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Abstract

Four-point functions of R-currents are discussed within Anti-de Sitter supergravity. In par-
ticular, we compute Witten diagrams with graviton and gauge boson exchange in the high
energy Regge limit. Assuming validity of the AdS/CFT correspondence, our results apply to
R-current four-point functions of A" = 4 super Yang-Mills theory at strong coupling.

1 Introduction

Studies of the Regge limit for scattering amplitudes go back to the 1960ies when experiments started
to explore the high energy regime of quantum field theories. In Quantum Chromodynamics (QCD),
the weak coupling limit of the Regge limit turned out to be dominated by the BFKL Pomeron
[, 2, B] which represents a bound state of two reggeized gluons. More general, high energy
scattering amplitudes in QCD can be written in terms of reggeon field theory with reggeized
gluons [4] as the fundamental degrees of freedom. The BFKL Pomeron is an intriguing starting
point for analyzing both the NLO corrections [5] 6] [7] to the BFKL kernel and for generalizing
the BFKL equation to the more complex BKP states in the ¢ channel [8], 9, [10]. In the context of
large- N, limits, the BFKL Pomeron represents the leading approximation of the elastic scattering
amplitude (color singlet exchange). The BKP states have been found to be integrable for large N,
[I1, 12 13], and these links of high energy QCD with integrable models have raised hopes for at
least partial solutions.

Investigations of the planar Regge limit were mostly performed perturbatively, i.e. for small 't
Hooft coupling A. Up until 1997, strongly coupled gauge theory has remained largely inaccessible,
at least with analytical tools. The situation has changed through the discovery of the AdS/CFT
correspondence [I4] 15, [I6]. It relates many interesting superconformal gauge theories to string
theories in Anti-de Sitter backgrounds. The simplest example of such a correspondence involves
N = 4 supersymmetric Yang-Mills theory in four space-time dimensions. This theory is an attrac-
tive toy model. While being severely constrained by its symmetries, the leading Regge asymptotics
is identical to that of QCD. The dual description is given by type IIB string theory on AdSs x S°.
Even though the latter is very difficult to solve completely, calculations may be performed for large
radius R of AdS5 using the approximate description through classical supergravity. According to
the AdS/CFT correspondence, the supergravity limit of string theory is dual to gauge theory at
strong coupling A — oo.

In Quantum Chromodynamics, the scattering of electromagnetic currents provides a reliable
environment for studying the Pomeron [17,[I8]: at large virtuality of the external photons, the QCD
coupling constant is small, and the use of perturbation theory is justified. N' = 4 super Yang-Mills
theory contains close relatives of electromagnetic current [19], namely the R-currents which belong
to the global SUR(4) group. Therefore, is seems natural to further explore the Pomeron, within the
AdS/CFT correspondence, by investigating four-point correlators of R-currents in A" = 4 super
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Yang-Mills theory. In the weakly coupled regime, the relevant correlation functions have been
investigated [20]. Similar to the QCD case, in the high energy limit the scattering amplitude has
the form of a convolution of the two R-current impact factors
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where k, g are two-dimensional transverse momentum vectors with t = —q?, Q% and Q% are the
virtualities of the two incoming R-currents (for simplicity we take the virtualities of the outgoing
currents to be identical to the incoming ones). Helicity is conserved, and P4, Pp denote the
polarizations of the two incoming external currents (transverse or longitudinal). The impact factors
@4, ®p for the R-currents in A = 4 have been calculated explicitly [20]. When including higher
order corrections in the leading logarithmic approximation the two gluon propagators are replaced
by the BFKL Green’s function
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and the leading singularity in the w plane is located at wyp = 4N.asIn2/7. It may be worthwhile
to recall that the high energy behavior (I.2)) also allows to address the short distance behavior of
the operator product of the R-currents: by considering the limit Q% > Q% (like in deep inelastic
electron proton scattering), the BFKL Green’s function can be used to derive, in particular, the
anomalous dimension of the leading twist two gluon operator expanded around the point w = 0.
As we recalled in the previous paragraph, the limit of strong coupling is determined by classical
supergravity. Techniques for the relevant supergravity computations were developed starting from
[15]. They have been applied to calculate many two- and three-point correlation functions
23], 24] as well as four-point correlators |25, 26], 27, 28, 29] B0, 3], 32} [33], 34]. Just as in the case

of weak coupling, most of the supergravity amplitudes possess unpleasant divergencies which must
be renormalized [35] [36, [37, B8, B9, 40, A1), [42], [43]. In evaluating the Regge limit of four-point
amplitudes we actually meet a pleasant surprise. It turns out that UV-divergent terms do not
contribute to the high energy Regge limit of scattering amplitudes. The main reason is that, in
the Regge limit, the coordinates of the R-currents on the boundaries are well separated from each
other, thus avoiding the ultraviolet divergencies. Therefore, none of the calculations performed
below requires holographic renormalization.

In this paper we calculate the high energy limit for the four-point correlation function of R-
currents at strong coupling, restricting ourselves to the leading term, i.e. in the supergravity
regime. We evaluate contributions from graviton and gauge boson exchange in the bulk and
show that the leading Regge asymptotics is determined entirely by the t-channel exchange of bulk
gravitons. All other amplitudes, including those from s- and u-channel exchange of gravitons and
of gauge bosons, are suppressed by at least one power of the energy. Let us mention that there
exist a variety of other approaches to high energy scattering at strong coupling [44], [45], [46), [47, 48],
[49, 50, [51] and [52, 53| 54, [55]. Our work has a somewhat different take in that is focuses on
R-currents. Furthermore, the results are obtained by thoroughly analyzing the underlying Witten
diagrams, without any shortcuts or additional assumptions.

Let us briefly describe the content of the following sections. We shall begin with a more expos-
itory part in which some of the relevant background material is presented. In order to define the
high energy limit in Section 2] all relevant propagators must be transformed to momentum space.
Section 3 is devoted to a rather detailed calculation of the graviton exchange. The corresponding
scattering amplitude is proportional to the square of the total energy, s [56]. The properties of
the amplitude are investigated in some detail. In particular, after performing an inverse Fourier
transform on the transverse momenta of the process, we find a simple closed expression in configu-
ration space. The resulting expression for the Regge limit of the graviton exchange can be written
rather compactly in terms of a scalar propagator of AdSs. Moreover, we determine the expansion



coeflicients for the amplitude written as a series in the exchanged momentum. We also investigate
the dependence of the forward scattering amplitude on the virtualities of the process. In Section [
we calculate the Regge limit of gauge boson exchange for general values of the exchanged momen-
tum. As expected for the exchange of a vector boson, the amplitude is proportional to the total
energy s.

2 Definitions and ingredients from supergravity

In this second section we shall formulate our main task we address and we provide the basic
ingredients that are required for its completion. After a short review on the calculation of R-
current correlators from supergravity, we list all the necessary building blocks. These include the
bulk-to-bulk propagators for gravitons and gauge bosons in Anti-de Sitter space.

2.1 Formulation of the Problem

We consider N/ = 4 super Yang-Mills (SYM) theory in four dimensional Euclidean space. Let
us pick one of its R-currents by J; with j labeling the spacial directions, ie. j = 1,...,d = 4.
Z = (1, 22,23, x4) denotes the four dimensional Euclidean vector. We are interested in evaluating
the Fourier transform of the four-point correlator,
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Due to the conservation of the R-current, i.e. 9;J7 = 0, the contraction of the quantity A with one
of the four external momenta vanishes trivially. We can solve these Ward identities explicitly by
projecting the scattering amplitudes,
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with appropriate polarization vectors e;\i (p;) satistying p] eg’\i) (p;) = 0 along with an orthonormality
condition. A set of polarization vectors with the required properties is spelled out in appendix
A (eq. (A2). For any given choice of polarizations, the resulting scattering amplitude can only
depend on the two Mandelstam variables s and t.

The perturbative computation of the full scattering amplitude in gauge theory and supergravity
is possible, though a rather tedious exercise. In this study we shall only be interested in the Regge
limit of the scattering amplitude A(s,t) of the process 1 +2 — 3 + 4, i.e. in the limit where
the total energy is much larger than the momentum transfer and the virtualities of the external
currents. In Euclidean notation we have

s = — (P +72)%,—t = (p1 +ps)?, (2.3)

and |p1], |p2| (|ps| and |py|) are the virtualities of the incoming (outgoing) currents. In order to
take the limit we are interested in, namely

we have to go, via Wick rotation, to the Minkowski space.

Our aim here is to calculate the amplitude ([2.I) in the limit of infinite 't Hooft coupling (the
weak coupling limit has been addressed in [20]). To this end we make use of the conjectured
AdS/CFT correspondence [14] between 1IB string theory on AdS4y1 space and N = 4 SU(N,)
super Yang-Mills theory. An efficient calculation can only be performed in the limit of large N,
(planar limit). At the same time we send the 't Hooft coupling A = g2 ,,N, to infinity. In this
regime, the full string theory on AdSg; is well approximated by classical supergravity.



The AdS/CFT correspondence comes with a prescription to compute correlation functions in
the d-dimensional quantum field theory [I5] [16]. To be more precise, sources ¢ of operators in
super Yang-Mills theory correspond to the boundary values of supergravity fields in AdSgy1, i.e
®loads ~ ¢o. For an n-point function we have
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where the factor w, comes from the relative normalization of sources to ¢y values and the nor-
malization of the action [23]. On the right hand side, Saqs denotes a classical supergravity action
that is evaluated with fixed boundary values of ¢.

Before we can spell out the supergravity theory we consider, let us briefly fix some conventions
concerning the Anti-de Sitter space AdSgy1. Its Euclidean continuation is parameterized by zg > 0

(JW)JI2)...J(n))err = exp(—Saas[oldol])| 5, - (2.5)

and & with coordinates x; enumerated by the Latin indices i = 1,...,d. The metric is given by
2 _ 1 =2
ds” = — (dzg + di), (2.6)
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where d7? can be related to the metric of Minkowski space by Wick rotation. The boundary of
the Anti-de Sitter space is at zg = 0. Our computations will be performed for d = 4, the case that
is relevant for QCD.

Our supergravity calculations can be truncated consistently to a theory involving fluctuations
of the metric on AdSq41 along with fluctuations of an U(1)r gauge field A,,. The latter is related
to the gauge theory R-currents through the AdS/CFT correspondence. The relevant supergravity
action reads
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with R being the scalar curvature and where the covariant matter action is [21], 23] 57, B3]
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Here 2r% = 1572 R3 /N2, R denotes the radius of AdSs, and F),, is the field strength of the gauge
field A, as usual. Throughout this note, Greek indices refer to the (d + 1)-dimensional space, i.e.
they take values from 0 to d. Latin subscripts, on the other hand, parameterize directions along
the Euclidean d-dimensional boundary of AdS,41. Repeated indices are always summed over after
they have been lowered. To lower indices we use the d + 1-dimensional metric. The coefficient k
of the Chern-Simons is an integer.

Evaluation of the four-point correlation function of R-currents using eq. (2.5)) along with eq.
27 is, in principle, rather straightforward. In practice, we can use a very convenient and intuitive
diagrammatic procedure that was first proposed by Witten [15] and then developed further by many
other authors. In our case, the computation of the relevant Witten diagrams requires only three
basic building blocks. These include the bulk-to-bulk propagators for the graviton and the gauge
R-bosons as well as the bulk-to-boundary R-boson propagator. They are connected by vertices
which can be inferred form eqs. Z7) and ([2.8). The diagrams that shall be analyzed below
are plotted in Fig. [l We are only interested in their leading Regge behavior. Since the regime
24) is characterized through momenta, it is necessary to transform the various propagators to
momentum space. In order to make our presentations reasonably self-contained, we shall list the
Fourier transform of the basic building blocks in the following three subsections.

2.2 Bulk-to-bulk propagator of the gauge boson

Let us begin by discussing the Fourier transform of the bulk-to-bulk gauge boson propagator.
According to [58], its coordinate space representation is given by

G (z,w) = —(0,0,u)F(u) + 0,0,/ S(u) , (2.9)
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Figure 1: Witten diagrams for the graviton and boson exchange in the t—channel, respectively

where 0, is the derivative with respect to z, and 0,s denotes derivatives with respect to the
components w,,. The propagation of the physical components are described by the massive scalar

propagator F' with mass parameter m? = —(d — 1),
(%) L (5) = T(k+ %)
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The function S(u), on the other hand, is a gauge artifact. We shall not need its form below. The
so-called chordal distance variable u, finally, is defined by

(z —w)? ¢ L 2wozo _ (2.11)
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where (z — w)? = 6,,, (2 — w), (2 — w), is the so-called flat Euclidean distance. In spelling out the
Fourier transform, we distinguish two different cases according to whether the second index v/ is
parallel or transverse to the boundary of AdSgy 1. In the first case where v/ = j, the result of the
Fourier transform reads
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where # = Z — @ and S is the Fourier transform of S. Moreover, we introduced the function
wo = wo(z0,wp) = \/wg + 28. Here and below, K,,(x) denotes the modified Bessel function.

In the second case, when v/ = 0, the Fourier transform of the gauge boson’s bulk-to-bulk
propagator reads,
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The symbol ¢ in the first term on the right hand side denotes the derivative gg = 10y with respect
to zp.



2.3 Bulk-to-boundary propagator of the gauge boson

Following [15], let us now consider the bulk-to-boundary propagator of the gauge boson in Lorentz-
like gauge. It is given by the simple expression

Guj(2,@) = Naby; — Naduo (2.12)
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where the normalization
Ny = — (d—2)I'(d)
2md/2(d—1)T'(d/2)
is chosen such that the bulk-to-boundary propagator Gji(z, ) — 6;;6(¥)(Z — %) in the limit where
zp is sent to zg = 0. The formula we state here is valid for dimensions d > 2.
Performing a Fourier transform in the spacial coordinate & on the boundary, we obtain
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This expression simplifies considerably when we set d = 4. In this case, the normalization Ny takes
the form Ny = 2/7? and therefore

Guj(20,0) = 200511 K1 (20(P1) — ips6u0 Ko(20[p1)] - (2.14)

2.4 Bulk-to-bulk propagator of the graviton

Finally, we turn our attention to the bulk-to-bulk propagator of the graviton. According to [58]
this quantity reads as

Gy = (0u0pud,0pu+ 0,0,u0,0uu)Gu)+ guwgu H(uw)+ ... (2.15)
Here the dots ... stand for terms of the form 0,X where p = p, 1/, v,v/. These turn out not to
contribute to our computation below. Furthermore, G is the massless scalar propagator
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The function H, finally, is given by the following two explicit formulas
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Before studying the Fourier transform, we evaluate the quantity
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Let us anticipate that only the first of these terms does actually contribute to the high energy
behavior. With this is in mind we focus on the relevant part by defining
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Its Fourier transform is easily computed and reads
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where ¥ = 7 — w0, as before. Subleading terms can be obtained in a similar way, but they will not
be needed in the present context. We finally mention that, for large |¢|, the Fourier transform of
the function G(u) goes as 1/|q|* [48].

3 Graviton exchange in the high energy limit

The aim of this section is to compute and analyze high energy limit of the scattering amplitude
A(s,t) introduced in the previous section. Since we are interested in the AdSs case, we shall set
d = 4 from now on. We switch to Minkowski metric g = diag(+, —, —, —). However, for simplicity
we continue using our previous notation: i.e. p; now stands for the four vector (p;.4, pj:1,pj:2,Dj:3)
with |7;]? = —p?;zl + pf;l +p§;2 —i—p?ﬁ = —p?, Latin indices continue to run from 1 to 4 (where the
fourth component denotes Minkowski 'time’), and Greek indices run between 0 and 4.

The first subsection contains the main results on the high energy limit. In the second subsection
we make an attempt to re-interpret the result as coming from a correlation function in AdSs.
Finally, we investigate in some detail the properties of the forward scattering at infinite 't Hooft
coupling.

3.1 The graviton exchange

Let us begin by computing the contribution to the four-point function of R-currents that is obtained
from the exchange of a single graviton in the t-channel (left figure in[Il). According to the rules of
the AdS/CFT correspondence, this quantity is given b

1 d*zdzo [ d*wdwyg
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We shall refer to 7;;) as the stress-energy tensor. It is determined through the bulk-to-boundary
propagators of the gauge boson and it contains the coupling between gauge bosons and gravitons.
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Note that T satisfies the four-dimensional Ward identity by construction. We shall see below

that only the first two terms of T{y3),, contribute to the high energy behavior of the amplitude.
Performing the Fourier transform of the expression (8.1 we obtain
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IThe correlation functions and amplitudes are calculated up to multiplicative constants, which can be easily
restored from the action (2.71).



Before we analyze which terms give the leading contributions to the high energy behavior, we recall
that we still need to contract our amplitude with the appropriate polarization vectors
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Since the amplitude (34) satisfies the Ward identities associated with the conservation of R-
currents, we are allowed to shift the polarization vectors (A.2)) by the momenta of the corresponding
particles. If we allow for this additional freedom, the polarization vectors may be brought into the
form displayed in eq. (A.4)) of the Appendix. We note that contractions of these shifted polarization
vectors with any tensor cannot give additional powers of the energy s. Hence, we can determine
the dominant terms of the scattering amplitude before we actually switch to the polarization basis.
After these remarks let us look back at the form of the stress-energy tensor 7. Each of the
three terms contains two derivatives which are replaced by momenta after Fourier transformation.
These are combined with two more momentum components from the second stress-energy tensor.
Therefore, we can at most obtain terms which are of the order s2. But this requires that momentum
components of pj and p3 are contracted with momentum components p> and py. Terms in which
p1 is contracted with p3, on the other hand, are clearly subleading. This implies that we can
drop the term in the second line of eq. (B.2) and it explains why we had previously introduced
the quantity G in our discussion of the bulk-to-bulk propagator for the graviton. In fact, GV
contains all terms of the propagator that can contribute to the leading high energy behavior. We
can summarize the results of our discussion through the following two formulas
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for the high energy limit of the graviton bulk-to-bulk propagator and the stress-energy tensor,
respectively. Here and throughout the rest of the paper, ~ means equality up to terms that are
subleading in the high energy limit. Note that the graviton propagator has exactly the form that
is expected in the Regge limit: for the exchange of a spin one gauge boson it is well-know that the
leading high energy behavior comes from a particular t-channel helicity state. If j (j') denote the
upper (lower) Lorentz indices of the ¢-channel exchange propagator and p; (p2) the large momenta
at the upper (lower) vertex, this dominant helicity state contributes through the tensor

2p2jp1j’
—

(3.9)

In eq. BX) we see that the leading behavior of the graviton exchange can be interpreted as the
(symmetrized) tensor product of two spin one bosons. Furthermore, as we will demonstrate below
the first and the second term within the square bracket in the last line of eq. (8.8]) correspond to
longitudinal and transverse polarization of the R-boson, respectively.

If we now substitute the two expressions (3.8) and ([220) back into the amplitude B3] and use
that (1 - p2)(P3 - p1) ~ s2/4, we arrive at the high energy limit of the graviton exchange:
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This formula has reminiscent of eq. (II)) where ®;_;, plays a role of an impact factor while 3(|p; +
D3], 20, wo) is the analog of a propagator.

It is convenient to switch to the helicity basis: by contraction with the polarization vectors
from eqgs. (A.4) and (A3) and making use of the orthonormality of the transverse polarizations we
obtain

Am g A — A3) (= \x11rm .
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i.e. the first term with m; = 1 only contributes to the transverse polarizations h = 4, whereas
m1 = 0 belongs to the longitudinal polarization. From eq. (B13)) we learn that helicity is conserved:
A1 = 3. As we also see in eq. (BI3), the quantity Wy, », in the helicity basis only depends upon
the virtualities of the external currents. Consequently, also the “impact factor” in the helicity basis

Do, (71] 1P3l20) = D W, (81, 53) Ko (2051 ) Ko (20551 (3.14)

m=0,1

only depends on the virtualities.
With these expressions our scattering amplitude finally reads:
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The amplitude [B.I5) is proportional to s?. To be complete, one also has to consider the
exchange of the graviton in the s- and u- channels. In these cases the last term of the stress-energy
tensor ([3.2)) is also important. Counting powers of momenta in the stress-energy tensor one might
at first expect to get additional contributions of order s?. But, unlike in the t-channel exchange
that we have discussed at length, the s- and u-channel exchanges of the graviton are suppressed
by an additional factor s~! that comes in through the graviton propagator itself. Therefore, there
is no need to analyze such contributions to the amplitude any further.

Equation (3I3) should be compared with the weak coupling result (II)). Again we have the
structure of two impact factors ® which depend upon the virtualities of the external currents,
connected by an exchange propagator ¥ and convoluted by a two-dimensional integration. The
power of s reflects the spin of the exchanged graviton. On the gauge theory side, in the weak
coupling limit, the amplitude is given by the exchange of two gluons, and higher order corrections
in g2 replace the two gluon exchange by the BFKL Green’s function, modifying the power of s from
1 to 1 + wg. On the string side it has been argued that, due to the reggeization of the graviton,
the power behavior s? of the graviton exchange will be modified to s2~2 where A = O(1/V\).
However, in order to compute A, one has to go beyond the supergravity approximation used in
this paper.

3.2 Going back to configuration space

In the previous subsection we determined the leading Regge asymptotics for the Fourier transform
of the four-point correlator of R-currents. The result was expressed in terms of the four momenta
p; and it involved an infinite summation in the construction of the kernel functions X. In principle,
one might attempt to perform the inverse Fourier transform and to re-phrase our result as an
expression for the four-point correlator of R-currents. But the answer turns out to be rather
complicated.

We will therefore take a different route and perform an inverse Fourier transform exclusively
in the transverse momenta. To make this more precise, we fix a particular frame: working in
the Minkowski metric g,,, = diag(1,—1,—1,—1) we take the large momenta along the 3-axis. We



introduce the light-like reference vectors pa = (p,0,0,p) and pg = (p,0,0, —p) with s = 4p?,
and the transverse momentum vectors p;; 1 = (0,pi1,pi2,0) (¢ = 1,...,4), ¢ = (0, ¢1, g2,0) with
pi, = —p;, ¢ = —q°. Throughout this subsection, we adopt the four vector notation p; =
(Pi;a, Dis1, Pis2, Diz3), and we take the momenta ps and ps to be outgoing. Momenta in bold face
refer to the 2-dimensional transverse space. For large s we find

Q% +p%J_ - %(pl;l_ +P2;J_)2 Q% +p%J_
1 —|— : pA — f’

= s PB +p1;L )
Q5+ 13, Q3 +pi. — 35(p1iL +p2n)?
p2 = —f’pA‘F 1+ . 25 pB + P21,
Qi +pi1 — 5(ps +par)? Q3 +13.
ps = [(1+ S PA——— PBtDsL,
Qi +1i. Q3+ P53, — 3(psiL +pagL)?
py = ———=pa+ |1+ : 25 PB + P41
with p1.1 — p3;1. = pa;1 — po,1. Here we introduced the virtualities Q? = [p;|?, and for the

momentum transfer ¢ we have

(Q5—QF+p3., —pi, )(QF—QF+p3., —pi))
S

+...~ —¢*. (3.16)

t= (pl;l_ _pB;L)z +

We now compute the two-dimensional Fourier transform with respect to ¢:

1 TP AT DT T
T = o | [l [Je@Prmpempoepy
x (2m)%6 (py + Py — Ps — Pa) AT aan, (5:1) - (3.17)

Here, the two dimensional transverse vectors x; define the positions in transverse space of the
scattering R-currents. In particular, the difference b = %(ml + x3) — %(wg + x4) is the impact
parameter. The subscript T indicates that the Fourier transform has been performed in the trans-
verse space only. In calculating the two-dimensional Fourier transform we recall that s and |p;| are
kept fixed so that the integration over transverse momenta only effects the arguments of the delta
function and the variable t = —|p) + p3|? in eq. (3.16). The result is

I’%}F{{egge ~ 5(2) (.’1}1 - .’1}3)5(2) (mQ - :E4) (318)

s? I _ -
x5 [ dz0f [ duuds, s (7] 15l 20)Gaama(a) @an, (2l i wo3.19)

The variable @ = (1 — £)/€ is related to a 3-dimensional analogue of our variable ¢ through
e i 2201110
5 o zg+wg+b2 ’
The function G that appears in formula (BI]) is obtained as a special choice of the scalar Green’s
function in AdSg11 [59, 60) 61, 62]
P(A(A - +3)

G =28
aa(w) (4m)@d+D/20(2A — d + 1)

o5, 8 A -4+ 1;8%). (3:20)

Our parameters A = 3 and d = 2 are associated with a scalar of mass m? = A(A —d) = 3 in
AdS3. Standard properties of hypergeometric functions allow to simplify the expression for this
particular propagator to read
Lo 2-£-2/1-¢2
GA:37d:2(u) = 6 5 . (3.21)

4mé/1 — €2

10
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Figure 2: Integrals of the amplitude [B.I8) plotted as a function of b and fixed @); = 1. Different
lines correspond to different polarizations of R-bosons taken from the Bessel function subscripts,

namely 1 — 7T and 0 — L. For b — oo the amplitudes X7, X7, = Xpp, Xpr vanish as %b_ﬁ,
64 1—6 128 3 —6
—b"", =2=b

o ) 595~ , respectively.

Note that the dependence of the scattering amplitude on the 2-dimensional positions x; is
rather simple, in that the transverse positions of the incoming currents are conserved: x; = x3
and T3 = x4. In our computation, the delta functions appear while taking the high energy limit.
Our formula (BI8) can be used to study the b-dependence of the high energy scattering amplitude.
For large impact parameter, we expand in inverse powers of b2, and the leading terms has the
exponent § = —6. In the regime in which b2 is small, the scattering amplitude is proportional to
log b?. Numerical curves of the amplitude ([B.I8) are plotted in Fig.

3.3 Investigation of the forward amplitude

Before we spell out and study the formula for the amplitude at t = 0 it is useful to re-expand the
function ¥ that was introduced in eq. [BII) in the vicinity of vanishing —t = |q1* = |p1 + 5|2
This may be achieved with the help of eq. (B.2). The resulting series

E(|§|720;w0) = Z |(j|2mUm7 (322)
m=0

is often helpful to read off properties of the Regge limit [2.4]). Its expansion coefficients U, are
spelled out in Appendix [0 in terms of hypergeometric functions. Only the first summand Uy is
needed for the forward amplitude:

oo
ASK (s, =0) = & / dz023@ 05, (171, [75]: 20)
0
o0
< / ot rpn, (o], [Pl w0) Gassao(i),  (3.23)
0

where @ = (20 — wp)?/220wp, and the propagator

1

4w(2)z(2) (0(wo — 20)26L +0(z0 — wo)wé), (3.24)

Ga=2,4=0(0) =

is again a special case of the scalar propagator in AdSy41 that we had introduced previously in eq.

B20).

11
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Figure 3: The amplitude functions defined by Eq. (328) plotted as a function of r = Q4/Qp.

In the following evaluation of the forward amplitude we restrict ourselves to two independent
virtualities denoted by Q% = |p1]* = |p5]? and Q% = |pa|? = [p4|*. First we are interested in the
behavior of the high energy amplitude as a function of the ratio r = Q4/Qp. We start from eq.
B23). From eq. (813) we know that helicity is conserved, i.e. we have the four possibilities that
the helicities Ay = A3 = P4 and Ay = Ay = Pp are transverse or longitudinal. Let us denote these
cases by PAPp =TT, LT, TL, and LL, resp. Correspondingly we write:

52 bl

A p, (s, =0) = SOL Xp,apPg (3.25)
B

where
XpApB (r) = r2/ dzpdwp (0(wp — zB)z%wB +0(zp — wB)w%zB)K?nA(zBT)K?nB (wg), (3.26)
0

and Py, Pp stand for the two polarizations T, L. The index of the Bessel function is given by
my = 1 when Py = T and by myq = 0 for P4 = L. Our integration variables zp and wp are
related to zp and wq through zp = zpQp and wp = W@ p.

The functions (3:26) are plotted in Fig.[Blas a function of the ratio r = Q4 /Q 5, for all choices
of polarizations. When r — 0, the integrals XLL and XLT go to the finite values

XLL(O) = % and XLT(O) = 1%

The other two integrals XT 1 and XTT, on the other hand, diverge logarithmically, i.e.

Xrp(r) ~ Enr? and Xrr(r) ~ S Inr2

) Inr

for small » ~ 0. The behavior of the amplitudes at large r can easily be obtained using the
symmetry with respect to the exchange of p4 and pg. Our definition of the quantities X respects
the exchange symmetry only up to an overall factor r*, i.e.

XPAPB(l/T) = T4XPBPA(T). (327)

From this we can immediately read off the asymptotic behavior of X at large values of 7. The
functions XLL and XTL vanish like r—% while XLT and XTT behave as % 1nr2.

The region of large r = Q4/Qp corresponds to the limit of ’deep inelastic scattering’ of the
upper R-current on the lower R-current, i.e. the upper current plays the role of the photon, the

12



lower one that of the target. Since in the Witten diagram approximation our scattering amplitude
has no imaginary part, we cannot compute a cross section; nevertheless, it may be instructive to
analyze the power behavior in 7. Introducing the scaling variable z;; ~ Q% /s, and combining, in
eq. (3.28), the power r~* of Xp, p, (r) with the factor s2 in front of the integral, we find for large
r the leading behavior

1\2
APAPB ~ <E) ) (3.28)
for (P4Pg)= LL and TL, whereas
1\2
APAPB ~ (a) lnr27 (329)

for the cases LT and TT. As we have indicated after eq. (L)), the limit 7? = Q%/Q% — oo is
connected with the short distance behavior of the product of the R-currents J(Z;) and J(Z3).

It may be of interest to compare this behavior with the large r = Q4/Qp behavior of the
weak coupling limit of the forward scattering amplitude in AV = 4 SYM in eq. (I1). For large
r = Qa/Qp, the maximal power of logarithms in r comes from the region of strongly ordered
transverse momenta: Q% > E* > Q%. In addition, the impact factors ®4 and ®p, depending
upon the polarization of the external currents, may contain logarithms of the type In Q% / k? and
Ink?/Q%. From [I7, 18] we take:

2 2
O p, (Q%,K°) ~ k ka

@ : PA =L
mk . py=T
) 2 k%) ~ noy BT 3.30
575 (@5, k) { const Pz=1L (3:30)
This leads to
crr-In®r?  : (PyPg) = (TT)
crp -In*r? . (PyPp) = (TL)
~Y . ].
Apapa cor-n?r? i (PyPg) = (LT) (3:31)
CLL -1n7‘2 (PAPB) (LL)

and the constants are composed of the coefficient functions and anomalous dimensions. Returning
to the graviton exchange amplitude, it is suggestive to associate the In7? modification also with
anomalous dimensions: it would be interesting to perform a systematic operator analysis of the
strong coupling limit.

In the last part of this section we would like to determine the region in the integration over zg
and wy from which the four amplitudes X receive their dominant contributions. Let us consider
the integrands of the functions X pp which we now write as

pr/ :/ dZB/ d’ijpp/. (332)
0 0

As one can see from eq. (B26]), the integrand is finite at zp = 0 and wp = 0, and due to the
Bessel functions it falls off exponentially at infinity. One therefore expects, for Q@ 4 ~ @ p, the main
contribution to the integrals to come from the region where zp and wp are of order unity. There
are two kinds of maxima: first, there is a ’ridge’ along the diagonal line zp = wp, resulting from
f-functions in eq. [B.26). Second, there are local maxima away from the diagonal. Maxima along
the ridge are found from the condition

0uJp,py(2B = wp = T)|z=zp,py =0, (3.33)
which has the form:

0=2(ma+mp+3) K, (r2)Kpm, (@) — 20K, (r2) K p11(2) — 212K, , 41 (r2) K, (2), (3.34)

13
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Figure 4: The position of the integrand maximum in the (zg,wg)—space as a function of Q4 and
with @ p = fixed for different R-boson polarizations. The black circles denote points corresponding
to Q4 — O for polarizations TT and T'L.

whereas the other extrema satisfy the conditions

awB jPAPB = Tzwélls’ZBKmA (TZB)2KmB (wB> ((2m3 + 5)KmB (wB) - 2wBKmB+1(wB>) =0,
BZBJPAPB = rzw%KmA (rzp)Kmp (w3)2 ((2ma+ 1)K, (rzp) — 2rz2pKm ,+1(rzp)) = 0.

We remind that m4 (mp) refer to the helicities of the upper (lower) R-currents, and m = 1 (m = 0)
belongs to transverse (longitudinal) polarizations. In the following we describe the results of our
analysis which are illustrated in Fig. 4l

Let us begin with the special case in which the two virtualities Q 4 and Qg are equal, i.e. 7 = 1.
The maximum of the integrand lies on the diagonal line line at 25 = wg = xp, py: in Fig. @ these
points lie to the left of the points labeled by "TT’. The numerical values of vy ~ 1.3316 and
vrr ~ 1.5527, as expected, are close to unity. This implies that, in the graviton exchange Witten
diagram in Fig[ll the coordinates zy and wy of the interaction vertices are both of the order 1/Q 5.

Next, let us fix @5 and consider the amplitude as a function of r = Q4/Qp. When r decreases,
the maxima on the ridge at zp = wp = xp,p, move upwards along the diagonal. For the
polarizations TT and TL, they reach, for » = 0, their final values at the points marked by "TT’
and 'TL’) resp. For the other two cases, LL and LT, the maxima continue to move along the
diagonal ray until they reach, for some value (), their turning values denoted by yEL and yLT.
After that they continue along the horizontal lines to the right of these turning points. For small
r, their zp coordinate grows as 1/r.

Next we consider the limit » — co. Beginning again at » = 1 on the diagonal line and increasing
r, the maxima zp = wp = xp, p, now move in the opposite direction, towards the origin. For
the cases TT and LT they stay on the diagonal until they reach the origin, and for large r the
values zp, p, decrease as 1/r. For the polarizations LL and TL, there are again turning points at
YB,LL = YB,LT, and beyond these points the maxima move on the horizontal line towards the wg
axisE

Let us visualize these results in the graviton exchange diagram in Fig[ll When Q4 becomes
large (at fixed @p), we have found that zp ~ 1/Qa becomes small, i.e. the vertex where the

2These conclusions for the large-r behavior can be obtained from the observation that the integrands Ip, py are
invariant when replacing r by 1/r, i.e. Ip, pg(1/r) < r2Ip,p,(r). This symmetry can then be used to evaluate
the amplitudes for large values of the ratio r.
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exchanged graviton couples to the gauge boson moves close to the boundary, for both polarizations
P4 =T and P4 =L. For the lower vertex we see a difference between transverse and longitudinal
polarization of the target current: in the former case, wg ~ 1/Q 4 becomes small, in the latter case
wp remains constant of the order 1/Q 5.

4 Gauge boson exchange in the high energy limit

In the following pages we shall briefly analyze contributions from gauge boson exchange in the
bulk. In analogy to the case of graviton exchange, the leading contribution arises from the ¢-
channel exchange of the gauge boson. Not surprisingly, this leading term is linear in s and, hence,
subleading when compared to the graviton exchange.

We restrict ourselves to the abelian part of the SU(4) group. The coupling of the external gauge
boson to the exchanged bulk boson then proceeds only through the Chern-Simons interaction term

/ddzdzoawpgAauAy(z)BpAg(z)A,\(z). (4.1)

Using once more the standard rules of the AdS/CFT correspondence, we can determine the am-
plitude for boson exchange in t—channel to be of the form

ICS = / d4zd20 / d4wdw06#1#2#3#4#5Eyly2y3y4y5 (9““ Guz]]& (Z, fl)a[us GH4]j3 (Z, fg)
X G#SVS (25 w)a[lfl GUz]jQ (w5 fQ)a[Ug GV4]j4 (wa :1?4) 9 (42)
where the partial derivatives 0 acting on z and w, respectively. There are similar amplitudes
including derivatives on the bulk-to-bulk propagator. But all these contributions to the full ¢-

channel exchange turn out to be identical, as a result of the Bianchi identity. As in the case of the
graviton exchange, we perform the Fourier transform, i.e.

1 L
1% = (2m)16 / d*prd*pad*psd*py P11 P2 T2 I Ta iP1 T4 JCS (4.3)

After tedious calculations one finds that, in the high energy limit, the main contribution comes
from Eq. ([@2) with both nonzero us = m # 0 and vs = n #£0, i.e.

IRngc = 4/d42’d20/d4wdwo€ouwgH4m€0VWSU4n3{oG#Q]j1(2751)5[#3(;#4“3(2,53)

—

X Gmn (2, w)00G )5, (W, T2) 0, Gy, (W, T4)

+ (31 - 5.”'3) + (f? - 5.”'4) + (f.l o T T o 7?4) : (4.4)
J1 <> J3 J2 < J4 J1 2 73572 < J4
The Fourier transform of this expression is given by

Ichgc = 2m)*'6W ([ + po + 7 + ﬁ‘l)WJ'(f?sij

x { [ et [ duuiil s ol Kool

00 k+1/2
Kopy1(|dlwo) [ zgwglal? ~ ~ S
K K
x Z T G D\ 1o 171 K1 (wol 1)) Ko (wo 72 )
S(IE) (o) (R (45)
J1 < J3 J2 < )4 J1 < J33])2 <2 )4
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where the polarization tensor W takes following form
WS is A t3D15,025,05u50 — SIPU 1521 (650550150 — 0152 0iaga) + SP1j, D25, Qi D
—s1011°P2j, (01 juss — 0jaja@in) — S1021°P15, (65ssa G — g Tsa) (4.6)
with ¢ = pi + ps3, as before. Going to the polarization base (A.4)) the tensor wes gets replaced by

Y - M) /=y (A2) =\ (A3) /= vk (Aa) /= \%1F o
W) = D @R Ba)el () €l (5a) WSS, 105, (5) (4.7)

J1,J2,33,Ja

A Aq)* A A3 )% A3 )* Ag)* A A
(€2 - @20y (@R) . &)y — (@) @) &y

Q

— sl [?|p2|?
= —s|gPpa)? (2602 — 1)gM s g

where \; are possible transverse polarizations. Putting this back into our expression ([4.0) we have
now expressed the Regge limit in terms of the kinematical invariants s, ¢, |p;|. The whole amplitude
is proportional to s, as we anticipated at the beginning of this section. Therefore, it is subleading
when compared to the contribution from ¢-channel graviton exchange. We also note that only the
transverse polarization contributes to the Regge limit of the ¢-channel exchange of gauge bosons.
Furthermore, the helicity is conserved in the high energy limit.

As in the case of graviton scattering (we can perform two-dimensional Fourier transform in the
transverse momenta to get

I‘%,Schgc = 5(2) (:El - $3)6(2) (w2 - w4)W§\31S)\3)\2)\4

X /dzozg/dwow%|53|K1(20|ﬁ3|)K0(20|231|) Ga=2,d4=2(1) [Pa| K1(wo|pa|) Ko(wolp2|)

1< P3 P2 < Pa D1 < P3;P2 < Pa
* (Al o A3> * (AQ o A4> * (Al o dgihe o A4> (48)
with Wj(fjss jaja ~ 8 defined similarly to W;Es and the scalar propagator Ga 4 that was spelled

out in eq. (3.20). Finally, we would like to provide an expression for the forward limit, i.e. when
|P1 + P3| = |@] — 0. In this limit, the terms in the curly brackets of eq. (£3) give

(b = =4 dzo [ dunlulK olal) Kool ) (e — z0)zguf + 6(z0 — wo)sFui)
X || K1 (wo |pa]) Ko (wo|p2]) - (4.9)
Thus, for p1 = —p3 po = —p4, we are left with
[ Beaa = @069 (EL + P2+ 95+ 50)(8 D1 52) (071265554 — 0jajaOinsa)
x [ dzo [ dunzbug 17 Kool K (olfil) Gamtamo(d) el Kool al) Ko wol2]) (4:10)

The scalar propagator G in the second line is defined through eq. (8:20)). It assumes the following
form

(0(wo — 20)25 + 0(20 — wo)wy) . (4.11)

. 1
Ga=1,4=0(t) = e

We conclude that the exchange of the gauge bosons in the t—channel can give contributions to
the scattering amplitude at most proportional to s, and it is of the same order as subleading terms
of the graviton exchange.
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5 Summary

The aim of this work was to calculate in the Regge limit the scattering amplitude of R-currents
for N'=4 SYM theory at strong coupling. We make use of the AdS/CFT conjecture which maps
this amplitude on four-point correlation functions of R-bosons in supergravity which live in the
Anti-de Sitter space. We have computed Witten diagrams of graviton and boson exchanges in the
t—channel. Similar to gauge theories, the exchange of highest spin dominates, i.e. the leading
contribution comes from the (real-valued) Witten diagram with graviton ¢-channel exchange. This
confirms the duality between the two-gluon exchange in N/ =4 SYM and the graviton exchange
in the strong coupling region. On the gauge theory side, the sum of leading energy logarithms
replaces the two gluon exchange by the BFKL Pomeron. On the strong coupling side, it has been
argued that the s? behavior of the graviton exchange is replaced by s>~ where A = O(1/V)):
however, the computation of this correction A cannot been done in the supergravity approximation
used in the present paper. For spin-1 boson exchange, which is due to the Chern-Simons vertices,
we found the expected high behavior proportional to s; helicity is conserved, and amplitude with
longitudinally polarized bosons are subleading for large s.

For the graviton exchange we have found that, in the transverse (2 + 1)—dimensional configu-
ration space, one can re-formulate the scattering amplitude as the exchange of an effective field,
build from a scalar field with dimension A = 3.

We have also analyzed how the graviton exchange amplitude depends upon the virtualities of
the external currents. For large r? = Q% /Q%, the power behavior is the same as the leading twist
behavior on the weak coupling side, and the appearance of a logarithm, In 2, hints at the presence
of an anomalous dimension in a short distance expansion. A systematic study should be done in
a separate paper.

The virtualities of the external currents determine the distance of the vertices away from the
boundary. In particular, we have analyzed in some detail the limit » — oo, i.e. the analogue of
"deep inelastic scattering’” where the virtuality of the upper R-current is much larger than the lower
one: in this case, the distance of the upper 'impact factor’ from the boundary is small, of the order
1/r. A similar result has been found in [49, [50, 51].

We view our results as a first step towards a systematic calculation of the Regge limit of the
scattering amplitude at strong coupling. In particular, in order to obtain a nonzero imaginary part,
one has to go beyond the tree approximation of Witten diagrams. In [44} [45] [46), [47] a semiclassical
approximation of string theory has been proposed. Another possible line of investigation might
follow the classical paper of Amati et. al [63] in which string theory in flat space has been
investigated.
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A Euclidean polarization vectors
The polarization vectors ng) (p;) should satisfy

B @) =0, @) E ) = (et (A1)
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where L;, ;, = 1 when i; is longitudinal (L) and 0 when i; is transverse (h = £). The star denotes
complex conjugation. One of the possible solutions reads as

S (h)
. 2 ., 2p1 - €p
éD(py) = |Tll‘(p1+ 2|psl| P2) g(h)(pl) :g(Th) + 13 L5,
HL) (7 1= 25l - ~(h) (= ~h) 2732'5(:;1)ﬂ
€ (pz):W(p2+ 2-p1) eV (pz) = €p’ + 5 D1,
. - p1r—4q) €p°
) = gy~ 2B ), ey = PO G
., —(h)
- - Fal? - | 2(p2 +q)-€p’
5(L)(p4) = ‘Tld(—]?z - @Pl -q), €(h)(p4) = 6_(Th) + %pla (A.2)

plus subleading terms which do not contribute. We denote the transfered momenta ¢ = pj + ps

while
* _ 1
6T =

V2
In Eq. (A2) we have shown only the leading terms in s. Using the Ward identity one can shift the
polarization vectors to

(0,1, 44,0). (A.3)

_(h)

D) = Al @) =) S
&) () = 2y & () = &) + 2’7%#)51 :
éB(p3) = 2'?'172 , &M (p3) = €(Th) + Mﬁz ,
éb)(py) = — 224, | éM(py) =&l + 2<ﬁ2+—wﬁl . (A4)

S

The resulting vectors (A.4) do not satisfy eq. (AJ). For amplitudes which satisfies the Ward
identity the contraction with polarization vectors of eq. (A4) gives the same results as with eq.
(A2). Moreover, since their contraction with other tensors can not produce additional powers of
s, they are much simpler in use. Changing the sign of the metric and performing the Wick rotation
one can get the similar polarization vectors in the Minkowski space.

B Momentum space

Following [23], Feynman integrals I in momentum space can be calculated using the Schwinger
representation, i.e.

7] iqL T 1 i1 T 1 e m . —T 52 12
Ino@) = [ lwz/dd“eql I(F(m_—l—l)/o drrtte T 0))
d/2 00

= L/ dTTmfd/2 nge Zi

L(m+1) Jo
27Td/2 |q»1| m+1—d/2

T Tm+1) \ 22 K1~ 1) B.1

L(m+1) (2:1:0) me1-d/2(20li]) (B.1)

For integer positive v the modified Bessel function reads as

V—l o 2
K,(u) = 1/2(u/2) ”Z ' (—u?/9)" + (=1)" In(u/2)(u/2)" Zk; /4))
k=0
> > (u?/4)F
H(=1)"1/2(u/2)" 3 (Wh(k + 1) )+ kD) pe s (B2)
k=0 ' '
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C The resummed contribution to the graviton propagator

The sum defined in eq. BI1) with ¢ = |1 + p3| and wo = /w + 23 has a following form

) 2k+5 2k+5 q2 k+1
by = "Um K
(2077170) Z q Z (k +1)r (k +3) (4@3) 2k+2(qw0)

_ zgwg’ > (—1)2mq4mw3m i T2k +2—2m) zgkwgk
2wy A= 2'mT(2m + 1) T+ D)k +3) wp”

_q228w8 > (—=1)2mgimogm i (2k+1—2m) zgkwgk
Bwf L= 24mT( 2m+2 ~ T(k+1)I'(k+3) "

2 m 4m 4k 1)2k 2k w2k
—In(qwo/2) Zowoq Z (a/2) Z - =
(3 + 2m) P2m—2k+1)r(k+ yr (k+3)
2 4m 4k+2 ( 1)2k 2k 2k
—1 2) & Oq 1/2) -
n(qwo/2) Zr 4+ 2m) F2m—2k+2) I(k+1)0(k+3)
ST UL S kgt
25 2« T(2m+3) &= T(2m — 2k + 1) T(k + )L(k +3)
X ((2m — 2k + 1) + 1(2m + 3))
q/2 4m m 4m 4k+2 (_1)2/€ngw(2)k

qzowo Z
I‘2m+4 I‘2m—2k+2)I‘(k+1)I‘(k+3)
x ((2m — 2/€+2)+¢(2m+4))

_ Z q4m( TW 1 2T 4 T3 4 STW 1 g™ +q6T(6))

m=0
where
2.2
a5 oms 3F2 <1,1,2,m—|—1 m+3; %)
T _ 9—4m Wy 0 WoTZ 7
and
2,2
smts_amis 35 (%,1,1;m+ 1,m+3;%>
T(2) = 9 am—2 Wo ) 07T %0
m 2(wg + 23) I'(m+1)I'(m+3)I'(2m + 2)
Moreover,
2m+5 24,2
+z
7B —  _g—4m—4 (wo20) 1 2 2/4) 0(=2m=2) (%o T %0
m 9T (2m 1+ 3)2 n ((wh + =) ¢*/4) 5 220wo )
and
2m+6 2, ,2
+ z
7@  _  9—4m—6 (woz0) In 4 —2m—3) [ Wo 0
m 21—\(2m+4) ((wO +ZO) q / ) 2m—+1 2w020
where Céﬁz are Gegenbauer C polynomials. The last terms use
e i (w3 + 22)¥m—2k (—1)2kz§k+5w§k+5 (W(2m —2k+1)+¥(2m + 3))
meo — T(2m — 2k +1) T(k+1)I(k +3) 25T (2m + 3) ’
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and

m

7O Z (w3 4 23)¥m—2k+1 (—1)2k23k+5w8k+5 (W(2m —2k+2) +¥(2m +4))
meo r(2m—2k+2) T(k+1)T(k+3) 27T (2m + 4) '

(C.7)
k=0

Performing the sum over k in egs. (CI) and ([B.22) one can calculate the first few terms of the
expansion in g, i.e.
Uy = T(l) =0 _ l 5 0 — l 5 C
0=T5" =60(%0 w0)4zow0 + 6(wy 20)4111020 , (C.8)
which determines the forward limit. Similarly,
5 5

Wp R0 Wo £
28 (w§ — 323) + 6(wo — 20) 480

Uy =T = 0(z0 — wo) (22 — 3w?) (C.9)

reproduces the next-to-forward contribution which appears at order ¢2.
Thus, summing all terms suppressed by ¢* one gets

5
Uy = T(l) + T(B) + T =0(20 )U;%Zo (wy — 825wy + 1825 — 1225 In (25¢% €*77 /4))
5
+0(wo — zo)% (25 — 8wizg + 18wy — 12wg In (wiq® € /4)) . (C.10)

Terms suppressed by ¢° read as follows

5
Us = T+ T + T = 6(z0 — wo) ol (wf — 1522w + 9024w + 17028

—602) (25 +wg) In (23¢° €77 /4))

+ O(wo — zo) — 15z5wi + 90wy 23 + 170w

Z
21090 (
—60w) (wg + 25) In (wiq® € /4)) . (C.11)

Similarly, terms suppressed by ¢® give

5
Up = TO 4T £ 79 — g(z0 — wo) 2‘?%1?‘)’??5 (wf — 2422w8 — 270z3wd + 142028w2 + 64528
—60z3 (325 + 8wizg + 3wy) In (25¢° €7 /4))
5
wWo Z,
+0(wo — )2163;}5 (2§ — 24wz + 270w zg + 1420w§ 25 + 645w
—60w; (3w + 8z5wf + 32)) In (wiq® e*7” /4)) . (C.12)
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