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Abstract

The question how to quantize a classical system where an angle ¢ is one of the basic canon-
ical variables has been controversial since the early days of quantum mechanics. The prob-
lem is that the angle is a multivalued or discontinuous variable on the corresponding phase
space. The remedy is to replace ¢ by the smooth periodic functions cos¢ and sin¢. In the
case of the canonical pair (¢,p,), p,: orbital angular momentum (OAM), the phase space
Sep, = 1 € Rmod 27,p, € R} has the global topological structure S ' % R of a cylinder on
which the Poisson brackets of the three functions cos ¢, singp and p, obey the Lie algebra of
the euclidean group E(2) in the plane. This property provides the basis for the quantization of
the system in terms of irreducible unitary representations of the group F(2) or of its covering
groups. A crucial point is that - due to the fact that the subgroup SO(2) = S! is multiply
connected - these representations allow for fractional OAM | = h(n+46), n € Z, 6 € [0,1). Such
0 # 0 have already been observed in cases like the Aharonov-Bohm and the fractional quantum
Hall effects and they correspond to the quasi-momenta of Bloch waves in ideal crystals. The
proposal of the present paper is to look for fractional OAM in connection with the quantum
optics of Laguerre-Gaussian laser modes in external magnetic fields. The quantum theory of the
phase space S, in terms of unitary representations of £/(2) allows for two types of “coherent”
states the properties of which are discussed in detail: Non-holomorphic minimal uncertainty
states and holomorphic ones associated with Bargmann-Segal Hilbert spaces.
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1 Introduction and overview

The problem of quantizing a phase space where an angle ¢ € R mod 27 is one of the canonical
variables has been a controversial issue since the founding days of quantum mechanics (for a
brief historical account see the Introduction of Ref. [1]). The basic reason for the problems is
that an angle variable of that type is not a smooth periodic function on the associated phase
space (for details see Appendix A).

There are two typical (generic) examples where the unit circle S!, parametrized by the
angle ¢ € R mod 27, represents the configuration space, whereas the canonically conjugate
momentum variable p,, is either a positive real number p, > 0, i.e. p, € R, or a real number,
ie. p, € R.

The “classical” representative of a phase space with the global topological structure S' x R*
is the angle - action variable description of the harmonic oscillator:

The transformation

q(p,I) = /2I/mwcosp, pel0,2r), >0, (1)
plo.T) = —Vamwl sing, )

is locally canonical, i.e. it has the property
dg Ndp =dp NdI (3)

and it transforms the Hamilton function

1 1
H = 2 - 2 2 4
5Pt gmwa (4)
into the simple form H = w I.
The phase space

Sor={(¢g,I); p€Rmod 27, I € R*} (5)

has the global topological structure of a cone with the tip deleted [1]. The cone may be
parametrized by the 3 functions

ho(p, 1) =1>0, hi(p,I)=1cosp, hy(p,I)=—Isinp, hi—hi—h3=0. (6)

These functions obey the Lie algebra so(1,2) of the “proper orthochronous Lorentz group”
SO'(1,2) with respect to the Poisson brackets on S, ;, namely

{fh fz}%f = (%fl Orfa — O0rh agon ) fj = fj(% —7) . (7)
For the functions (6) we have
{ho,hater = —ha, {ho,hator="h1, {hi,hator=ho. (8)

This Lie algebra structure on the classical phase space S, ; serves as the basis for the quanti-
zation of the system:

In the quantum theory the corresponding self-adjoint Lie algebra generators K, K; and K,
of certain irreducible unitary representations of the group SO'(1,2) constitute the algebraic
basis for the more composite quantum observables of the quantized system like the functions
ho, h1 and hs do for the classical one. What is especially remarkable is the following:
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Obviously it follows from the relations (1)-(2) and (6) that the variables ¢ and p may be
expressed (non-linearly) by the functions hg, h; and hs. Similarly: The self-adjoint operators @
and P may be expressed as functions of the operators Ky, K; and K,! Thus, one can replace
the basis {Q, P,1} of the fundamental Weyl-Heisenberg algebra by the basis { K7, Ky, Ko} of
the Lie algebra of the group SO'(1,2) or one of its (infinitely many) covering groups (for details
see Ref. [1]).

Important for the new approach is that the unsuitable variable ¢ € R mod 27 is replaced by
the continuous and smooth periodic functions cos ¢ and sin ¢ as basic canonical variables. This
was first suggested in 1963 independently by the physicist Louisell [2] and the mathematician
Mackey [3]. This makes very good sense, because any “decent” function periodic in ¢ may
be expanded in a Fourier series where the terms with cosny and sinng can be expressed as
powers of cos ¢ and sin ¢.

The details of the quantization of the phase space S, ; with its global topological structure
St x RT in terms of irreducible unitary representations of the group SO'(1,2) and possible
associated applications of the somewhat unsual quantum framework, especially in quantum
optics, have been discussed elaborately in my long paper Ref. [1].

The characteristic mechanical example representing a phase space with the global topology
S* xR (a cylinder) is a bead moving frictionlessly on a circular wire with radius 7 in a horizontal
plane. The position of the bead on the wire is given by an angle ¢ € R mod 27, but its angular
momentum p, may have any value p, € R, positive or negative, depending on whether the
bead moves anti-clockwise or clockwise. The Hamilton function is

2
H=-"2
2mr}

(9)

Whereas the angular momentum p,, is a constant of motion the value of which depends on the
initial conditions, the angle ¢ has the equation of motion

) OH Do
p=uw dp, mrg’ (10)
with the solution
o(t) =wt+ . (11)

The last relation indicates a property of the simple system which plays an important role
in our discussion of its quantum theory below: The position of the bead on the wire can
always be described by a certain value ¢ € [0,27). But, if not stopped, the bead will pass
that position, e.g. ¢y, many times, namely n = wty/(27) times if it passes the “point” ¢
after £y > 0 seconds again. Thus, if one looks at the history of the motion, the circle is being
“unwrapped” (arbitrary) many times onto a real line R, here represented by the time coordinate
t. Mathematically speaking, the real line is the “universal” covering space of the circle. If the
bead circles around twice it runs through a 2-fold covering, if it circles ¢ times it provides a
g-fold covering.

The existence of those covering spaces, especially the universal one, can have important
consequences for the quantum theory of the system, namely the possibility of having “fractional”
or “quasi orbital angular momenta” (quasi-OAM), similar to those in the Bohm-Aharonov
effect, the fractional quantum Hall effect and similar to the quasi-momenta associated with
Bloch waves in an ideal periodic crystal. It may play a corresponding important role in the
case of the OAM of photons in a cylindrical laser beam (Refs. are given below).
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The basic functions

hn(p,py) = cos @, ha(e,p,) =sing, hs(p,py) =Dy, (12)
on the phase space
Se.p, = {5 =(0,p); ¢ € R mod 27, p, € R} (13)
generate the Lie algebra e(2) of the Euclidean group E(2) in the plane:
{h3, hl}eo Po h27 {h?n h2}<p P — hh {hl’h2}<p po — Y- (14)

If we characterize the points of a plane by a complex number z = x +iy = r ‘¥ then the action
of the 3-parameter Euclidean transformation group on that plane is given by the action of the
two subgroups (for more details see Appendix B)

rotations R(a): z — €%z, a€l0,27), (15)
translations Ty(t): 2z — z+t,t=a+1ib,a,b €R. (16)

Like in the case of the phase space (5) with its Lie algebra structure (8) and its quantization
in terms of irreducible unitary representations of the group SO'(1,2) or its covering groups,
the phase space (13) can be quantized in terms of irreducible unitary representations of the
Euclidean group E(2) or its covering groups (as to Refs. see below):

In any such irreducible unitary representation the corresponding self-adjoint generators
L, X, and X5 of rotations and translations form the Lie algebra

1 ) 1 .
7 (L, X1] =i X>, 5 (L, Xo] = —i Xy, [X5,X5]=0. (17)
The (Casimir) operator
R = X7 + X7 (18)

commutes with all generators of the Lie algebra (17) and thus has the eigenvalue r? in an

irreducible unitary representation. Notice that the Lie algebra (17) is invariant under the
substitution X; — vX;, 7 = 1,2, > 0, so that for R* > 0 we can define the self-adjoint
cosine- and sine-operators

X1 RSP
C = , 5= , CP4+ 57 =1, 19
which obey
1 1
FL[L,C]:z'S, ;L[L,S]:—iC, [C,S]=0. (20)

(Generally the self-adjoint generators of translations are denoted by P; because they play the
physical role of linear momenta, but here their role is different and that is indicated by the
notation Xj.)

One of the crucial differences between the quantizations of the phase spaces (5) and (13) is
that for the former the self-adjoint quantum observable K, which corresponds to the positive
action variable I, has to be a positive definite operator - which it is for the positive discrete
series of irreducible unitary representations of SO'(1,2) - , whereas in any irreducible uni-
tary representation of F/(2) or any of its covering groups the generator L of the rotations has
arbitrarily large positive and negative eigenvalues!

3



In order to keep track of the physical dimensions in the following, it is convenient to introduce

the following quantities:
. h
unit of length : A\g =1/ —— ,r=pA. (21)
mw

We shall also make frequent use of the dimensionless number

e=pte— (22)

C mwr?’

where in general we shall identify the eigenvalue 72 of the Casimir operator R? with the radius
squared rZ appearing in Eq. (9). The limit ¢ — 0 characterizes the classical limit & — 0. (As
to physical dimensions: in the applications below the group parameters a and b of Eq. (16) will
have the dimension of an action, just like p,, .
For € = 1 in Eq. (22) we have w = O(eV) if m ~ m, and r = 107%m.)

The irreducible unitary representations of the Euclidean group F(2) and its covering groups
may all be implemented in a Hilbert space L?*(S!,dy/2m) of functions t(p) with the scalar
product

(ai) = [ GE UML), (23)

The irreducible unitary representations are in general characterized by two real numbers,
namely by the pair [4] (see also the literature quoted in Appendix B)

(0,0),p>0,8€[0,1). (24)

The representations themselves are given by

U ()](p) = e H0%)(p—a) mod 2], (25)
UPS(t = a+ib)g)(p) = e (I/Mplacosetbsing)y ). (26)

The parameter ¢ differentiates between the irreducible unitary representations of the different
covering groups:

For the irreducible unitary representations of the group E(2) itself we have § = 0. If 4 equals
a rational number p/q, with p, ¢ € N and no common divisor, then we have a representation of
a g-fold covering of F(2) (see below) and if ¢ is an irrational number we have a representation
of the universal covering group E(2).

If we define the self-adjoint generators of the 1-dimensional subgroups corresponding to the
parameters o and t = a + 1 b by

U(p’é)(O&) — e—(i/h)Lg « ’ U(p,é)(t) — e—[l/(h)\o)] (Xla + ng) ’ (27>
we obtain . .
ﬁL(;Ef,(;:gaq,—l—&,Xlzrcosw,ngrsirup. (28)

The Hilbert space L*(S!, dyp/27) with the scalar product (23) has the orthonormal basis

en(go):einso,nEZ. (29)



The functions (29) are eigenfunctions of the OAM-operator Ls:
Lse, =h(n+d)e,,n€Z. (30)

What appears surprising is the fact that the OAM-operator can have non-integer eigenvalues.
This is typical for the rotation group SO(2) (or U(1)) which has the non-trivial topological
structure of the circle S* and the additive group R of the real numbers as its universal covering

group SO(2).
With the integers Z as an abelian subgroup of R we may write

—_——

SO(2) =2 S'~ S0O(2)/(27Z) = R/(277Z) , (31)

which is just another way of writing ¢ € R mod 2.
As the group 7Z is abelian, all its irreducible unitary representations are 1-dimensional:

Z — {7120 7} 5e(0,1). (32)

The numbers § characterize the different representations of Z. This is the deeper reason for
the appearence of the additional parameter § in the transformation formula (25) and in the
eigenvalue equation (30). The mathematical background is very thoroughly discussed in Ref. [4].

A further essential mathematical remark is: the first homotopy group m; of S! coincides
with Z, too! This shows the non-trivial topological structure of the circle S* which is not simply
path-connected!

Different 0 lead to different spectra of Ls and therefore such operators are not unitarily
equivalent.

In the discussion above we have assumed that the different irreducible unitary representa-
tions corresponding to different § are all realized in the same Hilbert space with the basis (29).
By making the unitary transformations

en(9) = €M% = e, 5(¢) = e0%e,(p) = TP vy e 7, (33)

we can define a separate Hilbert space L*(S!, dp/2m,d) for each §. In these Hilbert spaces the
generators (28) now have the common form

1 ~ 1

ﬁL(;EL(;:—,aw, Xi=rcosp, Xog=rsingp, (34)
i

i.e. now the operators are independent of §, the dependence of which is shifted to the basis

(33). The basis functions (33) - and any function ¥ (¢) expanded with respect to them - obey

the boundary condition

ens(p +21) = €20 ¢, 5(0) | (o +2m) = 2™ (p) | € L2(SY, dgp/2m,8).  (35)

The spectrum (30) of Ls does not change, of course, due to the unitarity of the transforma-
tion! An additional mathematical interpretation of the phase angle ¢ in terms of self-adjoint
extensions of a symmetric operator is briefly discussed in Appendix A.

Consider now the case 6 = p/q, p,q € N and divisor-free, mentioned above. Then

V(e +q2m) = P(p). (36)
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This property characterizes the unitary representation of a g-fold covering of SO(2).
A value 0 # 0 can have significant physical consequences:
i) The Hamilton operator (discussed in Refs. [5,6])

L? 1 1
0 — — e hw(

Hs —
ST omrz T 2

Dy +0) (37)

i
has the eigenfunctions (29) and the eigenvalues
En75:%eh/,u(n+5)2,n€Z. (38)
The ground state energy is given by
Enos = %ehwéQ or B, 5= %efw (1-10)%, (39)

depending on whether 6 € [0,1/2) or § € (1/2,1). For 6 = 1/2 the ground state is degenerate.

Alternatively one may discribe the system in terms of the operators (34) and the eigenfunc-
tions (33). All the physical consequences are the same, because of the unitary equivalence of
the two descriptions.

ii) The expression

Ls—h (%aw +6) (40)

equals the “covariant derivative”

h s o

;6@_‘_(]‘4‘?"4@:%’ (41)
associated with the component A, = A¢ /7 of the vector potential (in cylindrical coordinates)
surrounding the thin line of a magnetic flux ® which causes the Aharonov-Bohm effect for
particles of charge ¢ [7].
In this case we have

§=—9o (42)
and the Hamiltonian (37) takes the form

q

%(I))Q. (43)

1 1
For single electrons we have ¢ = —e,.
The observable phase shift A# responsible for the change in the interference pattern caused
by the presence of the magnetic flux & is

A@:m&:%@. (44)

The change of the interference pattern ceases for 6 = 1, which defines a flux quantum ®¢(q) =
h/q (or h/|q|) associated with a charge q. ¢ = —2¢; yields the fundamental flux quantum
®y = h/(2e) of superconductivity.

The interpretation of the Aharonov-Bohm effect in terms of unitary representations of the
universal covering group of SO(2) (or E(2)) has been discussed - at least in principle - by a
number of authors [8-13], most explicitly first by C. Martin [9].
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iii) The relations (41) and (44) reflecting the Aharonov-Bohm effect was the stimulating
example for the flourishing of the concept “anyons” and their “fractional” statistics [14, 15]
from 1982 on (see the reviews [16-23]):

If one considers the particle with charge ¢ (spin s) and the magnetic flux ® which influences
it as a new (fictitious) composite entity with “charge” § = 27§ = ¢® confined to a plane
perpendicular to the straight flux line, then this object can be viewed as having an angular
momentum A(n + ). Assume that one has two identical such objects localized at different
positions. If ¢ is the polar angle of the vector s — Z; connecting the two objects, the wave
function ¥(1,2; ) of the relative motion should be symmetric if the two objects are bosons
(6 = 0) and antisymmetric for fermions (§ = 1/2). Interchange of the two is implemented by
the substitution ¢ — ¢ + 7. So the correct behaviour of the wave functions for bosons and
fermions is guaranteed by the property

W2, 10 +7) = €200 (1,2; ) . (45)

For § # 0, 1/2 the last equation defines a new kind of statistics and the associated objects
are called “anyons” and the corresponding statistics “fractional”. As to the associated braid
group symmetry (replacing the usual permutation group) see the reviews quoted above. There
is strong evidence that anyons play a crucial role in the description of the Fractional Quantum
Hall Effect (see reviews). There the parameter 6 = p/q represents the filling factor v of the
Landau levels which becomes fractional due to certain collective mechanisms.

iv) There is still another very interesting physical interpretation of the real numbers §:
The situation here is completely analogous to that for Bloch wave functions of an ideal crystal
[24,25]:

Assume an infinitely long 1-dimensional ideal crystal with lattice constant a > 0. Then it
follows from group theory that the wave function vy (x) of a particle moving in such a lattice
under the influence of a periodic potential V(z + a) = V(z) has the general form

Y(x) = eikxuk(x) , uk(r 4+ a) = ug(x) . (46)

The “reduced” or “crystal” wave vector k lies in the interval [0,27/a) (or [-7/a,7/a)), called
the “first Brillouin zone” of the reciprocal lattice. The quantity hk is usually called the “quasi-
momentum” of the particle. The wave function (46) has the property

Ur(z + a) = Ry (z) (47)

which is to be compared with the relations (35). The periodicity in a of the function u(z) in
Eq. (46) corresponds to the periodicity in 27 of the e, (p)! If we ignore for a moment that x has
the dimension of a length and put a = 27, we can “ identify” § with k& and the interval [0, 1)
from Eq. (24) becomes the “first Brillouin” zone of our orbital angular momentum problem!
It is obvious from the long experiences in solid state physics that a boundary condition
(x4 a) = ¥ (x) would be completely inappropriate, because it would mean & = 0! Therefore
one should be similarly careful with the use of the “quasi-OAM” p = hd! The analogies between
fractional OAM and quasi-momenta of Bloch waves were first pointed out by Schulman [8, 26]
(as to Zak’s related work see Ref. [44] below).

v) Finally there is the related so-called “f-vacuum” structure of QCD associated with an
additional U(1)-symmetry and its (fractional) representations (see the reviews [27-29]). The
relationship between this feature and Bloch waves has been pointed out by Jackiw [30].
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It is to be stressed that non-trivial quasi-OAM ¢ can only be attributed to orbital angular
momenta associated with covering groups of the group SO(2), i.e. to systems with cylindical
symmetries! They appear also in systems with symmetries where the group SO(2) is a maximal
compact subgroup, e.g. for SO'(1,2) or its inhomogeneous generalization ISO'(1,2) (Poincaré
group in one time and two space dimensions).

They are not possible for the spatial rotation group SO(3) the universal covering group of which
is the double covering SU(2) that allows only for integer and half-integer angular momental!

The following remark is important:

Fractional OAM § violate T- and P-invariance, except for 6 = 0 (bosons) and § = 1/2
(fermions) in the following sense: Classically we may write p, = x p, — yp, . This implies that
we have the transformations

time reversal T : p, — —D,, , (48)

space reflection P (v — —x,y —y) : p, — —Py- (49)

The quantum mechanical version of the transformation 7" here is simply implimented by com-
plex conjugation of the wave function:

T: ensle) = el1 00—y () = =N H 00, (50)
For the space reflection P we get
P: (n+d)— —(n+9), (51)

so that the product P o T leaves the wave function e, s(¢) invariant. But the transformations
(50) and (51) cannot be implemented separately within a given representation (25), because
now we have instead of Eqgs. (35):

eralp+2m) = e T2 (), i+ 2m) = My (p). (52)
These complex conjugate functions may be associated with a representation U (p"y)(a), where
TorP: 6d—6=1-9. (53)

So only for 6 = 0, 1/2 we can implement 7" and P within the same irreducible unitary repre-
sentation. Otherwise these symmetries are violated!

This property suggest that fractional OAM should be possible in T- or P-violating systems.
Such systems are realized if an external magnetic field B is applied which violates T-invariance
(5 changes sign under 7'). Examples can be seen above: The Bohm-Aharonov effect (42) and
the fractional quantum Hall effect are both associated with external magnetic fields!

Another T-invariance breaking experimental possibility is to impose an appropriate external
OAM L™ by rotating the system.

I now come to an important point of the present paper: The possibility of fractional OAM
in quantum optics:

Since 1992 [31] there is an increasing number of papers dealing with theory and experiments
(see the reviews [32-35] and some more recent papers [36]) concerning orbital angular momenta
(OAM) of photons in so-called “Laguerre-Gaussian” laser modes, cylinder symmetrical laser
beams the (classical) amplitudes of which contain the azimuthal angle- and OAM-dependent
factors

rl] 6il§0, leZ, (54)
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where r is the radial variable of the cylinder coordinates.

Whereas the spin of the photon provides only a 2-dimensional state space for the study of
quantum information problems, questions of entaglement etc. etc., its OAM provides - at least
in principle - one which can have an arbitrarily high dimension. If implementable this would
lead to a wealth of new theoretical, experimental and even technological possibilities.

The prominent question in the present context is, however, whether one can find fractional
OAM of the photon and separating their properties from those of the photon spin (a problem
still under discussion). In order to obtain such quasi-OAM one probably needs a T-violating
environment such as an external magnetic field or an external OAM. So one has to look for an
“OAM Faraday effect” [37-41], similar magneto-optical phenomena or for mechanical-optical
effects.

One sees from Eq. (54) how the laser beam amplitudes get modified in the neighbourhood of
the central beam axis if the integer [ is replaced by a non-integer [+ 4. Pictures of the intensity
distributions of certain Laguerre-Gaussian laser modes in planes transversal to the central axis
of the beam can be found in Refs. [36].

Experimental generation of fractional OAM has recently been discussed in Ref. [42].

One question is whether one should expect a continuous ¢, a rational or a discontinuous one
in such optical experiment. Again, the Bohm-Aharonov, the fractional quantum Hall effect and
the Bloch waves respectively, indicate the direction into which to look: the Bohm-Aharonov
effect has a continuous J, essentially given by the value of the external flux ®. The system
consists of moving free charged particles with no collective interactions. In the case of the
fractional quantum Hall effect with its rational § = p/q the collective dynamics for the electron
creates some sort of quantum fluid and therefore the situation is qualitatively different. In the
case of Bloch waves the quasi-momentum hk of a “free” electron can be affected by complicated
interactions with the ions of the lattice, leading to energy gaps etc., but also by the influence
of external magnetic fields 24, 25].

The first two examples suggest that one probably should expect a continuous ¢ in the
quantum optical setups used up to now (see Refs. given above) plus an external magnetic
field. But at very low temperatures, with an appropriate medium causing the magneto-optical
“fractionizing”, the situation may be different and turn “rational”!

In order to have a proper theoretical description of all quantum aspects involved one needs
a satisfactory quantization of the phase space (13). It is the purpose of the present paper
to draw attention - especially that of the quantum optics community - to the existing group
theoretical quantization of the phase space (13) in terms of the Euclidean group E(2) and (or)
its covering groups, the associated coherent states and their uncertainty relations etc. I shall
draw on previous work by other authors, but is my emphasis is on the physical possibility of
fractional orbital angular momenta.

Sec. 2 explains und summarizes the group theoretical quantization of the phase space (13).

Sec. 3 discusses a class of coherent states derivable from a minimal uncertainty requirement.
These coherent states form a complete set, but are not holomorphic in the pair (¢, p,).

Coherent states holomorphic in (¢, p,) may be generated in two ways:

Sec. 4: Applying a mapping, introduced in mathematics by Weil [43] and in physics inde-
pendently by Zak [44] in connection with Bloch waves, one can “periodize” the real part q/Ag of
the complex number z = q/\g + iAo p/h (Ao: see Eq. (21)) occurring in the usual Schrodinger-
Glauber coherent states. This procedure leads automatically to the introduction of the fraction
0. Thus, starting from well-known coherent states one can construct corresponding ones for the
group E(2) and its covering groups.



This may even lead to a possible experimental generation of the new coherent states, if one
could construct such “periodizers” for the standard coherent states experimentally!

Sec. 4.2 discusses expectation values and fluctuations of the basic observables C, S and L
with respect to these holomorphic coherent states.

Sec 5: The same coherent states may be generated by a certain complexifiction of the group
SO(2) introduced for compact groups by Hall [45] (more Refs. will be given below). In this
approach the coherent states can be generated as eigenstates of a certain annilation operator B
(a nonlinear function of the generators of E(2)) with complex eigenvalues e ~%% | z = 0+il, 0 €
R mod 2, leR.

The commutation relation B'B = ¢ BB, ¢ = e~2¢, may be rewritten as aa’ — gafa = ¢~V.
That is, the operators B and BT generate a ¢g-deformed Born-Dirac-Heisenberg-Jordan algebra
which, perhaps, may be tested in quantum optics, too.

Sec. 6 discusses the time evolution of both types of coherent states with respect to the
Hamiltonian (37).

Appendix A summarizes the problems associated with a conventional quantization of the
canonical variable “angle”, Appendix B sketches its quantization (together with the canonically
conjugate p,,) in terms of unitary representations of the group F(2). Appendix C contains some
properties of Jacobi’s ¥-functions needed in the main text.

—2e€

2 The Euclidean group FE(2) as the canonical group of
the phase space S,

That the phase space (13) has something to do with the Euclidean group F(2) can already be
seen from the Lie algebra (14) of that group generated by the basic observables (12). For the
Euclidean group F(2) to be the so-called “canonical group” of the phase space (13) it should
fulfill a number of properties (see Refs. [4,46], Appendix A of Ref. [1] and Appendix B of the
present paper):

The group action

s = (,pp) = 8 = (¢, 0),) = gaurl(0,p,)], t=a+1ib, (55)

i) should be symplectic,

dy' N dpl, = dp N\ dp, . (56)
ii) It should be “transitive”, i.e. given any two points s; € S, , @ = 1,2, then there exists a
transformation g, .[...] which maps one point onto the other.
iii) It should be effective [or almost effective], i.e. if a transformation g,¢[...] leaves all points
5 € Sy, invariant, then g is the identity element (o = 0,a = 0,0 = 0), [or g.. is an element
of a discrete abelian subgroup C Z of the center Z of the universal covering group E(2)].
iv) The 1-parameter transformation subgroups induced by group elements

gy = e_AV, v E€R, A€ Lie algebra ¢(2), (57)

generate vector fields fl(s) on Sy, : If f(s) is a smooth function, then g, generates

Af)(s) = lim ~[f(e=AVs) — f(s). (58)

=0y
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Such vector fields generally have the form

aw(@apga) ago + ap, (@,pgo) am; . (59>

But as the transformations (57) are symplectic, the vector fields (58) induced by them are
locally Hamiltonian, i.e. there exists a function f(y,p,) such that locally

ap = —0p, [, ap, = O0,f . (60)

The three vector fields X;, X» and L induced by the three 1-parameter subgroups of F(2)
associated with the parameters a, b and « obey the Lie algebra e(2),

(L, X1 = X,, [L,Xo] = —X1, [X1,X5] =0. (61)

v) Crucial is finally that the three Hamiltonian functions f;, 7 = 1,2, 3, corresponding to the
three induced vector fields X, X, and L are globally defined on S, ,, and obey the Poisson
bracket Lie algebra e(2):

{fSafl}sD7P¢ = fa, {f37f2}<p,p4> =—/i {flaf2}s0,p¢> =0. (62)

All the above required properties i) - v) are fulfilled by the following transformation law
(see Ref. [47] and Appendix B):

9oL, )] = (¢, 1) = [(¢ + @) mod 27, p, + a sin(p + @) — b cos(p +a)].  (63)
According to Eq. (58) the vector fields X1, X, and L can be read off the Taylor expansion of
[l — @, p, — a sin(p — a) + b cos(ip — )] (64)
with respect to a, b and a:
)uflz—singaci)pW )ufgzcosgoﬁpW L=-0,. (65)
The associated global Hamiltonian functions according to (60) are

filp,pp) = cosp, falw,py) =sing, f3(p,py) = Py, (66)

which are just the basic classical observables (12) we started from!

All these group theoretical features as to the classical phase space (13) form the basis for
its consistent quantization, completely similar to those of the “Born-Dirac-Heisenberg-Jordan-
Weyl” group of the usual phase space S,, = {(¢,p) € R?} (see, e.g. the Refs. [4] [1]):

The main elements of the quantization scheme have already been discussed in the introduc-
tion:

In the quantum theory the classical basic observables (12) with their F/(2) Lie algebra
structure (14) become the self-adjoint generators (20), or - explicitly - (28) with » = 1, in
an irreducible unitary representation. At first sight the quantization does not appear to be
unique: according to Eqs. (25) and (26) each irreducible unitary representation depends on two
parameters p and 4.

However, the parameter p represents the freedom of having different numerical values for
Planck’s constant - see Eq. (22) - depending on the system of units employed! One has the

11



same type of freedom in the conventional quantization scheme with its Weyl- Heisenberg group
and the associated von Neumann - Stone uniqueness theorem [4].

The parameter ¢ is new, however. In the introduction we have seen that it is a quantum
manifestation of the fact that the group SO(2) (or U(1)) has an infinite number of different
covering groups each of which can be characterized by its non-trivial center Z, generated by
e?™i/4_ QOr, in other words, the appearance of the parameter § is a quantum effect of the non-
trivial topology of the unit circle parametrized by the angle ¢ € [0, 27)! T have emphasized in the
introduction that there are a number of important physical examples which show consequences
of such a non-trivial topology. Therefore, there might be more consequences of that topology
in physics than we are aware of up to now.

From the Egs. (28) we obtain the explicit form of the self-adjoint operators C, S and Ls:

1 ~ 1
ﬁL(gng:gO@%—é,C’zcosgo,S:sintp, (67)

in the Hilbert space with the scalar product (23) and the basis (29).
Equivalently one may use the operators

1 ~ 1
7—1L5£L5:;8¢, C=cosp, S=sinyp, (68)

in a Hilbert space with the basis (33) for functions with the boundary condition (35).
The operators (67) - or (68) - obey the commutation relations

1
h

1

[Ls,C] =18, -

[Ls,S]=—iC, [C,S]=0. (69)
The last commutator shows that cos¢ and sin ¢ may be measured simultaneously, leading to
a unique value ¢ € [0,27)! This is not so in the quantum theory of the phase space (5), where
the self-adjoint operators K; and K5 corresponding to the basic functions h; and hs from Egs.
(6) with their Lie algebra structure (8) do not commute!

In the following discussions it is convenient to work with the “dimensionless” operator
L instead with L itself. It is always possible to restore the associated h-dependence in the
formulae.

If A, B are any two of the three self-adjoint operators (67) or (68) and 1) an element of their
domain of definition, then we have the general uncertainty relation [48-51], [1]

(AA); (AB); = [(Su(A, B))yl* + il([z‘h Bl)y|?, (70)
for the mean square deviations
(AA)] = (A= (A)p)Y)y . with (A)y = (), AY), (71)
where
Sy(A,B) = %(AB + BA) — (A)y (B)y . (72)

Of special interest for applications are those states 1) for which the relation (70) becomes an
equality (so-called “minimal uncertainty states”). Equality holds iff

(B = (B)yo)tho = 0 (A= {A)yo )t , 0=7—iseC. (73)

12



The real numbers v and s are given by

(SulA By i (A Bl
=AY, Ty aAn (74)

w¢=VMﬂ+32=Eii%z, (75)

the parameter |o| is a measure for the “squeezing” properties of the state 1)y with respect to
the two operators A and B: it describes the ratio of the two uncertainties (AB)y, and (AA),,.

3 Minimal uncertainty states for C, S and L;

As a first step let us determine functions 1)y which obey Eq. (73) for the pair A = C' = cos ¢
and B = Ls = —i0,: The differential equation

(Ls — 0 cos @)to(9) = ((Ls)yo — 0 (Chyo)tho() , 0 =7 —is, (76)

has the solutions

Wolip) = Nei[(lo — 0y + o sing| . N = const. | (77)
where ) )
lo = (Ls)yy > co=(Cy, - (78)

If sco # 0 then ) is not periodic or quasi-periodic (see (35)), i.e. the solution (77) would not
belong to any Hilbert space L%(S',dyp/2m,d). As the commutator [C, Ls] does not vanish we
expect s # 0, according to the second of the relations (74). So we assume

o= (Cy, =0. (79)
For -
bol) = Nei(lo ©+ o sinp) (80)
we have ~
Yol + 2m) = 2oy (). (81)

We can decompose the real number /; uniquely into an integer ny and a fractional part d:
l~0:n0—|—(50,n06Z,506[0,1), (82)
so that

Yol +2m) = 20 ). (83)
Thus, ¥o(¢) is a possible element of the Hilbert space L?(S', dp/2m, dy). It yields the probability
density .

[Yo(p) = INJ? 25 500 (84)
For a given s > 0 the density (84) has its maximum at ¢ = 7/2 and its minimum at ¢ = 37/2

for ¢ € [0,27). For s < 0 the two are interchanged.
The normalization condition

| R =1 (55)
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and assuming N to be real and positive yield [52]:

1 i(ly o + o sing)
= ———c¢€ . 86
doli) = 7 (50
(The modified Bessel function Iy(2s) is always positive for real s [53].)
We have 1,(2s)
1\&$ = 7
<C>1lio =0, <S>1ZJ0 = [0(28) ) <L50>1Zfo =lo. (87)
The second of the last Egs. follows from
T dy 25 sin d
/0 2 singe 57 (25) = 11(25) (38)

(I,(2s) is an odd function: I1(—2s) = —I;(2s); furthermore |1;(2s)|/Io(2s) < 1 [54].)
As

/0 ’ g—f sin? e S — (ZS>11(25) — Ip(25) — %is) | (89)

we have
(5% = 1= sy (CPhig = 1= (S = 5o (90)

and

(Lo =B+ loF (C2hy = B+ 1o 1o (o1)

so that
(acy, - #2(;) (92)

. L) B

(A8)y = 1- 25 1(2s)  13(2s)’ (93)
AL, = Py (94)

For the interpretation of the above and later formulae the following inequality is important:

]1(28) S

1
0< ——~<-.
2s1p(2s) — 2

(95)

It can be read off the series expansions of I; and I (see Ref. [53]). The equality holds for s = 0.
For |s| — oo the ratio (95) tends to 0. It follows from Eqs. (92), (93) and (94) that

I3 (2s)

2 2 _ g _
(AC)y, + (AS)y, =1 T2(35) (96)
and )
(ALs, ), /(AC), = o (97)
For the correlation functions (72) we here have
= 11(28)
L = Ny
<Swo(Cv 50)>1/Jo v <C >1ZJ0 g 9 ]0(25) ) (98>
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and

<S1/10<S7 E50)>¢0 =0, <S¢0(Cv S>>¢0 =0. (99>
From the first of the Eqs. (69) we obtain

Il (28)

<[C> E50]>¢0 = _i<5>¢0 = _iIO(QS) .

(100)

Collecting the corresponding formulae we can verify that the inequality (70) becomes an
equality for A = C, B = Ls, and 9 = 1)y of Eq. (86):

’ |2 ]12(23>

2 T 2
(AC)y, (ALay )y, = 452 12(2s)

= |<S¢o(ov z50)>¢0|2 + i|<[cv £50]>w0|2’ (101>

Of interest are the limiting cases s — 0 and s — +oo for the parameter s: From [55]

I(2s) s L(2s) 1 5
1——) fi 0; 1—-—+0 f 102
10(28)—>5( 2) or s —0; 10(25)—> 45+ (s7°) for s — 400 (102)

it follows that for s — 0 and ~ fixed:

(Shyo — 5, (AC), — %+ 0(s?), (AS)?, — %+ O(s?), (103)

0

- 1 1
(ALg,);, — 5 o> — 572 +0(s%).

For s — o0o:

(S)on—1-0(7), (ACR, — - —=0(), (A, —

S
~ S
(ALy)3, = S+0(1).

1 -3
—+0 104

The 2 limiting cases (103) and (104) show rather obviously the complementarity between
the “observables” C' and S on the one hand and Lg, on the other. In the above discussion we
considered the case of positive s. The case of negative s can be reduced to the positive one by
observing that Io(—s) = Iy(s), [1(—s) = —L(s).

Because of its quasi-periodicity (83) the function 1y may be expanded in terms of the basis
€n,é0 (Qp):

Yo(p) = Z Cn ¢l(0 +n)p , (105)
nez
where [56]
2 .
= (€nos %0) = \/T/ 49 il=(n = no)p + osing] _ 5 no(0)/V/To(28) . (106)

Here J,(z) is the Bessel function of order n. It has the property J_,(z) = (—1)"J,(2), so that
|c_|? = |e,|?. Therefore the normalization condition

n=+oo

> e =1 (107)

n=—oo
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implies the “sum rule”

n=+o0o

[ To(@)+2 ) |Ju(0)]* = 1o(25), o =7 —is€eC. (108)

This is a generalization of the well-known relations [57]

n=+4o00
S Ju(2) Joa(2) = ol(22) (109)
and
n=+oo
J@)+2 > J(x)=1, z€R. (110)
n=1
(One has [p(2s =0) = 1.)
The relation (108) implies
ol <1, Jep|* <1/2 for n=1,2,... . (111)

The parameters v and s obviously characterize properties of the probability distribution
associated with the wave function (86):
The parameter s corresponds to the parameter a > 0 in the Gaussian wave packet

va(a) = (2?&)1/4 et (112)
and determines the width of the distribution. The correlation (72), and therefore ~y, vanish for
the wave function (112) with A = Q, B = P.

In our case the parameter v here describes the correlations (98). A combination of v and
s, namely |o|?> = 7% + s? determines the squeezing properties of the distribution [see Eq. (97)].
If v vanishes then s alone characterizes the distribution and its squeezing properties.

The real number Iy = Kl is the expectation value of the operator Ls, with respect to the
wave function (86). It corresponds to the classical orbital angular momentum p,.

The wave function (86) does not contain a parameter corresponding to a classical angle «
which represents the angle ¢ of the classical phase space (13). This can be taken care of by the
replacement

b ) — _a:;ei[i( —a) 4o sin(p — a)]
Po(p) = Vo i(p) = to(p — a) 6D v i : (113)

(We now drop the index 0 of the number ~l~0.)
The expectation values of C, S and Ls with respect to the wave function (113) may be
reduced to the previous ones by observing that for any periodic function f(¢ + 27) = f(p) we

have orte .
/ do f(g) = / dp £(9). (114)

Thus, e.g. we obtain
2m

o d(p 2s sin( — Oé) % 2 s sin
(Cai= Waip C¥up) = 5 cospe 14 = —— cos(p+a)e Y. (115)
’ ) ) 0 27.[. B 27T
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Observing that cos(¢ + a) = cosa cos ¢ — sin « sin ¢ we get from the relations (87):

. 11(25)
L= 11
(C),i sin « To(25) (116)
In the same way we have
11(28)
.= 11
<S>a,l cos _[0(28) ) ( 7)
I7(2s)
2 2 _ 4
<O>a,l +(S)2; T2(25)
(Ls)o; = l=n+0,0€0,1), (118)
I, (2s) ,
2 1 2
.= 11
(C%) i cos 2 3 Ip(25) +sin® a, (119)
I,(2s)
2 1 2
o= 12
(S%) i cos 2 35 Ip(25) + cos” v, (120)
N I,(2s)
2 2 2 11
;o= 121
<L(5>a,l "+ | | ) 10(25) ) ( )
from which we get
I,(2s) ‘ I (2s)
2 1 2 1
. = 1-— 122
(AC)M cos 2« 25 Io(25) + sin® « ( 723 ) (122)
I,(2s) I3 (2s)
AS)?; = —cos2a——"— al-= 123
(AS)2; cos 20 o 1o(25) + cos” o ( 72 ) (123)
- I(2s)
ALs)? . = 2 =) 124
( 5)6” o] 25 1y(2s) (124)

Notice that the sums of the expressions (119) and (120), and (122) and (123) respectively, are
independent of a/!
Furthermore, for the correlation function (72) we here have

~ [1 (23)
(C. L SR A S 12
<Sa,l(C7 5)>a,l Y oS %5 ]—0(28) ) ( 5)
~ . 11(28)
(ST, S e S 12
<Sa,l(S7 5)>a,l v smo %5 [0(28) ) ( 6)
1, I(2s) IZ(2s) 1
. S = —sin2 - 12
<So¢,l(07 S)>a,l 2 SN 2 <23 Io<28) + 13(28) 2 ( 7)
For ae # 0 the wave functions (113) no longer minimize the uncertainty relation (70):
From Eqs. (122) and (124) we have
- I,(2s) I,(2s) , I3(2s)
AC)Y? - (ALy)?: = 2 2 200 ————— 2 1- = 128
(AO)ai(ALs)or = o137 sy €52 25,2y + 51 @ 12(2s) (128)
I (2s) L(2s) I (2s) I(2s)
_ 2 2 i 2 2 4 B
ol cosa g2 s) T S S T Gy LT B2 T s do2s)]

17



whereas the Eqgs. (125) and (117) give

O 2Ly 2 ol? costa t1(28)
‘<So¢,l<C7L5>>o¢,l’ +4’<S>a,l| = |o]” cos O‘4SQIS<28)~ (129)
The function e ;
gay=1- 128 Do) _ g (130)

C B(w)  wl(x)
which appears in Eqgs. (93), (127),[ here as 0.5 — g(z)], and (128), varies between 0.5 and 0

if |s| varies between 0 and oo. Numerical examples [58] for several functions appearing in the
present chapter:

o L@/ [ L@/ ]| o) ]

0 0 0.5 0.5
0.1 0.0499 0.4994 0.4981
0.5 0.2425 0.4850 0.4562

1 0.4464 0.4464 0.3543

2 0.6977 0.3489 0.1644

5! 0.8934 0.1787 2.32-1072
10 0.9486 9.47 -1072 5.29-1073
50 0.9900 1.95-1072 1.99-10~4
100 0.9950 9.95-1073 4.60-107°

Asymptotically we have for large |z| [55]:
g(z) < 2%32 + O(z73) for |z| — oo. (131)

The numerical examples show how one can influence the different expectation values and
mean square deviations by a suitable choice of the parameter s!

For the special value o = m/2 we have sin(p — 7/2) = — cos ¢ and the wave function (113)
becomes the minimal uncertainty wave function
1 ei[i(gp —7/2) — 0 cos ¢ (132)
\/ ]0(28)

for the product (As)i:n/zi(Ai5)izw/2 5 if we replace C' = cos in Eq. (76) by S = sing:
According to Eqs. (123), (124), (126) and (116) we have now

1

~ . I3 (2s)
(AS)Z:ﬂ-/QJ (AL(S)ZZW/Q’Z = ’<Sa:7r/2,l~(S7 L5>>a:7r/2,l~’2 + Z’<C>a:7r/2,l~‘2 = ’O-|2 !

45212(2s) (133)

As cosp = 1—p?/24+0(¢*) the functions (132) are locally Gaussian ones for p? < 1 and s < 0,

but, of course, not globally! In that local limit the 2nd of Egs. (69) yields [Ls, o] = —i hi-+O(p?).
Notice that the r.h. side of Eq. (129) vanishes now, but the r.h. side of Eq. (128) does not!
Instead of the coefficients (106) we now get for the functions (113)

_ i _ AP i[—(m — n)p + osing]
Cm (6m,57 ¢a,l:n+5) 10(23) : 27_(_ (& (134>
e—i(m+d)a

= ————Jnn(0), meZ.
10(28)
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The last result and the relation (108) can be used to show that the states (113) form a complete

set:
27 do n=-+00 1 n=—+00
/O %n;m(eml,&%,nw) (Yo, nt6 Emas) = 6m1m2—]0(28) n;w Ty () Ty —n(0) (135)

= 1 for my = my,

= 0 for mo # my .

Two different states (113) are not orthogonal:

(a1 — )] — s cos|

iag—oq il l~2 2 sin
ilar — an)(l + 1)/ [@ [ )

(Z/}az,l}’ waljl) - ]0(25) (’y sin[

NN
NI (N |-

(041 _ Qg)]):| <l~1 - l~2)/2
(1 — az)])

x Iy g, (2\/52 COSQ[%<051 —ag)] — 2 siHQ[%(al - 0@)]) .

(o1 — as)] + s cos|

The matrix element (136) may be calculated as follows: First use the relations

sin(p — ay) +sin(p —ag) = 2 cos[%(oq — )] sinfp — %(oq + as)], (137)
sin(p —ay) —sin(p — ag) = 2 sin[%(al — )] cos[p — %(Oq + az)]
for the integrand of .
/0 ;l—f@/f;,l; Do gy -

The resulting integral can be evaluated by using integral tables [59].
Parts of the wave functions (113) have been discussed previously:
De Bievre [60] and later Torresani [61] considered the functions

Xan(p) =tV 8P —@) R (138)

and the associated integral transforms

+7/2
fi(a,7) Z/_ dep Xann(p) - (139)

w/2

Their approach was motivated by the problem that the Perelomov construction of coherent
states for Lie groups [62] does not work for the group E(2) because the irreducible unitary
representations (25)-(26) are not integrable in the following sense: Let us put 6 = 0 and
combine the two formulae into one (with & = 1):

UP(,a, b)) (ip) = e 0P (@ COSP FbsN@)y ) (140)

Then one can show that

/ dacda db|(v, UP (v, a, b)) |* = oo, (@) € L*(S*,dp/27) . (141)
E@2)
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Note that the function (138) is closely related to the transformation (140) if one puts a = 0
and b = —.

The “coherent” states (138) are unsatisfactory for the following reasons:

We have already described above that the parameter v characterizes the distribution, not
the expectation value of a physical observable (one has (Xa,y; LXa,y) = 0!). In addition there
are problems with the completeness relation which here requires that the function n(y) in (139)
has to obey - among others - the condition

/W/Q dy _|77(90)|2 < 00, (142)

—x/2 Ccos

which means that 7(p) should vanish sufficiently enough at ¢ = £7/2. The problem may be
exhibited heuristically in the following way: We have (see Eq. (134))

2w d . . . o .
Cm = (6m7 XOé7’Y) - /0 % ell(,y Sln(gp O{) ngp) =e€ o Jn(,)/) ) (143)

from which it follows that

~+o00 2ﬂda Feo 2 oo 2
/ d’)// % (emu Xa/y) (Xa,’ya emz) = 5m1m2 / dy ’]m1 (7) =2 (sﬂnmz / dry Jml (7) )
—o0 0 - 0
(144)
As [63]

1 [7 o _
J2(y) = —/ dp Jo(27 sin ) cos(2ny) , / dye €T Jy(2sinpy) =
0

1
™ 0 V€2 + 4sin?

| a1 [fap 22 (146)
0 ™ Jo Ve +4sin® o
Taking the limit ¢ — 0 we see that the integral (144) diverges.

Isham and Klauder [64] avoided the difficulties (141) by introducing an additional averaging
over the parameter p, i.e. by averaging over different irreducible unitary representations. Such
averaging modifies e.g. the integral transform (139). We have seen above that such a procedure
is not necessary if one allows for quasi-OAM.

Kowalski and Rembieliriski mention the states (113) (with v = 0) in the introduction of
their paper Ref. [65], but discard them, because they allow only for representations with 6 = 0,
i.e. [ would have to be an integer!

) (145>

we have

4 Generating coherent states on the circle by means of
the Weil-Zak transform

There is an elegant way of generating coherent states on the circle from those well-known ones of
the harmonic oscillator. The method makes use of a transform discussed by the mathematician
Weil [43] and independently by the physicist Zak [44]. In the present context it has been
introduced and employed by De Bievre and Gonzalez [66] and Gonzédlez and del Olmo [67]. It
leads automatically to the introduction of fractional orbital angular momenta ¢! The basic idea
may be sketched as follows [68]:
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Consider a function f(¢) € L?*(R,d¢), then one can define a function () on the unit
circle by

fOp) =Y T2 (o  2mn), e [0,27), € 0,1). (147)

neL

The function £ () has the following properties:

FO(p + 27) = €120 £ (i) (148)

with 0 = 278 one has

2 dg 2m (5) B 2 B +o0
/0 gfo do|f (w)IQ—/0 ds02|f(<p+27rn)|2_/ de |£(9)]2. (149)

neL o0

The inverse of the transform (147) is given by

2T 35 . 0~ 2T 35 . 0~ L~
f(g0—|-27m):/ d—(seméf(é)(ap):/o d—éemé Ze_lméf(gp~l—27rm). (150)

0 2m 2m
meZ

The normalized coherent states on L*(R, dz) associated with the harmonic oscillator are [69]

L —(al? +0?)/2 ~(@/X)*/2+V2az /X \ _ [ ] (151)

(mAg)1/4 mw’

Uua(z) =
where the complex numbers a = (q/A\g+iXop/h)/V/2 are eigenvalues of the annihilation operator

1 :
a= E(Q/)\o + i P/h) . (152)

For the following it is convenient to introduce dimensionless quantities
E=x/h, G=q/do, D= p/h, 2=V2a=G+ip. (153)
We then have on L*(R, d¢)
w(£) = (71')_1/46_(’2'2+Z2)/46_52/2+Z€, (154)

where the factor holomorphic in z,

— 2274 = 2"

T AT AN S H(E), (155)
n=0 ’

is a generating function for the orthogonal Hermite polynomials H,,(§).

For the ensuing discussions it is instructive to introduce a dimensionless parameter ¢ > 0
which has the value ¢ = 1 for the quantum theory and which characterizes the classical limit
h — 0 as € — 0. This can be done - compare (21) and (151) - by replacing the wave function
(154) by
WOE) = (em)-1/e— (217 + 22)/(4e) (—€/(26) + 28 /e. (156)

z

21



with the properties

/ dgul"(€),ul(§) = 1, (157)
R

dqdp .«
/Rz ot (€ (E) = 66 - &), (158)

The relation (158) represents the completeness of the functions (156) (here (&) stands for the
usual J-function!)
If we define the dimensionless operators

~ -1
we have the expectation values
Q= [ A QU = (P)u= e (160)
R
so that . .
a9ul =20l a9 =Q+ieP. (161)
Egs. (160), (161) and
(AQL* =5, S((AP).) =3, (162)

show that for the classical limit € — 0 of matrix elements the product e P should be kept fixed,
because p as defined in Eq. (153) represents the classical momentum and e stands for Planck’s
constant made dimensionless.

In case one wants to discuss matrix elements of the (dimensionless) operator P, then e serves
as a squeezing parameter (divide the second of Eqgs. (162) by €!)

Applying the mapping (147) to the states (156) yields

wle () = (er) " e—(|z|2 + 2%) /(4e) Ze—i27m5 o+ 21mn)?/(2¢) + z(p + 27n) /e (163)

— (em) el = 2/ () + (0 = 2%/ Q) i (p — = + ied) Je, =27 /€],

where

Da(Coa =) =05l = Soq" 2 =143 " cos2nC (164)
n=1

neL

%(T) > 07 193(_(7 Q) - 193<<—7 Q) )

is the third of Jacobi’s ¥-functions which is an entire (holomorphic) function of ¢ (see the
literature quoted in Appendix C).

In Eq. (163) we have 7 = 2im/e. For real ¢ the function 93 is real-valued for real and ima-
ginary arguments (. It has its zeros at the points (y = (m + 1/2)7 + (n+ 1/2)77, m,n € Z. If
7 is purely imaginary, there are no zeros on the real or imaginary axis and /3 is positive there.

Using Jacobi’s famous identity

Is(C|7) = (—ir) 12 8 1 (TT) gy ¢ pr) — 1/7), (165)

22



we can express Eq. (163) as

1 4 2 2 o 52 , _
U(e 5)<90) _Qﬂ— (—) e (|Z| z )/(46) 6[1(90 2)5 €0 /2] 193[(90 — 2z 4+ 265)/2, qg=2e¢e 6/2] .
(166)
As 93(C, q) has the period 7 in ¢ it follows immediately from Eq. (166) that
w4 2m) = 20Ul (). (167)
We now interpret the complex number z as
z=0+il, 0=Rmod2r, [ R, (168)
so that 3
2|2 — 2% = =20zl = 2(1* — i0]) . (169)
The scalar product
1 €\ 1/4 7 2 00
wedy = — (£ —[l —e(m+0)]7/(2¢) ,if[l/(2¢) — (m + )] 170
(em 5 U ) \/ﬂ ( ) € € ( )
yields the completeness relation
+o0 di 2
/ ——t/“ 00 ey 5,15) (U, €10,5) = (17)
+oo 2 ~ ~
L L [ [ apeitns =m0 o=l e 9+ (0= clmact BN/
T or \/5
- 5m1m2 )
where 3
(= o)fe _q ¢ = const. 172
fo 0= [ 5 [ Ve / / )
has been used.
For the function (166) we get the scalar product
1 7eNY2 _(]_ 52 L _
(@D, ule) = (;) e~ (L =€) /€9 li(l — e6), g = e~ €] (173)
1 ~ 2
= 2—193[7r(l —ed))e,q=e" T /6] . (174)
7r

The equality (174) again is a consequence of the identity (165). Thus, we have the normalized
coherent states

1/2

(e . . . 21

ug’@(@:cﬁwg’@@),cw:( N : ) NGE
Oln(l — €d)/e, g = e~ /€]

Combined with Eq. (170) this gives the transition probability

e\ 1/2 e [Z—e(m—l—é)]Q/e
pl(m,d) < 2] = \(em#;,ﬁge’é))ﬁ = (;) : 9 (l~ 5)/ —7T2/€] .
sim(l—€d) /e, q=c¢

(176)
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The numerator of Eq. (176) has its maximum for [ = e(m + §) with J3(7m, q) = 95(0,¢) for
the denominator.

Here and below the use of 93 with ¢ = e
considerable advantage: Numerically one has

2
—T°/€ instead of g = e € has the following

2
g=e T ~52.107°. (177)

On the other hand, expanding ¥3(C, ¢) in powers of ¢ (see Eq. (164)) gives :

U5(¢, q) = 1+ 2q cos(2¢) + O(q), (178)

so that 3 in (174) differs only very slightly from 1! For ¢ — 0 we even have ¢ = e/ )
We shall use this argument frequently in what follows. In that way one gets very reasonable
approximations for a number of expressions which contain ¥-functions. This was previously
pointed out by Kowalski, Rembieliniski and Papaloucas [70].

The function (163) may be written as

W () = (em) Ve l(e — 0)° +il(0 — 2¢)]/(2€) Dslim(o — = + i€d) /e, 6—27T2/6} . (179)

z

It yields the probability density

€ 2T (- b)?e [Uslimlp — 2 +ied) e, 2T/ 50
pz ((,0) \/& 193[,”([_ 65)/67 6_72/6] ( )

Notice that )
(em)~1/2 e—(p—0)/e — (¢ —0) for e - 0, (181)

so that in the classical limit we have ¢ — ¢ and the argument of 3 in the numerator of Eq.
(180) approaches (I — €d) /€.
For the scalar product of two coherent states uge’é)(gp) we get

(1.5 (152
_ Qi <£>1/2 o[= (11— €6)?/(26) — (I — €0)*/(2€)] i[(61 — 02)8 — (Br]1 — 0ala) /(2€)]

xV3[(2f — 2 + 2i€6) /2, e~ €]

which reduces to the expression (173) for zo = z; .

4.1 Coherent wave functions holomorphic in z

In the case of the conventionial coherent states (154) or (156) it can have advantages to deal with
wave functions which are holomorphic in the variable z and incorporate the non-holomorphic

2
factor e~ 121/(2€) into the measure of the integral (158). In that way one obtains Bargmann-
Segal Hilbert spaces of holomorphic functions [71].

Similarly one can split off a non-analytic factor from the function (166) and define

WD (@) = 90 Pul(p — 2 +ied) /2, e €127 (183)
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as the in z holomorphic part, which, according to Eq. (165), can also be written as

w9 = (£) 7 i ol = 2 160 26) g finp 2 1 i) e, 2R (184)

€

B <2_7r)1/2 e_[(sp —0)* - (l~— €6)?]/(2¢) ei[i(gp —60)/e + 00] dalim (o — = + i€d) e, e—27r2/6]'

€

Similar to the H,({)-generating series (155) the function (183) may be interpreted as a
generating one for the basis e, s(¢) (with € = 1):

W= () = 30 e 2 () e ensle) (z) = e (185)

We have the scalar product
(W, wl?) = [(l—€5) ] (186)
/2 /5 - 2
- ( ) J€95[m(i — €8) Je, =T /€] (187)
€
= (ND)72 N >0,

z

and therefore the normalized wave functions

R S COF (188)

z

The scalar product between two different states is given by

(WD, w®) = Bal(s] — 2 +2ie8) /2, e (159)
- (91/2 e~ (25 = 214 2i€0)*/(4€) g fim (22 — 2y + 2ie5)/(26), = /€],
As
(ems, WD) = Fos(z) = —e(m?/2+ mé) ,—imz _ ,—em?/2 +m(l — €§) ,~imf (190)

we have the completeness relation (see Eq. (172))

L (i —es)fe [ B WD) (1)
my,6, W © © y Ema,d) = 5m1m2 : 191
v o (€mi.s J(W:, emy ) (191)

The functions fm.s(2) therefore form an orthornomal basis of a Hilbert space Hy of functions
f(2) holomorphic in the strip z € S* + iR with the scalar product

(.= [ =T [ SR A, (192)

so that the functions f(z) € Hy may be expanded as

- Zén f",f;(’z) ) Cp = (fn,&f)z- (193)

nel
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The relation (190) provides a unitary mapping between the Hilbert space of functions f(y)
with the scalar product (23) and the Hilbert space Hy:

If
=S bnens(®)s bu= (ens f). (194)
nez
it follows that
(fwl) =Y "0 fas(2) = f(2), (195)
nez
from which one infers that .
by, = (fns: f)- (196)
Unitarity can be seen from
=Y P =(f. - (197)
nerz
and the inverse mapping:
If one has .
= e fus(2), &= (fusr )z (198)
nez

then the inverse mapping is

=2 Caenaly) = Rfel—we_d%&?/ Slzﬂ ana ens(p) = (F,wl (). .

(199)
If we replace the unnormalized wave functions (183) by the normalized ones (188), then the
completeness relation (191) takes the respective forms

d_i —(l~—e5)2/e v —€ / do NENEY,
| = lil = e0).e™] [ T (e 0N @ ) (200

2
/ dlﬁB[ (l - 65)/6 e_ﬂ /6] / d_e <6m1,57 wgejé))(w,(;ﬁ% €m2,5> = 5m1m2 .
R

€ g1 2m

Finally, the reproducing kernel K(z1, z3) is given by

K(z1,22) me; 21) frs(22) = 03](27 — 29 + 2i€d) /2, €] = (ngﬁ),wggé)). (201)

nez

It fulfills the usual properties:
K(z9,21) = K*(21,2), (202)

[ o) KoK (m) = Kaz),
S1xR

/ dp(0,0) ) K (2,21) fms(2) = fns(21),
S1xR

—(lN— 65)2/6 dl~ do
NI

du(9,0) =
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4.2 FExpectation values

Next we have to calculate the expectation values and the mean square fluctuations of the
observables C' = cosp, S = sing and L = hL = (1/i)0, with respect to the normalized wave
functions (175) or (188). As the d-dependence will always be in the wave function, the index
§ of the operator Ls will be dropped. Several of the following expectation values have been
discussed by Kowalski et al. [70] for the special cases § =0, 0 = 1/2 and € = 1. These authors
require T-invariance (see the discussion in the final part of Sec. 1 above).

It is convenient to start with the form (183) of the wave function, with its normalization
factor (186) and use the identity (165) later:

Defining ' .
U=e W, Ul=¢¥, (203)
we get
7 €
<U>ge,5) — (wge 5)’ Ut 5)> —if —e/4 792[2({— €d), e ] ’ (204)
I3[i(l — €d), e €]
where

9(Coq = €Y = 05(clr) = 3 g H D @A DC T §() 5 0, 0y(—C,q) = ¥5(Cq).

nez
(205)
Instead of the identity (165) we now have the following one:
2 /-
Da(Clr) = (=im) 2 T gy (¢ /el = 1) (206)
with _
2 .
94(Cog) = D (~1)"g" €2 = 1423 (—1)" cos 2n¢ . (207)
nez n=1
Thus, Eq. (204) may also be written as
. i_ —7%/e
(U)e) = ¢~ o€ /4 194[“{ /e e_ 2] L (208)
O3[m(l —€d) /e, e T /€]
In the same way we get
: i —m?/e
(et — i —e/a Dl — e e T 7] (200
Daln(l — ed) /e, e /€]
so that
7 —7? /e
(C)) cosf e~/ 194[7T(l~ D)/e e 3 . (210)
Oa[n(l — €8 Je, =T /€]
s 2
<S>(6’6) = sin66_6/4 Valr(l = €d) /e, e " /6] (211)
z ~ 2
Dalrn(l — € Je, e~ /€]
Combining
94(C,q) = 1= 2q cos(2¢) + O(q*) (212)
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with the Eqgs. (178) and (177) we have the very good approximation

Oalr(i — eb) e, e /€]

s =1-— 46_7r2/6 cos[2m(l — €d) /€] + 0(6—27r2/e) : (213)
Da[r(l — e8) /e, e~ /€]

. —27? -9
Notice that O(e )=10""!
For the expectation value of the orbital angular momentum operator we get

1 aws[ [ —ct), <)/l

(L)) = § + (214)
2 yfi(l = e0), e=¢]
Again using the identity (165) yields
/ —7?/e
LD = T4 oo g TR D) T ] (215)
2 95[m(I — ) Je, =™ /€]
where 94((, ¢) means the derivative with respect to the full argument . As
/ 7 —7T2/€ 2 ~ 2
193[7T(l 65)/67 € ] — _4 6—7T /6 Sln[27r(l o 65)/6] + 0(6—27T ) 7 (216)

9g[w(l — €b) e, e /€]

the last term in Eq. (215) constitutes only a very small correction which vanishes in the classical
limit € — 0.

It follows from Eq. (215) that in classical limits of matrix elements now the product €L
should be kept fixed! See the corresponding remarks for P after Eq. (162).

From , .
()6 = =€ (U = emC P, (217)
we get
(C?) () = % + e € (cos? 0 — %) : (218)
1 _ 1
(ACKDY = S+ e o0 3) - (219
_eye e\
_6_6/2 cos? 6 4[7r(l~ /e 6_W2/6]
U3[n(l —€d) /e, e ]
(969 = L4 (s 3). (220)
1 _ 1
((AS))? = 5 te € (sin? 6 — 5) - (221)

It follows that

(ACYED +((AS)ED)? =1 = (222)
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In view of the relation (213) it makes good sense to approximate that ratio ¥,/ by 1! In
that approximation the fluctuations (219) have their maximum for cos§ = 0, namly (1—e™€)/2.
We further have the following relations

/ 2 9N
vy w s

2 /72\(e0) _ € 7 2 7 3,0 78
e? (L)} 2+(l+e<5) +7r(l+e<5)?93+ 19, (223)
2 " /12
2(AfYey2 — €T (Vs s
Aan@y = S+ (%), (221)

where the function 5 and its derivatives mean the same as in Eq. (215).
With the approximation (178) the relation (224) takes the form

2 ((AL)9)? = % — 272 6_7T2/€ cos[27(l — €b) /€] + 0(6_27T2/6) . (225)

Finally we get for the correlation function (72) with A= C, B =L and 1) = IS

&) (v s _ T —e/d Uy 79_21_19_%
e (S;(C, L))} 5 € cos 6 7 (194 3 (226)

= A7 e_ﬂ2/€ e~/ cosd sin[2m (1 — €d) /€)] + O(e_2ﬂ2/€) :

The states (183) are no minimal uncertainty states for the operators C, S and L. This can
already be seen in the ¢° approximation mentioned above: For the left-hand side of the relation
(70) we here get with € = 1:

(AC)ED)2 (ALY = ~ = + e L(cos? 0 — 1/2) — e~ /2 cos? ], (227)

1
2

[

1
2
whereas the right-hand side is (the square of the correlation (226) is negligible here)

—1/2 gin2 0, (228)

—e
The difference between the two sides has its minimum for cos# = 0. In that case the inequality
reads

1—eYjase 124, (229)

We shall see below for which self-adjoint operators the coherent states (183) are minimal
uncertainty states.

For physical applications the dimensionless operator L should be multiplied by A in the
formulae above and [ + & replaced by (I 4 1) /h:

L=L/h, l+6=(1+p)/h, p="ho. (230)

Notice that the quasi orbital momentum ¢, a genuine quantum quantity, appears in the
formulae above generally in the form €4, i.e. it vanishes in the classical limit as it should.

As to the mathematics: The ratios of ¥-functions appearing above may be expressed by
Jacobi’s elliptic functions. Examples will be given in Appendix C.
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5 Holomorphic coherent states on the circle generated
as eigenstates of composite annihilation operators

Like the conventional Schrodinger-Glauber coherent states the states (183) may also be gen-
erated as eigenstates of certain “annihilation” or “ladder” operators. This was first done “by
hand” by Kowalski et al. [70] for the special cases 6 = 0 and 6 = 1/2, because the authors
imposed T-invariance.

Following the work of Hall on coherent states [45] Thiemann and coworkers [72, 73] sys-
tematically constructed coherent states for the groups U(1) = SO(2) = S (with 6 = 0) and
SU(2) in connection with problems of the classical limit for Loop Quantum Gravity. Finally,
Hall and Mitchell [74] discussed the case of general S™. (The method of Ch. 4 generalizes to
n-dimensional tori 7™ for n > 1. Only for n = 1 the two methods give the same results because
T = S'.) The basic idea of Hall was, to extend certain functions of the configuration variable ¢
to holomorphic functions of the complex variable z = ¢+ ip (I here consider only 1-dimensional
configuration spaces). Let us see how this works for the conventional coherent states (156):

First let us change the normalization of the functions (156) without changing their essential
properties. The slightly modified functions

P/ (e 220

€) _
/UZ (5) - (671')1/4 € (231)
have the properties
[ e ©u09 = 1. 232)
R
dgdp .«
/ LR () o(6) = 86— &), (233)
R2 e
The functions (231) can be generated in the following way:
The é-function
PO ()

04(6) =0 — ) = o dpe (234)
may formally be considered as an “eigenfunction” of the position operator Q = ¢ with
“eigenvalue” q: 3

Q05(§) = £04(8) = G 04() - (235)
Applying the operator
=y L
Cp=e" /12 Py, (236)

i

to the generalized function (234) yields

Crsi©) = [ dpem /2P~ 0) = ), )

which is - up to a constant - just the limit &(z) — 0 of the holomorphic factor

o= (&= 2)%/(2¢) (238)

of the coherent state (231). Conversely, we only have to replace ¢ in Eq. (237) by z!
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Using the relation
1
eABe A =B y[A B+ SIATA B+ (239)
yields ) ) 3
CpQCp' =Q +ieP, (240)

which, according to Eq. (161), is the annihilation operator with eigenvalues z.
The method works for the coherent states (183) in the following way:
Le f(¢) be a smooth test function with the property

flp+2m) = 2T f(). (241)
The é-function for this type of test functions is
Solip) = (P~ S ginlp =) (242)
nez
because
de ., _ i(n+0)0 _ _ / de —i(n+6)p
[ 500 50) = Lane —116). = [ 5P o). o)

nez

As dy(¢p) is a complex functional here, one has to take its complex conjugate in Eq. (243) [75].
(There should again be no confusion between the J-functional (242) and the parameter § which
characterizes the quasi-OAM!)

Applying the operator

) ©

S LR (244)
1

to the o-functional (242) yields

CL(59(90> _ Ze—e(n+5)2/26i(n+5)(g0—9) (245>

nel

el —0)0 — €”/2 Us[(p — 0 + i€d), 6_6/2] :

Replacing the real variable # by the complex one z = 6 + il yields, up to a ¢- independent
factor, the holomorphic part of the functions (166) or (183), respectively. Thus, the operator
C, acts as a kind of “complexifier” [72,74].
That complexifying procedure has another intriguing aspect [74]:
The configuration space S! may be parametrized by the two functions cos @ and sin # which
obey
cos? 0 +sin?0 = 1. (246)

If we replace 0 by z = 6 + il, we still have
cos’z4sinz=1, z=0+il, #cR mod2r, [€R. (247)

Thus, we may characterize the phase space (13) by the complex sphere S& given by Eq. (247)!
Using the commutation relations

LU =-U, [LUT=U" U=c"", (248)
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and the relation (239) yields

Ut =L+ _p =5 (249)
It follows that
Benslp) =M= e 15(0), B cpslp) = MHEIT12 e 5(0).  (250)
That action of B implies that the functions (183) are eigenfunctions of the operator B:

Bl = qud = e=i® 204l 25)

z

This may be verified - using the relations (250) - either by direct calculation or from the ansatz

B Z Cn€ns =1 Z Cn€ns s (252)

nez nez
which leads to the recursion formulae

Cop1 = ne € (n+0+1/2) Cn s (253)
¢, = 1 e—6n2/2 —neod ‘o
_ —en?/2 2ni(—z + i€6) /2,
Inserting these ¢, into Eq. (252), with ¢q = 1, yields wge’(s)(go).
The operators B, BT and L have an interesting algebraic structure of their own [70]:
It follows from the relations (250) and (248) that

B'B = e 26ppt=c262L+1) (254)
B'Be,s = efl2(n+0)=1], - (255)
[B,BY] = 2(sinhe) el (256)
[L,B] = —-B, [L,B"]=B". (257)

Recall that these operators act in a Hilbert space L?(S', dp/2m, ) the elements of wich have
the property (35).
If we define the self-adjoint operators

K=B+B'", J=iB"-B), (258)
we have ~
(K, J] = 4i (sinhe) e2€L . (259)
Writing
) = @l (260)
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for the normalized coherent states (188), we have the expectation values etc.:

(), = KI) = ntn'=2cos6e!, (261)
(J), = iln*—n)=—2sinfe (262)
tanf — — 5}?;; | (263)
[ = W[((K)}+ (J)2)/4]"* (264)
(AK)? = (2= 1)y = (¥ -1, (265)
(AT = (26— 1)y = (26— 1) (266)
(Sy (K, D))y = 0, Sy(K,J) = (K J+JK)/2 = (K}, (), (267)
(K, Ty = 20 (26— 1)nn = 2i (26 — 1) 2, (268)
From the Eqs. (265)-(268) it follows that
(AR (AT = 7 HIK Tl (269)

This shows that the coherent states (260) are minimal uncertainty states for the self-adjoint
operators (258)!
Defining

Ay =(+e29712p Al = (147207128, (270)
N.s=1L+ %ln(Qsinhe) , (271)
the commutation relation (256) takes the form
Aes AL(S — qAL& Acs = q_Nﬁv‘S , = 6_26 ) (272)
This is one possible form of a so-called “g-deformed oscillator algebra” [76-79]. However, as
(ensy Nesens) =n+0+ % In(2sinhe), neZ, (273)

the operator N.s is neither bounded from below nor are its eigenvalues in general integers!
Numerically one has for e = 1:

%1n(2 sinh(1)) = 0.427 . (274)

By an appropriate choice of § one can make the expectation value (273) an integer.
Aspects of the representation theory of the algebra (272) in the context of the euclidean
group F(2) have been discussed by Woronowicz [80] and Rideau [81].
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6 Time evolution of the coherent states

Let us have a brief look at the time evolution of the states (113) and (183) under the action of
the Hamiltonian (see Sec. 1)

hw ~2 -
H5 = 67[/5 y L§ = —i&p, (275)
The corresponding unitary time evolution operator is

Ug(t) — e—i(Hg/h)t _ e—iE(E52/2)u)t‘ (276)

It is of general interest to determine the kernel (“propagator”) Kt(a)(go — ¢) which solves the
initial value problem

ihow(t, ) = Hsyp(t, @), d(t = 0,9) = x(), (277)
namely ;
vite) = [ SEKO - o), lmKP(e =) = b0 - 9), (27%)

where 0(p — ¢) is given by Eq. (242).
Inserting the ansatz

K (9) = k() ens(e) (279)

nez
into the Schrodinger Eq. (277) yields

: 2
so that

KO -0) = 3 o—ie(n +0)’w(t —in)/2 ji(n+0)(p — @) (281)

_ —iedPwt )2 i(p — ¢)d 9sl(p — 6 — ebwt) /2, g = e 1wt =) /2]

In order to insure convergence of the series (281) one has to give the time ¢ a small negative
imaginary part —in,n > 0, which is to be taken to 0 at the end of the calculation (278). The
situation is completely analogous to the case of the kernel for a free particle in space where one
has to proceed in the same way (i.e. t — t — in) when Fourier transforming [82]. The kernel
(281) obviously has the required property (278) for ¢t — in — 0.

Again using the identity (165) one gets the following alternative form for the kernel (281)

o 6—@'652wt/2
[iew(t — in)]V/? | |
03 {m[p — & — bt — in)]/[ew(t — in)], g = 2™ /lew(t =)y

Kt(é)(@ —$) = e U edwt)? [ (2iewt) S —9)d (282)

For ¢ = 1 and 0 = 0 the expression simplifies considerably and takes a form similar to the
kernel of a free particle (with mass m = 1/2 and & = 1) in one space dimension [82]:

Koo —y) = (4rit) V2 @ = )*/(40) (283)
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(Up to now I have assumed ¢ > 0. If ¢ < 0 the formulae above change accordingly.)

For e = 1 and 6 = 0 the kernel (282) is very closely related to the corresponding kernel of
the heat equation on the circle [83].

If the function x from Eq. (277) has the expansion

Z Cm €m 5 Cm<X) = (em,(s? X) ) (284)
meZ
then the time evolution (278) takes the form
Bt p) = e~ 10 WL/2 (198 G miew(t — inym?/2 gimlp — edu(t =il () (285)
mez

In the case of the states (113) the coefficients ¢, are given by Eq. (134), so that we have

Ganss(typ) = eTie0 W2 ilp —a)d (286)
% Z —iew(t — in)m*/2 eim[gp —a — edw(t —in)] Torn(0)//To(25)
meZ

The time evolution of the states (183) can be obtained more directly:
Applying U(t) from Eq. (276) to them yields

Ut)w (p) = e—iedz wt/2 gipd Us3(p — 2z — edwt +i€d) /2,q = e—e(l+ th)/2] . (287)
Another possibility is to apply U(t) to the state (245) which amounts to the replacement
e — (1 +iwt), (288)
because _
Ut)Cp = —€(l+iwt)L?/2 (289)

The result (287) means that U(t) generates a time-dependent phase for the function (183),
replaces the angle # in the argument of 3 by the time-dependent 6 4 (e wd)t one and gives the
real parameter ¢ a time-dependent phase:

—€/2 —iewt/2 . €1

=qoe , le. 70:2——>T(t):7'g(1—|—@'wt).
m
(290)

R q(t) _ 6—6(1 +iwt)/2

qo = €
Notice that for 6 = 0 only the parameter ¢ remains time-dependent!
The above expressions show that a non-vanishing d leads to non-trivial complications of the
time evolution for the states (113) and (183)!
The propagator (281) was first analysed by Schulman [5] and for the special cases € =
1,6 = 0and § = 0.5 the time evolution of the states (183) was discussed by Kowalski and
Rembielinski [84].
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Appendices
A The “fault” of the angle

The present appendix summarizes the arguments, why the angle ¢ itself it not a good global
observable on the phase space (13), neither classically nor quantum theoretically and why it
should be replaced by the functions cos ¢ and sin !
Let me start with a well-known classical example, which illustrates the main point:
Consider an infinitely thin arbitrarily long straight conducting wire extending along the
z-axis of a rectangular coordinate system and having the charge density ¢ per unit of length.
In the punctured (z,y)-plane orthogonal to the wire we have the electric field

—

= o i

E(7) e T 7= (x,y), divE =0, curlE =0, on R? — {0} . (291)
0

The field (291) may be derived from a potential ¢.:

B gradon(r), o) =52t (L), = VAR e -0}, (o
€ To
where ¢.(r) is a well-defined smooth function on the punctured plane R*—{0} with the following
global property:
If C_5 is any smooth path in the punctured (z,y)-plane from a point P; to a point P,
then the potential difference

6u(Py) — 6,(P) = / dg, = /C 0,6.(7) dr + 0,6(T) dy (203)

Ci-2

is uniquely defined even if the path C;_5 circles the charged wire several times!

Next, consider another infinitely thin arbitrarily long straight wire along the z-axis through
which a constant electric current I flows in the positive z-direction. The current generates a
magnetic field in the punctured (x,y)-plane of the form

B(%) = 'L;LW e (—y,x), divB=0, curlB =0, on R* — {0} . (294)
If we introduce polar coordinates
r=rcosp, y=rsingp, (295)
then we have )
B(@) - (dx, dy) = MQL dp on R —{0}. (296)
T
This suggests to introduce a scalar magnetic potential [85] by
_ I I
B =grad¢,,, ¢n(T)= Ho2 arctan <y> , Aoy, = HoZ dp, v € Rmod 27 . (297)
27 T 27

Here, however, we encounter a problem: It follows from

curl B(Z) = po 1 6(2) €, (298)
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that I
7{ B(@)(dv,dy) = 2ma B, = poI, B,=1"" (299)

r—a 2ma
where B, (—sinp, cosg) is the unique magnetic field tangential to the circle of radius a at
T = a(cos,sin p). If we now again consider a smooth path Cj_ 5 from a point P; to a point

Py, both in R? — {0}, then the value of the integral

| B@-tndy = [ o, =" [ g (300)
Ci12

01*,2 27T 014>2

is no longer uniquely defined! The integral over the angle ¢ gives the correct physical magnetic
field B, only if we restrict ¢ to the interval [0,27)! If the path Cy_, circles the current twice,
we would get for B, twice its physical value and so on. The point is that - contrary to ¢,
from above - the “potential” ¢,,() is not a globally well-defined function on R? — {0}, because
the angle ¢ is not one: When ¢ reaches the value 27 it has to “jump back” to 0, i.e. it has a
discontinuity. In textbooks (see e.g. Ref. [85]) for electrodynamics this behaviour is compared to
the above electrostatic case with an additional infinitely thin electric dipole sheet which causes
a corresponding discontinuity for ¢, if one passes the sheet. This, however, is a physical effect
whereas the discontinuity of ¢,, is due to a complication as to its mathematical properties:
Mathematically speaking, the (exterior) differential 1-form

() = (—yda + 2 dy) = “(dp)" on B2 — {0} (301)

x? + y?
is a closed form but not an exact one, i.e. we have
dy=0, (302)

but v cannot be represented as v(Z) = df (Z), where f(¥) is a smooth function globally well-
defined on R? — {0}!

The 1-form (301) is the standard example in textbooks (see, e.g. [86,87]) for a closed
differential form which is not an exact one! The difference signals that the manifold on which
the closed differential form is defined has a non-trivial global topological structure. In our
case it is the punctured plane R? — {0} which is not simply connected and therefore globally
non-trivial.

In section 2 I stressed under number v) (around Eq. (62)) that for the group theoretical
quantization procedure to succeed one needs globally well-defined Hamiltonian functions on the
phase space. This is not the case for the angle ¢ (see also Appendix B), but it is so for the
two periodical functions cos ¢ and sin ¢ which are smooth and the knowledge of which allows
to determine the associated ¢ € [0,27) uniquely!

The difficulties with the angle ¢ on the classical level persist in the quantum theory: As to
the details of the following mathematical sketches see the excellent discussions by Robinson [88]
and Reed and Simon [89]!

On any open interval (1, @9) C [0, 27| we have

~ ~ 1
[, L] =1 for ¢ € (p1,p2) C [0,27], ¢ € Rmod 27, L = ;Qa. (303)

Here ¢ appears as a multiplication operator on L*([0, 27}, d/27) with the scalar product (23).
The differential operator L in general may act on absolutely continuous functions f(y) on that
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space, i.e. on functions which allow for a representation

fle) = /Ow do g(¢) + const. . (304)

If one - formally - assumes the commutator (303) to hold in general, one immediately encounters
a contradiction:

(em, o, i] en) = (em, ¢ f}en) — (Zem7 ven) = (n—m)(em,pen) =1dmn, (305)

which gives 0 =i for m = nl.

The background of this difficulty is that ¢ is not differentiable at the boundaries of [0, 27,
so that L is not applicable to ©f () there. One might try to avoid this difficulty by restricting
oneself to functions h(p) with the boundary properties

h(0) = 0 = h(27) . (306)

But now L is merely symmetric (i.e. (hy, L h1) = (L hy, hy)) on this set (domain) of functions,
not self-adjoint, i.e. it has no satisfactory spectral decomposition (see the Refs. mentioned
above). This can already be inferred from the fact that the functions e,(y) from Eq. (29)
do not obey the boundary condition (306)! But this symmetric L has a l-parametric set of
self-adjoint extensions to the space of functions 1 (¢) which obey the boundary condition (35)!
The parameter § there also characterizes the self-adjoint extensions Ls of L we encountered in
Sec. 1 in a different context.

There have been many attempts to find cures for the difficulties indicated by the relation
(305):

One is to allow - reluctantly - for J-functions at the boundaries [90-94]. This in general will
destroy self-adjointness in the usual understanding of Hilbert space operators.
Another is to use only finite-dimensional vector spaces of dimension d, calculate the physical
quantities like expectation values etc. and let d go to infinity at the very end [95]. This
procedure has its problems, too: E.g. assume that the operators ¢ and L with the commutator
(303) may be represented by finite-dimensional matrices in a d-dimensional vector space. Then
taking the trace of both sides of the commutator relation (303) yields the contradiction 0 =i d
(because tr(A B) = tr(B A)). So one has to take care of this new problem by modifying the
commutator. In addition, in finite-dimensional vector spaces there is no difference between
symmetrical (hermitean) and self-adjoint operators, a difference which is important in infinite-
dimensional Hilbert spaces, because one would like to have a decent spectral decomposition.
Thus, there appear to be problems with the limit d — oo [96,97]. Finally, there seems to be
no chance to derive the existence of quasi-OAM § by starting from finite dimensional vector
spaces!

Other authors [98-100] discussed related problems associated with uncertainty relations for
wave functions on the circle.

All these problems can be avoided by using the functions cos ¢ and sin ¢ as basic observables
- instead of ¢ itself - with their algebraic structure (14) which constitutes the Lie algebra of
the euclidean group E(2) and all its covering groups!
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B On the group theoretical quantization of the phase
space S' x R

Basic ingredients for quantizing the phase space (13) in terms of irreducible unitary representa-
tions of the euclidean group E(2) have already been discussed in the Introduction and in Sec.
2. As to general introductions to the concept of group theoretical quantization see the excellent
article by Isham [4] and the similarly excellent book by Guillemin and Sternberg [46].

The euclidean group E(2) and its covering groups with their irreducible unitary represen-
tations plays a prominent role in Isham’s discussions as an example for the new quantum
effects induced by non-trivial topologies like that of the configuration space S', namely the
existence of non-vanishing d-effects! The Lie algebra ¢(2) of the euclidean group E(2) is also
discussed by Guillemin and Sternberg in a different context [101]. An appealing introduction
into the irreducible representations of the group E(2) itself can be found in Ch. IV of Sug-
iura’s book [102], including Plancherel’s theorem (“Fourier” transform) for that group. Sugiura
also gives a nice introduction to the concept of “induced representations” which provides the
appropriate method to construct the irreducible unitary representations of F/(2).

The analogue of the Groenewold - Van Hove obstruction for the conventional quantization
procedure is discussed in case of the present phase space S' x R and its quantization in terms
of the canonical group E£(2) in Ref. [103].

Let me briefly recall the main structure of the group E(2): It is convenient to use complex
coordinates z = x + iy on the plane R?. The euclidean scalar product of two vectors z; and 2
may be written as

(22,21) = xox1 + Yo ys = R(25 - 21). (307)

The euclidean group F(2) consists of all linear transformations of the plane which leave the
square of the distance

(22— 21,22 — 21) = (2 — 71)* + (2 — ¥1)? (308)

invariant. If we confine ourselves to those transformations which are continuously connected
to the identity transformation (i.e. we exclude reflections z — z*), we have

translations T5(t) : z—z4+t, t=a+1ib, a,b R, (309)
rotations R(a) : z— ez, a € Rmod 2r. (310)

If we define )
et ¢
s = (1), 311)

we can combine the two transformations (309) and (310) into

st ()= (“31). 312

g(as, ta) o glaq,t1) = g(ag + s mod 27, ts + el t1) = g(as mod 2m,t3) . (313)

The group multiplication law is
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When applying the group element g(«,t) to a point s = (¢,p,) of the phase space (13) we
write the group parameters « and t as indices. According to Eq. (63) the action of the group
E(2) on the phase space (13) is given by [47]

Jar(s) = (¢',p,) = [(¢ + a) mod 27, p, + a sin(p + a) — b cos(p + a)] . (314)
The transformation is obviously symplectic, i.e. we have
dy' N dpl, = dp N dp,, . (315)

It is also transitive, i.e. given any two points s; and s, there is always a transformation (314)
which transforms s; into sy: The choice o = s — ¢ transforms ¢; into ¢,. The remaining
requirement

Pp2 — Pp1 = asin g — beos o (316)

can be fulfilled by an appropriate choice of a and b.
The action is almost effective, i.e. it follows from

Gart(s) = sVs, (317)

that
a=2mm,ne€Z,t=0. (318)

This represents the center Z of the universal covering group SO(2) = R of the rotation group
SO(2). A special solution of the condition (317) is

a=ca € Rmod2rq, g €N, (319)

which represents the center Z, of the g-fold covering group of SO(2). It may be explicitly
implemented by replacing the angle « in (313) by # = «/q, 8 € R mod 27. The group law for
the universal covering law can be given by the relation (313) by omitting the condition mod 27
completely.

The other conditions for the group F(2) to be the canonical (quantizing) group for the
phase space (13) have been discussed in Sec. 2.

Let us denote by Ti(a) and T;(b) the one-dimensional translation subgroups in z- and y-
direction, respectively. Then it follows from (314) that the subgroup T} (a) leave the points of
the two lines ¢ = 0 and ¢ = 7 unchanged (“stable”) (if & = 0, b = 0) and that the subgroup
T:1(b) does the same with the lines ¢ = 7/2 and ¢ = 37/2. Thus, we may describe the phase
space (13) as one of the homogeneous spaces

Sep, = EQ2)[o,t]/Ti(a) = E2)[a, t]/Ti(b). (320)

The euclidean group E(2) also plays a role in several papers on Moyal x-product (“defor-
mation”) quantization of the phase space (13) [104-109].

The occurence of inequivalent irreducibble unitary representations (25) characterized by
the parameter 0 has its correspondence in inequivalent representations of the Weyl-algebra
generated by U = expiayp and V = expiL [110].
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C Some properties of J-functions

In Secs. 4 and 5 above on the coherent states of the circle Jacobi’s ¥-functions play a prominent
role. I shall briefly mention some suitable textbooks where one can find their appropriate
properties and shall add a few relations here. One inconvience as to the literature is that
different authors use different conventions for the arguments of the ¥-functions. Take

ﬁ(a( Z’/TT Z n? p2inag (321)

nez

Some authors have a = 1, others a = 7. I have used the convention a = 1 of the very useful
book by Whittaker and Watson [111]. The same convention have the “classical” introductory
book by Bellman [112] and the more recent appealing textbook by Lawden [113]. Erdélyi et al.
have a = 7, so has Mumford’s influential modern textbook [115]. Useful are also the formulae
in Ref, [116] which has a = 1. Most of the formulae concerning the ¥-functions needed in the
text above have been given there. As the ratios of ¥-functions are related to Jacobi’s elliptic
functions, one may express their ratios in Eqgs. (208), (215), (224) and (226) in terms of elliptic
functions sn(u, k), en(u, k) and dn(u, k) (for their definition see Refs. [111,113]):

0a(Ca) VW _ 2K 3(¢=0,q9) , Vi((=04q) 2K .,
=", k= A (= :
BCo  awh T O TR0 P T RC=0g 7 ¢ 0’222>
Furthermore
19?3(67q) — ’L%l(Caq) 2K k2 Cn( k) Sn(u’ k) (323>
793(C7 Q) 194(C7 q) T dn(u7 k) ,
where
(¢ q) _ 2K(k) _ B
)~ x Z(u), Z(u) = [E(u,k) —uE(k)/K(K)], (324)
E(u,k) = / dvdn?(v, k),
0
w/
E(k) = E(u=K,k) :/ 2d<;5(1 — k%sin? ¢) /2,
w/2 "
K(k) = / do (1 — k?sin? ¢) =12,
0
Z(u) is Jacobi’s “Zeta-Funktion”. Finally
vy 0 dPlnd((q)  AKP(k) K2 9 g2
7 {dn%’k) E(k)/KK)| , K2 +k =1, (325)
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