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Abstract

We present a comprehensive analysis of coherence prapeftibe radiation from X-
ray free electron laser (XFEL). We consider practically artpnt case when XFEL is op-
timized for maximum gain. Such an optimization allows toueel significantly parameter
space. Application of similarity techniques to the resaftaumerical simulations allows to
present all output characteristics of the optimized XFEfuastions of the only parameter,
ratio of the emittance to the radiation wavelengths 27we/A. Our studies show that op-
timum performance of the XFEL in terms of transverse colerés achieved at the value
of the paramete¢ of about unity. At smaller values @éfthe degree of transverse coherence
is reduced due to strong influence of poor longitudinal cehee on a transverse one. At
large values of the emittance the degree of transverse@uteedegrades due to poor mode
selection. Comparative analysis of existing XFEL proje&sropean XFEL, LCLS, and
SCSSiis presented as well.
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1 Introduction

Free electron lasing at wavelengths shorter than ultravichn be achieved with a single-
pass, high-gain FEL amplifier. Because a lack of powerfuhecent seeding sources short-
wavelength FEL amplifiers work in so called Self-Amplifiedodgpaneous Emission (SASE)
mode when amplification process starts from shot noise irekbetron beam [1,2,3]. Present
level of accelerator and FEL techniques holds potentigb®8E FELS to generate wavelengths
as short as 0.1 nm [4,5,6].

Experimental realization of X-ray FELs (XFELS) developegtyrapidly during last decade.
The first demonstration of the SASE FEL mechanism took plad®B7 in the infrared wave-
length range [7]. In September of 2000, a group at ArgonneNatLaboratory (ANL) became
the first to demonstrate saturation in a visible (390 nm) SAEE [8]. In September 2001, a
group at DESY (Hamburg, Germany) has demonstrated lasisgttoation at 98 nm [9,10].
In June 2006 saturation has been achieved at 13 nm, the shewdaeelength ever generated
by FELs. The experimental results have been achieved at ALES ree-Electron-"LAS”er
in "H’amburg). Regular user operation of FLASH started i©2(11]. Currently FLASH pro-
duces GW-level, laser-like VUV radiation pulses with 10 fS duration in the wavelength
range 13-45 nm. After the energy upgrade of the FLASH lindc®eV planned in 2007, it will
be possible to generate wavelengths down to 6 nm.

Recently the German government, encouraged by thesesempitroved funding a hard X-ray
SASE FEL user facility — the European X-Ray Free Electroret§4]. The US Department of
Energy (DOE) has given SLAC the goahead for the engineersigd of the Linac Coherent
Light Source (LCLS) to be constructed at SLAC [5]. These desishould produce 100 fs X-ray
pulses with over 10 to 100 GW of peak power. The main diffeedretween projects is the linear
accelerator, an existing room temperature linac for LCLSLa&C, and future superconducting
linac for the European XFEL. The XFEL based on supercondgetccelerator technology will
make possible not only a jJump in a peak brilliance by ten @démagnitude, but also increase
by five orders of magnitude in average brilliance. The LCL8 Baropean XFEL projects are
scheduled to start operation in 2009 and 2013, respectively

In the X-ray FEL the radiation is produced by the electronnbe&aring single-pass of the un-
dulator [1,2,3]. The amplification process starts from thetsoise in the electron beam. Any
random fluctuations in the beam current correspond to a ratidalof the beam current at all
frequencies simultaneously. When the electron beam etitergndulator, the presence of the
beam modulation at frequencies close to the resonancesinegunitiates the process of radia-
tion. The FEL collective instability in the electron beanoguces an exponential growth (along



the undulator) of the modulation of the electron density lo@ $cale of undulator radiation
wavelength. The fluctuations of current density in the etecbeam are uncorrelated not only
in time but in space, too. Thus, a large number of transvadi@tion modes are excited when
the electron beam enters the undulator. These radiatioesiuale different gain. As undulator
length progresses, the high gain modes start to predomimaite and more. For enough long
undulator, the emission will emerge in a high degree of trarse coherence. An intensity gain
in excess ofl0® — 107 is obtained in the saturation regime. At this level, the stwse of the
electron beam is amplified up to complete micro-bunching, @ahelectrons radiate almost in
phase producing powerful, coherent radiation.

Understanding of coherence properties of the radiatian 8B&\SE FEL is of great practical im-
portance. Properties of the longitudinal coherence haga bwudied in [12,13,14,15,16,17,18].
It has been found that the coherence time increases firsh@sanaximum value in the end of
the linear high gain regime and then drops when amplificgtimtess enters nonlinear stage
[18]. The first analysis of the problem of transverse cohegdras been performed in [19]. The
problem of start-up from the shot noise has been studied/@cally and numerically for the
linear stage of amplification. It has been found that theggeof formation of transverse coher-
ence is more complicated than that given by naive physicalipg of transverse mode selection.
Namely, even after finishing the transverse mode selectioress the degree of transverse co-
herence of the radiation from SASE FEL visibly differs frohetunity. This is consequence
of the interdependence of the longitudinal and transveskerence. The SASE FEL has poor
longitudinal coherence which develops slowly with the uathr length thus preventing a full
transverse coherence. First studies of the evolution oSterse coherence in the nonlinear
regime of SASE FEL operation have been performed in [20]at been found that similarly
to the coherence time, the degree of transverse cohereamsesemaximum value in the end of
the linear regime. Further increase of the undulator lefegttls to its decrease. Despite output
power of the SASE FEL grows continuously in the nonlineaimeg maximum brilliance of
the radiation is achieved in the very beginning of the nadimregime. Due to a lack of com-
puting power available at that time we limited our study vatepecific numerical example just
illustrating the general features of coherence propedidise radiation produced by the SASE
FEL operating in the nonlinear regime.

In this paper we present general analysis of the coheremgeeqres (longitudinal and trans-
verse) of the radiation from SASE FEL. The results have bdxaimed with time-dependent,
three-dimensional FEL simulation code FAST [21] perforghgimulation of the FEL process
with actual number of electrons in the beam. Using simyaethniques we present universal
dependencies for the main characteristics of the SASE FEérog all practical range of X-ray

FELs.



2 Basic relations

Design of the focusing system of XFEL assumes nearly unifocusing of the electron beam
in the undulator, so we consider axisymmetric model of tleetebn beam. It is assumed that
transverse distribution function of the electron beam isisS&|n, so rms transverse size of
matched beam is = /¢ ,wheree = ¢,/7 is rms beam emittance arnitlis focusing beta-
function. An important feature of the parameter space of XiEthat the space charge field
does not influence significantly on the FEL process and caticul of the FEL process can be
performed by taking into account diffraction effects, thmeergy spread in the electron beam,
and effects of betatron motion only. In the framework of three-dimensional theory operation
of the FEL amplifier is described by the following parameténg diffraction parameteB, the
energy spread parametfe?f, and the betatron motion paramei@r[22,23]:

B=2I'c’w/c,
f%ﬁ =1/(pT)
AT =(os/E)*/p* (1)

wherel' = [Tw202A2,/(Ixc*v27)]"? is the gain parameter and= 2" /w is the efficiency
parametet . When describing shot noise in the electron beam, one maeseder appears,
the number of electrons on the coherence length—= 7/(ewp). The following notations are
used here? is the beam currenty = 27c/\ is the frequency of the electromagnetic wave,
0s = Kims/7, Kums IS the rms undulator parameteris relativistic factor,y;? = v=2 + 62,

ky = 2m/)\ is the undulator wavenumbef, = 17 KA is the Alfven currentA;; = 1 for
helical undulator andy; = Jo(K2,./2(1+K2,.))—J1(K2,./2(1+K2,.)) for planar undulator.

Here J, andJ; are the Bessel functions of the first kind. The energy spreassumed to be
Gaussian with rms deviatior;.

The amplification process in the FEL amplifier passes twoestalinear and nonlinear. The
linear stage lasts over significant fraction of the unduléagth (about 80%), and the main
target for XFEL optimization is the field gain length. In thedar high-gain limit the radiation

emitted by the electron beam in the undulator can be repiesas a set of modes:

Ey+iE, = / dw expliw(z/c — )] X > Apm(w, 2) P (1, w) exp[Apm (w)z +ing] . (2)

n,m

1 Note that it differs from 1-D definition by the factd'/3 [22].



When amplification takes place, the mode configuration intthesverse plane remains un-
changed while the amplitude grows exponentially with théwlator length. Each mode is char-
acterized by the eigenvalue,,,(w) and the field distribution eigenfunctichby,,,,(r, w) in terms
of transverse coordinates. At sufficient undulator lengtihdimental TEN, mode begins to
give main contribution to the total radiation power. Thudevant value of interest for XFEL
optimization is the field gain length of the fundamental malle= 1/ Re(Aq), which gives
good estimate for expected length of the undulator needeghtth saturatiorn,,; ~ 10 x L,.
Optimization of the field gain length is performed by meansurherical solution of the corre-
sponding eigenvalue equations taking into account all fieets (diffraction, energy spread and
emittance) [23,24]. Computational possibilities of madeomputers allows to trace complete
parameter space of XFEL (which in fact is 11-dimensionaipnfr practical point of view it is
important to find an absolute minimum of the gain length cgpomding to optimum focusing
beta function. For this practically important case the sotuof the eigenvalue equation for
the field gain length of the fundamental mode and optimum tugtetion are rather accurately
approximated by [25]:

1/2 5/6 2\1/3
I_A> (€ w)?® (1 + K7) (1+6),

L,=167
& ( Ji \2/3 KAy,

IA 1/2 E3/2)\1/2
o~ 112( 2 W (1 4 84) Y8
Fopt (1> A, L8

IA 62 /4 o2

_ ol
I )\1/8)\?’\1/8 (KAJJ)2(1+K2)1/8 )

§=131 3)

whereo., = o /m.c?. Accuracy of this fitis better than 5% in the range of paramete 2e /A
from 1 to 5.

Equation (3) demonstrates clear interdependence of pdysactameters defining operation of
the XFEL. Let us consider the case of negligibly small enesgsead. Under this condition
diffraction paramete3 and parameter of betatron oscillationi§, are functions of the only

parametet:

B~125%x &%, ky=1/(80) ~0.158 x é%/2 . (4)

FEL equations written down in the dimensionless form ineoan additional parametéy,
defining the initial conditions for the start-up from the shoise. Note that the dependence of
output characteristics of the SASE FEL operating in saitomas slow, in fact logarithmic in
terms of N.. Thus, we can conclude that with logarithmic accuracy imgeof V., character-
istics of the SASE FEL written down in a normalized form aradtions of the only parameter

A

€.



3 An approach for numerical simulations

Rigorous studies of the nonlinear stage of amplificatioroissible only with numerical simula-
tion code. Typically FEL codes use an artificial ensemble atroparticles for simulating the
FEL process when one macroparticle represents large nurhbeal electrons. Thus, a natural
guestion arises if macropatrticle phase space distribsiaomidentical to those of actual electron
beam at all stages of amplification. Let us trace typical @doce for preparation of an artifi-
cial ensemble [26,27]. The first step of particle loadingsists in a quasi-uniform distribution
of the macroparticles in the phase space. At this stage amde of particles with random
distribution is generated which occupies a fraction of thage space. Then this ensemble is
copied on the other parts of the phase space to provide paeuftom loading of the phase
space. Pseudo-uniformity means that initial microbunghitthe fundamental harmonic (or for
several harmonics) is equal to zero. Also, phase positibtiseomirrored particles are corre-
lated such that microbunching does not appear due to betas@llations, or due to the energy
spread. Finally, artificial displacements of the macrdpkes are applied to provide desired (in
our case gaussian) statistics of microbunching at the abtaoluéntrance. We note that it is not
evident that such an artificial ensemble reflects actualipalsituation for a short wavelength
SASE FEL. Let us consider an example of the SASE FEL operatitite radiation wavelength
of 0.1 nm. With the peak current of 5 kA we find that the numbeelettrons per wavelength
is about10*. On the other hand, it is well known that properties of arfiaiél ensemble (even
at the first step of pseudo-uniform loading) converge veowbi to the model of continuous
media. In fact, even with the number of macroparticles péiataon wavelengttt.4 x 10* the
FEL gain still visibly deviates from the target value. Irdtwing of an artificial noise makes sit-
uation with the quality of an ensemble preparation even mpavblematic. The only way to test
the quality of an artificial ensemble is to perform numersialulations with actual number of
electrons in the beam. We constructed such a version of-thmeensional, time-dependent FEL
simulation code FAST [21]. Comparison of the results wittedi simulations of the electron
beam and with an artificial distributions has shown thafiaidi ensembles are not adequate to
the problem. Artificial effects are pronouncing especiallyen calculating such fine features
as transverse correlation functions. Thus, all the simarlatpresented in this paper have been
performed with code FAST using actual number of electrorteérbeam.

4 General overview of the properties of the radiation form SASE FEL

The result of each simulation run contains an array of cormataplitudesE for electromag-
netic fields on a three-dimensional mesh. At the next stagjfeeaiumerical experiment the data



arrays are handled with postprocessor codes to calculfieedit characteristics of the radia-
tion. However, as the first step it is worthwhile to obtain lifaive analysis of the object under
study. The plots in an upper row of Fig. 1 show evolution of plosver density distribution,
I = |EJ%, in a slice of the radiation pulse along the undulator. Wetbatdue to the start-up
of amplification process from the shot noise many transvadi@tion modes are excited when
electron beam enters the undulator. Mode selection pr@2gserves as a filter for selection of
the fundamental radiation mode having maximum gain.

Integration of the power density over transverse crosssecdt the photon beam gives us
instantaneous radiation powd?, o< [ I d7,. Evolution of temporal structure of the radia-
tion power along the undulator is traced in Fig. 1 in terms ofnmalized radiation power
n = P/(pP,) where B, = ymc*I /e is the electron beam power. Averaging of the radiation
power along the pulse gives us averaged radiation powetutimo of normalized averaged
power(7) along normalized undulator length= I"z is shown in Fig. 2. Note that the radiation
produced by SASE FEL operating in the linear regime holdp@rites of completely chaotic
polarized light [18] — a statistical object well describedtihe framework of statistical optics
[28]. This is simple consequence of the fact that the shatenimi the electron beam is a Gaus-
sian random process. The FEL amplifier, operating in thalinegime, can be considered as a
linear filter which does not change the statistics of thealighs a result, we can define general
statistical properties of the output radiation without @ajculations. For instance, in the case
of the SASE FEL the real and imaginary parts of the slowly waygomplex amplitudes of the
electric field of the electromagnetic wavB,, have a Gaussian distribution, the instantaneous
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Fig. 1. Evolution of the power density distribution in a sliftop) and normalized power in a radiation
pulse (bottom) versus = pwy(z/v, — t) for the reduced lengths = 18.4, 31.6, and 44.8 (left, middle,
and right plots, respectively). Heée= 2. Crosses show geometrical center of the radiation beam.
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Fig. 2. Averaged normalized efficiency, and normalized rms deviation of instantaneous radiation
power,op along the normalized undulator length= T"z. Hereé = 2.
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Fig. 3. Right plot: normalized coherence timig along the normalized undulator length,= T'z.

Left plot: degree of transverse coheren¢gsolid line), and normalized degeneracy parameter of the
radiation,é (dashed line), along the normalized undulator lenjth,Dotted line shows2 (see Fig. 2).
Hereée = 2.

power density] = |E|?, fluctuates in accordance with the negative exponentiafilligion

(see Fig. 4):

1) = e (—%) . )

Due to the start-up of amplification process from the sha@many transverse radiation modes
are excited when electron beam enters the undulator. Fesgaurandom process any integral
of the power density, for example, radiation povIfluctuates in accordance with the gamma
distribution:

- () yon{ ).
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Fig. 4. Probability density distributions of the instargans power density = \EP (top), and of the
instantaneous radiation power (bottom) from SASE FEL for different stages of amplificatidinear
regime ¢ = 32), saturation regimez( = 63), and deep nonlinear regimé & 105). Solid lines on
the power density histograms (top) represent negativerexg@l distribution (5). Solid lines on power
histograms (bottom) represent gamma distribution (6) With= 1/03 (see Fig. 2). Heré = 2.

wherel'(M) is the gamma function with argumeif, and

M= (7)

op

andoi = ((P — (P))?)/(P)? is the relative dispersion of the radiation power. Note foat
completely chaotic polarized light paramefdrhas clear physical interpretation, it is the num-
ber of modes [22]. Thus, it becomes clear that the relatigpaision of the radiation power
directly relates to the coherence properties of the SASE éjidrating in the linear regime. The
degree of transverse coherence in this case can be natleihed as:

(=—=o0p. 8)

1
M
Indeed, in the linear regime we deal with a Gaussian randaoegs, and the power density
fluctuates in accordance with the negative exponentiailoigion and its relative width is equal
to 1. If there is full transverse coherence then the samesrébethe power. If the radiation is
partially coherent, then we have a more general law for pdwetuations, namely the gamma
distribution (6). In the linear regime fluctuations of theietion powergp, grow steadily with
the undulator length (see Fig. 2) because of mode seleatamegs (2).

Another physical parameter of the problem relating to targverse coherence is diffraction pa-
rameterB. Mechanism of formation of transverse coherence is rathasparent. If diffraction



expansion of the radiation on a scale of the field gain lerggyttomparable with the transverse
size of the electron beam, we can expect a high degree oV&esescoherence. For this range
of parameters the value of the diffraction parameter is krifadiffraction expansion of the
radiation is small (which happens at large values of thealitffion parameter) then we can ex-
pect significant degradation of the degree of transversereoke. This happens simply because
different parts of the beam produce radiation nearly inddpatly. In terms of the radiation ex-
pansion in the eigenmodes (2) this range of parametersspamels to degeneration of modes
(see Appendix A). Diffraction parameter for optimized XF&xhibits strong dependence on the
parametek (see eq. (4) and Fig. 5), and we can expect that the degreansfverse coherence
should drop rapidly with the increase of the paraméeter

An important physical quantity describing random fieldshis toherence time. Figure 1 gives
qualitative picture of formation of longitudinal coherenm SASE FEL. At the beginning of
the undulator the radiation is simply incoherent unduleadration. When amplification process
starts to dominate over spontaneous emission, we obtairatorn of spikes (wavepackets). The
width of the spikes defines the coherence time. In the highlgear regime the width of spikes
grows with the undulator length, and the coherence timegl®as proportionally to the square
root of the undulator length. It achieves maximum value & ¢ind of linear regime and then
decreases rapidly in the nonlinear regime (see Fig. 3). T&wa@mum value of the coherence
time depends on the saturation length and, therefore, ovelhe of the parametey, [18].

We see that physical background defining general featuréiseofadiation from SASE FEL
operating in the linear regime is rather transparent. Despe behavior of the SASE FEL in
the nonlinear regime is rather complicated (see Figs. 2 anaeBwill show below that the main
characteristics of the SASE FEL operating at the saturggant have rather simple physical
scaling.

600

400+

200+

Diffraction parameter, B

Fig. 5. Diffraction parameteB versus parametérfor optimized XFEL.



5 General definitions

5.1 Degree of transverse coherence

The transverse coherence properties of the radiation aided in terms of the transverse
correlation functions. The first-order transverse coti@tefunction is defined as

71(7:1_7 FlJ_a 2, t) =

whereF is the slowly varying amplitude of the amplified wave:

E = E(F., z,t)e“ =) L C.C.. (9)

In the following we consider the model of a stationary randmacess, thus assuming that
does not depend on time. We define the degree of transverseetale as:

o f|’}/1(7?J_,F/J_)|21(7?J_)I(7?/J_)d’Fld’F/J_

= IRIG L (10)

When SASE FEL operates in the linear regime such a definibonhie degree of transverse
coherence is mathematically equivalent to (8) expresstsanms of the relative dispersion of the
instantaneous radiation powef,. Analysis of the asymptotic of the deep nonlinear regime (se
Fig. 3) shows that surprisingly the degree of transversemsite defined by (10) again tends
to be an agreement with (8). This feature has deep physic&hgbaund. When amplification
process just enters nonlinear stage, the statistics ofattiatron is not Gaussian anymore. In
particular, the probability distribution function of thadiation power density, is not negative
exponential distribution (see Fig. 4). Thus, definitionlué degree of transverse coherence (8)
has no physical sense near the saturation point. Howewveulaions show that in the deep
nonlinear regime the probability distribution of the rada power density again tends to the
negative exponential distribution. This gives us a hint tha properties of the radiation from
SASE FEL operating in the deep nonlinear regime tend agdie the properties of completely
chaotic polarized light. Similar asymptotical behavioshmeeen observed in the framework of
the one-dimensional model as well [18].
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5.2 Coherencetime

Longitudinal coherence is described in terms of time catra@h functions. The first order time
correlation functiong, (¢,t'), is calculated in accordance with the definition:

91(F,t - t/) = (11)

For a stationary random process time correlation functasadunctions of the only argument,
7 =1t —t'. The coherence time is defined as [22]:

Te = / g1 (T)|*d 7. (12)

5.3 Brilliance and degeneracy parameter

Main figure of merit of the SASE FEL performance is brilliance. density of photons in the
phase space. In fact, the brilliance is proportional to tgetheracy parametéri.e. the number
of photons per mode (coherent state). Note that when1, the classical statistics is applicable,
while quantum description of the field is necessary as soénsassomparable to (or less than)
one. Using the definitions of the degree of transverse caohkergl0) and coherence time (12),
one can define degeneracy parameter:

5= Noprec | (13)

where N, = N¢/T is the photon fluxN'¢! is the total number of photons in a long flat-
top pulse of duratiorf” (as everywhere in this paper we consider ensemble averdgesya

The definition (13) is perfect for a Gaussian random proctest (ve have in linear regime).
Indeed, degree of transverse coherence is an inverse nwhbansverse modes (8), while
7./T is an inverse number of longitudinal modes within the pul228]. Thus, degeneracy
parameter is equal to the number of photons per pulse diagiddtal number of modes per
pulse (that is equal to the squared inverse rms fluctuatibqailse energy [22]). It can be

directly measured in an experiment for SASE FEL operatingpénlinear regime. We use (13)
as a natural generalization to characterize SASE FEL ptiegeat saturation.

Let us introduce a notion of normalized degeneracy paramete

~

0 =177 - (14)
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Here normalized FEL efficiency is defined @s= P/(pP,) where P is radiation power, and
P, = ymc*I /e is electron beam power. Normalized coherence time is defiseéd = pwr..
Parameted and the degeneracy parametere simply related as:

§= h%;s, (15)

or, in practical units

§~2.7x107 x N2[A ] x I[kA] x E[GeV] x § , (16)

whereE = ymc? is the electron energy. Note that the degeneracy paransetery large even
for a SASE FEL operating at the wavelength of 0.1 nm. With irkAtelectron beams and other
relevant parameters, mentioned in Table 1, degeneracyneéeawould be of the order ab?®

- 10°. Thus, a classical treatment of SASE FEL is justified.

Let us now turn to the calculation of peak brilliance. It idided as a transversely coherent
spectral flux:

:deph C

ON

The spectrum of SASE FEL radiation in a high-gain linear meghas a Gaussian shape, it is
also close to the Gaussian at saturation point [22]. In thégc

B,

(17)

o>

wd Nph N wNph

dw Voro,

whereo, is the rms bandwidth. For a Gaussian line, with the definibtbocoherence time (12),
one gets [22]:

Thus, it follows from (14) and (17) that

442
it €5 (18)

B, =

The peak brilliance can then be calculated as follows

B, [phot./(sec. mrad® mm? 0.1% bandw.)] ~ 4.5 x 10" x TkA] )\X[AE][GGV] x 6. (19)
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For future SASE FELs, operating afil, an expected value of the peak brilliance (82-1033.

An important feature of our analysis is application of samily techniques to the analysis of
simulation results which allows to derive universal paraineependencies of the output char-
acteristics of the radiation. As we mentioned above, wititicepted approximations (optimized
SASE FEL and negligibly small energy spread in the electmremiy), output characteristics of
SASE FEL are universal functions of two parameters, nozadlundulator length = I'z and
parametet. If one traces evolution of the brilliance (or, degeneraaygmeter) of the radiation
along the undulator length there is always the point, whiehd&fine as the saturation point,
where the brilliance reaches maximum value (see Fig. 3hdridllowing we present character-
istics of the radiation at the saturation point which arevarsal functions of the only parameter

A

€.

6 Properties of the radiation from optimized XFEL operating in the saturation regime

Simulations of the FEL process have been performed for the aba long bunch with uniform
axial profile of the beam current. Such a model provides ratlceurate predictions for the
coherence properties of the XFEL, since typical radiatiolsg@ from the XFEL is much longer
than the coherence time. Calculations has been performiédRliL simulation code FAST
using actual number of electrons in the beam. The value afpaierN. = 8 x 10° corresponds
to the parameter range of XFEL operating at the radiatioreleaagth about 0.1 nm.

0.8 0.3 0.08
2me/h=1 2mneh=2 2ne/h=4.5

0.6 0.06
0.2

<< 044 << <= 0.04

0.14
0.24 0.02

0.0 T T T 0.0 T T T 0.00 T T T
100 200 300 400 500 100 200 300 400 500 100 200 300 400 500
A A

Fig. 6. Top: normalized power in a radiation pulgeversuss = pw(z/v, — t). Bottom: typical power
density distribution in a slice of the radiation. SASE FElemgtes in the saturation. Valuesé#f 1, 2
and 4.5 correspond to the left, middle, and right plot, respely. Crosses show geometrical center of
the beam.
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Fig. 9. Averaged efficiencyjs.t), and normalized degeneracy paramefgy, in the saturation versus
parametek.

Figure 6 gives visual picture of the slice properties of diation at the saturation for different
values of the parametér Saturation point is defined as the point where the radiatameves
maximum brilliance (or, maximum degeneracy parameter)(1)series of simulation runs
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Fig. 10. Partial contributions of the modes with azimutlmaléxm = 0. .. 4 into the total power versus
parameteé. SASE FEL operates in the saturation.

has been performed in the range of the parameter(0.25...4.5. Application of similarity
techniques described above allowed us to extract univeasametric dependencies of the main
characteristics of the optimized XFEL operating in the s#ttan regime (see Figs. 7-9).

Figure 7 shows the dependence of the saturation leipgtk- I'z,,; on parametet. Analysis of
the curve shows that the saturation length scales,as< ¢>/¢. Such dependence directly fol-
lows from the optimization procedure of the gain length gileg (3). The normalized coherence
time in the saturation regimé;™* is also proportional té>/¢ (see Fig. 8).

The dependence of the degree of transverse coherence attinaten regime on the parameter
¢ exhibits rather complicated behavior (see Fig. 8). It reaainaximum value in the range ©f
values about of unity, and drops at small and large valuésAxftually, the degree of transverse
coherence is formed due to two effects. The first effect takese due to interdependence of the
poor longitudinal coherence and transverse coherencel1@ to the start-up from shot noise
every radiation mode entering (2) is excited within finitesfpal bandwidth. This means that
in the high gain linear regime the radiation of the SASE FEforsned by many fundamental
TEMy, modes with different frequencies. The transverse disiobwof the radiation field of the
mode is also different for different frequencies. Smallaiue of the diffraction parameter (i.e.
smaller value of) corresponds to larger deviation of the radiation mode ftbenplane wave.
This explains a decrease of the transverse coherence dtvatinigls ofé. When the parameter
¢ increases, the diffraction parameter increases as wellldading to the degeneration of the
radiation modes. Amplification process in the SASE FEL pasiseited number of the field
gain lengths, and starting from some values @he linear stage of amplification becomes too
short to provide mode selection process (2). When ampiibicgirocess enters nonlinear stage,
the mode content of the radiation becomes even more richalirelependent growth of the
radiation modes in the nonlinear medium (see Fig. 10). Taukrge values of the degree
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Table 1
Parameter space of XFEL projects

European XFEL LCLS SCSS
SASE1 SASE2

Radiation wavelength, nm 0.1 0.15 0.15 0.1
Beam energy, GeV 17.5 17.5 14.35 6.135
rms normalized emittancg,, mm-mrad 1.4 1.4 1.2 0.85
Parameteé 2.6 1.7 1.8 4.5
Degree of transverse cohererice 0.65 0.85 0.83 0.24

of transverse coherence is limited by poor mode selectioalyiical estimations, presented in
Appendix A, show that in the limit of large emittanée> 1, the degree of transverse coherence
scales ag/é%.

We present in Fig. 9 the plots for normalized efficiency angesheracy parameter for optimized
XFEL. Normalized efficiency in saturation has simple sagliih falls inversely proportional to
the parametet. Taking into account that the value of the coherence fifffescales proportional
to é%/6, we find that the normalized degeneracy parameter of thatiadiis nearly proportional
to the degree of transverse cohererigg, ¢ /¢'/6.

Finally, in Table 1 we present comparison of existing XFEbjpcts, the European XFEL,
LCLS and SCSS in terms of degree of transverse coherencé][4/%e see that the European
XFEL and LCLS are in the same range of parameter space. Thegets assume conserva-
tive value of the emittance, and relatively high degree afisverse coherence is achieved by
increasing the energy of the driving accelerator. Proj&$S assumes much smaller energy of
the driving accelerator. Thus, despite much smaller valileeonormalized emittance it falls in
the range of parameters for the output radiation with paordverse coherence.
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A Solution of the eigenvalue equation and estimates of trangrse coherence in the limit
of wide electron beam

A.1 Basicequation

Let us have at the undulator entrance a continuous electamlwith the curreni,, with the
Gaussian distribution in energy

(& —&)?

F(€ - &) = (2n((28)%) " exp <_W> , (A1)

and in a transverse phase plane

(A.2)

the same iny phase plane. Hergs = 1/ is the wavenumber of betatron oscillations and

]

The results of this paper can be used in the case of supegmositthe natural undulator focus-
ing and an alternating-gradient external focusing if tHefeing condition is satisfied [23]:

Ly o in (1,2
—L <« min (1, =—
273 "ome )’

whereL; is a period of the external focusing structusais an average beta-functionjs rms
emittance of an electron beam, akds a radiation wavelength. This condition is met in many
practical situations.

Using cylindrical coordinates, in the high-gain limit weekethe solution for a slowly varying
complex amplitude of the electric field of the electromagnetwve in the form [22]:

E(z,7,0) = ®pm(r) exp(A2) (Sin(mp) ) : (A.3)
cos(ny)

wheren is an integern > 0. For eachn there are many radial eigenmodes that differ by
eigenvalueA and eigenfunctiorb,,,,(r). The integro-differential equation for radiation field
eigenmodes [24,31,32] taking into account the space chedfget [23] can be written in the
following normalized form:
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dr? dr
A2Ta@ 1da n
+7p [d T age +2lBA
o0 A2.¢2
/d( —— exp l— 16 A—|—1CC]
) sin®(ks() 2
o | i BE3C/2) (7% + )]
p - 2/7
sin®(ks(Q) ]
L [20- i BE2C/2)i" cos(ksC) | A4
! sin®(kg() 7 '

where I, is the modified Bessel function of the first kind. The folloginotations are used
here:# = r/(0v/2), B = 20*Tw/c is the diffraction parametef,; = k/I is the betatron
motion parameten)? = 2c?(A;;6,0w) 2 is the space charge paramete}, = ((AE)?)/(pE?)

is the energy spread parametéf, = [k, — w/(2¢72)] /T is the detuning parametef, =
[AEJIW?HSZ (IACZ’}/E’}/)_I} "2 isthe gain parametes,= ¢y /w is the efficiency parametey,is

the frequency of the electromagnetic walle= K,.,.s /7, Kins IS the rms undulator parameter,

is relativistic factory; 2 = y2+ 62, k,, is the undulator wavenumbdi, = 17 kA is the Alfven
current,A;; = 1 for helical undulator andly; = Jo(K2,./2(1+K2,.))—Ji (K2, /2(1+K2..))

for planar undulator. Herd, and.J; are the Bessel functions of the first kind. The space charge
effect is included into (A.4) under the conditiofl > ¢*+2/w?.

A.2 Exact solution

As suggested in [24] we apply to (A.4) the Hankel transforomatlefined by the following
transform pair:

7 Frdy (7)) 5 B (7) = 7dppjn(pf~)q)nm(p) _

Then we obtain the integral equation for the Hankel tramsfor,,,,(p) [23]:

A2(2i BA — p?
m H(21 - p)]

_ 1 n _
(I)nm :_Ai/d ! /(I)nm '
(p) 21 BA 7/ )

7 ¢ o [LME ]
XO/dC(l_iB]%%(myepl =~ (A+i0)
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X exp | — il 1, | _ppeosthsq) (A.5)
A(1—iBk2C/2)| " |20 —1Bk%/2)| '

When the space charge field is negligitﬂ%, — 0, this equation is reduced to that derived in
[24].

To solve (A.5) we discretize it:

1
pi:A(i—§), 1=1,2,.... K,
, 1 .
pJ:A(j_§)7 j:1727"'7K7

whereA and K should be chosen such that the required accuracy is pravidesh we obtain
a matrix equation

(I)nm(l> = Mn(%ﬁ(i)nm(]) )

or, [M,, — I|®,,, = 0, where[ is a unit matrix. Matrix},, depends on an eigenvaluieas
well as on the problem parametes3; ks, A%, A2, andC'. The eigenvalues of all radial modes
for a given azimuthal index can be found by solving the equatigh/,, — I| = 0. Then the
calculation of the eigenmodes is straightforward.

This algorithm allows one to find with any desirable accurtey eigenvalues and eigenfunc-
tions of a high-gain FEL including all the important effeagfraction, betatron motion, energy
spread, space charge, and frequency detuning. Therdfoas, be considered as a universal tool
for calculation and optimization of high-gain FELs of wasedjth range from infrared to X-ray.

A.3 Paralle cold beam, large diffraction parameter

A parallel beam limit is the case when there is no betatrorianot.e. ks — 0. Let us also
assume here for the sake of compactness that the effectermgfyespread and space charge can
be neglected? — 0, A2 — 0). Equation (A.4) can then be reduced to
d2
dr?

2 . 2 _n2
L 2iBA| @, () = — 22T
dr 7 (A+iC)?

D, (7) . (A.6)

1
7

To find explicit solutions of the eigenvalue equation in timeit of large diffraction parameter
(more specifically, we requir8'/? > 1), we use the variational method [24,29]. We construct
a variational functional from (A.6):

19



N [az 14 n? R .
O/dTT(Dnm(T) [w + ;df ) +QIBA] Dy (7)
o 2 _/\2
_ _/dﬁMﬁm(f}, (A7)
J (A+iC)?

and seek for a solution in the form

D, (7)) =77 exp(—af’2)LT,;L(2af2) , (A.8)

whereL! are associated Laguerre polynomials

n 1 & ml fn+m
Ly (z) = ml 2 (m — k) (—a)* (A.9)

is a binomial coefficient.

Equation (A.7) and the variational conditicxh&/da = 0, lead to the following two equations
for two unknown quantities\ anda:

i BA 1 1 2
l+n4om— 28 (1—M):o, (A.10)
a a(A+iC)? 2a
A 1 1 2
phe L (1oL A
(A+iC)? a

Solving Egs. (A.10), (A.11) in zero order, we get 1-D asyn@tor the eigenvalue equation
[22]. The eigenvalue for a growing solution reaches maxinatiti = 0:

A~ V3 +i
0 — 92B1/3

Then we can find first order correction @1/3) to the growth rat&e A, and a mode parameter

a.

Re f\nm

V3 (1_ \/5(1+n+2m)> 7 (A.12)

= 2B1/3 3\/§Bl/3
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_(VB—yBY
R (A.13)

Equations (A.8), (A.12), and (A.13) are the solutions foldfi@istributions and growth rates of
eigenmodes of a high-gain FEL with a cold parallel beam inlithé& B'/3 > 1. Note that in
[22,30] the exact solution of the eigenvalue problem for mpalic beam density distribution
was obtained. The eigenfunctions were expressed in terniseotonfluent hypergeometric
function. In this case, in the limit of a large diffractionrpaneter the growth rates of eigenmodes
are reduced to (A.12). The confluent hypergeometric fundiaées the form of the associated
Laguerre polynomials, so that field distribution is redute@A.8) with the parameter given

in (A.13). This is not a surprise because in this limit the twidf the field distribution is much
smaller than the width of the electron beaRe@ ~ B'/? > 1), and the electron density
function behavior is important only near the axis. This hébrais the same (quadratic) for
parabolic and Gaussian distributions. We can also condhalethis asymptotical solution is
valid for any axisymmetric density distribution with the ximum density on axis. We also
see that the variational solution is a good asymptoticahogktThe attempts to generalize it to
the entire (or, at least wider) parameter range [24,2984] o the loss of accuracy control,
although can give a practically useful fit of the exact soltivithin some range.

A4 Large emittance

Let us still assume that the space charge effect can be rﬂmjﬂé{g — 0). Applying now the
variational method to the Eq. (A.4) with the trial functio#s8), we obtain for large diffraction
parameter:

iBA 17 ¢ A2z o
1+n+2m - ao/dgl—iB/%%C/Zexp[ 5 (A+iC)¢

<1 (1+n+2m) akégz N 1 —iBk3(/2 0. (A14)
2 1 —iBE3¢/2 a
i [ ¢ RSy ]
IBA+O/dC1—iB/%§C/26Xp[ 5 (A+1C)¢
. [1_ (1+n+2m)21—i3k%§/2)} 0 (A15)

The system of equations (A.14) and (A.15) can be solved nigait In the following we ne-
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glect the effect of the energy spreefd?F — 0. We also assume that beta-function is optimized
for the highest FEL gain as it happens in practice. Sinceatiffion parameter depends on beta-
function, it is more convenient go over to other normalizadgmeters. Indeed, diffraction pa-
rameter can be rewritten @ = 2¢/k;, whereé¢ = 27¢/)\. Then we can go from parameters
(B, kg) to (¢, kj). After optimizing parameterk; andC, we will find growth rates and eigen-
functions of all eigenmodes depending on the only paramet&quations (A.14) and (A.15)
can now be written as (> 1):

21(—:A .

17 .
1+n+2m— 5/ 1_161% exp [—(A +iC)Q))

k22 —iék
1= H"”m akil” |, L-iehC =0, (A.16)
1—16/{3ﬁc a
216/\ A (1+n+2m)(1—i€l%5()>
+ —(A+iC 1-—
O/ cl_lekﬁg exp [~(A+i ><]< -
=0 (A.17)
In zero order we find [24]:
L i];?g 7 ¢ « A
Ro= " O/dcil_l({kﬁcexp[ (Ro +iC)] - (A.18)

Solving this equation numerically, we find that maximal gtionate

Re A, =~ 0.37 37

is achieved at the optimal values bf ~ 0.5/¢2 andC' ~ 0.4/¢. Note that for optimal beta-
function the diffraction parameter can be expressel as4¢3.

Solving Egs. (A.16) and (A.17) in the first orderdn!, we obtain:

Re Ay, = (A.19)

A

€

0.37 ( 0.83(1 4 n + 2m)>
g )

a~ (0.44 — 0.51)€. (A.20)

Equations (A.8), (A.19), and (A.20) are the solutions fa tield distributions and growth rates
of eigenmodes of a high-gain FEL with optimized beta-fumtiin the limit ofe > 1.
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A5 Estimates of transverse coherence

We can now make a simple estimate of the number of transveosiesn/, in the high-gain
linear regime of a SASE FEL operation. The degree of trasgveoherence would then be the
inverse number of modes (see (8)):

1
(=1 =0}, (A21)
wheres = ((P — (P))?)/(P)? is the relative dispersion of the radiation power. The fidld o
the electromagnetic wave can be represented as a set of jsedd®). In the limit, considered
here (B'/3 > 1 oré >> 1), the modes are orthogonal, and the total power can be watie

Piot(2) =Y Pun(2) =23 Y Apnexp(2Re A 2) — Agpexp(2ReAgo?) . (A.22)

n=0m=0

Summation over azimuthal indexis done twice here since far# 0 there are two orthogonal
modes that degenerate [22]. One can also show that (heresueast without a proof) the
factorsA,,,, are the same for all modes in the considered asympt@ace the power of each
mode fluctuates in accordance with the negative exponetistlbution (5), the dispersion is
equal to the squared average power for each mode. The tstardion is simply the sum of
dispersions because the modes are independently excitad, the inverse relative dispersion
(or, number of modes) can be calculated &sP,,,,)?/ - P2 ., or explicitly:

<2 ioj ioj exp[—2N,b(n + 2m)| — 1>2
M ~ 2 =0m=0 , (A.23)
23 Y exp[—4Nyb(n +2m)] —1

n=0m=0

whereN, = Re A2 is a number of field gain lengths along the undulatict, v/2/(3v/3B/3)
for a cold parallel beam, and= 0.83/¢ for a beam with large emittance and optimized beta-
function. Equation (A.23) is valid whelh< 1 and N, > 1.

In a particular case wheh < N, < b~! the summation in (A.23) can be substituted by the
integration. Then for a cold parallel beam we get:

]\4:g
2

Bl/3 2 13
(N ) for 1< N, < B, (A.24)

g

2 Ensemble average is meant here.

3 More strictly, orthogonality of the radial modes with thereaazimuthal index, as well as equality of
the factors4,,,,, hold with an accuracy~! < 1. Taking these corrections into account would result in
the correction of the order gRe Ag2)~! to the number of modes.
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For a beam with a large emittance and optimized beta-fum¢tie number of modes is

€
M>~145|—
(5

2
) for 1< N, < €. (A.25)
g

We note that applicability region of these estimations eshilgh-gain linear regime. Numerical
simulations presented in this paper show that the maximugreeeof transverse coherence is
achieved already in the nonlinear mode of operation. Liaeatysis, presented here, does not
allow to describe this maximum degree of transverse cokerddowever, it can be roughly
estimated if one substitute¥, by the number of field gain lengths at the end of the linear
regime. As an estimate, one can take about 70% of the numliietd§ain lengths required to
reach saturatiori . In any case the asymptotical behavior of the degree ofieass coherence

in the case of a beam with large emittance and optimizedfoetztion.

4 Note that saturation occurs earlier for a larger number alesoThis would give a weak (logarithmic)
correction to the value of the transverse coherence.
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