1 —x)Ho,_ 1.0+ 320/9 (14 X) H1.00— (32/9+ 256/3x) Ho00}

+ C2n? {—(1504/x+ 1820— 860x — 2464x) /81— (368/9 + 160/3x
+704/81x%) Ho+ 16/27(1+x) Hoo — 352/27 (1 +X) Hy 0}

+ Cr Can? {3280/ (243x) + 1472/81—512/81x — 6160/243x?
— (704/(81x) — 832/27 — 448/9x— 704/81x%) Ho
—32/27(13+ 10x) Ho 0+ 352/27 (14 x) Hy 0}

+ Crpnf {—128/(81x) —32/27(1—X) + 128/81x> — 64/27(1+X) Ho}]

+ 0(In?(1—x)) (5.19)
and, in perfect agreement with the NNLO observation below(&d4),
RIS ()| = —Pagps¥) + 0(IN2(1-X) F(X)) . (5.20)

Eq. (5.19) includes three more modified basis functions,

Ho_10(X) = Ho_10(X) + Ho(X){2/2 + 3L3/2,
Horo(X) = Hozo(X) + Ho(X) 22 + 223,
Hioo(X) = Higo(X) — 3. (5.21)

Both the full quark-quark and gluon-gluon splitting fureis differ from the above results
by a term with one unknown coefficient, respectively givenélg),é>céln3(l—x) Pqq(X) Ho,0,0(X)
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and EP(3>Cj\‘In3(1—x) 2 Pgg(X) Ho,0,0(X), which directly enters the largebehaviour of the diagonal
physical kernels, given by [20]

KSJ| 5. = Paa(x) [~2CkB§ — 44/3C2BFHo—64C3BoHoo+En CiHooo] . (5.22)

L31(x)
and correspondingly

(3)
Koo

i 2pgg(X) [~2CaBS — 44/3C2BEHo — 64C3BoHoo+&p,CAHo00] - (5.23)
1

Obviously the NLO predictions[(5.15) an@{5.116), and the double-logarithpart~ In*(1—x)
of Eq. (5.19), exactly follow the colour-factor pattern exped from the NLO and NNLO results
(as discussed below Ed._(5114)). In our view this represdatsthe time being, an acceptably
strong check of these predictions and thus of the undertyongecture about the four-loop physical
kernel matrix for the structure functionB4, Fy). Furthermore we expect that a formal proof of this
property, presumably first for subleading tfne—x)olnk(l—x) terms corresponding th~1InN
contributions in MellinN space, can be obtained using, for instance, the recentitatiral ap-
proach of Ref. [60] or soft-collinear effective theory (SDE61]. For other recent research into
N~1InN contributions to hard processes see Refs. [62].

In fact, the(1—x)°In¥(1—x) contributions to the four-loop off-diagonal splitting fttion form
the part of the above predictions which can be expected torbeghenomenologically relevant
first. These terms can be obtained from Efs. (5.15) and](ByL&moving allH-functions (the
expansions of which at = 1 generally start with{1—x)™ with m > 1) and settingc = 1 in the
remaining terms. For the convenience of the reader we fimalbg down the resulting expressions,

P (x) = In%1-x)-0

22 14 4
+In>(1-x) [ 27CAan 27CAFCF ng — 27CAan }
293 80 4477
+Inf(1-x) [( 27 ZZ) CRey (ﬁ B 812) CarCry
13 116 17 > 4
81CA|:C|: ny — 81 CAF nf QCAFCF ng — 81CA|: N; }
o (In3(1-x)) , (5.24)
PY(x) = In%1-x)-0
70 14 4
+In%(1-x) [ 27CAFCF 27CAFCF 27CAFCF nf]
3280 16 637
+inf1-x[ (357 = 12) C3.Cr + (ﬁ — ) C:C2
49 3 256 17 32 >
— QCAFCF 57 CAFCF Ny + 81CA|:C|: N + 81CAFCF nf}
0 (In3(1-x)) . (5.25)

35



02 LA L B B B B B T T T 0015 1 T T ] T T T 1T LI B
[ | PSAN) (x1/25000)
01} 0.01 et
: : 3. :
- ./'/ -
o 0.005 - e =
- - ./ -
7
L B 7 7
- - J/ 4
K4
- / , 1 4
0.1+ 0_-.-:.__.-_._.._._-._,_.._..._..:.:.;.._..._._.
L L 2 i
: I :
_02 1 1 1 1 | 1 1 1 1 | 1 1 1 1 _0005 1 1 1 1 | 1 1 1 1 | 1 1 1 1
0 5 10 15 0 5 10 15
N N

Figure 12: LargeN expansions of the NNLO and3O gluon-quark splitting function@éé)(N)

andPO(l‘;’)(N), in the former case compared with the exact result of Ref. g curves ‘1, ‘2’, etc
are successively including the leading logarithidslIn*N (left) andN—1In®N (right), next-to-
leading logarithmsN—2In3N (left) andN—1In°N (right), etc. All log-enhanced terms are shown
at NNLO. Only the double-logarithmic contributions obtdhin this article are available afNO.
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Figure 13: As Figl_Tl2, but for the NNLO (left) and®NO (right) quark-gluon splitting functions.

36



The only surprise in these results and EQs. (5.15) land] (%16 absence, indicated explicitly in
Egs. (5.2# and (5.25), of the expected Ieadinﬁlprx) terms. In general the — related, recall
Egs. (5.7/8) and Egs. (5.11/12) — coefficients of the leadrf§(1—x) terms ofPéS) and Pg(g)
receive contributions with both signs from Ef. (2.25), whitappen to cancel at= 3. Such
‘accidental’ cancellations of leading coefficients at sarders do occur, for a famous example see
Refs. [49], and do not indicate any problem. We expect a ramshing coefficient of Iﬁ(l—x)

at five loops. Analogous comments apply to the (presumaliiyed) absence of the expected
In®(1—x) contribution to the diagonal fourth-order splitting fuiocts in Eqs.[(5.29) and(5.20).

The Mellin moments of Egqs[L(5.24) and (5.25) and their NNL@rderparts in Egs. (4.18)
and (4.19) of Ref. [7] are numerically illustrated in Fig2 and 13. Unlike analogous results
for the non-singlet coefficient functions in Refs. [19, 26Yen all INN enhanced terms do not
provide a meaningful approximation at relevant valuesldor Pé,é), and the double-logarithmic
contributions (blue curves in the electronic version) aelmere near the full results in either case.
Hence our predicted double-log terms are not phenomeraalguseful without further four-loop
information, e.g., in the form of an extension of Refs. [28tlte next order. Indeed, given the fact
that a first fourth-order calculation of a splitting-furatimoment has already been presented [63],
such an extension should become feasible in the foresekabie.

6 Discussion and outlook

It is an old idea to replace the factorization-scheme dependLO (and now NNLO) quark and
gluon distributions by suitable reference observablese @ay expect to obtain smaller higher-
order corrections to the coefficient functions for othereslsables in such a scheme, having ab-
sorbed some universal corrections entering all coeffidiemttions in, e.g., the usudMS scheme.
The predictions of (massless) perturbative QCD then dependnly one unphysical scale and
scheme, for the renormalized strong coupling Moreover physical constraints on the chosen
observables, for instance on their positivity or endpoiedviour, would directly apply to the
unavoidable non-perturbative initial distributions fbetscale evolution in this case.

An obvious quantity to replace the overall (flavour-singtgiark density is the (singlet part of
the) standard structure functiéi in (say, charged- current) deep-inelastic scattering,aree can
define physical quark densitieg By F» = §g to NLO and NNLO. Any such scheme is usually
called a DIS scheme [64]. Of course, this condition does petify the lower row of the scheme-
transformation matrix discussed in Section 2. The standard choice adopted inethpect, used
in parton-distribution analyses mainly in the 1990s, waartntrarily use the coefficient functions
for F, also for this lower row. Consequently the gluon distribat{@vhich, in practical analyses,
would profit most from being defined in terms of an observal#@)ains entirely unphysical in
this version of the DIS scheme, which is therefore mostlyulder quark-dominated observables
such as Drell-Yan lepton-pair productionp-collisions not too far from the threshold.
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Various alternatives to the above arbitrary choice — whgiven that gluon-dominated quanti-
ties usually receive larger higher-order corrections tharunder-transforms’ the gluon density —
have also been discussed already long ago, e.g., in Ref. Thé]cleanest possibility is obviously
the addition of a second observable which exactly mirroestibhaviour of, i.e., is directly
sensitive only to the gluon distribution at LO. An exampleeatly mentioned in Ref. [16] is deep-
inelastic scattering through the exchange of a segilateracting with hadrons only via@G* G,y
coupling to the gluon field-strength tensor. This intei@tis realized in the Standard Model by
the Higgs boson, for a very heavy top quark and negligiblgtogs to all other flavours [22].

In fact, as discussed in Section 2, the corresponding ceeffitunctions had to be calculated
to ordera2 in the approach of Refs. [23] to the determination of the cletepset of third-order
(NNLO) splitting functions, carried out for at/all-x in Ref. [7]. The numerous three-loop inte-
grals for the latter were evaluated to ordiin dimensional regularization in order to obtain also
the third-order coefficient functions fép, F. andF3 [8—10]. Hence also the three-loop coefficient
functions for thep-exchange structure functidfy could be calculated with a relatively minor extra
effort. In Section 3 of this article we have presented andutised these coefficient functions.

While, of course, Higgs-exchange DIS is of no experimergddvwance at any past or fore-
seeable lepton-nucleon facility, these results have @yreaoven useful in theoretical research as
discussed above. Both the quark and gluon coefficient fonsfiorF, show, as expected, consider-
ably larger higher-order corrections than their countggdar F,. Their most prominent feature is
the double-logarithmic enhancement of thiex-tontributions dominating their smatlbehaviour,
i.e., the occurrence of terms upxto® In?"xin then-loop coefficient functionsg}) (X). These terms
arise from using the largew,,, effective interaction outside its region of valid’ity, sdsaRef. [53]
for a recent discussion in the context of Higgs productiopriton collisions.

The above double-logarithmic contributions also renderghysical evolution kernels for the
system {2, Fy), presented and discussed in Section 4, unstable withiptigsically interesting
region ofx > 10~* relevant to crucial high-scale processes at the LHC. Carnessty this scheme
is unattractive for practical analyses of hard processhesreTare various possibilities, theoretical
and phenomenological, to improve upon this situation winehhowever, leave to future research.
Already the present heavy-top results for the coefficiencfions, however, can provide useful
checks of, e.g., the order-dependence of filté8l gluon densities by comparing the resulting
shapes of the (in principle order-independent) quafjtgutside the smabkregion.

The above flavour-singlet evolution-kernel matrices slaatteeoretically very interesting fea-
ture with the (scalar) physical kernels for a rather widegeaaf non-singlet observables [19, 20]:
They show a single-logarithmic enhancement at large valtiise scaling variablg, i.e., terms
of the form(1—x)2InX (1—x) with k > n do not contribute to the NLO physical kernels for any
value ofa. This structure is in contrast to that of all coefficient ftions and (pure-) singlet splitting
functions. We consider this feature, which is already distaed to NLO for non-singlet structure
functions, as a general property of the physical evolutiemmé&ls, and consequently conjecture that
it holds to NBLO also for the present, Fe) singlet case.
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Hence the double-logarithmic contributions from (a) therftoop splitting functions and (b)
the scheme transformation including lower orders and threettoop coefficient functions have to
cancel, i.e., the so far unknown corresponding terms in &a)le inferred from our now com-
plete results for (b). We have provided and discussed theskgtions in Section 5. In particular,
we note that the known double logarithms in the splittingchions to NNLO exhibit a particular
colour structure in powers dCa—Cr) which is non-trivially fulfilled also by our RLO predic-
tions, a fact that we consider a significant check of theirexiness.

As also discussed in Section 5, the predicted contributiortie splitting functionSDil((S) (x)
alone are clearly insufficient for use in phenomenologipaliaations. However they will become
very useful in connection with future fourth-order caldidas, such as the extension of Ref. [28] to
higher moments and the flavour-singlet sector. Already treesponding three-loop predictions,
had they been known at the time, would have led to more acxigpace approximation on the
basis of the moments calculated in Refs. [23] than thosalgbtained in Refs. [44,65]. In fact,
this situation clearly illustrates the general importaotealculations to at least NNLO: It usually
requires two non-trivial orders to reliably identify mosrgeral structures — for another example
recall the ‘curious incident’ of the coefficient of (fh—x) in the three-loop diagonal splitting func-
tions [6, 7] which triggered Ref. [15] which in turn greatlysasted further developments including
the determination of the NNLO splitting functions for thedirstate fragmentation case [29, 66].
We hope, accordingly, that also our present results wilsafsther developments in perturbative
QCD, e.g., in the approach introduced in Ref. [60].

FORM files of our main formulae, anddRTRAN subroutines of thep-exchange coefficient
functions and the resulting physical evolution kernels barmobtained from the preprint server
HTTP: //ar Xi v. or g by downloading the source of this article. Furthermore thsy available
from the authors upon request.
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Appendix A: The third-order coefficient functions for F,

In this appendix we present the very lengthy exact exprassar the third-order scalar-exchange

coefficient functionsfé(x) andc(fé(x). The notation is the same as used for the first- and second-

order results given in Eq$.(3.5)=(B.9) above. The resultfe quark coefficient function reads

%) = CeCk (pgq(x)(—1652/15 HiZ2 + 240H 30— 160H 20z + 256H 20,0
—704/3Hy 5 _10+128/3Hy 52+ 712/3Hy 0{3+680/3 Hy 002+ 32H 1 20
—376/3H1,0,0,00+80/3H11{3+168H; 10{> —248/3H1 1000+ 736/3H1 110>
—896/3H111,00—1208/3H11110—400H1111—1208/3Hy112—392H1 120
—1232/3Hy121 — 288Hy13+ 776/3 Hy 200 — 784/3 Hy 200 — 384H 210
—1216/3H1211 — 1192/3Hy 20— 1024/3 Hy 30— 1144/3 Hy 31 — 272Hy 4)

+ Pgq(—X)(—988/15H 123 —992/3H_1 30+1712/3H 1 20, —432H 1 2>
+832/3H.1_ 5 10— 1688/3H_1_200-+2240/3H_1_103+272H 1 1 20
—2120/3H 1,1, 102 —944/3H 1 1 1 10+21283H 1 1 100
+1648/3H_1_1_12+2464/3H_1 _10l2— 1832/3H_1_1000—272H.1_120
—992/3H_1 _121—2104/3H_1 13— 536H 1003 — 1160/3H_1 002

+232H 100,00+ 64/3H_1202+304/3H_1200+224/3H_1210+96H 125
+256/3H_1211+632/3H_130+784/3H_131+1024/3H_1 4)

— 35864/27(1— 8/4483/X% + 4667553796/X+ 7755/17932
+3883/13449%2)H 10+ 32/3(1—75/x—56X)H2,1.1.1 + 80/3 (1 — 162/5/x

— 267/10X)H_20,00+ 208/3 (1 — 48/13/x— 279/26X)Hs + 112/3 (1 — 24/7/x
— 29/14X)H_35 — 208/3(1— 36/13/x— 127/13X)H0,0,002

+2368/15(1 — 349/148/x— 96/37X)Hol2 — 6112/9 (1 — 841/382/x+ 85/ 764X
+54/191x? )Holp — 2620/9 (1 — 1356/655/x+ 187/262x+ 44/655x% )H1 {3
+10040/81 (1 — 16057/1004Q'x + 24191/10040x — 865/251x%)H1 1
—72928/27(1 — 55601/36464/x — 9461/36464x — 1697/9116x%)5
+59026/81 (1 — 86857/59026/x+ 24793'59026x — 17892/29513¢)Hy o
+7976/9 (1— 1312/997/x — 229/1994x+ 60/997x%)H1.0,0.0

—9376/9 (1 — 382/293/x+ 55/586x + 32/293x%)H1.1{»

— 2648/3(1— 1289/993/x— 1/331x+80/993x2)H1 ol2

+11420/9 (1 — 3704/2855/x + 257/2855x + 336/2855x)H1.1 00

+12092/9 (1 — 3614/3023/x+ 107/3023x + 312/3023x)H1 1 2

+11200/9 (1 — 208/175/x— 73/1400x + 3/35x%)Hy 3+ 11240/9 (1 — 1664/1405/x

40



+161/2810x 4 148/1405x*)Hy 111+ 12076/9 (1 — 3562/3019/x 4 103/3019x
+312/3019%? )H1 21+ 1336(1 — 195/167/x+ 6/167x+52/501x% )H1 110
+13252/9(1— 3852/3313/x — 53/3313x + 320/3313x?)H1 2
+1289237243(1— 14780821289237x — 205504/ 128923 %
+167284/128923%2 )H, — 68764/27 (1 — 3884334382/ x — 4969/34382
+432/17191x% )H1lo + 1328/9 (1 — 91/83/x — 89/166x+ 8/83x*)H1 20
+7276Q/27(1—19543/1819Q/x — 419/1819x + 9/9095x% )H1,0.0

+11480/9 (1 — 1527/1435/x+ 421/2870x+ 268/1435x%)Hy 0.0
+54620/27(1—27851/2731(Q'x — 2458/13655x — 146/2731x%)H1 »
+48764/27(1— 24351/24382/x — 4361/24382% — 782/12191x?)Hy 1 1
+56864/27 (1 —28103/28432/x — 365/1777x— 383/7108x?)H1 10

+9412/9 (1 — 2040/2353/x + 1046/2353x -+ 800/2353x* )Hy

+ 134689 (1 — 2866/3367/x+ 557/3367x -+ 648/3367x*)Hz 2

+13736/9 (1 — 1431/1717/x+ 623/3434x+ 320/1717x*)Hyp 1.1

+4904/3 (1 —507/613/x+ 247/1839x+ 316/1839%?)Hy 1.0
—9412/9(1—1932/2353/x+ 956/2353x + 800/ 2353%* )Ho 02
+5200/3(1—523/650/x — 597/1300X) {5+ 12472/9 (1 — 1128/1559/x
+511/1559x+ 368/1559%? )Hz o + 159689 (1 — 1095/1996/x + 1303/3992x
+102/499%? )H3 1 + 85748/27(1 — 10598/21437/x — 3388/21437x
+70/1261x%)Hy,0 — 38961 — 1888/4383/x 4 200/4383x + 580/4383x? ) Hol3
+12228827(1—3219/7643/x— 6949/61144x + 1455/15286x°)H3
—12228827(1—1239530572/x — 3535/61144x + 1455/15286x2)Hol 2
—160(1—2/5/x—1/10X)Hp 20+ 27832/9 (1 — 8245/20874/x — 739/6958x
+391/10437)Hp 1 +1600/3 (1 — 9/25/x— 61/200x)H 30,0
+3047527243(1—1062210'3047527x— 139147/6095054
+522652304752%2 Ho + 17034427 (1 — 13635/42586/x — 4134/21293x
+3017/21293%? )Ho,00 + 4904/3 (1 — 166/613/x — 129/613x+ 72/613x*)H_» 19
+7796/3(1— 270/1949/x+ 121/1949x 4 216/1949x% )H L, +480(1 — 2/15/x
—11/10xX)H0,0,0,00 — 31780/9 (1 — 206/1589/x — 54/1135x+ 928/7945x*)H 50,0
—381824/81(1—180471/1527296x — 2124809 4581888+ 250877/572736¢)
+2384/3(1— 12/149/x — 25/298X)H 40— 5344/3 (1 — 13/167/x+ 125/668x
+18/167x%)H 52+ 74912/27(1 - 481/18728/x— 1707/18728
+1305/4682¢% )H_»0 — 25544/9 (1+54/3193/x — 45/3193x+ 400/3193x*)H_3
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+832(1+1/6/x+ 69/104x)Hp 0l3 + 9464/9 (1 +512/1183/x+ 509/1183x
+40/1183x*)H 1,1 —4060/3(1+226/435/x+ 13/35x+ 136/3045¢%)H_1 10>
—1112/3(1+ 76/139/x+ 347/278x){2{3+ 2800/3 (14 4/7/x+117/350x)H_2 _1>
+4732/3(1+748/1183/x+ 789/2366x + 76/1183x*)H_1{3

—3488/3 (14 72/109/x+85/218x)H_5_10p — 7528/9(1+ 648/941/x
—167/1882x — 268/941x? )Ho 0,00 — 16780/9 (1 + 3232/4195/x

+1274/4195x + 336/4195x? )H_1 3+ 4648/3 (1 + 65/83/x 4 92/581x

+8/83x%)H 1,100+ 3176/3(1+314/397/x+ 389/794x)H 53

— 7984/9 (1+396/499/x+ 319/998X + 44/499x*)H 121

+20036/9 (1+ 3982/5009/x + 1414/5009x + 416/5009%% )H_1 0>
+186364/81(1+ 3748646591/x — 6167/186364x+ 22118/46591x%)L»

—5432/9 (14 558/679/x+ 113/679x+8/97x*)H_1_1_10

— 7240/9 (14 752/905/x 4 283/905x + 72/905x? )H 1 50
+576(1+71/81/x+17/216x+8/81x%)H_1_20+ 1441+ 8/9/x

+37/54x)H_3 10— 193289 (1+601/604/x+ 751/4832x+ 63/604x*)H 1000
— 424(1+ 160/159/x + 427/318x)Hz 00 — 1376/3 (1 + 44/43/x
+53/86X)H 21 10— 29386681 (1+ 151137146933 x+ 8738/14693%
+7396(/146933¢ )Ho o+ 59324/27 (1 + 15328/ 14831/x 4 2398/14831x
+4676/14831x°)H 100+ 24536/27 (1 + 3303/3067/x+ 385/6134x
+1178/3067%%)H_15 — 704/3(1+25/22/x+ 43/44xX)H20,0,0
—896/3(1+8/7/x+11/14xX)H_521 —2024/3(1+ 292/253/x+ 37/46X)H_»3
—38680/27(1+ 6051/4835/x -+ 823/19340x + 1759/4835x*)H_12»
—656/3(1+52/41/x+ 75/82X)H 20— 18636481 (1+ 12164793182/x

+ 40363186364 + 22118/ 46591x% H, + 2144/3 (14 88/67/x+ 125/134x)H 202
—1336/3 (14 224/167/x+ 415/334x)Hp,1.00+ 2401+ 8/5/x+ 11/10x)H 2 20
+1912/3(1+348/239/x+485/478x)H_5_ 100+ 4081+ 224/153/x
+509/306x)H3l, — 2828827 (1+ 687/442/x+53/7072x+ 581/1768x*)H 110
+512/3(1+53/32/x+93/64x)Halz — 1168/3 (14 124/73/x+ 271/146X)Hz 1.0
+880/3(1+102/55/x+ 171/110x)Hz1{» — 336(1+ 124/63/x+ 13/6X)H3.2
—632/3(1+168/79/x+547/158x)Ha0— 896/3 (1+ 18/7/x+37/14x)Hz 11
—616/3(1+204/77/x+629/154x)Hg 1 + 368/3 (1 + 82/23/x + 119/46X)H2,0{2
—488/3(1+260/61/x+421/122X)Hz 2 0+ 104/3 (1+ 72/13/x+ 95/26X)H_3>
—9986/45(1 +27874/4993/x + 1529/4993x — 328/4993%%) {2
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— 248/3(1+ 224/31/x+ 331/62x)Hz 3 — 64(1+ 73/6/x+ 28/3x)Hz1.2
—160/3(1+73/5/x+56/5xX)Ha.21 — 128/3(1+ 73/4/x+ 14X) HZLLO)

+C2Ca (pgq(x)(—1856/15 M2 — 176Hy 50+ 264H 50 +112H 2 10
—640/3H1, 200 —208H, 22 —32H1 0{3+ 640/3H1,00(2 —544/3H10000
+632/3H11(3—464/3H11 20+ 1400/3H1 1002 —928/3H11000
+784/3H1110>—320/3H11100—40H11110—104H1112—120H 120
—304/3Hy121—432H; 13+ 832/3H1 202 —592/3H1200—368/3H1210
— 80Hy 211 —488/3H1 22— 176Hy 30— 440/3Hy 31 — 616/3 Hy4)

+ Pyq(—X)(1016/15H 123 +192H 1 30— 344/3H_1 20, —688/3H 1 2 10
+488/3H_1 _200—136H 1 _1{3—224H 1 1 _20+296/3H_1_1_1{2
+944/3H_1 11,10 736/3H-1,1-100+176/3H_1_1_12

—112/3H_1 1002+ 80H_1 _1000+112/3H_1_120+160/3H_1_121
+8/3H_1_13—448/3H_10{3—320/3H_100(2+96H 10000 —232/3H_12(>
+368/3H_1200+128/3H_1210+32/3H_1211+64/3H_125+184/3H_130
+64H 131 +344/3H_1.4) +1280(1— 7/1080/x% + 139/640/x -+ 15683/ 17280x
—7/240%%YH_1 0+ 742/27(1— 13896/371/x+59/2x — 144/53x%) 3

+904/9 (1 —543/113/x + 853/226x — 64/113x%)Hol3 — 128/3 (1 — 15/8/x
—1/4X)H_2000— 2793827 (1 — 22578/13969/x — 35941/27938

— 720/13969¢ )Hol2 + 27938/27 (1 — 21120/13969'x — 27781/27938«

— 720/13969¢ )H3 + 5032/9 (1 — 936/629/x — 1715/1258x + 12/629x2)Hz11
+176(1— 16/11/x— 107/66X)H3,1.0+ 1120/3 (1 — 46/35/x — 31/35X)H2.1.0,0
+3446(/27(1— 10674/8615/x — 1888/8615x — 72/8615x% )Hz 0
+784/3(1—8/7/x— 13/14x)Hz20+ 41896/27 (1 — 5901/5237/x

— 4243/20948K + 288/5237x2 )Hz.1 + 688/3 (1 — 48/43/x — 125/86x)Hs 2
+43340/27 (1 — 4745/4334/x — 3007/10835¢ + 24/216 7x%)H1

+38416/27(1 — 20597/19208/x — 961/4802x + 30/2401x%)Hy 1 0
+43012/27(1— 23041/21506/x — 2357/10753 + 544/10753)H1 11
+6128/9(1— 807/766/x — 605/ 766X+ 30/383x%)Hz1.0

+78766/27(1— 82071/78766/x — 21843 78766x + 20/39383¢)H1 ¢

+7304/9 (1—927/913/x — 1483/1826x + 60/913x2)Hz 5+ 736/3 (1 — 1/x
—35/46X)Hy.1.1.0+ 8728/9 (1 — 1073/1091/x — 436/1091x + 24/1091x% )H1 2,0
27438481 (1— 3368534298/x — 20807/68596x — 331/34298¢)H1 1
+10688/9 (1 — 653/668/x — 503/1336x+ 3/167x2)Hy1 0,0+ 768(1 — 23/24/x
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—143/288x+ 1/72x? )H1.1.1,0+ 1923029486(1 — 17470091923029x

— 795761/3846058 — 40576/192302%%)H1 +9224/9 (1 — 1003/1153/x
—1105/2306x+12/1153x%)H1 21 — 28681981 (1 — 1905622063/
—181409'28681K + 360/286819% )+ 1262/27 (1 — 540/631/x
—17713/1262x — 1600/631x% )Ho0,0 + 7528/9 (1 — 796/941/x — 583/941x
—4/941x%)Hy 111 +8552/9 (1 — 898/1069/x — 1039/2138x + 12/1069x* )Hy 1 2
+8792/9(1— 894/1099/x — 1945/2198x + 132/1099x? )H3 1
+848/3(1—42/53/x—97/106x)H3 1.1 + 286819'81(1 — 22521(0/286819'x

— 87311/28681%+ 360/28681%%)H, — 5204(0/27 (1 — 4073/5204/x

— 4477/13010x 4 36/6505x% )H1Z» — 480(1 — 7/9/x— 31/60x)H2l3

—5800/9 (1 —112/145/x+ 98/145x — 16/725x*)H_1 10

+1023301/486(1 — 789822/102330¥x — 203321/1023301
—6016/1023301° )Hg — 1316(/9 (1 — 181/235/x — 1627/3290x

+24/1645x2)H1 10> + 13972/9 (1 — 2686/3493/x — 1709/6986x

—32/3493%%)H1 00+ 1088/3 (1 — 13/17/x— 43/68X)H2.2.1
+1216/3(1—29/38/x — 11/19x)Hy 1.2 — 11561 — 1916/2601/x — 281/578x
+80/2601x? )H1L3 — 2368/3 (1 — 47/74/x— 65/148x)H210>

+3008/3(1— 467/752/x— 293/752x+ 1/47x*)H1.0,0,0

+12904/9 (1 — 995/1613/x — 1553/3226x + 24/1613x*)H 3
+4472/9(1—1719/2795/x — 4153/11180x + 348/2795x% {3

—10856/9 (1 — 825/1357/x — 1729/2714x+ 96/1357%% )H2L»
+640/3(1—3/5/x—2/5%)H_5 12+ 1472/3(1—55/92/x— 13/23x)H2,0,0,0
—13864/9 (1 — 1028/1733/x — 1667/3466x+ 36/1733x*)H1 02

+10120/9 (1 — 732/1265/x — 1469/2530x + 144/1265x%)Hz o
—528(1—6/11/x—68/99x)H3{2 + 304(1 — 10/19/x— 17/38X)H21.11
+1088/3(1—71/136/x— 1/2X)H1,_20-+8968/9 (1 —567/1121/x — 989/2242x
+72/1121x%)Hp00 + 1360/3 (1 — 42/85/x— 117/170x)Hz.0,0
+2315033324(1 — 140715330719 x — 306555231503k — 7104/2315033¢)
—2560/3(1—17/40/x—31/80x)Hz,0{2 + 2432/3 (1 - 31/76/x — 29/76X)H23
—14632/9 (1 — 24/59/x — 2159/3658x + 240/1829x?)Ho 02
+1184/3(1—15/37/x—19/74x)Hp,_ 20+ 1472/3(1— 37/92/x — 75/184x) 123
+14632/9 (1 —690/1829/x — 1919/3658x + 240/1829x* )Hy
+800/3(1—9/25/x—4/25X)H_20l2+ 12723581 (1 — 44982/127235x
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— 301739254470 — 3352/127235¢ )Ho0 + 304/3 (1 — 6/19/x+ 26/19x)Ho 03
—8084/9 (1 —514/2021/x+ 1900/2021x — 48/2021x*)H_1,
—2368/3(1—17/74/x+41/148x+3/37x*)H_5_10+ 2848/15(1—39/178/x
—407/712x)Hol3 —928/3(1—6/29/x— 2/29X)H_5 3+ 7556/9 (1 — 318/1889/x
+1750/1889x — 32/1889x?)H _1 00— 1120(1 — 4/105/x — 11/420x
+3/35%%)H_20, +2704/3 (1 — 7/338/x+ 12/169x + 20/169%*)H 20,0
+576(1+23/648/x+ 235/216x—2/81x)H_1,+2176/3(1+9/136/x
—13/68x+3/34x%)H 25+ 464(1+2/29/x+ 13/174x)H 30,0
—1312/3(1+3/41/x+19/164x)H_3{» + 1904/3 (14 9/119/x+ 20/119x
+12/119%%)H 30— 1792/3(1+3/28/x+11/112x)H 3 10
—1120/3(1+6/35/x+ 33/35x)Hs + 1120/3 (1 + 6/35/x + 34/35x)Ho,0.02
+4576/9(1+ 243/1144/x+85/143x — 4/143x*)H 50+ 16(1+1/3/x— 13/6x
+4/3x%)H_1 21 — 824(1+109/309/x+ 235/618x+8/103x*)H_1_100
—576(1+31/72/x+53/108x+1/27x*)H_1_20+ 1024/3(1+111/256/x
+97/256x+3/16x2)H_1,000— 4801+ 7/15/x+3/10x)H 2 20— 64H 221
—432(1+38/81/x+31/162x+4/81x*)H_1 15— 31214 56/117/x+1/6X)L5
+7681+1/2/x+7/24x)H_5 _1 10+ 9441+ 199/354/x+43/118x
+2/59x%)H 1,102 — 836(1+ 122/209/x + 149/418x+ 32/627x*)H_1{3

— 464(1+ 18/29/x+ 37/174x+ 14/87x*)H_1,0l2 — 240(1 + 83/90x)H0,0.0.0,0

+ 10241+ 41/64/x+49/96X+ 1/48x*)H_1_1_10+1072/3(1+97/134/x
+9/67x+12/67x%)H_13+272/3(1413/17/x+2/17x+4/17x%)H_120
—1024/3(1+15/16/x+35/64x)H_» _100—320/3(1+6/5/x+59/20x)H40
—160(1+ 9/5/x+21/20X)H_2L3+512/3(1+15/8/x+37/32X)H 21>

— 64(1+43/x+67/12x)Ha 1 +13952/9 (1 — 337/872x+ 13/109%%)H0,0,0,0
—160/3(1—1/10X)H _220-+1952/3(1+ 1/61x)H_40+416/3(1+ 2/13x)H,372)

+ CE’ (pgq(x) (1288/15 H1Z22 +640/3H1 30— 304H; _2(>—160H, 2 10
+256H; 500+ 224H 55+ 400/3 Hy 0{3 — 96H: 0,02+ 64H1,0,0,0,0
—352/3H1,1{3+416/3Hy1, 20— 944/3Hy 1002 +96H110,00—368/3H111(2
—608/3H1,1,1,00—400/3H11110—80H11111—208/3H1112—128H1120
—64Hy 121 +208H 13— 96H 2> —272/3H1200—400/3H1210
—272/3H1211—80H1 22— 64H; 30— 80H; 31+ 64H; 4)

+ Pgq(—X)(736/15H_125 —832/3H_1 _30+400H 1 202 +352H 1 2 10
—1504/3H_1 _200—224H 1 _22+464H 1 _1(3+352H 1_1_29
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—448H 1 1 -1(>—384H 1 _1_1_10+704H 1 _1_100+256H 1112
+1472/3H_1 1002 —1552/3H_1 _1000—128H_1 _120—128H_1 _121
—384H_1 13— 112H 1 0{3 —240H_100(2+448/3H_10,0,0,0+80H_120>
—96H_1200+64H_130+64H 131+ 208H 14) —6752/3(1—2/633/x
+183/844/x + 4349/5064x)H_1 0 — 88/3 (1 — 210/11/x — 21/2%)Zs
+424/15(1— 519/53/x+ 4/53X)Z2 + 284/3 (1 — 581/284/x+ 887/284x)H1 1
+1088/3 (1 — 171/136/x — 65/136x)Hy 2.1+ 920/3 (1 — 57/46/X — 67/115x)Hz 1
+976/3(1— 75/61/x— 101/244x)Hy 1 11 + 1216/3 (1 — 93/76/x

—71/152x)Hy 1 + 1340/3 (1 — 358/335/x — 88/335x)H1 11

+1856/3 (1 — 30/29/x— 27/58X)H1.1.1.0+ 1136/3(1— 72/71/x— 44/T1x)Hz
+1436/3 (1 — 364/359/x — 23/718x)H1 2+ 2036/3 (1 — 504/509/x
—193/1018x)H1.1.0+ 1424/3 (1 — 84/89/x — 83/178x)H1.20

+1600/3(1— 9/10/x— 131/200x)Hz.1 0 — 1664/3 (1 — 93/104/x

— 25/52X)Hy 20+ 1472/3(1— 81/92/x— 187/368x)Hz.11

+916/3 (1 — 180/229/x — 167/458x)Hp,0 — 3265/6 (1 — 493/653/x

— 4527/6530x)H; + 896/3 (1 — 3/4/x— 1/2X)Hp.21 + 784/3 (1 — 36/49/x
—1/2X)Hg111 +800/3 (1— 18/25/x— 27/50X)Hz.1.2+ 1232/3 (1 — 54/77/x
—34/77X)Ha1 +1216/3(1— 12/19/x— 9/19X)Hz1.10+ 240(1 — 3/5/x
—3/5X)Hg0+ 1024/3 (1 — 9/16/x— 15/32X)H.20— 70927/36 (1 — 2098/3733/x
— 11754/70927) + 1088/3 (1 — 9/17/x — 1/2X)Hz2 — 1088/3 (1 — 9/17/x
—11/34X)Hy 50+ 368(1— 12/23/x— 1/2X)Hg 11 + 424(1 — 55/106/x
+91/212%)Hy o+ 1312/3 (1 — 18/41/x — 1/2X)Ha 1.0+ 1232/3 (1 — 24/77/x
—13/22X)H11p + 448(1— 2/7/x— 3/TX)Ha1 — 596(1 — 36/149/x
+271/447X)Hols + 512/3 (1 — 15/64/x — 77/128x)H1.1.00 -+ 832/3 (1 — 3/13/x
— 3/26X)Hz102 — 1000/3 (1 — 27/125/x — 189/250x)H1 00+ 5681 — 15/71/x
121/213%)H1Zs + 336(1 — 4/21/x— 17/42X)Ha 0 + 880/3 (1 — 3/22/x
+689/220x)H3 — 1592/3 (1 — 24/199/x — 55/398X)Ho 03 + 976/3 (1— 6/61/x
—33/122X)H21.00+ 2060/3 (1 — 32/515/x — 861/1030x)H1, — 288(1— 1/18/x
—19/36X)H1.000+4352/3(1+3/68/x+ 15/272x)H_al» — 4192/3(1+ 6/131/x
+21/262X)H_3.00 — 13041+ 19/326/x+ 1607/978x){5 — 3584/3 (1+9/112/x
+33/224X)H_30— 10561+ 1/11/x+5/33X)H_2.2+ 3712/3 (1+ 3/29/x
+15/116X)H_3_10— 7120/3 (1+99/890/x+ 121/445x)H_5 o+ 8451+ 8/65/x
+39127/15210¢)Ho o+ 1424/3 (1 + 12/89/x — 9/178X)Hz,002
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+5248/3(1+27/164/x+ 167/656X)H_ 20> — 736(1+4/23/x+9/46X)H_23
—2720/3(1+3/17/x+41/170x)H_2000+ 1761+ 2/11/x—5/22x)Hal3
—5392/3(1+63/337/x+4217/674x)H 20,0+ 960(1+1/5/x+2/9%)H_200>
+1648/3(1+24/103/x— 273/412x)H1 002 — 12641+ 19/79/x+62/79x)H_1 2
+4160/3 (1+ 18/65/x+107/260x)H_2 10+ 168(1+1/3/x+ 1079/504x)H2
+4576/3 (14 48/143/x+81/286x)H 5 100+ 7288/3(1+312/911/x
+593/911x)H_1{5 — 25281+ 85/237/x+151/237x)H 1,00+ 11521+ 7/18/x
+7/24X)H_2{3+2432/3(1+15/38/x+6/19X)H_2 20+ 640(1+2/5/x
+3/10X)H_2 12— 2241+ 3/7/x+4/7X)(H-120+H-121)

— 11841+ 16/37/x+23/74x)H_5 102 +6992/3 (14 198/437/x
+221/437x)H_1 10— 10881+8/17/x+11/34x)H 2 1 10

— 10881+ 65/136/x+55/102X)H_1 000+ 3472/3(1+108/217/x
+249/434X)H_1 002 +256(1+1/2/x+19/48x)H3(», —864(1+1/2/x
+7/12X)H_13— 752/3(1+24/47/x+ 17/94x)Hz 3+ 368/3 (14 12/23/x
—5/46X){203+ 944/3 (14 36/59/x — 19/118x)Hol» + 5984/3 (1+21/34/x
+395/748x)H_1 100+ 9281+ 18/29/x+31/58X)H_1 _12

+ 16401+ 138/205/x+221/410x)H_ 103+ 3424/3 (1+ 147/214/x
+55/107x)H_1,_20— 17441+ 75/109/x+58/109x)H_1 _1{» —832H 3>
—880/3(1+42/55/x+1173/220x)Hol2 — 16321+ 13/17/x
+9/17X)H_1_1_10—256(1+17/16/x —51/64x)Hy 3 — 236/3 (1 + 72/59/x
+365/59x)Ho,0{2 — 208/3 (14 18/13/x+ 105/52X)Hz00— 272/5(1+40/17/x
+2xX)Hol2 — 168(1+ 68/21/x+20633/1512x){, + 2437/18(1+ 7972/2437/x
+5058/2437x)Hg — 160/3 (1 — 147/20x)Ho,0,00+ 3281 — 21/82x)Hs
—416/3(1—5/26X)H2,000— 3281 — 13/82x)Ho0002 — 2816/3 (14 3/88x)H_40
— 1921+ 1/6X)(H_220+H_221) +120(1+43/90X)H0,0,0,0,0

+1172/3 (14 950/293x)Ho,0,0+ 236/3 (1 +233/59x)Hg — 64(1/x+ 3/2x)H37070)

+CECany (pgq(x) (100/9 Hyls + 160/9 Hy 20— 184/3 Hy o2 + 688/9 H1o00
—560/9 Hy 102+ 544/9Hy 100+ 128/3Hy110+376/9Hy 111 +448/9Hy 1,
+512/9Hy 20+ 416/9 Hy 2.1 +560/9 Hy 3) + Pgg(—X)(—20H 125 — 16H_1 20
+80/3H-1,-102+224/9H 1 1 10—32H 1 100—128/9H_1 1>
+112/9H_1 002 — 256/9H_1000— 128/9H_120— 80/9H_121 — 104/9H_13)
— 5744/27(1+ 2/359/X% + 1751/4308/x + 1049/1436x + 113/1077%%)H_10
—64/9(1—29/2/x— 23/2X)Hz2 — 176/9(1 — 63/11/x — 103/22X)H3 1
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—176/9(1—5/x—7/2X)Hz1.1 — 15527/27 (1 — 398483139743
— 17114139743 — 512/46581x%) — 128/3(1—11/4/x—5/3X)Hz.10
+448/9(1—5/2/x—7/4x)H2L2 —512/9(1—5/2/x—53/32X)H20,0
—202498243(1 — 183399101249 x — 84161/202498 — 17064/10124%%)Ho
+80/3(1—5/3/x+7/15x)Hol3 + 7376/27 (1 — 1325/922/x — 1517/1844x
+68/461x% \Hol2 — 7376/27(1— 627/461/x — 1271/1844x+ 68/461x%)H3
—110708243(1 — 133181/110708x — 26707/110708 — 6468/27677x*)H1
+11128/27(1—3301/2782/x — 1556/1391x — 10/1391x% )3
—12256/27(1— 1761/1532/x — 2001/3064x + 59/383x%)Ho,0,0
— 2560/9 (1 —533/480/x— 2/5x+7/80x%)Hp 1 — 4594081 (1 — 24377/2297(Q/x
—5353/22970x — 36/11485¢ Hy o — 9152/27 (1 — 2407/2288/x — 667/2288x
+1/22x%)Hy 2 — 9728/27(1— 1261/1216/x — 467/1216x + 29/304x% )Hz 0
—34412/81(1—1273/1229/x — 1474/8603x -+ 164/8603x* )Hy 1
— 86756/81(1— 2211321689 x— 7885/2168% + 1064/2168%2)Ho o
—13120/27(1 — 833/820/x — 577/1640x + 7/205x% )H1 00
+10624/27(1— 84/83/x — 899/2656x+ 29/664x%)H1L»
—8264/27(1— 2085/2066/x — 643/2066x + 44/1033x%)Hy 1.1 — 64/3 (1 — 1/x
—X)H_ —2704/45(1 — 168/169/x — 185/338x)L5 — 9776/27 (1 — 2391/2444/x
— 823/2444x+4-22/611x% )H1 1.0 + 59024/81 (1 — 3207/3689/x — 8753/29512x
+303/3689x%), —59024/81 (1 — 11077/14756/x — 2459/29512x
+303/3689%? H, — 640/9 (1 — 3/10/x — 3/10x)H_30—320/9(1—1/5/x
—3/5X)H 200+ 1312/27(1—1/8/x+ 83/82x+9/82x*)H_1,
—1664/27(1—7/208/x+79/104x+ 1/4x*)H 1,00 — 3392/27 (1 + 71/424/x
+123/424x+13/106x% )H_20+256/3 (1 +1/2/x+1/8X)H 2 10
+1072/9(1+42/67/x+ 143/134x)Ho,0,0,0+ 2944/27 (1+ 281/368/x+ 29/46x
+3/92x%)H_1 10+ 160/27(14161/20/x—5/2x—3/5x*)H_1
—80/9(1+54/5/x+113/10x)Ho 02 +80/9 (1 + 66/5/x+ 137/10x)H4
+32/9(1+33/x+55/2x)Hz 0+ 64(1 — 1/4x)H_2Z2>

+C2ny ((Pgq(¥)(~128/3Hils — 64/3H 20— 8/9 H1ol2 — 16/3 Hio00
+104/9H11¢>+88/9H1100+56/3H1110+104/9H1111+88/9H112
+272/9H120+184/9Hy 21+ 104/9 Hy 3) + pgq(—X)(112/3H_1T3
+128/3H 1 20—128/3H 1 10, —128/3H 1 1 _10+224/3H 1 100
+64/3H 1 _12+64/3H_ 1002 —32H 1000—32/3H_13)
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+(2—X)(—56/5Hol5 +152/3 Ho,0{3 + 88Ho,0,0{2 — 120H,0,0,00 + 16Hs2
—16H300—16H3 10— 16H31,1 — 16H3 > — 48Hs o — 48Hs 1 — 88Hs)

+(2—X) (2485 — 3202L3) — 112/9(1— 25/7/x— 2/TX)H200+ 64/3 (1 —31/12/x
+13/4x—1/3x%)H_1+28030/81(1 — 1694814015/ x+ 2234/14015«
—1488/14015¢ )L, — 544/9 (1 —39/34/x— 7/68x)Hz1 1

—28030/81(1— 3168/2803/x — 9646/14015x — 1488/14015¢ )H,
—608/9(1—21/19/x—11/76X)Hz10— 704/9 (1 —12/11/x— 17/88X)H2.»
+1072/9(1—72/67/x— 53/268x)Ho 0l2 — 848/9 (1 — 54/53/x + 19/106x)H3 1
—880/9(1—54/55/x+ 17/110x)Hg o+ 4640/27 (1 — 142/145/x — 101/232x
+9/145x%)H1> — 1072/9 (1 — 60/67/x+ 19/268x)Hs — 7712/27 (1 — 823/964/x
—1087/1928x+ 6/241x? )Hy 2 — 1624/9 (1 — 139/174/x — 95/203x
+32/609%% )Hy 00 — 6448/27(1— 1279/1612/x — 445/806x -+ 12/403x%)H1 1.1
— 7552/27(1— 185/236/x— 1007/1888x+ 3/118x*)H1.10
—9148/27(1—1790/2287/x— 1323/2287x — 192/2287x*)H1 o

— 246517/243(1 — 185803246517/ x — 181615493034 — 5280/24651 7% )H;
—28300/81(1—5272/7075/x— 907/1415x — 576/7075x*)H1 1

+2528/9 (1 — 43/79/x — 247/632x)Holz — 19352/81 (1 — 2481/4838/x
41938519352 — 392/2419x? )Hg o — 585697/486(1 — 842416/ 175709/ x

— 129025585697 — 9872/251013¢ ) — 12872/27 (1 — 705/1609/x
—1111/3218x+ 72/1609x% )Hp 0 — 12832/27 (1 — 351/802/x — 139/401x
+18/401x% Hp 1 — 440/9 (1 — 24/55/x+89/110x)Ho,0,0,0

— 254765243(1 — 14591/36395 x — 103486/ 254765« — 2592/ 254765 )Ho
+18752/27(1— 439/1172/x— 839/9376x+ 12/293%% )Hol»

—18752/27(1— 189/586/x — 1343/9376x+ 12/293x?)H3
+12176/27(1—239/761/x 4 3553/6088x -+ 14/761x*)3
+320/3(1—1/5/x—3/10x)H_5,+2528/9(1— 61/474/x+21/158x
—10/237x?)H_50+832/3(1— 277/2808/x+55/52x+5/702x*)H_1 0
+320(1—1/15/x—1/10x)H_30— 18896/27 (1 — 15/1181/x — 151/4724x
+52/1181x%*)Ho .00+ 832/3(1+ 1/39/x— 3/26X)H_200— 608/3(1+1/19/x
—5/38X)H_20o + 1504/9 (1 +19/282/x+ 55/47x— 10/141x*)H 100
—1216/9(1+23/152/x+175/152x— 3/38x?)H_1{» — 192(1+ 1/3/x
+1/18X)H_» 10+ 5096/45(1+ 246/637/x — 1/14x)L5 — 2048/9 (1+ 85/128/x
+97/128x—1/32x2)H_1 10— 160/9(1+3/x+ 11/20x)H2Z2>
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+Cen? (pgq(x) (8/325+64/9 Holz — 16Ho 0,0 +40/9 Hilp — 64/9 Hy o
—40/9H1 10— 32/9H1 11— 40/9Hy 2 — 64/9 Hpo— 40/9Hp 1 — 64/9 Ha)
+13726/243(1 — 25291/13726/x — 5807/13726X) -+ 5440/81 (1 — 959/680/x
— 59/136x)Ho + 1712/27(1 — 241/214/x — 101/214x)Ho,0
+1036/27(1 — 551/518/x — 239/518x)Hy — 848/27 (1 — 1/x — 25/53x)({2 — H10
Hy) 1 536/27(1— 125/134/x — 61/134x)H171) . (A1)

The corresponding expression for the gluon coefficienttionds given by

con(¥) = C3 ( — 44228/27(1—8/11057/x? + 8977/11057/x+ 11031/1105%
+8959/1105%%)H 10— 7262/27(1 — 19412/3631/x — 842/3631x+ 167053631x%){3
+12724/27(1 — 48356/9543/x — 16641/6362% + 67957/19086¢)Hy 1
—608/3(1— 275/57/x— 153/ 76x+ 869/228)H1 0{2 + 7672/9(1 — 5903517262/
— 739/411x+ 1237Y/4932)Hy o + 544(1 — 77/34/x — 113/34x+ 66/17%%)Hz.1.1
+408(1— 110/51/x — 383/306x+ 583/306¢*)H1,0,0,0 + 5968/9(1 — 759/373/x
— 1955/149% + 2563/1492?)Hy 3 — 6200/9(1 — 1573/775/x — 941/ 775
+1397/775¢)Hy11{» — 4616/3(1 — 20489/10386/x — 1483/1154
+18311/10386¢)H1 L, + 8128/9(1 — 913/508/x — 623/508x + 803/508¢)H1.1.1.0
+134489(1 — 8963/5043/x — 4355/3362X + 7874/5043¢)H »
+6544/9(1 — 726/409/x — 4373/ 1636+ 5357/1636¢)Hy 2 + 800(1 — 44/25/x
—61/50x+ 77/50x%)Hy.1.1.1 +8536/9(1 — 169/97/x — 2597/2134
+295/194%)(H1 12+ H121) +1396Q/9(1 — 2943/1745/x — 871/698
+5039/3490¢)Hy 1 1 + 9832/9(1 — 2013/1229/x — 1426/122K + 1826/122%%)H1 20
+137744/27(1 — 1391(/8609/x — 49213741323 X + 568297/413232%)H;
+15400/9(1 — 9326/5775/x — 4593/385( + 7874/5775)H1 1 0
+10904/9(1 — 2189/1363/x — 1529/1363%+ 2013/1363¢)H1 10,0
+16040/9(1 — 3041/2005/x — 4621/4010+ 5477/4010¢)H1 00
+7304/9(1 — 123/83/x — 1916/913 4 248/83x?)Hp 1 o + 7544/9(1 — 33/23/x
—1931/943X + 2541/943¢%)Hz,00+ 7784/9(1 — 880/973/x — 4183/ 1946«
+1067/278¢)H3 1 + 2668/3(1 — 583/667/x — 3995/2001x + 7139/2001x%)Hz o
+68572/27(1— 13324/17143/x — 599/553 + 28492/171432)H,
+62572/27(1— 10990/15643/x — 14213/ 1564X+ 27766/156432)H, 1
+788(1—1111/1773/x — 4202/1773X + 8558/1773%)H, + 9506/3(1 — 23900/42777/x
—13907/1425% + 25964/ 1425%?)Hs — 788(1 — 935/1773/x— 4160/177%
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+8558/1773¢)Ho,0l2 — 9506/3(1 — 20684/42777/x — 4463/6111x
+25964/14259%?)Hol > + 3184/9(1 — 88/199/x — 301/398x + 253/398¢)H1, 20
+959401/81(1 — 306237/959401/x — 23027495940k + 32945152878203%%)Hg
+14641027(1 — 1628473205 x — 5724373205+ 101818732057)H 0.0

— 22004/9(1 — 957/5501/x — 1450/5501x + 9372/5501x%) Hol 3

—16168/9(1 — 341/2021/x+ 619/2021x + 1661/2021x°)H 5

+23116/9(1 — 891/5779/x+ 998/577K + 4752/5779%%)H 1>

—1036(/3(1 —517/3885/x— 13/2590+ 7337/7770¢)H 200

+ 15441 —209/1737/x — 80/57K + 1430/173%%)H_» 10+ 63584/27(1— 201/1987/x
— 655/1987+ 1959/198%%)H 50— 15722/3(1 — 316151910223 x — 47763584898
+3411235764089%°) — 7568/3(1+4/129/x+ 7/946x+89/86x*)H_30

+ 13441+ 143/378/x+ 263/252x+ 253/756¢)H 112 — 3464/9(1+ 198/433/x
+2302/433% — 2970/433)Ho 0,00 — 14432/9(1 + 39/82/x + 3871/3608
+133/3283)H_1, 1o+ 16532/9(1+2321/4133/x + 4363/413% + 2101/41333)H_1{3
— 20721+ 1441/2331/x+ 788/ 7T77x+ 1408/2331x*)H _1 34+ 22792/9(1 + 169/259/x
+5765/5698+ 331/518¢)H 1,002 — 2960/3(1 + 121/185/x+ X+ 121/185¢)H 121
— 2384/3(1+99/149/X+ X+ 99/149%*)H_1 2 0+ 5552/3(1+ 275/347/x+ 1497/1388&
+1001/1388¢)H_1 100 — 30299581(1+ 244674302995 x+ 313876302995
+19086/43285)Ho 0 — 6776/3(1+ 72/77/x+ 157/154x+ 141/154)H 10,00
+4364/9(1+ 1045/1091/x — 532/1091x — 506/1091x*)H1{3 — 4672/9(1 + 143/146/x
+715/584x+ 451/584x*)H_1 110+ 5104/9(1+30/29/x+ 368/31%
+26/29)H_1_20+ 18481+ 7127/6237/x+ 2074/207K + 7127/623%)H_1.0,0
+17204581(1+ 243046/172045x+ 207847/17204% — 26002/ 1720452)»
+5888/9(1 + 3557/2208/x+ x+ 3557/2208¢)H_1 » — 17204581(1 + 70154/34409
+340219'17204% — 26002/ 172045%2)H, — 2096/3(1 4 9677/4716/x+ 261/26 2
+9677/4716)H_105 — 17752/45(1+ 7172/2219/x+ 6750/221% — 6061/44384) L3
—800/9(1+ 2563/300/x + 47/50x+ 2563/300*)H 1, 1.0+ 404/9(1+3113/101/x
+4613/101x— 3927/101x%)Halp — 2752/3(1— 13/43x)H 310
+6464/3(1—16/101)H 300+ 5440/3(1— 7/85x)H 40— 4384/3(1— 11/137)H 3>
+ 18561 — 3/58x){5+ 3008/3(1+ 1/47x)H 32— 17601+ 131/165¢){2L3
+6656/3(1+ 11/13x)Ho 03 — 14721+ 85/69)H3 1.0 — 13441+ 9/7x)Hz1.1
—4288/3(1+87/67x)Hz 2 — 3616/3(1+ 157/113)H3 00 — 5152/3(1+ 35/23x)Hs

— 4384/3(1+221/137)Ha.0+2912/3(1+ 23/13x)Haln + 13441+ 2X)Ho,0.0{2
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— 13441+ 19/9%)Hs — 2336/15(1 + 452/73x)Hol2 — 1920H0,0,0,0,0

+ Pgg(—X) (5045 + 1876/3L3 + 6464/817, — 1888/3L»l3 + 5038/45(2 + 1376/3H_40
—1184H 30> —832H_3 _1 0+ 3872/9H_30+ 1120H 300+ 768H_35 — 1712H »{3
—616H 202 — 1984/3H 5 20+ 1712H 5 142 +800H 5 1 10— 5104/9H » 19
—5408/3H 5 _100—1312H 5 12+ 536H 20— 1808H 70l2 + 704H 20
+4144/3H 5000+ 2992/9H 52+ 1376/3H_ 520+ 544H 521 +4576/3H 23

— 7436/9H_1{3 — 2144/3H 10, +1528/15H 105 —832H 1 _30+800H 1 2 10
+1712H 1 2, —5192/9H 1 50— 5408/3H 1 00— 1312H 1 5+ 6448/3H 1 13
+7568/9H_1 _1{>+800H_1 1 _20—2112H 1 1 _1{>—768H 1 _1_1_10
+6688/9H 1 1 10+2336H 1 1 100+1728H 1 1 12—2144/3H 1 19
+7648/3H_1 1002 —8624/9H 1 _100—2096H 1 1000~ 1408/3H 1 1
—2176/3H 1 _120—2432/3H 1 151 —6496/3H 1 13+ 1292881H 1
—4784/3H_1 003 — 1936/3H_1 002 +2680/3H_1 00— 4400/3H_1 0002
+5500/9H_10,0,0+ 2864/3H_10,000+ 1072/3H_1 2+ 48H 120>+ 704/3H_1 20
+256H 1200+ 704/3H_121+704/3H_1210+192H 1211+ 704/3H_12>
+528H_13+672H_130+2336/3H_131+1328H_1 4+ 120H)+ 5360/27Hpl»
+3212/9H03 + 904/ 15HL 2 — 6464/81Ho o+ 1712/3Ho 0{3 + 1804/9Ho 02 — 268Hy 00
+432Hy0,002 — 1364/9H0 0,00 — 208Hy,0,0,0.0 — 496/3H203 — 836/9Ha02 — 112H 002
—176/9Hp,0,0+ 64/3Hz,0,00 — 304/3H21{2 +88/9Hz 1 0+ 64/3Hz.1 00 — 88/9Hz 2
+64/3H; 3 — 536/3H3 — 608/3H3L — 308/3H3 0 — 352/3H300 — 352/3H3 1
—352/3H310— 96Hg 1.1 — 352/3H3 2 — 1628/9H, — 784/3H, 0 — 976/3H4 1 — 400Hs)
+ Pgg(X) (— 1616486729 4805 + 21994/973 + 170666/81Z, — 2896/32L3
—25102/455 + 1184/3H_40— 960H 302 — 640H 3 10+ 3520/9H 30+ 896H 300
+640H 3, —2144/3H 503 —572/3H 20— 544/3H 5 20+ 752H > 10>
+608/3H 2 1 10— 616/3H 5 10— 2048/3H 2 100—1952/3H 5 1,
+13400/27H 50— 2320/3H 5002 +2552/9H 500+ 1312/3H 5000+ 88H 2>
+544/3H 520+ 608/3H_ 521 +2048/3H_ 53— 191858 81Hy + 11792/9Hol3
+6656/3Hol» — 2408/5H0l2 — 130514/81Hg o+ 2224/3H0 0{3 + 11264/9H0 0>
—10952/9H0,0,0 + 688Hp,0,0{2 — 5060/9H0,0.0.0 — 272H,0,0,00 — 192268 81H;
+9196/9H;83 + 17236/9H1 0, — 296H 75 + 1664/3H; 30— 400H; 207
—1696/3H;, 2 10-+3080/9H; 20+1792/3H; 200+ 352/3H; 22— 17637481H; ¢
+2032/3H; 003+ 1276Q/9H; o, — 47888/ 27Hy 0,0+ 688Hy 002 — 9196/9H1 0,00

— 1456/3H1.0,0,00 — 19246/9H; 1 +240H 103+ 1073¢/9H; 10> +32H11 20
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—19484/9H1 1 0+ 640H 1 0{2 — 10384/9H1 1 00— 592H 1000 — 2040H, 11 + 768H, 1 1{»
—14696¢/9H1 1 10— 1216H, 1100 —4400/3Hy 111 —1152H 1110—960H1 1111
—1152H; 117 — 1408Q/9H; 12 — 1280H, 120 — 1152H 1 21 — 1024H, 13— 20452/9H; »
+880H 22 — 14432/9H1 20 — 3296/3H1,200 — 1584H 21 — 1280H 210
—1152H 11 — 1280H 22 — 13816/9H; 3 — 3488/3H1 30— 1216H 31 — 2480/3Hy 4
—17713Q'81H, + 1568/3H03 + 3520/3H{2 + 96H, 20— 16424/9H, ¢
+752H 002 — 8360/9Hy,0,0 — 1616/3H,0,00 — 6656/3Hy, 1 + 880Hy 12 — 14432/9H, 1
—3296/3H71,00— 14344/9Hy 1 1 — 1280110 — 1152H 111 — 1280k 1 2 — 13112/9H,,
— 1184t 50— 1280+, 2,1 — 3104/3Hy 3 — 6044Q/27Hz 4 2432/3H3l» — 3784/3H3 0
—832H300 — 14344/9H3 1 — 3680/3Hz 1 0 — 1280H; 1 1 — 3680/3H3z 2 — 1144Q/9H,
— 2704/3Hy,0 — 3568/3Hs1 — 720Hs) 4 (1 — X)(—1504/3H_2Z3 — 1088/3H_5 20
+384H 5 102 +896/3H 5 1 10— 2656/3H 2 100—704/3H 2 12— 2560/3H 700>
+3584/3H_20,00+ 704/3H_220+256H 221+ 1952/3H_53) + (1+X)(896/3H2(3
—128/3H, 20+ 512H 002 — 1600/3H2,0,0,0 + 2240/3H;.10> — 3296/3Hz.1.0,0
—896H110— 768111 —896H> 12— 992H 20 — 896Hy 2 1 — 2144/3H; 3)
+3(1— x){141606132916+ 4048/95 — 90632/2703+ 464/33% — 196718817,
+ 836203+ 22501273 — 15644/105@})

+C2ny ( —15128/27(1— 4/1891/x* + 375/1891/x + 1893/1891x + 381/1891x*)H 1 ¢
— 631/27(1— 264040/5679/x — 45427/189% + 13216056 79¢)H
—428/9(1— 848/107/x — 481/107x + 534/107%?)H1 » — 416/9(1 — 102/13/x — 215/52x
+127/26x%)Hy 11 — 92(1 — 2692/621/x — 491/207%+ 1786/621x*)Hy 1.0
+26362/81(1— 34234/13181/x— 620891318+ 31748/1318%%)L,
—3284/27(1 — 2048/821/x — 1513/821x + 2594/821x*)Hp 1 — 9536/27(1 — 5465/2384/x
—9027/4768+ 857/596¢%)H1 o — 26362/81(1 — 29734/13181/x— 39373/1318Xk
+31748/1318&%)H, + 1228/9(1 — 668/307/x — 681/307x + 360/307%?)H1>
— 460/3(1 — 2128/1035/x— 31/15x+ 944/345¢)Hy 0 — 452/3(1 — 656/339/x — 571/33%
+442/33%%)Hy 00 — 10538/27(1 — 30380/15807/x — 9705/526% + 18482/1580%%)Hy 1
—13184/27(1 — 599/412/x — 22057/6592 + 3555/ 1648¢)Ho o + 1600/9(1 — 9/10/x+ X
—87/100¢)H 110+ 64/3(1—2/3/x— 1/8x+37/24x*)H1 000 — 248/3(1 — 16/31/x
—17/31x+ 30/31¢%)Hy o — 218/45(1 — 48/109/x — 1782/10K — 804/109¢) L2
+3472/27(1 — 185/434/x — 53/ 7x+ 85/31x?){3 — 1168/3(1 — 226/657/x+ 218/21%K
—443/13143)H 100+ 776/9(1—28/97/x— 109/194x + 71/97%%)H1 3
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—1672/9(1—3/11/x+ 206/20%K)Hol3 + 3968/9(1 — 61/248/x+ x— 119/496¢*)H_1L>
—2312/9(1— 64/289/x+266/28K — 42/289%%)H _1 1 10— 120(1—28/135/x+ 14/15x
—19/135¢)H 1,000+ 976/3(1 — 12/61/x+ 225/244x— 15/122)H 1100

+1664/9(1 —5/26/x+191/208x — 3/26x%)H_1,_20— 2524/9(1 — 112/631/x+ 584/631x
—66/631°)H_1,_ 1> +2440/9(1— 43/305/x+ 569/610x — 23/305)H 13
+152(1—8/57/x+53/57x— 4/57x*)H_1,_1 — 700/3(1 — 2/15/x+ 761/525«

+4/35¢)Ho 002 + 904/3(1 — 34/339/x+ 38/113% — 20/113%)H 5 10

— 776/9(1—9/97/x+ 241/97x+ 71/97x?)H,L» + 1268/9(1 — 28/317/x+ 304/317x
—14/3172)H_1,002 — 352(1 — 8/99/Xx+ X — 8/99x?)H_1 » + 700/3(1 — 38/525/x
+977/525+ 4/35x%)Hg 4 1520/9(1 — 6/95/x+ 40/ 19x)Ho 0,00 — 968/3(1 — 16/363/x
—36/121x — 70/363%)H_3 0 — 4808/27(1 — 26/601/x + 740/601x — 630/601x*)H 7
+2056/9(1 — 10/257/x+ 116/257+ 32/257%%)Hz,1.0 + 712/3(1 — 3/89/x+ 677/534x
+31/26B)Hz 0+ 548/9(1 — 4/137/x— 52/137x+ 90/137%)H1 1.2 + 2368/9(1 — 1/37/x
+817/592(+ 53/296x%)Hz 1 — 1028/3(1+ 4/257/x+ 35/257 — 158/ 771x*)H 20,0
+740/9(1+4/185/x— 23/37x+ 64/185¢)Hy 2.0+ 644/9(1+4/161/x— 76/161x
+82/161x%)Hy 21 +2132/9(1+ 16/533/x + 368/533K + 2/13x*)Hy
—412/3(1+4/103/x+99/103+ 8/103¢)H _1 3+ 3164/9(1+ 6/113/x+ 4/11
—152/791X%)H 50, — 836/9(1+ 12/209/x — 271/20K — 4/11x%)H1.1.00
+952/9(1+2/17/x4571/238+ 6/17%%)Hy,0,0 — 1808/9(1 + 19/113/x — 43/226x
—23/113)H 55— 160/3(141/3/x+x+1/33)H_121 —40(1+4/9/x+x
+4/9)H_10-+608/9(1+ 17/38/x— 107/76x— 33/38)H1 10>
+496/9(1+77/62/x— 56/31x — 63/31x%)H1 {3 + 208H0 003 — 32xH0,0,0,0,0
+16306/81(1+52501/8153/x + 78053 16306« — 22866/8153¢)Ho

+544/27(1+ 309/34/x+ 1667/34x — 1903/68x*)Ho,0.,0

+28211/243(1+ 158288884633/x+ 475721/5642X — 16398711692667)
—88/27(1+804/11/x+ 6137/22x — 1624/11x?)Hol» + 88/27(1+ 830/11/x
+4657/22x — 1624/11x%)H3 — 1600/9(1 — 23/25x+ 7/100¢)H1, 20

+240(1—11/15¢)H 310+ 824/9(1— 62/103+40/103?)H1.1.10
+64(1—1/2x+1/2x%)Hy 111 — 704/3(1— 17/44x)H 30,0+ 728/3(1— 19/91x)H 30>
—656/3(1— 1/41X)H 40— 368/3(1+7/23x)H_32 — 80(1 + 31/75X)Hol 3
+224(1+4/7x+1/Tx*)Hp.1.1 +376/3(1 4 31/47x)H3lz — 232/3(1+21/29%)H3.0.0

— 48(1+11/9x)Hs + 48(1+ 4/3x)Ho,0002 — 232/3(1 + 65/29x)L2{3 — 56/3(1+ 27/7X)Ts
+ Pgg(—X)(—280/373 — 896/81 — 916/4505 — 704/9H 30+ 112H 2+ 928/9H » 19
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—80H 20— 128H 00— 544/9H 55+ 1352/9H 123+ 320/3H 10> +944/9H_1 10
—1376/9H_1 10, —1216/9H 1 1 _10-+320/3H_1 _10-+1568/9H 1 100
+256/3H_1 12— 1792/81H 10+ 352/3H_10l2 — 400/3H_100— 1000/9H_10,0,0
—160/3H_1,—128/3H 10— 128/3H 11— 96H 13— 48Hy — 584/9H0l3
—800/27Hol 2 +896/81Ho 0 — 328/9H0,0{2 + 40Ho,0,0 + 248/9Ho,0,00 + 152/9H,L>
+32/9H,00 — 16/9Hz1 0+ 16/9Hz 2 + 80/3H3 + 56/3Hz 0 + 64/3H3 1 + 296/9H,)
+ Pgg(X) (12343071458 8608/27¢3 — 55712/81L, + 4852/453 — 640/9H 30
+104/3H 20> +112/3H_5_10—2000/27H 50— 464/9H 00— 16H 5>
+68830/81Hy — 992/9Ho3 — 4672/9H0l » + 44684/81Hg o — 2048/9H0 0L>
+2776/9Ho,00+ 920/9Ho 0,00 + 67730/81H; — 520/9H:Z3 — 4544/9H;{, — 560/9H;. 20
+56284/81H; o — 2320/9H1 o2 + 12128/ 27Hy 0.0+ 1672/9H1 00,0+ 6212/9H1 1
—1952/9H; 10o +4672/9H; 1.0+ 1888/9H1 1,00+ 512H; 11+ 2672/9H1 110
+800/3Hy.1.1.1 4+ 2560/9Hy 1 2+ 5024/9H; 5 + 2624/9H; 5 0+ 288Hy 21 + 2512/9H; 3
+56608 81H, — 640/3H202 + 1360/3H2,0 + 1520/9H2,0,0 + 1616/3Hp 1 + 2624/9H, 1 0
+2608/9H2,1.1 + 2384/9H, > + 14096/27Hs + 688/3Hz3 o + 2608/9Hz 1 -+ 2080/9Hy)
+(1—x)(488/3H_5L3+368/3H 5 _20—544/3H > 10> —544/3H 5 1 19
+216H 2 100+ 272/3H 2 12+ 224/3H 2002 —80H 2000+ 16/3H 220
—152/3H_53+416/3Hz 10— 16/3H32) + (1+X)(464/3Ha{3 — 224/3H; 20
+176/3H2,0{2 — 32H2,0,00 +304/3H 1{» — 232/3H2 1,00+ 32/3H21.1,0— 32/3H2,1.2
+40/3Hp20— 104/3Hp 3 — 24Hs 0 — 40Hy 1) +8(1 — x){ — 1988899972
+1064/925 + 6794/2705 + 707748175 — 241505 — 28526/135(22})

+CrCany (11528’9(1 — 4/1441/x% +122/1441/x+ 1384/1441x+ 69/144%)H 1
—56/9(1— 309/7/x— 78/ Tx-+50x%)Hy 10 — 340/27(1 — 1338/85/x — 643/17x
+3304/85¢%)Hp0 — 68/3(1 — 1450/153/x — 41/17x+ 98/9x%)H1 11
+2362/27(1—2384/1181/x+ 3209/1181x 4 7616/1181x%)Hol 2
—2362/27(1—2256/1181/x — 1843/1181x + 7616/1181x*)Hz + 800/3(1 — 67/75/x+ X
—67/75)H_1,_10p — 1696012431 — 12160116960/ x — 89143/ 16960%
+27691216960%%)Ho — 3952/9(1 — 141/247/x + 265/247x — 123/24B)H 110
—904/3(1—58/113/x+x— 58/113*)H_1{3 + 6128/9(1 — 466/1149/x + 847/ 766X
—689/2298C)H 100 — 1400/3(1 — 212/525/x+x —212/525)H 1100
—6712/9(1— 259/839/x+ 911/83%K — 187/83K%)H_1, + 544(1 — 46/153/x+ x
—46/153)H_ 11 10— 1136/3(1—20/71/x+x—20/7D)H_1 20
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— 2315(/27(1 — 2664/11575/x — 5048/11575%+ 9784/115752)Ho,0,0

+4736/9(1 — 59/296/x+ 323/296x — 4/37x?)H_1 » — 1712/3(1 — 20/107/x+ 66/107x
—68/321)H_5_ 10— 664(1—44/249/x—20/83x— 100/ 74%*)H 0>
+1136/3(1—12/71/x— 63/71x— 16/2133)H_5 5+ 656(1 — 44/369/x+ 1/246x

— 26/369)H_200+1904/3(1—8/119/x—39/11K— 12/119)H 3¢

+4384/9(1 — 8/411/x+421/548 — 475/822)H 50+ 1184/3(1+4/111/x—x
—4/112¢%)H1, 20+ 13612/45(1+ 352/3403/x — 2282/340% — 776/34034) 3
+22804/27(1+ 4697/34206/x — 9101/1140X — 4828/17103)Hy 1

+20020/27(1+ 159/910/x — 7283/1001( — 156/385¢)H1 ¢

+384329'243(1 + 455021/2305974 x — 19253/ 6987& — 486427/ 115298 %?)
+3140/9(1 + 192/785/x+ 1919/ 785¢)Hg,0,0,0 — 78058/81(1 + 10992/39029'x

— 68023/3902% — 9282/39029¢) 2 + 2960/9(1 + 12/37/x+ 104/185 — 54/185¢)H3 1
— 4496/9(1+ 92/281/x — 83/562x — 76/281x?)H,l» + 3976/9(1 + 172/497/x

— 13/497x — 152/49%)H2,00+ 2752/9(1+ 15/43/x+ 197/344x — 12/43x*)H3
+3100/9(1+ 288/775/x+ 1339/ 775 — 168/ 775¢)H4 + 78058/ 81(1 + 15384/39029 x
—18199/3902% — 9282/39029¢)H, — 1112/3(1 + 68/139/x — x— 68/13%)H1 10>
—3100/9(1 + 384/775/x+ 1807/775 — 168/ 775¢)Ho {2 + 1928/9(1 + 124/241/x
+115/241x — 84/241x%)Ha 2 + 344/3(1+ 24/43/x+ X+ 24/43)H 1000

+2024/9(1 + 148/253/x+ 97/253 — 100/253)Hy,1 0 + 664/3(1 + 148/249/x — x

— 148/249%)H1 3+ 1648/9(1+ 64/103/x+ 34/103 — 40/103¢%)Hz 1 1

+280(1+ 40/63/x — x— 40/63x?)H1.1,00 — 640/3(145/6/x— X — 5/6x*)H1,002
—760/3(1+50/57/x— x— 50/57%*)H13+ 152/3(1+52/57/x+ X+ 52/57x*)H_1 3
+4468/27(1+1062/1117/x 4 2947/1117 — 2918/111%3)Hp 1 + 296/3(1+ 112/111/x
—Xx—112/111%%)H1 1 » — 2888/9(1+ 1114/1083/x — 306/361x — 1369/1083¢)H 1,
+224/3(1+22/21/x+x+22/21%)H_1 21 + 3155(/81(1 + 16644/15775/x
—9451/3155— 2784/157752)Ho 0 + 136(1 + 200/153/x — x — 200/153¢*)H1 0,00
+8(144/3/x—x—4/3x%)(22/3H1.1.1.1 4 TH1.21) + 160/3(1+4/3/x+x+4/3x*)H_120
— 164(1+4592/369/x + 455/123 — 64/123%)Holz + 1792/9(1+11/6/x

—143/224x — 1475/672)H1,00+ 152/3(14 112/57/x— x— 112/57%%)H1.1.1.0
+48(142/x—x— 2%)Hy.20-+ 304/3(1+ 691/342/x — 41/114x — 500/171x%)Hy 2
—4262/27(1+6900/2131/x — 163852131x — 1952/2131%){3

+15112/81(1+ 33767/7556/x — 4061/ 7556« — 29945 7556*)H + 16/3(1+88/3/x
+Xx+88/3x%)H_1, 15— 256/3(1 — 155/16x)Hs + 256/3(1 — 149/16x)Ho 0,0{2
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—480(1— 47/30x)Ho,0,0,00 — 544(1— 14/17x)H 310+ 3041 —9/1%)H 30,0
—400(1 — 8/25x)H 302+ 1024/3(1+3/32X)H_40— 4481+ 31/16&)Ts
+128(1+3/4x)H_3.2+ 560/3(1+437/350)Hol 5 — 1280/3(1+ 107/80x)H3l>
+384(1+ 25/18x)H3.0.0+ 1232/3(1+ 138/77x){2L3 + 560/3(1 + 71/35¢)Hz 1.0
+464/3(1+ 65/29%)Hz 2+ 416/3(1 4 31/13x)Hz 1.1 — 496/3(1 + 163/31x)Ho 03
+ 1121+ 39/7x)Hg.1 4 208/3(1+ 109/13x)Ha 0+ Pgg(—X) (—224/505 — 128/3H_30
— 24Hy — 128/3Hol3 — 64/3H 0l2 + 64/3H0,0,0,0) + Pgg(X) (7810/27 — 2152/93
—100/32 +32/155 — 256/3H_202 + 128/3H 200+ 256/3H_2 2+ 2020/9Ho
— 64Hol3 — 176/9Hol> + 24Hy o + 64Ho 0{2 — 64/3Ho 0,00+ 598/3H1 — 128H(3
+32H; 0+ 32Hy1 + 100/3H; — 176/9H,. 0+ 176/9Hz — 128/3H,)
+(1—x)(—1120/3H_5L3 — 992/3H 5 20+ 1408/3H 5 122+ 1472/3H 5 1 10
—496H 5 _100—224H 5 12— 128/3H 5002 — 16/3H 2000 —64H 220
—64H 251 — 16H 23) + (1+X)(—128/3H_1 0o — 416H{3 +640/3H, 20
—992/3H, 02 +880/3H7,0,00 — 1232/3Hy 10> + 1072/3Hy,1,0.0 4 400/3H2,1.1.0
+352/3Hp1,1,1+496/3H21 24+ 128H 20+ 112Hp 21 + 272Hp 3)
1 5(1— x){ 411137324+ 2005+ 6664/93 + 2128/905 — 12853 + 176/45{22})
+Cény ( —12016/9(1 — 2/2253/x? +5/1502/x 4 4505/4506 + 3/ 751x?)H _1 o
—16/3(1— 13/x— 5x+ 17x%)Hy.0,0+ 44/3(1 — 32/11/x+ 70/11x — 128/33%*)Ho 00,0
—256/3(1—19/12/x+x—19/12)H_1000+592/3(1 — 172/111/x+x
—172/11®)H_1 100 —296/3(1—56/37/x— 94/37x— 112/111x*)Hol3
+452/3(1 — 280/339/x — 137/113 + 352/33K%)H1 2 + 704/3(1 — 20/33/x + X
—20/333)H_1_20—320(1—8/15/x+x—8/15*)H_1 1 _10—1921—4/9/x— 13/6x
—2/3%%)H_52+ 3521 —4/11/x— 10/11x— 20/33x*)H_»L» — 592/3(1 — 12/37/x
+19/74x— 14/37x%)Ho 002 +320(1 — 4/15/x+3/5x— 8/15%*)H _» 10
+1424/3(1—70/267/x+79/89% — 100/26)H 110 —1216/3(1—4/19/x— 21/76x
—37/57)H_p00+ 712(1— 122/801/x+ 257/267x — 152/801x°)H_1>
+592/3(1—4/37/x+51/74x — 14/37x*)Hg — 1424/3(1 — 26/267/x+ X — 26/26 %*)H_1 2
—1216/3(1—2/19/x— 4/19x— 26/57x%)H_30 — 9104/9(1 — 48/569/x + 554/56%
—63/569¢)H_100— 136(1 — 4/51/X— X+ 4/51)H1 3+ 2141/9(1+ 264/2141/x
+42253/642% — 9776/6423¢)Ho 0 + 680/3(1 + 16/85/x+ 77/85x — 28/85¢%)Hz 1
+48631/162(1+9513/48631/x— 1270/4863% — 58494/4863%2) + 200(1 + 16/75/x
+24/25x — 8/25%%)Hz o+ 7442/27(1 + 836/3721/x+ 773/ 744X — 18254/111633)Ho

57



+136(1+4/17/x—x—4/17x?)H1 10> + 488/3(1+ 16/61/x+ 49/61x — 52/183*)Hz 1 0
+200(1+4/15/X+58/75x — 56/225?)Hz 1 1 + 216(1+ 8/27/x+ 7/9% — 20/81x%)Hp2
—56(1+8/21/x+ 33/ Tx+4/7x*)Halz + 376/3(1 + 68/141/x — x — 68/141x*)H1 0>
+64/3(1+1/2/x+39/8x— 1/2x*)Hz 00+ 7141/27(1+ 1106521423 x + 1340/ 714 1x
— 36508/21423)H; 4 220(1+ 284/495/x+ 17/33x — 472/495¢)Hy
+78(1+272/351/x+911/117 — 1312/351x%)Hs — 78(1 + 272/351/x+ 445/39%
—1312/351%)Hol o+ 416/3(14 71/78/x+ 29/52x — 22/13x?)Hz 1 + 152/3(1 + 52/57/x
—X—52/57%)H1.1.10— 11214 20/21/x+ x4 20/21x?)(2H_1,_12—H_123)
+64(1+1/x—x—x%)H1 204 856/9(1+ 374/321/x+ 1379/428 — 1321/321x?)H;
— 856/9(1+389/321/x+ 22157/1284 — 1321/321x%){» + 224/3(1 4 10/7x){5
+8(1+4/3/x—x—4/3%%)(H1100+14/3H1111+ 7H121) — 368/3(1+ 100/69/x+ X
+100/69%)H_ 1,002 + 820/9(1+ 316/205/x — 49/205x — 472/205¢)H1 10— 576H 4,0
—128/3(1411/6/x— x— 11/6x%)H1 0,00+ 812/9(1 + 384/203/x — 59/203«
— 528/203¢)Hy 1.1+ 260/3(1+ 28/13/x — 21/65x — 184/65°)H1 2+ 24(1 4 20/9/x
— X—20/9%?)H1 12+ 686/9(1 + 3208/1029/x + 241/343 — 4960/1029)H1 ¢
+64(1+14/3/x+x+14/3%)H 110>+ 188/15(1 + 808/141/x + 577/47x+ 44/47x*)(3
+40/3(1+28/3/x— x— 28/3x?)H1{3 + 50/9(1 + 88/5/x — 4609/ 25x 4 1144/25x%)3
+70/3(1+424/45/x+ 667/105¢ — 5284/315¢)Hy 1 — 8(1+ 92/3/x+x+92/3%)H 13
+32/3(1— 11x)2L3 — 304/3(1 — 14/19x)Hol 5 + 1600/3(1 — 16/25¢)H_3 10
—608(1—13/57x)H 30,04 1568/3(1— 10/49x)H 3> — 712/3(1— 15/89)Ho 03
+320/3(1+1/10x)H3l» — 160/3(1+ 1/5x)Hz 00 — 256(1+ 1/4X)H_3»
— 7120/9(1 + 159/445¢— 20/89x*)H 5,0+ 946/9(1+ 4570/473X — 912/473¢)Ho,00
+ Pgg(—X)(224/55 +128/3H_3 0+ 128/3Ho3 + 64/3Ho 0{2 — 64/3H0.0.0.0)
+ Pgg(X) (—1— 128/1502 4 256/3H_2L, — 128/3H_200 — 256/3H_22 — 64Hg 02
— 64Hol3+64/3Ho,0,00+ 128/3Hs) + (1 —X)(336H_2{3+896/3H_2 20— 384H 2 1>
—384H 5 1 10+ 1504/3H 5 100+ 192H 5 124 544/3H 50> —640/3H 2000
—96H 53— 256H_20) + (14 X)(—616/3Ho,0,0L2 + 1200000+ 560/3H3 + 616/3Hs
—128H, 50+ 144H 002 — 128H, 00,0 +368/3H212 — 16/3H2.1.00+80H21.1.0
+224/3Hp1.11+208/3Hz,1.2 +320/3Hp20+ 112Hp 21 — 176/3Hp 3+ 128H31 0
+448/3Hg 11 + 160Hs 2 + 176Hy 0+ 640/3Hs 1) +8(1— X) {751/9 — 4005+ 740/3z3})
+Can? (4498/81(1+ 1128/2249/x + 131/224K+ 524/2249) ({2 — H2)
—1286/27(1+ 1024/1929/x — 99/643X + 524/1929)H1 1 — 1264/27(1 4 269/474/x
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— 47/316x+59/237%)Hy 0 — 3524/81(1+ 642/881/x + 428/881x + 56/881x?)Ho 0
—217/3(1+1816917577/x+ 104/837 — 262/1757%>)Hy — 2170/27(1+ 1208/1085/x
+214/651x+ 1/9765¢)Hg — 1112/27(1 — 68/13%K + 69/13%3){3
— 22751/2431+ 34312/22751/x+ 17705/4550% — 10817/45502°)
+16/3(1—1/2x+1/2x%)(16/3H1l2 — 10/3H1 00 — 4H1.10— 14/3H1.1.1 — 16/3H1 )
—704/27(1 — 19/44x+ 21/44x%)Hp 1 — 544/27(1 — 11/34x+ 15/34x%)Hz
+568/27(1 — 19/71x+ 30/71x%) (Hol 2 — H3) + pgg(X) (—138493 1458 296/273
+584/97, — 6740/81Hg + 256/9Hol» — 56Ho 0 — 176/9H0 0,0 — 6652/81H; + 304/9H: L,
—584/9H; o — 256/9H1 0,0 — 584/9H1 1 — 272/9H1 10— 32H1 1.1 — 304/9H; 5
— 584/9H, — 256/9H; 0 — 32Hp, 1 — 256/9H3) — 200/27Ho 0,0(1 + X)
+8(1-X){ 174769972+ 404/93 ~ 6740/81¢, + 608/45(3 | )

+Crn? ( —184/45(1+ X)L + 2684/27(1+ 96/671/x+515/671x — 16/671x%) (Hol2 — H3)
+3092/27(1+4 136/773/x+ 71/773x+ 244/773¢){3 — 3508/27(1 + 168/877/x
+826/877x — 56/877%%)Ho 0,0 — 1406/3(1+ 38524/170829 x — 3974/6327%
—53617/17082%%) — 1240/27(1+ 36/155/x + 134/155¢— 16/155¢)Hy 1
— 6829(/243(1 + 1941/6829/x+ 4931/34145% — 11746/341454)Ho
— 1424(/81(1+57/178/x+ 1177/1780 — 211/890¢)Ho o — 1016/27(1 4 48/127/x
+166/127 — 32/127%%)Hz0+ 56/9(1 + 8/21/x— 9/ 7x — 20/21x%) (H1Z2 — H12)
+8020/81(1 + 948/2005/x + 230/401x — 160/401x%) (L2 — Hp)
—3316/27(1+9397/14922/x — 887/1658& — 6143/7461x%)H1 — 32(1+ 157/162/x
—7/9x—211/1623)H1 0 — 8/9(1+4/3/x— x—4/3x?)(THy,00+4H111)
— 24(1+ 346/243/x—7/9x — 400/243)Hy 1 — 8/3(1+32/9/x— 1/3x— 20/9%*)H1 10
+ Pgg(X) (—350/9 + 112/373 — 100/9Hg + 32/9Hol 2 — 20/3H; + 32/9H, o — 32/9H3)
+ (1+X)(40/3Hol3 -+ 328/9H0,0{2 — 536/9H0 0,00 + 80/9H2{2 — 112/9H0.0
—80/9H2,1,0— 64/9Hy 1 1 — 80/9Hp » — 208/9H3z 0 — 176/9Hz 1 — 328/9Hy)
+3(1—x) {28945/162— 1144/975 — 100/95 — 32/45122})

+n? (32/9(1 —1/2x+1/2x%)(25/18— {2 +5/3Ho+Hoo+5/3H1 +H1o+H11+Ha)
+16/9pgg(X)(25/18— L2+ 5/3Hg +Ho0 +5/3H1 +H10+H11 +Ho)
+5(1— x){ ~1000/729+ 80/27z2}) . (A.2)

It may be worthwhile to note that, unlike the third-order fficéent functions for gauge-boson

exchange DIS [9, 10], Eqd.(A.1) arid (A.2) do not involve éiddial special functions including
terms of the form(1+x) "Hg(x) with n > 1.
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Appendix B: The third-order physical kernels for (F,, Fy)

In this second appendix we write down the exact expressaman using the notations introduced
in Section 3, for the matrix elements of the NNLO contribatto the physical evolution kernel for
the system i, Fp) of singlet structure functions. The coefficients in the axgion in powers of
of the strong coupling are normalized according to EqJ (4.1)

As the corresponding NLO quantity before, we presléﬁ via the decompositiorh (4.2) into
its non-singlet and pure-singlet components. The formantjty, which is of direct interest for
analyses of data on, e.g., the difference of the neutron eotdipstructure functions, is given by

Kims() =

CZCr <pqq(x) (50689162 — 20/3{3 — 1504/9L, +192/55 + 16H 30+ 64H 5 10
+64H_50—16H 500+ 32H 25+ 1058527 Hy+ 64Hyl3 — 212/3 Hol»
+1988/9 Hy o+ 256/3 Ho 0,0 — 16H0 0,00 + 464927 Hy + 144H, {3 — 88H1»
+96H;,_20+484/9H; 0 — 16H; 002 +44/3Hy 00— 48H1 000 +484/9H1 1
—88/3Hy.10— 64H1100-+88/3Hy 2+ 64H; 3+ 968/9 Hy — 32Hp 0.0+ 44Hg + 16Hy)
+ Paq(—X) (176/33+536/9%, — 1605 — 16H 30+ 128H 202 +352/3H 20
—64H 00— 128H 22+ 192H 13— 176/3H_ 1, —256H 1102 —352/3H_1 19
+128H 1 _100+256H 1 _12+1072/9H_10+176H 102+ 176H 100
—48H 1000~ 128H 13— 124/3 Hp — 64Hol3 +80/3 Hol2 — 536/9 Ho o — 48Ho 00>
—256/3Ho 0,0+ 16H0,0,00+ 32H{2 +32Hys) + (1 +X)(—96H_1 2+ 112H, — 8H2{>
— AHp00+48Hg + 12Hy) + (1 — X)(8H 30— 8H 20— 16H 5 _10+8H 200)
+16/3(1—43)H_1,_10+8/3(1+43X)(H1{2 — H10,0) — 402(3+ 5%)Ho 0
+225(5+ 3x) — 802(6+ 11x)Ho +8/3 (13— 15¢)H 20— 8/3 (19— 25x)H _1 00
—4/373(27—91x) +8/3%2(37— 7x)H_1 — 8/157»(210— 145¢+ 198¢)
+11/9(229— 46)H1 4 8/15(575+ 22x 2+ 355¢— 198C)H 10+ 1/45(2619
— 5281 — 33241+ 4752¢)Ho + 1/270(64993+ 3168 1 — 28364%+ 2851%°)
—8/15(145— 198¢)Ho, 0 + X(—16Hol3 + 40Hg 0,0 + 8Ho,0.0,0)
+(20/27(827+54L5) — 1544/313+ 22286/ 27, — 1592/1573) 5(1 — x))

+CaC2 (pqq(x) (11/2 —664/3L3— 276/503 — 16H 30— 48H 20, —224H » 19
—128H 20+ 80H 200 —64H 25— 317/2Hy— 136Hy{3 — 188/3 Hol2 — 74Ho 0
—64Hg 0l2 —4/3Ho 0,0+ 80Hp 0,00 — 384H {3+ 176/3H1{> — 256H 20
+1468/9 Hy 0 — 32Hy 002 +584/3 Hy 0.0+ 176H.0,00 + 352/3H1.1.0 + 128H; 100
+176/3Hy 2 —128H 3+ 1072/9 Hy — 32HxL 2 + 440/3 Ha 0+ 80H 00+ 88Hy 1
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+128Hg + 16Hg 0+ 16Hs) + poq(—X)(—244/3L3 — 1072/922 + 45 +80H_30
—512H 50— 64H 5 10— 776/3H 20+ 336H 200+480H 25— 672H 13
+208/3H 1, —64H 1 _50+896H 1 1{>+704/3H_1_10—576H 1 100
—896H 115 —2144/9H 10— 672H 10l — 376H 100+ 272H 1000+ 48H 12
+32H_ 120+ 512H 13+ 284/3 Hy+ 23203 — 124/3 Hol2 + 1072/9 Ho o
+208Hp,002 +620/3 Ho,0.0 — 80H0,0,0.0 — 112Hpl» — 24Hs — 16Hz o — 160H)
+(14+x)(384H_12+ 16H{2 — 44/3 Hp 0+ 32Hp 00 — 48Ha) + (1 — x) (16H_20>
+32H 5 10— 48H 200+ 224/3Hy0)+16/3(1+43X)H1 00— 32(2—X)H 30
—1603(3— 2X)Ho -+ 162(3+4 5x)Ho0 — 64/3(5— 17)H_1. 10— 32/32(5+ 17x)H,
— 873(7 4 6X) — 44/3(7+ 25¢)Ho,00— 8/3 (11— 75%)H_20 — 16(22+ 35x)H,
+32/3(29+ 7X)H_1,00—32/3{2(41+ 19)H_1 —44/3 (49— 72x)H;
—8/3(65+ 101x)H3 +8/375(65+ 176x)Ho + 4/33(99+ 61x) — 32/15(280
+ 11X 24+ 170¢— 99¢C)H_1 o+ 16/155(330+ 185¢+ 198¢%) — 2/45(635+ 7115
+47523)Ho0+1/90(799+ 2112 1 4 8967X — 19008¢)Ho
—1/90(10817+ 21121 — 29627%+ 19008¢C) — 64xHo,0,00+ (2/3 (47+ 180s)
+2296/305— 1235/305 + 160205 — 856/1522) &(1 — x))

+cd (pqq(x>(72/5122 —32H 50+ 96H 202+ 192H 5 10— 96H 200 3Ho
+ 16Ho(3 — 24Ho2 + 26Hy,0 — 32Hp 0,00 + 192H1 {3+ 128H;, 20— 96H1 0,0
—64H; 00,0+ 64H1 20+ 128H; 3 — 48Hp 0+ 32Hp. 0.0+ 64Hp 1.0+ 64Hp 2 + 64Hg
+64Hz 1 4+ 32Hy) + Paqg(—X) (— 7203+ 5607 — 96H 30+ 512H 202+ 128H 2 19
+48H_50—416H 00— 448H 5 +576H 103 +96H 10> +128H 1 20
—768H 1107+ 640H 1 100+ 768H 112+ 640H 1002 +48H_ 100
—352H 1000—96H 12— 64H 120 —512H 13— 24Hy — 208H{3 — 24Hol>
—224H002 — 72Ho 0,0 + 96H0,0,0,0 + 96H{ > + 48H3 + 32H3 o + 192H;)
+(14x)(296/573 +480H 102 +192H 1 10— 32H 10— 416H 100—384H 1,
—48Hp00— 32H3 0 — 16Hs) + (1 —X)(—62+ 64H_20,0+ 16Hy 0{2 — 48H0,0,0,0
+560H; +96H1{s — 16H;0) — 80(1+ 3X)H_20-+8(3—5x)Hz0+32(3—X)H 30
+16(34 20x)Hg,0,0 — (34 53%K)Ho — 24L3(5+ 27x) — 2(9— 191x)Ho 0
+16(9+ 13x)H3 — 16Z2(9+ 28X)Ho + 4(77+ 85x)Ha — 402(77+ 93X) + 96{3Ho
+(1/2(29- 480Ls) + 683 + 180 — 3%als + 288/503)5(1 )

+CaCENY (pqq(x)(—7531/81 —64/303+4802 — 16H 50— 3536/27 Hy+ 32/3 Hol>
—608/9Hoo—40/3Ho 00— 1552/27 Hy + 16H1{» — 176/9H1 0 — 8/3 H100
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—176/9Hy1+16/3H1 10— 16/3Hy 2 — 352/9 Hp — 8Hg)
+ Paq(—X)(—32/3%3—80/92 — 64/3H_20+32/3H 122+ 64/3H_1_10
—160/9H_10—32H_1004 16/3Ho— 8/3 Hol -+ 80/9 Ho 0+ 40/3 Ho 0,0)
—8(1+x)Hz2+16/3(1—5x)(H1l2 — H1,00) + 16/3(1+5x)(H 102+ 2H 1 10
—H_100) — 16/45(3—6x 1 — 497+ 54x*)Hg + 8/150»(15— 55x+ 36X°)
—16/15(55+2x %+ 35— 183)H_10— 4/9(73— 26%X)H; — 1/135(7303+ 288« *
— 4301%+ 2592¢) +8/15(55x — 36x%)Hg 0 — 160/3%3x— 32/3H_5 0 — (5516/27
224/305+7216/270 — 296/1572) 5(1 — x))

+C2n, (pqq(x)(—67/3 +208/373+32H_20+ 19Hy + 80/3 Holo + 12Hg 0
—32/3Ho0,0— 4H1 —32/3H1l> — 232/9Hy o — 80/3Hy 00— 64/3Hy 10— 32/3Hy>
—160/9Hy — 80/3 Hp 0 — 16Hp 1 — 32Hg) + pogq(—X) (64/3%3+160/92,
+128/3H_50—64/3H 1, —128/3H_1_10+320/9H 10+ 64H 100—32/3Ho
+16/3Holz — 160/9Ho o — 80/3Ho,0,0) +8/3 (14 X)(—2Hol2 + 7Ho,0,0 + H20
+2Hg) —32/3(1— X)H1,0— 32/3(1—5x)(H1Z2 — H1,00) + 16(1+ 3x)H>
—32/3(1+5%)(H_1Z24+2H 1 10— H_100) — 16/15Z5(15— 25x+ 36<°)
+8/3(19— 42X)H1 4 32/15(55+ 2x 2435 — 18)H_1 0 +4/45(85— 95x
+4323)Ho 0+ 8/45(134+ 24x 1 — 2694 216¢%) — 1/45(209+ 1921+ 492%
—1728C)Ho 4 320/33x+ 64/3H_20 — (239/6 +400/3{3 — 146/3>
—208/152)5(1— x))

+Cr nfz(pqq(x) (470/81 —32/9C5 4 268/27 Ho+ 16/3 Ho 0 + 116/27 Hy + 16/9 Hy o
+16/9Hy1+32/9Hp) —4/9(1+13x)Hy — 4/9(3+23X)Ho + 2/27 (29— 295)
+ (406/27 +536/2702) 5(1— x)) . (B.1)

The corresponding pure-singlet component reads

Kiops(X) =
CaCE N (8(1 +X)(4Holp — THp.00 — 4Hs0 — Ha) +8(1— X) (4H_pZz + 8H_5 10

+4H 500+ Ho002) +3203(2+X)Ho+64/3(3—x 14+ 3x—x®)H_1 10
+32/30(3+x 1 —3x—x®)H1 — 32/3(3+2x 1+ 3x+24)H_1,—16/3(3+8x !
+3x+8%%)H_100+ 16(3—X)H_30+ 16(4— 3x)H0,000+ 8/3(5— 13x+8x*)H2
+32/325(64x 1 4+6x+x?)H_1 —8/303(11— 32x 1 4 89x+ 28x?)
+4/573(11+ 31x) — 4/3%2(15— 16x 1+ 15x+ 16x*)Ho + 4/3(15+ 16x 1 — 51x
+16¢%)Hz — 8(15+4 32%)Ho 0,0 — 4/922(21— 368 1 — 363+ 160¢%)
+4/9(21+104x 1 4 21x+ 160¢)Hy — 8/3 (27— 16x 1 4 33x+ 24x%°)H 20
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—4/3(39416x 1 — 39— 16x%)H1 00— 4/3(49—32x 1 —x— 16x%)H1
—4/9(57— 127 1 — 48+ 118¢)H1 +32/9 (84 + 59 1 +48x+23¢*)H_1
+4/9(743+ 281 — 874+ 744)Ho o+ 1/27(8115— 1597 1 + 8688 — 832¢4)
—2/27(11373+820x 1+ 1860« — 1396(2)H0>

+CEng (16(1-1- X)(—3H_1{2 —6H_1 10+ 3H_100+ 6Ho.0{2 — 4Ho,00,0 — 2H202
+2H200—2H30—6Hs) +16(1 —X)(—2H_2{> —4H_5 _10+2H_200+ 2Ho(3
—3H1{o+3H1.00) — 16/3(3— 4x 1 —8x%)Hp 0+ 16/303(3+4x 1 +36x)
+16/3(3— 7x+24x%)Ho00 — 16/3(9— 4x 1+ 12x— 16x%)Hz + 16/3»(9 — 4x 1
+ 16X — 16x%)Ho +32/3(9+2X)H_20 + 16/57%(11+6x) — 32/3(12— 5x * — 12«
+5x%)H10—8/9(234— 80x 1 — 27x+ 32x?)H; + 16/45(585+ 4x 2+ 625
—363)H _10—4/9(657— 149 1 — 450 — 58¢*)H; + 8/45(5(1170— 400x *
+ 1115+ 160¢% — 72¢) — 2/45(1484— 6281 — 7911x — 1588¢)Ho
— 4/45(3015+4 1825+ 920¢% — 144¢3)Ho o — 1/45(6931— 5184 1 — 7391x
+56444) + 64H,3,0)

+Cr nfz(16/3(1+X)(—223+3H07070 —Ha0) —64/9(3+x 14+ 3x+x*)H 10
—8/9(3+4x 1 —3x—4®)H10+8/9 (23— 12x 1 4+ 95x— 20x%)Ho 0
+4/27(351— 212 1+ 114 — 240¢)Hg +2/81(5139— 2155 1 — 3420« 4 436¢)
. 64/9Zz(x—1+3x)) . (B.2)

The off-diagonal contributionlééé) and Kéﬁ) can be written as

2
Kz((p) (x) =

Ciny (8 Pag(X) [—11{3H1 —8{oH10 +4H1000 —8{2H11 +12H110 +4H1100
+14/3H12 +4H13+61/3H21 +4Ho10+4H22 +8Hz 1] +4pgg(—X) [-16H_2>
—6L3H_1—16H_1_20+8{2H_1_-1+32H 1 _1_10+4H_1_100+12{2H_19
—8H 1000 —20H 13] +8/3%(—16x 1+ 14+ 11x+18x%)H 1
+32(1 —4x—6X*)H_1, +8(1 —2X)[~7L3H1 — 4LoH10 +2H1000 —4L2H11
+2H1100+2H13] +8(1+2X)[4H_22 —7{3H_1 —4H_1 20 +8{2H_11
+8H_1_1-10—-6H_1_100—-4{H_10+2H_1000+2H_13] —8/3(1 +345x
—36x%)Ho00 + 6483 (2 +9X)Ho —8(3+2X)H_30 — 12(3 4 14x— 8x%) Hy
+16(4 —15%X) Ho,000 — 8(5 + 6x+16x°)H 200 +82(7 +38x)Ha +45(9
+38x— 24x%)Hoo 4+ 16(11 — 30x+8x*)H_» 10 +16/3(—16x 1 +13—-37x
—54x%)H_1_10 —8/3(—8x 1+ 15+ 420x — 436x*) H1 + 8 (15 — 22x
+24x%)H_p +4/3(32x 1 +17 — 691x+ 308x%) H3 — 4/375 (17 — 441x+ 308x?) Ho
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+8/3(17 — 184x+ 116x2) Hp o — 8/3 (17 4+ 127x+ 150x*) H_1 00 + 8/3> (16x~*
+23 4+ 65x—82x%)Hy —4(25+90x+8x%)Ha 00 +8/3 (37 — 222x+210x*) Hy 1
—8/3(—16x 1 4+46+125x—10x*)H_20 —4/3(32x 1 +99 4 159x — 280x?) H1 00
+8/9(244x 1 499 — 264x— 179x*)H_1 0 +4/3L3(80x 1 + 133+ 134x— 286x%)
+2/505% (1494 174x+ 352x%) — 2/9 (—192x 1 + 163+ 2758« — 2824¢%) H1 0
—4/9(—200x " + 375+ 2514x — 1852¢) Hy +4/92, (288x 1 4 375+ 1986x
—1852¢%) — 2/9(372x 1+ 1589+ 6362x — 2308x?) Hg + 2/9 (56x 1 + 2039

— 4942x+6340x%) Ho o +1/27(—19297 1 + 25545 58161x + 46270¢)
—64((3x—x*)Hzo —X*H_1,-12 +H110 +H12 +2Hp1) )

+CE (16 Pgg(X) [—4L2Ho0 —9L3H1 —8Hy 20 —10{2H10 +4H1000 —4{2H11
—3H110+2H1100 —3H12+4H120+6H13 —4{2H2 +4Hzo +4Ha]
+16pgg(—X) [-8{2H_2 —8H_2 10 +4H_200 —7{3H_1 +8{2H_1 1
+8H 1 1 10+2H 1 100 —-4H 112 -6{2H 10+2H 13 +4Ho000]
+16(1 —2X) [~7Z3H1 —4L2H10 +2H1000 —4{2H11 +2H1100 +2H1.3 — 2H3p
—2Hg] +16(1+2x)[~7(3H 1 —4H 1 20+8{2H 1 1+8H 1 1 10
—6H-1-100—4H-1-12 —4{2H-10+2H-1000 +2H-13 —3Ho000]
— 1683 (1 —34x+4x%)Ho +128(1 +x*)H 22 +8(3 — 2x— 12x%) Hpo — 32(3
—2x+8x%)H_30 —32/5Z5 (5 — 80x— 15x% — 24x%) Hg — 8/5,% (5 + 90x — 24x?)
—16(7 4+ 2x—12x%)H1 00 +8(13 — 42x+34x%) Hy 1
+16/1525 (—x 2 + 15+ 70x — 180x? + 36x%) Hy — 16/33(15 — 175x— 36x°
—36x%) +32/15(15 — 55x — 45x%> — 36x°) Hz +4(19 — 68x+52x%) Hy 0
+32/15(—x "2 + 30— 160x— 270x* —36x°)H_1,_10 —32/15(—x 2 430+ 50x
—45x% —36x%)H_100 — 16/52(x 2 450 + 80x+ 90x* + 36x°)H_
+32/15(x 2 +90 +40x+36x>)H_1 5 — 32/15(150 — 185x — 270x* — 36x°)H_»0
—4/15(8x 1 +161+1986x— 732x%)Hy — 1/45(64x 1+ 217+ 3528
—13320¢%) Hg + 2/45(—48x 1+ 2494 2494x — 1728%
—2880x%) Ho o +4/450, (48x 1 4 4834 1426x — 2196x° + 1440¢°)
—2/15(—16x "1+ 1849+ 756x — 2604x%) Hy — 1/45(—64x "1 + 2572+ 13953
— 16596¢%) — 8/45(—20x 2 — 12x 1 + 3651+ 2266x — 1602x* — 720x%)H_1
— 64(4x—X?)Hp00 — 16/15(85x — 90x% + 72x%) Ho,0,0 — 192X*H 50,0
—32(20oH_2 —{2Hoo —2H110 —2H12) +128X[-2H_5 10 + {2 H2] )

+CaCe ¢ (8 Pag(X) [23¢3H1 +12H1 20 +22{2H10 —4H1000 +16{2H11

64



+7/3H110+29/3H12 —8H13 —12Hp1 +4Hz210 +4Hz 2]

+ 16pgg(—X) [13¢2H_2 +8H_1_20 +9H_1_100 + 10H_1 12+ 12{pH_19
—6H_1000—2H 120 —5H 13 —4Z3Ho] +24(1 —2x)[7{3H1 +4LH1p
—2H1000 +4¢2H11 —2H1100 —2H13] +16(1 +2x)[3(2H 2 +6H_1 20
+9H_1 100 +6H_1_12+6{2H_10—-3H_1000—3H_13 —2H3p]
—32(1+3x)Ho000 +64(1 +14x+5x*)H_5 10 +8T2(3 —2x—4x*)Hoo
—8(3+10x—4x%)Hyq — 9675 (5 4 10x+6x2)H_1 1 +4/15(5 + 1660x + 840x?
+288x%)Hz — 4/1505 (5 4 2960x + 840x* + 576x%) Ho — 32(7 42X+ 8x*)H 2>
—B4(7 +14x+8X*)H_1_1_10 —16(7 +26x+10x*)H_200 + 16(13 — 6X
+8%%)H 30 +8(17 +38x+4 16x%) H 00 + 163 (25 + 50x 4 29x*) H_
—4/3(—16x 1+ 33— 42x—60x%) Hp0 — 8/150 (—2x 2+ 60x 1 4 35+ 370x
— 46552 + 72x%) Hy +4/525% (59 + 314x — 120x?) + 16/15(2x 2+ 60x *+ 110
+ 660X+ 755x% + 72x3)H_1_10 —4/3(131— 654x+582x%)Hy 1 —4/33(175
+934x+ 114x + 144x3) +4/15(195 + 550x + 1800x? + 288x%) Ho 0,0
—16/15(2x 2+ 40x 1 4 205+ 355x + 320%% + 72x°)H_100

+4/3(16x 14235 116x—72x%) Hy 00 +4/15(128x 4+ 261+ 3881x

— 2142x®)Hy +16/15(265— 325x — 755x% — 72x%)H_p0 4 2/15(784x 1 +399
+7156x — 8064x%) Hy — 16/15(2x 2+ 20x 1 4 4204 350x 4 65x + 72x°)H_1 2
—1/45(—848x 14695 — 25786x+ 30216¢?) Hy — 4/45C, (408x 1 4783
+2531x — 6426x% 4-2016x%) — 2/9 (—256x 1 + 831 — 3264x+ 2596x%) H1 ¢
—4/45(—24x" 1+ 927+ 1897x+ 4726x% — 2016x%) Hoo + 8/15C5 (6x 2+ 100x 1
+ 950+ 1360x+ 885x% 4 216x°) H_1 — 1/45(—4732% 1 +3042— 41977
+46292¢%) +8/45(—28x 2 — 12x 1 + 4281+ 4556x— 522x* — 1008C)H 10
9675 (4% — x2) Ha — 80073xHo + 128 wl)

+Can? (8/3 Pag(X) [~3L2H1 +6H11 +4H12 +2Ha1 +2Hs] +8/3 pag(—X) [L2H_1
+2H_1_10+3H_100] +8/3(1+2x)[-2H_20 +H_1{2+2H_1_10 —H_100]
+8/303(1 —46x+10%%) +8/32(1 — 2x)H1 — 16/3 (1 +4x)Hzp
—16/3%2(142x%)Ho 4+ 8(2 — 3x+x%) Hy +8/9(—4x 1 +5438x+39x%) Ho o
+16/9(—2x 1 +6 — 15x+ 11x%)Hy — 16/925 (2x 1 + 6 + 3x+ 11x?)
+8/9(—4x 148 —46x+53x%)Hyo — 16/9(4x 1+ 15+ 18x+4x°)H 10
—4/27(114x 1 469 4 90x — 278x%) Hg + 2/81(—1328x 1 4 3105— 3114x
+3524x%) +16/3 (X*H1,00 — Ho00 —2H11) )
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+Cen? (8/3 Dag(X) [~2H1.00 — 3H11 +2Hy 10 — 2H12 — 3Hp +3Hp0 — 2Hg]
+32/3pgg(—X) [-C2H-1 —2H_1 10 +H_100] + (1 —2%)[-32Hy 0,00
—16/3H1p] +16/30o (1 — 14x+2x%)Ho — 4/9(8x 1 +3 +48x— 44x?)H1
—16(3 — 11x—2x*)Ho 00 +32/3(5 — 6x+4x*)H_20 +16/3L3(7 — 6X)
—8/450, (40x 1+ 15+ 10x— 90x% — 72x3) + 16/45(x 2 — 20x 1+ 225+ 40x
—155x% +36x%)H_10 —8/45(40x 1 + 885+ 470x 4 460x* +72x%) Ho 0
—4/135(712x 1 +5304— 6771x— 9078%%) Hg — 1/405(9796x 1+ 7731
— 151506+ 105494¢) — 8/3 (2x 1 46X — 7x?) Hy +32/3(Hy1 +H2)
+16/3%%[282H_1 +4H 1 10 —2H 100 —2H100 —H20] )

+n? (8/9 Pag(X) [~Ho.o —H1o] +8/27(2x 1 —3 +6X)Hg +4/81(13x 45
-|—81x—49x2)>
and

K (%) =

(B.3)

CZCr (8 Pgq(X) [—8H1,—20+2H1000 +8{2H11 +13/3H110 —4H1100 +13/3H12
+8H120 +4H13] +16pgg(—X)[—4H_22+8H_1 20 —14{,H 11 —8H_1_1_19
+13H-1,-100 +10H-1-12 +7{2H-10 —5H-1000 —2H-120 —5H-13]

+24(2 —X) (—H110 —H12) — 1043 (—2x 1 +2 —x)H; —168%3(2x 1+ 2 +Xx)H 1
+8(32x 142 +25x)H 500 + —422(2 4+ 11X)Hoo +4(2 +13X)Hy — 1673 (—8x 1
+4 —9x)Ho +32(2x 1 +4 +3x)Hzp — 822 (—8x 146 —5x)H, —16(8x 1 +6
+5X)H 210 —8(16 —15x) Ho0,00 +4(18+X)Ho00 — 872 (24x 1 +30+13x)H >
—8(34—X)H 30 —4/302(—6x 1 +56 — 7x+16x%)Hy —16/3(—20x 1 465 — 7x
+12x%) Hpo —4(—92x 1475 —32x)H1 00 + 16/3(75x 1+ 1064 50x+8X?)H_1 5
+8/3(22x 1+ 110+ 19x— 24x%)Ho00 — 8/3(58x 1 + 144+ 51x+ 16x*)H_1 10
+4/305 (—44x 1+ 187+ 145x+ 32x%) Hg — 4/3 (44x 1 4+ 187 + 63x+ 32x%) H3
—4/9(—17x" 14242 - 121x)Hy 1 —2/50,% (384X 1 242+ 247x) +8/3 (—44x*
+353+41x+48x%)H 50 +8/303(—347x 1+ 444 — 24x+16x%) — 4/3»(358x 1
+ 568+ 251X+ 48x?)H_1 +8/9L» (—269x 1 + 704+ 24x+ 96x%) +4/3(632x 1

+ 7244 215x+64x2)H_ 100 —4/9(671x 1+ 1408+ 205x 4 192x%) H
—4/9(1209x 1 4 1484+ 157x+472)H_10 +4/27 (5419 1 4 1687+ 709x
+1446¢%)Hy —2/9(—1946x 1 +2190— 1269x — 400x?) Hy o — 2/9(—1892x 1
+10782— 1667x+ 1632x%)Ho o + 1/27(2852%K 1 + 27762+ 10188+ 15400¢%) Ho
—1/54(—223601x 1 4 172270 72332 — 7424x%) + 64 H,z,z)
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+CaC? (8 Pgq(X) [4H1,—20 —14{2H10 4+ 10H1 000 —16{oH11 +11/3H110
+16H1100+11/3H12 +8H13+10H00 +5H21 +4H2 10 +4H22]
+16pgq(—X) [-8H_1,20+14(H_1 1 +16H_1 1 _10—7H_1_100—6H_1_12
—2{H 10 —H 1000 —H-13] +16(2 —X)(—3Hz1 —Hzp) — 72{2(2 +X) Hop
+26403(—2x 142 —x)Hy +184%3(2x 1+ 2 +x)H_1 +16(4 +3X)Ho000
—3203(3X 1+ 54+9x)Hp +245 (4x 1 +6+5x)H 2 —8(12x 1 +6 +11X)H 200
+16(12x 1410+ 15x)H 10 +8L2(—20x 1 +18 —19x)Hy —32/3(11x 1 +18
+9X+2x°)H 12 +8(18+7x)Hg —8(6x 1+ 44+ 17x+8x*)H 20
+16/33(—18x 1 +56 — 49x+ 6x%) +8(30x 1 + 60+ 13x+8x*)H_1 10
—4/505% (—44x 1+ 724 27x) — 8/3(—45x 1 +94 — 17x+8x%) H1 0,0
—2/3(—210x 1 +116—23x)Hy o — 4(134— 67x+16x*) Ho 00 — 4/3(—96x 1 4 142
—95X) Hpo +4/15(16x 2 —135x 1 + 180+ 205x+ 36x%)H_10 — 4/3(134x 1 204
+63x+32x%)H_100 +4/302(—134x 1 4224 — 61x+24x%) Hy +4/3(178x 1
+324+111x+40x%)H_1 —8/9(—1043x" 1 4 420 — 201x+ 65x?) Hy
+4/375(—256x 1+ 556 — 299x + 48x%) Hg — 4/3(—220x 1 + 556 — 197x+ 48x%) H3
—4/9(—1497x 14+ 607 — 683x — 208x%) Hp + 4/45L5 (— 7890x * + 3035 — 2800x
—1040x% 4 108x%) + 2/45(4450+ 2785x + 2080x° — 216x°) Ho o — 2/45(—7269x *
+10022— 6078x+ 1756x%) Hg — 1/90(—5247% 1 + 133506— 13606x — 3656x%)
+68X 'Hy1 +16x(—H_30 +6Hz00) ~64H 22 )

+CF (8 Pgq(X) [14¢3H1 +8L2H10 —4H1000 +8(2H11 —4H1100 —4H13 +3H20
+4Hz210+4H22 +4Hz0 +8Hg1] +16pgg(—X) [7¢3H-1 +4H_1_20 —8{2H_1 1
—8H_1-1-10+6H-1-100+4H-1-12 +4{2H_10 —2H_1000 —2H_13]
+64(1+X)H_12 +16(2 —x) [+2Hz0 +Hz —Hz0 —3Ha] —16(2 +X)Ho 000
— 162 (—6x1+2 —11x)Ho 4+ 16(2 — 9x) Ho,0,0 + 16(2 — 5X) H200 + 3223 (3x ¢
+3+8x)+3203(—2x 1 +4 4 5x)Hp +24(2x 1 +4 +3x)H 100 +32(3x 1 +4
+5x)H_20+8(4 —x)H100+32(4+x)H_30 —16{2(6 —5x)H2 + 162 (6 — X) Ho 0
—16(6x 1 +84+5x)H 1 10 —822(8 —5X)H1 —32(4x 1 +10+7x)H 2 19
+16(4X 1+ 14+ TX)H_200 —8/502% (—16X 1+ 16 +X) — 82 (6x 1 +16
+13X)H 1 —4(—14x 1+ 184 x)Hyo —4(—10x 1 +18+25x)Hy — 162, (4x 1 +18
+7X)H_p —2(+27x 1 +42 —16x)Hy +8/15(—16x 2+ 285x 1+ 180 — 85x
—36x%)H_10 +4/15, (420x 1 + 270+ 205x — 72x%) — 4/15(360+ 85x — 72x%) Ho 0
—2/15(716x 1 +2132+597x — 144x%) Hg +2/15(—2734x 1 42716+ 369x + 144x%)
+16x}(2H11 +3H110+3Hiz +6Hz1) +128H 52
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+CEny (16/3 Pgq(X) [7¢2Ho —2o2H1 +2H100 —H110 —H12 —3H20 —3H21 — 7Hz]
+16pgq(—X) [~L2H-1 —2H_1 10 +H 100] —32(1+X)H_10+8/3(2 —x)[-22Ho
+12Ho0,00 +H20 +2H3] +4/3(—18x 1 +4 —x)H10 +8(8 4 3x) Ho,0
+4/3(—91x 1430 —7x)H; —16/3%3(—26x 1+38 —13x)+8/9(—161x 1 +110
—67X)Hy —8/95(—161x 1 4110 — 31x) +4/9(104x 1 4+ 506+ 47x) Ho0
+4/27(55x 1 +1401—198x — 112x%) Hg +1/27(—5779 1 + 13788— 8223
+304x%) — 24X 'Hy1 —64H 20)

+CaCr 1 (4/9 Paq(X) [~12L2Ho + 4202 H1 —90H 00 — 17Hy1 — 24 Hy 10 — 24Hy 5]
+8/3 pgg(—X) [-C2H-1 +6H_1 _10+7H_100 +4H_12+2H3] +32/3 (=3x1+1
—2X)H20 +32/3(—2x 1 +1 —2X)H 20 +12(2 —X)Hy1 +8/9(—45x 1+ 4 +17x
+8x%)H_ 10 +1603(—4x 1 +4 —3x) —32/3(x 1 +5+4x)Ho 0 +8/9(—17x 1
+160— 26X+ 16x%)Hp — 8/9C5 (28x 1+ 160 — 43x+ 16x%) 4+ 8/9(—212x 1 4232
— 101X+ 4x?)Hy o +8/9(—229x 1+ 368 — 201x+44x%) Hoo + 4/27(26x 1 + 418
—407x—192x%) Hy +4/27(—2579% 1 4 4572— 1050x+ 112x%) Hg
+2/81(—21551x ! +11598— 12585« — 6364x%) — 32/3xH3>

+Cen? (8/27 Pq(X) [39Ho0 +29Hy +15H o +6Hy1 +12Hy] +32/9%5 (—2x 142

—X)—4/9(—119x 1 + 106 —52x) Hyg — 2/27(—1003x 1+ 814 — 422x)> . (B.4)
Finally the second diagonal NNLO entry is given by
2
Kyo () =

c? (pgg(x) [18974/27 — 44005 — 3008/97, — 24/53 — 64H_30 + 9672 H_»
+64H 510 —352/3H 00 — 64H_500 — 64H 55 + 1118527 Hy — 11273Ho
—880/3Z2Ho +3008/9 Ho,o — 12822 Ho,0 +440/3Ho 0,0 + 64 Ho 0,00 +9782/27 Hy
—96Hy {5 — 176/302Hy — 64Hy 20 +1360/3 Hyo — 9672 H1 0 +616/3H1 00
+128H 000 +968/9H11 +176H 10+ 128H1 100 +176H 2 +128H 29
+128H; 3 +1360/3H, —64{2Hy +176H 0 +160H 00 +176H 1 +128H 10
1 128+ +968/3Hs + 160H0 + 128 Hy 1 + 128Hy] +8pgg(—X)[~77/3La
—134/95 +118% —8H 30 +32{2H 2 +16H 2 10 —22H 20 —36H 200
—24H 55 +24(3H_1 +88/3{2H_1 +16H_1 20 —32{2H_1_1 +88/3H_1_10
+48H_1_100+32H_1_12 —268/9H_10 +36{2H_10—110/3H_10p0
—32H 1000 —44/3H 15 — 8H_120 — 32H 13 — 10{3Ho — 1125 Ho + 134/9 Hoo
—16¢2Ho0 +11Hoo0 +8Hop00 +4{2H2 +22/3Hz +4Hz o + 16 Hs]
+32(14+X) [~2Z2H2 +5Hp00 +8Hao +13Hs] +64(1—X)[~L2H 2 —2H_2 10
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—3H 500] —16(—11x 1 +3+3x—11x®)H_1 10 — 8% (11x 1 +3 —3x
—11x%)H; —12823(3 +X)Ho +8(12x 1 +5 —5x—12x*)Hy 0 — 64(5 —X)H_30
— 3205 (13+11x) Hoo + 16/3 (194 117x— 132x%) Ho 00 — 16/3(—22x 1 + 21
— 51X+ 66X%)Ha 0 — 8(—33x 1 +25 — 25x+ 33x%) H1 00 + 16(11x 1 + 25 4 25x
+11x%)H 12 — 16/523 (33 +43%) — 8% (11x 1+ 53+ 53x+ 11x*)H_
+32/3(44x 1457 +57x+44x%)H_1 00 +8L3(—55% 1 +59 + 22x+ 66x°)
+16/3(—22x 1+ 62+ 19x+ 77x%) H_20 +8/372(—33x 1 + 75 — 7x+231x%) Ho
—8/3(11x 14+ 75— 45x+ 231x?) H3 +8/9 (—134x 1 + 137 — 316x— 229x) H,
—8/97,(631x 1+ 137+ 461x — 229x?) — 8/3(255x 1 4 259+ 259x + 255x%) H_1 ¢
—8/9(—242x 1+ 1593 642x+2217x%) Hoo +2/27(—3774x 1 +8194— 6797«
+5105¢%) Hy +1/27(23364¢ 1 + 65830+ 21391x+ 53565¢) Hg
—2/81(—12951% '+ 83236— 96986x + 10784%2) + 448xHo 000 — 1/486(592399
+388805) 5(1—x) + (1988/373 + 11185277, — 16,3 — 8873) 6(1—x)>
+C2ny (2 Pyg(X) [~10429/81 + 243 + 487, +32/3H_20 — 2281/27 Hy +80/3%2Ho
—48Hy —40/3Ho 00 —1882/27 Hy +16/3%2H; —512/9H; 0 —56/3H100
—176/9Hy1 —16Hy 10 — 16H1 2 —512/9Hy —16Hy 0 — 16 Hp 1 — 88/3 Hs]
+16/9 pgg(—X) [213 + 102 +18H 20 —24LpH 1 —24H 1 10 +20H 19
+30H_100+12H_12 +9¢>2Ho —10Hy0 —9Hop0 — 6H3] +8(1+x)[-6{2H>
—4Hz0+3Hz00+3Hs] +48(1—xX)[-{oH_2 —2H_5 _10+H_200]
+32/3(x 1+ 3+3x+X%)H_ 12 42/27(374x 1 +3 —807x— 1100x%) H;
—822(3+5X)Hoo +16Z3(—Xx 1 +545%) +16(5 —X)H 30 — 16(—2x 1 +7 +7x
—2X®)H_ 1 10—-8L(2x 147 —7x—2x%)Hy +40/3(—2x 1417+ 17x
—2X*)H_10 —8/3(20451x)Ho00 +4/3(4x 1 +21 - 21x— 4x%)Hy 00
+12/523 (234 13x) 4+ 16/9(—35x 1427 — 27x+35x%)Hy o + 8/3(—4x 1 427
+27x—4x*)H_100 —4/9(88x 1 +32 4 761x — 396x%) Hoo — 8/3%2 (—2x 1 433
+33x—2Xx?)H_1 +4/3 (—4x 1 +39 4 71x+12x°)Ho — 4/3(—4x 1 +39 4 81x
+12x%)Hz +8/3(47 — 5x— 12x*)H_50 +4/9(—52x ' + 145+ 193x + 140x%) H
—4/925(8x 1 4 145— 317x+ 140x%) — 2/27(2008x 1 4 586 + 3196x — 1757%%) Ho
—2/81(7616x 1+ 13155 5298 + 2473%?) + 16X[—6L3Ho + H0,0,00]
+(89027/162 — 80/3L5 — 4562/27%» + 1672)5(1 — X) )

+C2ny (32(1+X) [C2Ho0 —Ho,0,00 —C{2H2 +H200 —H30 — Ha|
+32(1—X)[~{2H 2 —2H 2 10 +H 200] —16%3(4x 1 +1 +4x)
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—3203(143X)Ho + (—4x 1 +34+3x—4x%)[-16/3LxH 1 —32/3H_1 10
+16/3H_100] + (4x 143 —3x—4x%)[~16/3{2H1 + 16/3H100]

+16/523 (3 —2x) +32/3(3 —2x—4x®)H_20 —16/3(3 +2x) Ho00 — 16/3 (4x 1
+6+3x)Ha0 +16/302(4x 1 +9 —10x)Ho — 16/3(4x 1 +9 —6x)H3
+8/9(—44x 1 +27 — 27x+44x%) Hy o +64/45(—x %+ 105+ 95x+ 9x°)H_1

— 4/45(135+ 1835x — 440%% + 144x3) Ho o +4/27(—691x 1 + 675 — 54x
+70x%)Hy —2/135(1884x 1 + 1368+ 6933x + 164x%) Hg + —1/135(7632x 1
+4807—3427x— 9012x%) —8/9 (80x 1 4 27x) Ha 4 8/45, (400x 1 +895x + 72x°)
+64H 30 +6(1—x))

£ CACEN (8 Pag(X) [~22/3 + 4T3 — Ho — H1] +16(1+X) [6Z2Hoo + 7Z2Ha — 7Ha00
—2H30 —6Ha] +16(1—x)[7H_282 +14H 2 _10 —3H_200] +1283(1 +2x)Ho
+64(2 —3x)Ho000 —64/3(X 1 +3+3x+x*)H_ 1, —4/3(32x 1 +11 - 59x
+16x%)Hyo —16/3(4x 14+ 15 — 18x— 4x?) H3 +16/3%> (15 — 3x— 4x%) Ho
—8/3(8x 1423 - 7x)Hpo —8/3{3(—20x 1 +25+43x+8x%) — 16/3(4x 1 +30
— 15X — 12x®)H_50 — 8/3(20x 1+ 33 — 33x— 20x?) Hy,00 — 8/3 (43 + 31x) Ho,0,0
+16/3(—16x 1 +45+45x—16x*)H 1 10 —8/3(4x 1 +45+45x+4x*)H 100
+8/3%5(16x 1 +45 — 45x— 16x%)H1 +8/3%2(—8x 1469+ 69x— 8x%)H_1
+16/925 (87 — 216X+ 14x%) —16/9 (87 — 3x+ 14x%) Hy — 16/3 (95 + 71x
—24x%)H_10 4+ 4/9(—116x 1 4335+ 1223x+ 360x%) Ho g — 4/27(—241x 1
+2196—2223x+ 268x?) Hy —2/27(1284x 1 + 2463 — 2286x + 8464x%) Ho
—1/81(24445¢ 1 + 5079+ 31074x— 52282x%) — 8(7L2 + 12H_3) + (465/2
— 17603 —8(2)8(1~-x) )

+Can? (4/81 Pg(X) [571— 1445 + 417 Hy + 144 Hyo + 318 H; + 144 H o + 72Hy 4
+144H] +32/9(1+X)Hoo +32/9(2 —x+X) [~Lz + Hz] +2/27(52x 1 + 225
— 81x+80x%)Hy +2/27(192x 1 + 404+ 5x+ 146x%) Hg +2/81(1540x 1 + 891
+303x — 202x%) + (—1139/18 — 163 + 556/27L>) 5(1—x))

+Cen? (4 Pag(X) +16/3(1+x)[223 +5Ho00 +H20] +8/9(4x 1 +3 —3x
—4X?)H10 +8/9(20x 1 +47 +5x—4x%)Hoo +4/9(100x 1+ 155+ 2x) Hg
+2/27(1079¢ 1 + 309 — 1314x + 178x%) + (—43+3203) 5(1 — x))

+nd (8/81pgg(x) [~10—9Ho — 6H1] +8/81(2 — x4+ %) [~10— 9Ho — 6 H1]
+8(25/243 1/9zz)5(1—x>) . (B.5)
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Appendix C: The gluon coefficient function for F, at large x

In this final appendix we provide the largezoefficients of the gluon coefficient functicmé?g(x)
for the photon-exchange structure functfen which were not written down in Ref. [9] for brevity.
As their counterparts far (n)( X) in Egs. [3.2R) H(3.29), these coefficients contribute tdahgex

behaviour of the off-diagonal physical kern&é andK( ) presented above.

The second-order coefficients are (retalk= In (1-x))

2 2 10

Cé,g)] 3 §CAnf ‘i‘?CF N, (C.1)
2

cy) o = —4Cam —9Cen; (C.2)

ciyl, = (14-822)Cany — (2+1622)Cen; . (€3)
’ 1

The corresponding three-loop results read

) 5 %cgnf Jr%)cénf : (C.4)
) . 259430A ne — 22076CFCA ne — 863c§nf+;—;CF nf2+217cAn$, (C.5)
(157 37612) Céng — 2916& nf2_18£12CAnf27 (C.6)
C% 2 (%B_QZZZ__ZL%)CFCAW
(13;37189 652 17623) CA o+ (%_ 4_OZZ> CAnf
(B2 14z, —7213) can + (220207 )cenp c7)
cfé LT (324928 @Zz - @Zs - —Zz> Cr Can
+( 62256— &5222 - 9—5223 +5023) CEny
+ (@ - 4—6z2 — 45673 + 63212) C2ny
—(%728—4—9632——13)% f2+<%736 %312 —ZS)CanZ . (C.8)

Note the close similarity between Eds. (3.2P), (B.25),)(@rid [C.4) for the leading logarithms at
NNLO and NLO which may point to yet another general structure.
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