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Abstract

We calculate the O(ag ) heavy flavor contributions to the Wilson coefficients of the structure function
F>(x, 0?) and the massive operator matrix elements (OMESs) for the twist-2 operators of unpolarized deeply
inelastic scattering in the region 02 > m?. The massive Wilson coefficients are obtained as convolutions of
massive OMEs and the known light flavor Wilson coefficients. We also compute the massive OMEs which
are needed to evaluate heavy flavor parton distributions in the variable flavor number scheme (VENS) to
3-loop order. All contributions to the Wilson coefficients and operator matrix elements but the genuine
constant terms at O(ag) of the OMEs are derived in terms of quantities, which are known for general

values in the Mellin variable N. For the operator matrix elements A(Q3i” Al(;g) 0 and A?g) 0 the moments

N =2-10, for AS?{’PS to N =12, and for qu)’gs, qu)’gs, A?q) oo N = 14 are computed. These terms
contribute to the light flavor +-combinations. For the flavor nofl—singlet terms, we calculate as well the
odd moments N = 1-13, corresponding to the light flavor —-combinations. We also obtain the moments
of the 3-loop anomalous dimensions, their color projections for the present processes respectively, in an
independent calculation, which agree with the results given in the literature.
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1. Introduction

Deep-inelastic scattering processes of charged or neutral leptons off proton and deuteron tar-
gets, in the region of large enough values of the gauge boson virtuality Q> = —g? and hadronic
mass W2 = (¢ + p)?, allow to measure the leading twist parton densities of the nucleon, the
QCD-scale Agcp and the strong coupling constant aS(Q2) = ozx(Qz) /(4m), to high precision.
The precise value of Agcp, a fundamental parameter of the Standard Model, is of central im-
portance for the quantitative understanding of all strongly interacting processes. Moreover, the
possible unification of the gauge forces [1] depends crucially on its value. Of similar importance
is the detailed knowledge of the parton densities for all hadron-induced processes [2], notably
for the interpretation of all scattering cross sections measured at the Tevatron and the LHC. For
example, the process of Higgs-boson production at the LHC [3] depends on the gluon density
and its accuracy is widely determined by this distribution.

Let us consider the kinematic region in deeply inelastic scattering, where processes of higher
twist can be safely disregarded and the hard scales O and W? are large enough to allow
the application of the light-cone expansion, saturated by the twist-2 contributions. The scat-
tering processes are then described by structure functions F;(x, QZ), which decompose into
non-perturbative massless parton densities f;(x, w?) and perturbative coefficient functions

¢/ (x, Q*/u?) by

. Q2
Fi(x,0)= ) ¢ (x, =) ® fi(x. 1?). (1.1
i=4.3.8 H
The scale ¢ denotes the factorization scale, which is arbitrary and cancels between the coefficient

functions and parton distribution functions in the respective orders in perturbation theory. The
symbol ® denotes the Mellin convolution

1 1
(4@ BI(x) = f dxi / dx28(x — x1x2) A(x1) B(x). (12)
0 0

The Mellin transformation
1

M[f)](N) = f dx xN71f(x), (1.3)
0

if applied to (1.2), resolves the convolution into a product.

Since we strictly consider twist-2 collinear parton densities in the Bjorken limit, no transverse
momentum effects in the initial distributions will be allowed, which otherwise is related in the
kinematic sense to higher twist operators. As is well known, the leading-twist approximation and
the QCD improved parton model are equivalent descriptions for the dominant contributions to the
deep-inelastic structure functions at sufficiently large scales Q2. The condition for the validity of
the parton model [4] demands that

Tint

<1, (1.4)
Tlife

with tjp being the interaction time of the virtual gauge boson with a hadronic quantum-
fluctuation, the life-time of which is given by 7jife. The latter can be interpreted as a partonic
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state, provided (1.4) holds. Both times are measured in an infinite momentum frame and they are
given by

1 4Px (1.5)
T ™~ — = —5———, .
™ g 02(1-x)
1 2P
Tiife ~ = , xi=1, (1.6)
" Y E-E Zi(ki,i +m?)/xi — My, Xz: l

with P the large momentum of the hadron, g the energy component of the virtual gauge boson
in the infinite momentum frame, E; the energy of the ith fluctuating parton, kj ;, m;, x; its
transverse momentum, mass, and momentum fraction, E the total energy, and My the nucleon
mass. In the region of not too small values, nor values near the elastic region x =~ 1, of the Bjorken
variable x, the partonic description holds for massless partons. Evidently, for the production of a
heavy quark pair near threshold their kinematics is not collinear to the ‘mother’-parton and the
nucleon, due to the missing boost. We will discuss later (Section 6) under which conditions one
may define heavy quark parton densities within the variable flavor scheme.

To perform the perturbative calculation we will first refer to the fixed-flavor number scheme
and start with strictly massless (longlived) partonic states to obey a LSZ-requirement.! Within
this framework one separates the light, Ci] Hight
Wilson coefficients,

, and the heavy flavor contributions, Hi] , to the

2 2 2 2 2
. m P . m
¢/ (x, <. —§> - c,-."hght(x, Q—2> ! (x, <. —§> k=c.b, (1.7
n2 I u2
with
2 2 2 2 2 2
H{ (x, Q_z’ _12<> _ Hlg,asymp <x, Q_Z’ _l2c> n Hl{,power(x’ Q_z’ —12{)’ (1.8)
n? u 2 u? u

where the first term describes all logarithmic and the constant contribution in m% Ju?, cf. (2.11)—
(2.15), and the second term the power corrections (m% / ,uz)l, [ > 1. Both, the measurements of
the heavy flavor part of the deep-inelastic structure functions, cf. [5], and numerical studies [6]
based on the leading [7] and next-to-leading order (NLO) heavy flavor Wilson coefficients [8],
show that the scaling violations of the light and the heavy contributions to (1.7) exhibit a different
behaviour over a wide range of Q2. This is both due to the logarithmic contributions Inf (02 /m?)
and power corrections (m2 / Qz)k, k > 1. Moreover, in the region of smaller values of x the
heavy flavor contributions amount to 20—40%. Therefore, the precision measurement of the QCD
parameter Agcp [9] and the parton distribution functions in deeply inelastic scattering require the
description of the light and heavy flavor contributions at the same accuracy. The separation (1.7)
allows the definition of the light flavor contributions and the related heavy flavor contributions to
F;(x, Q%) applying the factorization Eq. (1.1).

The perturbative accuracy reached for Fl.hght(x, 0?) is of 3-loop order [10-26], which re-
quires to calculate the 3-loop heavy flavor Wilson coefficients as well. The NLO heavy flavor
corrections in the complete kinematic range are available only in semi-analytic form [8] due

1 We are aware that due to color confinement, this is an idealized picture. On the other hand, after having performed
factorization, this is the only way in which a consistent calculation can be carried out.
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to the complexity of the contributing phase space integrals.> Heavy flavor corrections to dif-
ferent sum rules for deep-inelastic structure functions were calculated in [28]. An important
part of the kinematic region is that of larger values of Q2. As has been shown in Ref. [29], the
heavy flavor Wilson coefficients Hé (x, Q%/u?, ml2 /1?) can be calculated analytically at NLO for
Q?%/m? > 10.3 This is due to a factorization of the heavy quark Wilson coefficients into massive
OMEs, A ji, and massless Wilson coefficients, Cl.] Mt 4 case one heavy quark flavor of mass m
and n ¢ light flavors are considered. This restriction to only one heavy quark flavor is required
beginning with the 3-loop corrections and will be adopted in the following. In the present paper,
we calculate the massive operator matrix elements A j; contributing to the heavy flavor Wilson
coefficients for the structure function F»(x, Q2) in the region 0?%/m? 2 10 to 3-loop order for
fixed moments of the Mellin variable N. In case of the flavor non-singlet (NS) contributions,
we also present the odd moments of the —-projection. We further calculate the operator matrix
elements, which are required to define heavy quark densities in the VFNS [31]. Due to renor-
malization, higher order contributions in ¢ to corrections of lower order in ag, cf. [29,31-35],
and other renormalization terms, such as the anomalous dimensions and the expansion coeffi-
cients of the QCD B-function and mass anomalous dimensions, contribute. For these reasons,
the present calculation yields also the moments of the complete 2-loop anomalous dimensions
and the terms o T of the 3-loop anomalous dimensions y;; (V). In the pure singlet (PS) case,
y;f,’PS (N), and for y,,(N), these are the complete anomalous dimensions given in [18,19], to
which we agree. Since the present calculation is completely independent by method, formalism,
and codes, it provides a check on the previous results. Except for the constant part of the unrenor-
malized heavy flavor operator matrix elements, we obtain the heavy quark Wilson coefficients
in the asymptotic region for all values of the Mellin variable N. The analytic continuation of
these expressions to complex values of N can be performed with the help of the representa-
tions in [36] and those given for the anomalous dimensions and massless Wilson coefficients in
[18,19,26].

The paper is organized as follows. In Section 2, a brief outline of the basic formalism is
given. The renormalization of the different massive operator matrix elements is described in Sec-
tion 3. In Section 4, we present details on the unrenormalized and renormalized operator matrix
elements. Technical details of the calculation and the main results are discussed in Section 5.
Depending on the CPU time and storage size required, the moments up to N = 10, 12, and 14
of the different operator matrix elements could be calculated. In Section 6, representations for
heavy quark parton densities in the region ;2 > m? are given and Section 7 contains the conclu-
sions. In Appendix A, we give a consistent set of Feynman rules for the composite operators up
to 3-loop order, present the moments of the 3-loop anomalous dimensions, and of the constants
part of the different 3-loop massive operator matrix elements.

2. The formalism

The heavy quark contribution to the structure function F»(x, Q) for one heavy flavor of mass
m and n 7 light flavors is given by [31],

2 A precise numerical implementation in Mellin space was given in [27].
3 In case of Hi (x, Q2/,u2, miz/uz) this approximation is only valid for Q2/m2 2 800 [29]. The 3-loop corrections
were calculated in Ref. [30].
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Fao(x, Q% ny,m)
=Ze {LNS Q = ) ® [fie(v. 1 np) + fi(x. 1 onp)]
k=1 u?
+135 (”f ,f— ) ® 3 (x, 1 ny) + ii(ﬂf’ % m—j) ®G(x, Mz,”f)}

y2
2 2
2 | yPs Q" m 2
+8Q|:H2’q<nf,m,?)®2(x,,u ,nf)

’e:m| 3

Q2 m2
+H23,g<nf,ﬁ,F ®G(x,u* ny) |, (2.1)

with (S) the singlet contributions. Here, we denote the heavy flavor Wilson coefficients H{ by Lij ,
Hij respectively, depending on whether the photon couples to a light (L) or the heavy (H) quark

line. fi(x, n?) and filx, w?) denote the quark- and antiquark-distribution functions, G (x, u?)
is the gluon distribution and

ny
(e u?) =D [flr 1?) + fr(x, 1?)] (2.2)
k=1
denotes the flavor singlet distribution. e is the electric charge of the heavy quark. Due to the
difference of quantities taken atn s + 1 and n y flavors, it is useful to adopt the following notation
for a function f(ny),

fap=fop+1)— flny), 2.3)
fp) = fop), (2.4)
ny

-

and f np)=1 f (nf)].4 As has been shown in Ref. [29], the heavy quark Wilson coefficients
in deeply-inelastic scattering, Hj factorize in the region Q2 > m?, in which power corrections

can be disregarded, into massive operator matrix elements A,’jls s and the light flavor Wilson
coefficients C NS, S,
NS,S NS,S NS,S
Hir m = Ay " ®C ™, (2.5)

where i =2, L specifies the structure function considered.
The operator matrix elements AN K. l S are the partonic expectation values

2
m
AZS’S<N, M—) {oNSSiy, 1=q,s, (2.6)

with the local twist-2 operators given by

- A
0}, P i"_IS|:1pyM1 Dy,---Dy, T“w:| — trace terms, 2.7

4 Later on, the symbol ~ will also be used for the bare coupling ds, the mass 7, and the bare OMEs, where (2.3) is not
applied.
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0}3;#1 _____ i = i"_IS[I/_f)/MD,L2 --- Dy, Y] — trace terms, (2.8)
OV, =20"*SSP[F& ,Dyyy - Dy, Fi%] — trace terms, (2.9)

for the fermionic non-singlet, singlet, and gluonic case [37]. Here, S denotes the symmetriza-
tion operator of the Lorentz indices i1, ..., n; Aq is the flavor matrix of SU(n ¢) with n ¢ light
flavors, ¥ denotes the quark field, Fjj, the gluon field-strength tensor, and D), the covariant
derivative. Sp in (2.9) is the color-trace. The quarkonic operator matrix element can be repre-
sented by

S _ 4sNS PS
A=Ay H Ay (2.10)

The different contributions to (2.5) were given in [31, Egs. (2.31)—(2.35)]. To O(ag), the
Wilson coefficients H{ in Mellin space are:

Yo ) =al[A0 g ) + 5P )]

qq.Q
+ad (AL (np) + AL S (ny )c2$“>(nf)+CNS D], @.11)
LES(np)=al[A Z’jS)(nf)JrA(gzq{Q(nf)C“)(anr1)+czq (nf)], 2.12)

LS ,(np)=a?Al) () CY)(n g +1)

+a; [A;?; o)) + A% Q(nf)c<2’ (nf+ D)+ Ag) o (1) Cay(ns +1)
A n)CES Py + 1>+c2g<nf)] (2.13)

HS(ny) = d [ AP+ CE Py +1)]
+a}[AG P )+ Dy + 1)+ AL Sy + 1)
+ 40P S Vg +1)], (2.14)
HS ((np) = as[AG), (np) + C5 g+ 1)]
+al[Agyn )+ Agyn)Cog Ving + 1)+ A o (1) C3yny + 1)
+CO s+ 1)
+a[AG )+ AL () CYe P g+ 1)+ AL () CE g+ 1)
A(”( PSP r+ 1)+ C5Pmp+ D]+ AL ;1 )CE(np + 1)
¢y Yng+ D). (2.15)

For brevity, we have dropped here part of the arguments of the Wilson coefficients and operator
matrix elements by 1dent1fy1ng H] = HJ (N, Q*/u?, u*/m?, ng, C] C] (N, Q%/u?, ny) and
Ajj=A;(N, m?2 / ,u ,n 7). These representations were verified in the LO and NLO case compar-
ing with the results in [7,8] for Q2 > m?.

The massive operator matrix elements are calculated keeping the external massless parton

lines on-shell, while the heavy quark mass m sets the scale. The massless Wilson coefficients Cij
in (2.11)—(2.15) were calculated in Refs. [20,21,23-26].
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3. Renormalization of the massive operator matrix elements

We perform the calculation of the massive operator matrix elements in D = 4 + ¢ dimensions
and apply dimensional regularization. For each loop integral a factor S,

Se =exp|:§(yE —ln(47t))i|, 3.1

with )/E_the Euler-Mascheroni constant, is obtained which collects universal terms, and S, := 1
in the MS-scheme. The following equation shows the perturbative expansion of the unrenormal-
ized OMESs, denoted by a double-hat, in the bare coupling constant a; in Mellin space

< —.e N)_a,,+z A(l)<—8N>
le/2
—3,,+ZA’< ) A“(m =u2 & N), (3.2)

with

oo
A 1
A = s ) = 3 a0, o
k=0
Here, N is the Mellin-parameter, (1.3), / the bare mass, and u = ug is the renormalization
scale. Also the factorization scale pr will be identified with p in the following.
The factorization between the massive OMEs and the massless Wilson coefficients (2.5) re-
quires the external legs of the operator matrix elements to be on-shell,

p>=0, (3.4)

where p denotes the external momentum. Unlike in the massless case, where the scale of the
OME:s is set by an off-shell momentum —p? < 0, in our framework the internal heavy quark
mass sets the scale. In the former case, one observes a mixing of the physical OMEs with non-
gauge invariant (NGI) operators, cf. [16,38,39], and contributions originating in the violation of
the equations of motion (EOM). Terms of this kind do not contribute in the present case.

The renormalization of the massive OME:s is performed in four steps. First mass renormal-
ization is carried out, for which we use the on-mass-shell scheme and later also compare to the
results in the MS-scheme. Afterwards, charge renormalization is performed in the MS-scheme.
To maintain condition (3.4), which is of physical importance, we will, however, first introduce a
MOM-scheme for the strong coupling constant and then perform a finite renormalization chang-
ing to the MS-scheme. The former scheme is implied by keeping the external massless parton
lines on shell. Note, that there are other, differing MOM-schemes in the literature, cf. e.g. [40]. Af-
ter mass and coupling constant renormalization, the OMEs are denoted by a single hat, Aij. The
ultraviolet singularities of the composite operators are canceled via the corresponding Z; j-factors

and the UV-finite OMEs are denoted by a double tilde, A; - Finally, the collinear divergences are
removed via mass factorization.

3.1. Mass renormalization

There > are two main schemes to perform mass renormalization: (i) the on-shell scheme and
(ii) the MS-scheme. We will apply the on-shell scheme in the following, defining the heavy
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quark mass as the pole mass, and compare to the MS-scheme later. The bare mass in (3.2) is
replaced by the on-shell mass m through

2\ &/2 2\ &
A A (m A2 M 53
m=Zym= m|:1 +as<—2) dmy + a; <—2) 8m2i| + 0(a;). (3.5)
o w
The constants in the above equation are >
6 3
dmy =Cfp|—-—4+ 4+Z§2 g (3.6)
€
1)
- % +om'® 4 5m Ve, 3.7

1
dmy = CFI:S_Z(ISCF —22C7 +8Tp(ny + Nh))

1/ 45 91
+ g(—?CF + TCA —14Tp(ny +Nh))

199 51
+ CF(? - 752 +48In(2)5 — 12C3>

605 5
+C4 <—? + 5@'2 —24In(2)5 + 6§3>

45 69
(2 5D
5 5
= T s, (3.9
& &

with Cr = (Nf —1)/2N;), Cp = N, Tp = 1/2 for SU(N,) and N, = 3 in case of QCD.
¢k denotes the Riemann ¢ -function. In (3.8), n s denotes the number of light flavors and Ny, the
number of heavy flavors, which we will set equal to one from now on. The pole terms were given
in [41,42], and the constant term in [43,44], see also [45]. In Egs. (3.7), (3.9), we have defined
the expansion coefficients in ¢ of the corresponding quantities. The following equation shows
the general structure of the OMEs up to 0(&3) after mass renormalization

. 2 . 2
Aij <m—2 g, N) =3;j +&s1‘§,§})<m—2,8, N)
I ' I

2 ~
+8ﬂ m’ 8m2d—2/§“) m? e, N (3.10)
) Mz dm2 ij M27 ) . .

5 Note that there is a misprint in the double-pole term of Eq. (28) in Ref. [34].
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3.2. Renormalization of the coupling

As the next step, we consider charge renormalization. We briefly summarize first the main
steps in the massless case in the MS-scheme. Afterwards, we extend the description to the mas-
sive case in the MOM-scheme which we use, before we transform back to the I\IS-scheme.

The bare coupling constant a, is expressed by the renormalized coupling a?"s via

_2 J—
ag = Z;}/IS (e, nf)ays (,uz)

. . e e - o3
=ayS(u?)[1+ 84T (n p)ay (1) + 8a)'S (n p)a"s (W] + 0(a'®"). (3.11)
The coefficients in Eq. (3.11) are [46—49] and [50,51],
S 2
8P (np) = ~folny). (3.12)
MS _ i 2 l
bagy(np)=—FBons) + —Prlny). (3.13)
with
11 4
ﬂo(nf)=?CA—§ Fny, (3.14)
34 5 5
ﬁl(n.f-):?CA -4 gCA_"CF Trny. (3.15)
The evolution equation for the renormalized coupling constant is then given by
das(u?) 1 SR = P ST
= —ega, — : ) 3.16
dnGR) — 25 (%) ;ﬁk% (%) (3.16)

The factorization relation (2.5) strictly requires that the external massless particles are on
shell. Massive loop corrections to the gluon- and ghost-propagators violate this condition, which
has to be enforced subtracting the corresponding corrections. They can be uniquely absorbed
into the strong coupling constant applying the background field method [52-54]. Here, Z, can
be obtained by only considering the gluon propagator. After mass renormalization in the on-shell
scheme via Eq. (3.5), we obtain for the heavy quark contributions to the gluon self-energy

ﬁlfllt)ab,BF(sz m?, Mz, g, &s) = i(—Pngv + p”p”)SabﬁH,BF(pz, m2, Mz, e, &S),

ﬁH,BF(Ov mzﬂ /’Lza 87 &S‘)

L 2P0 (mA\? ~dife)

o (m2\[1/ 20 32
+ ag — — —?TFCA—4TFCF —gTFCA—i-lSTFCF

w e
86 31 5 "
+e —ETFCA—Z FCF—§§2TFCA—§2TFCF +0(ay). (3.17)

Note, that although the O (ay)-term in the above formula is an expression to all orders in ¢, the
O(&%)—term and hence the formula in general only holds up to O (¢). We have used the Feynman
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rules of the background field formalism as given in Ref. [55]. In the following, we define

m2\ ¢/2 00 G (e i
f(s)z(;) exp<;7<z>). (3.18)

The renormalization constant of the background field Z 4 is related to Z, via
Za=2;" (3.19)

The light-flavor contributions to Z4, Z 4 ;, can thus be determined by combining Eqgs. (3.11) and
(3.19). The heavy flavor part, Z4 g, follows from the condition

My pr(0, w2, ag,m?) + Za,y =0, (3.20)

which ensures that the on-shell gluon remains strictly massless. Thus we define the renormaliza-
tion constant of the strong coupling with n ¢ light and one heavy flavor as

1

MM n e+ um) = ——m———— 3.21
@ (e tom) (Zas+ Zam)'? G2
and obtain
ZQAOMZ(S,m, w,ny+1)
=1+a"M(u )[ (Bo(ns) + Bo, Qf(S))]
2 Pi(n )
+ 'O (n )[ - (ﬂo<nf) +ho.of ()’
+1(m2)8(ﬁ +epily +e7B )] +0(e2,aMOW) (3.22)
e\ u2 Lo » Uy ’ :
with
4
Bo.o = _STF, (3.23)
5
Br.o =—4<§CA+CF)TF1 (3.24)
D N 32
B Q———TFCA+15TFCF, (3.25)
' 9
86 31 5
By = =~ TrCa~  TrCr — ;2< TrCa + TFCF) (3.26)
The coefficients corresponding to Eq. (3.11) expressed in the MOM-scheme read
2Bo(n ) 2130
sa)'M = [ e |, (3.27)

SOV — |:,31(nf) 4 {Zﬂo(nf) 2/30 0 £ )}

+1 m? (ﬁ M @ 2
s Lo +eBl ) +eB1p) |+ O(e?). (3.28)

&
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Since the MS-scheme is commonly used, we transform our results back from the MOM-
description into the MS-scheme, in order to be able to compare to other analyzes. This is achieved
by observing that the bare coupling does not change under this transformation and one thus ob-
tains the condition

2 (e, p 4+ 1) (12) = 29 (e, m, o + DM (12). (3.29)

The following relations hold:

__ m2 — m2 2
ot (S () ()]
(3.30)
or

alS = MOV - gMOW (5gMOM _ 55 (1 4 1)) + O (3aMM — 8aMS (n  + 1)
—23a§”13(nf + D[sa)OM —aaMS(nf+ D])+0(a Mow! ), (3.31)

vice versa. Eq. (3.31) is valid to all orders in ¢. Here, az‘/Ts = az‘/Ts (ny +1). Applying the on-shell
scheme for mass renormalization and the described MOM-scheme for the renormalization of the
coupling, one obtains as general formula for mass and coupling constant renormalization up to

3
0 (a¥M)
N 2\ &/2
2| 2 m d
Aiy =5y + aMOMAD 4 oM [Aff)JrSml(F) - 4RO 4 sq MOMA(I):|

3[ 2 1 2 m2\*? d 2
+a2/|OM‘ |:A()+8 MOMA()—’—Q.SLI‘M?M(A()-F(SWI[( 2) _A( ))
S 1

2\ €/2 ~ 2\ €
m d Ne)) m d A(])
”’"‘(F) ”%Aw”’"z(ﬁ) " dm i

sm? (m*\° , d* =
1 2 )]
=5 (52) ) o

where we have suppressed the dependence on m, ¢ and N in the arguments.®
3.3. Operator renormalization
The renormalization of the ultra-violet (UV) singularities of the composite operators is done

introducing the corresponding Z;;-factors. We consider first the case of n y massless flavors, cf.
[561,

2 _p2
ANS< u’; ,aAMS,nf,N> 2, NS (S e, N)AQj(M—‘;,ays,nf,g,N) (3.33)

_p? LS (P s
Al.j<7 ago,nf, ) Zil (as ,nf,e,N)Alj<7,as ,nf,é‘,N),

i,j,l=q.8, (3.34)

q§|

6 Here we corrected a typographical error in [34, Eq. (48)].
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for the non-singlet and singlet case, with p a space-like momentum. As mentioned before, we
neglected all terms being associated to EOM and NGI parts, since they do not contribute in the
renormalization of the massive on-shell operator matrix elements. The NS and PS contributions
are separated via

-1 _ —-—1,PS —1,NS
Z, =218+ 27,8, (3.35)
Agg=Ale + ADS. (3.36)

The anomalous dimensions y;; of the operators are then given by

NS (M8, ny, N) =u%lnzyj(ay_‘s,nﬂ8, N), (3.37)
)/[j(a‘?/l_s, nf, N) = Zi_ll(a?ﬂ_s, nf,e, N)/L%le(ay_s, nyg,e, N). (3.38)

They can be expanded into a perturbative series as follows

oo
==l
S,PS,NS 1),S,PS,NS
v PN (@S n g N) =Y a® ) (nf, N), (3.39)
=1

where the PS contribution starts at O (asz). The anomalous dimensions are known for all N at LO
[57,58], and NLO [10-16]. Fixed moments at NNLO have been calculated in Refs. [23-25] and
the complete result has been obtained in Refs. [18,19]. At the level of twist-2, they are connected
to the splitting functions, [59], by a Mellin-transform’

1
v (g N) = _/dZZN_lpi(jk)(nf’Z)' (3.40)
0

In the following, we do not write the dependence on the Mellin-variable N for the OME:s, the
operator Z-factors and the anomalous dimensions explicitly. Furthermore, we will suppress the
dependence on ¢ for unrenormalized quantities and Z-factors. From Egs. (3.37), (3.38), one can
determine the relation between the anomalous dimensions and the Z-factors order by order in
perturbation theory. In the general case, one finds

0
(0) 1

= s Vij s2 1 1
MS MS “ij MS O _, O (0) (1)
Zij(a;" ny) = 8ij +ay .t {;(5%1 vij + Bovy;; >+Z7’U }

ge3f 1 /1 4
MS ) _, 0 ©) ©)_ ) 20
+ag {8_3(6%'1 Yik Vij +Bovi v +§:30Vij )

2

1 /1 1 2 2 Vi
1),,0) ), (1) (1) (V] ij
+ &2 (6}/” it g}/“ ot g,BOJ/ij + §ﬂ1yij > + ?} (341)

7 Due to our convention, Eqgs. (3.37), (3.38), there is a relative factor of 2 between the anomalous dimensions considered
in this work and Refs. [18,19].
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The NS and PS Z-factors are given by®

(0),NS
NS/ MS _ ms Yaq ms2| 1 (1 (0),NS2 (0),NS 1 (1),NS
qu(ax g, ) =1+ag . + ag {g_2<§y‘” + Bovyy +£yqq

ms3[ 1 /1 3 2 4
VS (0),NS (0),NS 2. (0).NS
T ay {;(quq thovay ™+ 3P0Vaq )

1 /1 2 2
(L onNs, NS | 25 (NS 245 (0)NS
T3 (2Vt1t1 Yag 't 3P0veg T+ 3P1Ye )

1
+ —yDNS } (3.42)

3¢ Va4
<1>,Ps}+aM—s3{i<1 OO
)

¢ Vaa o3\ 3%4a Yag Vsq

a2 [ 1 1
PS(  MS MS 0).,(0
Zgq(as® ny) =a {p%}g)yéq”f

1 1 /1
0),,0),,0) 0,,0) 0),,1)
+ cVaz Veg Yeg +PoYag Veq ) + 8_2<_ng Veq

6 3
(2),PS
1 1 2 Y
+ Vg Vid T 3 Vaq Vag T + gﬂqu(?"’s> + } (3.43)

All quantities in Egs. (3.41)—(3.43) refer to n ¢ light flavors and renormalize the massless off-shell
OMEs given in Egs. (3.33), (3.34).

In the next step, we consider an additional heavy quark with mass m. We keep the external
momentum artificially off-shell for the moment, in order to deal with the UV-singularities only.
For the additional massive quark, one has to account for the prescription of the renormalization of
the coupling constant we used in Eqgs. (3.27), (3.28). The Z-factors including one massive quark
are then obtained by taking Eqs. (3.41)—(3.43) at ny + 1 flavors and performing the scheme
transformation given in (3.31). The emergence of Salf{',?'v' in Z;; is due to the finite mass effects
and cancels singularities which emerge for real radiation and virtual processes at p> — 0. Thus
one obtains

—1( MOM
Z;; (ag ™" ny +1, )
y 1/ 1 1 /1
MOM “ij MOM (1 MOM __, (0) O, © )
=8ij — ay e +ag [g(‘i%j —dag "y >+8_2<§7’i1 vij Tt oy )}
1

Mom3 [ MOM _ (1) MOM _, (0)
+ag I:g<_§yij —8ag vy —dags Vij)

1 /4 1 0 1 0 0)_ (0
+ (§ﬁoy,-(j )+ 28aMMBoy O 4 gﬁly,-g !+ 8aMOMy 0y

J
Loy o 1 o o
+§Vﬂ Yij +6Vi1 Yij

1 4 2,00 ©0)_,©0) 1 0,0, (0
+8—3(_§,307/ij — Bovy Y1 _EV,'I Yik Vj ) (3.44)

8 In Eq. (3.43) we corrected typographical errors contained in Eq. (34) [34].
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and

(0),NS
—1,NS (, MOM Mom Yaq mom? [ L1 yns MOM. ,(0),NS
Zyy " (ad™Monp +1) =1 —ag = t+a |:Z (—Eyq(q) —dag T yq(q) )

1 1 2
(0),NS (0),NS
+ 8—2 <ﬂ0yqq + Eyqq >i|

1 1
~|—a§"o'\"3[ (__y(2),NS — 5gMOM,, (D.NS _ 5, MOM (0),NS>

2\ 73%4 5,1 Yaq 52 Vaq

174 1),NS MOM 0),NS 1 0),NS
+8—z(§ﬁw5q)’ 28057 ooy + 3By

1
+5%4q Vg

0),NS_,(1).NS MOM _, (0),NS2
VDS (NS | st O )

1 4 2 (0).NS oNs2 1 o) ns3
+ ; <_§ﬂ0 yqq - ﬂo)/qq - quq ) (345)

Zah TS,y 1)

_ mow| L 1 a)ps
=dy |:E<_§yqq
+i LINOM0) + gMom? 11 (2).PS _ 5,MOM_ (1).PS
22\ 2Vas Veq s e\ 3% s Yaq

Lol oo Y ooa X oo mpes . 4, ayps MOM._ (0) . (0
+8_2(qu(g)y;q)+gyzéq)yq(g)'kiyq(q)yq(q)’ +§'80Vq(q)’ +dagy Vq(g)yg(q)

1 1 1
0,,00),,(0) 0,,0),,(0) 0),,(0)
+ 8_3<_§ng Yeq Yag ~ gVsq Yaz Vss — P0Vqg Veq )i| (3.46)

The above equations are given for ny + 1 flavors. One rederives the expressions for n s light

flavors by setting (ny + 1) =:ny and Sai‘”OM = (Sai\"—s. As a next step, we split the OMEs into a
part involving only light flavors and the heavy flavor part

Aij(p? m? 1%, a¥M oy 4 1)
2
A~ —p T ~
= A (7 aVs, nf) + Ag(pz, m?, 12, a¥M 4 1). (3.47)

In (3.47), (3.48), the light-flavor part depends on a;"'_s, since the prescription adopted for coupling
constant renormalization only applies to the massive part. As denotes any massive OME we

consider. The correct UV-renormalization prescription for the massive contribution is obtained
by subtracting from Eq. (3.47) the terms applying to the light part only:
Ag(pz’mzyuz’a;wonn’nf + 1)
_ Zi_ll(aMOM,nf + 1,M)Ag(p2,m2,u2,aMOM,ﬂf + 1)

s S

2
_ ~ —p MS
+ 2 (@M ng 4+ 1, 1) Ay <—M2 Lays, ”f>

2
_1/ M8 ~ (—Dp° s
=2 (&', np, 1) Ay (7 a, "f>’ (3.48)
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where

[o/0]
_ —1,(k
z; =6+ alz;" . (3.49)
k=1

In the limit p? = 0, integrals without a scale vanish within dimensional regularization. Hence for
the light-flavor OMEs only the term §;; remains and one obtains after expanding in aj

2
AQ(M2,a?AOM,nf+1>
MOM(A(UQ(M >+Z 10 G010 — 1<1>(nf)>
+a£”°M2(Aff)Q(u )*Z MO+ 1w -2 Oy
+ 2" Vg + 1, M)A(I)Q( 2))
n
+a§"°M3(AfJ3)Q<M )+z POy 10
2"+ 25 Vg +1, M)A(z)Q<M2>

+7,. Py +1, WAL Q<M2))~ (3.50)

The Z-factors at n s +1 flavors refer to Egs. (3.44)—(3.46), whereas those at n ¢ flavors correspond
to the massless case.

3.4. Mass factorization

Finally, we have to remove the collinear singularities contained in A; j» which emerge in the
limit p? = 0. They are absorbed into the parton distribution functions. As a generic renormaliza-
tion formula, generalizing Eqgs. (3.33), (3.34), one finds

Aij=Z;' ApTy; " 3.51)
The renormalized operator matrix elements are obtained by
m2 2
AQ(Mz,a?"OM nf+1> AQ<?,a§”°M nf+1)rl;1. (3.52)

If all quarks were massless, the identity [29]
rij = Zl.;l (3.53)

would hold. However, due to the presence of a heavy quark Q, the transition functions I"(n r)
refer only to massless sub-graphs. Hence the I"-factors contribute up to O(asz) only and do not
involve the special scheme adopted for the renormalization of the coupling. Due to Eq. (3.53),
they can be read off from Eqgs. (3.41)-(3.43).
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The renormalized operator matrix elements are then given by:
2
AQ<F’QMOM np+ 1)
MOM(A(l)Q< )+Z 106 1) 70 )>
u?
+a§nomz(fgl(jz> Q(M >+z 1D 1) - 25D )
-1,1 1 m?
+ 2" Vg + DAY Q( 2)
"
+[A(1)Q<M )+Z "D+ 1) -z, Py )] lj”“(n,))
m?
4 Mow(AmQ( >+z 1O 1) - 25D ()
wu?
+ 2" Vg + DAY Q( ) + 25" P g+ DA Q( 2)
w? w
—i—[A(l)Q(M )+Z "D+ 1) -z Py )] ;" @)
+[A<2> Q(M )+z AT VA UF5)
-1, A(D,0 m? -1,

+Z,, g+ DAY 2 I (nyr)). (3.54)
From (3.54) it is obvious that the renormalization of AQ to O(a3) requires the 1-loop terms up
to O(e?) and the 2-loop terms up to O (e), cf. [29,31,33 35]. Finally, we transform the coupling

constant back to the MS-scheme by using Eq. (3.30). We do not give the explicit formula here,

but present the individual renormalized OMEs after this transformation in the next section as

perturbative series in aMS

2
oM s > 478 Q(l)< > vis2 Q(2)< )
A5 —,a’>,nr+1 A np+1)+as> A nr+1
lj(Mz s f l‘l’ f I,L f
+ MSSAQ(”(M nf+1> (3.55)

4. General structure of the massive operator matrix elements

In the following, we present the unrenormalized and renormalized massive operator matrix
elements for the specific flavor channels. The pole terms can all be expressed in terms of known
renormalization constants, which provides us with a strong check on our calculation. In partic-
ular, we obtain the moments of the complete anomalous dimensions up to O(asz), as well as
their Tr-terms at O(af). The moments of the O (¢°)-terms of the unrenormalized OME:s at the

3-loop level, al.(?), are a new result. Previously, the O(¢) terms at the 2-loop level, Ezl.(?), for gen-
eral values of N were calculated by the present authors in Refs. [34,35]. The pole terms and the
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0(80) terms, a( ) , at the 2-loop level have been calculated for the first time in Refs. [29,31].

They were conﬁrmed in [33,35], as well as by the present calculation, in which they appear in
the renormalization of the respective moments of the 3- loop OMEs In order to keep up with the
notation used in [29,31], we define the 2-loop terms a(]) ) after performing mass renormal-
ization in the on-shell scheme. This we do not apply for the 3 loop terms. We choose to calculate
one-particle reducible diagrams and therefore have to include external self-energies containing
massive quarks into our calculation. Before presenting the operator matrix elements up to three
loops, we first summarize the necessary self-energy contributions.

4.1. Self-energy contributions

The gluon and quark self-energy contributions due to heavy quark lines are given by

e (p* i, w?, as) = i8°[—guvp® + pupo [I1(p*, %, 12, Gs), 4.1)
with
o0
a(p? m? 2, a) =) asd®(p* m?, 1) 4.2)
k=1
and
Zij(p?m?, u? a0) =isp 2 (p*, m?, w2, dy), (4.3)
where
o0
S(ptom? put ) =Y af W (p2 o, 1?). 4.4)
k=2

Note, that the quark self-energy contributions start at 2-loop order. These self-energies are easily
calculated using MATAD, [60], cf. Section 5. The expansion coefficients for p> = 0 of Egs. (4.2),
(4.4) are needed for the calculation of the gluonic and quarkonic OMEs. The contributions to the
gluon vacuum polarization for general gauge parameter & are

2 A2\ /2 i
A0 ™\ 7. (™ 8 Gi(e
(152 () (-en(25(5) ) @

1

n’ a2\ 4 1 1
2(2) m _ m
% £ 1

3
2
169 5 &3 35 2
+8{CA<W+ZQ 3>+CF<—E—3§2)}) 0(e%), (4.6)

M2\ (1 32 (164 4
=Tr|— el Ry FCAQCny+1)+Cy T-i-—é

1

2

2
80
77 —(Ca—6Cp)nsTF + —(35CA —48Cp)TFr

+—A(—781+63E)+EC c
27 g AF
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1[4 2
—i—g{ﬁ(CA(—lOl—lS;z) 62CF)nfTF+2 (CA(=37 —18%2) — 80CF) Tk

5 41 3181 g, 137

+Cy| - 126+ — §2+— —S -5
108

vciceli6 1570 272C Tl 56 +10 3203

ACF| 1643 77 3 CF nyTpyCa 9§3 9§2 3

+CF<_@C2 - %>} + TF{CA <—§§3 + ﬁé'z—i— 6361)
3 81 9 486
+CF< 183 — EQ— ﬁ)} +Ci{4B4—27§4+ @Q - @gﬁ_ 42799
81 72 3888
1957 89 10633}

- —4“35 + - Czé + m%‘} +CACF{_8B4 + 3684 — TQ + ?Cz + T

2|95, L 274
+CHF B+ 5 () 0. @7

and for the quark self-energy,

. 72 22\ (2
O LI RS

2<3>0ﬁ’2 =TrC AN 8 cat
oz ) =TrCr( 7 303 Call =&}

A 3 ey —ca (P hae) - e
2| o Y 9 d

3
1[40 454 70
+ - 27TF(nf+2)+CA Cz—i— —{25 E —26CF
neT +674 o 8 +604
n - -
fTF Cz 21 F 34“2 31
17 5 1879 7 3 407
+Ca T8 30t 15 T3 Czé——(z%‘——é‘
162
335
+CF{—8§3 & — K}) + O(e), 4.9
see also [40,61]. In Eq. (4.7) the constant
2 2 4 13 (1
By =—441n7(2) + 3 In"(2) — 7{4 + 16Lig 3
~ —1.762800093 ... (4.10)
appears.
NS
4.2. Aqq 0
The lowest NS-contribution is of O(asz),
NS (2).NS 3 ,(3),NS 4
Ape0=aiAs o +a Ay +0(a)). (4.11)
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The expansion coefficients are obtained in the MOM-scheme from the bare quantities, using
Egs. (3.32), (3.54). After operator renormalization and mass factorization, the OMEs are given
by

2),NS,MOM 2),NS,MOM
AL RIMOM = A2 ESMOM 7 L ONS (1) — 2 L ONS (), 4.12)
3),NS,MOM 3),NS,MOM
AL MM = AO)FSMOM . 7 1(3> Ny +1) - 1“> NS p)
1(1) NS 1 (2),NS,MOM
+7,, (ny+ DA E>
+ [Aézq) gs MOM +Z 1(2) NS(n + 1) 1(2) NS(n )] l(l)(nf)

(4.13)

From (3.32), (3.54), (4.12), (4.13), one predicts the pole terms of the unrenormalized OME. At
second and third order they read

2(2),NS M2\ ( Bo QV(O) Pag NS (2) (2).NS
AQ.Ns _ (M7 .0Yqq qq -
Agg0 = <M2> < &2 + ¢ taggp +a %49.0 ) (4.14)
. A2N 3¢/2 ©)
2(3),NS m 4v4q Bo,o
Ajgo = (E) { 7(/3 +280,0)
1 27/(1) Bo.o 437(1(;) NS 28 qu(g) (=1
L , _ )
2 ( 3 3 [Bo+ Bo,ol + 3 26my " Bo,0V,4 )
1 ?z}?‘N 4y ONS A _©
+§< 3 4a,,’o 1Bo+ Bool + By, Q)/q(q)
Yaq BoBo.o2 ©) ©) (=1) 5 (1).NS (3).NS
o HLEEROZ —asm(” ooy —omi VTN ) al gt (4.15)

Note, that we have already used the general structure of the unrenormalized lower order OME
in the evaluation of the 0(&3) term, as we will always do in the following. Using Eqs. (4.12),
(4.13), (3.32), one can renormalize the above expressions. In addition, we finally transform back
to the MS-scheme using Eq. (3.30). Thus one obtains the renormalized expansion coefficients of
Eq. (4.11)

(0)

A@)NS, S ,BO,QVq(g)l 5 m? J7q(c]1)’Nsl m? @nNs _ Bo.0Yaq 416
9.0 4 nﬁ—i_ ) n'u Tlgo — 741 % (4.16)

(0) 2
ASNSIS _ Yot P0.2 4, 45 )1 (M )

2
m
{ (1) NS,BO 0— 2)/(1) NS(ﬂO +:80,Q) +ﬂl qu(g)}l (E)

— A=

+

2
E{V(z)NS (4a,, o = £2B0.07.9) (Bo+ Bo.o) + v By} In (IZZ>

0 NS
Vq(q) BoPo.0¢3 yq(q) Bo,0%2
6 4

1 2),NS 3),NS
Va8 +al)5s (4.17)

-(2),NS 2
+4al 0% (o + Po.o) — VDB —

+25m§1)ﬁ0 Qy(()) +8m(0) (1) NS+25m
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Note that in the NS-case, one is generically provided with even and odd moments due to a
Ward-identity relating the results in the polarized and unpolarized case. The former refer to the
anomalous dimensions yq’\ils’+ and the latter to yq'\fls’_ as given in Egs. (3.5), (3.7) and Egs. (3.6),
(3.8) in Ref. [18]. The relations above also apply to other twist-2 non-singlet massive OMEs, as
to transversity, for which the 2- and 3-loop heavy flavor corrections are given in [62].

PS PS
4.3. AQq and Aqq’Q

There are two different PS-contributions. The term referring to the case in which the operator
couples to a heavy quark, Azsq, starts at O(af), whereas the term in which it couples to an

internal light quark line, AZ(&;’ - emerges for the first time at O (a‘g’),

AZ% = afA(Qzé’PS + afAS;’PS + O(aj), (4.18)
3),PS
APS o =alA) TS+ 0(a)). (4.19)

Separating these contributions is not straightforward, since the generic renormalization formula
for operator renormalization and mass factorization, Eq. (3.54), applies to the sum of these terms
only. At O(asz), this problem does not occur and renormalization proceeds in the MOM-scheme
via

(2),PS,MOM ~(2),PS,MOM —1,(2),PS,, —1,(2),PS,,.
Ao =AY, +zqq<) (nf+1)—zqq<) (ns)

1(1),MO — _ _
H[AGNM 4 2 IOy 4 1) = 2o D )| Fg D (). (4.20)

Thus the unrenormalized expression is given by

2(2),PS m?\° 17;2)3/;2) );q([l]),PS 2),PS | -(2),PS
AQq :<E> (— 222 + % tan, " +ag, 8). 4.21)

The renormalized result in the MS-scheme reads

PSS __ a5 Vg 1n2<m_2> . Pag" 1n<m_2> Y Do Vag o 422)
Qq 3 12 ) 12 Qq g :
The corresponding renormalization relation at third order is given by
A(Q32],PS,MOM+AL(]2‘I):ZS,MOM
_ A"(QS()I,PS,MOM I A;Z):ZS’MOM + Zq—ql,(3),Ps(nf +1)— Z;;’G)’Ps(nf)

-1,(1) +(2),PS,MOM —1,(1) ~(2),MOM
T2y +DAG, TZy iy + DAL

(1), — — —
+[AQMM 4+ Z O g+ 1) = 2, D ()| Ty @ ()

+(2),PS,MOM — - —_
+[AG) +Z, PPy + 1) = 2 PP, Vi)

~2 , _ 1,
+AGMM + 2 Ponp+ 1) = 2Py

~1.0 (1,MOM |, —1.(1 (1),MOM7 =11
+Zgg Vlng + DAgs ™™ + 24 Ding + DAo 1 "onp). (4.23)
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Taking into account the kinematic and UV-structure of the contributing Feynman diagrams, the
two contributions can be separated. For the bare quantities we obtain

javes _ (2P 7as'ved oo
Aoy =<—) [—(y“—y;q>+6ﬁo+16ﬂo,g)

MZ 683 88
~(1),PS ) 5 (D)
L (_Haa g1 gy oy — Ve Vas
e2 3 g 3
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Yag rn) (1) (=1 5(0).,(0) L (Vaq Yaq
+T[2ng ~Yeq ] H0my g vy T\l Ty T T
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0) 1A 3).PS
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The renormalized terms are given in the MS-scheme by
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4.4. Agg and Ayg o

The OME A, is the most complex expression. As in the PS-case, there are two different
contributions, depending on whether the operator couples to a light quark line, denoted by A 0,
or to a heavy quark line, given by Ag,,

1 2 3
Agg =asAy) +alA) +alA) + 0(al), (4.28)
3
Ageo=a;A) 5+ 0(a}). (4.29)

In the MOM-scheme the 1- and 2-loop contributions obey the following relations

A(Qli,’MOM — A(Ql;,MOM + Zq—gl,(l)(nf + 1) _ Zq—g],(l)(nf)’ (430)
G M = AGM M + 2 Dy £ D = 2,0 D)+ 2, Vg + DAL G

+ 25 Vg + DAGNOM LA + 20 Dy + 1)

= Zy Vg V). @31)

The unrenormalized terms are given by

R A2\ &/2 5(0) ) i
T _ (M Yqg Gife
Agg—(—,ﬂ) S eXp(ZT(§)>’ (32

i=2
i = (Y [ 0 - + 280+ 4p00)
N Pgs — 22’:5_1)3752) +a8§ —m®7.
- L?ﬁ;gé‘z + e(&g; —om{"p O — Lg)'fg’“z)] 4.33)

Note that we have already made the one-particle reducible contributions to Eq. (4.33) explicit,
which are given by the 1-loop contribution multiplied by the 1-loop term of the gluon-self energy,
cf. Eq. (4.5). Furthermore, Eq. (4.33) already contains terms which result from mass renormal-
ization in the O(¢”) and O (e) expressions. At this stage of the renormalization procedure, they
should not be present, however, we have included them here in order to have the same notation
as in Refs. [29,31] at the 2-loop level. The renormalized terms then become in the MS-scheme

.5 _ Pag | (M
AQg’ = T 11’1<F>, (434)
_ ~(0) 2 ~ (1) 2
@QMS _ Yqg 1 _ (0 2f M Yag m-
Age == [Vée = Vaq +2B0+4Po.o]In " +=-In 2
2) )’}(0)42 0 0
t+agy + =g (Ve — g +2b0). 435)

The generic renormalization relation at the 3-loop level is given by

(3),MOM (3),MOM
AQg + Aqg,Q
— A®).MOM | 2(3).MOM

e HAgg + Zgg Dy +1) = 2 D)
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+ 2y Py + DAYGM + 2 Oy + DA PN + 2, @Dy + DAY

—1,01 (2),MOM
+7, <>(nf+1)A

2(1),MO
+H[AGMM 4+ Z O+ 1) = 2, D )| TP ()

+ [A’\(Q2;,MOM + Z 1, (2)(nf +1)— -1, (2)(nf) + Z 1, (1)(nf + 1)A(1) MOM

N Z‘l’(l)(nf N DA;?’ZIOM] ggl (1)(n )t [A(2),PS,MOM +7, 1 @PS(y 4 1)
Zq 1,(2), Ps(n )] -1, (1)(nf) + [A;Zq) gS MOM + Zq—ql,(Z),NS(nf +1)
-z, 1 ). NS(nf)] 1M, (4.36)

Similar to the PS-case, the different contributions can be separated and one obtains the following
unrenormalized results

N 3¢/21 ~(0)
23) m Yqg 0) (0 0)r.,(0 0
AQg=(F> [ 5 (0 + D 74 +v4q [vig) — 2 — 660 — 8Bo.0] + 865

+28B0.0B0 + 2453 o + yg{g) [ +6p0 + 14p0.0])
1 1 0 0
t 3 (Tag' [2v4g = 27’ — 880 = 1080, 0]
+)7q(g)[3/ql) PS{] an}+y(1)Ns+ (1)NS+2y(1) yg(;) 2/31—2,31,Q]
+66m\ VP[0 — 0 + 385+ 560.0])
2 (2)

1( P4z Yag | -1, @ (2).PS
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@r.,0 0 Pag 021 o 0 0
+ an[Vq(q) v —4Bo—4Bo.o] + T[V 2y — v — 6Bo+2B0.0}
= (nf +1)vgg Py’ +v4q {=v4q + 6B} — 885 +4B0.0fo+ 2485 o]
smi”" M =1 5(0) ©0) 5(0)
+ T[ qu +30my Cy,e +20my 7y, ]
©0) 5 (0 0 0 D~ (0 (3)
+om POy D — 0 280 + 4Bo.o] — Sm§ yq(g)> +a Qg] (4.37)
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The renormalized expressions are

~(0)

3),MS Y.
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m
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50
2 A
+ 2 (O +280.0[rSY — v +280])

48
0 @,
— 15 ag %4d"™ + 204 Bo.o) + —fff ] (4.40)

45 Ago

The gg-contributions start at O(asz),

2)

2 4 ( 3)
qu,Q =dg qu,

3 4( 4
o +ajAg o+ 0(a). (4.41)
The renormalization formulae in the MOM-scheme read
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while the unrenormalized expressions are
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The contributions to the renormalized operator matrix element are given by
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The corresponding renormalization formulae read in the MOM-scheme
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2 (2),MO - - -
+[ADBOM 4 7Dy 4 1) — Z P n ] O, “.51)
The general structure of the unrenormalized 1-loop result is then given by
~ ~2\ &/2 ,.A0)
A _(m Yeg M =(1) 2=(1)
Age 0= <?> < . tag, o tEAy ot agg’Q). (4.52)

An explicit calculation reveals

~ ~2\ €/2 00 i
Ay (m 2p0,0 Z Gif e
Agg,Q = <F) <— e )CXP(‘_z 7(5) ) (453)

Using Eq. (4.53), the 2-loop term is given by
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o) _(m L 040 © Yeg T48m; " Bo,o
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For Eq. (4.54) the same as for Eq. (4.33) holds. We have already included one-particle reducible
contributions and terms stemming from mass renormalization in order to refer to the notation of
Refs. [29,31]. The 3-loop contribution becomes
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The renormalized results are
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5. The calculation of the operator matrix elements

In this chapter, we describe the computation of the 3-loop corrections to the massive operator
matrix elements in detail. Typical Feynman diagrams contributing to the different channels are
shown in Fig. 1, where ® denotes the corresponding composite operator insertions, (2.7)—(2.9).
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RN NV NNVN

(NS) (PSH) (PS)) (agn) (qg1) (g9) (eg) ghost

Fig. 1. Examples for 3-loop diagrams contributing to the massive operator matrix elements: NS — non-singlet, PSy ;
— pure-singlet, singlet gg g /. 9., g¢ and ghost contributions. Here the coupling of the gauge boson to a heavy or light
fermion line is labeled by H and [, respectively. Thick lines: heavy quarks, curly lines: gluons, full lines: quarks, dashed
lines: ghosts.

W, s . . T

4 \ A ¥ \ ¥ \ ¥

Fig. 2. Diagrams contributing to A(Qli, via the optical theorem. Wavy lines denote photons; for the other lines, see Fig. 1.

O QO O O

Fig. 3. Diagrams contributing to A(Qlil

The generation of these diagrams with the FORTRAN-based program QGRAF, cf. [63], is de-
scribed in Section 5.1 along with the subsequent steps to prepare the input for the FORM-based
program MATAD [60]. The latter allows the calculation of massive tadpole integrals in D dimen-
sions up to three loops and relies on the MINCER algorithm [64,65]. The use of MATAD and the
projection onto fixed moments are explained in Section 5.2. Finally, we present our results for the
fixed moments of the 3-loop OMEs and the fermionic contributions to the anomalous dimensions
in Section 5.3. The calculation is mainly performed by using FORM programs [66], while in a
few cases codes have also been written in MAPLE.

5.1. Generation of diagrams

QGRAF is a quite general program to generate Feynman diagrams and allows to specify var-
ious kinds of particles and interactions. Our main issue is to generate diagrams which contain
composite operator insertions, cf. (2.7)—(2.9) and Appendix A.1, as special vertices.

To give an example, let us consider the contributions to A Within the light-cone expan-
sion [67], this term derives from the Born diagrams squared of the photon—gluon fusion process
shown in Fig. 2. After expanding these diagrams with respect to the virtuality of the photon, the
mass effects are then given by the diagrams in Fig. 3. These are obtained by contracting the lines
between the external photons. Thus, one may think of the operator insertion as being coupled
to two external particles, an incoming and an outgoing one, which carry the same momentum.
Therefore, one defines in the model file of QGRAF vertices which resemble the operator inser-
tions in this manner, using a scalar field ¢, which shall not propagate in order to ensure that
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Fig. 4. Generation of the operator insertion.

Table 1

Number of diagrams contributing to the 3-loop heavy OMEs.

Term # Term # Term # Term #
(3) (3) (3),PS (3),PS

AQg 1358 AquQ 140 AQq 125 Aqqu 8
(3),NS 3) 3)

Aqqu 129 qu.Q 89 Agng 886

P1

% n O

Ps3

Fig. 5. 2-Loop topologies, indicating labeling of momenta.

there is only one of these vertices for each diagram. For the quarkonic operators, one defines the
vertices

p+o+qg+qgt+ng, 0<n<3, (5.1)

which is illustrated in Fig. 4. The same procedure can be used for the purely gluonic interactions
and one defines in this case

p+¢+ng, 0<n<4 (5.2)

The number of diagrams we obtain contributing to each OME is shown in Table 1. The next step
consists in rewriting the output provided by QGRAF in such a way, that the Feynman rules given
in Appendix A.1 can be inserted. Thus, one has to introduce Lorentz and color indices and align
the fermion lines. Additionally, the integration momenta have to be written in such a way that
MATAD can handle them. For the latter step, all information on the types of particles, the operator
insertion and the external momentum are irrelevant, leading to only two basic topologies to be
considered at the 2-loop level, which are shown in Fig. 5. Note, that in the case at hand the
topology on the right-hand side of Fig. 5 always yields zero after integration. At the 3-loop
level, the master topology is given in Fig. 6. From this topology, five types of diagrams are
derived by shrinking various lines. These diagrams are shown in Fig. 7. After assigning the loop
momenta, the Feynman rules are inserted. The computation of the Green’s functions, which are
associated to the respective operator matrix elements, still contain trace terms and require the
symmetrization of the Lorentz indices. It is convenient to project these terms out by multiplying
with an external source

IN= Ay Ay, (5.3)
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Fig. 6. Master 3-loop topology for MATAD, indicating labeling of momenta.

9

2]
Ps Pe b3
P2 p1 Ps Pe P2 ‘% P2 @Pﬁ
D3 p3 p3

Fig. 7. Additional topologies contributing at the 3-loop level.

with A, being a light-like vector, A? = 0. Additionally, one has to amputate the external field.’
The Green’s functions in momentum space corresponding to the local operators defined in
Egs. (2.8), (2.9) between gluonic states are then given by

“(P)GY €" (p) = Ine" (P)AL(P)| 0 (0)|AL(p))e” (p), (54)
e (P)GY o e’ (p) = Ine* (DAL (P)|0f ¥ ()| AL (p)) p€" (), (5.5)
e (P)GEy n€” (p) = Ine" (P)AL (P)| 0L 1N (0)|AL(p))e” (p), (5.6)

cf. [29], with Aji an external gluon field with color index a, Lorentz index w, momentum p,
and €*(p) the gluon polarization vector. In the flavor non-singlet case, Eq. (2.7), only one term
contributes

— ij,NS - i

i(p, )G heu(p,s) = In(F(p)|OL} M (O) | (p) (5.7)

with u(p, s), u(p, s) being the bi-spinors of the external quark and anti-quark, respectively. The
remaining singlet and pure-singlet Green’s functions with an external quark are given by [29],

i@(p. )G u(p. s) = In(F(p)| 0 (O)|w (p)), (5.8)
iW(p, )G gu(p, ) = In(F(p)| 0L )| () (5.9)

9 Note that we choose to renormalize the mass and the coupling multiplicatively and thus have to include self-energy
insertions containing a massive line on external legs.
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i(p. )G ou(p. s) = In(F(p)| 0111 (0)| W (p) - (5.10)

Note, that in the quarkonic case the fields ¥, ¥ with color indices i, j stand for the external light
quarks only. The above tensors have the general form, cf. [29,56],

22

A (m puly+Aup
Gt =A(—.e. N oA p)N | —guy + F——L, 1=0.g8.9q. (5.11)
% A-p
oA, (m? .
GV = A,Q,(’;iz, €, N)alf(A -pN7IA, 1=0,g,9, r=S,NS,PS. (5.12)

Here, A; ; are the massive OMEs which we will calculate. In order to simplify this calcula-
tion, it is useful to define projection operators, which, applied to the Green’s function, yield the
corresponding OME. In the gluonic case, one defines

g™

My ~ab  _ Sab —N ~ab
Pab;g GI!MV:_Ng_lm(A.p) GI,MV’ (5.13)
(2),uv ~ab Sab 1 —-N v pMAU +vaﬂ ab
PG = —————=(A-p) <—g“ +— )G, (5.14)
ab;g Ay NCZ —1D=2 A - p Ay
In the quarkonic case, there is only one projector
8 1 .
Pij.gG/ = - (A p) N T[pG/]. (5.15)
" N, 4
The unrenormalized OMEs are given by
A ~2
N 1.2), b
Alg(ﬁ,e, N) =Py Gl (5.16)
2 (m? ij
Alt] ?7811\, :Pl],qu . (5.17)

These projections yield the advantage that one does not have to resort to complicated tensorial
reductions. In perturbation theory, the expressions (5.16), (5.17) can then be evaluated order by
order in the coupling constant by applying the Feynman rules given in Appendix A.l. While
the projector (5.13) includes unphysical transverse gluon states, which have to be compensated
adding the corresponding ghost-diagrams, (5.14) projects onto the physical states.

To calculate the color factor of each diagram, we use the program provided in Ref. [68]. Up to
this point, all operations have been performed for general values of Mellin N and the dimensional
parameter ¢. The integrals do not contain any Lorentz or color indices anymore. In order to use
MATAD, one now has to assign to N a specific value. Additionally, the unphysical momentum A
has to be eliminated by applying a suitable projector, which we define in the following section.

5.2. Calculation of fixed 3-loop moments using MATAD

We consider integrals of the type
Li(p,m,ny,...,n;)

_ dPr dPk

) @en)P @2m)P

(A.g)" (A g flki,... ki, p,m). (5.18)
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Here p denotes the external momentum, p> = 0, m is the heavy quark mass, and A is a light-like
vector, A% = 0. The momenta ¢; are given by any linear combination of the loop momenta k;
and external momentum p. The exponents n; are integers or possibly sums of integers, see the
Feynman rules in Appendix A.l. Their sum is given by

S ni=N. (5.19)

The function f in Eq. (5.18) contains propagators, of which at least one is massive, dot-products
of its arguments and powers of m. If one sets N =0, (5.18) becomes

dPk dPk
(Zn)D..l/(Qn)Dijh.”,h,m). (5.20)

Iz(p,m,O,...,O):Il(m):/

From p? = 0 it follows, that the result cannot depend on p anymore. The above integral is
a massive tadpole integral and thus of the type MATAD can process. Additionally, MATAD can
calculate the integral up to a given order as a power series in p?/m?. Let us return to the general
integral given in Eq. (5.18). One notes, that for fixed moments of N, each integral of this type
splits up into one or more integrals of the same type with n; being just integers. At this point,
it is useful to recall that the auxiliary vector A has only been introduced to get rid of the trace
terms of the expectation values of the composite operators and has no physical significance. By
undoing the contraction with A, these terms appear again. Consider as an example

dPl; dPk

1
hip.m2 D= | 555 | Gap® g (A @) [k, Ky, pom) (5.21)
dPry dPk
— AMILAM2 AM3 L (Zn)Dququqlmf(k],...,k;, p,m).

(5.22)

One notices that the way of distributing the indices in Eq. (5.22) is somewhat arbitrary, since due
to the contraction with the totally symmetric tensor A#! A#2 A3 the result of the corresponding
tensor integral can be taken to be fully symmetric as well. This is achieved by distributing the
indices among the ¢g; in all possible ways and dividing by the number of permutations one has
used. Thus Eq. (5.22) becomes

1 [ dPk dPk
Ii(p,m,2,1) = AFTAK2 ALS 3 (2m)D (27)D (1.1291.1392.00 F Q1.1 91139210
+q1,091,0,92.03) f k1 ... ki, p,m). (5.23)

Generally speaking, the symmetrization of the tensor resulting from

j
[ qnm (5.24)
i=l1

can be achieved by shuffling indices [69-74], and dividing by the number of terms. The shuffle
product is given by

(7[(k1,...,k1) L (ky. ... ko) LLI -.-LLJ(k,,...,k,)], (5.25)

nj na nj




450 I. Bierenbaum et al. / Nuclear Physics B 820 (2009) 417482

where C is the normalization constant

N -1
C=< ) . (5.26)
ny,...,ny

As an example, the symmetrization of

91,191,192, 113 (5.27)

can be inferred from Eq. (5.23). After undoing the contraction with A in integral (5.18) and
shuffling the indices, one may make the following Ansatz for the result, which follows from the
necessity of complete symmetry in the Lorentz indices

[N/2]+1 j—1 N
Ry = Z Aj ( 1_[ g{MZk,U-Zk1> ( 1_[ pl/-l}>' (5.28)
k=1

Jj=1 1=2j—-1

In the above equation, [] denotes the Gauss-bracket and {} symmetrization with respect to the
indices enclosed and dividing by the number of terms, as outlined above. The first few terms are
then given by

Ro=1, (5.29)
Riuyy = A1pu,, (5.30)
Ripipo) = APy Py + A28 1025 (5.31)
Ry piopz) = APy Pro Pus + A28{ui iy Prus)- (5.32)

The scalars A ; have in general different mass dimensions. By contracting again with A, all trace
terms vanish and one obtains

Ii(p,m,ny,....nj) = AHLLL AMNR{MWMN} (5.33)

= A p)" (5:34)

and thus the coefficient A in Eq. (5.28) gives the desired result. To obtain it, one constructs a

different projector, which is made up only of the external momentum p and the metric tensor.

By making a general Ansatz for this projector, applying it to Eq. (5.28) and demanding that the

result shall be equal to A1, the coefficients of the different Lorentz structures can be determined.
The projector reads

[N/2]+1 [N/2]—i+1 g N
Moy =F(N) Y C(i,N)( I1 L;"”)( I1 p—‘é’f) (5.35)

i=1 I=1 p k=2[N/2]—-2i+3

For the overall pre-factors F(N) and the coefficients C (i, N), one has to distinguish between
even and odd values of NV,

22=N2=32P(N + 1)I(DJ2+ N/2+k —3/2)

COdd(k, N) — (_1)N/2+k+1/2 , (536)
T(N/2—k+3/2)(2k)[(D/2+N/2—1/2)
3/2—=N/2
(D—1DI'(N/24+D/2—1)
2k—N/2-2 _

F(N2—k+2)L2k— DI (D/2+N/2—1)’
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21N (D/2 +1/2)

F&(N) = . (5.39)
(D-1D)I'(N/24+D/2-1/2)

The projector obeys the normalization condition

oy REIN = Ay (5.40)
which implies

Iy ey - p*v = 1. (5.41)
As an example for the above procedure, we consider the case N =3,

1 8uipa Pus PuiPps Pus3

My oy = D—1 <_3 4 +(D+2) 5 . (5.42)

Applying this term to (5.23) yields
1 dPk dPr 9
Li(p,m,2,1)= e -2 . .
1pom 2.0 =555 | Gmyp (Zn)D( Pa-qp-qi
—P’aip -2+ D +2)(@q1-p)a2. p) f ki, ... ki, pom). (5.43)

It is important to keep p artificially off-shell until the end of the calculation. By construction, the
overall result will not contain any term o 1/ p?, since the integral one starts with cannot contain
such a term. Thus, at the end, these terms have to cancel, one can set p2 = 0 and the remaining
constant term in p? is the desired result.

The above projectors are similar to the harmonic projectors used in the MINCER-program, cf.
[65,75]. These are, however, applied to the virtual forward Compton-amplitude to determine the
anomalous dimensions and the moments of the massless Wilson coefficients up to 3-loop order.

The calculation was in general performed in Feynman gauge. For the external quark and
gluon lines, the projectors (5.15), (5.13) are applied, which requires to include the ghost terms
into the calculation. We also performed part of the calculation keeping the gauge parameter in
Rg-gauges, in particular for the moments N = 2, 4 in the singlet case and N = 1,2, 3,4 in the
non-singlet case, yielding agreement with the results being obtained using Feynman-gauge. In
addition, for the moments N = 2,4 in the terms with external gluons, we applied the physical
projector in Eq. (5.14), which serves as another verification of our results. The computation of
the more complicated diagrams was performed on various 32/64 Gb machines using FORM and
for part of the calculation TFORM [76], spending about 250 days of computational time.

5.3. Results

We calculated the unrenormalized operator matrix elements treating the 1PI-contributions

explicitly. They contribute to A(Qz, Agg) 0 and Af;q)’gs. One obtains the following representations

A _ AGir _ @i g () i _ Ao (0 i
Qg — Q¢ Qg e 0¢ " u?

A ~2 52
A0 A0 o 2 ) am (o,
A0 (0.25) a0 (0.2, (5.4

Ao _ e _ae(, m? Ao m?
28.0 — “lgg.0 T2 ) T a0 ﬁ
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2 m2 m2
—240 17<2>(0 >+A“) n“)(o )17“)(0 —) (5.45)
w? u? u?
2B3)NS _ RG).NSir &) m*
ADRS = ADMISIT 5 (o, ?) (5.46)

The self-energies are given in Egs. (4.5), (4.6), (4.7), (4.9). The calculation of the one-particle
irreducible 3-loop contributions is performed using MATAD.!? The amount of moments, which
could be calculated, depended on the available computer resources w.r.t. memory and compu-
tational time, as well as possible parallelization using TFORM. Increasing the Mellin moment
by two demands both a factor of 6-8 larger memory and CPU time. We have calculated the
even moments N =2,..., 10 for AD 4B A(3) AS;’PS up to N = 12, and for

(3),NS 3),PS 3) Qg7 Tes. 07 and
Aqq 0 ,Aqq 0 ,quQuptoN=14.

2.0 for

(i) Anomalous dimensions:
The pole terms of the unrenormalized OMEs emerging in the calculation agree with the
general structure we presented in Egs. (4.15), (4.24), (4.25), (4.37), (4.38), (4.45), (4.55).
Using lower order renormalization coefficients and the constant terms of the 2-loop results,
[29,33,35,86], allows to determine the fixed moments of the 2-loop anomalous dimensions
and the contributions o TF of the 3-loop anomalous dimensions, cf. Appendix A.2. All our

results agree with the results of Refs. [18,19,23,24,79,80]. The anomalous dimensions yq(?
and y(z) PS are obtained completely. The present calculation is fully independent both in
the algorithms and codes compared to Refs. [18,19,23,24,80] and thus provides a stringent
check on these results

(ii) The constant terms a (N ):

The constant terms in Eq. (3.3)at O(ag), (4.15), (4.24), (4.25), (4.37), (4.38), (4.45), (4.55),
are the new contributions to the non-logarithmic part of the 3-loop massive operator matrix
elements, which cannot be constructed by other renormalization constants calculated previ-
ously. They are given in Appendix A.3. All other contributions to the heavy flavor Wilson
coefficients in the region Q% > m? are known for general values of N, cf. Sections 2, 4.
The functions a( ) (N) still contain coefficients o ¢ and we will see below, under which cir-
cumstances these terms will contribute to the heavy flavor contributions to the deep-inelastic
structure functions. The constant By, (4.10), emerges as in other massive single-scale calcu-
lations [81].
(iii) Moments of the constant terms of the 3-loop massive OME:s:

The logarithmic terms of the renormalized 3-loop massive OMEs are determined by known
renormalization constants and can be inferred from Eqs. (4.17), (4.26), (4.27), (4.39), (4.40),
(4.47), (4.58). In the following, we consider as examples the non-logarithmic contributions
to the second moments of the renormalized massive OMEs. We refer to coupling constant
renormalization in the MS-scheme and compare the results performing the mass renormal-
ization in the on-shell scheme () and the MS-scheme (i77).

For the matrix elements with external gluons, we obtain:

AS; MS(,u =m?, 2)

10 partial results of the calculation were presented in [77,78].
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_ TFCi<174055 _ §B 720 — 29431 3)
4374 9 324
+TrCrCy (—@ + @34 — 10444 + @4“3 - giz + 644 ln(2)>
729 9 9 3

8879 Odp a0~ T 1 80, — 128001 )
ooz ot _ _ n
729 o B4 Ca o &3 & &

21586 3605 55672 889 128
+T,%CA(——+—¢3)+T,%CF<— - )

+TFC§(

2187 | 162 729 T Bt 3R

2 7054 704 2 22526 1024 64
+nrTECx —W—HQ +nfTpCp\ ——z— , (5.47)

729 T e BT 3%
QWS 2 -2
AQg (u =m ,2)

5 (174055 88 29431
=TwCh( :

— By 7204 —
374 g 4TI

N TeCrC 123113+2088 104 +233O
FCrCa 729 g B4 C4 9 {3

TrCA (- — 2By +3204 — ™
* FCF( 720 g eI g

8042 64 3293
g3
21586 3605 9340 889
+T1%CA(—W+—§3)+T1%CF<— )

162 729 T e &

) 7054 704 L (478 1024
+nfTFCA _ﬁ—ﬁég +l’lfTFCF E‘FT 31, (548)

AL = 2)

2 (64280 704{ nren( 782 1024{
=n _— n —_ _ s
FEF=A\"2187 ~ 81 FEFEF\"09 T g1 3

(5.49)

AL =)

5 174055 88 29431
= TFCA — + &3

B, —72 5.50
1374 T g BT IRt (5.50)

18002 208, 0. 2186 64 2
_ =0 _ =% _ n

729 g B4 Ca 9 &3 34“2 e}

8879 64

701
TrC:| —= + —B, — 32 3 —80 1282, In(2
+ FCF(729 + g B¢ L4+ o1 €] &2 + 12822 In( ))

21586 3605 55672 889 128
+Tf2‘CA( - c>+T§~CF(— 2)

+TFCFCA(

2187 162 729 g3 ¢

T2 _57226+1408€_ T2 29908_2048{+@§ 551)
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+ TFCFCA(123 3 _ @54 + 1044 — @53)
729 9 9
+ TFC%<% + gB4 — 324+ @;3)
729 9 81
+T:C (w—@;>+ﬂc (%—@Q
F=A\ 2187 ~ 162 F2F\ 729 ~ 81 %
+npTECH (—% + %Q) +ny FCF<6792094 — 22‘1‘8;3> (5.52)

Comparing the operator matrix elements in case of the on-shell scheme and MS-scheme, one
notices that the terms In(2)¢,, ¢ are absent in the latter. The ¢, terms, which contribute to
(3) (N), are canceled by other contributions through renormalization. Although the present pro-
cess is massive, this observation resembles the known result that ¢;-terms do not contribute in
space-like massless higher order calculations in even dimensions [82]. This behaviour is found
for all calculated moments. In addition, ¢4-terms occur, which may partly cancel with those in
the 3-loop light Wilson coefficients [26]. Note, that Eq. (5.49) is not sensitive to mass renormal-
ization due to the structure of the contributing diagrams.
An additional check is provided by the sum rule [31],
AQN =2)+AL) ((N=2)+ AL) (N =2)=0, (5.53)
which is fulfilled in all renormalization schemes and as well as on the unrenormalized level.
Unlike the operator matrix element with external gluons, the second moments of the quarkonic
OMEs emerge for the first time at O(asz). To 3-loop order, the quarkonic OMEs do not contain
terms o &3. Due to their simpler structure, mass renormalization in the on-shell-scheme does not
give rise to terms  ¢2, In(2)¢ (2). Only the rational contribution in the color factor « Tr C% turns

out to be different and AZ;’S), (5.55), is not affected at all. This holds again for all moments we
calculated. The non-logarithmic contributions are given by

A(QSZI,M_S,PS(Mz =m2,2)

—TFCFCA<@+%B4—64§4+@§3)
2187 9
+ TFC,%<95638 — 2 46t - %gg) - T£CF<53 pags ﬁgg)
729 9 81 > 2187 81
s 34312 1024
+”fTFCF<_ 2187 T8I 3)
Ay " (P =, 2) TFCFCA(2813807 i — 640 + @Q
TFCF<78358 —ﬁ By 64{4—ﬁ§3)
729
+T2Cr (ﬂ_% )
F 2187 81 *°

34312 1024
3) (5.54)

+”fT’%CF<_ 2187 T 81 ¢
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G.MSPS; 2 2 -\ 2 52168 1024
Aggo (W =m ’2)_”fTFCF<_—2187 +r ). (5.55)
MS 101944 o4 4456
(3),MS,NS (2 2
A =m”,2)=TpCpCys| ————— + —Bs — 64
gg0 (W =m"2)=TpCp A( g7 T g B 04— 4“3)

283964 128

5 848
TTPCE Qg7 T g BT 5l

e (B5024 1792
FCP\ g7 T 1 B3

TELE (5.56)

2187 i 81
101944 o4 4456 )

2 46336 1024
+I’lfTFCF — ,

2 —2
—ii%,2) = TpCrCal —
g0 (W =m2) =TrCr A( 2187 9

201020 128 848
F 12V< ——Bg + 6454 — TQ)

ACISNS 5 B = 0484+ — 03

2187 9
25024 1792
2187 81

46336 1024 )

+T1%CF<

+—10 (5.57)

2187 81
101114 128 8296 )

+nfT,%cF<—

29,0 — —B4 + 12884 — 8—153

2187 9
570878 256 17 168{ )
3

2B, — 128
2187 T o Gt g

26056 1792 )

=+ TFC%: <—

729 T 7 83

44272 1024 )
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101114 128 8296 )

—l—nfTI,%CF(

ADNS (152 2) = TFCFCA(
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436094 256 17168 ¢ )
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+ 2By — 12824 +
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+ FCF( 2187 9 81

5 26056 1792
I~ v O

44272 1024 >

-8

—_— 5.5
729 27 (559)

+nfT1%cF<
Finally, the sum rule [31],
(3),PS _ (3),PS _ (3),NS _ 3) Ay
AQq (N—2)+Aqq)Q (N_2)+Aqq‘Q (N—2)+qu)Q(N_2) =0 (5.60)

holds on the unrenormalized level, as well as for the renormalized expressions in all schemes
considered.

FORM-codes for the constant terms al.(?) (N), Appendix A.3, and the corresponding moments
of the renormalized massive operator matrix elements, both for the mass renormalization carried
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out in the on-shell- and MS-scheme, are attached to this paper and can be obtained upon request.
Phenomenological studies of the 3-loop heavy flavor Wilson coefficients in the region Q2 > m?
will be given elsewhere [83].

6. Heavy quark parton densities

In the kinematic region in which the factorization relation (2.5) holds, one may redefine the
results obtained in the fixed flavor number scheme, which allows for a partonic description at
the level of (ny + 1) flavors. As before, we consider n s massless and one heavy quark flavor.
Since parton distributions are process independent quantities, we define the parton distributions
for (n s + 1) flavors from the light-flavor parton distribution functions and the massive operator
matrix elements for n ¢ light flavors. Also in case of the structure functions associated to trans-
verse virtual gauge boson polarizations, like F>(x, Q?), the factorization (2.5) only occurs far
above threshold, Q% ~ 4m?x /(1 — x), and at even larger scales for F; (x, Q?). The following set
of parton densities is obtained, cf. [31]:

fk(nf + l,uz,m2,N) +f,;(nf + 1,u2,m2,N)

ANS

2

2
+ A Q(nf, ,N) -Z(ns,u? N)

2
+Aqg,Q<”fv;lf?’N>'G(”f,MZ,N), 6.1)
fo(np+1. 4% m* N)+ f5(ny+ 1,4 m* N)
2 2
—AZZ( s %N> Z(ng.n, N)"‘AQg(”f» »N>'G(nf,lL2,N). (6.2)

Here, fi(f;) denote the light quark and anti-quark densities, fo(fg) the heavy quark densities,
and G is the gluon density. The flavor singlet, non-singlet and gluon densities for (n ¢ + 1) flavors
are given by

Z(ns+ l,,u2,m2,N)

2 MZ
[AE;Q(nf, ’N>+anqu<nf’W’N)
,U«z 2
5 (5 ) | o)

+ APS

2 2
. w w
+ [an,,g,Q(nf, 5 N) + Agg (nf, ot N>i| -G(ns, u* N), (6.3)

A(nf+ l,uz,mz,N) =fk(nf+ 1,/L2,N) +f,;(nf+ 1,#2,m2,N)

P (nf+1 u m> N) (6.4)

G(l’lf+1/L m? N (nf, , ) (nfu N)
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2

n
+Agg,Q(”f’ N> : G(”.f'»MZaN)~ (6.5)

W )
Note, that the new parton densities depend on the renormalized heavy quark mass m?. As
outlined above, the corresponding relations for the operator matrix elements depend on the
mass-renormalization scheme. Furthermore, m = m(as(,uz)). This has to be taken into account
in QCD-analyzes, in particular m? cannot be chosen constant.

The normalization of the quarkonic and gluonic operators obtained in the light-cone expansion
can be chosen arbitrarily. It is, however, convenient to select the relative factor such, that the non-
perturbative nucleon-state expectation values, X (n 7, MQ, N)and G(ny, ,u2, N), obey

Z(nppu*, N=2)+G(nsp,u* , N=2)=1 (6.6)

due to 4-momentum conservation. As a consequence, the OMEs fulfill the relations (5.53), (5.60).
The parton densities (6.1)—(6.5) can be applied in other hard-scattering reactions at high energy
colliders in kinematic regions where the corresponding power corrections o< (m2/Q*)*, k > 1
can also be safely disregarded.

Conversely, one may extend the kinematic regime for deep-inelastic scattering to define the
distribution functions (6.1)—(6.5) upon knowing the power corrections which occur in the heavy
flavor Wilson coefficients H{ (x, Q%?/*, m?/u?). This is the case up to 2-loop order. We sep-

arate both contributions using Eq. (1.8). If one accounts for Hij POV (x. 0% /%, m%/u?) in the
fixed flavor number scheme, Eqs. (6.1)—(6.5) are still valid, but they do not necessarily yield the
dominant contributions. In the region closer to threshold, the kinematics of heavy quarks is by far
not collinear, which is the main reason that a partonic description has to fail. In any case, it is not
possible to use the partonic description (6.1)—(6.5) alone for other hard processes in a kinematic
domain with significant power corrections.

7. Conclusions

We calculated the 3-loop massive operator matrix elements, which form the heavy flavor
Wilson coefficients, (2.11)—(2.15), together with the known massless Wilson coefficients in the
region Q% > m? due to the factorization theorem (2.5). All but the power-suppressed contribu-
tions are obtained in this way. Furthermore, all operator matrix elements needed to derive massive
quark-distributions at the 3-loop level were calculated. We presented in detail the renormalization
of the massive operator matrix elements, leading to an intermediary representation in a defined
MOM-scheme. This is necessary to maintain the partonic description required for the factoriza-
tion of the heavy flavor Wilson coefficients into OMEs and the light flavor Wilson coefficients.
The representation of the heavy flavor Wilson coefficients in the asymptotic region, effectively
reached for the structure function F>(x, Q%) for Q%/m? ~ 10, is available for general values of
N in analytic form, up to the constant parts al.(;) (N) of the unrenormalized 3-loop OMEs. A num-
ber of fixed values of Mellin moments N for these constant parts were calculated, reaching up
to N =10, 12, 14, depending on the complexity of the corresponding operator matrix element.
Although general methods are available to reconstruct the recurrence formulae for anomalous
dimensions and Wilson-coefficients as a function of N by a finite number of moments, [84], the
number of moments calculated for al.(;)(N ) is still far too low. Through the renormalization of
the massive OME:s, the corresponding moments of the complete 2-loop anomalous dimensions
and the Tr-terms of the 3-loop anomalous dimensions are obtained, as are the moments of the

complete anomalous dimensions yq%) ’PS(N ) and yq(? (N), which agree with the literature.
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The results were presented performing the coupling constant renormalization of the OMEs in
the MS-scheme and the mass renormalization in the on-shell scheme. After a transformation to
the MS-mass, the ¢»-terms are canceled completely. Although being a massive calculation, which
is indicated by the emergence of the number By, the use of the MS-scheme moves the structure
of the result towards those observed in massless 3-loop calculations.
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Appendix A
A.l. Feynman rules

For the Feynman rules of QCD, we follow the convention of Ref. [55]. D-dimensional mo-
menta are denoted by p; and Lorentz indices by Greek letters. Color indices are denoted by
a,b,...,and i, j are indices of the color matrices. Solid lines represent fermions and curly lines
gluons. The Feynman rules for the quarkonic composite operators are given in Fig. 8. Up to
0(g?) they can be found in Refs. [10] and [85]. Note that the O(g) term in the former refer-
ence contains a typographical error. We have checked these terms and agree up to normalization
factors, which may be partly due to a different convention in the standard Feynman rules. We
newly derived the rule with three external gluons. The terms y. refer to the unpolarized (+) and
polarized (—) calculation, respectively. Gluon momenta are taken to be incoming. The Feynman
rules for the unpolarized gluonic composite operators are given in Fig. 9. Up to O(g?), they can
be found in Refs. [11] and [16]. We have checked these terms and agree up to 0(g"). At 0(g),
we agree with [11], but not with [16] and [55]. At 0(g2), we do not agree with either of these
results, which even differ from each other.!!

A.2. The 3-loop anomalous dimensions

The 3-loop anomalous dimensions quqS (N) and y,e(N) and the contributions o TF to
yqt,‘NS(N ), Ygq(IN) and ygq (N) are obtained from the single pole terms in the present calculation
for even values of N and for yq_q’NS(N ) for odd values of N. In the latter case, also y,‘;;INS (N)
with y,;}t}NS (N) = yq_q’NS(N )+ )/g; NS (N) can be obtained, which will be considered elsewhere
[83]. The anomalous dimensions are:

11 We would like to thank J. Smith for the possibility to compare with their FORM-code used in Refs. [29,56,86,87], to
which we agree.
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We agree with the anomalous dimensions given in [18,19,22-24].
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