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In this work, an analysis method of x-ray diffraction data of crystalline structures with amorphous interface
layers is presented and applied to single crystalline films on amorphous interface layers. Thickness and mor-
phology of crystalline films are obtained from x-ray diffraction at conditions where no significant interference
effects between crystalline film and substrate occur. Extending the x-ray diffraction analysis to conditions
where interference effects between the crystalline film and the substrate appear, it is also possible to determine
the morphology of the amorphous interface film. The analysis method presented in this work is useful for the
current and future analyses of amorphous structures between crystalline structures in general and is therefore
applicable to many different material systems. This incorporates crystalline thin and ultrathin films on crystal-
line substrates as well as crystalline multilayers on crystalline and also on amorphous substrates. We apply the
method developed here to characterize both crystalline praseodymia films and amorphous interface layers,
which could be detected neither by x-ray reflection nor by x-ray diffraction previously.
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I. INTRODUCTION

X-ray scattering techniques have been used in physics and
materials science to gather information about structure and
composition of materials and thin films.1 For instance, in
x-ray reflectivity �XRR�, the intensity of a reflected beam is
measured at small angles.2 Since the intensity of the reflected
beam depends on both the angle of reflection and on the
electron-density distribution of the analyzed material, infor-
mation for both crystalline and noncrystalline materials can
be obtained. X-ray diffraction �XRD�, in contrast, relies on
scattering and interference effects of materials with a long-
range order. That means that only crystalline materials can be
investigated directly using this method. Due to the extremely
weak interaction of x rays with materials, both techniques
are treated as nondestructive methods which can provide in-
depth information on a quantitative scale. XRR and XRD are
averaging methods; resolution and precision depend strongly
on the used radiation source. XRD data analysis can be ac-
complished on the basis of the kinematical theory of diffrac-
tion because multiple scattering effects are negligible.

The recorded data are usually fitted by simulation tools.
These tools calculate expected data for certain assumed
structures and compare this calculated data to the measured
data. The parameters of the simulated sample are varied by
fitting algorithms, so that a parameter set is found that de-
scribes the sample sufficiently. It is often problematic to find
such a parameter set because too many variables are un-
known. In XRR, for example, problems may occur if not
only film thicknesses but also electron densities of the layers
implied in the model are unknown. This is especially true for
amorphous layers, as their exact stoichiometry is often un-
known or if crystalline layer exposes many defects as vacan-
cies or interstitials. As amorphous layers, in contrast to crys-
talline layers, are also not directly investigated by XRD
because they have no long-range order, the properties of
these layers are often not determined sufficiently.

In the following, we will develop a theory to determine
the thickness of amorphous interface �IF� layers from XRD if

a crystalline film overgrows the amorphous film. The results
will be applied to the system praseodymium oxide on
Si�111�, where an amorphous film between the crystalline
oxide film and the crystalline substrate is built out during
postdeposition annealing processes. In principle, our calcula-
tions have some similarities to the determination of sites and
interface distances of adsorbed monolayers obtained by sur-
face x-ray diffraction.3,4

In this work, ultrathin praseodymium oxide films are de-
posited on Si�111� and postdeposition annealed to transform
the epitaxially grown hexagonal layer to a layer of cubic
structure. Depending on temperature, oxygen pressure, and
duration of the annealing process the stoichiometric compo-
sition can range from Pr2O3 to PrO2.5–7 Also, an amorphous
interface layer is formed during the annealing process.8 It
consists of two sublayers. One of those is SiO2 rich and
adjacent to the Si substrate. The other part of the interface is
Pr rich and located between the SiO2-rich part of the inter-
face and the crystalline praseodymium oxide film. The amor-
phous interface plays an important role in the phase-
transformation process7 and in the field of isomorphic oxide-
on-oxide epitaxy.9,10 However, it is hard to investigate.
Surface sensitive methods such as x-ray photon spectroscopy
�XPS� do not penetrate the oxide film of typically 5 nm
thickness, deep enough to provide sufficient information.
Sputter XPS is also problematic because the film and prob-
ably also the interface are influenced by the sputter process.
XRR is basically successful, but quite unprecise, because the
sublayers are partly too rough and/or thin and because not
only their thicknesses but also their stoichiometries are un-
known. In particular, the Si substrate and the SiO2-rich inter-
face layer are not distinguishable because their electron den-
sities are too similar. In this work we will demonstrate that it
is possible to gain information about the amorphous inter-
face thickness via XRD although diffraction is only sensitive
to nonamorphous crystalline materials. Our work is done on
the example of praseodymium oxide on Si�111� but is in
general portable to many other material systems.
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II. THEORY

Diffraction of an incoming wave with the amplitude A0 at
a unit cell is described by the phase-correct summation of the
waves diffracted at all atoms of the structure. This leads to
the amplitude

A�q� = A0 · C · Fs�q� · ei·q·rs �1�

of the diffracted wave with the scattering vector q=qs−qi,
where qi is the wave vector of the incoming beam and qs is
the wave vector of the diffracted beam. The structural factor
is defined as Fs�q� and rs is the position vector of the unit
cell labeled s.4 The constant C= e2

mc2
1

R0
combines the influence

of electron mass m, electron charge e, light velocity c, and
distance between crystal and observer R0.1

A homogeneous structure with identical unit cells and
identical structure factors Fs�q�=F�q� that is infinite in two
directions �x and y� and finite in one direction �z�, like a thin
film, consists of an infinite number of the structures shown
above,

A�q� = A0 · C ·
1

Mxyn

· F�q�

� �
x=−�

�

�
y=−�

�

�
n=0

N−1

exp �i · q�xa1 + ya2 + na3�� . �2�

ai are the unit-cell vectors, N is the number of layers, and
Mxyn is the normalization constant, which is equal to the
number of unit cells. a1 and a2 are unit vectors in the surface
plane, while the unit vector a3 has a component vertical to
the surface plane �cf. Fig. 1�. Due to interference, for most
scattering vectors q, this amplitude equals zero because of
the two infinite sums. Only if q ·a1=2�H and q ·a2=2�K

with H ,K�Z, the function does not equal to zero �two-
dimensional �2D� Laue conditions�. In other words, this is
the case when the Bragg condition in H and K directions is

fulfilled. If this is the case, Eq. �2� is reduced to

A�H,K,q · a3� = A0 · C ·
1

Mn

· F�q� · �
n=0

N−1

exp i · q · a3 · n ,

�3�

which is the scattering amplitude of a single column. In the
following, we simulate the intensity of the diffracted wave
only on crystal truncation rods �CTRs �H ,K�Z�� and can
therefore describe the crystallographic structure sufficiently
as a one-dimensional stacking of unit cells as described in
Eq. �3� �column model�. An exemplary model is shown in
Fig. 1. In order to define a three-dimensional �3D� reciprocal
space with �HKL�S coordinates with respect to the surface of
the Si substrate, we expand our 2D Laue conditions to three-
dimensional conditions �infinite 3D crystal� by q ·a3=2�L.
For the specular rod �q=q��, Bragg conditions for the Si
substrate are fulfilled at L�Z.

Equation �3� describes systems with only one crystalline
structure in general. We now choose a system of two crys-
talline structures to exemplary explain the interference ef-
fects we want to discuss in this work. From here on, we
name the structures sub for substrate �semi-infinite crystal�
and film for a film of a finite thickness of N layers on this
substrate because this is the material system which we will
discuss in more detail in this work. However, it is important
to keep in mind that in principle these interference effects
occur between any crystalline structures. Our model is valid
if the lateral unit vectors for substrate and films a1 and a2 are
identical. Thus the film has to be pseudomorphic. The third
unit vector a3 with perpendicular component, however, may
differ for substrate and film. Therefore, these vectors will be
denoted asub and afilm, respectively.

We choose a vector rIF to describe the distance between
the two interfering crystal structures. For N=1, this exactly
describes the well-known surface diffraction from monolay-
ers and submonolayers with superstructure, where �rIF� is an
atomic distance. Here, however, we will especially consider
the effect of amorphous interface layers which do not di-
rectly contribute to the diffraction signal due to the missing
long-range order of amorphous material. Therefore, �rIF� can
be much larger than �asub� and �afilm�. The amplitude of the
wave diffracted at the double structure characterized above is
thus described as

A�q� = Asub�q� + Afilm�q� · ei·q·rIF. �4�

For the simulations shown in this work, a column of unit
cells is used as shown in Fig. 1. asub is the lattice vector
between two adjacent unit cells of the substrate and afilm is
accordingly the lattice vector between unit cells of the film.
rIF is the vector pointing from the topmost unit cell of the
substrate to the lowest unit cell of the film. The amplitude of
a wave diffracted at the substrate in this column model is

a
3 sub

a
3 IF

a
3 film

a
1

FIG. 1. �Color online� Exemplary model of two crystalline
structures with variable distance between those structures. The unit-
cell boundaries of the substrate are represented by dark blue points;
the ones of the crystalline film are represented by brighter red
points. a2 �not shown here because the figure shows a 2D model�
and a1 are parallel to the surface, whereas a3 has a component
vertical to the surface.
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Asub�q� = �
n=−�

0

Fsub�q� · exp �„i · q · asub + ��q�… · n�

=
Fsub�q�

1 − e−��q�e−i·q·asub
�5�

Here we introduced the damping of the amplitude ��q� due
to absorption of x-ray intensity which relies on the electron
density of the substrate and on the incidence angle, as well as
on the scattering angle. The latter is defined by the scattering
vector q at a given wavelength of the diffracted wave, while
the angle of incidence is obtained for qi with respect to the
surface.

The amplitude of the wave diffracted at a thin film of N

layers is calculated as

Afilm�q� = �
n=0

N−1

Ffilm�q� · ei·q·rfilm·n = Ffilm�q�
1 − e−i·q·afilmN

1 − e−i·q·afilm
.

�6�

Due to the small finite thickness of the film, damping effects
are neglected here.

III. SIMULATED DATA

Figure 2 shows the simulated intensity of a specular �-2�

XRD scan for a thin praseodymium oxide film with a thick-
ness of six layers on a Si�111� substrate. The intensity of the
diffracted beam is plotted versus the scattering vector. Label-
ing of the axes corresponds to the hexagonal Si�111� lattice
in surface coordinates �HKL�S. In this case lateral distances
are irrelevant �H=K=0� as we scan the specular �00L�S rod.
In order to keep things simple, we chose the PrO2 unit cell,
which consists of only three atoms, to simulate the oxide

layer. Again for reasons of simplicity, we assume that the
oxide film is grown pseudomorphic so that lattice constants
of substrate and oxide are the same both in real and recipro-
cal space. Figure 2 shows broad praseodymium oxide peaks
at L=1 and L=2, whereas a sharp Si peak appears only at
L=1. The Si peak at L=2 is symmetry forbidden in the ki-
nematical theory of diffraction due to the diamond structure
of Si. Thus the right part of the figure, which shows the
simulated data around L=2, is not affected by the Si sub-
strate significantly. The simulation was made for five differ-
ent IF thicknesses between substrate and oxide. An IF thick-
ness of 1.0d denotes the distance between substrate and
oxide of exactly one layer distance of PrO2�111�, which
means 3.135 Å.

At L�2, the intensity distributions of the diffracted wave
are in good approximation identical for different interface
layer thicknesses. This demonstrates that the influence of the
interface layer thickness is negligible here. At L�1, in con-
trast, the intensity distribution depends clearly on the inter-
face layer thickness.

From Eq. �4�, we can calculate the intensity of the dif-
fracted wave as

I = �Asub�
2 + �Afilm�2 + Asub

� · Afilm · eiqrIF + Asub · Afilm
� · e−iqrIF.

�7�

This shows that the thickness of the interface layer only
plays a role for scattering vectors under which the ampli-
tudes of the waves diffracted at film and substrate are on the
same order of magnitude. If Asub�Afilm, Eq. �7� can be ap-
proximated to I= �Asub�

2. If Asub	Afilm, it can be approxi-
mated to I= �Afilm�2. As the Si Bragg peak on the specular rod
at L=2 �Si�002�S in surface coordinates and Si�222�B in bulk
coordinates� is symmetry forbidden, only negligible interfer-
ence effects can be observed here, whereas around the
Si�001�S Bragg peak, interference effects cause the asym-
metrical intensity distribution of the diffracted wave. The
intensity slightly left �and right� of the Si Bragg peak is most
dependent on the interface layer thickness. At L�0.98, for
example, the simulated intensity shows a local minimum for
an interface thickness of 0.6d due to destructive interference
between the waves diffracted at the substrate and at the film,
whereas a much higher intensity due to constructive interfer-
ence appears at the same position for an interface thickness
of 1.2d.

The influence of substantially bigger interface layers
�rIF��afilm � ,asub �� is demonstrated in Fig. 3. Here, a wider
interval of the specular rod in the reciprocal space is pre-
sented compared to Fig. 2. Apart from this and the bigger
interface layers, the simulated systems of the two figures are
identical. One can see that the intensity distributions of the
scattered waves are different for different interface layer
thicknesses and that these differences occur not only at L

�1 but also at lower and slightly higher scattering vectors.
On the other hand, the intensity at L�2 is not affected sig-
nificantly by varying the interface distance. It shows almost
exactly the intensity of the nonsupported film �no substrate�.
We already discussed that these different intensity distribu-
tions are due to interference effects between substrate and
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FIG. 2. �Color online� Simulation of diffracted intensity vs scat-
tering vector of six layers PrO2�111� on a Si�111� substrate for H

=K=0. The distance between film and substrate is influenced by the
interface layer thickness IF and is varied from 0.6d to 1.4d, where d

is the vertical lattice constant of the PrO2�111� surface unit cell. For
comparison, a simulation of the oxide layer alone is also included.
It is clearly recognizable that interference effects occur between
substrate and oxide at L�1 and that the interface has a considerable
effect on these interference effects, whereas the interference effects
are negligible for L�2.
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oxide and that these do only appear if the diffracted ampli-
tudes at film and substrate are in the same order of magni-
tude. Again, this is the reason that almost no interference
effects are observed at L�2 because the amplitude of the
wave diffracted at the Si substrate is very low here due to the
forbidden Si�002�S Bragg reflex. For the model with a six
layer thick oxide film �N=6�, we observe what we call
double oscillations at L�1 for an interface layer thickness of
also six layer distances. This behavior can easily be under-
stood by taking a look at the interference part of Eq. �7�. The
amplitude of the film oscillates with ei·6·qafilm �cf. Eq. �6�� and
the interference part also oscillates with an additional e
iqrIF

with qrIF=6·qafilm. If this oscillation interferes with the non-
vanishing but nonoscillating diffracted amplitude Asub from
the substrate, the result is an increased number of oscilla-
tions, which is no longer proportional to the thickness of the
film but proportional to the added up thickness of film and
interface layer. This, of course, is only visible if the ampli-
tudes of film and oxide are in the same order of magnitude.
This is the case close to the Si Bragg condition �L�1� and

not close to the symmetry forbidden Si Bragg condition �L
�2�.

IV. EXAMPLE OF APPLICATION: PRASEODYMIUM

OXIDE ON Si(111)

An ultrathin praseodymium oxide layer on Si�111� is a
rather complicated system for quantitative x-ray diffraction
and x-ray reflection analysis. The reason is that praseody-
mium oxide has many different stoichiometries that are hard
to distinguish because of their similar crystalline structures
and unit-cell sizes. This problem is increased as phases with
different stoichiometries tend to coexist in powder
praseodymia as well as in ultrathin films.7,11

An ultrathin hexagonal Pr2O3 film was deposited on a
clean Si�111� wafer and postdeposition annealed at 700 °C

in 1 atm oxygen to transform the film into a cubic Fm3̄m

PrO2 structure following a recipe that was reported in more
detail previously.6,7 Thereafter, the sample was annealed in
UHV at 300 °C to increase the interface thickness. It was
shown that after the UHV annealing process the oxide film
was reduced to cubic Pr2O3.12 In order to keep things simple,
we chose the PrO2 unit cell, which consists of only three
atoms, to simulate the oxide layer. The difference to other
praseodymia unit cells, e.g., Pr2O3, is negligible for the
simulations shown in this work.13

Investigation of the silicate interface layer, which was
formed between substrate and film via XRR is a rather dif-
ficult process because the exact stoichiometry of the oxide
film and of the interface layer between film and substrate is
not known. It was shown before that this kind of interface
layers consists of two sublayers, namely, a Pr-rich one close
to the oxide and an SiO2-rich one close to the substrate.7,8

The thickness of the latter is extremely hard to determine via
XRR, as its electron density and, consequently, its index of
refraction is close to the one of the Si substrates. Here we
will show how to overcome these problems by XRD analysis
of the interference effects between film and substrate. Ex-
perimental data presented in this work were collected at
beamline W1/HASYLAB.

In Ref. 12, the sample was analyzed using a two column
model to accommodate the lateral coexistence of two stoi-
chiometric phases of the oxide film. In order to keep things
simple, we will stick with a simple one-column model here
because the character of the interface turned out to be iden-
tical for both columns in Ref. 12. The first step of our XRD
interface analysis is to reduce the amount of free parameters
by incorporating XRD analysis results of the measurements
at L�2, where no significant interference between oxide and
film occurs because the intensity of the symmetry forbidden
Si�002�S is very weak. We can determine oxide film thick-
ness �20 layers of 3.26 Å=65 Å� and surface roughness
�4 Å� with high accuracy from these data �cf. Fig. 4 �right��.
The one column model used here is sufficient to describe the
data for our needs because the lattice constants of the two
coexisting stoichiometries are very close to each other, as
was also shown in Ref. 12. At L�1, the analysis of the
diffracted intensity is depending extremely strongly on mar-
ginal differences in the parameter set. This results in a num-
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FIG. 3. �Color online� Simulation of the diffracted intensity vs
scattering vector of six layers PrO2�111� on a Si�111� substrate for
H=K=0. The distance between substrate and oxide is varied sig-
nificantly from 1.0d to 7.0d. Interference effects cause additional
intensity oscillations except for the region around the kinematically
forbidden Si�002�S peak, where the Si signal is too weak to cause
noticeable interference effects.
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ber of local minima in the goodness of fit �GOF� and is the
reason why an XRD analysis of the L�1 region has not been
performed successfully for the given material system up to
this point.

However, if one goes to slightly smaller scattering vectors
than L=1, as shown in Fig. 4 �left�, the analysis is possible.
This is due to the fact that the coexisting stoichiometries
have different surface roughnesses and hence only the phase
with the lowest roughness shows fringes at scattering vectors
that differ considerably from the Bragg peak positions. The
blue lines in Fig. 4 show fitting curves for different interface
layer thicknesses from rIF�=17.2d �17.2 PrO2�111� layer
distances d=3.26 Å each� to rIF�=21.3d. All other param-
eters were kept constant for this figure. Measured data are
plotted in black as comparison. The green line at L=0.74
marks a local intensity minimum of the measured data. The
position of the local minimum depends on the position of the
Bragg peak and the distance between the fringes around this
peak. The latter depends on the film thickness as well as on
the interface thickness as shown above, whereas the Bragg
peak position depends on the vertical lattice constant alone.
All parameters except for the interface layer thickness are
well known from the analysis of the region at L�2. That
means that the positions of the local minima are characteris-
tic of a certain interface layer thickness. As the peak posi-
tions shift when the interface layer thickness is increased,
most interface layer thicknesses can be ruled out just by
checking whether the simulated function shows a local mini-

mum at L=0.74 or not. This is only the case for interface
layer thicknesses of 17.2, 18.7, 19.9, and 21.3 PrO2 layer
distances d. If we include the positions of other local
minima, especially of the one at L=0.87, it is obvious that
the distance between local minima is too short if the inter-
face layer thickness is set to above 19.9d and that the dis-
tance is too long if the interface layer thickness is below
18.7d.

In Fig. 5, the GOF is plotted versus the interface layer
thickness in more detail. The GOF oscillates strongly with
increasing interface layer thicknesses. These oscillations are
due to the shifting of the intensity minima in reciprocal space
that was also discussed above. The positions of the simulated
minima mainly match the positions of the measured intensity
minima when the GOF is in a local minimum, whereas the
positions of the simulated maxima match the positions of the
measured intensity maxima when the GOF is in a local maxi-
mum. These maxima and minima of the GOF are most pro-
nounced if the distance between the minima in the simulated
curve matches the distance of the minima in the measured
curve most accurately.

In summary, we can determine the thickness of the amor-
phous interface layer with very high accuracy as 18.7
�3.26 Å=61 Å or 19.9�3.26 Å=65 Å. This is regard-
less of the difficult material system of at least two coexisting
stoichiometries of the thin praseodymia film on the Si sub-
strate. In Ref. 12, the thickness of the amorphous interface
layer was calculated as only 49 Å from XRR experiments
�cf. Fig. 6�. This interface layer thickness, however, is only
the thickness of the Pr-rich silicate part since XRR is not
sensitive to the SiO2-rich part. Therefore, the difference is
due to the close electron densities of the SiO2-rich part of the
interface layer and the Si substrate, which makes the SiO2
part of the interface layer undetectable via XRR. The differ-
ence between the interface layer thicknesses measured via
XRR and XRD is thus equal to the thickness of the SiO2-rich
part of the interface layer, which is thus 14
2 Å. This is in
good agreement with the thickness obtained by Ono and
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FIG. 4. �Color online� Simulation of the diffracted intensity of a
postdeposition annealed praseodymium oxide on Si�111� sample
�blue lines� and experimental data �black dots�. The thickness of the
amorphous interface layer IF, which causes interference effects, is
varied from 17.2 to 21.3 PrO2�111� layer distances d. The Si signal
at L=2 is very weak because the Bragg condition is symmetry
forbidden. Therefore, interference effects in this region are also
very weak.
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FIG. 5. GOF vs interface layer thickness in PrO2�111� layer
distances d for the simulation also shown in Fig. 4. Only the region
with noticeable interference effects �0.715�L�0.870� is ac-
counted for here. Lower GOF values stand for a better fitting func-
tion. Although only one parameter is varied, the GOF cycles many
local minima and maxima.
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Katsumata8 via Fourier transform infrared. Ono and Kat-
sumata found out that the interface layer for different rare-
earth oxides �including praseodymium� on Si consists of two
sublayers as introduced above. The thickness of the
SiO2-rich part of the interface layer is independent of the
rare-earth element used and was estimated to be between 15
and 25 Å for samples annealed in 600 °C oxygen at 1 atm.8

Gevers et al.12 found out that the thickness of the interface
layer increases when PrO2 samples are annealed in UHV and
thus reduced to Pr2O3. Combining our findings with the ones
of Gevers et al. and Ono and Katsumata, we can conclude
that the increase is due to an increase in the Pr-rich part of
the interface and not in the SiO2-rich part.

V. SUMMARY

The presented XRD method is suitable for the analysis of
x-ray diffraction interference effects between crystalline
structures in general. It is best applicable for systems where
XRD results both with and without interference effects are
obtainable. In the case presented here, these are results on the
specular rod at L=1 and L=2. However, on less complicated
material systems, without coexisting phases of different sto-
ichiometries with similar crystalline structures, this method
should be applicable even if regions without interference ef-
fects do not occur. The method presented here is especially
promising for grazing incidence x-ray diffraction �GIXRD�
on nonspecular rods. As shown above, the influence of inter-
ference effects depends on the relative intensities of the
waves diffracted at the specific structures �in this case the
praseodymium oxide film structure and the Si substrate
structure�. In GIXRD, these relative intensities depend on the
�variable� incidence angle of the x-ray beam and can thus be
adjusted as required to a certain degree. In addition, selecting
different diffraction rods permits the analysis of diffraction
with and without interference effects for a wide range of
material systems.
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FIG. 6. �Color online� XRR simulation and experimental data
from Ref. 12 of the praseodymium oxide on Si�111� sample dis-
cussed in this work. The thickness of the amorphous interface layer
is determined as only 49 Å via XRR in contrast to the thickness of
63
2 Å calculated from XRD data in this work. The difference is
due to the SiO2-rich part of the interface layer, which is not detect-
able via XRR.
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