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Abstract

In this note we analyze the geometry of maximally symmetric boundary condi-
tions in Lie supergroup Wess-Zumino-Novikov-Witten models. We find that gener-
ically the worldvolume of a brane is a twisted superconjugacy class, very much like
in the Lie group case. Whenever the brane is not completely delocalized in the
fermionic directions a new atypical class of branes arises. We give an example of
these new branes and show for type I supergroups and trivial gluing conditions
that they can be naturally associated with atypical representations of the affine Lie
superalgebra.
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1 Introduction

Conformal field theories on Lie supergroups and their cosets are an interesting area of
current research. They have concrete applications in disordered electron systems and in
string theory. In addition sigma models with target space supersymmetry are interesting
for their structural and mathematical properties, e.g. they provide examples of non-
unitary models with possible nonpositive central charge.

Studies of these models were initiated by Rozanski and Saleur [1I, 2] who investigated
the simplest non-trivial model the WZNW model on the supergroup GL(1|1). These
early investigations stimulated much further work on the emerging topic of logarithmic
conformal field theory (see e.g. [3, 4] for a review). A few years back, the GL(1|1) WZNW
model was revisited in [5] from a geometric rather than algebraic perspective. Effective
computational tools were developed and then generalized to all type I Lie supergroups ([0,
7] and especially [8]). The method was further developed to solve the boundary GL(1|1)
model with volume filling branes [9]. Branes have been studied in the GL(1|1) model
[10] and it was observed that the worldvolumes of the branes are twisted superconjugacy
classes.

The purpose of this note is two-fold. In the case of Lie groups the insight that the
worldvolume of a brane is a twisted conjugacy class [11}, 12, [13, 14 [15] turned out to be a
powerfull aide in the analysis of the boundary WZNW model. Knowing the geometry of
the brane is extremely helpfull in finding the gluing conditions of the fields, performing the
minisuperspace analysis and setting up a formalism to solve the full quantum model. Also
for problems like studying brane charges knowledge of the geometry is required. Thus for
a further exploration of boundary WZNW models on Lie supergroups it is essential to
understand its geometry.

Representations of Lie superalgebras split into two classes, typical and atypical. While
the appearance of singular vectors is generic in the representation theory of Lie algebras,
singular vectors due to fermionic generators are quite atypical. Generalizing the proof
that the branes’ worldvolume is a twisted superconjugacy class from the known proof for
Lie groups is generically possible but it fails at certain atypical points. These atypical
points arise when the branes’ worldvolume is not completely delocalized in the fermionic
directions. We take this failure as a hint to suspect a different class of branes and indeed
find them in the example of GL(1|1). Precisely, associated to these atypical points,
we find four possible gluing conditions of which one corresponds to a superconjugacy
class, the others do not. The failure is due to the fact that a certain operator is not
invertible. This operator is not invertible because of the Grassmannian nature of the
relevant Lie algebra. The boundary action typically requires the introduction of a 2-form
w which only exists if this operator is invertible. Thus for these new branes an action
can only be found by introducing new auxiliary boundary fields, similar to [9], which
we can indeed do for GL(1|1). Then we take a closer look at these branes and atypical
representations. We restrict our attention to superconjugacy classes and representations
of affine Lie superalgebras of type I. Superconjugacy classes can be labelled by an element
of a chosen Cartan subalgebra. Since for basic Lie superalgebras there is a unique invariant



non-degenerate bilinear form restricting non-degenerately to its Cartan subalgebras we
can identify the Cartan subalgebra element with a weight and then with a representation
associated to this weight. Via this identification, we show that a representation of the
affine Lie superalgebra is atypical if and only if the associated superconjugacy class is
localized in some fermionic directions.

The structure of this note is as follows. In section 2 we recall some basic facts on
Lie superalgebras and Lie supergroups. In section 3 we show that typically a branes’
worldvolume is a twisted superconjugacy class. In section 4 we compute its action. In
section 5 we investigate one example of atypical branes, then we compare co-adjoint orbits
with representations of finite-dimensional Lie superalgebras of type I. This is the finite
dimensional analogue of superconjugacy classes and representations of affine Lie super-
algebras. Then we explain that if and only if a superconjugacy class is not completely
delocalized in the fermionic directions the associated representation of the affine Lie su-
peralgebra is atypical. In the appendix we list all gluing automorphisms of the relevant
Lie superalgebras.

2 Preliminaries

We recall some properties of Lie superalgebras. The theory was developed by Victor
Kac [17, 18], a collection of results is given in [19]. As a guideline to Lie supergroups we
use the book by Berezin [20].

In the following, the Lie superalgebras will be over the real numbers R.

Definition 2.1. Let g be a Zy graded algebra g = gy @ g1 with product [ , ]:gXxXg—g
that respects the grading. The parity of an homogeneous element is denoted by
. 0 X in g0
X1 = { 1 X in g7 (2.1)

Then g is a Lie superalgebra if it satisfies antisupersymmetry and graded Jacobi iden-
tity, i.e.
0 = [X,Y]+(-DXWy, X]  and

0 = (~DMIX, [y, Z)) + (=), [, X)) + (-T2, [X, Y]] >

for all X)Y and Z in g.
Further a bilinear form B : g x g — R is called a consistent supersymmetric
invariant bilinear form if

B(X,)Y) =0 VYXegAVYeg

B(X,Y)—(-1)*¥B(Y,X) = 0 VX,Y egand (2.3)
B([X,Y],Z)-B(X,[Y,Z]) = 0 VXY, Zeg.



A simple Lie superalgebra whose even part is a reductive Lie algebra and which pos-
sesses a nonzero supersymmetric invariant bilinear form, is called a basic Lie superalgebra.
They are completely classified [I7, [I8]. There are the infinite series of unitary superal-
gebras sl(m|n) for m # n, psl(n|n) and the orthosymplectic series osp(m|2n) as well as
some exceptional ones. In addition we will also consider Lie superalgebras of type gl(m/|n).
We state their fundamental matrix realizations in appendix [A.Dl A non degenerate in-
variant supersymmetric bilinear form is then given by the supertrace str in this matrix
representation which we will use in the following sections.

A Lie supergroup can be obtained from a Lie superalgebra as follows. Let {t*} be
a basis of gg and {s’} a basis of gq, then the Grassmann envelope A(g) of g consists of
formal linear combinations

X = 28"+ Ops® (2.4)

where the x, are Grassmann even, the 8, Grassmann odd and summation over the indices
is implied. Note, that A(g) is a Lie algebra. Then following Berezin [20] a supergroup G
is the group generated by elements ¢ of the form g = exp X with X in the Grassmann
envelope of g, i.e. the Lie supergroup G of the Lie superalgebra g is the Lie group of the
Lie algebra A(g). Further we denote the Lie subgroup of the subalgebra gg by Gj.

The Lie group G acts on its Lie algebra A(g) by conjugation

Ad(a): A(g) — Ag), X — aXa™ (2.5)

for a in G and X in A(g). Since the invariant bilinear form is the supertrace of a repre-
sentation it is invariant under the adjoint action, i.e.

str(Ad(a)X,Ad(a)Y) = str(X,Y) (2.6)

for any X,Y in A(g) and a in G.

Consider a Lie supergroup G with a supersymmetric invariant nonzero bilinear form.
We identify the Grassmann envelope of the underlying Lie superalgebra with the tangent
space at the identity, A(g) = Z.G. On the tangent space 7,G at g in G we have left and
right identification,

L, : ANg) — T1,G, L,X = ¢gX and
o (2.7)

7,G, R,X = Xg.

The left identification induces a left invariant metric, i.e. (¢gX,gY) := str(X,Y). This
metric is also right invariant, since it is invariant under the adjoint action Ad(g~!).

Now we turn to the description of branes. Let > be an orientable Riemann surface
with boundary 0%. Further let z, : ¥ — Ap(R) and 6, : ¥ — A;(R) be infinitely
differentiable functions into the even respectively odd part of the Grassmann algebra over
R. By infinitely differentiable we mean a function of the form [20]

E>0 1,005
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where x € ¥, the f;, _; (x) are R-valued infinitely differentiable functions on ¥ and the
0; generate the Grassmann algebra A(R). Locally one usually parametrizes any element
in ¥ as (7, 0), where the first coordinate belongs to the direction parallel to the boundary
and the second one to the perpendicular direction, and then introduces complex variables
z=7+1i0 and Z =7 —i0. Then we introduce the local A(g)-valued field on ¥

X(2,2) = xa(2, 2)t* + 0y(2,2)s° (2.9)

and the G-valued field g(z, z) = exp X(z, z). The currents of the WZNW theory at level
k are

J = —kdgg! and J = kg 'og . (2.10)

Whenever the Lie superalgebra g is not simple there is not a unique invariant non-
degenerate supersymmetric bilinear form. The holomorphic and anti-holomorphic Sug-
awara energy-momentum tensors 7' and 7" are obtained by contracting the currents with
the inverse of a distinguished invariant non-degenerate supersymmetric bilinear form (see
[8] for the case of type I Lie superalgebras). The conformal symmetry of the WZNW
theory is preserved if the energy-momentum tensor satisfies the boundary condition

T =T for z = z. (2.11)
This is certainly satisfied if the boundary conditions of the currents are
J = QJ) forz = z, (2.12)

where () is an automorphism of g preserving any invariant non-degenerate supersymmet-
ric bilinear form of g. The currents are A(g)-valued fields and € lifts to an automorphism
of A(g) in the obvious way. Since these gluing conditions do not only preserve conformal
symmetry but also half the current symmetry they are called maximally symmetric. Au-
tomorphisms of basic Lie superalgebras were classified by Vera Serganova [21]. We give a
complete list of those that preserve the metric in appendix [A.2]

3 Typical Branes

For WZNW models on Lie groups the geometry of branes has been studied in detail
e.g. [1I, 12, [15]. If a field g takes values in a Lie group with definite metric, then the
boundary conditions (Z.12)) imply that the restriction of g to the boundary of the Riemann
surface X takes values in a twisted conjugacy class.

The generalization to Lie supergroups is the following.

Proposition 3.1. Let the restriction of g to the boundary of the Riemann surface ¥ take
values in a subspace N C G such that the boundary conditions (Z12) hold. We call N the
branes worldvolume. If the metric restricts non-degenerately to the tangent space TyN of
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the branes worldvolume N and if the tangent space of G at the point g decomposes in the
direct sum of T,N and its orthogonal complement T,N*,

7,G = T,N®T,N" (3.1)
then the worldvolume N is the twisted superconjugacy clasd]

Cy = {QMh)gh™ | h € G}. (3.2)

Since the metric is not definite, the decomposition (3.I]) is not guaranteed to hold in
general. But for Lie supergroups with the property that the restriction of the metric to
any simple or abelian subgroup of the underlying Lie group Gy is definite it holds for a
twisted superconjugacy class that is completely delocalized in the fermionic directions, i.e.
exp A(gy) C C’?. This is the regular case and we call these branes typical in analogy to
typical representations. In section [5 we will explain that this is more than a mere analogy.
We will call all other branes atypical. If the gluing automorphism €2 is inner, then the
above assumptions also hold for non-regular twisted superconjugacy classes containing a
point ¢ in the bosonic Lie subgroup Gg while they never hold for twisted superconjugacy
classes containing a point ¢ = exp X with X nilpotent. We will give an example in section
[6.1] of branes covering these regions.

Now, let us explain the above proposition following [12]. The gluing conditions (2.12))
can be translated to boundary conditions in the tangent space 7,G tangent to the point
g € G, i.e. with the help of the left and right translation the boundary conditions read

dg = —Q,0g (3.3)
where Qg is the map on the tangent space at g defined as
Qg = RyjoQolLy, : T,G—T,G . (3.4)

Note that for any given tangent vector V' in 7,G we have @Q(V) = Q(ngV)g. In terms
of Dirichlet and Neumann derivatives (20, = 0 + 0 and 2i0,, = 0 — 0) the boundary
conditions are

(1+9Q,)0,9 = —i(1—Q,)09 . (3.5)

We need the assumption that the metric restricts non-degenerately to 7,/N and that
the tangent space 7,G splits into a direct sum

7,G = T,N @ T,N* (3.6)

!The automorphism Q of the Lie superalgebra lifts to an automorphism of the Lie supergroup via
Qexp X) = exp Q(X). We still denote it by Q.



then equation (B.5) identifies those vectors in 7,G which have nonzero (1 — Qg) eigenvalue
as directions of Neumann boundary conditions, i.e. they are vectors tangent to the branes
worldvolume N. Then T,N* is spanned by the vectors having zero (1 — Q) eigenvalue.

Let V be in 7,N* then QQ(V) = V which is expressed in terms of €2
Qg'V) = Vg (3.7)

Therefore
Qg V)= Vg QX)) =0 for all X in A(g) . (3.8)

Since the metric is left- and right-invariant and invariant under €2 (recall that 2 is required
to be metric preserving) (B.8) is equivalent to

(V,gX —Q(X)g) = 0. (3.9)

Hence gX — Q(X)g is orthogonal to 7,N*, i.e. it is tangent to the worldvolume N of the
brane, but it is also tangent to the twisted superconjugacy class

CY = {Qh)gh™ |h €G}. (3.10)

This can be seen as follows. Consider the curve Q(h(t))gh(t)™" in CJ through g, ie.
h(0) =1 and h(0) = —X, then its tangent vector at g is
d

o UR@)gh®) = gX = QX)g . (3.11)

Hence the tangent vectors of the form gX — Q(X)g are the tangent vectors of the twisted
superconjugacy class C;Z. It remains to show that any tangent vector tangent to the
worldvolume of the brane has the form gX — Q(X)g. Recall that those tangent vectors
V' describe Dirichlet boundary conditions which are in the kernel of 1 — ﬁg. Therefore,
the image of the adjoint operator (1 — @Q)T must be 7,N. Since Qg =Ry0Qo0L, is an
isometry the adjoint is the inverse

(1-Q) = 1=Ry0Q0L, 1) = 1-L,0Q 'oR, 1, (3.12)

i.e. any element W in 7,N can be written as
W = U-gQ N Ug™) (3.13)
for some U in 7,G. Further any vector U in 7,G can be written as U = Q(X)g for some

X in A(g), hence W = Q(X)g — gX for some X. We conclude that the worldvolume of a
brane is a twisted superconjugacy class.

There are some remarks.



Remark 1. The Lie supergroup acts on a twisted superconjugacy class by the twisted
adjoint action Ad®

Ad%a) : Cgl — C’?

Q —1 -1 -1 -1 (3.14)

Ad*(a)(Q2h)gh™) = Qa)Q2h)gh™a™ = Q(ah)g(ah)
for any a in G and Q(h)gh™! in C’y . When analyzing branes on a Lie supergroup one
usually starts with its semiclassical limit, the minisuperspace [9, [16]. The minisuperspace
of a brane of a Lie supergroup is the space of functions that do not vanish on the brane.
The infinitesimal twisted adjoint action acts on this space. This action is the semiclassical
limit of the action of the boundary currents on the boundary fields. The infinitesimal
twisted adjoint action can be expressed through the infinitesimal lefttranslation (which is
computed for type I Lie superalgebras in [8]). Let h be in G' and L% be the lefttranslation
in the direction X, i.e.

.G — T,G, Lih = —Xh. (3.15)

Further its action on h=!is L% h™1 = h=1X since Lx(hh™!) = 0, hence its action on the
twisted superconjugacy class element a = Q(h)gh™! is the infinitesimal twisted adjoint
action

Ly (Qh)gh™) = —Q(Xh)gh™ + Q(h)gh™'X = —Q(X)a+aX . (3.16)

Remark 2. The stabilizer of g under the twisted adjoint action is the twisted super-
centralizer

2(g,Q) = {h € G| Qh)g = gh}. (3.17)

Its tangent space at g is the kernel of 1 — Qg. The twisted superconjugacy class can be
described by the homogeneous space G/Z(g,€2). In the regular case the twisted super-
centralizer is isomorphic to the maximal set 7% of commuting points which are pointwise
fixed under the action of €2, i.e. it is contained in a maximal torus. Whenever €2 is inner
it is a maximal torus. A maximal torus of a basic Lie superalgebra is isomorphic to the
maximal torus of its bosonic Lie subalgebra. Therefore in the regular case the brane is
completely delocalized in the fermionic directions and since the metric is consistent (see
Definition 2.T]) the assumed orthogonal decomposition ([BI) is true if it is true for the
restriction to the Lie subgroup Go. At non regular points the brane is not necessarily
completely delocalized in the fermionic directions in these cases one has to check wether
(B1) holds.

It certainly does not hold for superconjugacy classes containing a point ¢ = exp X
with X nilpotent, since then the operator 1 — Qg is not diagonalizable. In this case there
is a new type of branes whose geometry is rather different, we will give an example in
section Bl



Remark 3. Gluing automorphisms must be metric preserving automorphisms of the
relevant Lie algebra that is the Grassmann envelope A(g) of the Lie superalgebra g. So
far we obtained such an automorphism by lifting it from an automorphism of the Lie
superalgebra g. These are not all possible gluing automorphisms because conjugating by
a fermionic Lie supergroup element 6 is an automorphism of A(g) but not of g. The above
statements also hold for 2 = Ad(f) and a Ad(f) twisted superconjugacy class is simply a
left translate by # of an ordinary superconjugacy class.

4 The Action of typical branes

In this section we state the action of WZNW models on supergroups. The Lie group
case has been studied extensively and generalizes to Lie supergroups. In our considerations
we will follow the reasoning of [14] and [22]. We start with the bulk action.

4.1 The bulk action

The setup is exactly as in the Lie group case. So let ¥ be a compact Riemann surface
without boundary, and ¢ : ¥ — G a map from the Riemann surface to the Lie supergroup
G. Assume that there exists an extension of this map to a map § : B — G from a
3-manifold B with boundary B = ¥ to G. Further let z = 7+ i0 and Z = 7 — io then
the kinetic term of the action is

k _
Skinlg] = %/Edea Str(g_lﬁg g_lﬁg) (4.1)

and the Wess-Zumino term is [23]

k

1 _k F VI U e
Swzlg] = o BH = 67T/Bstr(g dgN g dgNg dg) . (4.2)

The full action is then
S[g] = Swnlg] + Swzlg] - (4.3)

Further the variation of the action is

k _

0S8 = Slg+dg]—S[g] = - / drdo str(g~6g 0(g10g)) . (4.4)
b

Thus we obtain the bulk equations of motion 9J = 9J = 0. As in the case of Lie groups

it is straightforward to compute the Polyakov-Wiegmann identity

S[gh] = S[g] + S[h] + k / drdo str(Ohh™t g~ '0g) . (4.5)

™



The action (4.3)) is well-defined if it does not depend on the extension g to a 3-manifold B.
For type I Lie supergroup models this is done as follows [5] [7, 8]. Type I Lie superalgebras
have the distinguished Z-graduation g = g_ & gg ® g, where g, are two irreducible
representations of the bosonic subgroup gy and the supertrace satisfies

str(X,Yy) = str(X_Y_.) =0 for all Xy and Yy in gy . (4.6)

Then parameterizing a Lie supergroup element accordingly ¢ = e~ goe®+ and applying
the Polyakov-Wiegmann identity (£3) twice the action becomes

Slg] = Slgo] + E/Edfda str(Ad(go)(00,)00_) . (4.7)

™

Thus the ambiguity in the extension of this model is the ambiguity of the Lie group
WZNW model of the bosonic subgroup Gy and gives well-known quantization conditions
to the level & [14].

Type II Lie supergroups can be treated similarly [24]. The distinguished Z-graduation
iSg=g 2B g 1DgoD g1 P ge and the supertrace satisfies

str(X;Y;) = 0 forall X;ing; Y;ing;andi+j # 0. (4.8)

Then parameterizing a Lie supergroup element according to the distinguished Z-graduation
g = g_e’=goe+ g, and applying the Polyakov-Wiegmann identity (&3] four times the ac-
tion becomes

Slg] = Sldo] + %/Edea str(Ad(go)(00.)00_) +

. (4.9)
o /2 drdo str(Ad(go)([0+,00+] + 209,97 )([00—,0-] +29-"0g_)) .

Thus the ambiguity in the extension in this model is the ambiguity of the Lie group
WZNW model of the bosonic subgroup which corresponds to the Lie subalgebra go.

4.2 The boundary action

In this section we will state the boundary action. Following [I4], we represent a
Riemann surface ¥ with boundary as ¥'\D, where ¥’ is a Riemann surface without
boundary and D an open disc. We want to have a WZNW model based on a map
g : 2% — G from the world-sheet with boundary to the Lie supergroup G. Therefore one
needs to extend the map to a 3-manifold B. This is not possible for a world-sheet with
boundary. Thus the idea is to first extend g to a map ¢’ : ¥’ — G then to consider the WZ
term based on ¢’ and to subtract a boundary term which only depends on the restriction
of ¢’ to the closure of the disc D. This boundary term has to be such that it coincides
with the restriction of the Wess-Zumino term to the disc and such that the variation of



the total action vanishes provided the usual equation of motion hold in the bulk and the
desired gluing condition at the boundary.
Let us introduce the action and show that it has the two properties mentioned above.
Let g,¢',X,Y as above, let § : B — G an extension of ¢’ to a 3-manifold B with
boundary B = Y. Further let the restriction of ¢’ to the closure of the disc D map to a
twisted superconjugacy class C*! at a regular point a,

J(D) c C%. (4.10)

Then the WZNW action for the twisted boundary conditions J = (.J) is given by

ok
Soalg) = Stule) + S%als) - - [ o (4.11)
T JD
Where w is (using the shorthand Q = Ad(g'~!) o Q)
1 Q+1
= —str(¢"'dg' N =——g'"'dg’ 4.12
w = gstr(gTdg' NS g dg) (4.12)

and Q0 — 1 restricted to a twisted superconjugacy class is invertible as already seen in the
previous section. If we write ¢'|p = Q(h)ah™" then

(Q—-1)"gdg'|, = dhh7". (4.13)
This allows us to rewrite the boundary term as

LAY (P str(Q(Ohh~1)Ohh™ — Q(Ohh™1)ORA™Y) . (4.14)
2 Jp 27 Jp

Now we can check explicitly that the proposed action has the desired properties. First
the restriction of the 3-form H to the twisted superconjugacy class indeed coincides with
dw

dw = H (4.15)

ce

Further the variation of the action vanishes provided the usual bulk equations of motion

and the boundary equation of motions J = (.J) hold,

0Sa.alg] = 655U(g] + s / dr str(shh™' (1 — Q)Ohh™ + (! — 1)0hh™"))
’ 2 oD
, (4.16)
= 5S5UKg] + i/ dr str(Q(6hh™ 1) (J — Q(J))) .
’ 27T 8D

A well-defined action should not depend on the extensions of the map ¢g. In [9] the
boundary GL(1]|1) model with gluing automorphism Q = (—st) (see Appendix [A.2] for the
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description of (—st)) is studied using a triangular decomposition of the group valued field.
This can be generalized to all type I boundary WZNW models with gluing automorphism
2 = (—st) [25] and as in the bulk case there is no additional quantization condition from
the fermionic fields.

For general (2 and any basic Lie superalgebra, there is a parameterization of the G-
valued field ¢ that is particularly adapted to the problem: g = Q(6)gof~! where gy in
the bosonic subgroup Gq and 6 takes values in exp A(g;). Using the Polyakov-Wiegmann
identity (A35]) and the explicit form of the boundary term (AI4]) one can rewrite the action
as

k _ _
Saalgl = Sag,.alg0] + 5 /Z drdo str(0700 07100) + str(dgogy * QUO100))+

—str(07'00 gy 'Dgo) — str(07100 g5 QO 00)go) -

(4.17)

This model then has the same quantization conditions as the Lie group boundary WZNW
model SQ|G07a[g0].

5 Atypical branes and atypical representations

The aim of this section is to investigate the existence of additional branes and its re-
lation to atypical representations of finite dimensional Lie superalgebras and its affiniza-
tions. We start with an example of new additional branes.

5.1 Atypical branes in the GL(1|]1) WZNW model

We restrict our attention for now to trivial gluing conditions J = J. We observed that
there are certain points that do not intersect any typical brane with trivial boundary con-
ditions. The natural question is whether there exist branes intersecting these points? We
study this question in the example of GL(1|1). The typical branes have been investigated
in detail in [10].

The Lie superalgebra gl(1]|1) is generated by two bosonic elements F, N and two
fermionic elements U+, subject to the relations

[N, UF] = £0* | {U~ U*} = E and E central. (5.1)

We parametrize a GL(1|1) valued field g in terms of two bosonic fields X and Y and two

fermionic fields c4,
o . oy
g = 6207\11 6ZXE+ZYN620+\I/ ] (52)

Inserting our specific choice of the parametrization (5.2]), the currents take the following
form

J = kie™ 0c_U™ + k(i0X — (c_)cre™ )E + ki0Y N + k(idc,. — ¢ .0Y)¥T  (5.3)
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and
J = —k(i0c_ — c_0Y)U™ — k(i0X — c_(dcy)e™ ) E — kidY N — kie™ 0c, UF.  (5.4)

In terms of these fields the gluing condition .J = .J imply the Dirichlet boundary condition
0;Y = 0 for the field Y. The non-regular points are those where Y = yo = 27s, for an
integer s, at the boundary. At these points the boundary conditions for the remaining
fields are of the form

20,cy = Z4ci0,Y and 20.X + c_O0ycy +cp0yc- = 0. (5.5)

Note that the first two equations imply 0, (c_c;) = 0. There are four different possibilities
to satisfy these boundary conditions, i.e. by imposing the following Dirichlet conditions
in addition to Y = yo = 27s for s in Z:

I. X=uz9andcqy =0,
II. ¢ =0,
III. c_.=0or
IV. no additional ones.

The first case corresponds to a superconjugacy class and has allready been investigated
in [10] while the other cases are new and do not correspond to superconjugacy classes.
The actions to these four cases requires the introduction of one extra bosonic boundary
field # and two fermionic boundary fields v.. Then the action is

S = % / drdo 0XOY + OY0X +2¢™dc dc_ + Spay (5.6)

where
S]{)dy == 0
Stk :ﬁ/ dr X003+ c_0.yy — c_v41 0.0
bdy o o T Y7 /4 — I+Y7

k
Swiy = - / AT X0+ e + e 0.0

k
S%,Xy = 3. / dr X0+ c_0yy + ¢ 0-v- — v 0:. 8+ cov_0.3 .
o=0

The variation of the action under the corresponding Dirichlet conditions listed above
vanishes along the boundary provided (5.5]) holds.

In order to get an idea what the spectrum of these new branes is let us look at the min-
isuperspace limit, that is the limit of large level k. The minisuperspace limit of a boundary
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S~

¥~10)

Fig. 1 — Projective cover Py: all states are annihilated by £ and N and ¥* act as indicated.
There is a 3-dimensional subrepresentation, two 2-dimensional ones and the trivial 1-
dimensional subrepresentation.

theory is given by the functions on the Lie supergroup modulo those that vanish on the
brane. The case of typical branes has been analyzed in [10]. The semi-classical spectrum
of typical regular branes is the four dimensional adjoint representation Py. In the same
way one can show that the minisuperspace limit of the above boundary conditions is built
out of representations that are quotient of Py by its proper invariant subrepresentations
(there are four of them see Figure 1). In case I this is the trivial irreducible representation
while in the other three cases the representations are not irreducible but they are still
indecomposable. All these four representations are called atypical.

5.2 Geometry and irreducible Representations

In this section all Lie superalgebras are basic simple Lie superalgebras of type I.

The co-adjoint orbit method of Kirilov and Kostant [26] relates co-adjoint orbits of a
Lie group to representations of the group. In the case of compact simple Lie groups this
correspondence is ([27] and references therein)

Ty < Q)\+p (58)

where 7y is a irreducible highest weight representation of the compact Lie group G with
dominant highest weight A, p the Weyl vector and 2 the co-adjoint orbit in the dual of
the Lie algebra g* containing A + p.

Non compact Lie supergroups are relevant (i.e. real forms whose restriction to the
bosonic subgroup is non compact), and the representations are neither necessarily finite
nor highest(lowest) weight. In subsection [.2.1] we relate representations of the finite
dimensional Lie superalgebra g to its co-adjoint orbits,

m)\ — Q)\+p . (59)

Here 91, denotes a collection of representations associated to the weight A\. We show
that the geometry encodes information about the representation in the following sense:
if a representation 7y in 9, is atypical then the associated co-adjoint orbit €2, is not
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completely delocalized in the fermionic directions. Atypicality refers to the existence of
fermionic singular vectors which we will explain below. In the previous section we saw in
the example of GL(1|1) that these atypical representations are the minisuperspace limit
of the spectrum of the new atypical branes.

The next step in subsection [(£.2.2] is to relate in a similar manner superconjugacy
classes to representations of the affine Lie superalgebra at fixed level k (we restrict our
attention to highest(lowest)-weight representations), i.e.

V(A k) «— (Crips k) - (5.10)

Here Vi (A, k) are highest(lowest)-weight representations and the correspondence is such
that any atypical representation is associated to a superconjugacy class that is not com-
pletely delocalized in the fermionic directions.

In the case of the GL(1|1) model this correspondence has an interpretation in terms
of Cardy boundary states.

5.2.1 Representations of finite dimensional Lie superalgebras

The finite dimensional representations of finite dimensional classical Lie superalgebras
are described by Kac in [I7] and [28]. Gould gives a generalization to infinite dimensional
representations [29].

Fix a Cartan subalgebra h of g and denote the dual space by h*. A non degenerate
supersymmetric invariant bilinear form of the classical Lie superalgebras restricts non
degenerately to a Cartan subalgebra h and induces a non degenerate bilinear form on its
dual space. We denote it by ( | ). Further a root is defined as follows.

Definition 5.1. For a # 0 in h* one sets
9o = {a € g|[h,al = a(h)aVh €b}. (5.11)

a 1s called a root if g, # 0 and g, is called rootspace. Further a root is called even if
ga Ngg # 0 and odd if g, N g7 # 0. Denote by A the set of roots, by A the set of even
roots and by Ay the set of odd roots.

The Lie superalgebra g possesses the usual nonunique decomposition
g=n_ohon, . (5.12)

One calls a root positive if g, Nny # 0 and negative if g,Nn_ # 0. Let py be half the sum
of even positive roots and p; half the sum of odd positive roots, then the Weyl vector is

p = po—p1. (5.13)

We recall the classification results for irreducible representations of type I Lie superalge-
bras by Gould [29]. Let A in h* be the highest weight of a highest weight representation
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V(M) and let Z be the center of the universal enveloping algebra U(g) of the Lie super-
algebra g, then Z takes constant values on V(A). The eigenvalue of z in Z on V()) is
denoted by xx(2), this defines an algebra homomorphism

Xy:2Z —C, 2z xa(2) (5.14)

called infinitesimal character. A representation admits an infinitesimal character y) if the
elements z in Z take constant values x,(z) in the representation. In the case of simple
Lie algebras it is well known that every irreducible representation admits an infinitesimal
character [30]. The generalization to type I Lie superalgebras is proved by Gould [29)]:

Theorem 5.2. Fvery irreducible representation of a Lie superalgebra of type I admits an
infinitesimal character x for some \ in b*.

We construct representations explicitly as done by Kac [28]. Recall the triangular
decomposition of type I Lie superalgebras g = g_ ®gs® g+ (g— and g, are two irreducible
representations of the bosonic subalgebra gg). Let Vi be a representation of the bosonic
subalgebra gg of countable dimension then one gets a representation of gz & g, by pro-
moting the elements in g, to annihilation operators g, (V5) = 0 and the elements in g_
to creation operators, i.e. we define the Kac module of V4 to be

K(Vo) = nd g, (Vo) - (5.15)

The main results in [29] are summarized in

Theorem 5.3. Let Vi be an irreducible representation of gg and K(Vy) the Kac module.
Then

e there exists a mazximal proper submodule M (Vy),

o the quotient IC(Vy)/M (V) is irreducible and all irreducible representations are of
this form.

e Vo admits an infinitesimal character X§ and K(Vy) is irreducible if and only if (A +
pla) # 0 for all odd positive roots c.

Denote the collection of Kac-modules with infinitesimal character x, by 9%,. In view
of this theorem we call a representation V) in 91, atypical if there exists an odd positive
root « such that (A + p|a) = 0.

Now, we turn to co-adjoint orbits. Since the metric restricts non-degenerately to b
there exists an hy;, in b such that (A + p)(h) = (hagp, h) for all b in h. We write
A+ p = (hatp, - ), then the co-adjoint orbit containing A + p is

Dy = { (ghaspg™ - ) | gin G }. (5.16)

It follows that the orbit extends into the dual space of the root space of the root «a g}, if
and only if (A + p|a) # 0. This gives us the following relation between Kac-modules and
co-adjoint orbits.
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Proposition 5.4. There is a one-to-one correspondence between collections of Kac-modules
with infinitesimal character x, and co-adjoint orbits

Q)\+p A — m)\, (517)

such that if and only if a representation is atypical the associated co-adjoint orbit is not
completely delocalized in the fermionic directions.
5.2.2 Representations of affine Lie superalgebras

References to affine Lie superalgebras are [31] and [32]. The affine Lie superalgebra
corresponding to g is
g =Cltt''®egeCKaCd (5.18)

where K is central and

(" @z, t"@y] = """ [x,y] + MOpin(z,y)K

5.19
[d,t"®y] = nt"®y. (5:.19)

The vector space

~

h = heCKaCd (5.20)

is a Cartan subalgebra of g. We extend a linear function A on b to B by setting \(K) =
A(d) = 0 and define linear functions Ag and § on b by

A(h@®Cd) = 0 , Ag(K) =1 , §h®CK) =0 and &(d) = 1. (5.21)

Then §* = h* @ CAy & C5. We also extend a bilinear form ( , ) from g to g by setting

"Rz, t"R@Y) = Oman(T,Y) , t"®r,K) = t"®z,d) = 0, (5.22)
(K,K) = (d,d) = 0 and (K,d) = 1. ’
Further the space of positive roots is
A, = A U{a+ndn>0}. (5.23)
The affine Weyl vector is

where 1Y is the dual Coxeter number that is the eigenvalue of the quadratic Casimir of g
in the adjoint representation.

Representations of a WZNW model are constructed as follows. First one considers
a Verma module Vi (A) of the derived subalgebra g with highest(lowest)-weight vector
A = X+ kA where X is a weight of g. Then via the Sugawara construction (see [33] for
affine Lie algebras and [§] for the supercase) the Verma module extends to a representation
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of the semidirect sum g + Vir in particular by identifying the Virasoro zero mode Lq with
the derivation d it extends to a g module. The highest-weight vector then has conformal
dimension (L, eigenvalue)

(A+2p|A)

ha = 2(k + hV)

(5.25)
We call such a Verma module typical if all its singular vectors are inherited from the
bosonic subalgebra, otherwise it is called atypical. According to [§] a necessary condition
for atypicality is

ha—or = ha+n (5.26)

where o = o’ + nd for some integer n and an odd root o’ of g. If « is a positive odd root
the highest-weight representation V. (A) can be atypical, and if « is a negative odd root
the lowest-weight representation V_(A) can be atypical. Equation (5.26]) can be rewritten
as

(A+7p|a) =0. (5.27)

In [34] it is shown that this is exactly the atypicality condition for basic affine Lie super-
algebras of type I.

Atypical representations are closely related to atypical representations of the horizontal
subalgebra. We know that Vi(A) is atypical if there is a singular vector on the level of
the horizontal subalgebra g. Concatenating the representation with an automorphism
of g gives an isomorphic representation that is also atypical. The affine Weyl group
induces automorphisms of the affine Lie superalgebra g. The affine Weyl group is the
automorphism group on the root and coroot systems and hence induces an automorphism
on the affine Lie superalgebra since this in return is uniquely defined via its roots, coroots
and Cartan subalgebra. Denote by M the Z span of the coroots of g and define the
translation ¢, as (a in M)

ta(\) = A+ A(K)a — (M) + %(a|a))\(K))5 . (5.28)

We denote the group of translations {t, | @ in M} by T);. Then the affine Weyl group is
[31] (W denotes the Weyl group of g)

—

W = WxTy. (5.29)

The translation ¢, induces an isomorphism #, on g which acts explicitly as

to h — h+a(h)K for hin b
K — K
5.30
d o d—ha—%(am)K (5.30)

ggRt" = gg® n=(alf) for g in gg .
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If one knows the characters of the representations of g then one can identify the repre-
sentations obtained by an automorphism via (the A4, ...h, form an orthonormal basis of

b)

t ~O¢ h ~a T
Xpoio (0, 2) = trp(g@ o) plath) ()F) 1)
—s(ale) polhk - a(hk '

X (@, 27"

If every representation has a unique character then this identification is exact. In the
cases of gl(l\l)ﬁ [5], su(2]1) [6] and psu(1,1]|2) [7] all atypical representations could be
obtained in this way from representations that have a singular vector on the level of the
horizontal subalgebra g.

We saw that the geometry of co-adjoint orbits provided information whether the asso-
ciated representations are atypical or not. In a similar manner one can relate superconju-
gacy classes to representations of the affine Lie superalgebra g. Choose an element hy,,
of the bosonic subalgebra gy and choose a Cartan subalgebra b containing hy;,. Then we

consider the superconjugacy class containing the point exp 22T2$ L
27T7:h;)\+

c, = ag 'l gin G}, a = exp ———" . 5.32

{gag™ | g } A (5.32)

The superconjugacy class is localized into a fermionic direction corresponding to an odd
root «v of g if and only if a(hyy,) = n(k + h") for some n in Z. But this is equivalent to

A+kAo+pla—nd) = A+pla)—n(k+h")(A|d) = 0. (5.33)

Thus we arrive at the affine analogue of proposition [5.4]

Proposition 5.5. There is a one-to-one correspondence between Verma modules Vi(A =
A+ kAg) and superconjugacy classes

C 2mihyy, 7 V:t(A) 5 (534)
OXP — v
such that a representation is atypical if and only if the associated superconjugacy class is
not completely delocalized in the fermionic directions.

In the case of compact simple Lie groups the correspondence has a interpretation in
terms of Cardy boundary states [35]. To each irreducible finite dimensional highest-weight
representation of highest-weight A = X\ + kA there exists a boundary state B(A) and in
the semiclassical limit & — oo this state becomes a distribution concentrated on the

. . 27T7:h)\+p
conjugacy class C, (a = exp =) [36].

For Lie supergroups boundary states have been studied only in the case of GLS‘él)

[10] and there this correspondence is also true for a special choice of the bilinear for

2Even though gl(1|1) is not classical the above statements hold
3g](1]1) is not simple thus the invariant bilinear form is not unique
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6 Conclusions

In this note we have studied the geometry of maximally symmetric branes on Lie
supergroups.

Following the reasoning for WZNW models on Lie groups [11],[12] we saw that typically
branes are localized along twisted superconjugacy classes. This was expected from the
previous analysis of branes in the GL(1|1) WZNW model [10]. The rather surprising
result is the observation that there exist additional atypical branes.

The argument that branes are twisted superconjugacy classes required that the brane
intersects the bosonic Lie subgroup, hence there are regions in the Lie supergroup which
are not covered by any superconjugacy class. This was the first hint to suspect another
kind of brane. Then we looked explicitly for new branes in the simplest Lie supergroup
WZNW model that is the GL(1]|1) model. Generically its superconjugacy classes are
completely delocalized in the fermionic directions but there also exists a discrete one-
parameter family of point-like superconjugacy classes. In this case we found four distinct
choices of gluing conditions for the fields. The action of the new branes required the
introduction of additional boundary fields similar to [9]. The semiclassical limit of these
models are representations of the finite dimensional Lie superalgebra gl(1]1). These four
representations have the same infinitesimal character y, and they are the four quotients
of the representation Py by its proper invariant submodules. P, is indecomposable and
maximal in the sense that it is not the quotient of a larger indecomposable representation.
The representation associated to the point-like superconjugacy class is irreducible while
the remaining three representations are indecomposable but not irreducible.

Then we studied the relation between the geometry of branes and the representations
of finite dimensional and affine Lie superalgebras, focusing on atypicality. In the case of
Lie groups, untwisted branes (i.e. with trivial gluing automorphism) are in one-to-one
correspondence to conjugacy classes which are in one-to-one correspondence to irreducible
representations of the current algebra at fixed level k. For Lie superalgebras irreducible
representations are in one-to-one correspondence to superconjugacy classes which corre-
spond to untwisted branes. Whenever the superconjugacy class is not completely delo-
calized in the fermionic directions the associated representation is atypical and we saw
in the example of GL(1|1) that additional atypical branes appear which we associate to
representations that are indecomposable but not irreducible.

There are several interesting possible extensions of this work.

The relevance of atypical branes should be studied in more detail. In general it would
be interesting to compute correlation functions of boundary WZNW models on Lie super-
groups. For the bulk models a Kac-Wakimoto like formulation involving bc ghost systems
at central charge ¢ = —2 has been introduced in [6] [7, [§]. This formalism allows the
perturbative expansion of correlation functions in terms of correlation functions of the
WZNW model of the bosonic Lie subgroup and of the bc system. Due to the zero modes
of the ghosts, only a finite number of terms of the perturbative expansion can contribute.
In [9] a similar setup has been introduced for the GL(1|1) model. For those gluing con-
ditions where the ghost field b is identified with its antiholomorphic counterpart b only
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a finite number of terms of the perturbative expansion contributed. This works for the
gluing automorphism (—st) introduced in the appendix. We are currently working on a
Kac-Wakimoto like formulation for type I Lie supergroup boundary WZNW models with
gluing automorphism (—st). For trivial boundary conditions one can use the boundary
conditions of [3§] for the bc system. Then a derivative of the field ¢ is identified with the
field b and the perturbative expansion does not terminate. It would be also interesting to
be able to solve models with other gluing automorphisms than (—st).

For the GL(1|1) model it is shown [9] that correlation functions only involving atypical
(bulk and also boundary) fields coincide with the untwisted sector of the symplectic
fermions [39]. This method also applies to the atypical branes in GL(1|1). A generalization
to type I Lie supergroup models with vanishing dual Coxeter number might also be
possible.

Another interesting direction is the study of branes and the group of brane charges
which in the case of compact Lie groups has a geometric interpretation as the twisted
K-group of the Lie group [42].

Acknowledgments: [ wish to thank Thomas Quella, David Ridout, Peter Rgnne and
in particular Volker Schomerus for interesting discussions and comments on issues related
to this work and on the manuscript.

A Appendix

A.1 Fundamental representations

In this section, we provide the fundamental matrix realizations of the superalgebras
gl(mn), sl(m|n), psl(n|n) and osp(m|2n), we follow [19].

gl(m|n) is given by
o) ={( & 5 )} (A1)

where A and D are square matrices of size n and m, B is a n X m matrix and C' is a
m X n matrix. The supertrace is defined via

A B
str< c D ) =trA —trD . (A.2)

Then, we have the unitary superalgebra
sl(n|m) = {X € gl(n|m) | strX =0}, (A.3)

for n # m, and for n = m the projective unitary superalgebra psl(n|n) =sl(n|n)/Z, where
7 is the one dimensional ideal generated by 1,,,. Further, we have the the orthosymplectic
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series

osp(m|2n) = {X € gl(m|2n) | X**By,n + BnnX = 0}, (A.4)
where the supertranspose is
A B\" At
and
1, O B 0 1,
Bpn = < 0 J ) , where J, = < 10 ) ) (A.6)

A.2 Gluing automorphisms

We already showed in the second section that inner automorphisms preserve the metric,
it remains to find all metric preserving outer automorphisms. For complex Lie superalge-
bras the groups of outer automorphisms are classified in [21]. Denote the group of outer
automorphisms of G by Out G, then Out sl(m|n) = Z,, generated by (—st) : X — —X*.
It is straightforward to verify, that this is indeed an automorphism and that it preserves
the supertrace.

Further, Out osp(2m + 1|2n) = 1, and Out osp(2m|2n) = Z,, generated by Ad.J,, ,,
where Jy,, in gl(2m, 2n), with det Jp,, = —1,J7 , = lomion and JpnBomnJimn = Bamn.
This leaves also the metric invariant by the same argument as for an inner automorphism.

Before we turn to psl(n|n), n # 2, we introduce the relevant automorphisms. For

X =(415), we have (A € C)

H(X):<g i) ’ 5A(X):<>\§C Ag) '

Note, that II changes the metric by an overall minus sign, so it is not a gluing automor-
phism. Since J, acts only on the fermionic part, it preserves the metric. Then Out psl(n|n)
is described by the exact sequence

1 — {0,}/{0:|\" =1} — Out psl(n|n) — Zy & Zy — 1,
where Zo @ Zy = I1 & (—st). psl(2]|2) carries an action of SL(2) induced by

a b A B B 0 aB + bJ,CtI!
c —a )\ C D - —c\BtJt —aC 0

this defines an automorphism and since it leaves the bosonic subalgebra invariant it pre-
serves the metric. Out psl(2|2) is described by the exact sequence

1 — SL(2)/(—12) — Out psl(2|2) — Zy — 1,

where Zs is generated by II.

Further, the extension of the automorphisms to gl(n|m) is straightforward and the
dilatation of the fermionic elements becomes inner.

Note, that the exceptional classical Lie superalgebras do not admit a metric preserving
outer automorphism.
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A.3 Real Forms

Real forms of classical Lie superalgebras are classified in [40] and [41]. As in the
case of simple Lie algebras this is done by classifying the involutive semimorphisms of
the complex Lie superalgebras. A semimorphism ¢ of a complex Lie superalgebra g is a
semilinear transformation such that

[0(X),0(Y)] = o([X,Y]) forall X,Y ing. (A7)
Then for every involutive semimorphism ¢
g = {X+¢(X)| X ing} (A.8)

is a real classical Lie superalgebra and these are all (Theorem 2.5 in [41]).

The relevant Lie algebra is the Grassmann envelope A(g) of the Lie superalgebra g and
there is the following real form that is not coming from a real form of a Lie superalgebra.
Define the superstar operation as [19]

(cO)* = e, %% = —6 .,  (0.6,)" = 6767 (A.9)

for any Grassmann numbers 6, §; and any complex number c¢. Then concatenation of the

superstar # with the automorphism (—st) is a semimorphism of A(g) giving rise to a real
form of A(g).

Further any automorphism € of the Lie algebra A(g) restricts to an automorphism of
A(g)? if and only if it leaves A(g)? invariant that is Q and ¢ commute.
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