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1. Introduction

A few years ago, a non-perturbative formulation of Heavy Quark Effective Theory (HQET)
has been given in [1] - see [2] for a review given at this conference. In particular the problem of
power divergences is solved through a finite volume matching. Last year, this has been applied to
the quenched computation of the b-quark mass at the 1/m order [3]. In the same spirit, we present
here a strategy to compute a heavy-light decay constant. We start by writing the Lagrangian at the
leading order (i.e. in the static approximation) and add a kinetic and a magnetic piece (we follow
the conventions of [3] and set the countertermδm to zero)

LHQET = ψhD0ψh−ωkinψhD2ψh −ωspinψhσ ·Bψh . (1.1)

A precise definition of the operatorsD0, D2 andσ ·B can be found in [3]. Here we just note that
ωkin andωspin are some bare parameters of the effective theory.

1.1 Schrödinger functional (SF) correlation functions

In QCD, we consider the (renormalized and improved) currentto boundary correlatorsfA and
kV defined - up to improvement factors such as(1+bAamq,b) - in the SF by

fA(x0) = −ZAZ2
ζ

a6

2 ∑
y,z
〈(AI)0 (x) ζ̄b(y)γ5ζl(z)〉, (1.2)

kV(x0) = −ZV Z2
ζ

a6

6 ∑
y,z,k

〈(VI)k (x) ζ̄b(y)γkζl(z)〉, (1.3)

where the improved currentsAI(x) andVI(x) are defined as in [1].
We also consider the boundary to boundary correlators

f1 = −Z4
ζ

a12

2L6 ∑
u,v,y,z

〈ζ̄ ′
l (u)γ5ζ ′

b(v) ζ̄b(y)γ5ζl(z)〉, (1.4)

k1 = −Z4
ζ

a12

6L6 ∑
u,v,y,z,k

〈ζ̄ ′
l (u)γkζ ′

b(v) ζ̄b(y)γkζl(z)〉. (1.5)

Expanding these correlators at the 1/morder of HQET, and using spin-flavor symmetry, one finds1

fA(x0) = ZHQET
A Zζh

Zζ e−mbarex0

{

f stat
A (x0)+cHQET

A f stat
δA (x0)+ ωkin f kin

A (x0)+ ωspin f spin
A (x0)

}

,

kV(x0) = −ZHQET
V Zζh

Zζ e−mbarex0

{

f stat
A (x0)+cHQET

V f stat
δA (x0)+ ωkin f kin

A (x0)−
1
3

ωspin f spin
A (x0)

}

,

f1 = Z2
ζh

Z2
ζ e−mbareT

{

f stat
1 + ωkin f kin

1 + ωspinf spin
1

}

,

k1 = Z2
ζh

Z2
ζ e−mbareT

{

f stat
1 + ωkin f kin

1 − 1
3

ωspin f spin
1

}

,

wherembare is the (linearly divergent) bare quark mass.

1The reader can find the definitions of the various correlatorsf stat
A,1, f kin

A,1, f spin
A,1 , f stat

δA in [3].
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1.2 Basic observable

We consider a volumeL3 with a time extentT = L, and define (in QCD)

ΦQCD
F (L) = ln

(− fA(L/2)√
f1

)

In the large volume limit, this observable is related to the decay constant,FB, by

ΦQCD
F (L)

L≫1/Λ−→ ln

(

1
2

FB

√

mBL3

)

. (1.6)

In a small volume2 of space extentL1 ≃ 0.4fm, this observable is matched to its HQET expression

ΦQCD
F (L1) = ΦHQET

F (L1) . (1.7)

Using the expansions of the correlatorsfA and f1 given previously, one finds for the rhs at the static
and at the 1/m order

Φstat
F (L) = lnZstat

A + ln

(

− f stat
A (L/2)
√

f stat
1

)

+O(1/m), (1.8)

Φstat
F (L)+ Φ1/m

F (L) = lnZHQET
A + ln

(

− f stat
A (L/2)
√

f stat
1

)

+cHQET
A

f stat
δA (L/2)

f stat
A (L/2)

(1.9)

+ωkin

(

f kin
A (L/2)

f stat
A (L/2)

− f kin
1

f stat
1

)

+ ωspin

(

f spin
A (L/2)

f stat
A (L/2)

− f spin
1

f stat
1

)

+O(1/m2).

1.3 Evolution to larger volumes, in the static approximation

In order to clarify the discussion, we first explain the strategy in the static approximation, the
generalization to the 1/morder will be done in the next section. We start by the matching of HQET
to QCD in the volumeL1, at the static order :ΦQCD

F (L1) = Φstat
F (L1). The evolution to a volume

L∞ = L3 = 2L2 = 4L1 is then done, within the effective theory, in the following way:

ΦF(L∞) = [Φstat
F (L∞)−Φstat

F (L2)]+ [Φstat
F (L2)−Φstat

F (L1)]+ΦQCD
F (L1) . (1.10)

We note thatZstat
A cancels in the differences[Φstat

F (2L)− Φstat
F (L)]. Using the renormalized SF

couplingḡ2(L) [4], we define the static step scaling function (ssf)

σ stat
F (u) =

[

Φstat
F (2L)−Φstat

F (L)
]

ḡ2(L)=u = lim
a/L→0

Σstat
F (u,a/L) (1.11)

Σstat
F (u,a/L) =

[

ζ stat(2L)−ζ stat(L)
]

ḡ2(L)=u whereζ stat(L) = ln

(

− f stat
A (L/2)
√

f stat
1

)

. (1.12)

We can now rewrite the rhs of eq (1.10) as the sum of three continuum terms

ΦF(L∞) = σ stat
F (u2)+ σ stat

F (u1)+ ΦQCD
F (L1) , whereuk = ḡ2(Lk) . (1.13)

Before discussing the 1/m corrections we close this section by a few remarks :

2The matching is done in a small volume, in order to be able to simulate a b-quark with the discretization errors
under control.

3



Heavy-light decay constant at the1/m order of HQET Nicolas Garron

• The different terms in the eq (1.12) have to be computed at thesame value of the lattice spac-
ing (in order to insure thatΣF has a well defined continuum limit). This is due to divergences
proportional to the logarithm of the lattice spacing that one has to cancel.

• In eq. (1.13), the entire quark mass dependence comes fromΦQCD
F (L1).

• At this order, since there is only one matching constant to eliminate (Zstat
A ), it is sufficient to

match one observable (ΦF).

1.4 Including 1/m corrections

At this order, there are three more matching parameters inΦF compared to the static case3. There-
fore, to determine them, we introduce three other observables defined in a volume of space extent
L and we give their expressions at the 1/m order

Φ1(L) ≡ 1
4
(RP

1 +3RV
1 )−Rstat

1 = ωkinRkin
1 , (1.14)

Φ2(L) ≡ 3
4

ln

(

f1
k1

)

= ωspin
f spin
1

f stat
1

with T = L/2 , (1.15)

Φ3(L) ≡ RA(L/2)−Rstat
A (L/2) = cHQET

A RδA(L/2)+ ωkinRkin
A (L/2)+ ωspinR

spin
A (L/2) ,(1.16)

where the definitions of the ratiosR can be found in [3]4. Together withΦF, given at this order
by (1.9), we then have a set of four observables. In these observables, we have chosen to subtract
the static part (when existing) from the QCD one, as we did in the mentioned reference. This is
perfectly legitimate because they both have a continuum limit, and this simplifies the equations.
Like in the static case, the matching is imposed in the volumeL1. This allows us to replace in (1.9)
the parametersωkin, ωspin andcHQET

A by a combination of QCD and HQET quantities.
The evolution to the volumeL2 is given by

ΦF(L2) = ΦHQET
F (L2)−ΦHQET

F (L1)+ ΦQCD
F (L1) (1.17)

=
[

Φstat
F (L2)−Φstat

F (L1)
]

+
[

Φ1/m
F (L2)−Φ1/m

F (L1)
]

+ ΦQCD
F (L1) . (1.18)

The ssf for the static term has already been given in the previous part, and for the 1/mpart we write

Φ1/m
F (2L)−Φ1/m

F (L) = ∑
i

σi(ḡ
2(L))Φi(L) . (1.19)

The expressions for the ssf can be found from the last equation by using (1.9) together with (1.14),
(1.15), (1.16) in the volumeL1. The explicit definitions are given in the appendix.
In the stepL2 → L∞, we needΦi(L2,M), and we are then lead to define the ssf for theΦi :

Φi(L2) = ∑
j

σij (ḡ
2(L))Φj(L1) . (1.20)

We can write down the final equation forΦF

ΦF(L∞) = σ stat
F (u2)+ σ stat

F (u1)+∑
ij

σi(u2)σij (u1)Φj(L1)+∑
i

σi(u1)Φi(L1)+ ΦQCD
F (L1) (1.21)

3Also ZHQET
A is different thanZstat

A , but as in the static case, it drops out in the differences
4We remind the reader that the quantities defined with an subscript 1 are “boundary to boundary” observables.

Because the noise over signal ratio grows exponentially with the time, we imposeT = L/2 for all these observables.
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2. Results in the quenched approximation

We used basically the same data as in [3], in which the reader can find the details of the
simulation. The simulations are done with non-perturbatively O(a)-improved Wilson fermions.
The light quark mass is fixed to the strange one. Concerning HQET, we used the HYP actions [5],
which help to have a reasonable statistical precision. We show the continuum extrapolations in
fig. 1.
The extrapolations are done linearly in(a/L)2 for QCD as well as for the static part, but ina/L
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Figure 1: Continuum extrapolations of the various terms appearing ineq. (1.21). The QCD contribution
ΦQCD

F (diamonds) and the static part are shown on the left (the circles represent the large volume contribution
σstat

F (u2), and the squares the small volume partσstat
F (u1) ). The 1/m correction is plotted on the right, the

circles represent the large volume terms∑ij σi(u2)σij (u1)Φj(L1), and the squares the small volume part

∑i σi(u1)Φi(L1). The color blue stands for HYP2, and red for HYP1 [5].

for the 1/m term, because of the absence of O(a) improvement. The ordinate scale is the same in
order to compare the relative size of the different contributions. Concerning the precision, one can
see that the total error is largely dominated by the one of the1/m part in the large volume. Since
for this part the results are not yet completely satisfactory, we refrain from performing a continuum
extrapolation. We will use the result at the finest lattice spacing only (β ∼ 6.45, L/a = 32).
Our preliminary results forFBs are shown in table 1. In the first column we give the results in
the static approximation, while in the other columns, we have included the 1/m corrections. We
observe that in the static approximation, depending on the matching condition represented here by
θ 5 , the result can change by 7%. This variation disappears whenthe 1/m terms are included.
Note that differences ofFstat+1/m

Bs
, table 1, have much smaller error than their individual values, for

example

Fstat+1/m
Bs

(θ0 = 0,θ1 = 1,θ2 = 0)−Fstat+1/m
Bs

(θ0 = 1,θ1 = 0,θ2 = 0.5) = 4±2 MeV. (2.1)

The other information is that the 1/m term contributes (with a minus sign) up to∼ 15% to the
final result. One can see that adding the 1/m terms increases the size of the statistical errors, as
expected from the previous plots. This is due to the fact thatthe signal for the 1/m part in large

5The quark fields are periodic in space up to a phaseθ .

5



Heavy-light decay constant at the1/m order of HQET Nicolas Garron

volume is more difficult to extract than in the static case, and also because of the absence of O(a)-
improvement at this order. We also note that our result is compatible with a recent computation
done with a different method, but which also goes beyond the leading order of HQET [6].

Fstat
Bs

Fstat+1/m
Bs

θ0 θ1 = 0 θ1 = 0.5 θ1 = 1
θ2 = 0.5 θ2 = 1 θ2 = 0

0 224±3 185±21 186±22 189±22

0.5 220±3 185±21 187±22 189±22

1 209±3 184±21 185±21 188±22

Table 1: Results forFBs in MeV with and without the 1/mcorrections, for different values of theθ angles.

3. Conclusion

We have shown how to perform a non-perturbative computationof a heavy-light decay con-
stant at 1/m order of HQET, and we have given preliminary numerical results in the quenched
approximation. The inclusion of the dynamical quarks is on the way [7, 8]. Applying this method
for Nf > 0 should allow for precise computations of the heavy-light decay constant, with a good
control on the systematic errors. Note in particular that eq. (2.1) is a good sign of the absence of
significant 1/m2 corrections. On the numerical side, the cancellations of the divergences require
sufficient statistical precision, and we hope that the all-to-all propagator, like proposed in [9, 10]
will be of great help there.

Acknowledments
We thank NIC for allocating computer time on the APE computers to this project and the APE
group at Zeuthen for its support.

4. Appendix: The step scaling functions

In order to have more compact notations, we replaceΦF by Φ4, such that the ssfσi introduced
in eq. (1.19) are now represented byσ4i . We can rewrite eq. (1.19) together with eq.( 1.20) as

Φi(Lk+1,M) =
4

∑
j=1

σij (uk)Φj(Lk,M)+ δ4iσζ (uk) . (4.1)

The ssf are then given by a four by four matrix

[

σij
]

=











σ11 0 0 0
0 σ22 0 0

σ31 σ32 σ33 0
σ41 σ42 σ43 1










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To give their explicit expressions, we define

Ψkin(L)=

(

f kin
A (T/2)

f stat
A (T/2)

− f kin
1

f stat
1

)

, Ψspin(L)=

(

f spin
A (T/2)

f stat
A (T/2)

− f spin
1

f stat
1

)

and ρδA
(L)=

f stat
δA (T/2)

f stat
A (T/2)

.

Then, one finds:

Σ11(u) =
[

Rkin
1 (2L)/Rkin

1 (L)
]

ḡ2(L)=u , Σ22(u) =
[

ρspin
1 (2L)/ρspin

1 (L)
]

ḡ2(L)=u
,

Σ31(u) =

[

1

Rkin
1 (L)

(

Rkin
A (2L)− Rkin

A (L)RδA
(2L)

RδA
(L)

)]

ḡ2(L)=u

,

Σ32(u) =

[

1

ρspin
1 (L)

(

Rspin
A (2L)− Rspin

A (L)RδA
(2L)

RδA
(L)

)]

ḡ2(L)=u

, Σ33(u) =

[

RδA
(2L)

RδA
(L)

]

ḡ2(L)=u

,

Σ41(u) =

[

1

Rkin
1 (L)

(

Ψkin(2L)−Ψkin(L)− ρδA
(2L)−ρδA

(L)

RδA
(L)

Rkin
A (L)

)]

ḡ2(L)=u

,

Σ42(u) =

[

1

ρspin
1 (L)

(

Ψspin(2L)−Ψspin(L)− ρδA
(2L)−ρδA

(L)

RδA
(L)

Rspin
A (L)

)

]

ḡ2(L)=u

,

Σ43(u) =

[

ρδA
(2L)−ρδA

(L)

RδA
(L)

]

ḡ2(L)=u

.
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