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Abstract

We describe in detail a Zg orbifold compactification of the heterotic Eg x Eg string
which leads to the (supersymmetric) standard model gauge group and matter content.
The quarks and leptons appear as three 16-plets of SO(10), two of which are localized
at fixed points with local SO(10) symmetry. The model has supersymmetric vacua
without exotics at low energies and is consistent with gauge coupling unification.
Supersymmetry can be broken via gaugino condensation in the hidden sector. The
model has large vacuum degeneracy. Certain vacua with approximate B—L symmetry
have attractive phenomenological features. The top quark Yukawa coupling arises
from gauge interactions and is of the order of the gauge couplings. The other Yukawa
couplings are suppressed by powers of standard model singlet fields, similarly to the

Froggatt-Nielsen mechanism.
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1 Introduction and Summary

The standard model is a remarkably successful theory of the structure of matter.
It is a chiral gauge theory with the gauge group Gsm = SU(3). x SU(2)1, x U(1)y
and three generations of quarks and leptons. All masses are generated by the Higgs
mechanism which involves an SU(2) doublet of scalar fields. Its unequivocal prediction
is the existence of the Higgs boson which still remains to be discovered. From a
theoretical perspective, the minimal supersymmetric extension of the standard model,
the MSSM, is particularly attractive. Apart from stabilizing the hierarchy between the
electroweak and Planck scales and providing a natural explanation of the observed
dark matter, it predicts unification of the gauge couplings at the unification scale
Maur ~ 2-106 GeV.

Even more than the unification of gauge couplings, the symmetries and the particle
content of the standard model point towards grand unified theories (GUTs) [1,2].
Remarkably, one generation of matter, including the right-handed neutrino, forms a
single spinor representation of SO(10) [3,4]. It therefore appears natural to assume
an underlying SO(10) structure of the theory. The route of unification, continuing via
exceptional groups, terminates at Eg, which is beautifully realized in the heterotic
string |5, 6].

An obstacle on the path towards unification are the Higgs fields, which are SU(2)r,
doublets, while the smallest SO(10) representation containing the Higgs doublets, the
10-plet, predicts additional SU(3). triplets. The fact that Higgs fields form incom-
plete ‘split” GUT representations is particularly puzzling in supersymmetric theories
where both matter and Higgs fields are chiral multiplets. The triplets cannot have
masses below Mgyt since otherwise proton decay would be too rapid. This then
raises the question why SU(2)r, doublets are so much lighter than SU(3). triplets.
This is the notorious doublet-triplet splitting problem of ordinary 4D GUTs.

Higher-dimensional theories offer new possibilities for gauge symmetry breaking
connected with compactification to four dimensions. A simple and elegant scheme,
leading to chiral fermions in four dimensions, is the compactification on orbifolds,
first considered for the heterotic string |7-13|, and more recently applied to GUT field
theories |14-19]. Such orbifold GUTs appear as intermediate effective field theories in
compactifications of the heterotic string when some of the compact dimensions are of
order 1/Mgut and therefore large compared to the string length [20-23].

In orbifold compactifications, gauge symmetry of the 4D effective theory is an
intersection of larger symmetries at orbifold fixed points. Massless modes located at
these fixed points all appear in the 4D theory and form representations of the larger
local symmetry groups. Zero modes of bulk fields, on the contrary, are only repre-
sentations of the smaller 4D gauge symmetry and form in general ‘split multiplets’.
When the local symmetry at some orbifold fixed points is a GUT symmetry, one
obtains the picture of ‘local grand unification’. The SM gauge group can be thought
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of as an intersection of different local GUT groups. Matter fields appear as complete
GUT representations localized at the fixed points, whereas the Higgs doublets are
associated with bulk fields, and therefore split multiplets. In this way the structure
of the standard model is naturally reproduced [23-25|.

Recently, we have obtained the gauge group and matter content of the supersym-
metric standard model from the heterotic string by using the picture of local grand
unification as the guiding principle [26]. Quarks and leptons appear as three 16—plets
of SO(10), two of which are localized at orbifold fixed points with local SO(10) sym-
metry. For generic vacua, no exotic states appear at low energies and the model is
consistent with gauge coupling unification. In this paper we describe our construction
in detail.

It is well-known that the number of possible string vacua is huge. Early esti-
mates of the total number of different vacua of the heterotic string gave numbers like
10%590 27|, which came as a complete surprise. More recent studies, based on flux
compactifications, give similarly large numbers [28]|. Searches for standard model-
like vacua have been based on orbifold compactifications [29,30], the free fermionic
formulation [31-33|, intersecting D—brane models [34] and Gepner orientifolds [35].
Despite the huge number of vacua, it turned out to be extremely difficult to construct
a consistent ultraviolet completion of the (supersymmetric) standard model, and only
recently several examples have been obtained [26,36,37]. This suggests that not all
field theories can be embedded into string theory and that a consistent ultraviolet
completion of the standard model may eventually lead to some testable low energy
predictions.

In this paper, the model presented in [26] is described in detail. We hope that
this will be useful for further phenomenological studies of the model and also for
the search for other embeddings of the standard model into the heterotic string. In
order to keep the paper self-contained, we recall the basics of strings on orbifolds
in Secs. BHAL In Sec. B, the boundary conditions for untwisted and twisted strings,
the mode expansion and the massless spectrum are discussed; furthermore, a simple
derivation of the projection conditions for physical states is given. Our orbifold model
is based on the 6D torus defined by the Gy x SU(3) x SO(4) root lattice, which has
a Zg_11 = %3 X Zs discrete symmetry. The geometry is described in Sec. B with
emphasis on the localization of twisted states. In Sec. B, the string selection rules for
superpotential couplings of the Zg_11 orbifold are reviewed and somewhat extended.

The main results of this paper are contained in Secs. BH and in the appendices
A-D. After describing our search strategy for compactifications with local SO(10)
symmetry, we study the unbroken gauge group G and the massless spectrum of the
model in Sec. Bl We also list the GUT representations at various fixed points and the
6D orbifold GUTs which one obtains for two compact dimensions of size 1/Mgyr.
The Fayet-Iliopoulos (FI) D-term of an anomalous U(1) triggers further symmetry



breaking [38]. In particular,
G — SU(3)C X SU(Z)L X U(l)y X Ghidden s (1.1)

with Ghigden = SU(4) x SU(2) is possible, in which case the model has a truly hid-
den sector admitting spontaneous SUSY breaking. We further show that, for generic
vacua, unwanted exotic states attain large masses and decouple. This is one of the
central results of our paper.

The decoupling of exotic states can be achieved without breaking supersymmetry.
In Sec.B we discuss D- and F-flat directions in the field space as well as general super-
symmetric field configurations, neglecting supergravity corrections. The model natu-
rally accommodates spontaneous supersymmetry breaking via hidden sector gaugino
condensation, which is described in Sec. [

In Sec. B, we identify vacuum configurations which preserve
Gsm X U(1)pr x [SU4)] . (1.2)

Here we keep the hidden sector SU(4) unbroken which is needed for gaugino con-
densation. We show that unwanted exotics can be decoupled in this case as well.
Further, we identify two Higgs doublets and discuss the pattern of Yukawa couplings.
The top quark Yukawa coupling arises from gauge interactions and is of the order of
the gauge couplings. Other Yukawa couplings are suppressed by powers of standard
model singlet fields, similarly to the Froggatt—Nielsen mechanism [39].

Finally, in Sec. Bl we conclude with a brief outlook on open questions and further

challenges for realistic compactifications of the heterotic string.



2 Strings on orbifolds

In the following subsections we collect the basic notions and formulae which are
needed to describe propagation of the Eg x Eg heterotic string on orbifolds T /TN
|7,8]. We follow the definitions of Katsuki et al. [40].

2.1 Lattices and twists

The torus is obtained as the quotient T® = RY/27wA, where A is the lattice of a
semi-simple Lie algebra of rank 6 with a Zy discrete symmetry. The 6 compact
coordinates of the torus z’, i = 4...9, are conveniently combined into 3 complex
coordinates 2! = % (m2i+2 + ix2i+3), i =1...3. Points in RS differing by a lattice

vector,
z ~ z+2nl, (2.1)

with £ = mgeq, mq € Z (a = 1...6), are identified. Here e, denote the basis vectors
in the three planes of the lattice.
The lattice has a Zy discrete symmetry which acts crystallographically, i.e., it

maps the lattice onto itself,

2= 0z, 0 = PMNeL, i j=1...3, (2.2)
with

6N =1, Noiy =0 modl. (2.3)

Here we assume the factorization T® = T? @ T? ® T2. N = 1 supersymmetry in 4D
requires that the Zy twist be contained in the SU(3) subgroup of SO(6), i.e.,

> vy =0 mod 1. (2.4)

Lattice translations and twists 6% (k = 0,..., N — 1) form the space group 3
whose elements are denoted by (A%, ¢). The orbifold T®/Zy can also be defined as
the quotient R%/$, where

2z~ 080z = 0¥ 24200 (2.5)
The multiplication rule in the space group is given by
(%1, 00) (02, 0y) = (0F16%2 0%y 1 0y) . (2.6)

An orbifold has fixed points f, which are invariant under the action of a space

group element (6%, ¢),

f=0"0f =0"f+2n0, { = mgea, macZ. (2.7)



Here k and ¢ depend on the fixed point f. Since the position of the fixed point is

defined only up to a lattice vector, £ is defined up to a translation in the sublattice
Ay = (1-6F)A = {AGAM:(H—G’“)M,MGA}. (2.8)

Each fixed point (6%, ¢) is associated with a sublattice A = ¢ + Ay, and there are
as many sublattices as fixed points. The dimension of a sublattice Ay can be smaller

than dim A = 6 if (1 —6%) has eigenvectors with eigenvalue 0. In this case the element
(6%, ¢) describes fixed planes.

2.2 Untwisted and twisted strings

In the light-cone gauge the heterotic string can be described by the following world-
sheet fields [41]: 8 string coordinates and 8 right-moving Neveu-Schwarz-Ramond

fermions (04 =7 £ 0),

Xi(r,0) = Xi(oy)+ Xh(o ), (o), i=2...9, (2.9)
and 32 left-moving fermions A,

My), I=1...32. (2.10)

Here 7 is the space-time index, while index I is associated with Eg x Eg gauge de-
grees of freedom. It is convenient to combine the string coordinates in the compact
dimensions into 3 complex variables Z* and, similarly, the right moving fermions into
3 complex NSR fermions v?,
. 1 . . ~
gt — X22+2 + iX2z+3 v
7 .

where s = 1...3 . The Zy twist acts on these fields as

(1/)21'4-2_‘_11/)2@'—}-3) ’ (2'11)

Z =07, % — 0. (2.12)

Closed strings on Zy orbifolds can be untwisted or twisted. In the former case the
string is closed already on the torus and has the boundary conditions,

Z(o+2m) = Z(o)+2rmeeq, mg €%, (2.13)
Blo+2m) = +9(0), (2.14)
whereas in the latter case the string is closed on the orbifold but not on the torus
and has the boundary conditions (k=1... N — 1),

Z(o+2n) = 0Z(0)+2rmgeq, (2.15)

Ylo+2m) = £6%¢(0), (2.16)

where k& and m, depend on the fixed point f. The lattice translation in Eq. (215
enters the space group element associated with the fixed point, Eq. (). The plus
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Figure 1: Twisted and untwisted strings. The dots denote orbifold fixed

points.

and minus signs in Eqs. (Z14]) and ZI6) correspond to the Ramond and the Neveu-
Schwarz sectors, respectively. Twisted strings are localized at the orbifold fixed points,
whereas untwisted strings can propagate freely on the orbifold (Fig. [).

Modular invariance usually requires that the Z C SO(6) twist of the space-time
degrees of freedom be accompanied by a Zy C Eg x Eg twist of the fermions A,

representing the internal symmetry group. On the complex fermions

X[ — %(}\2[—1+i)\21) , 12116’ (217)

the Zp twist acts as

X — OXx, o = 2Vl (2.18)
where
8 16
V=1, N V&i=N> Vi=0 mod2, (2.19)
I=1 I=9

with integer NV{. The fermions M can have untwisted (k = 0) or twisted (k =
1...N —1) boundary conditions,
Mo +27) = £6F o). (2.20)
This makes the parallel between 6 and © transparent. Extending vy by a zero entry
acting on the uncompactified dimensions, vy — (v}v, v]zv, v?\,; 0), we note that vectors
Nvy and NVy lie on the root lattices Agog) and Ago(i6)xso(i6), respectively. In
an orthonormal basis, Ago 2 is defined by vectors (n1,...,ny) with integer n; and
Zf\il n; = 0 mod 2. One can show that the gauge symmetry of this theory is Eg x Eg
which contains SO(16) x SO(16) as a subgroup [6.

A convenient formulation of the heterotic string is obtained by representing
fermionic degrees of freedom in terms of bosons. In this case one replaces the 8
right-moving and 32 left-moving fermions with 4 right-moving and 16 left-moving

bosons,

Vo) = e ) =14, (2.21)



Moy = 2X')  1=1.16. (2.22)

The fields X' are compactified on a 16-dimensional torus represented by the Eg x Eg

root lattice,

1 1
Agg: p=(n1,...,ng) or <n1 + 508 + 5) , (2.23)

where n; integer with Zle n; = 0 mod 2, and similarly for the second Eg. This
gives rise to gauge multiplets of the Eg x Eg group in 10 dimensions, coupled to
supergravity.

Compactifying the extra 6 dimensions on an orbifold amounts to modding the
string coordinates by the space group and its gauge counterpart. The latter is obtained

by embedding the twists and lattice shifts into gauge degrees of freedom X' as
(0%, maeq) — (L, kVE+mq W), (2.24)

where W), denotes a Wilson line of order n. Here NV and nW, (n < N) are
required to lie on the Eg x Eg root lattice.! Thus, a twist of the space-time degrees of
freedom is accompanied by a shift KV of the gauge coordinates, while a torus lattice
translation is accompanied by a gauge coordinate shift m,W,4. This corresponds to

generalizing the boundary condition (Z20)) for the left-moving fermions to
M(o+2m) = + 2 EVETmaWia) X1 () | (2.25)

The bosonic field boundary conditions then read (k=0... N —1)

H'(o 4 2n) = H'(o)—mkvy mod T ASo(s) > (2.26a)
X'(o+2m) = X' o)+m (VY +meW],) modmAggxg, - (2.26Db)
Here A§O(8) denotes the weight lattice of SO(8) given in the orthonormal basis by

A§0(8) : g = (n1,n2,n3,n4) , (2.27)

where n; integer with >, n; odd or n; half-integer with ). n; even.

To summarize, the heterotic string can be described by the left moving bosonic
fields Zi (04.), Zi*(0), X! (04) and the right moving bosonic fields Zj (o_), Z&(o-),
Hi(o_). They fall into untwisted or twisted categories depending on whether they

represent strings closed on a torus or on an orbifold only.

2.3 Modular invariance and local twists

The gauge shift Viy and the Wilson lines W,, are subject to consistency conditions.
First of all, NV and nW,, are vectors of the Eg x Eg root lattice,

NVN S AEgXEga an S AEgXEs . (2.28)

1This generalizes Vi of Eq. (I8) in which case NVy lies on the SO(16) x SO(16) root lattice.
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Second, modular invariance of the theory requires that they satisfy additional con-

straints (see e.g., [21]):

N (Vi —vX) = 0 mod2, (2.29a)
NVy-W, = 0 modl, (2.29b)
NW, Wy, = 0 modl, (W,#Wpy,) (2.29¢)

NW?2 = 0 mod?2. (2.29d)

By adding Eg x Eg root lattice vectors to Viy and W,, satisfying these conditions, one

can bring Viy,W,, to the form which obeys a stronger constraint?,

%(V]\%—fu?\,) = 0 modl, (2.30a)
VN - W, = 0 modl, (2.30b)

Wy, Wy = 0 modl, (W, #Wy,) (2.30c¢)
%W,f = 0 modl1. (2.30d)

This form has the advantage that the analysis of physical states of the theory simplifies
significantly. These equations can also be written as
1 2 292] _ _
5 (rVn +mgWhpae)” —r7vy| = 0 mod1l, r=0,1, (2.31)
where 0 < m, <n — 1 for a Wilson line W,, of order n.
The twist can be thought of as a local quantity, that is, depending on the fixed
point and the twisted sector. Indeed, Eqs. ([Z25) and (2260) show that what matters

at a particular fixed point f is the combination

Vi = kVi+ma W,

na

(2.32)

which plays the role of the “local” gauge twist, as well as its right—moving counterpart
kvy. Each local twist Vy can be expressed as the sum of the twist k& Vi for vanishing
Wilson lines and a linear combination of Wilson lines determined by the location of
the fixed point f. The local twists satisfy modular invariance conditions (Z31]) and
can be treated on the same footing as V. This observation will be important for the

concept of local GUTs.

2.4 Mode expansion and massless spectrum

The boundary conditions discussed in Sec. 2.2 lead to the following mode expansion

for the untwisted string (i =1...3),

. 1. .
Z'(r,0) = z’+§p’7-+maefla

i 1 i —ino_ i 1 ~i —ino
+ 3 2,1: e + 3 2,1: Qe t, (2.33a)

2There are exceptions to this statement, for instance, when V = 0.
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. 1 .
Z*(r,0) = 2"+ 5]9”7’ +mge'o
+i Z la*ie—ina, + l Z la*ie—ina+ (2 33b)
242" 24n " ' '
Twisted strings have the expansion (cf. Eq. (2I3]))

. o 1 . ) i 1. .
Ziro) = fitg D cahe ™4 Y Sa@pe 7, (234)

2 _ 2
neZ+kvy neZ—kvyy
*4 *7 i 1 *1 _—ino i 1~*' —ino
Z*(r,0) = f"+ 3 Z Eozfzne no- 4 3 Z Eozflne o+ (2.35)
nEZ—kvﬁv nEZ—I—kva

In this case, there is no center—of-mass string motion, i.e., p' = m, = 0. If there is a
fixed plane, the boundary conditions for strings in the fixed plane are untwisted and
the expansion is given by Eqs. ([233).

The bosonized NSR fermions have the expansion (i =1...4)

. 1, . i 1~ o
HZ(T,O') = h2+§(q2+kvﬁv)(j_+§zﬁﬂze ino— 7 (236)
n#0
while the gauge coordinates are given by (I =1...16)

XN, 0) = o'+ % (pl + (k‘VAI; + maW,fa)) ot + % Z %&fcne_i”“ . (2.37)
n#£0
The momentum vectors ¢* and p’ specify the Lorentz and gauge quantum numbers
of the string states. Note that the creation and annihilation operators of the twisted
string (Z34)), Z33) and the left-moving string [Z37) depend on the fixed point f.
States of the heterotic string are given by a direct product of the right-moving and
left—-moving parts. A basis in the Hilbert space of the quantised string is obtained by
acting with the creation operators ozgcn, &’]}n, E}n, &fcn (n < 0) on the ground states of
the untwisted sector U (k = 0) and the twisted sectors T}, (kK =1... N —1). Massless
states in the untwisted sector as well as twisted states living on fixed planes have
p' = mg = 0. The ground states of the different sectors depend on the momentum
vectors ¢*, p! and, for the twisted sectors, also on the fixed point f (cf. (Z32)),

lg,p) = loy@1p), |fie,p) = lg+kon)@p+ V). (2.38)

It turns out that for the model discussed below only oscillator modes of the left-
moving strings Z; (o), Zi' (o) and X (0, are relevant. The corresponding twisted

sector states are (n;, m; < 0)

~i1  ~i9 ~kJ1  ~k]2 ~x]1 ~xIo

QR Gl Layrag | figp) (2.39)

Massless states of the untwisted sector satisfy the following mass equations:
Ly

1, 1 .
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1 1 ~ o~

where N, N*, N , N* are the integer oscillator numbers. Twisted massless states obey

1 1 1
gk = glatkon) =5+ 4o Ny e Ny =0, (2.41a)
1 1 -
gm% = 5(p + V)2 —1+6c® 4 wl(k) Ny + _(k) N; =0, (2.41b)
where

Zw (1-— w ) , (2.42)

with wgk) = (kvn); mod 1, so that 0 < w(k) <1, and wgk) = (—kwvn); mod 1 so
that 0 < c‘ugk) < 1. This implies that wz-( ) = wgk) =1 for (kvy); integer. In Eq. (Z241]),
Nyi, N3 Fir N i and N }‘Z € N represent the oscillator numbers of the right- and left-
movers in z; and z; directions, respectively. Note that Ny; and N}ki, as well as Ny; and
N ]’?i, denote independent quantities. They are the eigenvalues of the corresponding

number operators Ny;,

z' n>0

and analogously for N7,, Nﬁ, ﬁ]’?z The sum Zz(w,(j) ]TffZ + w,(“) N]’?z) is often referred

to as N in the literature.

2.5 Projection conditions for physical states

As discussed in Sec. B2 an orbifold is obtained by identifying points in flat space

which transform into each other under the action of the space group,
t ~gr, ze€RY, ge$. (2.44)

Quantized strings whose boundary conditions are related by a symmetry transforma-
tion must lead to the same Hilbert space of physical states. In particular, strings with

the boundary conditions
¢(oc+271) ~ gop(o) and é(o +27) ~ hgh™té(o) (2.45)

produce the same Hilbert space for any h € $ [8]. Here ¢ stands for Z¢, Z*!, H*
and X'. For each conjugacy class consisting of elements hgh~! one therefore has a
separate Hilbert space.

Space group elements h which commute with g, i.e. hgh™! = g, leave the string
boundary conditions invariant. Hence, their representation in the Hilbert space must

act as the identity on physical states,

h|phys) = |phys) . (2.46)
12



This is the invariance or ‘projection’ condition for physical states.
A space group element h = (Gk,f_) acts as a translation on the center—of-mass
coordinates of the bosonic fields H* and X' (cf. [(220)),

ht — hi—rmkoly, 2! — x1+ﬂ(EV]{f+maW,{a) . (2.47)
Hence, the momentum eigenstates in twisted sectors transform as

|f§ q’p> N e27ri (—kvn-(g+kvn)+(k VN+ma Wha)-(p+V})) |f; q’p> ’ (248)

and similarly for untwisted states. From Eqs. ([Z34) and (Z30) one reads off the

transformation properties of the creation operators,

—~ .7 i —~ —~ard _ -7 11 —~
Yy, — e2mikvy App» Qpy — € 2mik vy pyy - (2.49)

A state with non—vanishing oscillator numbers then transforms as

aécn...&}in...|f;q,p>—>

2 (R (V=) B (akon R Vi tma Waa V) 6 % | i)

(2.50)

Physical states have to satisfy Eq. ([48), which yields the projection conditions

/Z‘UN . (Nf —N}k) — E‘UN . ((]—l—k‘l)]v)
+ (VN + Mo Wha) - (p+Vf) = 0 mod 1, (2.51)

for values of k and m® which depend on the conjugacy class. As we will discuss in
Sec. 22, in non—prime orbifolds Eq. ([X1l) gets modified for higher twisted sector
states. Below we analyze in detail the projection conditions for the untwisted and

twisted sectors.

2.5.1 TUntwisted sector

The untwisted sector (k = 0) is associated with the space group element g = (1,0),
and Eq. (Z351) has to be satisfied for the full space group, i.e., for all values k and

myq. This yields the projection conditions
vN-g—Vn-p = Omod1l, W,-p = Omod 1, (2.52)

where p is the Eg x Eg root lattice momentum (p? = 2) and ¢ is the SO(8) weight
lattice momentum (¢> = 1). The Eg momenta lie on the same lattice as the Eg
coordinates because of self-duality.

The untwisted sector contains gauge and matter supermultiplets of the 4D effective
theory. For the former vy - ¢ = 0 mod 1 yielding gauge bosons with ¢ = (0%; £1) and
gauginos with ¢ = =+ (%, %, %; %) For the matter multiplets, vy - ¢ = n/N mod 1
with n = 1,.., N — 1 leading to the bosonic SO(8) momenta (£1,0,0;0) where the

underline denotes permutations, and their fermionic partners.
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Since gauge multiplets satisfy vy - ¢ = 0 mod 1, the conditions
Vvp = 0mod1l, W,-p = O0Omodl1, (2.53)

determine the roots p of the unbroken 4D gauge group. It is instructive to rewrite

this set of equations as
Vi-p = Omod 1, for all fixed points f, (2.54)

where Vy is the local shift (Z32) associated with the fixed point. At each fixed point
the gauge group is broken locally to a subgroup of Eg x Eg. The states surviving all
local projection conditions, i.e., those corresponding to the intersection of all local
gauge groups, yield the gauge fields of the low-energy gauge group.

Matter multiplets (vy -g # 0 mod 1) originate from the 10D gauge fields polarized
in the compact directions and their fermionic partners. They form chiral superfields
transforming as the coset of Eg x Eg and the unbroken 4D gauge group. All untwisted

states are bulk fields in the compactified dimensions.

2.5.2 Twisted sectors

For the twisted sectors Ty (k = 1...N — 1), the projection conditions depend on
k. Consider £k = 1 and a fixed point f with the space group element g = (6,7).
The space group elements commuting with g are h = (8%, £) = (0,£)", n € N. The

resulting projection condition is
N - (Nf—ﬁ;) —oy - (g+vN)+ Vi (p+ V) = 0 mod 1, (2.55)

where Vi = Vi +mqWhyq. Using ‘strong’ modular invariance (Z30), one can show that
all massless states (cf. (Z41])) satisfy this condition. Therefore all massless modes in
the first twisted sector correspond to physical states. In the case of prime orbifolds,
Eq. Z353) also holds for higher twisted sectors with Vi =k Vx +mg Wi,

For non-prime orbifolds the situation is more complicated. Some of the higher
twisted sectors T, k > 1, are related to lower order twists Zy/; which leave one of
the T? tori invariant. This results in additional projection conditions. Furthermore,
fixed points of the lower order twists are not necessarily fixed points of the original
twist Zy. The Z twist transforms these fixed points into each other such that they
are mapped into the same singular point in the fundamental domain of the orbifold.
Physical states correspond to linear combinations of the states appearing at the fixed
points of the Zy/;, twist.

The conjugacy classes of higher twisted sectors T}, are given by h g h~! where both
g and h have the form (6%, ¢). The number of the conjugacy classes is the number of
the fixed points of the lower order twist Zy/;. In general, twists of other orders Z
transform these classes into each other. In particular, the Zy twist acts on the Zy

conjugacy classes g; as

hglﬁ_l = g2, hgg?l_l =93, ... hgnh_l = 01, (256)



with A of the form (,¢) and n > 1. In this case, the higher twisted states transform

AL = 12, A2 =13, ... Aln) = [1). (2.57)

From linear combinations of these localized states one obtains a basis of physical

states which are Zy twist and h-eigenstates [8,42,43],

1 .
Iphys, ¢y) = —= 26_2”18‘“\3> , (2.58)
\/ﬁ s=1
where ¢y = 0,1/n,2/n,...,1. As a consequence,
E ]phys, Q’y> — 627Ti Qv eQﬂ'i(EUN-(Nf—]v}‘)—EUN'(q-l-k”UN)+(EVN+maWQ)'(p+Vf))

X ‘physaq’y> ) (259)

where we have used Eq. @30) and h = (6F,mq e,) is assumed to mix the conju-

gacy classes of T}, as above. This leads to the modified projection conditions for the
superpositions (Z358):
/%’UN . (Nf — N}() — ];31)]\[ : (q—i—ka)
+ (VN 4+ Mg Wha) - 0+ VE) +¢y = 0 mod 1. (2.60)

In this paper we are especially interested in a Zg_11 orbifold which has Zg
and Zs subtwists with invariant tori. The corresponding twist vector is vg =
(—1/6,—1/3,1/2). As we shall discuss in detail in Sec. Bl, two different fixed points
in the Th 4 twisted sectors are related by Eq. 356 with h = (63,0). The eigenstates
of (63,0) are

1

[phys, £) = \/5(!1>i\2>) : (2.61)

where the states |1),|2) correspond to the two fixed points of #% away from the origin.
The projection condition (ZB0) becomes
3vg - (ﬁf - ﬁ}‘) —3vs-(q+kvs) +3Vs-(p+Vy)+¢y = 0 mod 1, (2.62)

with ¢, = 1/2,1 for k = 2,4. Here Vy = k Vs + m3W3 is the local Z3 gauge shift.
Physical states of T 4 must also satisfy additional projection conditions which stem
from invariance of the third T2 torus (‘the SO(4) torus’) under 2. Clearly, translations
/3 in this torus commute with #2. Thus invariance under space group transformations

(1,¢3) requires

Wy -(p+Vy) = 0 modl, (2.63a)
Wy-(p+Vy) = 0 modl, (2.63b)

where Wy and W) are two discrete Wilson lines in the SO(4) torus.
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The Zg_11 orbifold also has a Zs subtwist. The fixed points of the T3 twisted sector
are mapped into each other by the space group element h = (62,0). Invariance under

62 leads to the projection condition
206 - (ﬁf — ﬁ]’?) — 206 (q+3v) +2Vs-(p+Vy)+qgy = 0 mod 1, (2.64)

with ¢, = 1/3,2/3,1 and the local Zy gauge shift V; = 3Vs + noWa + nyW3. The Zs
twist leaves the second torus (‘the SU(3) torus’) invariant. Invariance of the T3 states

under translations in this torus requires
Ws-(p+Vy) = 0 mod1. (2.65)

Here W3 is a discrete Wilson line in the SU(3) torus.

T5 twisted sector contains anti—particles of the 77 sector, and will not be treated
separately in the following.

The above projection conditions are relevant to our model. A sample calculation

of the physical spectrum is given in App. [Al

2.6 Local GUTs

Consider a fixed point f which is associated with the local gauge shift VfI =k V]\I, +
ma WL, Alocal GUT can be defined by the Eg x Eg roots p (p? = 2) satisfying

p-Vy =0 modl. (2.66)

These roots represent a local gauge symmetry supported at the fixed point. Twisted
matter appears in a representation of the local GUT. Each representation is char-
acterized by the square of the shifted momentum, (p + Vy)?, which is the same for
members of the same multiplet.

The concept of local GUTSs is important for construction of realistic models. In
particular, all massless states of the 77 sector survive the Zy projection and repre-
sent physical states. They form complete multiplets of the corresponding local GUT,
although this GUT does not appear in 4D. As discussed in Sec. [, this may naturally
explain why the SM gauge (and Higgs) bosons do not form complete GUT multiplets,
while the matter fields do.

Let us illustrate how a local SO(10) structure arises. Consider a Zg_11 heterotic
orbifold based on the Lie lattice Ga x SU(3) x SO(4) with vg = (—1/6,—1/3,1/2;0),
the gauge shift

Ve = <%, %, %,0,0,0,0,0) <%,0,0,0,0,0,0,0> ) (2.67)
and arbitrary Wilson lines.

The local gauge shift at the origin in the T sector is V; = Vg. The local GUT

roots are found from
p-Ve = 0 mod1. (2.68)
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This corresponds to SO(10) x SU(2)? symmetry in the observable sector. The SO(10)

roots are given by
p = (0,0,0,£1,%1,0,0,0) (2.69)

where the underline denotes all possible permutations of the corresponding entries.

Relevant twisted matter fields of the T} sector satisfy the masslessness condition?

23
Va2 o= 22 2.
for the p + Vg components in the first Eg. The solution is
(p+ Vo)obs = (0,0,—%,0dd (£3)°) , (2.71)

where “odd (£1/2)%” denotes all combinations containing an odd number of minus
signs. This is a 16-plet of SO(10). The Z¢ invariant states have the right—mover
shifted momentum ¢ + v = (—1/6,—1/3,—1/2;0) for space—time bosons and analo-
gously for space—time fermions. All of these states appear in the physical spectrum
of the model.

The Wilson lines can be chosen such that the gauge group in 4D is that of the
standard model (times extra factors). This does not affect the above considerations
and the local SO(10) GUT structure remains intact.

3 Geometry of the Zg_1 orbifold

In this section we describe geometrical features of the Zg_11 = Zs X Zo orbifold based
on the G x SU(3) x SO(4) Lie algebra lattice, which is required for construction of

our model.

3.1 Fixed points and fundamental region

The Zg_11 orbifold with the Gg x SU(3) x SO(4) lattice is based on the twist vector?

1
v = ¢(-1,-2.3,0). (3.1)

This orbifold allows for one discrete Wilson line of degree 3 in the SU(3) plane and two
Wilson lines of degree 2 in the SO(4) plane. The Zg action on the torus coordinates

z

2 e’ i (3.2)

3The invariance conditions [Z53) are satisfied automatically once Vg is brought to the ‘strong’ modular
invariant form (B33).
4The overall sign of vg is chosen such that one obtains left—chiral states (¢4 = —1/2 for fermions) in

the first twisted sector. This convention differs from that of our earlier work [26].
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is illustrated in Fig. B This orbifold has Zg, Z3 and Z- fixed points defined by
fr— PR f e Agywsu@xsom) s K =6,3,2, (3.3)

where Aq,xsum)xso() is the torus lattice. The 12 Zg fixed points are shown in
Fig. @ the 9 Zs fixed points — in Fig. Bl and the 16 Zs fixed points — in Fig. Bl It is
a characteristic feature of non-prime orbifolds that the Zs and Zo fixed points are
generally different from the Zg fixed points. The Zs subtwist leaves the SO(4) plane
invariant, whereas under the Zsg subtwist the SU(3) plane is fixed.

W3 W5
@®
X @ X @
Re Z1
‘ Rezo Wa
Re z3

Figure 2: Gg x SU(3) x SO(4) torus lattice of the Zg_11 orbifold. Possible
Wilson lines are denoted by W3, Wy and Wi.

\@—@—®—> . ®

Figure 3: Z3 fixed points.

~ s %

Figure 4: Zy fixed points.

The orbifold is flat apart from the singular points (‘conical singularities’) corre-
sponding to the Zg, Zs and Zs fixed points. Twisted states are localized at these

singularities. In what follows, we detail their localization properties in each T2 torus.

3.2 Twisted states location
3.2.1 G; plane

In the Gy plane, there is one point fixed under Zg located at the origin, 3 points
x,y,z fixed under Zs, and 4 points a,b,c,d fixed under Zy (Fig. H). Some of them
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(a) Modding out to the Zg ‘pillow’. (b) Zg ‘pillow’.

Figure 5: The Gg plane. The two simple roots of Go are given by the
arrows in (a) with the shaded area spanned by them being the funda-
mental region of the torus. The fundamental region of the orbifold is one
sixth of this region (darker area) and can be represented by the ‘pillow’ in
(b). The latter corresponds to folding the fundamental region along the
dashed edge and gluing the other edges together (cf. |44,45]).

transform into each other under Zg twisting and correspond to the same points in
the fundamental domain of the orbifold. For the three Zs fixed points

x=0, y=0, z, (3.4)
one has
X—>X7 }'—>Z7 Z—>}’Y7 (3'5)

under the Zs twist #2, and the four Z, fixed points

a=0, b, c=0, d, (3.6)
transform under the Zs twist 2 as

a—a, b—c¢c, ¢c—d, d—b. (3.7)

Thus we have the following mapping from the fundamental domain of the torus to

the fundamental domain of the orbifold:

b
X}—>D, 3}—@, ¢ p—0. (3.8)

a Z
d

Consequently, T5 4 twisted matter lives at [0 or [J points of the orbifold ‘pillow’,
whereas T3 twisted matter lives at O or 0.

As explained in Sec. ZR.2, the fact that the Zs and Zs fixed points are not fixed
under Zg introduces a new quantum number for physical states, a phase v = e2™i%
with fractional ¢,. Consider the 754 twisted sectors. Among the states localized at
[, there are two linear combinations

0;+1) = %<|y>+|z>>, 0;-1) =

v)—12) (3.9)
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which are Zs (and Zg) eigenstates with eigenvalues v = +1,

03|05 41) = |O;41), #3|0;-1) = —|0;-1). (3.10)
These eigenstates can be labelled by the order of the twist k¥ = 2,4 and the parameter
dy,

0;41) = k=249, =1), |0;-1) = |k=2,4;9q,=1/2). (3.11)
The state at the origin has v = 1 and can be labelled as

Ix) = |O;+41) = [k=2,4;¢,=0) . (3.12)

To distinguish v = 1 states at 0 from those at [J, we assign ¢, = 0 to the former and
¢y = 1 to the latter.

The T3 states are treated analogously. There are three linear combinations of

states located at U, with Z3 eigenvalues 1, w = e2™/3 and wt,

1

U;1) = —(|b)+|c)+1|d)) , 3.13a

0;1) \/g(l ) +le) +1d)) (3.13a)
1

D;w) = — (b)) +w ) +w™2d) , 3.13b

|05 w) \/g(l ) c) ) (3.13b)
1

Ow™) = —(]b) +wlc) +w?[d)) . (3.13c)

P

The Zs (and Zg) eigenstates can again be characterized by the order of the twist and
Q’ya

0;1) = [k=3;g,=1), [Dw™) = |k=3;¢q, =£1/3). (3.14)
The state at the origin is now labelled as
[a) = |0;1) = |k =3¢, =0). (3.15)

The T7 5 twisted sector states are localized at the origin, which corresponds to a

Zg eigenstate with eigenvalue v =1, i.e.,
0;1) = |k=1,5;¢, =0) . (3.16)
The location of all T} twisted states is illustrated in Fig. Bl

qy=1/2,1
(2] 15

qv=0 q~=0 gy==+1/3,1
L5, Ty 137 @ e Is’

Figure 6: Location of the twisted states in the Gy plane.

The effect of the quantum number ¢, on the projection conditions for physical

states has been discussed in Sec. Bl
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27 €4
® 1 (01 (11
® ®
© ng = 2
I oo @ @ 27T€5
° (0,0)  (1,0)

(a) SU(3) plane. (b) SO(4) plane.

Figure 7: Localization quantum numbers ng, ng and nb.

3.2.2 SU(3) plane

States twisted by 6% with k = 1,2,4,5 are localized at the three fixed points in the
SU(3) plane, whereas T3 and untwisted states live in the bulk. The localization is
specified by the quantum number ns (cf. Fig. . Tab. Bl lists the coordinates of
the fixed points in the SU(3) torus as well as the corresponding space group elements.
The coordinates are defined up to translations in the sublattice 27[n es+(—n—3m) e4]

with n,m € Z.

location space group element

ns | (in 27 units) | k=1 mg| k=2 m3| k=4 ms
0 0 0,00 0] (%00 0] @0 o0
ses+2es | (Be3) 1| (6% —e3) 2| (0% e3) 1
2| Z2es+ieqr |(0,—es) 2 | (B%es) 1 | (0 —e3) 2

Table 3.1: Localization quantum numbers and space group elements.
As discussed in Sec. B, a fixed point or plane with the space group element
(6%, ae3 + bey) corresponds to the local gauge shift
Vf = kVg+msW3, m3 = a-+bmod 3, (317)

up to terms involving Wy and Wj. Note that mg depends not only on the location
(n3) but also on the order of the twist k£ (Tab. BJl). The above local shift is equivalent

to

Vf = k’(Vﬁ + ns Wg) . (3.18)

3.2.3 SO(4) plane

Twisted states from 77 5 and T3 are localized at the four fixed points in the SO(4)
plane whereas T5, T, and untwisted states correspond to bulk fields. The fixed points
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are labelled by ng and nf (Fig. . Tab. lists the coordinates of the fixed
points and the corresponding space group elements. The coordinates are defined up
to translations in the sublattice 27[2n e5 + 2m eg] where n, m € Z. The local shift for
the 0% sectors (k = 1,3,5) reads

Vi = k(Ve+naWs —I-TIIQ WQI) (3.19)

up to terms involving Ws.

location space group element
(ng,nb) | (in 27 units) k=1 k=3
(0,0) 0 (0,0) (63,0)
0,1) Leg (0, e6) (63, e6)
(1,0) ses (0, e5) (63, es5)
(1,1) | Lles+es) | (6, e5+eq) | (6% €5+ eq)

Table 3.2: Localization quantum numbers and space group elements.

4 Superpotential

In this section, we discuss the superpotential couplings in heterotic orbifolds. Interac-
tions on orbifolds are calculated using superconformal field theories [42,46]. This leads
to a set of selection rules dictating which couplings are allowed. For our purposes, it
suffices to identify the allowed couplings without knowing their precise strength. The
following discussion is closely related to the analysis of Kobayashi et al. 22|, with

some extensions.?

4.1 Vertex operators and correlation functions

In orbifold conformal field theory, couplings are obtained from correlation functions
of vertex operators for the corresponding physical states. The vertex operators for
bosons in the (—1)—ghost picture read (cf. [22]):
3 - -
V_(Jlf) _ om0 2ilathon) H 2(p+Vy) X H (gzz')Nfi (5Z*i)N?i o . (4.1)
i=1
Here q, k, p, f and Nﬁ, ]v;l are the quantum numbers described in Sec. ], and oy
is the twist field which creates the vacuum of the twisted sector at the fixed point
f from the untwisted vacuum (cf. [42,46,48-50]); ¢ is the bosonized superconformal
ghost (cf. [51]). Vertex operators for untwisted states correspond to k = Vy = 0,
or=1.

®Certain corrections to the selection rules of [22] will be discussed in detail in Ref. [47].
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In the 0-ghost picture, ([E]) is replaced with

3 - -
Vo(f) —  Q2ilgtkun)-H 2i(p+Vy)-X H (gzz‘)Nfi (gz*i)Nfz

i=1
3 . 5 . . y .
x> (B 0z] + B 97T ) gy (4.2)
The vertex operator for fermions is given by
3
V({)/Q — e 2 te(Q+kUN) -H 21 p+Vf X H azl Nfl Z*Z) f ) (43)

i=1
In what follows, we will mainly be interested in the superpotential couplings. These
are extracted from couplings between 2 fermions and n — 2 bosons given by the

correlation functions

<V(Jlﬁ/)2 V(l/>2 vy Vb(fn>> ' (4.4)

The correlation function (E4]) factorizes into correlators involving separately the fields
¢, H, X!, Z" and the twist fields [42,46,48-50]. Zg invariance of each correlator leads

to various selection rules which we discuss in the following.

4.2 Selection rules
4.2.1 Gauge invariance

Consider a coupling of n massless physical states labelled by index r. As expected,
the coupling has to obey gauge invariance. The gauge quantum numbers are specified
by the shifted momenta p + V; which play the role of the weight vectors w.r.t. the
unbroken subgroup of Eg x Eg. For the correlation function to be non—zero, the states

have to form a gauge singlet,

n

Y+ Vip = 0. (4.5)
r=1

It is instructive to interpret a coupling among twisted fields in terms of local gauge
groups. Suppose that the twisted states form representations R, R’, etc. under the
local non—-Abelian gauge groups Giocal, Gloeap, €t¢. Then the coupling among these

states is invariant under the intersection of these groups,
Gmtorscctlon = Glocal N Glocal N Glocal n... C E8 X E8 5 (46)

which is given by the Eg x Eg roots common to all of the local groups. The remaining
gauge invariance conditions concern U(1) charges. R, R’, etc. can be decomposed
into representations of Gintersection Such that the invariant couplings involve the latter.
This implies, for instance, that a coupling between localized 16-plets of SO(10) and
other twisted states need not be invariant under the full SO(10). As a result, a mass
term for the SM singlet in the 16-plet can be written without invoking large SO(10)

representations such as 126-plets, which are necessary in 4D GU'Ts.
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k | H—momentum
1| 3(—1,-2,-3)
2 | 3(—1,-2,0)
3| 2(-3,0,-3)
41 3(-2,-1,0)
5| £(—5,—4,-3)

Table 4.1: Zg_11 orbifold: H—momenta for bosons containing no oscilla-

tors.

4.2.2 H-momentum rules

Twist invariance of the compact 6D space requires that the superpotential be a scalar
with respect to discrete rotations in the compact space. In other words, the H-
momenta must add up to zero (up to a discrete ambiguity). The H—momenta invariant

under the ghost picture changing are defined by [22]
(n = (@ +kvg)) — (Npi = Nje (4.7)

and can be thought of as discrete R—charges [48,52]. They lie on the SO(8) weight
lattice.

For an allowed coupling between 2 fermions and n — 2 bosons, the sum of the H—
momenta must vanish. This rule can be reformulated in terms of bosonic H-momenta

only. Specifically,

> R,y = —1 mod6, (4.8a)
r=1
> R}, = —1 mod3, (4.8b)
r=1
> R}y = —1 mod?2, (4.8¢)
r=1

where RE'T) are the H-momenta of the bosonic components of chiral superfields. For
the Zg_11 orbifold these are listed in Tab. EIL% We note that gauge invariance requires
strict vanishing of the sum of Eg x Eg momenta, whereas the sum of H-momenta
must vanish up to a discrete shift as given above. The difference between the two
rules stems from the fact that the gauge 16D torus possesses continuous syminetries,

while in the case of the 6D orbifold they are only discrete.

4.2.3 Space group selection rules

The space group selection rule [42,46] states that the string boundary conditions have

to match in order for the coupling to be allowed. Consider twisted states living at the

6Qur sign convention is opposite to that of [22].
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fixed points f1, fa,. .. fn corresponding to the space group elements (651, ¢1), (%2, £5),
.., (0% £,). A coupling of these states is allowed if (cf. [48])

(01 07) (0%2,05) ... (0%, ¢,) = (1,0) (4.9)

up to a torus lattice vector ., A, where Ay, = (1 —6*)A. The untwisted sector

corresponds to the space group element (1,0). The above condition is equivalent to

(cf. App. D)

>k = 0 mod6, (4.10a)
r=1

Zn:ET = 0 mod Zn:Akr. (4.10b)
r=1

r=1
The first equation restricts the twisted sectors that can couple and states that the

total twist of the coupling must be 0 mod 6. The second condition puts a restriction

on the fixed points. In terms of the localization quantum numbers, it reads

SU(3) plane : Zk(r) n3ey = 0 mod 3, (4.11a)
r=1

SO(4) plane : Y mypy = 0 mod 2, (4.11b)
r=1
anz(r) = 0 mod?2, (4.11¢)
r=1

plus an additional condition to be discussed below. The quantum numbers n3.), ny(
and n’z(r) have been defined in Sec. Bl” The space group selection rule for the SU(3)
plane is illustrated in Fig. B

2w €4 2w €4 2w €4
IC)
@® @ @
|A),|B),1C)

@ @ @
|A) |B) |A) |B),|C)
2w eg 27 es 2mes

(a) Allowed. (b) Allowed. (c) Forbidden.

Figure 8: Allowed (a,b) and forbidden (¢) 3-point couplings between lo-
calized states |A),|B),|C) in the SU(3) plane.

"Note that the sum rule for the SU(3) plane differs from the corresponding rule in [22] by the factors
k(’(‘)
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For the Go plane, there is a non—trivial selection rule if only 75 and T}y, or only T3

states are involved in the coupling. As we show in App. B, the coupling must satisfy

{04(1),--- ¢y(n)} ¢ permutations{z,0,...0} (4.12)

for x # 0.

To summarize, we have presented the string selection rules which determine
whether a given superpotential coupling is allowed. Apart from gauge invariance,
such couplings enjoy certain discrete symmetries related to the localization proper-

ties of the states involved.

5 The MSSM from the heterotic string

In this section, we present an orbifold compactification of the Eg x Eg heterotic string
which yields the MSSM spectrum and gauge group at low energies. Apart from the
MSSM sector, the model contains a hidden sector which can account for low—energy
supersymmetry breakdown. In this section we present basic features of the model,
whereas other important aspects such as vacuum configurations, SUSY breaking,

and phenomenology will be discussed in Secs. BH8

5.1 Search Strategy

It is well known that with an appropriate choice of the gauge shift V' and Wilson lines,
it is not difficult to get the standard model gauge group times extra group factors.
The real challenge however is to get three generations of the SM matter.

We base our search on the concept of local GUTs. Since one complete matter
generation (plus a right-handed neutrino) is a 16-plet of SO(10), we use the gauge
shifts which admit local SO(10) symmetry and 16-plets at the fixed points. There
are only two such shifts in a Zg_11 orbifold [53,54],

111 1
‘/6 - <§7§7§7070707070> <§70707070707070> )
111 11
!/
= (2,22 B . 1
‘/6 <373737070707070> <676707070707070> (5 )

Each of them ensures that there are 16—plets in the T} sector, which remain in the
massless spectrum regardless of the Wilson lines. Further, one adjusts the Wilson
lines such that the gauge group in 4D is that of the standard model times additional
factors.

To obtain three matter generations, the simplest option is to use three equivalent
fixed points with local SO(10) symmetry [23|, Fig. P(a)] This would provide an in-
tuitive explanation for triplication of fermion families. However, our scan over such

models shows that in this case there are always chiral exotic states in the spectrum
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16 ® W,

Figure 9: 3 vs. 2 equivalent families.

(cf. App. [0).8 Such states get masses due to electroweak symmetry breaking and
generally are inconsistent with experiment. A similar statement applies to other Z,
orbifolds with n < 6.

This result implies that the three families of 16-plets are not all equivalent, at
least in the context of Z<g orbifold models. We are thus led to consider the next—
to—simplest possibility: 2 equivalent families and one different family, Fig. . The
equivalent 16—plets can appear due to 2 equivalent fixed points in the SO(4) plane
with one Wilson line W5. The remaining family then has to come from other sectors
of the model. We find that this procedure is successful and, in many cases, the exotic
matter is vector—like with respect to the standard model. Furthermore, we find that

the vector—like matter can be consistently decoupled at least in one case.

5.2 The model

Our model is a Zg_11 heterotic orbifold based on the Lie lattice Go x SU(3) x SO(4).
It involves two Wilson lines: one of order 2, W5, and another of order 3, W3, and has
the gauge shift Vs consistent with the local SO(10) structure. Specifically, the gauge
shift and the Wilson lines are given by [26]

111 1
Ve = -
6 <272737070707070> <370707070707070> 9
1 111 311 1111 1
”2 - <§707§7§7§707070> <_Z7Z717_17171717_1> )
1 11111 111
Wy = (2,0,0,=,2, >, 1L,>, == : 2
3 <370707373737373> (7373737070707()) (5 )

By adding elements of the root lattice Apgxgg to the shift and Wilson lines, one can
transform this set to
1 11 7 5 5 5 5 5 55
Vi = —=,—=,-=,0,0,0,0,0 — == =, ==, ==, — =, =
6 < 27 2737 ) b ) b > <67 27 27 27 27 27 272> bl
8We find that some models have exotic matter which is vector-like with respect to SU(3). x SU(2)L,

but chiral with respect to correctly normalized U(1)y. In particular, our earlier model [23] suffers from
this problem.
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2" 47 47 47 47 47 4 474

111 11 1 1 21 4
wh o= (—2,2,2, -2, -2, ——,—=,—=] (0,-%,%,2,-1,0,0,0 5.3
3 < 672727 67 67 67 67 6> <7 373737 ) 9y ) > Y ( )

which fulfills the ‘strong’ modular invariance conditions (Z30).

1 111 2 2 21 1 2 21 17 1
WQ/ = <__ 0 _5757570707()) <_3 __5 N __9 __5 - __7 _7> )
1

The gauge group after compactification is
G = SU(3) x SU(2) x [SU(4) x SU(2)'] x U(1)?. (5.4)

Here the brackets [...] indicate a subgroup of the second Eg factor. The generators

of the U(1) factors can be chosen as

t1 = ty = <0 0,0, ; ; %, ! ) (0,0,0,0,0,0,0,0) ,

ta = (1,0,0,0,0,0,0,0)(0,0,0,0,0,0,0,0) ,

ts = (0,1,0,0,0,0,0,0)(0,0,0,0,0,0,0,0) ,

t« = (0,0,1,0,0,0,0,0)(0,0,0,0,0,0,0,0) ,

ts = (0,0,0,1,1,1,1,1)(0,0,0,0,0,0,0,0) ,

ts = (0,0,0,0,0,0,0,0)(1,0,0,0,0,0,0,0) ,

tr = (0,0,0,0,0,0,0,0)(0,1,1,0,0,0,0,0) ,

tg = (0,0,0,0,0,0,0,0)(00010000),

ty = (0,0,0,0,0,0,0,0)(0,0,0,0, — -1,1). (5.5)

One of the U(1) factors is ‘anomalous’. It is generated by
- . 11 3 1 11
tanom = Zciti with ¢ = <0’€’§’_§’_6’1’§’§’O> . (5.6)

The sum of the anomalous U(1) charges is
tr tanom = 88, (5.7)

which is relevant to the calculation of the Fayet—Iliopoulos term.

The factors SU(3) and SU(2) in G are identified with the color SU(3). and the
weak SU(2)r, of the standard model. The hypercharge generator is given by ty. It is
embedded in SO(10) just like in usual 4D GUTS,

SU@3). x SU(2), x U(l)y < SO(10) . (5.8)

Thus it automatically has the correct normalization and is consistent with gauge
coupling unification. It is also important that this hypercharge is non-anomalous,
ty - tanom = 0.

The massless matter states are listed in Tab. Bl They appear in both the un-
twisted and twisted sectors, apart from 75 which has no left—chiral superfields. The

spectrum can be summarized as follows:
matter: 3 x 16 + vector-like . (5.9)
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name irrep count name irrep count
¢ (3,2;1,1)16 3 a; | (3,1;1,1) 93| 3

d | BL1,1)ys | 7 di | (3,1;1,1) 45| 4

l; (1,2;1,1)19 5 G (1,2;1,1) g0 8

m; (1,2:1,1), 8 g (1,1;1,1), 3

si | (L,1;1,1) 4 | 16 st | (1,1;1,1),5 | 16

s; (1,1;1,1), 69 h; (1,1;1,2), 14

fi (1,1;4,1), 4 fi (1,1;4,1), 4

w; (1,1;6,1), 5

Table 5.1: Quantum numbers of the massless states w.r.t. Gey x [SU(4) x

SU(2)] and a field naming convention.

Two generations are localized in the compactified space and come from the first
twisted sector Tp, whereas the third generation is partially twisted and partially

untwisted:
2x16€Ty , 16 € U5, Ty . (5.10)

In particular, the up—quark and the quark doublet of the third generation are un-
twisted, which results in a large Yukawa coupling, whereas the down—quark is twisted
and its Yukawa coupling is suppressed. The 16—plet quantum numbers of the third
generation are not enforced by local GUTs, but are related to the standard model
anomaly cancellation.

Apart from the 3 matter families, the model contains extra states which are vector—
like with respect to the standard model gauge group. These include a pair of Higgs
doublets and additional exotic matter which, as we show in the subsequent sections,
can be consistently decoupled. A complete list of quantum numbers of the massless
states is given in Tabs. and

5.3 Local GUT representations

The matter states of the model can be viewed as originating from representations of
local GUTs supported at certain fixed points or planes. States from the first twisted
sector correspond to ‘brane’ fields living at the orbifold fixed points. As discussed in
Sec. Bl such states are invariant under the orbifold action. Thus they all survive in 4D
and furnish complete representations of the local GUTs. On the other hand, states
from higher twisted (as well as untwisted) sectors are not automatically invariant
under the orbifold action. Part of the GUT multiplet is projected out such that the
surviving states produce incomplete (‘split’) multiplets in 4D. In particular, the gauge

multiplets of Eg reduce to those of the standard model (and extra group factors). The
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latter can be viewed as an intersection of local GUTs at various orbifold fixed points
(see e.g. [25]). We survey the local GUTs and their representations in Tab. [D.T1

5.4 Spontaneous gauge symmetry breaking

The effective low energy theory of our orbifold model has, in general, smaller gauge
symmetry and fewer massless states than those in Eq. (B4]) and Tab. Bl One of the

reasons is that there is an anomalous U(1) which induces a FI D—term,
. M2
Danom = quxgom |¢Z|2 + g—P tr tanom (511)

where the sum runs over all scalars ¢; with anomalous charges qa(fgom. This D—-term
must be zero in a supersymmetric vacuum, so at least some of the scalars are forced
to attain large vacuum expectation values, typically not far below the string scale. As
a result, the anomalous U(1) gets broken. Generically, this also triggers breakdown of
other gauge symmetries, under which the above mentioned scalars are charged. The
resulting gauge group and matter fields at low energies are therefore a subset of those
in Eq. (&4) and Tab. B11

More generally, some of the scalars can attain VEVs as long as it is consistent
with supersymmetry, F; = D, = 0. In the simplest case, such scalars are associated
with flat directions in the field space. In general, supersymmetric configurations are
described by non—trivial solutions of F; = D, = 0, which correspond to points or
low—dimensional manifolds in the field space. In either case, this breaks part of the
gauge symmetry,

VEVs
—

G Glow—energy - (5.12)

Furthermore, such VEVs provide mass terms for some of the matter states. In par-

ticular, if the superpotential coupling
AW = 2; T X (Say---San) (5.13)

exists, with x; and Z; being vector-like states w.r.t. Glow—ecnergy and s, being the
scalars attaining VEVs, then x; and Z; become massive and decouple from the low
energy theory.

It is common that orbifold models contain states which are charged under both
Gswm and other gauge factors originating from the second Eg. As long as such gauge
factors are unbroken, there is no hidden sector in the model, which is usually re-
quired for spontaneous SUSY breaking. The separation between the “visible” and the
“hidden” comes about when some of the scalars attain VEVs thereby breaking the
unwanted gauge factors. In our model, this occurs, in particular, when some of the
69 s; states break U(1)3.

An interesting property of the model is that none of the oscillator states is charged
under Ggy (cf. Tabs. D2, [D3). If all the oscillators develop VEVs, the unbroken
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gauge group is Gsym x [SU(4) x U(1)], while the SM matter is neutral under the
additional U(1). This might be important as it has been argued that giving VEVs
to oscillator modes corresponds to resolving the conical singularities associated with
the fixed points [48|. This means that the phenomenologically relevant gauge group
survives the naive ‘blowing—up’ procedure.

Orbifold models with the same gauge shifts and Wilson lines but different scalar
VEVs lead to distinct low—energy theories. For example, in some of them, the standard
model gauge group is broken. To obtain realistic models, one has to make sure that,
first of all,

e (Gg\p is unbroken,
e exotic matter is heavy.

There are also further phenomenological constraints which we discuss in the subse-

quent sections.

5.5 Decoupling the exotic states

A necessary condition for the decoupling of vector—like exotic states, without breaking

the standard model gauge group, is the existence of the superpotential couplings
x; T; x (SM singlets) . (5.14)

Furthermore, the rank of the x;, 7; mass matrix must be maximal such that no
massless vector-like states survive. We find that in our model the required mass
terms are allowed and the exotic states can be decoupled.

The exotic states charged under Gy are pairs of d; and d;, U; and 0;, s; and s;r,

and m;. The mass terms for these states have the form
Wnass = d; Milj(s) dj +¢; ./\/lzj(s) £ +m; MY (s)mj + sf MY (s) s; , (5.15)

where s denotes some SM singlets. Taking s = {s;}, we find

PP P P P B
1 1 3 3 3 3 o3
Mizj(s) _ 31 31 33 33 33 33 33 7 (5.16)
st st 83 s3 83 3 s
s6 50 6 3 g3 6 46
s3 st st st st ostosh st
slos2 s2 88 0 83 s 83
Méj(s) = st g2 s2 8 5§38 s (5.17)
st 8?2 52 82 5 6 3 83
st 6 50 3 53 6 g3 s3
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M (s) and M (s) are given in Eqs. () and (D) in App. [0 respectively. Here, an
entry sV indicates the existence of a coupling which involves N singlets. For instance,

the (1,1) entry of the d-d mass term includes
Wya, = didi(s3520539544565 + 57534535540841 + -+ ) (5.18)

where the coefficients are omitted. Different entries generally involve different combi-
nations of the singlets as well as different couplings, such that the rank of each mass
matrix is maximal. We note that higher N does not necessarily imply significant
suppression of the coupling [55]: s can be close to the string scale and, furthermore,
the coefficient in front of the coupling grows with N. We find that all mass matrices
have maximal rank at order 8. A zero in the mass matrices (OLI))-(.3)) of App. .4l
indicates that up to order 8 no coupling appears.

This result implies that all of the exotic states can be decoupled below the GUT
scale or so. In particular, the rank of My is 4 such that only 3 down-type quarks
survive. My has, in general, rank 5 resulting in 3 massless doublets of hypercharge
—1/2. In order to get an extra pair of (“Higgs”) doublets with hypercharge —1/2
and 1/2, one has to adjust the singlet VEVs such that the rank reduces to 4. This
large finetuning constitutes the well known supersymmetric g—problem and will be
discussed in subsequent sections. A further constraint on the above texture comes
from the top Yukawa coupling: it is order one if the up—type Higgs doublet has a
significant component of /.

In the above mass matrices, s are chosen to be singlets under SU(4) x SU(2) such
that their VEVs break

G — SU(3)C X SU(Q)L X U(l)y X Ghiddcn s (519)

with Ghigden = SU(4) x SU(2)’. Now the model has a truly hidden sector which can
be responsible for spontaneous SUSY breaking.

In the next section we show that the required configurations of the singlet VEVs
are in general consistent with supersymmetry, e.g. F; = D, = 0. The D-flatness is
ensured by constructing gauge invariant monomials out of the singlets [56,57] involved
in the mass terms for the exotic states. We further show that generally there exist
non-trivial solutions to F; = D, = 0 in the form of low—dimensional manifolds in the
field space.

Not all vacuum configurations consistent with supersymmetry and the decoupling

are phenomenologically viable. Further important constraints are due to
e absence of rapid proton decay,
e realistic flavour structures,

e small y—term.
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This strongly restricts allowed VEVs for the singlets. As we show in Sec. B, these
constraints motivate certain patterns of the VEVs, in particular those which preserve
B—L symmetry at the GUT scale.

Finally, let us remark on gauge invariance of the couplings in the framework of
local GUTs. As stated in Eq. (Ef), a coupling among twisted states is invariant under
the intersection of local gauge groups supported at the corresponding fixed points,
but not necessarily under each of the groups. To give an example, consider an allowed
coupling s4 s9g s57. Each of these singlets originates from a larger representation of
the local group. The above coupling arises from the coupling of states contained in
(16,1,1;1) of SO(10) x SU(2) x SU(2) x SO(14), (1;1,4) of SU(7) x [SO(8) x SU(4)],
and (14;1) of SO(14) x [SO(14)]. Clearly, it is not SO(10) invariant. This is a special
feature of local GUTs.

To summarize, we have shown that our model reproduces the exact MSSM spec-
trum and the gauge group at low energies. The matter multiplets appear as 3 16—plets
of SO(10). Since My is a 4 x 7 matrix and M, is a 5 x 8 matrix, there exists one
pair of SU(2) ‘Higgs’ doublets which do not form complete GUT representations. The

model also has a hidden sector.

5.6 Orbifold GUT limits

One of the motivations for revisiting orbifold compactifications of the heterotic string
is the phenomenological success of orbifold GUTs [14-19]. In our model, the hyper-
charge is correctly normalized and the spectrum is that of the MSSM, which leads to
gauge coupling unification at about 2 x 1016 GeV. It is therefore interesting to study
orbifold GUT limits of the model, which correspond to anisotropic compactifications
where some radii are significantly larger than the others. Such anisotropy may mit-
igate the discrepancy between the GUT and the string scales and can be consistent
with perturbativity for one or two large radii of order (2 x 1016 GeV)~! [58,59|. In
the energy range between the compactification scale and the string scale one obtains
an effective higher-dimensional field theory.

In Zg_11 orbifolds, there are four independent radii: two are associated with the
Go and SU(3) planes, respectively, and the other two are associated with the two
independent directions in the SO(4)-plane. Any of these radii can in principle be
large leading to a distinct GUT model.

The bulk gauge group and the amount of supersymmetry are found via a subset
of the invariance conditions ([Zh3)) with N < 6. Consider a subspace S of the 6D
compact space with large compactification radii. This subspace is left invariant under
the action of some elements of the orbifold space group, i.e. a subset of twists and
translations G. The bulk gauge multiplet in S is part of the N = 4 Eg x Eg gauge
multiplet which is invariant under the action of G, i.e. a subset of conditions (48]
restricted to G [25].
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SU(5) C SO(10)  SO(6) x SU(2)y SO(6) x SU(3)

10+5+1=16

10+5+1=16

CSO(10)  SO(6) x SU(2)L, Grs C SO(10) SO(6) x SOG)
SO(4) plane. (b) SU(3) plane.

SU(5
(a

N —

SU(3). x SU(3)

®
® ®
Gsu SU(5) x SU(2)

(¢) G plane.

Figure 10: Orbifold GUT limits. In each case, a plane with a large com-
pactification radius is displayed. Only subgroups of the first Eg are shown
and U(1) factors are omitted.

In our model, the intermediate orbifold picture can have any dimensionality be-
tween 5 and 10. For example, the 6D orbifold GUT limits are (up to U(1) factors):

SO(4) plane : bulk GUT =SU(6), N =2,
SU(3) plane : bulk GUT =SU(8), N =2,
Go plane : bulk GUT = SU(6) x SO(4) , N =4,

where the plane with a “large” compactification radius is indicated and N denotes the
amount of supersymmetry. In all of these cases, the bulk S—functions of the SM gauge
couplings coincide. This is because either Ggy is contained in a simple gauge group
or there is N = 4 supersymmetry. It is remarkable that regardless of which radii
are large, unification in the bulk occurs. This observation may indeed be relevant to

the discrepancy between the GUT and the string scales. However, to check whether
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this is really the case, logarithmic corrections from localized fields, contributions from
vector—like heavy fields and string thresholds have to be taken into account.

The 6D orbifold GUT limits of the model are displayed in Fig. We note that
the standard model gauge group is obtained as an intersection of the local gauge
groups at the orbifold fixed points. For completeness, in Tab. we survey all
possible orbifold GUT limits. For D > 6, we find that they are all consistent with
gauge coupling unification in the bulk. The different geometries differ, however, in the

values of the gauge couplings at the unification scale as well as the Yukawa couplings.

6 Supersymmetric vacuum configurations

In this section we discuss supersymmetric vacuum configurations of our model. In
globally supersymmetric theories, these require vanishing of the D- and F—terms. We

start with the discussion of the D-terms.

6.1 D-flatness

In a supersymmetric gauge theory with an anomalous U(1), vanishing of the D—terms

requires

D, = Z(ﬁ? uhi =0,

Danom = annom ’¢2’2 192 P2 tr tanom = 0 ) (61)

where Ty are generators of the gauge group and tanom is the generator of an anomalous
U(1). In particular, to have a vanishing FI D-term, there must exist at least one field
whose anomalous charge is opposite in sign to that of trtanom.

In theories without an anomalous U(1), these conditions are satisfied if there exists

a gauge invariant monomial I(¢;) [56]. The D-flat field configurations are found from

(55) = clon. (62)

where ¢ is a constant and (z) denotes the VEV of z. On solutions of this equation,

gauge invariance of I simply means D, = 0 [56]. If an anomalous U(1) is present,
D-flatness requires the existence of I(¢;) which is gauge invariant with respect to
all symmetries apart from U(1)anom and which carries a net anomalous charge whose
sign is opposite to that of trtanem (see, e.g., [12,60,61]).

Therefore, searching for a D—flat configuration amounts to finding gauge invariant
monomials with the above properties. Clearly, such monomials can be multiplied

together while preserving the required properties. We are particularly interested in
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the U(1)" gauge theory which is relevant when the non-Abelian singlets s; get VEVs.

In this case, the gauge invariant monomial
(81)”1 (82)”2 ce (Sk)nk , n; €N, (6.3)

represents the D—flat direction

[s1l/vn1 = |sal/v/na = .. = lsil/v/ni (6.4)

in the field space. The overall scale of these VEVs is fixed by the FI D—term.
Starting with the anomalous U(1) D-term, an example of a gauge invariant mono-

mial with a negative anomalous charge is given by

I = (s12)” s39 855 S56 - (6.5)

Clearly, it is not unique (cf. Tab. [.f)). In particular, it can be multiplied by a mono-
mial with zero anomalous charge. We find that every s; that enters the mass matrices
for the exotic states also enters a gauge invariant monomial (see Tab. [D.T). This
shows that s; can be given large VEVs while having vanishing D-terms.

There is also another algorithm to check the D-flatness for the required singlet

configuration. Mass terms for vector-like exotic matter z; are generated by
ij
with
Mij(s) = Z Z Cij(k‘l,...,k'n) Sky -+ Skyp > (6.7)

n klv"'vkn

where s, are the singlets and ¢;j(k1, ..., ky) are some coefficients. Any monomial of
fields in the superpotential is gauge invariant and represents a D—flat direction. Thus
multiplying all of the monomials together, we again get a flat direction. However, we
do not want to give VEVs to the exotic matter fields z; since this would break the
standard model gauge group. So, one needs to replace those with some SM-singlets

which have the same total U(1)-charges:

U(1)-charges H z;Z; | = U(1)-charges (s;, ...s1,) - (6.8)
M;;#0

This is just one equation. In our case, there are many singlet monomials satisfying
this equation and one of them is
s7(519)" 526536530(540)° (548) 555 (556)” (557) " (s64)* (s68)** (569)°" - (6.9)

To cancel the FI term, one has to multiply it with the monomial I; which has a
negative anomalous charge. This shows that one can give VEVs to all singlets involved

in the decoupling of extra matter consistently with the D—flatness.
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6.2 Some of the F—flat directions

The requirement F; = 0 for a singlet s; is most easily satisfied if s; is an F-flat
direction, i.e.,
ow
0s;

for arbitrary values of s;. (When s; is not a flat direction, F; = 0 is satisfied only at

=0 (6.10)

special values of s;.) The existence of such flat directions usually requires that the
VEVs of some other singlets appearing in the superpotential be zero.
Many exactly F—flat directions can be obtained from the selection rule ([EE8d) for

the superpotential couplings,
> R* = —1 mod2. (6.11)
As seen from Tabs. and [D.3], all of the non—-Abelian singlets in U, Ty, Ty sectors

have R? = 0. Thus they cannot couple among themselves consistently with the rule
(ETT). Furthermore, they cannot couple to a single state in 77 3 since the latter have
R3 = —1/2 and at least two of such states are needed to have an allowed coupling.
That means that the F—terms are proportional to a VEV of some state in 71 3:
ow
asi
as long as all singlets in 77 3 have zero VEVs. Thus one immediately gets 39 exactly

F; ~ ~ (singlet from T73) = 0, (6.12)

F—flat directions associated with s; from the
U, Ts, Ty (6.13)

sectors.

One can also show that these directions are D-flat. In particular, each non—
Abelian singlet from U, T5, T enters a gauge invariant monomial which involves only
U, T,, Ty singlet states. Furthermore, it is possible to construct a monomial with a

negative net anomalous charge. An example is (see also Tab. [D.7)
I = s34 535 840 39 S67 - (6.14)

That means one can give non-zero VEVs to the U, 15, T} singlets while preserving su-
persymmetry. Some of such states presumably correspond to the “blowing—up” modes
of the orbifold which allow one to interpolate between a smooth Calabi—Yau manifold
and an orbifold.

These flat directions allow us to decouple many exotic states but not all. One can
perhaps increase the dimensionality of the F— and D-flat space by including non—
Abelian flat directions or by other considerations. We also note that, for practical
purposes, flatness is only required up to a certain order in superpotential couplings
and one may exploit approximately flat directions.

In any case, flat directions are not necessary for the decoupling. As we discuss
below, supersymmetric field configurations are in general more complicated and allow

for the decoupling of the exotic states.
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6.3 General supersymmetric field configurations

Given a set of 69 states s;, supersymmetric field configurations are given by the sets
of VEVs (s;) which satisfy F; = D, = 0. Naively, it appears that the number of
constraints, that is 69 plus the number of the gauge group generators, is larger than
the number of variables, 69. The system seems to be overconstrained. However, this is
not the case. As well known, complexified gauge transformations allow us to eliminate
the D—term constraints ( [62], [63, Chapter VIII]), such that the number of variables
equals the number of equations. In what follows, we demonstrate this for Abelian and

non—Abelian cases.

6.3.1 Abelian case

Consider a supersymmetric U(1)" gauge theory with n charged fields z;. The super-

potential can be written as

W= > T, z) . (6.15)
(a)

Here I(®) are gauge invariant monomials (some of which may be reducible, i.e. a

product of lower order monomials),

I(z1,. .. 2n) = c2 . 2k (6.16)
with ¢ being a constant and

F1Qi+ -+ k,Qn = 0, (6.17)

where Q; = (¢}, ...,q") is an N-vector of U(1) charges of the fields z;.

Supersymmetry is preserved in the vacuum if
=0, D, =0, ¢t=1,....n;a=1,...,N. (6.18)

Start with the Fterms. F; = 0 can be written as®

F(z) = %T ~ 0 (6.19)

for all ¢. Since there are n such equations and n variables, there are solutions. In

general, there are solutions with z; # 0 (for example, when W is a non-trivial poly-

nomial).!0

9Here we define the F' component such that it has the quantum numbers of z*.
19Tn particular, this is generally the case in string orbifold models. The reason is that if a superpotential

Wy is allowed by string selection rules, Wi is also allowed for some integers N. For example, in the Zg
case, one has W ~ Wy + W{ + .... Such superpotentials allow for non—trivial solutions to the F—term

equations (consider, e.g., Wy = 212223).
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Consider a solution with z; # 0. Note that Fj(z) is not gauge invariant, but
transforms as z; . As a consequence, if {20} is a solution to F;(z) = 0, then the

transformation

2 o 2 = 2 ()W (ag)% - (an)T (6.20)

leaves the F'—terms vanishing,

F(2%) = Fi(Z) = F(2’) () % (a2) % - (an) ™% = 0, (6.21)
where o are arbitrary complex numbers and ¢{* is the a-th U(1) charge of z;. There-
fore, given a solution z? to the F'—term equations, it can be rescaled as above to give
a family of solutions. In fact, it can be rescaled in such a way that all the D—terms

vanish:

1 2 N
Du(z) = Y atl=l® = Y a1z Plaafh e a5 = 0 (6.22)
7 %

for a = 1,...,N. The N rescaling parameters |a;| are found from the above N
equations. In terms of the rescaled variables z!, these solutions are encoded in the
gauge invariant monormials zikl ... 2% such that

Al/VE = 1Al VR = = 15/ V. (6.23)

is a D—flat direction. This latter equation allows to find a; most easily and also shows
that sensible solutions to Eq. (E22) exist, i.e. |a;]? > 0. 1!
Let us now turn to the D-term of an anomalous U(1). The complexified gauge

transformation which leaves F; = 0 intact is

©)
zZO N Z; = Yenom Z? ,
, (i) g M3
Danom(2') = qu(xlrzom |z?|2|a|2qa"°m + 192;2 tT tanom - (6.24)

(2

Aslong as there is a field whose anomalous charge is opposite in sign to that of tr tanom,
the D-term can be cancelled. Suppose trtanom < 0, then Dapom < 0 for aqgl)om — 0
and Dapom > 0 for aqéi')om — 00. Therefore, there is a solution to Do = 0 for finite
fShom

It is now clear that the D—term constraints can be satisfied by an appropriate
choice of complexified gauge transformations. This means that the number of SUSY
conditions F; = 0 equals the number of variables z;, such that (non-trivial) solutions
generally exist. Such solutions can be points (up to gauge transformations) or low

dimensional manifolds in the field space.

UNote that if 2 fields z; » with identical charges are present, one has to be cautious. As far as the D-term

k1 k2 —>Z§1+k2

equations go, these two fields can be treated as one, i.e. 23" z5 and ¢ |z1)% 4 ¢5|z2|* — 522/
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6.3.2 Non—Abelian case

Let us now consider the case of a non—Abelian gauge theory following Ref. [63, Chap-
ter VIII|. This situation arises in our construction when one assigns VEVs to the
doublets of the hidden sector SU(2). As in the Abelian case, if {z)} is a solution to
the F-term equations Fj(z) = 0, then

Y = exp (iZ)\aTa> 20 (6.25)

is also a solution, where 7; are the group generators and A, are complex parameters.
This is because F; transforms as z; ', i.e., F(2') = exp(—i Y A\oTo) F(2°).

The D-terms, Dq(z) = ), zZ.T T,z;, transform in the adjoint representation under
this transformation. There is always a group element which transforms vector D,
into (z,0,..,0) corresponding to the direction of one of the Cartan generators T}, i.e.
D, — Dy =3, z;-fTazi. Writing (73)i; = pidi; with real p1;, the only non-vanishing

D-term is
Da) = Yl (6.26)
i
The complexified gauge transformation along this direction,
7 — 2 = exp(un) 2, (6.27)
with real n, leaves F;(z") = 0 and transforms the D-term into

Dy(2") = Zuie2“m\z£[2. (6.28)

In the non-degenerate case, D;(2"7) — oo for n — +00.!? Therefore, there is a

solution to D, = 0 for finite 7 and hence finite 2.

6.3.3 Summary and applications

Employing complexified gauge symmetry, we have shown that the system of equa-
tions F; = D, = 0 in globally supersymmetric models is not overconstraining. In
particular, solutions to F; = 0 exist since the number of equations equals the number
of complex variables and in general some of these solutions are non-trivial. Once a
non-trivial solution to F; = 0 is found, it can be transformed using complexified
gauge symmetry to satisfy D, = 0. This conclusion is based on the observation that
the F—term equations constrain gauge invariant monomials, while such monomials

are also associated with D-flat directions.

12An example of the degenerate case is an SU(2) theory with 2 fundamental multiplets hy 2 and W =
(h1h2)™. The solution to the F—term equations is ho = chy such that all gauge invariant monomials vanish.

The D—terms vanish only for hy 2 = 0 corresponding to |n| — oc.
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Consequently, supersymmetric field configurations in orbifold models form low
dimensional manifolds or points (up to gauge transformations). In such configurations,
SM singlets generally attain non-zero VEVs, typically not far below the string scale.
As a result, when such VEVs play a role of the mass terms for vector-like exotic
states, the decoupling of the latter can be made consistently with supersymmetry.

The above considerations apply to globally supersymmetric models at the pertur-
bative level. In practice, we expect supergravity as well as non-perturbative effects
to play a role in selecting vacua. However, it would be very difficult to quantify such
effects at this stage. We note that, in existing literature, it is rather common to amend
the global SUSY conditions F; = D, = 0 by (W) = 0 (see e.g. [49]), which implies a
vanishing cosmological constant in supergravity. Such a condition should however be
imposed on the total superpotential which includes, in particular, non—perturbative
potentials for moduli. Thus, requiring (W) = 0 does not set any immediate constraint
on the charged matter VEVs. At this stage, we include only the most important su-
pergravity effect, that is gaugino condensation in the hidden sector, which we discuss

in the next section.

7 Spontaneous supersymmetry breaking

7.1 Hidden sector gaugino condensation

As supersymmetry is broken in nature, realistic models should admit spontaneous
supersymmetry breakdown. An attractive scheme for that is hidden sector gaugino
condensation [64-67|. In this case, a hierarchically small supersymmetry breaking
scale, which is favoured by phenomenology, is explained by dimensional transmuta-
tion.

The basic idea is that one or more gauge groups in the hidden sector become
strongly coupled at an intermediate scale. This leads to confinement and gaugino
condensation. Under certain circumstances, that is if the dilaton is stabilized, gaugino

condensation translates into supersymmetry breaking. In particular,
A3~ 108 GeV (7.1)

leads to the gravitino mass in the TeV range, mg/s ~ (A\)/Mg. The condensation
scale A ~ (AM)1/3 is given by the Landau pole of the condensing gauge group,

1 1
A = MGUT exp <_%7g2(MGUT)> . (72)

For certain gauge groups and matter content, A can be in the right range.
Gaugino condensation leads to supersymmetry breaking only if the dilaton is
stabilized at a realistic value. Models with a single gaugino condensate and a clas-

sical Kédhler potential suffer from the notorious dilaton run—away problem. That
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is, gaugino condensation creates a non—perturbative superpotential for the dilaton
W ~ exp(—aS) ~ (A\) (where a = 3/2(3) which leads to S — oo at the minimum
of the scalar potential. There are two common options to avoid this problem: employ
multiple gaugino condensates or use non-perturbative corrections to the Kéhler po-
tential. The first option is not available in our model as the hidden sector SU(2) either
does not condense or its condensation scale is too low, and we are left with a single
SU(4). Thus, we use the second option. In this case, the classical Kihler potential for

the dilaton is amended by non—perturbative corrections,
K = —In(S+S)+ AKyy . (7.3)

The functional form of AK,, has been studied in the literature [68-72|. For a
favourable choice of the parameters, this correction allows one to stabilize the dilaton
at a realistic value, Re S ~ 2, while breaking supersymmetry [70-74]. Supersymmetry
is broken spontaneously by the dilaton F—term,

(AN

Fg ~ ——
S MP’

Fr~0, (7.4)

where T is the heterotic T-modulus. In what follows, we will estimate the gaugino
condensation scale in our model without going into details of the dilaton stabilization
mechanism.

The condensing gauge group in our case is SU(4). The condensation scale depends
on the matter content. If all the singlets have zero VEVs, there are 5 6-plets and 4

pairs of 4 + 4. The corresponding beta function is

By = 1o (12— #(6) ~ #(4+ D)} | (7.5

where #(R) counts the number of representations R. With the above matter content,
SU(4) is asymptotically free but the condensation scale is too low. In a general field
configuration, the 6-plets and the pairs 4 + 4 receive large masses (see Eqs. (D3)
and (O4))) and are all decoupled. In this case, the beta function becomes

3

= (7.6)

Bsu@) =

The condensation scale is then 100 — 10! GeV. There are many factors that can
affect it. In particular, there are string threshold corrections [75-79] which lead to
different gauge couplings in the visible and hidden Eg. The corresponding gauge
kinetic functions are given by [75,78, 79|

fvis/hid = S+teT, (77)

where € is a small parameter and, for simplicity, we have taken a large T' limit. The

gauge couplings are found from
Ref = ¢72. (7.8)
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In the visible sector, the apparent gauge coupling unification requires g(_;%T ~ 2

whereas the hidden sector gauge coupling is
gnia(Maur) = Refuia =~ 2(1-A4), (7.9)

where A parametrizes string threshold corrections. The corresponding condensation

scale is
1
A ~ Mgyt exp [_B(l - A)] . (7.10)

For A between 0 and 0.3, the condensation scale ranges between 5x 10! and 103 GeV

(cf. Fig. [[I). Thus a TeV scale gravitino mass can in principle be obtained.

4 -

1 12 13 14 15 16
l0g,0 (1/GeV)

Figure 11: Scale dependence of the hidden sector SU(4) gauge coupling

for different threshold corrections A.

There are of course other factors that can affect the above estimate. For example,
the SUSY breaking scale depends on coefficients entering a particular dilaton sta-
bilization mechanism. Also the identification of the Landau pole with (AX)'/3 is not
precise. The main point, however, is that the model contains the necessary ingredients
for gaugino condensation and SUSY breaking in the phenomenologically interesting

range.

7.2 Soft SUSY breaking terms

The Kéhler stabilization mechanism leads to a specific pattern of the soft terms, the
so called “dilaton dominated scenario” [80]. The resulting soft terms are universal and

given by

Lot = %(wa +h.c) —m2p*p* — <%A Yo, 0%0° 67 + h.c.> , (7.11)
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where A* are the gauginos, ¢* are the scalars and Y3, are the Yukawa couplings.
Dilaton dominated SUSY breaking implies the following relations among the soft

breaking parameters (see e.g. [81]):
M = It\/gmg/g, m = m3/2, A= —-M. (712)

This is a restricted version of mSUGRA with the only independent parameter being
the gravitino mass mg/3. Here we do not discuss the p and By terms which depend
on further details of the model.

The dilaton dominated scenario has a number of phenomenologically attractive
features. In particular, due to flavour universality in the soft breaking sector, it avoids
the SUSY FCNC problem. Also, most of the physical CP phases, e.g. arg(A*M),
vanish which ameliorates the SUSY CP problem. Other phenomenological aspects
have been discussed in Ref. [82].

The above considerations are based on the assumption that the dilaton is stabilized
via non—perturbative corrections to the Kéahler potential. Dilaton and other moduli
stabilization is a difficult issue and there may exist other possibilities which could

lead to other patterns of the soft terms.

8 B —L symmetry and phenomenology

Realistic string vacua must satisfy a number of phenomenological constraints, in
addition to those imposed by the spectrum and the gauge group of the MSSM. In
particular, the proton should be sufficiently stable as well as flavour structures should
be realistic. This constrains vacuum configurations for the SM singlets. In generic
vacua, there are baryon number violating operators already at the renormalizable
level, so in order to avoid rapid proton decay one must be able to tune the VEVs
and suppress such operators. This appears rather artificial and one may ask whether
there is a deeper reason behind it.

In this section, we explore vacua preserving the B—L symmetry at the high energy
(GUT) scale, which appear phenomenology attractive. In this case, the renormalizable
R-parity violating couplings

Wa = pils du + Nijili €5 € + Nl @5 dy + N dj di, (8.1)
are prohibited, leading to suppression of proton decay. The B — L symmetry fits
naturally into the concept of local GUTS: it is related to the SO(10) B—L generator,
although there are differences. Finally, B—L can be broken at an intermediate scale
which might induce small R-parity violating couplings and could be related to the
smallness of the neutrino masses.

Having suppressed B— L violation, we further study whether the required singlet

VEV configurations allow for the decoupling of the exotic matter, realistic flavour

structures and a small u—term.
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field | B—L charges

o |53

o [{-3-h-b)

& |{-3-b3-h-b33)
b |{-3-3-33)

l; {0,—-1,-1,0,0,0,—1,—1}
(; |{0,0,0,1,0}

€ {1,1,1}

Table 8.1: B—L charges of the relevant matter fields.

8.1 Vacuum configurations with unbroken B — L

The first step is to obtain singlet VEV configurations which preserve
GSM X U(l)B_L X [SU(4)] .

Here we keep the hidden sector SU(4) unbroken which is needed for gaugino conden-
sation.

Let us now identify a B—L generator. An obvious option would be to use the B—L
of SO(10). This however leads to anomalous B—L symmetry, tSBC_)gO) “tanom # 0. It is
possible to modify this generator such that the resulting B—L is non-anomalous and
the B—L charges for the members of the 16-plets are the standard ones. Requiring

further that the hidden sector SU(2) doublets h; be neutral under U(1)p_p,, fixes'3

tnr = (0,1,1,0,0—2 -2 2) (L1 1 14600 (8.2)
B-L — s Ly Ly YUy Uy 37 37 3 272727 27777 . .

The B—L charges of matter fields are shown in Tabs. BTl The ¢; and w;
states have the standard charges, while only four out of seven d; have the right charge
(—=1/3) to be identified with the down type anti—quarks. The d; states with exotic
B — L charges as well as one linear combination of the d;’s with charge —1/3 pair
up with four d;’s and decouple from the low energy spectrum. Similar considerations
apply to the lepton sector. The lepton doublets carry charge —1, while the Higgs
doublets are neutral. One pair of ¢; and ¢; with ¢gp_r, = 0 must remain in the massless
spectrum and is identified with the physical Higgs bosons.

Among the 69 SM singlets s;, 30 are neutral under B—L , 21 have charge +1 and
18 have charge —1 (cf. Tab. [II0). This excess of positively charged s; leads to a net
number of three ‘right-handed’ neutrinos.

Let us now consider configurations in which only states neutral under Ggy x
U(1)p-r x [SU(4)] are allowed to develop VEVs. Such states include s; with zero gp_r,

13This is the only phenomenologically viable U(1)p_;, generator, up to an irrelevant component in the

tg direction.
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and the SU(2)" doublets h;. For our purposes, it suffices to restrict ourselves to a

certain subset of these fields. In particular, we assume that

(82, S5, 87, 89, 520, 523, 34, S41, 548, 558, 559, 562, 565, 566

hlah37h67h87h97h107h117h127h13> = 07 (83)
while
{gz} - {31733751275147316731873197322752475397540735373547357736075617
ha,ha, hs, by, hia} (8.4)

develop non-zero VEVs. We find that such a configuration is D-flat since every field
from {s;} enters a gauge invariant monomial consisting exclusively of {s;} states
(Tab. [8). Also, it is possible to construct a monomial out of these states which
has a negative net anomalous charge (Tab. [D.9). The set {s;} does not represent an
F-flat direction. To preserve supersymmetry, we assume that there exist non—trivial
field configurations in {s;} with vanishing F—terms. Then, as described in Sec. Bl
complexified gauge transformations allow us to satisfy D, = 0 at the same time. The
set {s;} breaks all extra U(1)’s but U(1)p_r.

8.2 Decoupling the exotic states

The first question is whether it is possible to decouple all of the exotic states by giving
VEVs to the set {s;} only. To answer this question, we recalculate the mass matrices

for the exotic matter. The relevant superpotential couplings are of the form
W = ;2 MJ(3) with MYG) = > 5 -5, , (8.5)

and x;,Z; being the vector-like pairs. Including the couplings up to order 10, the

resulting mass matrices are

0 03 0 o0 3% 39
Mie = |00 00T (5.5)
0 0 s 0 0 s s
250 0 55 3 0 o0
2 0 0 0 0 5% 0 0
5 0 0 0 0 35 0 o
MY (3) = 5 0 0 0 03 0 0 (8.7)
0 8 0 0 0 36 36
5 0 0 3% 3 0 0 o

Here the columns in ./\/lgj correspond to d; and the rows to d;; in ./\/lzj , the columns
correspond to ¢; and the rows to £;. My (3), M (3), M?(E), and My (3) are given
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by Egs. (0:5)-(08) in App. D4 As before, an entry 57 implies that there is an

allowed coupling involving N states 5;. For instance, the dy,ds mass term includes
Wy g, = dids(siesaohahiahshig+---) . (8.8)

Although the form of the mass matrices is quite restricted, all of them have the
maximal rank, apart from the Zi,ﬁj matrix whose rank is 4. This means that all of
the exotic states are decoupled and one Higgs pair /, ¢ is massless, as required.

Clearly, some of the zeros of the mass matrices are dictated by the B—L symmetry
(see Tabs. B, [D.11] [D-T2)). The massless down type anti—quarks are 3 linear combi-
nations of the 4 d; states with g, = —1/3, namely di, do, ds and ds. The remaining
linear combination couples to d4 and becomes heavy. Likewise, the physical lepton
doublets are the 3 linear combinations of £y, f3, £7 and fg which do not couple to
?4. Interestingly, this type of structure has recently been explored in the context of
orbifold GUTs [24]. It was shown that a mixing between chiral and vector-like states
can lead to realistic flavour patterns.

Not all texture zeros can be understood from the B — L symmetry. For instance,
B—L does not forbid the ¢, ;-1 couplings such that additional input is needed. As

we shall see, these zeros are crucial for identification of the Higgs doublets.

8.3 Higgs doublets and flavour structure

In our model, the only renormalizable B — L conserving Yukawa coupling which in-

volves SM matter is

W =gqiul. (8.9)
This is a superpotential of the type

Uy Uy Us (8.10)

with the untwisted superfields U; formed out of the compactified components of the
Eg gauge multiplets in 10D. For example, for the scalar components we have Uy
A4 + 145, etc., where A; are the gauge field components in the compact directions.
This can be understood by recalling that the gauge supermultiplet in 10D decomposes
into 1 vector and 3 chiral N = 1 multiplets in 4D. The above superpotential results
from the kinetic term of the gauge supermultiplet in 10D with the corresponding
Yukawa coupling being the gauge coupling at the string scale.

As long as /1 has a significant component in the physical up-type Higgs dou-
blet, the superpotential (89) naturally leads to a heavy top quark. The top Yukawa

coupling is then of the order of the gauge coupling at the string scale,

Y, ~ g. (8.11)
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Figure 12: An idealized picture of gauge—top Yukawa unification. Here
a; = g?/(4m), ap = Y2/(4m) and we have assumed that Y; = g; at the
GUT scale.

This remarkable top Yukawa-gauge unification (Fig. [2) stems from the fact that
the top quark is a gaugino in 10D. The other quark Yukawa couplings vanish at the
renormalizable level.

This attractive mechanism is at work when ¢; ~ ¢,,. Inspection of the &fj mass
matrix (87) shows that the first 3 rows are linearly dependent and the £ ¢ coupling
appears only at order 5 while the £; ¢1 couplings with i = 2,3 occur already at order
3. Thus, if the relevant 5; VEVs are below the string scale, one expects at least mild

suppression of the (1,1) entry. Then, the massless up-type Higgs is dominated by /1,

bu ~ O+ > aili, el <1, (8.12)
i=2,3

whereas the down-type Higgs is a linear combination of ¢4 and /s,
dqg = lyga+¥5b, (813)

with |al, [b] of order one. Our choice of the vacuum configuration s; (Eq. &) was
in part motivated by these considerations.

At this stage, the Higgs doublets ¢, 4 are massless. In contrast to the conventional
4D GUTSs, no finetuning is required to keep the doublets light while decoupling the
color triplets. If the B — L symmetry gets broken at an intermediate scale, a small
p-term will be generated.

Having identified the Higgs doublets and the top quark, we turn to the discussion

of the remaining Yukawa couplings. The relevant superpotential is

Wyikawa = Y2 (3) bu qi @5 + Yi*(3) ba qi do + Y2 (3) pa i by , (8.14)
where a € {1,2,4,5} and b € {2,3,7,8}. The Yukawa matrices at order 10 are
g ¢ &
YiG) = [ 3 0 3 |, (8.15)
5750
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0 3% 3% 32

Yio(3) = 0 3 P |, (8.16)
0 3° 5 3
0 35 0 0

Y3 = | ¥ 0 00 (8.17)
0 32 00

4 are obtained by integrating out

The low-energy 3 x 3 Yy and Y, Yukawa matrices!
one linear combination of d, (a = 1,2,4,5) which pairs up with d; and one linear
combination of ¢, (b = 2,3,7,8) which pairs up with £4. Their precise form depends
on various coefficients, so let us only discuss their main features.

The quark Yukawa matrices have the full rank such that, in general, there are no
massless eigenstates. The lepton Yukawa matrix has rank 2 implying that the electron
is massless to order 8 in the superpotential. Also, there appears one massless pair of
f-plets in the hidden sector, which somewhat lowers the gaugino condensation scale.

Assuming that the relevant s; have VEVs below the string scale, the Yukawa
couplings are hierarchical and resemble the Froggatt—Nielsen structure [39]. However,
the hierarchy appears due to the string selection rules rather than the U(1) charge
assignment only as in the original Froggatt—Nielsen mechanism.

It is remarkable that the up—type quarks tend to be heavier than the down—type
quarks, which in turn are heavier than the leptons. We also note that the Yukawa

matrices generally contain non—trivial CP phases due to complex 5; VEVs.

8.4 Proton stability and B — L breakdown

The B—L symmetry enforces absence of renormalizable operators leading to proton

decay. However, non—renormalizable B — L conserving operators such as
1 2) _ 5
W = ng,)d qi g5 qr ) + /igj]ll U; Uy dy; € (8.18)
(1)

2)
ijk ij

also induce proton decay. The resulting constraint on s ik

; and & involving the

first two generations is very tight |83,84],

-8
R % 1&7 : (8.19)
The operators ([8IF]) are induced both directly and by integrating out the vector—
like matter. For example, integrating out a heavy pair dadg from the superpotential
W = qoqods + q3l3ds yields W ~ g2gagsls. These operators can be suppressed either
by tuning the §; VEVs or by an additional, perhaps discrete, symmetry [85,86]. This

issue will be discussed elsewhere.

4 Here we neglect corrections to the Kihler potential.
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Breaking B—L is a difficult issue. It has to occur at an energy scale Mp_j, well below
Miring. In the following, we assume that the scale Mp_j, is generated dynamically,
without breaking SUSY.

B— L breaking VEVs fill in the zeros of the mass matrices, in particular, (B7).
This generates the y—term, W = p ¢, ¢q. Assuming that apart from §;, only states
charged under B—L get non—zero VEVs, its magnitude is (n > 1)

n+1
o~ Mf—L . (8.20)

string

For an intermediate scale Mp j, this can give a phenomenologically viable p—term.

B—L breakdown generates masses for the right-handed neutrinos. Our construc-
tion has the necessary ingredients for the seesaw, i.e., neutrino Yukawa couplings and
large Majorana neutrino masses. A detailed analysis of this issue will be presented
elsewhere.

Finally, small R—parity violating couplings are generated. Their magnitude is given
by (Mp-1,/Mstring)™ with m depending on the type of the coupling. For m > 2, an
intermediate scale Mp 1, suppresses proton decay sufficiently [87].

To conclude, in this section we have studied a vacuum configuration with con-
served B— L at the string scale. This suppresses renormalizable R-parity violating
couplings as well as the p—term. Furthermore, flavour structures & la Froggatt—Nielsen

arise as a consequence of the string selection rules.

9 QOutlook

Guided by the idea of local grand unification we have constructed an orbifold com-
pactification of the heterotic string which leads to the supersymmetric standard model
gauge group and particle content. The model has large vacuum degeneracy. For cer-
tain vacua with unbroken B—L symmetry, the resulting phenomenology is particularly
attractive. In this case, one pair of Higgs doublets is massless automatically, with the
subsequently generated p—term being due to B—L breaking. The top quark Yukawa
coupling is of the order of the gauge coupling and the arising pattern of Yukawa
couplings is reminiscent of the Froggatt-Nielsen textures.

These results can be the first steps towards a fully realistic theory. They immedi-
ately lead, however, to further questions which concern B—L breakdown, incorporation
of the seesaw mechanism, identification of R—parity and proton decay. Furthermore,
effects of string threshold corrections and other contributions on gauge coupling uni-
fication have to be studied. Eventually, one would like to determine quantitatively
the Yukawa couplings for specific supersymmetric vacua.

On the conceptual side, a deeper understanding of the decoupling of exotic states
is particularly desirable. Orbifolds often represent special points in the moduli space

of more general Calabi—Yau compactifications. Non—zero vacuum expectation values
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of specific standard model singlets correspond to other points in the moduli space
where the orbifold singularities have been blown up. Since these vacuum expectation
values also generate mass terms, at least some of the unwanted exotic states should
be absent in compactifications on smooth manifolds. The orbifold limit of Calabi-Yau
compactifications is well understood for the standard embedding [88] but remains to
be studied in detail for non-standard embeddings which are relevant to the models
presented in this paper.

Finally, it is important to search for other models in the framework of the Fg x Eg
and the SO(32) heterotic string with localized 16-plets of SO(10) [89,90]. It would
also be very interesting to understand the connection between orbifold compactifi-
cations and compactifications on Calabi—Yau manifolds endowed with vector bun-

dles [36,37,91-93], which have many phenomenologically appealing features.
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A Sample calculations

In this appendix, we present details of the spectrum calculation for our model. These
calculations are straightforward but tedious. For practical purposes, it is convenient

to automatize them by means of a computer algebra system.

A.1 Gauge group

The 4D gauge group is obtained by subjecting the Eg roots p (p? = 2) to the projection

conditions
p-Vo € 4, (A.la)
p-Wo € 7, (Alb)
p-Ws € Z. (A.lc)

Consider condition ([AZTal). The roots of the first Eg surviving the twist are

p € {=(1,1,09),%(1,-1,0),%(0%1,1,0,0,0),(0°,1,—1,0,0,0)} , (A2)

where the underline denotes permutations and the superscripts indicate repeated
entries. The simple roots are by definition the smallest linearly independent positive

roots (cf. [94]). For a suitable choice of positivity, they read

{psr} = {(171706)7(17_1706)7
(0°,1,-1,0%),(0%,1,-1,0%),(0°,1,—1,0), (0°,1,-1), (0%, 1,1)} . (A.3)

Calculating the Cartan matrix A;; = pl, - pgr, one finds that the simple roots in
the first line correspond to the raising operators of two SU(2) factors whereas those
in the second line correspond to SO(10). Thus, the gauge group after twisting is
SO(10) x SU(2)?, which also corresponds to the local gauge symmetry at the origin

(cf. Tab. D).
The Wilson line projections (AT and ([AZ1d) lead to the simple roots

{(0°,1,-1,0), (0%,1,—1), (0% 1,-1,0%)} , (A4)

which correspond to the gauge groups SU(3) and SU(2) in 4D. All Eg Cartan gen-
erators survive the projection. They give rise to the Cartan generators of SU(3) and
SU(2) and to five U(1) generators. The latter can be represented by vectors perpen-
dicular to the simple roots (Eq. (BH)). The surviving subgroup of the second Eg is

obtained analogously.

A.2 Untwisted sector
The untwisted sector states are obtained from the projection
pVs—qve € Z, pVs &1L, (A.5a)
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k| o® o) 5c®)
1| 2(5,4,3) | 2(1,2,3) | 11/36
2 13(2,1,3) | 5(1,2,3) | 2/9
312(1,2,1) | 3(1,2,1) | 1/4
41 3(1,2,3) | 5(2,1,3) | 2/9

Table A.1: w® " and 6¢™ in Zg_11 orbifolds with ve = £(—1, -2, 3;0).

p-Wy € 7, (A5b)
p-Ws € Z, (A.5¢)

with p? = 2. There are 118 weights transforming in the first Eg which survive the
first projection ([ABal). They include

(3~} h0dd (£5°) (-4 3 hodd (7)) (A0
where “odd (£1)5” denotes 5 entries +3 with an odd number of ‘—’ signs. The Dynkin
labels of these representations are obtained by multiplying the above weights by the
simple roots (A3). One finds that (AH) is (16, 1,2) of SO(10) x SU(2)? (cf. [95]).
The Wilson line projections eliminate some of the states such that the 4D re-

sult is (3,1) of SU(3) x SU(2) plus non—Abelian singlets. The second Eg states are

determined analogously.

A3 T

The first step is to solve the mass equations ([ZZ1]). For convenience, the quantities
w® Z*) and 6¢®) appearing in (A1) are listed in Tab. A1 Consider now the (6, 0)
sector, i.e. V(G,O) = Vg. For N = 0, the shifted Eg x Eg momenta pg, = p + Vi with

pE AEsXEs arel®

{psh} = {(0707_%70(1(1 (i%)s) (%707)} : (A7)

Using the Dynkin labels, it is straightforward to show that these weights transform as
16 of the local SO(10). The corresponding SO(8) lattice shifted momenta are given
by

dsh = {(%7%707_%)7(_%7_%’_%70)} (A8)

They describe the fermion and the boson of an N = 1 left—chiral superfield. As stated
in Sec. B solutions to the mass equation in the T} sector are twist invariant and all
appear in the 4D spectrum. The above 16—plet thus produces one complete generation
of the SM matter.

15 An efficient way to solve automatically the mass equations is presented in [96].
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Apart from the 16—plet, the massless spectrum contains one (2,1) and two (1, 2)
representations under the local SU(2)2. Other T} states are obtained by solving the
mass equations for Vy = Vi +ng W +n3 W3 with 0 <np <1 and 0 <nz < 2.

A4 T,

Consider the (02,0) sector. The local gauge group is given by the Eg roots satisfy-
ing Vig20) - p = 0 mod 1, where V(g2 oy = 2V5. This yields SO(14) x [SO(14)]. The

corresponding massless matter at the origin is
(14;1) @ (1;14) @ (1;1) @ (1;1) , (A.9)

where the non-Abelian singlets have non-zero oscillator numbers. On the right-
moving side, one has 4 solutions to the mass equations with vs = 2vg which combine
into an N = 2 multiplet. As explained in Secs. Qland Bl the next step is to form linear
combinations of the massless states which produce Zg eigenstates. These are then

subject to the conditions (ZB2) with ¢, € {0, 3,1} and pg, - W2 € Z. The resulting

spectrum is chiral.

Ab5 T

The local gauge shifts are V; = 3(Vs + ny Wa) with 0 < ng < 1. The correspond-
ing local gauge groups and matter are shown in Tab. [0l Again, one must impose
projection conditions (64, now with ¢, € {0, :l:%, 1} and pg, - W3 € Z.

A6 T,

The Ty states are obtained analogously to the 75 states, with the only difference being
the local shift V; = 4(Vs + n3 W3) and v = 4wg.

A7 T

The fermionic component of the massless right mover has g4 = +1/2. The massless

states are CP—conjugates of the T} sector and no left—chiral superfields arise in 7%.

B Additional material for the selection rules

This appendix contains additional information on the string selection rules of Sec. I

and outlines of proofs of some statements.
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B.1 Sublattices

The space group rule states that ¢; of the space group elements have to add up to
zero up to shifts in the corresponding sublattices. For concreteness, these sublattices
are listed in Tab. [B1

sublattice Go plane SU(3) plane SO(4) plane
(L—0YYA | nei+mey |nez+(—n—3m)ey | 2nes + 2meg
(L—60*)A | 3ne;+mey | nez+(—n—3m)ey —

(1 —6%)A | 2ne +2me, — 2nes + 2meg

Table B.1: Sublattices (1 — Hk)A. The integers n, m are varied indepen-
dently in each plane. Note that (1 —65%)A = (1 — 6%)A.

B.2 On Eq. (ZI0)

The coupling among n states must satisfy Eq. ({E9). Using the multiplication law for

the space group, one has

(01 00) (0%2,05) ... (0% 0,) = (0% 0F2 - 0% 0y 4 0Fly 4 4 OFpFn1 ),

n
The rule >  k, =0 mod 6 is then obvious. Further, by shifting the ¢;,

r=1
b — G+ (1—0F) N, (B.1)
one can always achieve
O+ 0%ly 08 P10, el (B.2)

Thus, Y ¢; =0 up to the sublattice Y Ay,.

B.3 On the selection rules in the G, plane

Consider the Gy plane selection rule for a coupling of string states. If 7 states are
involved, the sublattice 3" Ay, = >(1 — 6*)A is the entire lattice and all fixed points
can couple. Similarly, there is no restriction when 75 and 75 (or Ty) sectors are present
simultaneously.

Suppose now that the coupling involves only the T, states. The corresponding
fixed points are x,y,z (Sec. Bl). x is at the origin and is Zg invariant, while y and
z are interchanged under #—twisting. The couplings consistent with the space group
selection rule for the Go plane are x", xy z, y°, z3 and higher couplings built out of
these blocks. In terms of y—eigenstates, this means that the coupling of any number
of ¢, = 0 states to a single g, # 0 state is prohibited, while the others are allowed,
ie. {¢y1),--- 9y} & permutations{z,0,...0} with x # 0. Similar considerations
apply to couplings of the type Ty ...Ty, 1315 ... Ty Ty and T5...T5.
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C Models with 3 local 16—plets

In this appendix, we discuss the obstacles to obtaining 3 equivalent families of 16—
plets in Zy orbifold models with N < 6. Triplication of families could in principle
be a result of the presence of 3 equivalent fixed points, which support SM matter in
the first twisted sector 7. We however find that this simple possibility cannot be
realized, at least in Zn<g.

First of all, in the Z3 orbifold one does not have a local 16—plet because one cannot
break Eg to SO(10) by a Zs twist. Then, in Z,4 orbifolds there is no triplication due
to geometry, i.e. the number of equivalent fixed points is under no circumstances
divisible by 3. The next simplest possibility is the Zg which we examine in detail
below.

For Zg orbifolds, all possible local shifts Vi are listed in [54], together with the
corresponding local groups and local T} states. Among them, there are only 5 local
shifts Vs which have a local SO(10) and a 16—plet. There are 3 of them in Zg_1 models

[ve = £(—1,-1,2)],
1 1 1
Vg = 6(2’2’2’05)(2’1’1’05)’ 6(3’3’2’05)(2’2’06)’ 6(4’1’1’05)(08)’ (C.1)

and 2 in Zg_11 models [vg = %(—1, -2,3)],

Vs = é(2,2,2,05) (1,1,09), é(3,3,2,05) (2,07). (C.2)
These local shifts can be accompanied by Wilson lines Wa, W3, and W3, depending
on the geometry of the orbifold [97].

We demand that the SO(10) be broken to SU(3) x SU(2) x U(1)? by the orbifold
action. This requires at least two different Wilson lines. The Zg_1 models allow for
only one Wilson line W3, which destroys the triplication, and hence we discard them.
The Zg—_11 models allow for combinations of (Wa, W3), (Wa, W3), and (Wa, W5, W3).
Among them, only the first one can produce three equivalent fixed points with lo-
cal SO(10) symmetry and a 16-plet (cf. Fig. [@). We therefore concentrate on these

models, namely,

1

Vo = £(22.2.00)(1,1,0°, Wy = any, Wj = any, (C3)
1

Vo = £(33,2,0)(2,00), We = any, W} = any. (C4)

Naively, one may think that the number of models to be studied is enormous.
However, employing symmetry transformations of the local shifts and Wilson lines
which produce equivalent models, one can show that most of the models are redun-

dant. These symmetries, which include lattice translations and Weyl reflections, have

160ne could also entertain the possibility of obtaining 3 equivalent families from higher twisted sectors.
However, such states are subject to additional projection conditions which usually destroy either the

equivalence of families or their GUT sctructure.
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been used in Ref. [98] for a systematic classification of inequivalent models in Zs
orbifolds. We have performed a similar classification of the Zg models and found that
there are at most 69 inequivalent models of type (C3) and at most 129 inequivalent
models of type (CA). At this stage, we have only required modular invariance and
SO(10) breakdown to SU(3) x SU(2) x U(1)2.

As the next step, we have studied the massless spectrum of these models and iden-
tified quantum numbers of exotic states. Remarkably, we found that all of these mod-
els contain exotic states which are chiral with respect to SU(3). x SU(2)L, x U(1)y .17
Such states cannot be decoupled and, therefore, the low energy spectrum contains
exotic particles beyond the MSSM. We thus conclude that geometric triplication of
16-plets is not possible in Zy<g orbifolds.

"In SO(10), there are two distinct choices of U(1)y which exchange the definitions of up—type and
down-type right-handed quarks. We have checked both possibilities.
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D Tables

D.1 States of the model of Sec.

D.1.1 Survey of local GUTs
k ns ng =0 ng =1
1 0 SO(10) x SO(4) x [SO(14)] SO(8) x SU(4) x [SU(T)]
(16,1,1;1) $2 x (1,2,1;1) & (1,1,2;1) | (1,4;1)
1 1 SO(12) x [SO(8) x SU(4)] SO(8) x SU(4) x [SU(T)]
(1,8,1) ® (1;1,4) (1,4;1)
1 2 SU(7) x [SO(8) x SU(4)] SO(8) x SU(4) x [SO(10) x SO(4)]
(1;1,4) (1,4;1,1,2)
2 0 SO(14) x [SO(14)]
(14;1) ® (1;14)
2 1 SO(14) x [SO(14)]
(14;1) ® (1;14)
2 2 SO(14) x [SO(14)]
(14;1) ® (1;14)
310...2 | E;r x SU(2) x [SO(16)] SO(16) x [E7 x SU(2)]
(1,2;16) (16;1,2)
4 0 SO(14) x [SO(14)]
(14;1) @ (1;14)
4l 1 SO(14) x [SO(14)]
(14;1) @ (1;14)
4] 2 SO(14) x [SO(14)]
(14;1) ® (1;14)

Table D.1: Local GUT groups and representations.

Non-—

Abelian singlets and U(1) factors are omitted. The brackets
[...] indicate subgroups of the second Eg. For different k, ns

and no the groups are in general embedded differently into Eg.
The local GUTs can be inferred from the tables of Ref. [54].

D.1.2 Spectrum of the model of Sec.

klns|ny|ny| ¢ | Ri Ry Rz |irrep Qv | 92 | 93 | @4 | @5 | 9% | 97 | 98 | Qo
e |0 x| x| 0]-1 0 o0 |@Qur1 |1 |3+ |-3|3|-3]0]0] 010
ap | 0| % | % | % -1 0 o |@BuLy |2 L -2/ Li -] 0 ]0]| 0 ]O
@ |0« | =[x [ 0] 0 =1 0 [@xL,1)| ¢ | 5|3 ]|-3|3
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Table D.3: Same as Tab for SM singlets.
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Table D.4: Anomalous charges of the SM singlets s; and h;.
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D.2 Monomials

81 819(23) $20(24) $57(60)
S4(11) 526(28) S57(60)
55(9,12,16) 521(25) 568
531(33) 555

536(38) 563

841 $57(60)

S44(47) S67

52 818(22) $20(24) $57(60)
S4(11) S27(29) 539 540
56(10,13,17) S7(14) S55
534 5$53(54)

539 $59(62)

$42(45) S69

548 565(66)

83 86(10,13,17) 526(28) S57(60)
55(9,12,16) 58(15) 556

530(32) S56

535(37) S64

540 558(61)

543(46) S68

$49(51) S50(52)

Table D.5: Examples of gauge invariant monomials.

85(9,12,16) $5(9,12,16) $39 555 556
534 5§39 539 543(46) S55

839 839 $40 S42(45) 563

55(9,12,16) $34 539 S49(51) S55
535(37) 539 540 S42(45) S57(60)

539 $55 S56 563 S67

534 835(37) 539 540 S67

535(37) S55 556 S57(60) S67

Table D.6: Examples of gauge invariant monomials carrying

negative net anomalous charge.

534 835(37) 539 540 S67

535(37) $55 S56 S57(60) S67

534 839 539 543(46) 555

539 539 540 542(45) 563

$35(37) $39 540 $42(45) S57(60)

539 S55 556 S63 S67

Table D.7: Examples of gauge invariant monomials carrying

negative net anomalous charge for s; from U, T5,Ty.

512 840 540 S61 h2 ha Iy hiyg

516 840 540 S61 h2 ha Iy hig

51516 519 840 S57 N2 ha h14 hig
51516 519 540 S60 N2 g h14 g
514 816 540 S40 S61 N2 Iy hs Mg
516 839 540 840 S61 N2 ho ha hig
540 840 553 860 S61 N2 ha hs hig
540 840 S54 860 S61 N2 ha hs hig
516 24 539 S40 S40 S61 h2 ha hy h7
53 524 540 60 ho hy hy hs b7 hy
516 18 519 524 524 539 554 560 S60 h2 ha hy hs
516 519 522 524 524 S39 S54 560 S60 I ha hy hs

Table D.8: Examples of gauge invariant monomials involving
only the singlets of Eq. ([B4).
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512 812 839 840 hs h1a
512 816 539 840 h5 h1a
512 812 S24 839 S40 N5 hy
512 812 524 839 S39 S40 h2 N5
512 812 839 S40 S40 S61 5 N4
53 840 S40 S57 hs hs hy hy
53 840 540 S60 hs hs hy hy
512 812 514 840 S40 N5 hs bz g
512 812 840 853 S57 Is his hig hag
512 812 540 854 S57 N5 hs hig hag

53 512 539 540 S57 Na hs hs hig

Table D.9: Examples of gauge invariant monomials carrying

negative net anomalous charge and involving only the singlets

of Eq. (B4).
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89

Table [D.I0k B — L charges of the s;.

1|1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23
gs— | 0 0 0 1 0 0 -1 0 11 0 1 0 -1 0 1 o 0 o0 1 0 0
1124 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46
qp-r | 0 1 -1r -1 -1 -1 -1 1 -1 1 0 1 -1 1 -1 0 0 0o -1 1 1 -1 1
1|47 48 49 50 51 52 53 54 55 56 H7 58 59 60 61 62 63 64 65 66 67 68 69
gp—r. | 1 0 1 -1 1 -1 0 0 -1 1. 0 0 0 O 0 O i1 -1 0 0 -1 -1 1
Table D-ITE B — L charges of the s
1|1 2 3 4 ) 6 7 9 10 11 12 13 14 15 16
1 1 1 i 1 3 1 3 3 1 1 1 3 1 1 1
QB_L(Si ) 2 2 T2 T2 2 2 2 2 2 2 2 2 ) 2 2 2
11 1 1 1 3 1 _3 _1 3 1 1 103 1 1 1
g-r(s;) |5 3 —3 —3 —5 —3 —5 —3 5 —3 —3 —3 5 —3 ~3 —3
Table B — L charges of the m;.
il1 2 34 5 6 7 8]
ap-(m) | ~5 —3 3 3 —3 3 —5 3|

sadreyd T—g ¢



D.4 Mass matrices

let vevs

ic sing

Mass matrices for gener

D.4.1

(D.1)

IR T [ R [ T N S o] o
®w »u »u »u »u »u 9u

© o 05
SSSSSS sl

15555056
n »w wm wm W n ®»

60556561
o R R )

06 0 0 Nej — e} 0
w o n nu v 9 u ou

o © © ©
R e e T T e e e N

0 0 0 —~ 10 10 10 o~ 10 10 10 10 10 10 o~ 10
w W oW wm o W ow w W oW W W o W W W
[Ta B To B e EE L '~ U T B T B S T B T S o B T B TR B A T S T
P R I I R I
] Lo Y Lo e Lo T [ R T B (o R T N [ R T B [ B T B [ B [
w W oW w W own W W oW W W o W W W
o © © ©

e e T e e e N
0 10—~ 10 10 o~ 10 10 10 10 o~ 10 10 10 10 10
w W W owm w W own W W oW w W o W W W
[Tn R To B S T I~ B T B B T B T B T R R fo N e E T B T D T B T
W w wm ow ow ®w oW oW W W oW oW wn W W W
] Lo T Lo L e Lo T [ R T B [ D T [ R [ B [ B T B [ B T
w W oW w o W own W W oW W W o W W W
© O © ©o W0 0

w T T % T T S e e O R e O

o o o ©o ©o 0
SSSSSSSSSSSSSSSS

o © © ©o - 0 Ko R To BN o)
m S S S T G M T T M M O % %y O

© v © v ©o -

w G U % % T e W T T % R e % S
o N o B o B To HE To o T BN B To N T R T B T B T B [ H T N o)
n W W n »w owm n »w W o »w W n B W W
IR T N (o B [ B [ N R (o e R T HE '~ N T B T B T B (o B [ B (6]
L S~ T S S~ S AR~ R S S AR S A AR
o N o (o HE s T =T '~ ENo B T B To N T B T B To N To N B o)
n W W o »w W on »w oW o »w oW o B W W

[In R (R T [ N R To RN S [ S L R S B T S Yo S T S Yo S Yo
®w »u »u © O »u »u “©u »u »u »u ©u ©u u u O»

Mi3(s)

M (s)

N
e

~—~
«
[
~—

(D.4)

69



D.4.2 Mass matrices for the B— L preserving vacuum of Sec. [8
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D.5 Survey of orbifold GUT limits

plane
dim. Go SU(3) SO(4) | conditions SUSY, bulk groups
]_0 i \ - N == 4, Eg
0| _~ \ [ p-W, e N = 4, SO(16)
9| _~ \ N N =4, B
8 . \ - N = 4, Eg
8 - [ ] p-Ws e N =4, EgxSU(3)
8 ~ \ o p-Wy e N =4, SO(16)
7 ® \ p-WyeZ N = 4, SO(16)
7 . \ — - N = 4, Eg
7 - o p-Wo, p-WseZ N =4, SU(G)XSO(4)
7 ~ o —_ p-W;;EZ N:4,E6XSU(3)
6 () [ p-2Vs,p- Wi €Z N =2, SU(6)
6 () \ ® (p3V,pWoelZ N =2,SU(8)
6 ~ o o p-Wo, p-W3 X N =4, SU(6)xSO(4)
50 @ ° [ p-2Wep-Wa, p-Ws €Z | N =2, SU(3)xSU(3)
5 @ @ — |[pWyp WaeZ N =2, SU(6)
N =1, SU(3)xSU(2

~ Ggm

Table D.13: Survey of the orbifold GUTs in different dimensions. The

bullet indicates small compact dimensions. U(1) factors and subgroups of

the second Eg are omitted.
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List of frequently used symbols

eq lattice vectors, see equation (2.1), page 6
f fixed point, see equation (2.7), page 7
A left-moving fermions, see equation (2.10), page 7

ng localization quantum number in the SO(4) plane, page 22

~

(
nf localization quantum number in the SO(4) plane, page 22
ng localization quantum number in the SU(3) plane, page 21

D P € Apgxis: Eg X Eg root lattice vector (‘momentum’), see equation (2.37), page 11
' right-moving fermions, see equation (2.9), page 7

Ji complex NSR fermions, see equation (2.11), page 7

q q€ AEO(S): SO(8) weight (‘momentum’) , see equation (2.37), page 11

¢y additional quantum number in Ty~ twisted sectors of non—prime orbifolds, see

equation (2.58), page 15
R; invariant H-momenta, see equation (4.7), page 24
0 twist, see equation (2.3), page 6
V¢ local gauge shift, see equation (2.32), page 10
VN gauge shift vector, see equation (2.18), page 8
vN twist vector, see equation (2.4), page 6
Xﬁ’R string coordinates, see equation (2.9), page 7
Z' complex string coordinates, see equation (2.11), page 7

z* complex coordinates of the torus, page 6
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