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The dynamical fluctuations in instanton induced events in e+p deep-inelastic scattering
are studied using QCDINS 2.0 Monte Carlo generator. The hadron system produced
from the fusion of quark–gluon in the presence of instanton, referred to as instanton
final state (IFS), is identified by a pz-sorting together with a θcut method. The dynami-

cal fluctuations inside the current jet and IFS are compared by means of the method of
normalized factorial moments. The current jets are found to possess the typical charac-
teristics of a “circular jet” with axial symmetry, while the dynamical fluctuations inside
the IFS represent a three-dimensional isotropy.
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1. Introduction

In a non-Abelian gauge theory such as quantum chromodynamics (QCD) the

vacuum has a complicated structure. There are nonperturbative fluctuations of the
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gauge fields, describing tunneling transition between the degenerate ground states

(degenerate vacua) of different topology, called instanton. The instantons and anti-

instantons carry integer topological charges Q = 1 and −1, respectively, while the

usual perturbation theory exists in the sector Q = 0.

Deep-inelastic scattering (DIS) accompanied by instanton-induced hard pro-

cesses, cannot be described by conventional perturbation theory. The chirality con-

servation is violated in case of strong (QCD) instantons (antiinstantons). A study

of DIS events induced by instantons is of fundamental significance for a thorough

understanding of the basic theory of strong interaction — QCD.1,2

The eP deep-inelastic scattering has been proved to be an appropriate labora-

tory to discover and study the instanton-induced events (I-events). The I-events in

DIS arise predominantly from quark–gluon fusion in an instanton background. In

such a process, a virtual photon splits into a qq̄-pair, one of which, referred to as

current quark, fragments directly, forming a current jet, while the other one fuses

with a gluon from the proton in the background of an instanton (I) or an anti-

instanton (̄I). The latter forms a cluster of (2nf − 1)q + ngg partons, where nf is

the number of quark flavors that are kinematically allowed in the experiment, and

ng is the number of gluons, and then fragments into final state through hadroniza-

tion with high multiplicity and high transverse energy. In the following we will refer

to the quark–gluon fusion product in the presence of an instanton as the instanton

final state, or IFS for short.

Although the hard I-events can be calculated within instanton-perturbation

theory1 and the two experimental groups, H13 and ZEUS,4 of DESY-HERA in

Germany have been actively doing experimental searches for instanton-induced

events, the experimental verifications of the instanton theory set only upper limits

on the cross-section of such processes. At present, together with the experimental

searches for the instanton-induced events, a Monte Carlo study on the physical

properties of IFS is also important.

The QCDINS 2.0 Monte Carlo event generator5 provides us a useful tool to

study the properties of instanton-induced hard processes. The aim of the present

paper is to use this Monte Carlo generator to study the dynamical fluctuations

inside the instanton final state (IFS) in comparison with those inside the cur-

rent jet. Through this study the symmetry property of these systems with respect

to dynamical fluctuations will be explored. In particular, the expected isotropy

of IFS will be confirmed and the current jet as a circular or visible jet will be

illustrated.

2. Event Samples of Instanton Final State and Current Jet

The Monte Carlo event generator QCDINS 2.0 is designed to simulate the QCD-

instanton induced processes in deep-inelastic eP scattering. It is based on the in-

stanton perturbation theory and embedded in the general hadronic event simulation

package HERWIG.6
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In our Monte Carlo simulation, e+p deep-inelastic scattering events are produced

by QCDINS 2.0 with the proton and electron energies equal to 820 and 27.5 GeV,

respectively. The scattered electron and the proton remnant are discarded at the

beginning. Then the pz sorting7 together with a θcut method is applied in the

common center-of-mass system (CM2) of the current jet and instanton final state

to distinguish them apart.

This method is to take the +z axis along the current quark direction. Then order

all the n particles in the CM2 system according to their pz values and renumber

them so that pz1 > pz2 > · · · > pzn. The bigger the pz of a particle the more likely

this particle to be in the current jet. Starting from the number one particle, sum up

the particle energy εi (i = 1, 2, . . . , k, . . . , n) up to the kth one to make the energy

of the reconstructed current jet Ejet =
∑k

i=1 εi most close to the current-quark

energy EC before hadronization. At the same time sum up the remaining particles

in the CM2 system, making the energy of the reconstructed instanton final state

Eins =
∑n

i=k+1 εi most close to the “instanton energy” EI. The latter is equal to

the sum of the energies of the fusing quark and gluon before fragmentation. Then

the particles from the first one to the kth one are classified to be the hadrons in the

current jet and the particles from the (k +1)th to the nth belong to the products of

instanton (IFS). Correspondingly, the relative error of the reconstructed current jet

and IFS energies are ∆Ejet and ∆EI, respectively. The relative error of a quantity

X is defined as ∆X = Xrec−X
X

, where X is the real value in parton level and Xrec is

the reconstructed value. Then choose an appropriate number k to make the error of

the total reconstructed energy ∆E = 0.4×|∆Ejet|+ 0.6×|∆EI| minimum. Finally,

an energy cut is added to make the events remained at last satisfy ∆E < 10%,

and a θcut = 40◦ is chosen, so that if the polar angle θ of any particle in the

current jet relative to the jet axis is greater than θcut, then throw away this event.

The distributions of the reconstruction errors ∆Ejet for the jet energy, ∆EI for the

instanton energy and ∆MI for the instanton mass in this method are shown in Fig. 1.

In our Monte Carlo simulation a total number of 1200000 events of e+p deep-

inelastic scattering are produced by QCDINS 2.0 generator and 119328 events of

the current jet and the instanton final state are obtained after passing all cuts and

are used in the following analysis.

3. Dynamical Fluctuations inside IFS and Current Jet

To study the dynamical fluctuations inside the final state particles of a multiparticle

system produced in high energy collision is an effective way for exploring the internal

property of the system and the dynamics of strong interaction.

Since the factorial moments (FM) were proposed to be used in the study of

nonstatistical fluctuations (or dynamical fluctuations) in multiparticle production

by Bia las and Peschanski,8 a large number of efforts have been made to search for

the anomalous scaling of Fq(M) in experiments,

Fq(M) ∝ M−φ (M → ∞) . (1)
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Fig. 1. The distributions of the relative reconstruction-error ∆Ejet for jet energy, ∆EI for in-
stanton energy and ∆MI for instanton mass in pz-sorting method with energy- and θ-cuts.

The results showed that the one-dimensional factorial moments do not have such a

power law behavior with the diminishing of phase scale, but tend to go to saturation

instead. As Ochs pointed out,9 the anomalous scaling of dynamical fluctuations

occurring in higher-dimensional (2D or 3D) phase space have a projection effect on

the fluctuations in lower-dimensional space causing the second-order 1D factorial

moments F
(a)
2 (Ma) go to saturation according to the rule

F
(a)
2 (Ma) = Aa − BaM−γa

a , (2)

where a = 1, 2, 3 denote the 1D variables px, py, pz or y, pt, ϕ, respectively. Aa, Ba

and γa are constants and Ma is the total number of partition of a given variable.

The nature of the dynamical fluctuations can be expressed in terms of the Hurst

exponent Hab,
11 which can be obtained from the values of γa and γb as

Hab =
1 + γb

1 + γa

. (3)
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The dynamical fluctuations are isotropic (self-similar fractal) when Hab = 1, and

anisotropic (self-affine fractal) when Hab 6= 1.10

We first try to answer the question, whether the dynamical fluctuations of IFS

and current jet is isotropic in their own rest frames. For this purpose we use the

Cartesian coordinates px, py, pz as the three variables both for the IFS and for the

current jet in their own c.m. frames, respectively. The phase space region −3 < px <

3, −3 < py < 3, −3 < pz < 3 GeV/c are divided isotropically. In order to avoid

the influence of a nonflat distribution of the variables on the investigation of the

dynamical fluctuations, all the variables are transformed into their corresponding

cumulant form,12

X(pi) =

∫ pi

pia
ρ(pi)dpi

∫ pib

pia
ρ(pi)dpi

(i = x, y, z) . (4)

In the following the factorial moments Fq(X(pi)) are always calculated instead of

Fq(pi). However, to simplify the notation we will still use the latter — Fq(pi) to

denote the former — Fq(X(pi)).

The distributions of the three cumulant variables X(px), X(py), X(pz) become

flat in the region [0, 1], except at the end point. As example, the distributions of

the momentum components px, py, pz and their corresponding cumulant variables

X(px), X(py), X(pz) of IFS are shown in Fig. 2 upper and lower panels, respectively.

Fig. 2. The distributions of the momentum components (upper panel) and their corresponding
cumulant variables (lower panel) of the IFS.
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Fig. 3. (a) The lnF2(px, py, pz) ∼ ln M plots of the instanton final state and the current jet in
their own rest frames, (b) that of the current jet in the CM2 frame.

Then the second-order 1D and 3D factorial moments F2(px), F2(py), F2(pz) and

F2(px, py, pz) are calculated. The results for ln F2(px, py, pz) vs ln M are shown in

Fig. 3(a). It can be seen that the ln F2(px, py, pz) vs ln M for instanton final state

is a straight line after omitting the first point to eliminate the influence of momen-

tum conservation,13 while that of the current jet, shown as downward triangles in

Fig. 3(a), is an upward-bending curve. These results show that the factorial moment

F2 of IFS obeys the anomalous scaling law Eq. (2) when the 3D phase space is parti-

tioned equally in the three dimensions. This means that the dynamical fluctuations

inside IFS is 3-dimensionally isotropic in its rest frame. On the contrary, the F2 of

current jet does not obey the scaling law, showing that the dynamical fluctuations

inside jet is anisotropic.

The anisotropy of the dynamical fluctuations inside jet is natural because jet is

the fragmentation product of a parton. This is evident in the CM2 frame — the

common center of mass frame of the current jet and the instanton final state. In this

frame the jet has axial symmetry around the jet-momentum. However, even in the

jet-CM1 frame, i.e. the rest frame of jet alone, there is also axial symmetry, because

the boosting from CM2 to CM1, which is along the jet axis, does not change the

momenta in transverse plane while the momenta along the jet axis are divided into

two opposite directions with half value in each direction. Thus the two directions

along the jet axis is still privileged in this frame.
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The downward solid triangles in Fig. 3(a) show the anisotropy of dynamical

fluctuations inside jet in the jet-CM1 frame using the momenta pi, i = x, y, z

as variables. A more natural way for checking this anisotropy is to work in the

CM2 frame using the rapidity y, transverse momentum pt and azimuthal ϕ of

particles inside jet as variables. In defining these variables the direction of current-

jet momentum is chosen as longitudinal.

The second-order factorial moments of the new variables F2(y), F2(pt), F2(ϕ)

and F2(y, pt, ϕ) are calculated again and the ln F2(y, pt, ϕ) ∼ ln M for current jet

is plotted in Fig. 3(b). Comparing the two curves for current jet in Figs. 3(a) and

3(b), it can be seen that although the coordinate frame and variables have been

changed, the upward-bending tendency remains in common, showing the robust

nature of the anisotropy of dynamical fluctuations inside jets.

The ln F2 vs ln M plots in Fig. 3(a) show clearly the difference in the dynamical

fluctuations inside instanton final state and current jet. In order to be in more detail,

a fitting to the saturation formula, Eq. (2), of the second order 1D factorial moments

F2(i) (i = px, py, pz for instanton and y, pt, ϕ for current jet) vs the partition

number M = 1, 2, . . . , 40 is carried out and the corresponding parameters γi (γpx
,

γpy
, γpz

for instanton and γy, γpt
, γϕ for current jet) are obtained, respectively.

To eliminate the influence of momentum conservation,13 the first point (first three

points in case of F2(ϕ)) are omitted when fitting the data to Eq. (2). The fitting

results are listed in Table 1. Accordingly, the Hurst exponents of the instanton final

state and current jet deduced from Table 1 and Eq. (3) are listed in Table 2.

4. Analysis and Discussions

Since the products of the final state of QCD-instanton induced event in e+p deep-

inelastic scattering should be neutral in color, it is natural that there is color

correlation among the current jet, the instanton final state and the proton rem-

nant, i.e. color exchange must take place among the partons of these three parts.

Table 1. The saturation exponents γi of 1D second-order factorial moments.

Instanton final state Current jet
γpx γpy γpz γy γpt γϕ

0.024 0.019 0.220 0.768 0.011 0.014

±0.003 ±0.002 ±0.015 ±0.123 ±0.001 ±0.001

Table 2. The Hurst exponents of instanton final states and current jet.

Instanton final state Current jet
Hpxpy Hpxpz Hpypz Hypt Hyϕ Hptϕ

0.996 1.192 1.197 0.572 0.573 1.002

±0.004 ±0.018 ±0.017 ±0.040 ±0.040 ±0.001
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Therefore, the above-mentioned three subsystems are not completely independent.

When multiplicities are not very low the color correlation among the three systems

can be neglected in the first approximation. In the present paper we have taken

this approximation.

The log–log plot of 3D factorial moments vs partition number M , shown in

Fig. 3(a), turns out to be a good straight line for IFS and bending upward for

current jet, i.e. the former obeys the anomalous scaling law Eq. (1) very well, while

the latter does not. This indicates that the dynamical fluctuations in the IFS are

isotropic while that in the current jet are anisotropic. The isotropy of dynamical

fluctuations inside the IFS is an indication for the local equilibrium in this system.14

The Hurst exponents listed in Table 2 represent the characteristic property:

Hpxpy
' Hpxpz

' Hpypz
' 1 for IFS , (5)

Hypt
' Hyϕ < Hptϕ ' 1 for current jet . (6)

This feature, besides indicating the isotropy of the dynamical fluctuations in the IFS

and the anisotropy in the current jet, shows further that the dynamical fluctuations

inside current jets are circular in the transverse plane.

In our method for identifying IFS and current jet a cut θcut = 40◦ has been

added on the jet cone size. In order to study the influence of the value of θcut on

the results obtained, the above analysis has been repeated for three other values of

θcut. The results listed in Tables 3 and 4 show that although the values of Hurst

exponents change a little for different values of θcut, the regularity shown in Eqs. (5)

and (6) always hold.

Table 3. The Hurst exponents of the instanton final state
corresponding to four different values of θcut.

θcut
Instanton final state

Hpxpy Hpxpz Hpypz

30◦ 0.994 ± 0.005 1.226 ± 0.018 1.234 ± 0.017

40◦ 0.996 ± 0.004 1.192 ± 0.018 1.197 ± 0.017

50◦ 1.000 ± 0.004 1.130 ± 0.011 1.130 ± 0.012

60◦ 1.006 ± 0.005 1.113 ± 0.006 1.106 ± 0.007

Table 4. The Hurst exponents of the current jet corre-
sponding to four different values of θcut.

θcut
Current jet

Hypt Hyϕ Hptϕ

30◦ 0.627 ± 0.032 0.629 ± 0.033 1.003 ± 0.001

40◦ 0.572 ± 0.040 0.573 ± 0.040 1.002 ± 0.001

50◦ 0.510 ± 0.034 0.510 ± 0.034 0.999 ± 0.001

60◦ 0.465 ± 0.028 0.469 ± 0.029 1.009 ± 0.002
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It has been shown in Refs. 15–18 that the circular jets with respect to dynamical

fluctuations are consistent with the visible jets in high energy collision experiments.

The results of the present paper on the dynamical fluctuations inside current jets

indicate that the current jets possess the typical characteristics of circular jets

with respect to dynamical fluctuations. This means that the current jets in the

instanton-induced events are visible jets in high energy e+p deep-inelastic scattering

experiments.
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