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Towards a non-perturbative matching of HQET and QCD withadyital light quarks

1. Introduction

In the light of the expected progress in flavour physics teatakthe impending B-physics
experiments([]1]]2], precision lattice QCD more and more bexto play a crucial réle for a quan-
titative and accurate interpretation of these experimeatalts in the framework of the Standard
Model and beyond, since it provides a theoretically sounmt@gch to non-perturbatively compute
the contributing matrix elements of operators among hadrssates.

A particular problem of dealing with heavy-light systemsalving the b-quark as the heavy
flavour by means of lattice QCD consists in the two dispanatiénsic scales that actually accom-
pany any lattice calculation: the lattice spaciaghas to be much smaller tharir, in order to
allow for a fine enough resolution of the B-meson states irstipe, and the linear extent of the
lattice volume L, has to be large enough for finite-size effects to be undetra@orHeavy Quark
Effective Theory (HQET) on the lattic€][B] 4], however, wiielies upon a systematic expansion
of the QCD action and correlation functions in inverse pa@agrthe heavy quark massi(around
the static limit, offers a formally reliable solution to shproblem. Still, for lattice HQET and its
numerical applications to lead to precise results with bletd systematic errors in practice, two
shortcomings had to be left behind first.

One is the exponential growth of the noise-to-signal ratistatic-light correlation functions,
which is a consequence of the appearance of power diverg@mntee effective theory. As demon-
strated in studies in the quenched approximatj$n[]5—9] dsasen the theory withi\N = 2 dy-
namical quarks[[10], this problem can be overcome by a clevedification of the traditional
Eichten-Hill discretization of the static action.

Another difficulty, more serious on the theoretical levelassociated with the aforementioned
power divergences. Since in the effective theory mixingsmgroperators of different dimensions
are present, already the static limit of HQET is affected bpwer-law divergent<{ gg /a) additive
mass renormalization. Unless the theory is renormalizedpesturbatively [11], it follows from
this power-law divergence of lowest-order HQET — and, ofrseyfrom further ones gcz,/an+l
that arise at Q1/m"), n > 1 — that the continuum limit does not exist owing to a remainaich,
at any finite order[[J2 £ 14] in perturbation theory, divergethe continuum limit.

In ref. [[[§] a general solution to the latter has been worketbmd numerically implemented
for a determination of the b-quark’s mass in the static arehghed approximations as a test case.
The method is based onren-perturbative matching of HQET and QCD in finite voluritevas
subsequently extended to also include th@ @) terms into the quenched computations of the
mass of the b-quarkn"S(my,) [[6] (see refs.[[17, 18] for recent reviews in broader cofjfeand
of the B-meson decay constaft][19].

An attractive property of the strategy, briefly summarize@ectior{P, is that most parts of the
actual calculation do not involve very large lattices. Hritis natural to remove the quenched
approximation as the dominating remaining systematic iiaicey in our previous works using
this method. The additional computational effort requifedynamical quarks are included is
only moderate, except for the last step that involves theaetibn of B-meson properties from
simulations in physically large volumes (with spatial ewteof~ 2fm or more) and thus will be
computationally much more demanding than the finite-volsimeulations for the non-perturbative
renormalization part.
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In the present report we outline the various steps towarddBET computation of the mass of
the b-quark including the @/m) correction along the lines of refd. [15, 16] in two-flavouitize
QCD, where most of the emphasis is put on the renormalizatfahe effective theory through
the non-perturbative matching to QCD in finite volume in ortteperform the power-divergent
subtractions. This step requires, in particular, a deteation of the relation between the renormal-
ization group invariant (RGI) and the subtracted bare hemark mass in the relevant parameter
region of Nr = 2 QCD, which we present together with numerical results endbrresponding
renormalization constant and improvement coefficientomes detail in Sectiof] 3. Results from
the matching itself, which has just been started at the timeiting, as well as from the necessary
simulations of the effective theory in small and intermésglaolumes will only be available at later
stages of our project.

2. Survey of the computational steps

HQET
in large
volume: 0.5fm
mpg
" (DSCD(LL M)
i
matching
Ok
(DEQET(LQ: Mb) (DEQET(Ll, Mb)

Figure 1: The strategy for performing computations in lattice HQE& &inon-perturbative determination
of the HQET parameters from QCD simulations in a small voluthes designed such that steps indicated
by arrows are to be repeated at smaller lattice spacingsti i@ continuum limit.

Let us briefly recall the general strategy, introduced[ir].[15 allows for a formulation of
(zero-velocity) HQET in the framework of lattice QCD, whedésteps of the computations includ-
ing the renormalization are carried out non-perturbagivaeld the continuum limit can be taken.

The basic idea is illustrated in figufg 1 and starts from adindlume of extent; ~ 0.5fm.
There, one chooses lattice spacirgsufficiently smaller than Am, such that the b-quark propa-
gates correctly up to controllable discretization errdrsrdera?. Since the relation between the
RGI mass and the bare mass in QCD is knojwh [20], suitable fudikeme observable®y (L1, Mp)
can be calculated as a function of the RGI b-quark milgs,and extrapolated to the continuum
limit. The next step is to perform the power-divergent sadtions non-perturbatively by a set of
matching conditions, in which the results obtained &y are equated to their representation in
HQET (r.h.s. of figurd]1). At the same physical value_gtbut for resolutiond.; /a = O(10), the
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previously computed heavy-quark mass dependend®(@f;, Mp) in finite-volume QCD may be
exploited to determine the bare parameters of the effetiieery fora ~ (0.025— 0.05)fm. In
order to evolve the HQET observables to large volumes, wbeneact with experiments can be
made, one also computes them at these lattice spacingsrgealmlumel, = 2L,. The resulting
relation betwee(L;) and®y(L,) is encoded in associated step scaling functmpss indicated

in figure[] as well. Finally, the knowledge @%(L,, M) and employing resolutionis,/a = O(10)
fixes the bare parameters of the effective theoryaer (0.05— 0.1)fm so that a connection to
those lattice spacings is established, where large-voloinservables, such as the B-meson mass
or decay constant, can be calculated (l.h.s. of fifjure 1).

Having in mind the computation &fl, as the specific application, this sequence of steps yields
an expression ahg (taken to be the physical input) as a functionMyf via the quark mass depen-
dence ofdy (L1, Mp), which eventually can be inverted to arrive at the desiregsiolal value of
the RGI b-quark mass extracted from the effective theorypdiated out before, the whole con-
struction is such that its various pieces separately havenancium limit. With the realization
of this strategy for the quenched case it was shown in [ref]. fi#t a determination ok, in-
cluding Q(1/m) in HQET only requires up to three matching observables, ®, and ®s, if the
spin-averaged B-meson mass is used as physical input. §hksa the path we will follow in our
present extension to the case of two-flavour QCD.

2.1 Definition of the matching volume

We consider QCD witliN; = 2 mass-degenerate dynamical quarks, which are identifigcywi
and down. All other quarks are treated in the quenched appeation. A particularly convenient
renormalization scheme, in which finite-volume observaigitable for a non-perturbative match-
ing of the effective theory with QCD can readily be consteac{l5,[2]L[2R], is the Schrédinger
functional (SF) [2B]. Relativistic and static quarks wemgéduced in[[24] and]25], respectively,
where in the latter reference it was found that the HQET esioanof the boundary quark fields is
trivial up to and including Im-terms! Adopting any unexplained notation from refs.][L5, 25], we
only mention the periodicity phas®of the fermion fields as a further kinematic parameter and the
fact that homogeneous Dirichlet boundary conditions iretaixg = 0 andxg = T are employed.
Since the paramete and masses of the quenched quarks can be set independetiiysefof
the sea quarks, the basic situation for extracting heaght-fphysics from SF correlation functions
is the same as in the quenched approximatfioh([15, 16]. Mereavthe finite-volume simulations
we setd = 0.5 for the dynamical light quarks and their PCAC mass to zeres 0.

The quantitiesby that enter the non-perturbative matching procedure destrabove have
to be evaluated in the continuum limit. To this end we want ampute them for a series of
bare parameterd_/a,3,k;) such that the renormalized parameters in the light quartosece
fixed and thereby physics is kept constant along the appratie continuum limit. Herek;
denotes the hopping parameter of the dynamical light quatks constant physics conditioon
the renormalized SF coupling?(L), and the light quark mass reads

s L
(L) =2989, Lo=— . Lom(Lo)=0. (2.1)

IFrom now onm generically denotes the mass parameter of the heavy queiettin the effective theory, while
the masses of the non-degenerate quark flavours in thevigtiattheory are distinguished explicitly where necegsar
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This choice nowdefineghe spatial extent; of the volume, in which the matching between HQET
and QCD is performed. Although an exact knowledgé& pin physical units in not yet needed at
this stage, one can already infer from the known running efSF coupling folNs = 2 [R§] that
L1 ~ 0.5fm. Hence, we will finally havd., = 2L, ~ 1fm and thud., = 4L, ~ 2fm for the large
volume, which is well consistent with the envisaged strgtéigure[l.

We have fixed?(L1/2) = 2.989 by a new simulation &ip/a = 20, T = Lo, and made tentative
interpolations inB = 6/g3 for givenLo/a < 16 to this target value, based on the known dependence
of the SF coupling and the current quark mass on the bare pteests, k) available from the data
of ref. [26]. Using the knowrB—function and our experience from the quenched calculdfifh
we can estimate that an uncertainty of aba@ddn the coupling will translate via the resulting one
in L1 into an uncertainty in the b-quark mass of at mas€&6. The condition of zero light quark
mass in eq.[(2}1) is met by setting= K to the critical hopping parametex;, estimated again
on basis of published dath [26], whereby a slight mismatdihgfi (Lo)| < 0.05 of this condition
is tolerable in practice. The tripld&o/a, B, k), which approximately define the extelnt of the
matching volume through ed. (.1) and which are used in ooseyuent study of improvement
and renormalization factors, are collected in columns 2 £tdtde[] in Sectior]3.

The preliminary interpolation procedure fg#(B) underlying thesg—values is currently be-
ing checked (and refined) by direct simulations, in ordemtmicha non-negligible systematic error
from small violations of the conditior] (2.1) on the final riésu Yet, this will affect our estimates
of by andZ in Section[B only at a negligible level, because there anyatiem from the line of
constant physics only entails a small change of tli@?Deffects.

2.2 Fixing the heavy quark mass in finite-volume QCD

Having fixedL; via enforcing constant physics b = L1/2, the computation of the heavy
guark mass dependence of the finite-volume observablewhich is the key element in the non-
perturbative matching step within our strategy, will amiianevaluate heavy-light SF correlation
functions in a vqumeLi’ x T, T = L4, for a series of precisely fixed values of the renormalized
heavy quark mass covering the b-quark mass region.

This is achieved by exploiting the(@) improved relation between the (subtracted) bare heavy
quark massngy and the RGI masg [P, 27], viz.

M = h(Lo) Zm(9o, Lo/@) Mgn (1+ bm(go) amyn) + O (a%) , (2.2)
where . . 1/1 1
Zolao Lo/a) = ZZ) a2 (2 ) 3

andZa is known non-perturbatively from ref. [28]. The scale degemt renormalization constant
Zp may be calculated for the relevant couplingsL@rx T lattices withT = Lg in the same way as
in ref. [2Q]. The factor

M 1 2
h(Lo) = —— =1.521(14), =—=— 2.4
represents the universal, regularization independeiat ohthe RGI heavy quark mask, to the
running quark massin the SF scheme at the renormalization s¢aleh(Lo) was evaluated by a

reanalysis of th&s = 2 non-perturbative quark mass renormalization data phasisn ref. [2]].
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Therefore, in order to specify the hopping parameters didayy flavourky,, which according
to eq. (2.R) for giver; /a=2Lg/aandB = 6/95 correspond to a series of dimensionless RGI quark
mass valueg = L1M in the b-quark region, it remains to accurately determireeithprovement
coefficientby, and the renormalization constafit We discuss this computation for the relevant
weak coupling range (cf. tabj¢ 1) of(® improved two-flavour lattice QCD in the next section.

2.3 Preparing for the finite-volume computations
2.3.1 Matching to QCD

As mentioned in the foregoing subsection, on the QCD sidestieip consists in calculating the
guark mass dependence of the quantiiges®, andd; in the volumel_‘l". For the exact definitions
of these effective heavy-light meson energies in terms ot@Felators we refer to ref[ [lL6]. In
addition toL% x T, T =Ly, lattices withT = L;/2 will also be needed (cf. Appendix C df]16]).

The aforesaid fine-tuning g8 for Ly/(2a) < 16 to satisfy the conditiom?{L;/2) = 2.989,
eq. (2.1L), with a precisiong? < 0.04 requires up toL;/a)* = (2Lo/a)* = 40* lattices withN¢ = 2
at sea quark parameters close to those quoted in[fable 1éntordeach the continuum limit.

2.3.2 Parameters for HQET simulations inL? x T with T =L4,L1/2

For the determination of the step scaling functibas— L, = 2L belonging to thaby’s coun-
terparts in HQET, we must fix the simulation parameters feolgions 6< L;/a < 16. The cor-
responding constraint on the renormalized couplingds g?(L;1) = 0(2.989) = 4.484(48) [P4).

As a starting point for the tuning af?(L;) at eachL;/a, we introduce another low-energy
scale,L*, defined viag?(L*) = 5.5 and obeying[[39]

In(L*/a) = 2.3338+ 1.4025(3 —55), PBc[5.3,58], L*/ac[7.8,161], (2.5)

which allows to estimate the ratig = L1 /L* ~ 0.8 in the continuum limit. Tria3—estimates for
the range ol /a in question are then obtained from the parameterizafidi) éhd improved by
further simulations, aiming at a precision&d? < 0.1. This will be finished soon.

Small mismatches of the simulation results w.r.t. the tavgdues, i.eg?(L;) = 4.484 and
Lim(L;) =0, may be corrected by the non-perturbatB«function and the mass derivative of the

coupling [26,2P].

2.3.3 Parameters for HQET simulations inL3 x T with T =L, L,/2

To prepare for the power-divergent subtractions in themawf extent., = 2L; ~ 1fm within
the effective theory that eventually provide the link to HR&bservables in the physically large
volume (of extent.,), the two-flavour theory will have to be simulated at typicasolutions of
aboutL,/a= 8,12 16 and lattice spacings corresponding 8.5 3 < 5.9.

For fixing the necessary simulation parameters by meanseofédhdition of fixed coupling
g?(Lz), one can rely again on the scaleand its ratio toLp, r> = Lo/L*| continuum= 1.6, and infer
the wanted pairéL,/a, 8) from eq. [2.p).
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3. Computation of the missing improvement and renormalizaion factors

We now present our non-perturbative determination of theavement coefficiertt,, and the
renormalization constar# in the —range relevant for the matching of HQET to QCD in small
volume, such that the RGI heavy quark mass can be set to desitgesz = L, M.

Our generation of unquenched gauge configurations with $Rdary conditions folNs = 2
O(a) improved massless Wilson quarks employs the hybrid Monteo@eaMC) algorithm [30] in
its variant used in the study of autocorrelation times in[&g]. It comprises multi-time-scale inte-
gration schemeg [B2, ]33] with mass preconditioning [B4-a6fop of even-odd preconditioning.

3.1 Non-degenerate current quark masses and estimators fam — bp, by, and Z

We proceed following the idea of imposing improvement cbods at constant physics, which
was first advocated iff [R7] and already applied to the presitrtion but folNs = 0 in [R1].

Since the definition[(2 1) df; via the renormalized coupling?(L1/2) = g?(Lo), respectively
the bare parameters in columns 2 — 4 of tgble 1 complying withave such a constant physics
condition built in from the start, we can directly work at ffeopairs ofLo/a, 3). With this as our
choice of improvement condition, supplemented by the Steifip settings of zero boundary fields,
6 = 0.5 and — just for the purpose of this section F£Ly = 3/2, the improvement coefficients
ba — bp andb,, and the renormalization constafitoecome smooth functions gﬁ in the region
where they are needéd.

Taking over any unexplained notations and details from {Bl[27] (and references therein),
ba — bp, by andZ can be determined by studying QCD with non-degenerate ealgnarks. Treat-
ing the latter in the quenched approximation, the struadfithe O(a) improved theory in conjunc-
tion with a massless renormalization scheme retains thavwelsimplicity of theN; = 0 case elabo-
rated in ref. [2J7]. For instance, the improvement of thediéfgonal bilinear fieldX* = X1 +iX?,

X = Ay, P, emerging as a consequence of the broken isospin symméelayaur space, is the same
as in the degenerate case, except thabtloeefficients now multiply the avera@egarrhi +amy,)

of the subtracted bare quark masseg; = mp;j — Mg, which themselves are separately improved
for each quark flavour:

Mgi = My (1+ bmamq,i) . (3.1)

(Here and below the indicesj label the different quark flavours.) Identifying the valeritavours
in the isospin doublet with a light (strange) and a heavytémo} quark, the corresponding PCAC
relation reads

OuA; (X) = (my -+ my)PE(x), (3.2)

and the renormalization constarfg and Zp that come into play upon renormalization are just
those known in the theory with two mass-degenerate quarks.

Accordingly, the SF correlation functions involving theiaxcurrent and the pseudoscalar
density generalize tdiAj (x0) = —3 (A (x)O~) and fé,j (X0) = —3 (PT(X)O~), with pseudoscalar
boundary sources decomposedis= O +i0? whereO? = a®y, ,{(y)ys 3 12{(z). Then the

2Although the difference of coefficientsy — bp is actually not needed for fixing the RGI mass through @)(2.2
we include it in the present discussion.



Towards a non-perturbative matching of HQET and QCD withadyital light quarks

improved bare PCAC (current) quark massas functions of the timeslice locatiog are given by

dofs (%) +acadbdofy
m; (Xo; Lo/a, T /Lo, 8) = — A (%) iJ_A 000 fp (X0)
2fp (Xo)

where only here we explicitly indicate their additional dagence or/a, T/Lo and 8. In the
degenerate cases |, the correlators assume the standard form,rafnglst reduces to the current
guark mass of a single quark flavour that is prepared by agmoreling choice of equal values for
the associated hopping parametesss Kj. Also the precise definition of the lattice derivatives in
eq. (3.B) matters. As itis written therd, = %(004-0’5) denotes the average of the ordinary forward
and backward derivatives, but as in refs] [21, 27] we havd tleeimproved derivatives

: (3.3)

9o — o (1— 2a20%0) , 9800 — 9500 (1— & 82050) (3.4)

as well, which (when acting on smooth functions) haveda?,a*) errors only.
For their numerical calculation, the coefficiels— bp, by, and the finite factoZ = Z,,Zp/Za
(see eq.[(2]3)) are isolated by virtue of the identity

mj =2 % (mgi+my;) + 3 bm (ant; +an, ) — & (ba —be)a(mg; +my;)* | +0(a%) . (35)

It is obtained by equating the expression for th@Qmproved renormalized quark mass in terms
of the bare PCAC mass with the alternative expression indafthe subtracted bare quark mass.
Forming ratios of suitable combinations of degenerate amddegenerate current quark masses in
the representatior] (3.5) then enables to derive direchastis forbs — bp, by, andZ [R7]:

2(2mgp — My — Mpp)
My1 — Mpo)(amy 1 — any,2)
4(my2 — Mga)
Rn = = by, +O(amy1+a , 3.7
(M11— Mpp)(amy 1 — any2) m+ O (amya +am;z) (3.7)
with mp 3 = :—ZL(le +my2), neglecting other quark mass independent lattice arsifaicO(a). For
the renormalization constatan analogous formula holds even up tt®) corrections,

- M1 — N2

Mg,1 — M2
if the correct value foba — bp — by, = Rap — Ry, (0nly involving correlation functions with mass
degenerate quarks) is inserted. Note that genericallydhebmationZ = Z,,Zp/Z4 is a function
of the improved bare coupling;%”: g%(1+ bgamy). Since, however, we only consider light sea
quarks that are massless (i.e. such thatz 0) and the valence quarks are anyway treated in the
guenched approximation, this fact can be ignored here.

Still, to complete our definition of the line of constant piwgs values for the bare PCAC

masses of the valence quarks must be selected. As]in [21]pmaider two pairs,

Rap = ( = ba —bp + O(amy1+amy>) , (3.6)

+ (ba — bp — bm)(@myy +amy,) = Z + 0(a?) , (3.8)

choicel: Lomii=~0, Lonpo=0.5, (3.9)
choice2: Lgmi~0, Lompr~24. (3.10)

3This expression for the PCAC masses is onfpOmproved up to a factor % %(bA —bp) (amy, +amy j) for quark
mass dependent cutoff effects.
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set Lo/a B K| Kh Loy ba—bp bm Z

1 10 61906 0136016 0134318 049296) —0.00069) —0.66439) 1.10461
12 63158 0135793 0134378 049529) —0.0032) -0.6682) 1.10502
16 65113 0135441 0134387 04921) —0.0062) —0.667(3) 1.10442

)
)
)
20 66380 0135163 0134356 050059) —0.0053) —0.6693) 1.10382)

2 10 61906 0136016 0127622 229095) +0.07274) —0.56553) 1.09541)
12 63158 0135793 0128755 234757) -+0.05135) -0.57855) 1.09741)
16 65113 0135441 0130146 2407(1) +0.02977) —0.59648) 1.09951)
20 66380 0135163 0130965 244338) -+0.02156) —0.60768) 1.10021)

Table 1: Lattice parameters and numerical results on the improvenuaificientsby — bp andby, and on
the renormalization constadt The parameterflo/a, 3, k) referring to the light (sea) quark sector have
fixed SF couplingg?(Lo) = 2.9(1), and vanishing quark mass such as to meet the constant plegsidition

of Sectior{ 21 Our results fdm, — bp, by andZ are based on statistics varying froni3d0) measurements
(Lo/a = 20) to O(2000) measurementd_§/a = 10). The upper set refers to “choice 1”, efj. [3.9), where
the heavy quark mass is keptlaimy» = 0.5, while the lower set belongs to “choice 2" witlymy, ~ 2.4,

eq. ). The conditiohgmy; = 0 is fulfilled up to negligible deviations of aboutdl5 at most.

The first choice orbgmy; is motivated by the quenched investigatipn] [27], where i aegued to

be advantageous w.r.t. the size dfa@Dambiguities encountered, while with the second choice one
is closer to the typical b-quark region itself. Satisfyilhgse conditions obgmy; for all (Lo/a, 3)

in table[] demands to properly adjust the hopping paramea#ied kn, above, that is responsible
for the mass value of the heavy valence quark flavour. Thigrim@amounts to prior evaluations of
the relevant correlation functions on the dynamical gawggkdpround for some trial guesseskaf

in order to estimate the heavy flavour's PCAC mass througtf@®8) and to tune it to the values
dictated by eqs[(3.9) anfl (3}10) up to a few peréenhe resulting hopping parameters are given
in the fifth column of tablg]1.

3.2 Results

The technical aspects of the analysis to compute the estisf& §) —[3]8) from the numerical
data on the heavy-light SF correlation functions by mearte@PCAC masseas;; for the various
(degenerate and non-degenerate) valence quark mass etimtdéare the same as in refs] [R1, 27].
The correlators have been evaluated on our dynamical gaeldefinfigurations, which were gen-
erated on_g x T lattices withT = 3L/2 and massless sea quarks (thus complying with the above
requiremenk; = k¢ resp.Lomy1 ~ O for the light valence quark flavour) and which were sepdrate
by 5 — 10 HMC trajectories of length one. As for thg themselves, they have been calculated
from the local masses, eq. (3.3), using improved derivat{ge}t) throughout and averaging over
the central timeslicekg/(2a),...,(T —Lo/2)/a to increase statistics. Being secondary quantities
in particular, the statistical errors of the masses and@Rh X = AP, m, Z, obtained from them
were estimated by the-method [3]7], which directly analyzes autocorrelationclions.

4Similar to the situation in refsl__[iZD27], this is to suffistgorecision equivalent to keeping fixed the corresponding
renormalized masse&Zam/Zp, as for the considered couplings the entering renormaizaonstant barely varies.
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Figure 2: Two sets of non-perturbative results fox — bp in the considered region of bare couplings,
referring to our two choices of quark masses, together \igtprediction from one-loop perturbation theory.
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Figure 3: The same as in figuv@ 2 but for the improvement coeffidignt

Our non-perturbative results @ — bp, by, andZ are also listed in tablg 1. As a consequence
of the underlying constant physics conditipn [2.1), thewestesRy, X = AP, m,Z, become smooth
functions of the bare coupling = 6/B. This is well reflected in figure§ 2[} 4, where our results
are shown in comparison with the one-loop perturbative iptietis [27,[38].

The overallgi—-dependence of our results is qualitatively similar to thergghed study[T21]
and even comparable on the quantitative level. WhdRaass compatible with a nearly vanishing
ba — bp, as predicted by leading-order perturbation theory, faroice 1” of quark masses and
appears to approach this line quite rapidl)gés—> 0 for “choice 2”, one observes for both choices
significant deviations of the sets of estimatestigrandZ from the leading perturbative behaviour
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Figure 4: The same as in figuﬂa 2 but for the renormalization congant
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Figure 5: Left: Difference of the two sets of results in taljle 1 on thearnalization constar# versus
(a/Lo)?. Right: The same for the improvement coefficibptwhere, however, the ambiguity inherent in any
improvement condition imposed is of(8). The open black triangles display the corresponding gueshch
results from @1] for comparison.

in the weak coupling region considered. Since one expeetpdhurbative curves eventually to be
approached in the Iimigg — 0 also in case db,, andZ, the curvature seen in our numbers hints
at a more complicated structure of (unknown) higher-oréems. Hence, we have to conclude
that if an improvement condition were used in a region ofrgley couplings, which would no
doubt lead to a rather different set of data points, simpke-loop perturbation theory would not
be an adequate guide for the continuatiorbgfandZ to weak couplings. On the contrary, this
would induce a source of uncertainty in results derivingrfiiiem that is difficult to control and,
therefore, highlights the importance of employing impmest conditions in th@—range relevant
to the actual application.

Of course, any other estimaty (i.e. stemming from a different choice of renormaliza-
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tion/improvement condition) may yield a different functad dependence upcgg, but its differ-
ences are again smooth functions that vanish in the contirimit with a rate proportional ta/L
(for improvement coefficients) dia/Lo)? (for renormalization constants). These intrinsita®)
ambiguities (= 1, 2) imply that rather than a numerical value at some gjgethe important infor-
mation lies in the correcgg—dependencef the estimator&y, X = AP,m, Z, obtained atonstant
physics To demonstrate this, we also investigated a few altermatiyprovement conditions, which
are either provided by defining the estimatBsswith standard instead of improved derivatives or
by the two quark mass choices, eds.](3.9) gnd|3.10), theesseAs an example we plot in the
left panel of figurd]s the differencZ(g3) = Z(93)| choice1— Z(93)| choice 2 VErsus(a/Lo)?, which
clearly exhibits a linear approach towards zero. Otherschsbave similarly, e.g. the(@) ambi-
guities forAbm(g3) = bm(g3)| choice1— bm(03)| choice2in the right panel of figur€] 5 are found to be
quite small, and their magnitude rapidly decreases/as — O.

4. Outlook

Apart from the elements sketched at the end of Se}ion 2 hwactly are already in progress,
the computation of the b-quark mass at thentorder of HQET along our strategy illustrated in
figure 1 still requiresN; = 2 simulations inL, ~ 1fm as well as in physically large volumes of
aboutL, = 2fm. Particularly for the latter we plan to switch to QCD wiberiodic boundary
conditions and to use the technique of low-mode deflafigifB8onnection with all-to-all quark
propagators[[40] for the numerical evaluation of correlatiunctions.

As further interesting directions for future work let us rtien the non-perturbative tests of the
HQET expansion in the spirit of ref. [22] and the extensiorof determination of improvement
coefficients and—factors to the parameter range relevant for (large volwha)m physics.
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