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tWe des
ribe in detail a Z6 orbifold 
ompa
ti�
ation of the heteroti
 E8 × E8 stringwhi
h leads to the (supersymmetri
) standard model gauge group and matter 
ontent.The quarks and leptons appear as three 16-plets of SO(10), two of whi
h are lo
alizedat �xed points with lo
al SO(10) symmetry. The model has supersymmetri
 va
uawithout exoti
s at low energies and is 
onsistent with gauge 
oupling uni�
ation.Supersymmetry 
an be broken via gaugino 
ondensation in the hidden se
tor. Themodel has large va
uum degenera
y. Certain va
ua with approximate B−L symmetryhave attra
tive phenomenologi
al features. The top quark Yukawa 
oupling arisesfrom gauge intera
tions and is of the order of the gauge 
ouplings. The other Yukawa
ouplings are suppressed by powers of standard model singlet �elds, similarly to theFroggatt-Nielsen me
hanism.
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1 Introdu
tion and SummaryThe standard model is a remarkably su

essful theory of the stru
ture of matter.It is a 
hiral gauge theory with the gauge group GSM = SU(3)c × SU(2)L × U(1)Yand three generations of quarks and leptons. All masses are generated by the Higgsme
hanism whi
h involves an SU(2) doublet of s
alar �elds. Its unequivo
al predi
tionis the existen
e of the Higgs boson whi
h still remains to be dis
overed. From atheoreti
al perspe
tive, the minimal supersymmetri
 extension of the standard model,the MSSM, is parti
ularly attra
tive. Apart from stabilizing the hierar
hy between theele
troweak and Plan
k s
ales and providing a natural explanation of the observeddark matter, it predi
ts uni�
ation of the gauge 
ouplings at the uni�
ation s
ale
MGUT ≃ 2 · 1016 GeV.Even more than the uni�
ation of gauge 
ouplings, the symmetries and the parti
le
ontent of the standard model point towards grand uni�ed theories (GUTs) [1, 2℄.Remarkably, one generation of matter, in
luding the right-handed neutrino, forms asingle spinor representation of SO(10) [3, 4℄. It therefore appears natural to assumean underlying SO(10) stru
ture of the theory. The route of uni�
ation, 
ontinuing viaex
eptional groups, terminates at E8, whi
h is beautifully realized in the heteroti
string [5, 6℄.An obsta
le on the path towards uni�
ation are the Higgs �elds, whi
h are SU(2)Ldoublets, while the smallest SO(10) representation 
ontaining the Higgs doublets, the
10�plet, predi
ts additional SU(3)c triplets. The fa
t that Higgs �elds form in
om-plete `split' GUT representations is parti
ularly puzzling in supersymmetri
 theorieswhere both matter and Higgs �elds are 
hiral multiplets. The triplets 
annot havemasses below MGUT sin
e otherwise proton de
ay would be too rapid. This thenraises the question why SU(2)L doublets are so mu
h lighter than SU(3)c triplets.This is the notorious doublet-triplet splitting problem of ordinary 4D GUTs.Higher-dimensional theories o�er new possibilities for gauge symmetry breaking
onne
ted with 
ompa
ti�
ation to four dimensions. A simple and elegant s
heme,leading to 
hiral fermions in four dimensions, is the 
ompa
ti�
ation on orbifolds,�rst 
onsidered for the heteroti
 string [7�13℄, and more re
ently applied to GUT �eldtheories [14�19℄. Su
h orbifold GUTs appear as intermediate e�e
tive �eld theories in
ompa
ti�
ations of the heteroti
 string when some of the 
ompa
t dimensions are oforder 1/MGUT and therefore large 
ompared to the string length [20�23℄.In orbifold 
ompa
ti�
ations, gauge symmetry of the 4D e�e
tive theory is aninterse
tion of larger symmetries at orbifold �xed points. Massless modes lo
ated atthese �xed points all appear in the 4D theory and form representations of the largerlo
al symmetry groups. Zero modes of bulk �elds, on the 
ontrary, are only repre-sentations of the smaller 4D gauge symmetry and form in general `split multiplets'.When the lo
al symmetry at some orbifold �xed points is a GUT symmetry, oneobtains the pi
ture of `lo
al grand uni�
ation'. The SM gauge group 
an be thought3



of as an interse
tion of di�erent lo
al GUT groups. Matter �elds appear as 
ompleteGUT representations lo
alized at the �xed points, whereas the Higgs doublets areasso
iated with bulk �elds, and therefore split multiplets. In this way the stru
tureof the standard model is naturally reprodu
ed [23�25℄.Re
ently, we have obtained the gauge group and matter 
ontent of the supersym-metri
 standard model from the heteroti
 string by using the pi
ture of lo
al granduni�
ation as the guiding prin
iple [26℄. Quarks and leptons appear as three 16�pletsof SO(10), two of whi
h are lo
alized at orbifold �xed points with lo
al SO(10) sym-metry. For generi
 va
ua, no exoti
 states appear at low energies and the model is
onsistent with gauge 
oupling uni�
ation. In this paper we des
ribe our 
onstru
tionin detail.It is well-known that the number of possible string va
ua is huge. Early esti-mates of the total number of di�erent va
ua of the heteroti
 string gave numbers like
101500 [27℄, whi
h 
ame as a 
omplete surprise. More re
ent studies, based on �ux
ompa
ti�
ations, give similarly large numbers [28℄. Sear
hes for standard model�like va
ua have been based on orbifold 
ompa
ti�
ations [29, 30℄, the free fermioni
formulation [31�33℄, interse
ting D�brane models [34℄ and Gepner orientifolds [35℄.Despite the huge number of va
ua, it turned out to be extremely di�
ult to 
onstru
ta 
onsistent ultraviolet 
ompletion of the (supersymmetri
) standard model, and onlyre
ently several examples have been obtained [26, 36, 37℄. This suggests that not all�eld theories 
an be embedded into string theory and that a 
onsistent ultraviolet
ompletion of the standard model may eventually lead to some testable low energypredi
tions.In this paper, the model presented in [26℄ is des
ribed in detail. We hope thatthis will be useful for further phenomenologi
al studies of the model and also forthe sear
h for other embeddings of the standard model into the heteroti
 string. Inorder to keep the paper self-
ontained, we re
all the basi
s of strings on orbifoldsin Se
s. 2�4. In Se
. 2, the boundary 
onditions for untwisted and twisted strings,the mode expansion and the massless spe
trum are dis
ussed; furthermore, a simplederivation of the proje
tion 
onditions for physi
al states is given. Our orbifold modelis based on the 6D torus de�ned by the G2 × SU(3) × SO(4) root latti
e, whi
h hasa Z6−II = Z3 × Z2 dis
rete symmetry. The geometry is des
ribed in Se
. 3 withemphasis on the lo
alization of twisted states. In Se
. 4, the string sele
tion rules forsuperpotential 
ouplings of the Z6−II orbifold are reviewed and somewhat extended.The main results of this paper are 
ontained in Se
s. 5�8 and in the appendi
esA�D. After des
ribing our sear
h strategy for 
ompa
ti�
ations with lo
al SO(10)symmetry, we study the unbroken gauge group G and the massless spe
trum of themodel in Se
. 5. We also list the GUT representations at various �xed points and the6D orbifold GUTs whi
h one obtains for two 
ompa
t dimensions of size 1/MGUT.The Fayet-Iliopoulos (FI) D-term of an anomalous U(1) triggers further symmetry4



breaking [38℄. In parti
ular,
G −→ SU(3)c × SU(2)L × U(1)Y ×Ghidden , (1.1)with Ghidden = SU(4) × SU(2)′ is possible, in whi
h 
ase the model has a truly hid-den se
tor admitting spontaneous SUSY breaking. We further show that, for generi
va
ua, unwanted exoti
 states attain large masses and de
ouple. This is one of the
entral results of our paper.The de
oupling of exoti
 states 
an be a
hieved without breaking supersymmetry.In Se
. 6, we dis
ussD- and F -�at dire
tions in the �eld spa
e as well as general super-symmetri
 �eld 
on�gurations, negle
ting supergravity 
orre
tions. The model natu-rally a

ommodates spontaneous supersymmetry breaking via hidden se
tor gaugino
ondensation, whi
h is des
ribed in Se
. 7.In Se
. 8, we identify va
uum 
on�gurations whi
h preserve
GSM × U(1)B−L × [SU(4)] . (1.2)Here we keep the hidden se
tor SU(4) unbroken whi
h is needed for gaugino 
on-densation. We show that unwanted exoti
s 
an be de
oupled in this 
ase as well.Further, we identify two Higgs doublets and dis
uss the pattern of Yukawa 
ouplings.The top quark Yukawa 
oupling arises from gauge intera
tions and is of the order ofthe gauge 
ouplings. Other Yukawa 
ouplings are suppressed by powers of standardmodel singlet �elds, similarly to the Froggatt�Nielsen me
hanism [39℄.Finally, in Se
. 9, we 
on
lude with a brief outlook on open questions and further
hallenges for realisti
 
ompa
ti�
ations of the heteroti
 string.
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2 Strings on orbifoldsIn the following subse
tions we 
olle
t the basi
 notions and formulae whi
h areneeded to des
ribe propagation of the E8 × E8 heteroti
 string on orbifolds T6/ZN[7, 8℄. We follow the de�nitions of Katsuki et al. [40℄.2.1 Latti
es and twistsThe torus is obtained as the quotient T6 = R6/2πΛ, where Λ is the latti
e of asemi�simple Lie algebra of rank 6 with a ZN dis
rete symmetry. The 6 
ompa
t
oordinates of the torus xi, i = 4 . . . 9, are 
onveniently 
ombined into 3 
omplex
oordinates zi = 1√
2

(
x2i+2 + ix2i+3

), i = 1 . . . 3. Points in R6 di�ering by a latti
eve
tor,
z ∼ z + 2πℓ , (2.1)with ℓ = maea, ma ∈ Z (a = 1 . . . 6), are identi�ed. Here ea denote the basis ve
torsin the three planes of the latti
e.The latti
e has a ZN dis
rete symmetry whi
h a
ts 
rystallographi
ally, i.e., itmaps the latti
e onto itself,
z → θz , θi

j = e2πivi
N δi

j , i, j = 1 . . . 3 , (2.2)with
θN = 1 , Nvi

N = 0 mod 1 . (2.3)Here we assume the fa
torization T6 = T2 ⊗T2 ⊗T2. N = 1 supersymmetry in 4Drequires that the ZN twist be 
ontained in the SU(3) subgroup of SO(6), i.e.,
∑

i

vi
N = 0 mod 1 . (2.4)Latti
e translations and twists θk (k = 0, . . . , N − 1) form the spa
e group Swhose elements are denoted by (θk, ℓ). The orbifold T6/ZN 
an also be de�ned asthe quotient R6/S, where

z ∼ (θk, ℓ) z ≡ θk z + 2π ℓ . (2.5)The multipli
ation rule in the spa
e group is given by
(θk1, ℓ1)(θ

k2 , ℓ2) = (θk1θk2, θk1ℓ2 + ℓ1) . (2.6)An orbifold has �xed points f , whi
h are invariant under the a
tion of a spa
egroup element (θk, ℓ),
f = (θk, ℓ) f = θk f + 2π ℓ , ℓ = ma ea , ma ∈ Z . (2.7)6



Here k and ℓ depend on the �xed point f . Sin
e the position of the �xed point isde�ned only up to a latti
e ve
tor, ℓ is de�ned up to a translation in the sublatti
e
Λk ≡ (1− θk)Λ =

{
λ ∈ Λ| λ = (1− θk)µ, µ ∈ Λ

}
. (2.8)Ea
h �xed point (θk, ℓ) is asso
iated with a sublatti
e Λ = ℓ + Λk, and there areas many sublatti
es as �xed points. The dimension of a sublatti
e Λk 
an be smallerthan dim Λ = 6 if (1−θk) has eigenve
tors with eigenvalue 0. In this 
ase the element

(θk, ℓ) des
ribes �xed planes.2.2 Untwisted and twisted stringsIn the light-
one gauge the heteroti
 string 
an be des
ribed by the following world-sheet �elds [41℄: 8 string 
oordinates and 8 right-moving Neveu-S
hwarz-Ramondfermions (σ± = τ ± σ),
Xi(τ, σ) = Xi

L(σ+) +Xi
R(σ−) , ψi(σ−) , i = 2 . . . 9 , (2.9)and 32 left-moving fermions λI ,

λI(σ+) , I = 1 . . . 32 . (2.10)Here i is the spa
e�time index, while index I is asso
iated with E8 × E8 gauge de-grees of freedom. It is 
onvenient to 
ombine the string 
oordinates in the 
ompa
tdimensions into 3 
omplex variables Zi and, similarly, the right moving fermions into3 
omplex NSR fermions ψ̃i,
Zi =

1√
2

(
X2i+2 + iX2i+3

)
, ψ̃i =

1√
2

(
ψ2i+2 + iψ2i+3

)
, (2.11)where i = 1 . . . 3 . The ZN twist a
ts on these �elds as

Z → θ Z , ψ̃ → θ ψ̃ . (2.12)Closed strings on ZN orbifolds 
an be untwisted or twisted. In the former 
ase thestring is 
losed already on the torus and has the boundary 
onditions,
Z(σ + 2π) = Z(σ) + 2πmaea , ma ∈ Z , (2.13)
ψ̃(σ + 2π) = ± ψ̃(σ) , (2.14)whereas in the latter 
ase the string is 
losed on the orbifold but not on the torusand has the boundary 
onditions (k = 1 . . . N − 1),
Z(σ + 2π) = θk Z(σ) + 2πma ea , (2.15)
ψ̃(σ + 2π) = ± θk ψ̃(σ) , (2.16)where k and ma depend on the �xed point f . The latti
e translation in Eq. (2.15)enters the spa
e group element asso
iated with the �xed point, Eq. (2.7). The plus7
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Figure 1: Twisted and untwisted strings. The dots denote orbifold �xedpoints.and minus signs in Eqs. (2.14) and (2.16) 
orrespond to the Ramond and the Neveu-S
hwarz se
tors, respe
tively. Twisted strings are lo
alized at the orbifold �xed points,whereas untwisted strings 
an propagate freely on the orbifold (Fig. 1).Modular invarian
e usually requires that the ZN ⊂ SO(6) twist of the spa
e�timedegrees of freedom be a

ompanied by a ZN ⊂ E8 × E8 twist of the fermions λI ,representing the internal symmetry group. On the 
omplex fermions
λ̃I =

1√
2

(
λ2I−1 + iλ2I

)
, I = 1 . . . 16 , (2.17)the ZN twist a
ts as

λ̃ → Θ λ̃ , ΘI
J = e2πi V I

N δI
J , (2.18)where

ΘN = 1 , N
8∑

I=1

V I
N = N

16∑

I=9

V I
N = 0 mod 2 , (2.19)with integer NV I

N . The fermions λ̃I 
an have untwisted (k = 0) or twisted (k =

1 . . . N − 1) boundary 
onditions,
λ̃(σ + 2π) = ± Θk λ̃(σ) . (2.20)This makes the parallel between θ and Θ transparent. Extending vN by a zero entrya
ting on the un
ompa
ti�ed dimensions, vN → (v1

N , v
2
N , v

3
N ; 0), we note that ve
tors

NvN and NVN lie on the root latti
es ΛSO(8) and ΛSO(16)×SO(16), respe
tively. Inan orthonormal basis, ΛSO(2N) is de�ned by ve
tors (n1, . . . , nN ) with integer ni and∑N
i=1 ni = 0 mod 2. One 
an show that the gauge symmetry of this theory is E8×E8whi
h 
ontains SO(16) × SO(16) as a subgroup [6℄.A 
onvenient formulation of the heteroti
 string is obtained by representingfermioni
 degrees of freedom in terms of bosons. In this 
ase one repla
es the 8right�moving and 32 left�moving fermions with 4 right�moving and 16 left�movingbosons,̃

ψi(σ−) = e−2i Hi(σ−) , i = 1 . . . 4 , (2.21)8



λ̃I(σ+) = e2i X
I(σ+) , I = 1 . . . 16 . (2.22)The �elds XI are 
ompa
ti�ed on a 16�dimensional torus represented by the E8×E8root latti
e,

ΛE8 : p = (n1, ..., n8) or

(
n1 +

1

2
, ..., n8 +

1

2

)
, (2.23)where ni integer with ∑8

i=1 ni = 0 mod 2, and similarly for the se
ond E8. Thisgives rise to gauge multiplets of the E8 × E8 group in 10 dimensions, 
oupled tosupergravity.Compa
tifying the extra 6 dimensions on an orbifold amounts to modding thestring 
oordinates by the spa
e group and its gauge 
ounterpart. The latter is obtainedby embedding the twists and latti
e shifts into gauge degrees of freedom XI as
(θk,maea) −→ (1, k V I

N +maW
I
na) , (2.24)where W I

na denotes a Wilson line of order n. Here NVN and nWn (n ≤ N) arerequired to lie on the E8×E8 root latti
e.1 Thus, a twist of the spa
e�time degrees offreedom is a

ompanied by a shift kVN of the gauge 
oordinates, while a torus latti
etranslation is a

ompanied by a gauge 
oordinate shift maWna. This 
orresponds togeneralizing the boundary 
ondition (2.20) for the left�moving fermions to
λ̃I(σ + 2π) = ± e2πi (kV I

N
+maW I

na) λ̃I(σ) . (2.25)The bosoni
 �eld boundary 
onditions then read (k = 0 . . . N − 1)
H i(σ + 2π) = H i(σ) − π k vi

N mod πΛ∗
SO(8) , (2.26a)

XI(σ + 2π) = XI(σ) + π
(
k V I

N +maW
I
na

)
mod πΛE8×E8 . (2.26b)Here Λ∗

SO(8) denotes the weight latti
e of SO(8) given in the orthonormal basis by
Λ∗

SO(8) : q = (n1, n2, n3, n4) , (2.27)where ni integer with ∑i ni odd or ni half-integer with ∑i ni even.To summarize, the heteroti
 string 
an be des
ribed by the left moving bosoni
�elds Zi
L(σ+), Zi∗

L (σ+), XI(σ+) and the right moving bosoni
 �elds Zi
R(σ−), Zi∗

R (σ−),
H i(σ−). They fall into untwisted or twisted 
ategories depending on whether theyrepresent strings 
losed on a torus or on an orbifold only.2.3 Modular invarian
e and lo
al twistsThe gauge shift VN and the Wilson lines Wn are subje
t to 
onsisten
y 
onditions.First of all, NVN and nWn are ve
tors of the E8 × E8 root latti
e,

N VN ∈ ΛE8×E8 , nWn ∈ ΛE8×E8 . (2.28)1This generalizes VN of Eq. (2.18) in whi
h 
ase NVN lies on the SO(16) × SO(16) root latti
e.9



Se
ond, modular invarian
e of the theory requires that they satisfy additional 
on-straints (see e.g., [21℄):
N
(
V 2

N − v2
N

)
= 0 mod 2 , (2.29a)

N VN ·Wn = 0 mod 1 , (2.29b)
N Wn ·Wm = 0 mod 1 , (Wn 6= Wm) (2.29
)

N W 2
n = 0 mod 2 . (2.29d)By adding E8 ×E8 root latti
e ve
tors to VN and Wn satisfying these 
onditions, one
an bring VN ,Wn to the form whi
h obeys a stronger 
onstraint2,

1

2

(
V 2

N − v2
N

)
= 0 mod 1 , (2.30a)

VN ·Wn = 0 mod 1 , (2.30b)
Wn ·Wm = 0 mod 1 , (Wn 6= Wm) (2.30
)

1

2
W 2

n = 0 mod 1 . (2.30d)This form has the advantage that the analysis of physi
al states of the theory simpli�essigni�
antly. These equations 
an also be written as
1

2

[
(rVN +maWna)

2 − r2v2
N

]
= 0 mod 1 , r = 0, 1 , (2.31)where 0 ≤ ma ≤ n− 1 for a Wilson line Wn of order n.The twist 
an be thought of as a lo
al quantity, that is, depending on the �xedpoint and the twisted se
tor. Indeed, Eqs. (2.25) and (2.26b) show that what mattersat a parti
ular �xed point f is the 
ombination

V I
f = k V I

N +maW
I
na , (2.32)whi
h plays the role of the �lo
al� gauge twist, as well as its right�moving 
ounterpart

k vN . Ea
h lo
al twist Vf 
an be expressed as the sum of the twist k VN for vanishingWilson lines and a linear 
ombination of Wilson lines determined by the lo
ation ofthe �xed point f . The lo
al twists satisfy modular invarian
e 
onditions (2.31) and
an be treated on the same footing as VN . This observation will be important for the
on
ept of lo
al GUTs.2.4 Mode expansion and massless spe
trumThe boundary 
onditions dis
ussed in Se
. 2.2 lead to the following mode expansionfor the untwisted string (i = 1 . . . 3),
Zi(τ, σ) = zi +

1

2
piτ +mae

i
aσ

+
i

2

∑

n

1

n
αi

ne
−inσ− +

i

2

∑

n

1

n
α̃i

ne
−inσ+ , (2.33a)2There are ex
eptions to this statement, for instan
e, when V = 0.10



Z∗i(τ, σ) = z∗i +
1

2
p∗iτ +ma e

∗i
a σ

+
i

2

∑

n

1

n
α∗i

n e
−inσ− +

i

2

∑

n

1

n
α̃∗i

n e
−inσ+ . (2.33b)Twisted strings have the expansion (
f. Eq. (2.15))

Zi(τ, σ) = f i +
i

2

∑

n∈Z+kvi
N

1

n
αi

fne
−inσ− +

i

2

∑

n∈Z−kvi
N

1

n
α̃i

fne
−inσ+ , (2.34)

Z∗i(τ, σ) = f∗i +
i

2

∑

n∈Z−kvi
N

1

n
α∗i

fne
−inσ− +

i

2

∑

n∈Z+kvi
N

1

n
α̃∗i

fne
−inσ+ . (2.35)In this 
ase, there is no 
enter�of�mass string motion, i.e., pi = ma = 0. If there is a�xed plane, the boundary 
onditions for strings in the �xed plane are untwisted andthe expansion is given by Eqs. (2.33).The bosonized NSR fermions have the expansion (i = 1 . . . 4)

H i(τ, σ) = hi +
1

2

(
qi + kvi

N

)
σ− +

i

2

∑

n 6=0

1

n
β̃i

ne
−inσ− , (2.36)while the gauge 
oordinates are given by (I = 1 . . . 16)

XI(τ, σ) = xI +
1

2

(
pI +

(
kV I

N +maW
I
na

))
σ+ +

i

2

∑

n 6=0

1

n
α̃I

fne
−inσ+ . (2.37)The momentum ve
tors qi and pI spe
ify the Lorentz and gauge quantum numbersof the string states. Note that the 
reation and annihilation operators of the twistedstring (2.34), (2.35) and the left-moving string (2.37) depend on the �xed point f .States of the heteroti
 string are given by a dire
t produ
t of the right�moving andleft�moving parts. A basis in the Hilbert spa
e of the quantised string is obtained bya
ting with the 
reation operators αi

fn, α̃i
fn, β̃i

fn, α̃I
fn (n < 0) on the ground states ofthe untwisted se
tor U (k = 0) and the twisted se
tors Tk (k = 1 . . . N − 1). Masslessstates in the untwisted se
tor as well as twisted states living on �xed planes have

pi = ma = 0. The ground states of the di�erent se
tors depend on the momentumve
tors qi, pI and, for the twisted se
tors, also on the �xed point f (
f. (2.32)),
|q, p〉 ≡ |q〉 ⊗ |p〉 , |f ; q, p〉 ≡ |q + kvN 〉 ⊗ |p + Vf 〉 . (2.38)It turns out that for the model dis
ussed below only os
illator modes of the left-moving strings Zi

L(σ+), Z∗i
L (σ+) and XI(σ+) are relevant. The 
orresponding twistedse
tor states are (ni,mi < 0)

α̃i1
fn1

α̃i2
fn2

. . . α̃∗j1
fm1

α̃∗j2
fm2

. . . α̃∗I1
fl1
α̃∗I2

fl2
. . . |f ; q, p〉 . (2.39)Massless states of the untwisted se
tor satisfy the following mass equations:

1

8
m2

R =
1

2
q2 − 1

2
+N +N∗ = 0 , (2.40a)11



1

8
m2

L =
1

2
p2 − 1 + Ñ + Ñ∗ = 0 , (2.40b)where N,N∗, Ñ , Ñ∗ are the integer os
illator numbers. Twisted massless states obey

1

8
m2

R =
1

2
(q + k vN )2 − 1

2
+ δc(k) + ω

(k)
i Nfi + ω̄

(k)
i N∗

fi = 0 , (2.41a)
1

8
m2

L =
1

2
(p+ Vf )2 − 1 + δc(k) + ω

(k)
i Ñfi + ω̄

(k)
i Ñ∗

fi = 0 , (2.41b)where
δc(k) =

1

2

∑

i

ω
(k)
i (1 − ω

(k)
i ) , (2.42)with ω(k)

i = (k vN )i mod 1, so that 0 < ω
(k)
i ≤ 1, and ω̄(k)

i = (−k vN )i mod 1 sothat 0 < ω̄
(k)
i ≤ 1. This implies that ω(k)

i = ω̄
(k)
i = 1 for (k vN )i integer. In Eq. (2.41),

Nfi, N∗
fi, Ñfi and Ñ∗

fi ∈ N represent the os
illator numbers of the right- and left-movers in zi and z̄i dire
tions, respe
tively. Note that Nfi and N∗
fi, as well as Ñfi and

Ñ∗
fi, denote independent quantities. They are the eigenvalues of the 
orrespondingnumber operators N̂fi,

N̂fi =
1

ω
(k)
i

∑

n>0

αi
f−nα

i
fn , (2.43)and analogously for N∗

fi, Ñfi, Ñ∗
fi. The sum ∑

i(ω
(k)
ki Ñfi + ω̄

(k)
ki Ñ

∗
fi) is often referredto as Ñ in the literature.2.5 Proje
tion 
onditions for physi
al statesAs dis
ussed in Se
. 2.2, an orbifold is obtained by identifying points in �at spa
ewhi
h transform into ea
h other under the a
tion of the spa
e group,

x ∼ gx , x ∈ R6 , g ∈ S . (2.44)Quantized strings whose boundary 
onditions are related by a symmetry transforma-tion must lead to the same Hilbert spa
e of physi
al states. In parti
ular, strings withthe boundary 
onditions
φ(σ + 2π) ∼ gφ(σ) and φ(σ + 2π) ∼ hgh−1φ(σ) (2.45)produ
e the same Hilbert spa
e for any h ∈ S [8℄. Here φ stands for Zi, Z∗i, H iand XI . For ea
h 
onjuga
y 
lass 
onsisting of elements h g h−1 one therefore has aseparate Hilbert spa
e.Spa
e group elements h̄ whi
h 
ommute with g, i.e. h̄ g h̄−1 = g, leave the stringboundary 
onditions invariant. Hen
e, their representation in the Hilbert spa
e musta
t as the identity on physi
al states,
h̄ |phys〉 = |phys〉 . (2.46)12



This is the invarian
e or `proje
tion' 
ondition for physi
al states.A spa
e group element h̄ = (θk̄, ℓ̄) a
ts as a translation on the 
enter�of�mass
oordinates of the bosoni
 �elds H i and XI (
f. (2.26)),
hi → hi − π k̄ vi

N , xI → xI + π
(
k̄ V I

N + m̄aW
I
na

)
. (2.47)Hen
e, the momentum eigenstates in twisted se
tors transform as

|f ; q, p〉 → e2πi (−k̄ vN ·(q+kvN )+(k̄ VN+m̄a Wna)·(p+Vf )) |f ; q, p〉 , (2.48)and similarly for untwisted states. From Eqs. (2.34) and (2.35) one reads o� thetransformation properties of the 
reation operators,
α̃i

fn → e2πi k̄ vi
N α̃i

fn , α̃∗i
fn → e−2πi k̄ vi

N α̃∗i
fn . (2.49)A state with non�vanishing os
illator numbers then transforms as

α̃i
fn . . . α̃

∗i
fm . . . |f ; q, p〉 →

e2πi (k̄ vN ·(Ñ−Ñ∗)−k̄ vN ·(q+kvN )+(k̄ VN+m̄a Wna)·(p+Vf )) α̃i
fn . . . α̃

∗i
fm . . . |f ; q, p〉 .(2.50)Physi
al states have to satisfy Eq. (2.46), whi
h yields the proje
tion 
onditions

k̄vN ·
(
Ñf − Ñ∗

f

)
− k̄vN · (q + kvN )

+ (k̄VN + m̄aWna) · (p+ Vf ) = 0 mod 1 , (2.51)for values of k̄ and m̄a whi
h depend on the 
onjuga
y 
lass. As we will dis
uss inSe
. 2.5.2, in non�prime orbifolds Eq. (2.51) gets modi�ed for higher twisted se
torstates. Below we analyze in detail the proje
tion 
onditions for the untwisted andtwisted se
tors.2.5.1 Untwisted se
torThe untwisted se
tor (k = 0) is asso
iated with the spa
e group element g = (1, 0),and Eq. (2.51) has to be satis�ed for the full spa
e group, i.e., for all values k̄ and
m̄a. This yields the proje
tion 
onditions

vN · q − VN · p = 0 mod 1 , Wn · p = 0 mod 1 , (2.52)where p is the E8 × E8 root latti
e momentum (p2 = 2) and q is the SO(8) weightlatti
e momentum (q2 = 1). The E8 momenta lie on the same latti
e as the E8
oordinates be
ause of self-duality.The untwisted se
tor 
ontains gauge and matter supermultiplets of the 4D e�e
tivetheory. For the former vN · q = 0 mod 1 yielding gauge bosons with q = (03;±1) andgauginos with q = ±
(

1
2 ,

1
2 ,

1
2 ; 1

2

). For the matter multiplets, vN · q = n/N mod 1with n = 1, .., N − 1 leading to the bosoni
 SO(8) momenta (±1, 0, 0; 0) where theunderline denotes permutations, and their fermioni
 partners.13



Sin
e gauge multiplets satisfy vN · q = 0 mod 1, the 
onditions
VN · p = 0 mod 1 , Wn · p = 0 mod 1 , (2.53)determine the roots p of the unbroken 4D gauge group. It is instru
tive to rewritethis set of equations as
Vf · p = 0 mod 1 , for all �xed points f , (2.54)where Vf is the lo
al shift (2.32) asso
iated with the �xed point. At ea
h �xed pointthe gauge group is broken lo
ally to a subgroup of E8 × E8. The states surviving alllo
al proje
tion 
onditions, i.e., those 
orresponding to the interse
tion of all lo
algauge groups, yield the gauge �elds of the low-energy gauge group.Matter multiplets (vN ·q 6= 0 mod 1) originate from the 10D gauge �elds polarizedin the 
ompa
t dire
tions and their fermioni
 partners. They form 
hiral super�eldstransforming as the 
oset of E8×E8 and the unbroken 4D gauge group. All untwistedstates are bulk �elds in the 
ompa
ti�ed dimensions.2.5.2 Twisted se
torsFor the twisted se
tors Tk (k = 1 . . . N − 1), the proje
tion 
onditions depend on

k. Consider k = 1 and a �xed point f with the spa
e group element g = (θ, ℓ).The spa
e group elements 
ommuting with g are h̄ = (θk̄, ℓ̄) = (θ, ℓ)n, n ∈ N. Theresulting proje
tion 
ondition is
vN ·

(
Ñf − Ñ∗

f

)
− vN · (q + vN ) + Vf · (p+ Vf ) = 0 mod 1 , (2.55)where Vf = VN +maWna. Using `strong' modular invarian
e (2.30), one 
an show thatall massless states (
f. (2.41)) satisfy this 
ondition. Therefore all massless modes inthe �rst twisted se
tor 
orrespond to physi
al states. In the 
ase of prime orbifolds,Eq. (2.55) also holds for higher twisted se
tors with Vf = k VN +maWna.For non�prime orbifolds the situation is more 
ompli
ated. Some of the highertwisted se
tors Tk, k > 1, are related to lower order twists ZN/k whi
h leave one ofthe T

2 tori invariant. This results in additional proje
tion 
onditions. Furthermore,�xed points of the lower order twists are not ne
essarily �xed points of the originaltwist ZN . The ZN twist transforms these �xed points into ea
h other su
h that theyare mapped into the same singular point in the fundamental domain of the orbifold.Physi
al states 
orrespond to linear 
ombinations of the states appearing at the �xedpoints of the ZN/k twist.The 
onjuga
y 
lasses of higher twisted se
tors Tk are given by h g h−1 where both
g and h have the form (θk, ℓ). The number of the 
onjuga
y 
lasses is the number ofthe �xed points of the lower order twist ZN/k. In general, twists of other orders ZN/k′transform these 
lasses into ea
h other. In parti
ular, the ZN twist a
ts on the ZN/k
onjuga
y 
lasses gi as

h̄ g1 h̄
−1 = g2 , h̄ g2 h̄

−1 = g3 , . . . h̄ gn h̄
−1 = g1 , (2.56)14



with h̄ of the form (θ, ℓ) and n ≥ 1. In this 
ase, the higher twisted states transformas
h̄ |1〉 = |2〉 , h̄ |2〉 = |3〉 , . . . h̄ |n〉 = |1〉 . (2.57)From linear 
ombinations of these lo
alized states one obtains a basis of physi
alstates whi
h are ZN twist and h̄�eigenstates [8, 42, 43℄,
|phys, qγ〉 =

1√
n

n∑

s=1

e−2πi s qγ |s〉 , (2.58)where qγ = 0, 1/n, 2/n, . . . , 1. As a 
onsequen
e,
h̄ |phys, qγ〉 = e2πi qγ e2πi(k̄vN ·(Ñf−Ñ∗

f )−k̄vN ·(q+kvN )+(k̄VN+m̄aWa)·(p+Vf ))

× |phys, qγ〉 , (2.59)where we have used Eq. (2.50) and h̄ = (θk̄, m̄a ea) is assumed to mix the 
onju-ga
y 
lasses of Tk as above. This leads to the modi�ed proje
tion 
onditions for thesuperpositions (2.58):
k̄vN ·

(
Ñf − Ñ∗

f

)
− k̄vN · (q + kvN )

+ (k̄VN + m̄aWna) · (p+ Vf ) + qγ = 0 mod 1 . (2.60)In this paper we are espe
ially interested in a Z6−II orbifold whi
h has Z3and Z2 subtwists with invariant tori. The 
orresponding twist ve
tor is v6 =

(−1/6,−1/3, 1/2). As we shall dis
uss in detail in Se
. 3, two di�erent �xed pointsin the T2,4 twisted se
tors are related by Eq. (2.56) with h̄ = (θ3, 0). The eigenstatesof (θ3, 0) are
|phys,±〉 =

1√
2

(|1〉 ± |2〉) , (2.61)where the states |1〉, |2〉 
orrespond to the two �xed points of θ2 away from the origin.The proje
tion 
ondition (2.60) be
omes
3v6 ·

(
Ñf − Ñ∗

f

)
− 3v6 · (q + k v6) + 3V6 · (p + Vf ) + qγ = 0 mod 1 , (2.62)with qγ = 1/2, 1 for k = 2, 4. Here Vf = k V6 + m3W3 is the lo
al Z3 gauge shift.Physi
al states of T2,4 must also satisfy additional proje
tion 
onditions whi
h stemfrom invarian
e of the third T

2 torus (`the SO(4) torus') under θ2. Clearly, translations
ℓ3 in this torus 
ommute with θ2. Thus invarian
e under spa
e group transformations
(1, ℓ3) requires

W2 · (p + Vf ) = 0 mod 1 , (2.63a)
W ′

2 · (p + Vf ) = 0 mod 1 , (2.63b)where W2 and W ′
2 are two dis
rete Wilson lines in the SO(4) torus.15



The Z6−II orbifold also has a Z2 subtwist. The �xed points of the T3 twisted se
torare mapped into ea
h other by the spa
e group element h̄ = (θ2, 0). Invarian
e under
θ2 leads to the proje
tion 
ondition

2v6 ·
(
Ñf − Ñ∗

f

)
− 2v6 · (q + 3v6) + 2V6 · (p+ Vf ) + qγ = 0 mod 1 , (2.64)with qγ = 1/3, 2/3, 1 and the lo
al Z2 gauge shift Vf = 3V6 + n2W2 + n′2W

′
2. The Z2twist leaves the se
ond torus (`the SU(3) torus') invariant. Invarian
e of the T3 statesunder translations in this torus requires

W3 · (p + Vf ) = 0 mod 1 . (2.65)Here W3 is a dis
rete Wilson line in the SU(3) torus.
T5 twisted se
tor 
ontains anti�parti
les of the T1 se
tor, and will not be treatedseparately in the following.The above proje
tion 
onditions are relevant to our model. A sample 
al
ulationof the physi
al spe
trum is given in App. A.2.6 Lo
al GUTsConsider a �xed point f whi
h is asso
iated with the lo
al gauge shift V I

f = k V I
N +

maW
I
na. A lo
al GUT 
an be de�ned by the E8 × E8 roots p (p2 = 2) satisfying
p · Vf = 0 mod 1 . (2.66)These roots represent a lo
al gauge symmetry supported at the �xed point. Twistedmatter appears in a representation of the lo
al GUT. Ea
h representation is 
har-a
terized by the square of the shifted momentum, (p̃ + Vf )2, whi
h is the same formembers of the same multiplet.The 
on
ept of lo
al GUTs is important for 
onstru
tion of realisti
 models. Inparti
ular, all massless states of the T1 se
tor survive the ZN proje
tion and repre-sent physi
al states. They form 
omplete multiplets of the 
orresponding lo
al GUT,although this GUT does not appear in 4D. As dis
ussed in Se
. 1, this may naturallyexplain why the SM gauge (and Higgs) bosons do not form 
omplete GUT multiplets,while the matter �elds do.Let us illustrate how a lo
al SO(10) stru
ture arises. Consider a Z6−II heteroti
orbifold based on the Lie latti
e G2 × SU(3)× SO(4) with v6 = (−1/6,−1/3, 1/2; 0),the gauge shift
V6 =

(
1

2
,
1

2
,
1

3
, 0, 0, 0, 0, 0

) (
1

3
, 0, 0, 0, 0, 0, 0, 0

)
, (2.67)and arbitrary Wilson lines.The lo
al gauge shift at the origin in the T1 se
tor is Vf = V6. The lo
al GUTroots are found from

p · V6 = 0 mod 1 . (2.68)16



This 
orresponds to SO(10)×SU(2)2 symmetry in the observable se
tor. The SO(10)roots are given by
p = (0, 0, 0,±1,±1, 0, 0, 0) , (2.69)where the underline denotes all possible permutations of the 
orresponding entries.Relevant twisted matter �elds of the T1 se
tor satisfy the masslessness 
ondition3
(p + V6)

2
obs =

23

18
(2.70)for the p+ V6 
omponents in the �rst E8. The solution is

(p + V6)obs =
(
0, 0,−1

6 , odd (±1
2)5
)
, (2.71)where �odd (±1/2)5� denotes all 
ombinations 
ontaining an odd number of minussigns. This is a 16�plet of SO(10). The Z6 invariant states have the right�movershifted momentum q + v6 = (−1/6,−1/3,−1/2; 0) for spa
e�time bosons and analo-gously for spa
e�time fermions. All of these states appear in the physi
al spe
trumof the model.The Wilson lines 
an be 
hosen su
h that the gauge group in 4D is that of thestandard model (times extra fa
tors). This does not a�e
t the above 
onsiderationsand the lo
al SO(10) GUT stru
ture remains inta
t.3 Geometry of the Z6−II orbifoldIn this se
tion we des
ribe geometri
al features of the Z6−II = Z3×Z2 orbifold basedon the G2 × SU(3) × SO(4) Lie algebra latti
e, whi
h is required for 
onstru
tion ofour model.3.1 Fixed points and fundamental regionThe Z6−II orbifold with the G2 ×SU(3)×SO(4) latti
e is based on the twist ve
tor4

v6 =
1

6
(−1,−2, 3; 0) . (3.1)This orbifold allows for one dis
rete Wilson line of degree 3 in the SU(3) plane and twoWilson lines of degree 2 in the SO(4) plane. The Z6 a
tion on the torus 
oordinates

zi,
zi → e2πiv6

i

zi , (3.2)3The invarian
e 
onditions (2.55) are satis�ed automati
ally on
e V6 is brought to the `strong' modularinvariant form (5.3).4The overall sign of v6 is 
hosen su
h that one obtains left�
hiral states (q4 = −1/2 for fermions) inthe �rst twisted se
tor. This 
onvention di�ers from that of our earlier work [26℄.17



is illustrated in Fig. 2. This orbifold has Z6, Z3 and Z2 �xed points de�ned by
f i − e2πi 6

κ
v6

i

f i ∈ ΛG2×SU(3)×SO(4) , κ = 6, 3, 2 , (3.3)where ΛG2×SU(3)×SO(4) is the torus latti
e. The 12 Z6 �xed points are shown inFig. 2, the 9 Z3 �xed points � in Fig. 3 and the 16 Z2 �xed points � in Fig. 4. It isa 
hara
teristi
 feature of non-prime orbifolds that the Z3 and Z2 �xed points aregenerally di�erent from the Z6 �xed points. The Z3 subtwist leaves the SO(4) planeinvariant, whereas under the Z2 subtwist the SU(3) plane is �xed.
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Figure 2: G2×SU(3)×SO(4) torus latti
e of the Z6−II orbifold. PossibleWilson lines are denoted by W3, W2 and W ′
2.
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Figure 3: Z3 �xed points.
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Figure 4: Z2 �xed points.The orbifold is �at apart from the singular points (`
oni
al singularities') 
orre-sponding to the Z6, Z3 and Z2 �xed points. Twisted states are lo
alized at thesesingularities. In what follows, we detail their lo
alization properties in ea
h T2 torus.3.2 Twisted states lo
ation3.2.1 G2 planeIn the G2 plane, there is one point �xed under Z6 lo
ated at the origin, 3 pointsx,y,z �xed under Z3, and 4 points a,b,
,d �xed under Z2 (Fig. 5). Some of them18
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(a) Modding out to the Z6 `pillow'. ¶

·

¸(b) Z6 `pillow'.Figure 5: The G2 plane. The two simple roots of G2 are given by thearrows in (a) with the shaded area spanned by them being the funda-mental region of the torus. The fundamental region of the orbifold is onesixth of this region (darker area) and 
an be represented by the `pillow' in(b). The latter 
orresponds to folding the fundamental region along thedashed edge and gluing the other edges together (
f. [44, 45℄).transform into ea
h other under Z6 twisting and 
orrespond to the same points inthe fundamental domain of the orbifold. For the three Z3 �xed pointsx ≡ ❶ , y ≡ ❷ , z , (3.4)one hasx → x , y → z , z → y , (3.5)under the Z2 twist θ3, and the four Z2 �xed pointsa ≡ ❶ , b , 
 ≡ ❸ , d , (3.6)transform under the Z3 twist θ2 asa → a , b → 
 , 
 → d , d → b . (3.7)Thus we have the following mapping from the fundamental domain of the torus tothe fundamental domain of the orbifold:xa }→ ❶ ,
yz }→ ❷ ,

b
d → ❸ . (3.8)Consequently, T2,4 twisted matter lives at ❶ or ❷ points of the orbifold `pillow',whereas T3 twisted matter lives at ❶ or ❸.As explained in Se
. 2.5.2, the fa
t that the Z3 and Z2 �xed points are not �xedunder Z6 introdu
es a new quantum number for physi
al states, a phase γ = e2πiqγwith fra
tional qγ . Consider the T2,4 twisted se
tors. Among the states lo
alized at
❷, there are two linear 
ombinations

|❷; +1〉 =
1√
2

(|y〉 + |z〉) , |❷;−1〉 =
1√
2

(|y〉 − |z〉) , (3.9)19



whi
h are Z2 (and Z6) eigenstates with eigenvalues γ = ±1,
θ3 |❷; +1〉 = |❷; +1〉 , θ3 |❷;−1〉 = − |❷;−1〉 . (3.10)These eigenstates 
an be labelled by the order of the twist k = 2, 4 and the parameter

qγ ,
|❷; +1〉 = |k = 2, 4; qγ = 1〉 , |❷;−1〉 = |k = 2, 4; qγ = 1/2〉 . (3.11)The state at the origin has γ = 1 and 
an be labelled as
|x〉 = |❶; +1〉 = |k = 2, 4; qγ = 0〉 . (3.12)To distinguish γ = 1 states at ❶ from those at ❷, we assign qγ = 0 to the former and

qγ = 1 to the latter.The T3 states are treated analogously. There are three linear 
ombinations ofstates lo
ated at ❸, with Z3 eigenvalues 1, ω ≡ e2πi/3, and ω−1,
|❸; 1〉 =

1√
3

(|b〉 + |
〉 + |d〉) , (3.13a)
|❸;ω〉 =

1√
3

(
|b〉 + ω−1|
〉 + ω−2|d〉) , (3.13b)

|❸;ω−1〉 =
1√
3

(
|b〉 + ω |
〉 + ω2 |d〉) . (3.13
)The Z3 (and Z6) eigenstates 
an again be 
hara
terized by the order of the twist and

qγ ,
|❸; 1〉 = |k = 3; qγ = 1〉 , |❸;ω±1〉 = |k = 3; qγ = ±1/3〉 . (3.14)The state at the origin is now labelled as
|a〉 = |❶; 1〉 = |k = 3; qγ = 0〉 . (3.15)The T1,5 twisted se
tor states are lo
alized at the origin, whi
h 
orresponds to aZ6 eigenstate with eigenvalue γ = 1, i.e.,
|❶; 1〉 = |k = 1, 5; qγ = 0〉 . (3.16)The lo
ation of all Tk twisted states is illustrated in Fig. 6.

¶

·

¸
T1,5, T

qγ=0

2,4 , T
qγ=0

3

· T
qγ=1/2,1
2,4

T
qγ=±1/3,1
3Figure 6: Lo
ation of the twisted states in the G2 plane.The e�e
t of the quantum number qγ on the proje
tion 
onditions for physi
alstates has been dis
ussed in Se
. 2. 20
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(b) SO(4) plane.Figure 7: Lo
alization quantum numbers n3, n2 and n′2.3.2.2 SU(3) planeStates twisted by θk with k = 1, 2, 4, 5 are lo
alized at the three �xed points in the
SU(3) plane, whereas T3 and untwisted states live in the bulk. The lo
alization isspe
i�ed by the quantum number n3 (
f. Fig. 7(a)). Tab. 3.1 lists the 
oordinates ofthe �xed points in the SU(3) torus as well as the 
orresponding spa
e group elements.The 
oordinates are de�ned up to translations in the sublatti
e 2π[n e3+(−n−3m) e4]with n,m ∈ Z. lo
ation spa
e group element

n3 (in 2π units) k = 1 m3 k = 2 m3 k = 4 m3

0 0 (θ, 0) 0 (θ2, 0) 0 (θ4, 0) 0

1 1
3
e3 + 2

3
e4 (θ, e3) 1 (θ2,−e3) 2 (θ4, e3) 1

2 2
3
e3 + 1

3
e4 (θ,−e3) 2 (θ2, e3) 1 (θ4,−e3) 2Table 3.1: Lo
alization quantum numbers and spa
e group elements.As dis
ussed in Se
. 2, a �xed point or plane with the spa
e group element

(θk, a e3 + b e4) 
orresponds to the lo
al gauge shift
Vf = k V6 +m3W3 , m3 = a+ b mod 3 , (3.17)up to terms involving W2 and W ′

2. Note that m3 depends not only on the lo
ation(n3) but also on the order of the twist k (Tab. 3.1). The above lo
al shift is equivalentto
Vf = k(V6 + n3W3) . (3.18)3.2.3 SO(4) planeTwisted states from T1,5 and T3 are lo
alized at the four �xed points in the SO(4)plane whereas T2, T4 and untwisted states 
orrespond to bulk �elds. The �xed points21



are labelled by n2 and n′2 (Fig. 7(b)). Tab. 3.2 lists the 
oordinates of the �xedpoints and the 
orresponding spa
e group elements. The 
oordinates are de�ned upto translations in the sublatti
e 2π[2n e5 + 2me6] where n,m ∈ Z. The lo
al shift forthe θk se
tors (k = 1, 3, 5) reads
Vf = k (V6 + n2W2 + n′2W

′
2) (3.19)up to terms involving W3. lo
ation spa
e group element

(n2, n
′
2) (in 2π units) k = 1 k = 3

(0, 0) 0 (θ, 0) (θ3, 0)

(0, 1) 1
2
e6 (θ, e6) (θ3, e6)

(1, 0) 1
2
e5 (θ, e5) (θ3, e5)

(1, 1) 1
2
(e5 + e6) (θ, e5 + e6) (θ3, e5 + e6)Table 3.2: Lo
alization quantum numbers and spa
e group elements.4 SuperpotentialIn this se
tion, we dis
uss the superpotential 
ouplings in heteroti
 orbifolds. Intera
-tions on orbifolds are 
al
ulated using super
onformal �eld theories [42,46℄. This leadsto a set of sele
tion rules di
tating whi
h 
ouplings are allowed. For our purposes, itsu�
es to identify the allowed 
ouplings without knowing their pre
ise strength. Thefollowing dis
ussion is 
losely related to the analysis of Kobayashi et al. [22℄, withsome extensions.54.1 Vertex operators and 
orrelation fun
tionsIn orbifold 
onformal �eld theory, 
ouplings are obtained from 
orrelation fun
tionsof vertex operators for the 
orresponding physi
al states. The vertex operators forbosons in the (−1)�ghost pi
ture read (
f. [22℄):

V
(f)
−1 = e−φ e2i(q+kvN )·H e2i(p+Vf )·X

3∏

i=1

(
∂Zi

)Ñfi
(
∂Z∗ i

)Ñ∗

fi σf . (4.1)Here q, k, p, f and Ñfi, Ñ∗
fi are the quantum numbers des
ribed in Se
. 2, and σfis the twist �eld whi
h 
reates the va
uum of the twisted se
tor at the �xed point

f from the untwisted va
uum (
f. [42, 46, 48�50℄); φ is the bosonized super
onformalghost (
f. [51℄). Vertex operators for untwisted states 
orrespond to k = Vf = 0,
σf = 1.5Certain 
orre
tions to the sele
tion rules of [22℄ will be dis
ussed in detail in Ref. [47℄.22



In the 0�ghost pi
ture, (4.1) is repla
ed with
V

(f)
0 = e2i(q+kvN )·H e2i(p+Vf )·X

3∏

i=1

(
∂Zi

)Ñfi
(
∂Z∗ i

)Ñ∗

fi

×
3∑

j=1

(
e2iH

j

∂Zj + e−2iHj

∂Z∗ j
)
σf . (4.2)The vertex operator for fermions is given by

V
(f)
−1/2 = e−

φ
2 e2i(q+kvN )·H e2i(p+Vf )·X

3∏

i=1

(
∂Zi

)Ñfi
(
∂Z∗ i

)Ñ∗

fi σf . (4.3)In what follows, we will mainly be interested in the superpotential 
ouplings. Theseare extra
ted from 
ouplings between 2 fermions and n − 2 bosons given by the
orrelation fun
tions
〈
V

(f1)
−1/2 V

(f2)
−1/2 V

(f3)
−1 V

(f4)
0 . . .V

(fn)
0

〉
. (4.4)The 
orrelation fun
tion (4.4) fa
torizes into 
orrelators involving separately the �elds

φ, H, XI , Zi and the twist �elds [42,46,48�50℄. Z6 invarian
e of ea
h 
orrelator leadsto various sele
tion rules whi
h we dis
uss in the following.4.2 Sele
tion rules4.2.1 Gauge invarian
eConsider a 
oupling of n massless physi
al states labelled by index r. As expe
ted,the 
oupling has to obey gauge invarian
e. The gauge quantum numbers are spe
i�edby the shifted momenta p + Vf whi
h play the role of the weight ve
tors w.r.t. theunbroken subgroup of E8×E8. For the 
orrelation fun
tion to be non�zero, the stateshave to form a gauge singlet,
n∑

r=1

(p+ Vf )(r) = 0 . (4.5)It is instru
tive to interpret a 
oupling among twisted �elds in terms of lo
al gaugegroups. Suppose that the twisted states form representations R, R′, et
. under thelo
al non�Abelian gauge groups Glocal, G′
local, et
. Then the 
oupling among thesestates is invariant under the interse
tion of these groups,

Gintersection = Glocal ∩G′
local ∩G′′

local ∩ . . . ⊂ E8 × E8 , (4.6)whi
h is given by the E8×E8 roots 
ommon to all of the lo
al groups. The remaininggauge invarian
e 
onditions 
on
ern U(1) 
harges. R, R′, et
. 
an be de
omposedinto representations of Gintersection su
h that the invariant 
ouplings involve the latter.This implies, for instan
e, that a 
oupling between lo
alized 16�plets of SO(10) andother twisted states need not be invariant under the full SO(10). As a result, a massterm for the SM singlet in the 16�plet 
an be written without invoking large SO(10)representations su
h as 126�plets, whi
h are ne
essary in 4D GUTs.23



k H�momentum1 1
6
(−1,−2,−3)2 1

3
(−1,−2, 0)3 1

2
(−3, 0,−3)4 1

3
(−2,−1, 0)5 1

6
(−5,−4,−3)Table 4.1: Z6−II orbifold: H�momenta for bosons 
ontaining no os
illa-tors.4.2.2 H�momentum rulesTwist invarian
e of the 
ompa
t 6D spa
e requires that the superpotential be a s
alarwith respe
t to dis
rete rotations in the 
ompa
t spa
e. In other words, the H�momenta must add up to zero (up to a dis
rete ambiguity). TheH�momenta invariantunder the ghost pi
ture 
hanging are de�ned by [22℄

Ri
(r) = (qi + kvi

6)(r) − (Ñfi − Ñ∗
fi)(r) (4.7)and 
an be thought of as dis
rete R�
harges [48, 52℄. They lie on the SO(8) weightlatti
e.For an allowed 
oupling between 2 fermions and n− 2 bosons, the sum of the H�momenta must vanish. This rule 
an be reformulated in terms of bosoni
 H�momentaonly. Spe
i�
ally,

n∑

r=1

R1
(r) = −1 mod 6 , (4.8a)

n∑

r=1

R2
(r) = −1 mod 3 , (4.8b)

n∑

r=1

R3
(r) = −1 mod 2 , (4.8
)where Ri

(r) are the H�momenta of the bosoni
 
omponents of 
hiral super�elds. Forthe Z6−II orbifold these are listed in Tab. 4.1.6 We note that gauge invarian
e requiresstri
t vanishing of the sum of E8 × E8 momenta, whereas the sum of H�momentamust vanish up to a dis
rete shift as given above. The di�eren
e between the tworules stems from the fa
t that the gauge 16D torus possesses 
ontinuous symmetries,while in the 
ase of the 6D orbifold they are only dis
rete.4.2.3 Spa
e group sele
tion rulesThe spa
e group sele
tion rule [42,46℄ states that the string boundary 
onditions haveto mat
h in order for the 
oupling to be allowed. Consider twisted states living at the6Our sign 
onvention is opposite to that of [22℄.24



�xed points f1, f2,. . . fn 
orresponding to the spa
e group elements (θk1, ℓ1), (θk2, ℓ2),. . . , (θkn , ℓn). A 
oupling of these states is allowed if (
f. [48℄)
(θk1, ℓ1) (θk2 , ℓ2) . . . (θ

kn , ℓn) = (1, 0) (4.9)up to a torus latti
e ve
tor ∑n
r=1 Λkr

, where Λkr
= (1− θkr)Λ. The untwisted se
tor
orresponds to the spa
e group element (1, 0). The above 
ondition is equivalent to(
f. App. B)

n∑

r=1

kr = 0 mod 6 , (4.10a)
n∑

r=1

ℓr = 0 mod

n∑

r=1

Λkr
. (4.10b)The �rst equation restri
ts the twisted se
tors that 
an 
ouple and states that thetotal twist of the 
oupling must be 0 mod 6. The se
ond 
ondition puts a restri
tionon the �xed points. In terms of the lo
alization quantum numbers, it reads

SU(3) plane :
n∑

r=1

k(r) n3(r) = 0 mod 3 , (4.11a)
SO(4) plane :

n∑

r=1

n2(r) = 0 mod 2 , (4.11b)
n∑

r=1

n′2(r) = 0 mod 2 , (4.11
)plus an additional 
ondition to be dis
ussed below. The quantum numbers n3(r), n2(r)and n′2(r) have been de�ned in Se
. 3.7 The spa
e group sele
tion rule for the SU(3)plane is illustrated in Fig. 8.
2π e3

2π e4

�� �
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(a) Allowed. 2π e3

2π e4
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�� �

|B〉

�� � |C〉

(b) Allowed. 2π e3

2π e4

�� �
|A〉

�� �

|B〉, |C〉

�� �

(
) Forbidden.Figure 8: Allowed (a,b) and forbidden (
) 3�point 
ouplings between lo-
alized states |A〉, |B〉, |C〉 in the SU(3) plane.7Note that the sum rule for the SU(3) plane di�ers from the 
orresponding rule in [22℄ by the fa
tors
k(r). 25



For the G2 plane, there is a non�trivial sele
tion rule if only T2 and T4, or only T3states are involved in the 
oupling. As we show in App. B, the 
oupling must satisfy
{qγ(1), . . . qγ(n)} 6∈ permutations{x, 0, . . . 0} (4.12)for x 6= 0.To summarize, we have presented the string sele
tion rules whi
h determinewhether a given superpotential 
oupling is allowed. Apart from gauge invarian
e,su
h 
ouplings enjoy 
ertain dis
rete symmetries related to the lo
alization proper-ties of the states involved.5 The MSSM from the heteroti
 stringIn this se
tion, we present an orbifold 
ompa
ti�
ation of the E8×E8 heteroti
 stringwhi
h yields the MSSM spe
trum and gauge group at low energies. Apart from theMSSM se
tor, the model 
ontains a hidden se
tor whi
h 
an a

ount for low�energysupersymmetry breakdown. In this se
tion we present basi
 features of the model,whereas other important aspe
ts su
h as va
uum 
on�gurations, SUSY breaking,and phenomenology will be dis
ussed in Se
s. 6�8.5.1 Sear
h StrategyIt is well known that with an appropriate 
hoi
e of the gauge shift V and Wilson lines,it is not di�
ult to get the standard model gauge group times extra group fa
tors.The real 
hallenge however is to get three generations of the SM matter.We base our sear
h on the 
on
ept of lo
al GUTs. Sin
e one 
omplete mattergeneration (plus a right�handed neutrino) is a 16�plet of SO(10), we use the gaugeshifts whi
h admit lo
al SO(10) symmetry and 16�plets at the �xed points. Thereare only two su
h shifts in a Z6−II orbifold [53, 54℄,
V6 =

(
1

2
,
1

2
,
1

3
, 0, 0, 0, 0, 0

) (
1

3
, 0, 0, 0, 0, 0, 0, 0

)
,

V ′
6 =

(
1

3
,
1

3
,
1

3
, 0, 0, 0, 0, 0

) (
1

6
,
1

6
, 0, 0, 0, 0, 0, 0

)
. (5.1)Ea
h of them ensures that there are 16�plets in the T1 se
tor, whi
h remain in themassless spe
trum regardless of the Wilson lines. Further, one adjusts the Wilsonlines su
h that the gauge group in 4D is that of the standard model times additionalfa
tors.To obtain three matter generations, the simplest option is to use three equivalent�xed points with lo
al SO(10) symmetry [23℄, Fig. 9(a). This would provide an in-tuitive explanation for tripli
ation of fermion families. However, our s
an over su
hmodels shows that in this 
ase there are always 
hiral exoti
 states in the spe
trum26
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(b)Figure 9: 3 vs. 2 equivalent families.(
f. App. C).8 Su
h states get masses due to ele
troweak symmetry breaking andgenerally are in
onsistent with experiment. A similar statement applies to other Znorbifolds with n ≤ 6.This result implies that the three families of 16�plets are not all equivalent, atleast in the 
ontext of Z≤6 orbifold models. We are thus led to 
onsider the next�to�simplest possibility: 2 equivalent families and one di�erent family, Fig. 9(b). Theequivalent 16�plets 
an appear due to 2 equivalent �xed points in the SO(4) planewith one Wilson line W2. The remaining family then has to 
ome from other se
torsof the model. We �nd that this pro
edure is su

essful and, in many 
ases, the exoti
matter is ve
tor�like with respe
t to the standard model. Furthermore, we �nd thatthe ve
tor�like matter 
an be 
onsistently de
oupled at least in one 
ase.5.2 The modelOur model is a Z6−II heteroti
 orbifold based on the Lie latti
e G2 × SU(3)× SO(4).It involves two Wilson lines: one of order 2, W2, and another of order 3, W3, and hasthe gauge shift V6 
onsistent with the lo
al SO(10) stru
ture. Spe
i�
ally, the gaugeshift and the Wilson lines are given by [26℄
V6 =

(
1

2
,
1

2
,
1

3
, 0, 0, 0, 0, 0

) (
1

3
, 0, 0, 0, 0, 0, 0, 0

)
,

W2 =

(
1

2
, 0,

1

2
,
1

2
,
1

2
, 0, 0, 0

) (
−3

4
,
1

4
,
1

4
,−1

4
,
1

4
,
1

4
,
1

4
,−1

4

)
,

W3 =

(
1

3
, 0, 0,

1

3
,
1

3
,
1

3
,
1

3
,
1

3

) (
1,

1

3
,
1

3
,
1

3
, 0, 0, 0, 0

)
. (5.2)By adding elements of the root latti
e ΛE8×E8 to the shift and Wilson lines, one 
antransform this set to

V ′
6 =

(
−1

2
,−1

2
,
1

3
, 0, 0, 0, 0, 0

) (
17

6
,−5

2
,−5

2
,−5

2
,−5

2
,−5

2
,−5

2
,
5

2

)
,8We �nd that some models have exoti
 matter whi
h is ve
tor�like with respe
t to SU(3)c × SU(2)Lbut 
hiral with respe
t to 
orre
tly normalized U(1)Y . In parti
ular, our earlier model [23℄ su�ers fromthis problem. 27



W ′
2 =

(
−1

2
, 0,−1

2
,
1

2
,
1

2
, 0, 0, 0

) (
23

4
,−25

4
,−21

4
,−19

4
,−25

4
,−21

4
,−17

4
,
17

4

)
,

W ′
3 =

(
−1

6
,
1

2
,
1

2
,−1

6
,−1

6
,−1

6
,−1

6
,−1

6

) (
0,−2

3
,
1

3
,
4

3
,−1, 0, 0, 0

)
, (5.3)whi
h ful�lls the `strong' modular invarian
e 
onditions (2.30).The gauge group after 
ompa
ti�
ation is

G = SU(3) × SU(2) × [SU(4) × SU(2)′] × U(1)9 . (5.4)Here the bra
kets [. . . ] indi
ate a subgroup of the se
ond E8 fa
tor. The generatorsof the U(1) fa
tors 
an be 
hosen as
t1 = tY =

(
0, 0, 0,

1

2
,
1

2
,−1

3
,−1

3
,−1

3

)
(0, 0, 0, 0, 0, 0, 0, 0) ,

t2 = (1, 0, 0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0, 0, 0) ,

t3 = (0, 1, 0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0, 0, 0) ,

t4 = (0, 0, 1, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0, 0, 0) ,

t5 = (0, 0, 0, 1, 1, 1, 1, 1) (0, 0, 0, 0, 0, 0, 0, 0) ,

t6 = (0, 0, 0, 0, 0, 0, 0, 0) (1, 0, 0, 0, 0, 0, 0, 0) ,

t7 = (0, 0, 0, 0, 0, 0, 0, 0) (0, 1, 1, 0, 0, 0, 0, 0) ,

t8 = (0, 0, 0, 0, 0, 0, 0, 0) (0, 0, 0, 1, 0, 0, 0, 0) ,

t9 = (0, 0, 0, 0, 0, 0, 0, 0) (0, 0, 0, 0,−1,−1,−1, 1) . (5.5)One of the U(1) fa
tors is `anomalous'. It is generated by
tanom =

8∑

i=1

ci ti with ci =

(
0,

11

6
,
1

2
,−3

2
,−1

6
, 1,

1

3
,
1

3
, 0

)
. (5.6)The sum of the anomalous U(1) 
harges is

tr tanom = 88 , (5.7)whi
h is relevant to the 
al
ulation of the Fayet�Iliopoulos term.The fa
tors SU(3) and SU(2) in G are identi�ed with the 
olor SU(3)c and theweak SU(2)L of the standard model. The hyper
harge generator is given by tY . It isembedded in SO(10) just like in usual 4D GUTs,
SU(3)c × SU(2)L × U(1)Y ⊂ SO(10) . (5.8)Thus it automati
ally has the 
orre
t normalization and is 
onsistent with gauge
oupling uni�
ation. It is also important that this hyper
harge is non�anomalous,

tY · tanom = 0.The massless matter states are listed in Tab. 5.1. They appear in both the un-twisted and twisted se
tors, apart from T5 whi
h has no left�
hiral super�elds. Thespe
trum 
an be summarized as follows:matter: 3 × 16 + ve
tor-like . (5.9)28



name irrep 
ount name irrep 
ount
qi (3, 2; 1, 1)1/6 3 ūi (3, 1; 1, 1)−2/3 3
d̄i (3, 1; 1, 1)1/3 7 di (3, 1; 1, 1)−1/3 4
ℓ̄i (1, 2; 1, 1)1/2 5 ℓi (1, 2; 1, 1)−1/2 8
mi (1, 2; 1, 1)0 8 ēi (1, 1; 1, 1)1 3
s−i (1, 1; 1, 1)−1/2 16 s+

i (1, 1; 1, 1)1/2 16
si (1, 1; 1, 1)0 69 hi (1, 1; 1, 2)0 14
fi (1, 1; 4, 1)0 4 f̄i (1, 1; 4, 1)0 4
wi (1, 1; 6, 1)0 5Table 5.1: Quantum numbers of the massless states w.r.t. GSM× [SU(4)×

SU(2)] and a �eld naming 
onvention.Two generations are lo
alized in the 
ompa
ti�ed spa
e and 
ome from the �rsttwisted se
tor T1, whereas the third generation is partially twisted and partiallyuntwisted:
2 × 16 ∈ T1 , 16 ∈ U, T2, T4 . (5.10)In parti
ular, the up�quark and the quark doublet of the third generation are un-twisted, whi
h results in a large Yukawa 
oupling, whereas the down�quark is twistedand its Yukawa 
oupling is suppressed. The 16�plet quantum numbers of the thirdgeneration are not enfor
ed by lo
al GUTs, but are related to the standard modelanomaly 
an
ellation.Apart from the 3 matter families, the model 
ontains extra states whi
h are ve
tor�like with respe
t to the standard model gauge group. These in
lude a pair of Higgsdoublets and additional exoti
 matter whi
h, as we show in the subsequent se
tions,
an be 
onsistently de
oupled. A 
omplete list of quantum numbers of the masslessstates is given in Tabs. D.2 and D.3.5.3 Lo
al GUT representationsThe matter states of the model 
an be viewed as originating from representations oflo
al GUTs supported at 
ertain �xed points or planes. States from the �rst twistedse
tor 
orrespond to `brane' �elds living at the orbifold �xed points. As dis
ussed inSe
. 2, su
h states are invariant under the orbifold a
tion. Thus they all survive in 4Dand furnish 
omplete representations of the lo
al GUTs. On the other hand, statesfrom higher twisted (as well as untwisted) se
tors are not automati
ally invariantunder the orbifold a
tion. Part of the GUT multiplet is proje
ted out su
h that thesurviving states produ
e in
omplete (`split') multiplets in 4D. In parti
ular, the gaugemultiplets of E8 redu
e to those of the standard model (and extra group fa
tors). The29



latter 
an be viewed as an interse
tion of lo
al GUTs at various orbifold �xed points(see e.g. [25℄). We survey the lo
al GUTs and their representations in Tab. D.1.5.4 Spontaneous gauge symmetry breakingThe e�e
tive low energy theory of our orbifold model has, in general, smaller gaugesymmetry and fewer massless states than those in Eq. (5.4) and Tab. 5.1. One of thereasons is that there is an anomalous U(1) whi
h indu
es a FI D�term,
Danom =

∑
q(i)anom |φi|2 +

gM2
P

192π2
tr tanom , (5.11)where the sum runs over all s
alars φi with anomalous 
harges q(i)anom. This D�termmust be zero in a supersymmetri
 va
uum, so at least some of the s
alars are for
edto attain large va
uum expe
tation values, typi
ally not far below the string s
ale. Asa result, the anomalous U(1) gets broken. Generi
ally, this also triggers breakdown ofother gauge symmetries, under whi
h the above mentioned s
alars are 
harged. Theresulting gauge group and matter �elds at low energies are therefore a subset of thosein Eq. (5.4) and Tab. 5.1.More generally, some of the s
alars 
an attain VEVs as long as it is 
onsistentwith supersymmetry, Fi = Da = 0. In the simplest 
ase, su
h s
alars are asso
iatedwith �at dire
tions in the �eld spa
e. In general, supersymmetri
 
on�gurations aredes
ribed by non�trivial solutions of Fi = Da = 0, whi
h 
orrespond to points orlow�dimensional manifolds in the �eld spa
e. In either 
ase, this breaks part of thegauge symmetry,

G
VEVs−−−→ Glow−energy . (5.12)Furthermore, su
h VEVs provide mass terms for some of the matter states. In par-ti
ular, if the superpotential 
oupling

∆W = xi x̄j × 〈sα1 ...sαn〉 (5.13)exists, with xi and x̄j being ve
tor-like states w.r.t. Glow−energy and sαk
being thes
alars attaining VEVs, then xi and x̄j be
ome massive and de
ouple from the lowenergy theory.It is 
ommon that orbifold models 
ontain states whi
h are 
harged under both

GSM and other gauge fa
tors originating from the se
ond E8. As long as su
h gaugefa
tors are unbroken, there is no hidden se
tor in the model, whi
h is usually re-quired for spontaneous SUSY breaking. The separation between the �visible� and the�hidden� 
omes about when some of the s
alars attain VEVs thereby breaking theunwanted gauge fa
tors. In our model, this o

urs, in parti
ular, when some of the69 si states break U(1)8.An interesting property of the model is that none of the os
illator states is 
hargedunder GSM (
f. Tabs. D.2, D.3). If all the os
illators develop VEVs, the unbroken30



gauge group is GSM × [SU(4) × U(1)], while the SM matter is neutral under theadditional U(1). This might be important as it has been argued that giving VEVsto os
illator modes 
orresponds to resolving the 
oni
al singularities asso
iated withthe �xed points [48℄. This means that the phenomenologi
ally relevant gauge groupsurvives the naive `blowing�up' pro
edure.Orbifold models with the same gauge shifts and Wilson lines but di�erent s
alarVEVs lead to distin
t low�energy theories. For example, in some of them, the standardmodel gauge group is broken. To obtain realisti
 models, one has to make sure that,�rst of all,
• GSM is unbroken,
• exoti
 matter is heavy.There are also further phenomenologi
al 
onstraints whi
h we dis
uss in the subse-quent se
tions.5.5 De
oupling the exoti
 statesA ne
essary 
ondition for the de
oupling of ve
tor�like exoti
 states, without breakingthe standard model gauge group, is the existen
e of the superpotential 
ouplings

xi x̄j × (SM singlets) . (5.14)Furthermore, the rank of the xi, x̄j mass matrix must be maximal su
h that nomassless ve
tor�like states survive. We �nd that in our model the required massterms are allowed and the exoti
 states 
an be de
oupled.The exoti
 states 
harged under GSM are pairs of di and d̄i, ℓi and ℓ̄i, s−i and s+i ,and mi. The mass terms for these states have the form
Wmass = di Mij

d (s) d̄j + ℓ̄i Mij
ℓ (s) ℓj +mi Mij

m(s)mj + s+i Mij
s (s) s−j , (5.15)where s denotes some SM singlets. Taking s = {si}, we �nd

Mij
d (s) =




s5 s5 s5 s5 s5 s3 s3

s1 s1 s3 s3 s3 s3 s3

s1 s1 s3 s3 s3 s3 s3

s6 s6 s6 s3 s3 s6 s6




, (5.16)
Mij

ℓ (s) =




s3 s4 s4 s1 s1 s1 s1 s1

s1 s2 s2 s5 s5 s3 s3 s3

s1 s2 s2 s5 s5 s3 s3 s3

s1 s2 s2 s5 s5 s6 s3 s3

s1 s6 s6 s3 s3 s6 s3 s3




. (5.17)
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Mij
m(s) andMij

s (s) are given in Eqs. (D.1) and (D.2) in App. D, respe
tively. Here, anentry sN indi
ates the existen
e of a 
oupling whi
h involves N singlets. For instan
e,the (1, 1) entry of the d-d̄ mass term in
ludes
Wd1d̄1

= d1d̄1(s3s20s39s44s65 + s7s34s35s40s41 + · · · ) , (5.18)where the 
oe�
ients are omitted. Di�erent entries generally involve di�erent 
ombi-nations of the singlets as well as di�erent 
ouplings, su
h that the rank of ea
h massmatrix is maximal. We note that higher N does not ne
essarily imply signi�
antsuppression of the 
oupling [55℄: s 
an be 
lose to the string s
ale and, furthermore,the 
oe�
ient in front of the 
oupling grows with N . We �nd that all mass matri
eshave maximal rank at order 8. A zero in the mass matri
es (D.1)�(D.3) of App. D.4indi
ates that up to order 8 no 
oupling appears.This result implies that all of the exoti
 states 
an be de
oupled below the GUTs
ale or so. In parti
ular, the rank of Md is 4 su
h that only 3 down�type quarkssurvive. Mℓ has, in general, rank 5 resulting in 3 massless doublets of hyper
harge
−1/2. In order to get an extra pair of (�Higgs�) doublets with hyper
harge −1/2and 1/2, one has to adjust the singlet VEVs su
h that the rank redu
es to 4. Thislarge �netuning 
onstitutes the well known supersymmetri
 µ�problem and will bedis
ussed in subsequent se
tions. A further 
onstraint on the above texture 
omesfrom the top Yukawa 
oupling: it is order one if the up�type Higgs doublet has asigni�
ant 
omponent of ℓ̄1.In the above mass matri
es, s are 
hosen to be singlets under SU(4)×SU(2)′ su
hthat their VEVs break

G −→ SU(3)c × SU(2)L × U(1)Y ×Ghidden , (5.19)with Ghidden = SU(4) × SU(2)′. Now the model has a truly hidden se
tor whi
h 
anbe responsible for spontaneous SUSY breaking.In the next se
tion we show that the required 
on�gurations of the singlet VEVsare in general 
onsistent with supersymmetry, e.g. Fi = Da = 0. The D��atness isensured by 
onstru
ting gauge invariant monomials out of the singlets [56,57℄ involvedin the mass terms for the exoti
 states. We further show that generally there existnon�trivial solutions to Fi = Da = 0 in the form of low�dimensional manifolds in the�eld spa
e.Not all va
uum 
on�gurations 
onsistent with supersymmetry and the de
ouplingare phenomenologi
ally viable. Further important 
onstraints are due to
• absen
e of rapid proton de
ay,
• realisti
 �avour stru
tures,
• small µ�term. 32



This strongly restri
ts allowed VEVs for the singlets. As we show in Se
. 8, these
onstraints motivate 
ertain patterns of the VEVs, in parti
ular those whi
h preserve
B−L symmetry at the GUT s
ale.Finally, let us remark on gauge invarian
e of the 
ouplings in the framework oflo
al GUTs. As stated in Eq. (4.6), a 
oupling among twisted states is invariant underthe interse
tion of lo
al gauge groups supported at the 
orresponding �xed points,but not ne
essarily under ea
h of the groups. To give an example, 
onsider an allowed
oupling s4 s26 s57. Ea
h of these singlets originates from a larger representation ofthe lo
al group. The above 
oupling arises from the 
oupling of states 
ontained in
(16,1,1;1) of SO(10)×SU(2)×SU(2)×SO(14), (1;1,4) of SU(7)× [SO(8) × SU(4)],and (14;1) of SO(14)× [SO(14)]. Clearly, it is not SO(10) invariant. This is a spe
ialfeature of lo
al GUTs.To summarize, we have shown that our model reprodu
es the exa
t MSSM spe
-trum and the gauge group at low energies. The matter multiplets appear as 3 16�pletsof SO(10). Sin
e Md is a 4 × 7 matrix and Mℓ is a 5 × 8 matrix, there exists onepair of SU(2) `Higgs' doublets whi
h do not form 
omplete GUT representations. Themodel also has a hidden se
tor.5.6 Orbifold GUT limitsOne of the motivations for revisiting orbifold 
ompa
ti�
ations of the heteroti
 stringis the phenomenologi
al su

ess of orbifold GUTs [14�19℄. In our model, the hyper-
harge is 
orre
tly normalized and the spe
trum is that of the MSSM, whi
h leads togauge 
oupling uni�
ation at about 2× 1016 GeV. It is therefore interesting to studyorbifold GUT limits of the model, whi
h 
orrespond to anisotropi
 
ompa
ti�
ationswhere some radii are signi�
antly larger than the others. Su
h anisotropy may mit-igate the dis
repan
y between the GUT and the string s
ales and 
an be 
onsistentwith perturbativity for one or two large radii of order (2 × 1016 GeV)−1 [58, 59℄. Inthe energy range between the 
ompa
ti�
ation s
ale and the string s
ale one obtainsan e�e
tive higher-dimensional �eld theory.In Z6−II orbifolds, there are four independent radii: two are asso
iated with the
G2 and SU(3) planes, respe
tively, and the other two are asso
iated with the twoindependent dire
tions in the SO(4)-plane. Any of these radii 
an in prin
iple belarge leading to a distin
t GUT model.The bulk gauge group and the amount of supersymmetry are found via a subsetof the invarian
e 
onditions (2.53) with N < 6. Consider a subspa
e S of the 6D
ompa
t spa
e with large 
ompa
ti�
ation radii. This subspa
e is left invariant underthe a
tion of some elements of the orbifold spa
e group, i.e. a subset of twists andtranslations G. The bulk gauge multiplet in S is part of the N = 4 E8 × E8 gaugemultiplet whi
h is invariant under the a
tion of G, i.e. a subset of 
onditions (2.46)restri
ted to G [25℄. 33
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(
) G2 plane.Figure 10: Orbifold GUT limits. In ea
h 
ase, a plane with a large 
om-pa
ti�
ation radius is displayed. Only subgroups of the �rst E8 are shownand U(1) fa
tors are omitted.In our model, the intermediate orbifold pi
ture 
an have any dimensionality be-tween 5 and 10. For example, the 6D orbifold GUT limits are (up to U(1) fa
tors):
SO(4) plane : bulk GUT = SU(6) , N = 2 ,

SU(3) plane : bulk GUT = SU(8) , N = 2 ,

G2 plane : bulk GUT = SU(6) × SO(4) , N = 4 ,where the plane with a �large� 
ompa
ti�
ation radius is indi
ated and N denotes theamount of supersymmetry. In all of these 
ases, the bulk β�fun
tions of the SM gauge
ouplings 
oin
ide. This is be
ause either GSM is 
ontained in a simple gauge groupor there is N = 4 supersymmetry. It is remarkable that regardless of whi
h radiiare large, uni�
ation in the bulk o

urs. This observation may indeed be relevant tothe dis
repan
y between the GUT and the string s
ales. However, to 
he
k whether34



this is really the 
ase, logarithmi
 
orre
tions from lo
alized �elds, 
ontributions fromve
tor�like heavy �elds and string thresholds have to be taken into a

ount.The 6D orbifold GUT limits of the model are displayed in Fig. 10. We note thatthe standard model gauge group is obtained as an interse
tion of the lo
al gaugegroups at the orbifold �xed points. For 
ompleteness, in Tab. D.13 we survey allpossible orbifold GUT limits. For D ≥ 6, we �nd that they are all 
onsistent withgauge 
oupling uni�
ation in the bulk. The di�erent geometries di�er, however, in thevalues of the gauge 
ouplings at the uni�
ation s
ale as well as the Yukawa 
ouplings.6 Supersymmetri
 va
uum 
on�gurationsIn this se
tion we dis
uss supersymmetri
 va
uum 
on�gurations of our model. Inglobally supersymmetri
 theories, these require vanishing of the D- and F�terms. Westart with the dis
ussion of the D�terms.6.1 D��atnessIn a supersymmetri
 gauge theory with an anomalous U(1), vanishing of the D�termsrequires
Da =

∑

i

φ∗iTaφi = 0 ,

Danom =
∑

i

q(i)anom |φi|2 +
gM2

P

192π2
tr tanom = 0 , (6.1)where Ta are generators of the gauge group and tanom is the generator of an anomalous

U(1). In parti
ular, to have a vanishing FI D�term, there must exist at least one �eldwhose anomalous 
harge is opposite in sign to that of tr tanom.In theories without an anomalous U(1), these 
onditions are satis�ed if there existsa gauge invariant monomial I(φi) [56℄. The D��at �eld 
on�gurations are found from
〈
∂I

∂φi

〉
= c 〈φ∗i 〉 , (6.2)where c is a 
onstant and 〈x〉 denotes the VEV of x. On solutions of this equation,gauge invarian
e of I simply means Da = 0 [56℄. If an anomalous U(1) is present,

D��atness requires the existen
e of I(φi) whi
h is gauge invariant with respe
t toall symmetries apart from U(1)anom and whi
h 
arries a net anomalous 
harge whosesign is opposite to that of tr tanom (see, e.g., [12, 60, 61℄).Therefore, sear
hing for a D��at 
on�guration amounts to �nding gauge invariantmonomials with the above properties. Clearly, su
h monomials 
an be multipliedtogether while preserving the required properties. We are parti
ularly interested in35



the U(1)N gauge theory whi
h is relevant when the non�Abelian singlets si get VEVs.In this 
ase, the gauge invariant monomial
(s1)

n1 (s2)
n2 . . . (sk)

nk , ni ∈ N , (6.3)represents the D��at dire
tion
|s1|/

√
n1 = |s2|/

√
n2 = . . . = |sk|/

√
nk (6.4)in the �eld spa
e. The overall s
ale of these VEVs is �xed by the FI D�term.Starting with the anomalous U(1) D�term, an example of a gauge invariant mono-mial with a negative anomalous 
harge is given by

I1 = (s12)
2 s39 s55 s56 . (6.5)Clearly, it is not unique (
f. Tab. D.6). In parti
ular, it 
an be multiplied by a mono-mial with zero anomalous 
harge. We �nd that every si that enters the mass matri
esfor the exoti
 states also enters a gauge invariant monomial (see Tab. D.5). Thisshows that si 
an be given large VEVs while having vanishing D�terms.There is also another algorithm to 
he
k the D��atness for the required singlet
on�guration. Mass terms for ve
tor�like exoti
 matter xi are generated by

W =
∑

ij

xix̄jMij(s) (6.6)with
Mij(s) =

∑

n

∑

k1,...,kn

cij(k1, . . . , kn) sk1 . . . skn
, (6.7)where ska

are the singlets and cij(k1, . . . , kn) are some 
oe�
ients. Any monomial of�elds in the superpotential is gauge invariant and represents a D��at dire
tion. Thusmultiplying all of the monomials together, we again get a �at dire
tion. However, wedo not want to give VEVs to the exoti
 matter �elds xi sin
e this would break thestandard model gauge group. So, one needs to repla
e those with some SM�singletswhi
h have the same total U(1)�
harges:
U(1)-
harges ∏

Mij 6=0

xix̄j


 = U(1)-
harges (sl1 . . . sln

)
. (6.8)This is just one equation. In our 
ase, there are many singlet monomials satisfyingthis equation and one of them is

s7(s19)
4s26s36s39(s40)

5(s48)
18s55(s56)

3(s57)
7(s64)

2(s68)
42(s69)

27 . (6.9)To 
an
el the FI term, one has to multiply it with the monomial I1 whi
h has anegative anomalous 
harge. This shows that one 
an give VEVs to all singlets involvedin the de
oupling of extra matter 
onsistently with the D��atness.36



6.2 Some of the F��at dire
tionsThe requirement Fi = 0 for a singlet si is most easily satis�ed if si is an F��atdire
tion, i.e.,
∂W

∂si
= 0 (6.10)for arbitrary values of si. (When si is not a �at dire
tion, Fi = 0 is satis�ed only atspe
ial values of si.) The existen
e of su
h �at dire
tions usually requires that theVEVs of some other singlets appearing in the superpotential be zero.Many exa
tly F��at dire
tions 
an be obtained from the sele
tion rule (4.8
) forthe superpotential 
ouplings,

∑
R3 = − 1 mod 2 . (6.11)As seen from Tabs. D.2 and D.3, all of the non�Abelian singlets in U , T2, T4 se
torshave R3 = 0. Thus they 
annot 
ouple among themselves 
onsistently with the rule(6.11). Furthermore, they 
annot 
ouple to a single state in T1,3 sin
e the latter have

R3 = −1/2 and at least two of su
h states are needed to have an allowed 
oupling.That means that the F�terms are proportional to a VEV of some state in T1,3:
Fi ∼ ∂W

∂si
∼ 〈singlet from T1,3〉 = 0 , (6.12)as long as all singlets in T1,3 have zero VEVs. Thus one immediately gets 39 exa
tly

F��at dire
tions asso
iated with si from the
U, T2, T4 (6.13)se
tors.One 
an also show that these dire
tions are D��at. In parti
ular, ea
h non�Abelian singlet from U, T2, T4 enters a gauge invariant monomial whi
h involves only

U, T2, T4 singlet states. Furthermore, it is possible to 
onstru
t a monomial with anegative net anomalous 
harge. An example is (see also Tab. D.7)
I = s34 s35 s40 s39 s67 . (6.14)That means one 
an give non�zero VEVs to the U, T2, T4 singlets while preserving su-persymmetry. Some of su
h states presumably 
orrespond to the �blowing�up� modesof the orbifold whi
h allow one to interpolate between a smooth Calabi�Yau manifoldand an orbifold.These �at dire
tions allow us to de
ouple many exoti
 states but not all. One 
anperhaps in
rease the dimensionality of the F� and D��at spa
e by in
luding non�Abelian �at dire
tions or by other 
onsiderations. We also note that, for pra
ti
alpurposes, �atness is only required up to a 
ertain order in superpotential 
ouplingsand one may exploit approximately �at dire
tions.In any 
ase, �at dire
tions are not ne
essary for the de
oupling. As we dis
ussbelow, supersymmetri
 �eld 
on�gurations are in general more 
ompli
ated and allowfor the de
oupling of the exoti
 states. 37



6.3 General supersymmetri
 �eld 
on�gurationsGiven a set of 69 states si, supersymmetri
 �eld 
on�gurations are given by the setsof VEVs 〈si〉 whi
h satisfy Fi = Da = 0. Naively, it appears that the number of
onstraints, that is 69 plus the number of the gauge group generators, is larger thanthe number of variables, 69. The system seems to be over
onstrained. However, this isnot the 
ase. As well known, 
omplexi�ed gauge transformations allow us to eliminatethe D�term 
onstraints ( [62℄, [63, Chapter VIII℄), su
h that the number of variablesequals the number of equations. In what follows, we demonstrate this for Abelian andnon�Abelian 
ases.6.3.1 Abelian 
aseConsider a supersymmetri
 U(1)N gauge theory with n 
harged �elds zi. The super-potential 
an be written as
W =

∑

(a)

I(a)(z1, . . . , zn) . (6.15)Here I(a) are gauge invariant monomials (some of whi
h may be redu
ible, i.e. aprodu
t of lower order monomials),
I (z1, . . . , zn) = c zk1

1 . . . zkn
n (6.16)with c being a 
onstant and

k1Q1 + · · · + knQn = 0 , (6.17)where Qi = (q1i , . . . , q
N
i ) is an N�ve
tor of U(1) 
harges of the �elds zi.Supersymmetry is preserved in the va
uum if

Fi = 0 , Da = 0 , i = 1, . . . , n ; a = 1, . . . , N . (6.18)Start with the F�terms. Fi = 0 
an be written as9
Fi(z) ≡ ∂W

∂zi
= 0 (6.19)for all i. Sin
e there are n su
h equations and n variables, there are solutions. Ingeneral, there are solutions with zi 6= 0 (for example, when W is a non�trivial poly-nomial).109Here we de�ne the F 
omponent su
h that it has the quantum numbers of z∗.10In parti
ular, this is generally the 
ase in string orbifold models. The reason is that if a superpotential

W0 is allowed by string sele
tion rules, WN
0 is also allowed for some integers N . For example, in the Z6
ase, one has W ∼ W0 + W 7

0 + . . . . Su
h superpotentials allow for non�trivial solutions to the F�termequations (
onsider, e.g., W0 = z1z2z3). 38



Consider a solution with zi 6= 0. Note that Fi(z) is not gauge invariant, buttransforms as z−1
i . As a 
onsequen
e, if {z0

k} is a solution to Fi(z) = 0, then thetransformation
z0
k → z′k = z0

k (α1)
q1
k(α2)

q2
k · · · (αN )q

N
k , (6.20)leaves the F�terms vanishing,

Fi(z
0) → Fi(z

′) = Fi(z
0) (α1)

−q1
i (α2)

−q2
i · · · (αN )−qN

i = 0 , (6.21)where αi are arbitrary 
omplex numbers and qa
i is the a-th U(1) 
harge of zi. There-fore, given a solution z0

i to the F�term equations, it 
an be res
aled as above to givea family of solutions. In fa
t, it 
an be res
aled in su
h a way that all the D�termsvanish:
Da(z

′) =
∑

i

qa
i |z′i|2 =

∑

i

qa
i |z0

i |2|α1|2q1
i |α2|2q2

i . . . |αN |2qN
i = 0 (6.22)for a = 1, . . . , N . The N res
aling parameters |αi| are found from the above Nequations. In terms of the res
aled variables z′i, these solutions are en
oded in thegauge invariant monomials z′ k1

1 . . . z′ kn
n su
h that

|z′1|/
√
k1 = |z′2|/

√
k2 = . . . = |z′3|/

√
kn (6.23)is a D��at dire
tion. This latter equation allows to �nd αi most easily and also showsthat sensible solutions to Eq. (6.22) exist, i.e. |αi|2 > 0. 11Let us now turn to the D�term of an anomalous U(1). The 
omplexi�ed gaugetransformation whi
h leaves Fi = 0 inta
t is

z0
i → z′i = αq

(i)
anomz0

i ,

Danom(z′) =
∑

i

q(i)anom |z0
i |2|α|2q

(i)
anom +

gM2
P

192π2
tr tanom . (6.24)As long as there is a �eld whose anomalous 
harge is opposite in sign to that of tr tanom,the D-term 
an be 
an
elled. Suppose tr tanom < 0, then Danom < 0 for αq

(i)
anom → 0and Danom > 0 for αq

(i)
anom → ∞. Therefore, there is a solution to Danom = 0 for �nite

αq
(i)
anom .It is now 
lear that the D�term 
onstraints 
an be satis�ed by an appropriate
hoi
e of 
omplexi�ed gauge transformations. This means that the number of SUSY
onditions Fi = 0 equals the number of variables zi, su
h that (non�trivial) solutionsgenerally exist. Su
h solutions 
an be points (up to gauge transformations) or lowdimensional manifolds in the �eld spa
e.11Note that if 2 �elds z1,2 with identi
al 
harges are present, one has to be 
autious. As far as the D�termequations go, these two �elds 
an be treated as one, i.e. zk1

1 zk2

2 → zk1+k2

2 and qa
1 |z1|2 + qa

2 |z2|2 → qa
2 |z2|2.39



6.3.2 Non�Abelian 
aseLet us now 
onsider the 
ase of a non�Abelian gauge theory following Ref. [63, Chap-ter VIII℄. This situation arises in our 
onstru
tion when one assigns VEVs to thedoublets of the hidden se
tor SU(2). As in the Abelian 
ase, if {z0
k} is a solution tothe F�term equations Fi(z) = 0, then

z′ = exp

(
i
∑

a

λaTa

)
z0 (6.25)is also a solution, where Ta are the group generators and λa are 
omplex parameters.This is be
ause Fi transforms as z−1

i , i.e., F (z′) = exp(−i
∑
λaTa)F (z0).The D�terms, Da(z) =

∑
i z

†
i Tazi, transform in the adjoint representation underthis transformation. There is always a group element whi
h transforms ve
tor Dainto (x, 0, .., 0) 
orresponding to the dire
tion of one of the Cartan generators Tâ, i.e.

Da → Dâ =
∑

i z
†
i Tâzi. Writing (Tâ)ij = µiδij with real µi, the only non�vanishing

D�term is
Dâ(z

′) =
∑

i

µi|z′i|2 . (6.26)The 
omplexi�ed gauge transformation along this dire
tion,
z′i → zη

i = exp(µiη) z
′
i , (6.27)with real η, leaves Fi(z

η) = 0 and transforms the D�term into
Dâ(z

η) =
∑

i

µie
2µiη|z′i|2 . (6.28)In the non�degenerate 
ase, Dâ(z

η) → ±∞ for η → ±∞.12 Therefore, there is asolution to Da = 0 for �nite η and hen
e �nite zη
i .6.3.3 Summary and appli
ationsEmploying 
omplexi�ed gauge symmetry, we have shown that the system of equa-tions Fi = Da = 0 in globally supersymmetri
 models is not over
onstraining. Inparti
ular, solutions to Fi = 0 exist sin
e the number of equations equals the numberof 
omplex variables and in general some of these solutions are non-trivial. On
e anon�trivial solution to Fi = 0 is found, it 
an be transformed using 
omplexi�edgauge symmetry to satisfy Da = 0. This 
on
lusion is based on the observation thatthe F�term equations 
onstrain gauge invariant monomials, while su
h monomialsare also asso
iated with D��at dire
tions.12An example of the degenerate 
ase is an SU(2) theory with 2 fundamental multiplets h1,2 and W =

(h1h2)
n. The solution to the F�term equations is h2 = ch1 su
h that all gauge invariant monomials vanish.The D�terms vanish only for h1,2 = 0 
orresponding to |η| → ∞.40



Consequently, supersymmetri
 �eld 
on�gurations in orbifold models form lowdimensional manifolds or points (up to gauge transformations). In su
h 
on�gurations,SM singlets generally attain non�zero VEVs, typi
ally not far below the string s
ale.As a result, when su
h VEVs play a role of the mass terms for ve
tor�like exoti
states, the de
oupling of the latter 
an be made 
onsistently with supersymmetry.The above 
onsiderations apply to globally supersymmetri
 models at the pertur-bative level. In pra
ti
e, we expe
t supergravity as well as non�perturbative e�e
tsto play a role in sele
ting va
ua. However, it would be very di�
ult to quantify su
he�e
ts at this stage. We note that, in existing literature, it is rather 
ommon to amendthe global SUSY 
onditions Fi = Da = 0 by 〈W 〉 = 0 (see e.g. [49℄), whi
h implies avanishing 
osmologi
al 
onstant in supergravity. Su
h a 
ondition should however beimposed on the total superpotential whi
h in
ludes, in parti
ular, non�perturbativepotentials for moduli. Thus, requiring 〈W 〉 = 0 does not set any immediate 
onstrainton the 
harged matter VEVs. At this stage, we in
lude only the most important su-pergravity e�e
t, that is gaugino 
ondensation in the hidden se
tor, whi
h we dis
ussin the next se
tion.7 Spontaneous supersymmetry breaking7.1 Hidden se
tor gaugino 
ondensationAs supersymmetry is broken in nature, realisti
 models should admit spontaneoussupersymmetry breakdown. An attra
tive s
heme for that is hidden se
tor gaugino
ondensation [64�67℄. In this 
ase, a hierar
hi
ally small supersymmetry breakings
ale, whi
h is favoured by phenomenology, is explained by dimensional transmuta-tion.The basi
 idea is that one or more gauge groups in the hidden se
tor be
omestrongly 
oupled at an intermediate s
ale. This leads to 
on�nement and gaugino
ondensation. Under 
ertain 
ir
umstan
es, that is if the dilaton is stabilized, gaugino
ondensation translates into supersymmetry breaking. In parti
ular,
〈λλ〉1/3 ∼ 1013 GeV , (7.1)leads to the gravitino mass in the TeV range, m3/2 ∼ 〈λλ〉/M2

P. The 
ondensations
ale Λ ∼ 〈λλ〉1/3 is given by the Landau pole of the 
ondensing gauge group,
Λ = MGUT exp

(
− 1

2β

1

g2(MGUT)

)
. (7.2)For 
ertain gauge groups and matter 
ontent, Λ 
an be in the right range.Gaugino 
ondensation leads to supersymmetry breaking only if the dilaton isstabilized at a realisti
 value. Models with a single gaugino 
ondensate and a 
las-si
al Kähler potential su�er from the notorious dilaton run�away problem. That41



is, gaugino 
ondensation 
reates a non�perturbative superpotential for the dilaton
W ∼ exp(−aS) ∼ 〈λλ〉 (where a = 3/2β) whi
h leads to S → ∞ at the minimumof the s
alar potential. There are two 
ommon options to avoid this problem: employmultiple gaugino 
ondensates or use non�perturbative 
orre
tions to the Kähler po-tential. The �rst option is not available in our model as the hidden se
tor SU(2) eitherdoes not 
ondense or its 
ondensation s
ale is too low, and we are left with a single
SU(4). Thus, we use the se
ond option. In this 
ase, the 
lassi
al Kähler potential forthe dilaton is amended by non�perturbative 
orre
tions,

K = − ln(S + S) + ∆Knp . (7.3)The fun
tional form of ∆Knp has been studied in the literature [68�72℄. For afavourable 
hoi
e of the parameters, this 
orre
tion allows one to stabilize the dilatonat a realisti
 value, ReS ≃ 2, while breaking supersymmetry [70�74℄. Supersymmetryis broken spontaneously by the dilaton F�term,
FS ∼ 〈λλ〉

MP
, FT ∼ 0 , (7.4)where T is the heteroti
 T�modulus. In what follows, we will estimate the gaugino
ondensation s
ale in our model without going into details of the dilaton stabilizationme
hanism.The 
ondensing gauge group in our 
ase is SU(4). The 
ondensation s
ale dependson the matter 
ontent. If all the singlets have zero VEVs, there are 5 6�plets and 4pairs of 4 + 4. The 
orresponding beta fun
tion is

βSU(4) =
1

16π2

{
12 − #(6) − #(4 + 4)

}
, (7.5)where #(R) 
ounts the number of representations R. With the above matter 
ontent,

SU(4) is asymptoti
ally free but the 
ondensation s
ale is too low. In a general �eld
on�guration, the 6�plets and the pairs 4 + 4 re
eive large masses (see Eqs. (D.3)and (D.4)) and are all de
oupled. In this 
ase, the beta fun
tion be
omes
βSU(4) =

3

4π2
. (7.6)The 
ondensation s
ale is then 1010 − 1011 GeV. There are many fa
tors that 
ana�e
t it. In parti
ular, there are string threshold 
orre
tions [75�79℄ whi
h lead todi�erent gauge 
ouplings in the visible and hidden E8. The 
orresponding gaugekineti
 fun
tions are given by [75, 78, 79℄

fvis/hid = S ± ǫ T , (7.7)where ǫ is a small parameter and, for simpli
ity, we have taken a large T limit. Thegauge 
ouplings are found from
Re f = g−2 . (7.8)42



In the visible se
tor, the apparent gauge 
oupling uni�
ation requires g−2
GUT ≃ 2,whereas the hidden se
tor gauge 
oupling is

g−2
hid(MGUT) = Re fhid ≃ 2 (1 − ∆) , (7.9)where ∆ parametrizes string threshold 
orre
tions. The 
orresponding 
ondensations
ale is

Λ ≃ MGUT exp

[
− 1

β
(1 − ∆)

]
. (7.10)For ∆ between 0 and 0.3, the 
ondensation s
ale ranges between 5×1010 and 1013 GeV(
f. Fig. 11). Thus a TeV s
ale gravitino mass 
an in prin
iple be obtained.
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Figure 11: S
ale dependen
e of the hidden se
tor SU(4) gauge 
ouplingfor di�erent threshold 
orre
tions ∆.There are of 
ourse other fa
tors that 
an a�e
t the above estimate. For example,the SUSY breaking s
ale depends on 
oe�
ients entering a parti
ular dilaton sta-bilization me
hanism. Also the identi�
ation of the Landau pole with 〈λλ〉1/3 is notpre
ise. The main point, however, is that the model 
ontains the ne
essary ingredientsfor gaugino 
ondensation and SUSY breaking in the phenomenologi
ally interestingrange.7.2 Soft SUSY breaking termsThe Kähler stabilization me
hanism leads to a spe
i�
 pattern of the soft terms, theso 
alled �dilaton dominated s
enario� [80℄. The resulting soft terms are universal andgiven by
Lsoft =

1

2
(Mλaλa + h.
.) −m2φ∗αφα −

(
1

6
A Yαβγφ

αφβφγ + h.c.

)
, (7.11)43



where λa are the gauginos, φα are the s
alars and Yαβγ are the Yukawa 
ouplings.Dilaton dominated SUSY breaking implies the following relations among the softbreaking parameters (see e.g. [81℄):
M = ±

√
3m3/2 , m = m3/2 , A = −M . (7.12)This is a restri
ted version of mSUGRA with the only independent parameter beingthe gravitino mass m3/2. Here we do not dis
uss the µ and Bµ terms whi
h dependon further details of the model.The dilaton dominated s
enario has a number of phenomenologi
ally attra
tivefeatures. In parti
ular, due to �avour universality in the soft breaking se
tor, it avoidsthe SUSY FCNC problem. Also, most of the physi
al CP phases, e.g. arg(A∗M),vanish whi
h ameliorates the SUSY CP problem. Other phenomenologi
al aspe
tshave been dis
ussed in Ref. [82℄.The above 
onsiderations are based on the assumption that the dilaton is stabilizedvia non�perturbative 
orre
tions to the Kähler potential. Dilaton and other modulistabilization is a di�
ult issue and there may exist other possibilities whi
h 
ouldlead to other patterns of the soft terms.8 B−L symmetry and phenomenologyRealisti
 string va
ua must satisfy a number of phenomenologi
al 
onstraints, inaddition to those imposed by the spe
trum and the gauge group of the MSSM. Inparti
ular, the proton should be su�
iently stable as well as �avour stru
tures shouldbe realisti
. This 
onstrains va
uum 
on�gurations for the SM singlets. In generi
va
ua, there are baryon number violating operators already at the renormalizablelevel, so in order to avoid rapid proton de
ay one must be able to tune the VEVsand suppress su
h operators. This appears rather arti�
ial and one may ask whetherthere is a deeper reason behind it.In this se
tion, we explore va
ua preserving the B−L symmetry at the high energy(GUT) s
ale, whi
h appear phenomenology attra
tive. In this 
ase, the renormalizable

R�parity violating 
ouplings
W�R = µi ℓi φu + λijkℓi ℓj ek + λ′ijkℓi qj dk + λ′′ijkui dj dk (8.1)are prohibited, leading to suppression of proton de
ay. The B−L symmetry �tsnaturally into the 
on
ept of lo
al GUTs: it is related to the SO(10) B−L generator,although there are di�eren
es. Finally, B−L 
an be broken at an intermediate s
alewhi
h might indu
e small R�parity violating 
ouplings and 
ould be related to thesmallness of the neutrino masses.Having suppressed B−L violation, we further study whether the required singletVEV 
on�gurations allow for the de
oupling of the exoti
 matter, realisti
 �avourstru
tures and a small µ�term. 44



�eld B−L 
harges
qi

{
1
3
, 1

3
, 1

3

}

ūi

{
−1

3
,−1

3
,−1

3

}

d̄i

{
−1

3
,−1

3
, 2

3
,−1

3
,−1

3
, 2

3
, 2

3

}

di

{
−2

3
,−2

3
,−2

3
, 1

3

}

ℓi {0,−1,−1, 0, 0, 0,−1,−1}
ℓ̄i {0, 0, 0, 1, 0}
ēi {1, 1, 1}Table 8.1: B−L 
harges of the relevant matter �elds.8.1 Va
uum 
on�gurations with unbroken B−LThe �rst step is to obtain singlet VEV 
on�gurations whi
h preserve

GSM × U(1)B−L × [SU(4)] .Here we keep the hidden se
tor SU(4) unbroken whi
h is needed for gaugino 
onden-sation.Let us now identify a B−L generator. An obvious option would be to use the B−Lof SO(10). This however leads to anomalous B−L symmetry, t
SO(10)
B−L · tanom 6= 0. It ispossible to modify this generator su
h that the resulting B−L is non�anomalous andthe B−L 
harges for the members of the 16�plets are the standard ones. Requiringfurther that the hidden se
tor SU(2) doublets hi be neutral under U(1)B−L, �xes13

tB−L =

(
0, 1, 1, 0, 0,−2

3
,−2

3
,−2

3

) (
1

2
,
1

2
,
1

2
,−1

2
, 0, 0, 0, 0

)
. (8.2)The B−L 
harges of matter �elds are shown in Tabs. 8.1, D.10-D.12. The qi and uistates have the standard 
harges, while only four out of seven di have the right 
harge(−1/3) to be identi�ed with the down type anti�quarks. The di states with exoti


B−L 
harges as well as one linear 
ombination of the di's with 
harge −1/3 pairup with four di's and de
ouple from the low energy spe
trum. Similar 
onsiderationsapply to the lepton se
tor. The lepton doublets 
arry 
harge −1, while the Higgsdoublets are neutral. One pair of ℓi and ℓi with qB−L = 0 must remain in the masslessspe
trum and is identi�ed with the physi
al Higgs bosons.Among the 69 SM singlets si, 30 are neutral under B−L , 21 have 
harge +1 and18 have 
harge −1 (
f. Tab. D.10). This ex
ess of positively 
harged si leads to a netnumber of three `right�handed' neutrinos.Let us now 
onsider 
on�gurations in whi
h only states neutral under GSM ×
U(1)B−L× [SU(4)] are allowed to develop VEVs. Su
h states in
lude si with zero qB−L13This is the only phenomenologi
ally viable U(1)B−L generator, up to an irrelevant 
omponent in the

t9 dire
tion. 45



and the SU(2)′ doublets hi. For our purposes, it su�
es to restri
t ourselves to a
ertain subset of these �elds. In parti
ular, we assume that
〈s2, s5, s7, s9, s20, s23, s34, s41, s48, s58, s59, s62, s65, s66,

h1, h3, h6, h8, h9, h10, h11, h12, h13〉 = 0 , (8.3)while
{s̃i} = {s1, s3, s12, s14, s16, s18, s19, s22, s24, s39, s40, s53, s54, s57, s60, s61,

h2, h4, h5, h7, h14} (8.4)develop non�zero VEVs. We �nd that su
h a 
on�guration is D��at sin
e every �eldfrom {s̃i} enters a gauge invariant monomial 
onsisting ex
lusively of {s̃i} states(Tab. D.8). Also, it is possible to 
onstru
t a monomial out of these states whi
hhas a negative net anomalous 
harge (Tab. D.9). The set {s̃i} does not represent an
F -�at dire
tion. To preserve supersymmetry, we assume that there exist non�trivial�eld 
on�gurations in {s̃i} with vanishing F�terms. Then, as des
ribed in Se
. 6,
omplexi�ed gauge transformations allow us to satisfy Da = 0 at the same time. Theset {s̃i} breaks all extra U(1)'s but U(1)B−L.8.2 De
oupling the exoti
 statesThe �rst question is whether it is possible to de
ouple all of the exoti
 states by givingVEVs to the set {s̃i} only. To answer this question, we re
al
ulate the mass matri
esfor the exoti
 matter. The relevant superpotential 
ouplings are of the form

W = xi x̄j Mij
x (s̃) with Mij

x (s̃) =
∑

s̃i1 · · · s̃in , (8.5)and xi, x̄j being the ve
tor�like pairs. In
luding the 
ouplings up to order 10, theresulting mass matri
es are
Mij

d (s̃) =




0 0 s̃6 0 0 s̃6 s̃6

0 0 s̃6 0 0 s̃7 s̃7

0 0 s̃6 0 0 s̃7 s̃7

s̃8 0 0 s̃6 s̃6 0 0




, (8.6)
Mij

ℓ (s̃) =




s̃3 0 0 0 0 s̃8 0 0

s̃ 0 0 0 0 s̃6 0 0

s̃ 0 0 0 0 s̃6 0 0

0 s̃8 s̃8 0 0 0 s̃6 s̃6

s̃ 0 0 s̃6 s̃6 0 0 0




. (8.7)Here the 
olumns in Mij
d 
orrespond to d̄j and the rows to di; in Mij

ℓ , the 
olumns
orrespond to ℓj and the rows to ℓ̄i. Mij
m(s̃), Mij

s (s̃), Mij
f (s̃), and Mij

w(s̃) are given46



by Eqs. (D.5)�(D.8) in App. D.4. As before, an entry s̃N implies that there is anallowed 
oupling involving N states s̃i. For instan
e, the d1, d̄3 mass term in
ludes
Wd1d̄3

= d1d̄3(s16 s40 h4 h14 h5 h14 + · · · ) . (8.8)Although the form of the mass matri
es is quite restri
ted, all of them have themaximal rank, apart from the ℓ̄i, ℓj matrix whose rank is 4. This means that all ofthe exoti
 states are de
oupled and one Higgs pair ℓ̄, ℓ is massless, as required.Clearly, some of the zeros of the mass matri
es are di
tated by the B−L symmetry(see Tabs. 8.1, D.11, D.12). The massless down type anti�quarks are 3 linear 
ombi-nations of the 4 d̄i states with qB−L = −1/3, namely d̄1, d̄2, d̄4 and d̄5. The remaininglinear 
ombination 
ouples to d4 and be
omes heavy. Likewise, the physi
al leptondoublets are the 3 linear 
ombinations of ℓ2, ℓ3, ℓ7 and ℓ8 whi
h do not 
ouple to
ℓ̄4. Interestingly, this type of stru
ture has re
ently been explored in the 
ontext oforbifold GUTs [24℄. It was shown that a mixing between 
hiral and ve
tor�like states
an lead to realisti
 �avour patterns.Not all texture zeros 
an be understood from the B−L symmetry. For instan
e,
B−L does not forbid the ℓ̄1, ℓj>1 
ouplings su
h that additional input is needed. Aswe shall see, these zeros are 
ru
ial for identi�
ation of the Higgs doublets.8.3 Higgs doublets and �avour stru
tureIn our model, the only renormalizable B−L 
onserving Yukawa 
oupling whi
h in-volves SM matter is

W = g q1 ū1 ℓ̄1 . (8.9)This is a superpotential of the type
U1 U2 U3 (8.10)with the untwisted super�elds Ui formed out of the 
ompa
ti�ed 
omponents of the

E8 gauge multiplets in 10D. For example, for the s
alar 
omponents we have Ũ1 ∝
A4 + iA5, et
., where Ai are the gauge �eld 
omponents in the 
ompa
t dire
tions.This 
an be understood by re
alling that the gauge supermultiplet in 10D de
omposesinto 1 ve
tor and 3 
hiral N = 1 multiplets in 4D. The above superpotential resultsfrom the kineti
 term of the gauge supermultiplet in 10D with the 
orrespondingYukawa 
oupling being the gauge 
oupling at the string s
ale.As long as ℓ̄1 has a signi�
ant 
omponent in the physi
al up�type Higgs dou-blet, the superpotential (8.9) naturally leads to a heavy top quark. The top Yukawa
oupling is then of the order of the gauge 
oupling at the string s
ale,

Yt ∼ g . (8.11)47
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Figure 12: An idealized pi
ture of gauge�top Yukawa uni�
ation. Here
αi = g2

i /(4π), αt = Y 2
t /(4π) and we have assumed that Yt = gi at theGUT s
ale.This remarkable top Yukawa�gauge uni�
ation (Fig. 12) stems from the fa
t thatthe top quark is a gaugino in 10D. The other quark Yukawa 
ouplings vanish at therenormalizable level.This attra
tive me
hanism is at work when ℓ̄1 ≃ φu. Inspe
tion of the ℓiℓ̄j massmatrix (8.7) shows that the �rst 3 rows are linearly dependent and the ℓ̄1 ℓ1 
ouplingappears only at order 5 while the ℓ̄i ℓ1 
ouplings with i = 2, 3 o

ur already at order3. Thus, if the relevant s̃i VEVs are below the string s
ale, one expe
ts at least mildsuppression of the (1, 1) entry. Then, the massless up-type Higgs is dominated by ℓ̄1,

φu ≃ ℓ̄1 +
∑

i=2,3

εiℓ̄i , |εi| ≪ 1 , (8.12)whereas the down-type Higgs is a linear 
ombination of ℓ4 and ℓ5,
φd = ℓ4 a+ ℓ5 b , (8.13)with |a|, |b| of order one. Our 
hoi
e of the va
uum 
on�guration s̃i (Eq. (8.4)) wasin part motivated by these 
onsiderations.At this stage, the Higgs doublets φu,d are massless. In 
ontrast to the 
onventional4D GUTs, no �netuning is required to keep the doublets light while de
oupling the
olor triplets. If the B−L symmetry gets broken at an intermediate s
ale, a small

µ-term will be generated.Having identi�ed the Higgs doublets and the top quark, we turn to the dis
ussionof the remaining Yukawa 
ouplings. The relevant superpotential is
WYukawa = Y ij

u (s̃)φu qi ūj + Y ia
d (s̃)φd qi d̄a + Y ib

e (s̃)φd ēi ℓb , (8.14)where a ∈ {1, 2, 4, 5} and b ∈ {2, 3, 7, 8}. The Yukawa matri
es at order 10 are
Y ij

u (s̃) =




g s̃6 s̃4

s̃3 0 s̃7

s̃7 s̃7 0


 , (8.15)48



Y ia
d (s̃) =




0 s̃6 s̃2 s̃2

s̃5 0 s̃5 s̃5

0 s̃5 s̃ s̃


 , (8.16)

Y ib
e (s̃) =




0 s̃6 0 0

s̃5 0 0 0

0 s̃5 0 0


 . (8.17)The low-energy 3 × 3 Yd and Ye Yukawa matri
es14 are obtained by integrating outone linear 
ombination of d̄a (a = 1, 2, 4, 5) whi
h pairs up with d4 and one linear
ombination of ℓb (b = 2, 3, 7, 8) whi
h pairs up with ℓ̄4. Their pre
ise form dependson various 
oe�
ients, so let us only dis
uss their main features.The quark Yukawa matri
es have the full rank su
h that, in general, there are nomassless eigenstates. The lepton Yukawa matrix has rank 2 implying that the ele
tronis massless to order 8 in the superpotential. Also, there appears one massless pair of

f�plets in the hidden se
tor, whi
h somewhat lowers the gaugino 
ondensation s
ale.Assuming that the relevant s̃i have VEVs below the string s
ale, the Yukawa
ouplings are hierar
hi
al and resemble the Froggatt�Nielsen stru
ture [39℄. However,the hierar
hy appears due to the string sele
tion rules rather than the U(1) 
hargeassignment only as in the original Froggatt�Nielsen me
hanism.It is remarkable that the up�type quarks tend to be heavier than the down�typequarks, whi
h in turn are heavier than the leptons. We also note that the Yukawamatri
es generally 
ontain non�trivial CP phases due to 
omplex s̃i VEVs.8.4 Proton stability and B−L breakdownThe B−L symmetry enfor
es absen
e of renormalizable operators leading to protonde
ay. However, non�renormalizable B−L 
onserving operators su
h as
W = κ

(1)
ijkl qi qj qk ℓl + κ

(2)
ijkl ūi ūj d̄k ēl (8.18)also indu
e proton de
ay. The resulting 
onstraint on κ

(1)
ijkl and κ

(2)
ijkl involving the�rst two generations is very tight [83, 84℄,

κ
(1,2)
ijkl .

10−8

MP
. (8.19)The operators (8.18) are indu
ed both dire
tly and by integrating out the ve
tor�like matter. For example, integrating out a heavy pair d2d̄6 from the superpotential

W = q2q2d2 + q3ℓ3d̄6 yields W ∼ q2q2q3ℓ3. These operators 
an be suppressed eitherby tuning the s̃i VEVs or by an additional, perhaps dis
rete, symmetry [85,86℄. Thisissue will be dis
ussed elsewhere.14Here we negle
t 
orre
tions to the Kähler potential.49



Breaking B−L is a di�
ult issue. It has to o

ur at an energy s
aleMB−L well below
Mstring. In the following, we assume that the s
ale MB−L is generated dynami
ally,without breaking SUSY.

B−L breaking VEVs �ll in the zeros of the mass matri
es, in parti
ular, (8.7).This generates the µ�term, W = µ φuφd. Assuming that apart from s̃i, only states
harged under B−L get non�zero VEVs, its magnitude is (n ≥ 1)
µ ∼

Mn+1
B−L

Mn
string

. (8.20)For an intermediate s
ale MB−L, this 
an give a phenomenologi
ally viable µ�term.
B−L breakdown generates masses for the right�handed neutrinos. Our 
onstru
-tion has the ne
essary ingredients for the seesaw, i.e., neutrino Yukawa 
ouplings andlarge Majorana neutrino masses. A detailed analysis of this issue will be presentedelsewhere.Finally, small R�parity violating 
ouplings are generated. Their magnitude is givenby (MB−L/Mstring)

m with m depending on the type of the 
oupling. For m ≥ 2, anintermediate s
ale MB−L suppresses proton de
ay su�
iently [87℄.To 
on
lude, in this se
tion we have studied a va
uum 
on�guration with 
on-served B−L at the string s
ale. This suppresses renormalizable R�parity violating
ouplings as well as the µ�term. Furthermore, �avour stru
tures à la Froggatt�Nielsenarise as a 
onsequen
e of the string sele
tion rules.9 OutlookGuided by the idea of lo
al grand uni�
ation we have 
onstru
ted an orbifold 
om-pa
ti�
ation of the heteroti
 string whi
h leads to the supersymmetri
 standard modelgauge group and parti
le 
ontent. The model has large va
uum degenera
y. For 
er-tain va
ua with unbroken B−L symmetry, the resulting phenomenology is parti
ularlyattra
tive. In this 
ase, one pair of Higgs doublets is massless automati
ally, with thesubsequently generated µ�term being due to B−L breaking. The top quark Yukawa
oupling is of the order of the gauge 
oupling and the arising pattern of Yukawa
ouplings is reminis
ent of the Froggatt-Nielsen textures.These results 
an be the �rst steps towards a fully realisti
 theory. They immedi-ately lead, however, to further questions whi
h 
on
ern B−L breakdown, in
orporationof the seesaw me
hanism, identi�
ation of R�parity and proton de
ay. Furthermore,e�e
ts of string threshold 
orre
tions and other 
ontributions on gauge 
oupling uni-�
ation have to be studied. Eventually, one would like to determine quantitativelythe Yukawa 
ouplings for spe
i�
 supersymmetri
 va
ua.On the 
on
eptual side, a deeper understanding of the de
oupling of exoti
 statesis parti
ularly desirable. Orbifolds often represent spe
ial points in the moduli spa
eof more general Calabi�Yau 
ompa
ti�
ations. Non�zero va
uum expe
tation values50



of spe
i�
 standard model singlets 
orrespond to other points in the moduli spa
ewhere the orbifold singularities have been blown up. Sin
e these va
uum expe
tationvalues also generate mass terms, at least some of the unwanted exoti
 states shouldbe absent in 
ompa
ti�
ations on smooth manifolds. The orbifold limit of Calabi-Yau
ompa
ti�
ations is well understood for the standard embedding [88℄ but remains tobe studied in detail for non�standard embeddings whi
h are relevant to the modelspresented in this paper.Finally, it is important to sear
h for other models in the framework of the E8×E8and the SO(32) heteroti
 string with lo
alized 16�plets of SO(10) [89, 90℄. It wouldalso be very interesting to understand the 
onne
tion between orbifold 
ompa
ti�-
ations and 
ompa
ti�
ations on Calabi�Yau manifolds endowed with ve
tor bun-dles [36, 37, 91�93℄, whi
h have many phenomenologi
ally appealing features.A
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A Sample 
al
ulationsIn this appendix, we present details of the spe
trum 
al
ulation for our model. These
al
ulations are straightforward but tedious. For pra
ti
al purposes, it is 
onvenientto automatize them by means of a 
omputer algebra system.A.1 Gauge groupThe 4D gauge group is obtained by subje
ting the E8 roots p (p2 = 2) to the proje
tion
onditions
p · V6 ∈ Z , (A.1a)
p ·W2 ∈ Z , (A.1b)
p ·W3 ∈ Z . (A.1
)Consider 
ondition (A.1a). The roots of the �rst E8 surviving the twist are
p ∈

{
±(1, 1, 06),±(1,−1, 06),±(03, 1, 1, 0, 0, 0), (03, 1,−1, 0, 0, 0)

}
, (A.2)where the underline denotes permutations and the supers
ripts indi
ate repeatedentries. The simple roots are by de�nition the smallest linearly independent positiveroots (
f. [94℄). For a suitable 
hoi
e of positivity, they read

{psr} =
{
(1, 1, 06), (1,−1, 06),

(03, 1,−1, 03), (04, 1,−1, 02), (05, 1,−1, 0), (06 , 1,−1), (06, 1, 1)
}
. (A.3)Cal
ulating the Cartan matrix Aij = pi

sr · pj
sr, one �nds that the simple roots inthe �rst line 
orrespond to the raising operators of two SU(2) fa
tors whereas thosein the se
ond line 
orrespond to SO(10). Thus, the gauge group after twisting is

SO(10) × SU(2)2, whi
h also 
orresponds to the lo
al gauge symmetry at the origin(
f. Tab. D.1).The Wilson line proje
tions (A.1b) and (A.1
) lead to the simple roots
{
(05, 1,−1, 0), (06 , 1,−1), (03, 1,−1, 03)

}
, (A.4)whi
h 
orrespond to the gauge groups SU(3) and SU(2) in 4D. All E8 Cartan gen-erators survive the proje
tion. They give rise to the Cartan generators of SU(3) and

SU(2) and to �ve U(1) generators. The latter 
an be represented by ve
tors perpen-di
ular to the simple roots (Eq. (5.5)). The surviving subgroup of the se
ond E8 isobtained analogously.A.2 Untwisted se
torThe untwisted se
tor states are obtained from the proje
tion
p · V6 − q · v6 ∈ Z , p · V6 6∈ Z , (A.5a)52



k ω(k) ω(k) δc(k)1 1
6
(5, 4, 3) 1

6
(1, 2, 3) 11/362 1

3
(2, 1, 3) 1

3
(1, 2, 3) 2/93 1

2
(1, 2, 1) 1

2
(1, 2, 1) 1/44 1

3
(1, 2, 3) 1

3
(2, 1, 3) 2/9Table A.1: ω(k), ω(k) and δc(k) in Z6−II orbifolds with v6 = 1

6(−1,−2, 3; 0).
p ·W2 ∈ Z , (A.5b)
p ·W3 ∈ Z , (A.5
)with p2 = 2. There are 118 weights transforming in the �rst E8 whi
h survive the�rst proje
tion (A.5a). They in
lude

{(
1
2 ,−1

2 ,
1
2 , odd (±1

2)5
)
,
(
−1

2 ,
1
2 ,

1
2 , odd (±1

2)5
)}

, (A.6)where �odd(±1
2 )5� denotes 5 entries ±1

2 with an odd number of `−' signs. The Dynkinlabels of these representations are obtained by multiplying the above weights by thesimple roots (A.3). One �nds that (A.6) is (16,1,2) of SO(10) × SU(2)2 (
f. [95℄).The Wilson line proje
tions eliminate some of the states su
h that the 4D re-sult is (3,1) of SU(3) × SU(2) plus non�Abelian singlets. The se
ond E8 states aredetermined analogously.A.3 T1The �rst step is to solve the mass equations (2.41). For 
onvenien
e, the quantities
ω(k), ω(k) and δc(k) appearing in (2.41) are listed in Tab. A.1. Consider now the (θ, 0)se
tor, i.e. V(θ,0) = V6. For Ñ = 0, the shifted E8 × E8 momenta psh ≡ p + V6 with
p ∈ ΛE8×E8 are15

{psh} =
{(

0, 0,−1
6 , odd (±1

2)5
)

(1
3 , 0

7)} . (A.7)Using the Dynkin labels, it is straightforward to show that these weights transform as
16 of the lo
al SO(10). The 
orresponding SO(8) latti
e shifted momenta are givenby

qsh = {(1
3 ,

1
6 , 0;−1

2 ), (−1
6 ,−1

3 ,−1
2 ; 0)} . (A.8)They des
ribe the fermion and the boson of an N = 1 left�
hiral super�eld. As statedin Se
. 2, solutions to the mass equation in the T1 se
tor are twist invariant and allappear in the 4D spe
trum. The above 16�plet thus produ
es one 
omplete generationof the SM matter.15An e�
ient way to solve automati
ally the mass equations is presented in [96℄.53



Apart from the 16�plet, the massless spe
trum 
ontains one (2,1) and two (1,2)representations under the lo
al SU(2)2. Other T1 states are obtained by solving themass equations for Vf = V6 + n2W2 + n3W3 with 0 ≤ n2 ≤ 1 and 0 ≤ n3 ≤ 2.A.4 T2Consider the (θ2, 0) se
tor. The lo
al gauge group is given by the E8 roots satisfy-ing V(θ2,0) · p = 0 mod 1, where V(θ2,0) = 2V6. This yields SO(14) × [SO(14)]. The
orresponding massless matter at the origin is
(14;1) ⊕ (1;14) ⊕ (1;1) ⊕ (1;1) , (A.9)where the non�Abelian singlets have non�zero os
illator numbers. On the right�moving side, one has 4 solutions to the mass equations with v3 = 2v6 whi
h 
ombineinto an N = 2 multiplet. As explained in Se
s. 2 and 3, the next step is to form linear
ombinations of the massless states whi
h produ
e Z6 eigenstates. These are thensubje
t to the 
onditions (2.62) with qγ ∈ {0, 1

2 , 1} and psh ·W2 ∈ Z. The resultingspe
trum is 
hiral.A.5 T3The lo
al gauge shifts are Vf = 3(V6 + n2W2) with 0 ≤ n2 ≤ 1. The 
orrespond-ing lo
al gauge groups and matter are shown in Tab. D.1. Again, one must imposeproje
tion 
onditions (2.64), now with qγ ∈ {0,±1
3 , 1} and psh ·W3 ∈ Z.A.6 T4The T4 states are obtained analogously to the T2 states, with the only di�eren
e beingthe lo
al shift Vf = 4(V6 + n3W3) and v = 4v6.A.7 T5The fermioni
 
omponent of the massless right mover has q4 = +1/2. The masslessstates are CP�
onjugates of the T1 se
tor and no left�
hiral super�elds arise in T5.B Additional material for the sele
tion rulesThis appendix 
ontains additional information on the string sele
tion rules of Se
. 4and outlines of proofs of some statements.
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B.1 Sublatti
esThe spa
e group rule states that ℓi of the spa
e group elements have to add up tozero up to shifts in the 
orresponding sublatti
es. For 
on
reteness, these sublatti
esare listed in Tab. B.1.sublatti
e G2 plane SU(3) plane SO(4) plane
(1− θ1) Λ n e1 + m e2 n e3 + (−n − 3m) e4 2n e5 + 2m e6

(1− θ2) Λ 3n e1 + m e2 n e3 + (−n − 3m) e4 −
(1− θ3) Λ 2n e1 + 2m e2 − 2n e5 + 2m e6Table B.1: Sublatti
es (1− θk)Λ. The integers n, m are varied indepen-dently in ea
h plane. Note that (1− θ6−k)Λ = (1− θk)Λ.B.2 On Eq. (4.10)The 
oupling among n states must satisfy Eq. (4.9). Using the multipli
ation law forthe spa
e group, one has

(θk1, ℓ1) (θk2 , ℓ2) . . . (θ
kn , ℓn) = (θk1 θk2 · · · θkn , ℓ1 + θk1ℓ2 + · · · + θk1 · · · θkn−1 ℓn).The rule n∑

r=1
kr = 0 mod 6 is then obvious. Further, by shifting the ℓi,

ℓi → ℓi + (1 − θki)λi , (B.1)one 
an always a
hieve
ℓ1 + θk1ℓ2 + · · · + θk1 · · · θkn−1 ℓn → ℓ1 + ℓ2 + · · · + ℓn . (B.2)Thus, ∑ ℓi = 0 up to the sublatti
e ∑Λki

.B.3 On the sele
tion rules in the G2 planeConsider the G2 plane sele
tion rule for a 
oupling of string states. If T1 states areinvolved, the sublatti
e ∑Λki
=
∑

(1− θki)Λ is the entire latti
e and all �xed points
an 
ouple. Similarly, there is no restri
tion when T3 and T2 (or T4) se
tors are presentsimultaneously.Suppose now that the 
oupling involves only the T2 states. The 
orresponding�xed points are x,y,z (Se
. 3). x is at the origin and is Z6 invariant, while y andz are inter
hanged under θ�twisting. The 
ouplings 
onsistent with the spa
e groupsele
tion rule for the G2 plane are xn, x y z, y3, z3 and higher 
ouplings built out ofthese blo
ks. In terms of γ�eigenstates, this means that the 
oupling of any numberof qγ = 0 states to a single qγ 6= 0 state is prohibited, while the others are allowed,i.e. {qγ(1), . . . qγ(n)} 6∈ permutations{x, 0, . . . 0} with x 6= 0. Similar 
onsiderationsapply to 
ouplings of the type T4 . . . T4, T2T2 . . . T4 T4 and T3 . . . T3.55



C Models with 3 lo
al 16�pletsIn this appendix, we dis
uss the obsta
les to obtaining 3 equivalent families of 16�plets in ZN orbifold models with N ≤ 6. Tripli
ation of families 
ould in prin
iplebe a result of the presen
e of 3 equivalent �xed points, whi
h support SM matter inthe �rst twisted se
tor T1.16 We however �nd that this simple possibility 
annot berealized, at least in ZN≤6.First of all, in the Z3 orbifold one does not have a lo
al 16�plet be
ause one 
annotbreak E8 to SO(10) by a Z3 twist. Then, in Z4 orbifolds there is no tripli
ation dueto geometry, i.e. the number of equivalent �xed points is under no 
ir
umstan
esdivisible by 3. The next simplest possibility is the Z6 whi
h we examine in detailbelow.For Z6 orbifolds, all possible lo
al shifts V6 are listed in [54℄, together with the
orresponding lo
al groups and lo
al T1 states. Among them, there are only 5 lo
alshifts V6 whi
h have a lo
al SO(10) and a 16�plet. There are 3 of them in Z6−I models[v6 = 1
6 (−1,−1, 2)℄,
V6 =

1

6
(2, 2, 2, 05) (2, 1, 1, 05) ,

1

6
(3, 3, 2, 05) (2, 2, 06) ,

1

6
(4, 1, 1, 05) (08) , (C.1)and 2 in Z6−II models [v6 = 1

6 (−1,−2, 3)℄,
V6 =

1

6
(2, 2, 2, 05) (1, 1, 06) ,

1

6
(3, 3, 2, 05) (2, 07) . (C.2)These lo
al shifts 
an be a

ompanied by Wilson lines W2, W ′

2, and W3, dependingon the geometry of the orbifold [97℄.We demand that the SO(10) be broken to SU(3)× SU(2)×U(1)2 by the orbifolda
tion. This requires at least two di�erent Wilson lines. The Z6−I models allow foronly one Wilson line W3, whi
h destroys the tripli
ation, and hen
e we dis
ard them.The Z6−II models allow for 
ombinations of (W2,W
′
2), (W2,W3), and (W2,W

′
2,W3).Among them, only the �rst one 
an produ
e three equivalent �xed points with lo-
al SO(10) symmetry and a 16�plet (
f. Fig. 9). We therefore 
on
entrate on thesemodels, namely,

V6 =
1

6
(2, 2, 2, 05)(1, 1, 06) , W2 = any , W ′

2 = any , (C.3)
V6 =

1

6
(3, 3, 2, 05)(2, 07) , W2 = any , W ′

2 = any . (C.4)Naively, one may think that the number of models to be studied is enormous.However, employing symmetry transformations of the lo
al shifts and Wilson lineswhi
h produ
e equivalent models, one 
an show that most of the models are redun-dant. These symmetries, whi
h in
lude latti
e translations and Weyl re�e
tions, have16One 
ould also entertain the possibility of obtaining 3 equivalent families from higher twisted se
tors.However, su
h states are subje
t to additional proje
tion 
onditions whi
h usually destroy either theequivalen
e of families or their GUT s
tru
ture. 56



been used in Ref. [98℄ for a systemati
 
lassi�
ation of inequivalent models in Z3orbifolds. We have performed a similar 
lassi�
ation of the Z6 models and found thatthere are at most 69 inequivalent models of type (C.3) and at most 129 inequivalentmodels of type (C.4). At this stage, we have only required modular invarian
e and
SO(10) breakdown to SU(3) × SU(2) × U(1)2.As the next step, we have studied the massless spe
trum of these models and iden-ti�ed quantum numbers of exoti
 states. Remarkably, we found that all of these mod-els 
ontain exoti
 states whi
h are 
hiral with respe
t to SU(3)c × SU(2)L ×U(1)Y .17Su
h states 
annot be de
oupled and, therefore, the low energy spe
trum 
ontainsexoti
 parti
les beyond the MSSM. We thus 
on
lude that geometri
 tripli
ation of
16�plets is not possible in ZN≤6 orbifolds.

17In SO(10), there are two distin
t 
hoi
es of U(1)Y whi
h ex
hange the de�nitions of up�type anddown�type right�handed quarks. We have 
he
ked both possibilities.57



D TablesD.1 States of the model of Se
. 5D.1.1 Survey of lo
al GUTs
k n3 n2 = 0 n2 = 1

1 0 SO(10) × SO(4) × [SO(14)] SO(8) × SU(4) × [SU(7)]

(16,1,1;1) ⊕ 2 × (1,2,1;1) ⊕ (1,1,2;1) (1,4;1)

1 1 SO(12) × [SO(8) × SU(4)] SO(8) × SU(4) × [SU(7)](
1;8,1

)
⊕
(
1;1,4

)
(1,4;1)

1 2 SU(7) × [SO(8) × SU(4)] SO(8) × SU(4) × [SO(10) × SO(4)](
1;1,4

) (
1,4;1,1,2

)

2 0 SO(14) × [SO(14)]

(14;1) ⊕ (1;14)

2 1 SO(14) × [SO(14)]

(14;1) ⊕ (1;14)

2 2 SO(14) × [SO(14)]

(14;1) ⊕ (1;14)

3 0 . . . 2 E7 × SU(2) × [SO(16)] SO(16) × [E7 × SU(2)]

(1,2;16) (16;1,2)

4 0 SO(14) × [SO(14)]

(14;1) ⊕ (1;14)

4 1 SO(14) × [SO(14)]

(14;1) ⊕ (1;14)

4 2 SO(14) × [SO(14)]

(14;1) ⊕ (1;14)Table D.1: Lo
al GUT groups and representations. Non�Abelian singlets and U(1) fa
tors are omitted. The bra
kets
[. . . ] indi
ate subgroups of the se
ond E8. For di�erent k, n3and n2 the groups are in general embedded di�erently into E8.The lo
al GUTs 
an be inferred from the tables of Ref. [54℄.D.1.2 Spe
trum of the model of Se
. 5

k n3 n2 n′2 qγ R1 R2 R3 irrep qY q2 q3 q4 q5 q6 q7 q8 q9

ē1 0 ∗ ∗ ∗ 0 −1 0 0 (1,1;1,1) 1 1
2 −1

2
1
2 −1

2 0 0 0 0

ū1 0 ∗ ∗ ∗ 0 −1 0 0
(
3,1;1,1

)
−2

3
1
2 −1

2
1
2 −1

2 0 0 0 0

q1 0 ∗ ∗ ∗ 0 0 −1 0 (3,2;1,1) 1
6

1
2

1
2 −1

2 −1
2 0 0 0 058



k n3 n2 n′2 qγ R1 R2 R3 irrep qY q2 q3 q4 q5 q6 q7 q8 q9

ℓ1 0 ∗ ∗ ∗ 0 0 0 −1 (1,2;1,1) −1
2 1 0 0 −1 0 0 0 0

ℓ̄1 0 ∗ ∗ ∗ 0 0 0 −1 (1,2;1,1) 1
2 −1 0 0 1 0 0 0 0

ē2 1 0 0 0 0 −1
6 −1

3 −1
2 (1,1;1,1) 1 0 0 −1

6 −1
2

1
3 0 0 0

ℓ2 1 0 0 0 0 −1
6 −1

3 −1
2 (1,2;1,1) −1

2 0 0 −1
6

3
2

1
3 0 0 0

ū2 1 0 0 0 0 −1
6 −1

3 −1
2

(
3,1;1,1

)
−2

3 0 0 −1
6 −1

2
1
3 0 0 0

d̄1 1 0 0 0 0 −1
6 −1

3 −1
2

(
3,1;1,1

)
1
3 0 0 −1

6
3
2

1
3 0 0 0

q2 1 0 0 0 0 −1
6 −1

3 −1
2 (3,2;1,1) 1

6 0 0 −1
6 −1

2
1
3 0 0 0

ē3 1 0 0 1 0 −1
6 −1

3 −1
2 (1,1;1,1) 1 0 0 −1

6 −1
2

1
3 0 0 0

ℓ3 1 0 0 1 0 −1
6 −1

3 −1
2 (1,2;1,1) −1

2 0 0 −1
6

3
2

1
3 0 0 0

ū3 1 0 0 1 0 −1
6 −1

3 −1
2

(
3,1;1,1

)
−2

3 0 0 −1
6 −1

2
1
3 0 0 0

d̄2 1 0 0 1 0 −1
6 −1

3 −1
2

(
3,1;1,1

)
1
3 0 0 −1

6
3
2

1
3 0 0 0

q3 1 0 0 1 0 −1
6 −1

3 −1
2 (3,2;1,1) 1

6 0 0 −1
6 −1

2
1
3 0 0 0

s−1 1 0 1 0 0 −1
6 −1

3 −1
2 (1,1;1,1) −1

2 0 1
2 −1

6 −1 − 5
12

1
2 −1

4 −1

s+1 1 0 1 0 0 −1
6 −1

3 −1
2 (1,1;1,1) 1

2 0 1
2 −1

6 1 − 5
12

1
2 −1

4 −1

m1 1 0 1 0 0 −1
6 −1

3 −1
2 (1,2;1,1) 0 0 −1

2 −1
6 0 − 5

12
1
2 −1

4 −1

s−2 1 0 1 1 0 −1
6 −1

3 −1
2 (1,1;1,1) −1

2 0 1
2 −1

6 −1 − 5
12

1
2 −1

4 −1

s+2 1 0 1 1 0 −1
6 −1

3 −1
2 (1,1;1,1) 1

2 0 1
2 −1

6 1 − 5
12

1
2 −1

4 −1

m2 1 0 1 1 0 −1
6 −1

3 −1
2 (1,2;1,1) 0 0 −1

2 −1
6 0 − 5

12
1
2 −1

4 −1

s−3 1 1 1 0 0 −1
6 −1

3 −1
2 (1,1;1,1) −1

2
1
3

1
2 −1

6
2
3

1
12

1
6

7
12 1

s+3 1 1 1 0 0 −1
6 −1

3 −1
2 (1,1;1,1) 1

2 −1
6 0 −2

3
1
6

1
12

1
6

7
12 1

m3 1 1 1 0 0 −1
6 −1

3 −1
2 (1,2;1,1) 0 −1

6 0 1
3 −5

6
1
12

1
6

7
12 1

s−4 1 1 1 1 0 −1
6 −1

3 −1
2 (1,1;1,1) −1

2
1
3

1
2 −1

6
2
3

1
12

1
6

7
12 1

s+4 1 1 1 1 0 −1
6 −1

3 −1
2 (1,1;1,1) 1

2 −1
6 0 −2

3
1
6

1
12

1
6

7
12 1

m4 1 1 1 1 0 −1
6 −1

3 −1
2 (1,2;1,1) 0 −1

6 0 1
3 −5

6
1
12

1
6

7
12 1

s−5 1 2 1 0 0 −1
6 −1

3 −1
2 (1,1;1,1) −1

2
1
6 0 −2

3 −1
6 − 5

12 −1
6

5
12 −1

s−6 1 2 1 0 0 −1
6 −1

3 −1
2 (1,1;1,1) −1

2
1
6 0 −2

3 −1
6

1
12

5
6 − 1

12 1

s+5 1 2 1 0 0 −1
6 −1

3 −1
2 (1,1;1,1) 1

2 −1
3

1
2 −1

6 −2
3 − 5

12 −1
6

5
12 −1

s+6 1 2 1 0 0 −1
6 −1

3 −1
2 (1,1;1,1) 1

2 −1
3

1
2 −1

6 −2
3

1
12

5
6 − 1

12 1

m5 1 2 1 0 0 −1
6 −1

3 −1
2 (1,2;1,1) 0 1

6 0 1
3

5
6 − 5

12 −1
6

5
12 −1

m6 1 2 1 0 0 −1
6 −1

3 −1
2 (1,2;1,1) 0 1

6 0 1
3

5
6

1
12

5
6 − 1

12 1

s−7 1 2 1 1 0 −1
6 −1

3 −1
2 (1,1;1,1) −1

2
1
6 0 −2

3 −1
6 − 5

12 −1
6

5
12 −1

s−8 1 2 1 1 0 −1
6 −1

3 −1
2 (1,1;1,1) −1

2
1
6 0 −2

3 −1
6

1
12

5
6 − 1

12 1

s+7 1 2 1 1 0 −1
6 −1

3 −1
2 (1,1;1,1) 1

2 −1
3

1
2 −1

6 −2
3 − 5

12 −1
6

5
12 −1

s+8 1 2 1 1 0 −1
6 −1

3 −1
2 (1,1;1,1) 1

2 −1
3

1
2 −1

6 −2
3

1
12

5
6 − 1

12 1

m7 1 2 1 1 0 −1
6 −1

3 −1
2 (1,2;1,1) 0 1

6 0 1
3

5
6 − 5

12 −1
6

5
12 −1

m8 1 2 1 1 0 −1
6 −1

3 −1
2 (1,2;1,1) 0 1

6 0 1
3

5
6

1
12

5
6 − 1

12 1

d̄3 2 0 ∗ ∗ 1
2 −1

3 −2
3 0

(
3,1;1,1

)
1
3 0 0 −1

3 −1 2
3 0 0 0

d1 2 0 ∗ ∗ 1
2 −1

3 −2
3 0 (3,1;1,1) −1

3 0 0 −1
3 1 2

3 0 0 0

ℓ4 2 1 ∗ ∗ 0 −1
3 −2

3 0 (1,2;1,1) −1
2

1
6

1
2

1
6 −1

6 −1
3 −2

3 −1
3 059



k n3 n2 n′2 qγ R1 R2 R3 irrep qY q2 q3 q4 q5 q6 q7 q8 q9

ℓ̄2 2 1 ∗ ∗ 0 −1
3 −2

3 0 (1,2;1,1) 1
2 −1

3 0 −1
3 −2

3 −1
3 −2

3 −1
3 0

ℓ5 2 1 ∗ ∗ 1 −1
3 −2

3 0 (1,2;1,1) −1
2

1
6

1
2

1
6 −1

6 −1
3 −2

3 −1
3 0

ℓ̄3 2 1 ∗ ∗ 1 −1
3 −2

3 0 (1,2;1,1) 1
2 −1

3 0 −1
3 −2

3 −1
3 −2

3 −1
3 0

d̄4 2 2 ∗ ∗ 0 −1
3 −2

3 0
(
3,1;1,1

)
1
3

1
3 0 −1

3
2
3 −1

3
2
3

1
3 0

d̄5 2 2 ∗ ∗ 1 −1
3 −2

3 0
(
3,1;1,1

)
1
3

1
3 0 −1

3
2
3 −1

3
2
3

1
3 0

ℓ̄4 2 2 ∗ ∗ 1
2 −1

3 −2
3 0 (1,2;1,1) 1

2 −1
6

1
2

1
6

1
6 −1

3
2
3

1
3 0

s−9 3 ∗ 1 0 −1
3 −1

2 0 −1
2 (1,1;1,1) −1

2 0 1
2

1
2 −1 1

4
1
2 −1

4 −1

s+9 3 ∗ 1 0 −1
3 −1

2 0 −1
2 (1,1;1,1) 1

2 0 −1
2 −1

2 1 −1
4 −1

2
1
4 1

s−10 3 ∗ 1 0 0 −1
2 0 −1

2 (1,1;1,1) −1
2

1
2 0 0 3

2
1
4

1
2 −1

4 −1

s+10 3 ∗ 1 0 0 −1
2 0 −1

2 (1,1;1,1) 1
2 0 1

2
1
2 1 −1

4 −1
2

1
4 1

s−11 3 ∗ 1 0 1 −1
2 0 −1

2 (1,1;1,1) −1
2

1
2 0 0 3

2
1
4

1
2 −1

4 −1

s+11 3 ∗ 1 0 1 −1
2 0 −1

2 (1,1;1,1) 1
2 0 1

2
1
2 1 −1

4 −1
2

1
4 1

s−12 3 ∗ 1 0 1
3 −1

2 0 −1
2 (1,1;1,1) −1

2 0 −1
2 −1

2 −1 1
4

1
2 −1

4 −1

s+12 3 ∗ 1 0 1
3 −1

2 0 −1
2 (1,1;1,1) 1

2 −1
2 0 0 −3

2 −1
4 −1

2
1
4 1

s−13 3 ∗ 1 1 −1
3 −1

2 0 −1
2 (1,1;1,1) −1

2 0 1
2

1
2 −1 1

4
1
2 −1

4 −1

s+13 3 ∗ 1 1 −1
3 −1

2 0 −1
2 (1,1;1,1) 1

2 0 −1
2 −1

2 1 −1
4 −1

2
1
4 1

s−14 3 ∗ 1 1 0 −1
2 0 −1

2 (1,1;1,1) −1
2

1
2 0 0 3

2
1
4

1
2 −1

4 −1

s+14 3 ∗ 1 1 0 −1
2 0 −1

2 (1,1;1,1) 1
2 0 1

2
1
2 1 −1

4 −1
2

1
4 1

s−15 3 ∗ 1 1 1 −1
2 0 −1

2 (1,1;1,1) −1
2

1
2 0 0 3

2
1
4

1
2 −1

4 −1

s+15 3 ∗ 1 1 1 −1
2 0 −1

2 (1,1;1,1) 1
2 0 1

2
1
2 1 −1

4 −1
2

1
4 1

s−16 3 ∗ 1 1 1
3 −1

2 0 −1
2 (1,1;1,1) −1

2 0 −1
2 −1

2 −1 1
4

1
2 −1

4 −1

s+16 3 ∗ 1 1 1
3 −1

2 0 −1
2 (1,1;1,1) 1

2 −1
2 0 0 −3

2 −1
4 −1

2
1
4 1

d̄6 4 0 ∗ ∗ 0 −2
3 −1

3 0
(
3,1;1,1

)
1
3 0 0 1

3 −1 −2
3 0 0 0

d2 4 0 ∗ ∗ 0 −2
3 −1

3 0 (3,1;1,1) −1
3 0 0 1

3 1 −2
3 0 0 0

d̄7 4 0 ∗ ∗ 1 −2
3 −1

3 0
(
3,1;1,1

)
1
3 0 0 1

3 −1 −2
3 0 0 0

d3 4 0 ∗ ∗ 1 −2
3 −1

3 0 (3,1;1,1) −1
3 0 0 1

3 1 −2
3 0 0 0

ℓ6 4 1 ∗ ∗ 1
2 −2

3 −1
3 0 (1,2;1,1) −1

2
1
3 0 1

3
2
3

1
3

2
3

1
3 0

ℓ̄5 4 1 ∗ ∗ 1
2 −2

3 −1
3 0 (1,2;1,1) 1

2 −1
6 −1

2 −1
6

1
6

1
3

2
3

1
3 0

ℓ7 4 2 ∗ ∗ 0 −2
3 −1

3 0 (1,2;1,1) −1
2

1
6 −1

2 −1
6 −1

6
1
3 −2

3 −1
3 0

ℓ8 4 2 ∗ ∗ 1 −2
3 −1

3 0 (1,2;1,1) −1
2

1
6 −1

2 −1
6 −1

6
1
3 −2

3 −1
3 0

d4 4 2 ∗ ∗ 1
2 −2

3 −1
3 0 (3,1;1,1) −1

3 −1
3 0 1

3 −2
3

1
3 −2

3 −1
3 0Table D.2: All SM non-singlet representations in terms of left-
hiral states. The U(1) 
harges refer to the basis of generators(5.5). The H�momenta Ri are listed for the bosoni
 
ompo-nents.

k n3 n2 n′2 qγ R1 R2 R3 irrep qY q2 q3 q4 q5 q6 q7 q8 q9

s1 0 ∗ ∗ ∗ 0 −1 0 0 (1,1;1,1) 0 0 0 0 0 1
2 −1 −1

2 −260



k n3 n2 n′2 qγ R1 R2 R3 irrep qY q2 q3 q4 q5 q6 q7 q8 q9

s2 0 ∗ ∗ ∗ 0 −1 0 0 (1,1;1,1) 0 0 0 0 0 1
2 −1 −1

2 2

f̄1 0 ∗ ∗ ∗ 0 −1 0 0
(
1,1;4,1

)
0 0 0 0 0 1

2 1 1
2 −1

s3 0 ∗ ∗ ∗ 0 0 −1 0 (1,1;1,1) 0 −1
2 −1

2 −1
2 −5

2 0 0 0 0

f̄2 0 ∗ ∗ ∗ 0 0 −1 0
(
1,1;4,1

)
0 0 0 0 0 1 0 0 1

s4 1 0 0 0 0 −1
6 −1

3 −1
2 (1,1;1,1) 0 0 0 −1

6 −5
2

1
3 0 0 0

s5 1 0 0 0 0 −1
6

2
3 −1

2 (1,1;1,1) 0 −1
2 −1

2
1
3 0 1

3 0 0 0

s6 1 0 0 0 0 −1
6

2
3 −1

2 (1,1;1,1) 0 1
2

1
2

1
3 0 1

3 0 0 0

s7 1 0 0 0 0 5
6 −1

3 −1
2 (1,1;1,1) 0 −1

2
1
2 −2

3 0 1
3 0 0 0

s8 1 0 0 0 0 5
6 −1

3 −1
2 (1,1;1,1) 0 1

2 −1
2 −2

3 0 1
3 0 0 0

s9 1 0 0 0 0 11
6 −1

3 −1
2 (1,1;1,1) 0 −1

2 −1
2

1
3 0 1

3 0 0 0

s10 1 0 0 0 0 11
6 −1

3 −1
2 (1,1;1,1) 0 1

2
1
2

1
3 0 1

3 0 0 0

s11 1 0 0 1 0 −1
6 −1

3 −1
2 (1,1;1,1) 0 0 0 −1

6 −5
2

1
3 0 0 0

s12 1 0 0 1 0 −1
6

2
3 −1

2 (1,1;1,1) 0 −1
2 −1

2
1
3 0 1

3 0 0 0

s13 1 0 0 1 0 −1
6

2
3 −1

2 (1,1;1,1) 0 1
2

1
2

1
3 0 1

3 0 0 0

s14 1 0 0 1 0 5
6 −1

3 −1
2 (1,1;1,1) 0 −1

2
1
2 −2

3 0 1
3 0 0 0

s15 1 0 0 1 0 5
6 −1

3 −1
2 (1,1;1,1) 0 1

2 −1
2 −2

3 0 1
3 0 0 0

s16 1 0 0 1 0 11
6 −1

3 −1
2 (1,1;1,1) 0 −1

2 −1
2

1
3 0 1

3 0 0 0

s17 1 0 0 1 0 11
6 −1

3 −1
2 (1,1;1,1) 0 1

2
1
2

1
3 0 1

3 0 0 0

s18 1 1 0 0 0 −1
6 −1

3 −1
2 (1,1;1,1) 0 1

3 0 −1
6 −5

6 −1
6 −1

3 −1
6 −2

s19 1 1 0 0 0 −1
6 −1

3 −1
2 (1,1;1,1) 0 1

3 0 −1
6 −5

6 −1
6 −1

3 −1
6 2

w1 1 1 0 0 0 −1
6 −1

3 −1
2 (1,1;6,1) 0 1

3 0 −1
6 −5

6 −1
6 −1

3 −1
6 0

s20 1 1 0 0 0 5
6 −1

3 −1
2 (1,1;1,1) 0 1

3 0 −1
6 −5

6 −2
3

2
3

1
3 0

s21 1 1 0 0 0 5
6 −1

3 −1
2 (1,1;1,1) 0 1

3 0 −1
6 −5

6
1
3

2
3 −2

3 0

h1 1 1 0 0 0 5
6 −1

3 −1
2 (1,1;1,2) 0 1

3 0 −1
6 −5

6
1
3 −1

3
1
3 0

s22 1 1 0 1 0 −1
6 −1

3 −1
2 (1,1;1,1) 0 1

3 0 −1
6 −5

6 −1
6 −1

3 −1
6 −2

s23 1 1 0 1 0 −1
6 −1

3 −1
2 (1,1;1,1) 0 1

3 0 −1
6 −5

6 −1
6 −1

3 −1
6 2

w2 1 1 0 1 0 −1
6 −1

3 −1
2 (1,1;6,1) 0 1

3 0 −1
6 −5

6 −1
6 −1

3 −1
6 0

s24 1 1 0 1 0 5
6 −1

3 −1
2 (1,1;1,1) 0 1

3 0 −1
6 −5

6 −2
3

2
3

1
3 0

s25 1 1 0 1 0 5
6 −1

3 −1
2 (1,1;1,1) 0 1

3 0 −1
6 −5

6
1
3

2
3 −2

3 0

h2 1 1 0 1 0 5
6 −1

3 −1
2 (1,1;1,2) 0 1

3 0 −1
6 −5

6
1
3 −1

3
1
3 0

s26 1 2 0 0 0 −1
6 −1

3 −1
2 (1,1;1,1) 0 2

3 0 −1
6

5
6 −2

3 −2
3 −1

3 0

s27 1 2 0 0 0 −1
6 −1

3 −1
2 (1,1;1,1) 0 2

3 0 −1
6

5
6

1
3 −2

3
2
3 0

h3 1 2 0 0 0 −1
6 −1

3 −1
2 (1,1;1,2) 0 2

3 0 −1
6

5
6

1
3

1
3 −1

3 0

s28 1 2 0 1 0 −1
6 −1

3 −1
2 (1,1;1,1) 0 2

3 0 −1
6

5
6 −2

3 −2
3 −1

3 0

s29 1 2 0 1 0 −1
6 −1

3 −1
2 (1,1;1,1) 0 2

3 0 −1
6

5
6

1
3 −2

3
2
3 061



k n3 n2 n′2 qγ R1 R2 R3 irrep qY q2 q3 q4 q5 q6 q7 q8 q9

h4 1 2 0 1 0 −1
6 −1

3 −1
2 (1,1;1,2) 0 2

3 0 −1
6

5
6

1
3

1
3 −1

3 0

s30 2 0 ∗ ∗ 0 −1
3 −2

3 0 (1,1;1,1) 0 0 −1 −1
3 0 2

3 0 0 0

s31 2 0 ∗ ∗ 0 −1
3 −2

3 0 (1,1;1,1) 0 0 1 −1
3 0 2

3 0 0 0

s32 2 0 ∗ ∗ 1 −1
3 −2

3 0 (1,1;1,1) 0 0 −1 −1
3 0 2

3 0 0 0

s33 2 0 ∗ ∗ 1 −1
3 −2

3 0 (1,1;1,1) 0 0 1 −1
3 0 2

3 0 0 0

s34 2 0 ∗ ∗ 1
2 −1

3 −2
3 0 (1,1;1,1) 0 0 0 2

3 0 −1
3 0 1 0

h5 2 0 ∗ ∗ 1
2 −1

3 −2
3 0 (1,1;1,2) 0 0 0 2

3 0 −1
3 −1 0 0

f̄3 2 0 ∗ ∗ 1
2 −1

3 −2
3 0

(
1,1;4,1

)
0 0 0 2

3 0 −1
3 0 0 1

s35 2 1 ∗ ∗ 0 −1
3 −2

3 0 (1,1;1,1) 0 −1
3 0 2

3 −5
3 −1

3 −2
3 −1

3 0

s36 2 1 ∗ ∗ 0 −1
3 −2

3 0 (1,1;1,1) 0 1
6

1
2 −5

6
5
6 −1

3 −2
3 −1

3 0

f1 2 1 ∗ ∗ 0 −1
3 −2

3 0 (1,1;4,1) 0 1
6 −1

2
1
6

5
6

1
6

1
3

1
6 1

s37 2 1 ∗ ∗ 1 −1
3 −2

3 0 (1,1;1,1) 0 −1
3 0 2

3 −5
3 −1

3 −2
3 −1

3 0

s38 2 1 ∗ ∗ 1 −1
3 −2

3 0 (1,1;1,1) 0 1
6

1
2 −5

6
5
6 −1

3 −2
3 −1

3 0

f2 2 1 ∗ ∗ 1 −1
3 −2

3 0 (1,1;4,1) 0 1
6 −1

2
1
6

5
6

1
6

1
3

1
6 1

s39 2 1 ∗ ∗ 1
2 −1

3 −2
3 0 (1,1;1,1) 0 −5

6
1
2

1
6

5
6 −1

3 −2
3 −1

3 0

s40 2 1 ∗ ∗ 1
2 −1

3 −2
3 0 (1,1;1,1) 0 1

6 −1
2

1
6

5
6 −1

3
4
3 −1

3 0

s41 2 1 ∗ ∗ 1
2 −1

3 −2
3 0 (1,1;1,1) 0 2

3 0 −1
3 −5

3 −1
3 −2

3 −1
3 0

h6 2 1 ∗ ∗ 1
2 −1

3 −2
3 0 (1,1;1,2) 0 1

6 −1
2

1
6

5
6

2
3

1
3 −1

3 0

s42 2 2 ∗ ∗ 0 −1
3 −2

3 0 (1,1;1,1) 0 −1
6 −1

2
1
6 −5

6 −1
3 −4

3
1
3 0

s43 2 2 ∗ ∗ 0 −1
3 −2

3 0 (1,1;1,1) 0 −1
6 −1

2
1
6 −5

6
2
3

2
3 −2

3 0

s44 2 2 ∗ ∗ 0 −1
3 −2

3 0 (1,1;1,1) 0 5
6

1
2

1
6 −5

6 −1
3

2
3

1
3 0

s45 2 2 ∗ ∗ 1 −1
3 −2

3 0 (1,1;1,1) 0 −1
6 −1

2
1
6 −5

6 −1
3 −4

3
1
3 0

s46 2 2 ∗ ∗ 1 −1
3 −2

3 0 (1,1;1,1) 0 −1
6 −1

2
1
6 −5

6
2
3

2
3 −2

3 0

s47 2 2 ∗ ∗ 1 −1
3 −2

3 0 (1,1;1,1) 0 5
6

1
2

1
6 −5

6 −1
3

2
3

1
3 0

s48 2 2 ∗ ∗ 1
2 −1

3 −2
3 0 (1,1;1,1) 0 −1

6
1
2 −5

6 −5
6 −1

3
2
3

1
3 0

w3 2 2 ∗ ∗ 1
2 −1

3 −2
3 0 (1,1;6,1) 0 −1

6 −1
2

1
6 −5

6
1
6 −1

3 −1
6 0

s49 3 ∗ 0 0 −1
3 −1

2 0 −1
2 (1,1;1,1) 0 −1

2
1
2 0 0 0 0 −1 0

s50 3 ∗ 0 0 −1
3 −1

2 0 −1
2 (1,1;1,1) 0 1

2 −1
2 0 0 0 0 1 0

h7 3 ∗ 0 0 −1
3 −1

2 0 −1
2 (1,1;1,2) 0 −1

2
1
2 0 0 0 −1 0 0

h8 3 ∗ 0 0 −1
3 −1

2 0 −1
2 (1,1;1,2) 0 1

2 −1
2 0 0 0 1 0 0

s51 3 ∗ 0 1 −1
3 −1

2 0 −1
2 (1,1;1,1) 0 −1

2
1
2 0 0 0 0 −1 0

s52 3 ∗ 0 1 −1
3 −1

2 0 −1
2 (1,1;1,1) 0 1

2 −1
2 0 0 0 0 1 0

h9 3 ∗ 0 1 −1
3 −1

2 0 −1
2 (1,1;1,2) 0 −1

2
1
2 0 0 0 −1 0 0

h10 3 ∗ 0 1 −1
3 −1

2 0 −1
2 (1,1;1,2) 0 1

2 −1
2 0 0 0 1 0 0

s53 4 0 ∗ ∗ 0 −2
3 −1

3 0 (1,1;1,1) 0 0 0 −2
3 0 1

3 0 −1 062



k n3 n2 n′2 qγ R1 R2 R3 irrep qY q2 q3 q4 q5 q6 q7 q8 q9

h11 4 0 ∗ ∗ 0 −2
3 −1

3 0 (1,1;1,2) 0 0 0 −2
3 0 1

3 1 0 0

f3 4 0 ∗ ∗ 0 −2
3 −1

3 0 (1,1;4,1) 0 0 0 −2
3 0 1

3 0 0 −1

s54 4 0 ∗ ∗ 1 −2
3 −1

3 0 (1,1;1,1) 0 0 0 −2
3 0 1

3 0 −1 0

h12 4 0 ∗ ∗ 1 −2
3 −1

3 0 (1,1;1,2) 0 0 0 −2
3 0 1

3 1 0 0

f4 4 0 ∗ ∗ 1 −2
3 −1

3 0 (1,1;4,1) 0 0 0 −2
3 0 1

3 0 0 −1

s55 4 0 ∗ ∗ 1
2 −2

3 −1
3 0 (1,1;1,1) 0 0 −1 1

3 0 −2
3 0 0 0

s56 4 0 ∗ ∗ 1
2 −2

3 −1
3 0 (1,1;1,1) 0 0 1 1

3 0 −2
3 0 0 0

s57 4 1 ∗ ∗ 0 −2
3 −1

3 0 (1,1;1,1) 0 −2
3 0 1

3
5
3

1
3

2
3

1
3 0

s58 4 1 ∗ ∗ 0 −2
3 −1

3 0 (1,1;1,1) 0 −1
6

1
2 −1

6 −5
6

1
3 −4

3
1
3 0

s59 4 1 ∗ ∗ 0 −2
3 −1

3 0 (1,1;1,1) 0 5
6 −1

2 −1
6 −5

6
1
3

2
3

1
3 0

h13 4 1 ∗ ∗ 0 −2
3 −1

3 0 (1,1;1,2) 0 −1
6

1
2 −1

6 −5
6 −2

3 −1
3

1
3 0

s60 4 1 ∗ ∗ 1 −2
3 −1

3 0 (1,1;1,1) 0 −2
3 0 1

3
5
3

1
3

2
3

1
3 0

s61 4 1 ∗ ∗ 1 −2
3 −1

3 0 (1,1;1,1) 0 −1
6

1
2 −1

6 −5
6

1
3 −4

3
1
3 0

s62 4 1 ∗ ∗ 1 −2
3 −1

3 0 (1,1;1,1) 0 5
6 −1

2 −1
6 −5

6
1
3

2
3

1
3 0

h14 4 1 ∗ ∗ 1 −2
3 −1

3 0 (1,1;1,2) 0 −1
6

1
2 −1

6 −5
6 −2

3 −1
3

1
3 0

s63 4 1 ∗ ∗ 1
2 −2

3 −1
3 0 (1,1;1,1) 0 −1

6 −1
2

5
6 −5

6
1
3

2
3

1
3 0

s64 4 1 ∗ ∗ 1
2 −2

3 −1
3 0 (1,1;1,1) 0 1

3 0 −2
3

5
3

1
3

2
3

1
3 0

f̄4 4 1 ∗ ∗ 1
2 −2

3 −1
3 0

(
1,1;4,1

)
0 −1

6
1
2 −1

6 −5
6 −1

6 −1
3 −1

6 −1

s65 4 2 ∗ ∗ 0 −2
3 −1

3 0 (1,1;1,1) 0 1
6 −1

2
5
6

5
6

1
3 −2

3 −1
3 0

w4 4 2 ∗ ∗ 0 −2
3 −1

3 0 (1,1;6,1) 0 1
6

1
2 −1

6
5
6 −1

6
1
3

1
6 0

s66 4 2 ∗ ∗ 1 −2
3 −1

3 0 (1,1;1,1) 0 1
6 −1

2
5
6

5
6

1
3 −2

3 −1
3 0

w5 4 2 ∗ ∗ 1 −2
3 −1

3 0 (1,1;6,1) 0 1
6

1
2 −1

6
5
6 −1

6
1
3

1
6 0

s67 4 2 ∗ ∗ 1
2 −2

3 −1
3 0 (1,1;1,1) 0 −5

6 −1
2 −1

6
5
6

1
3 −2

3 −1
3 0

s68 4 2 ∗ ∗ 1
2 −2

3 −1
3 0 (1,1;1,1) 0 1

6
1
2 −1

6
5
6 −2

3 −2
3

2
3 0

s69 4 2 ∗ ∗ 1
2 −2

3 −1
3 0 (1,1;1,1) 0 1

6
1
2 −1

6
5
6

1
3

4
3 −1

3 0Table D.3: Same as Tab D.2 for SM singlets.
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�eld 
harge �eld 
harge �eld 
harge
s1 0 s2 0 s3 0

s4 1 s5 −4
3

s6 1

s7
2
3

s8 2 s9 −4
3

s10 1 s11 1 s12 −4
3

s13 1 s14
2
3

s15 2

s16 −4
3

s17 1 s18
2
3

s19
2
3

s20
2
3

s21
4
3

h1
4
3

s22
2
3

s23
2
3

s24
2
3

s25
4
3

h2
4
3

s26
1
3

s27
5
3

h3
5
3

s28
1
3

s29
5
3

h4
5
3

s30
2
3

s31
5
3

s32
2
3

s33
5
3

s34 −1 h5 −5
3

s35 −2 s36 1 s37 −2

s38 1 s39 −7
3

s40 −1
3

s41
4
3

h6
1
3

s42 −4
3

s43 0 s44
5
3

s45 −4
3

s46 0 s47
5
3

s48
4
3

s49 −1 s50 1 h7 −1

h8 1 s51 −1 s52 1

h9 −1 h10 1 s53 1

h11
5
3

s54 1 h12
5
3

s55 −5
3

s56 −2
3

s57 −4
3

s58
1
3

s59
7
3

h13 −1
3

s60 −4
3

s61
1
3

s62
7
3

h14 −1
3

s63 −1 s64 2

s65 −4
3

s66 −4
3

s67 −5
3

s68 0 s69
4
3Table D.4: Anomalous 
harges of the SM singlets si and hi.
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D.2 Monomials
s1 s19(23) s20(24) s57(60) s2 s18(22) s20(24) s57(60) s3 s6(10,13,17) s26(28) s57(60)

s4(11) s26(28) s57(60) s4(11) s27(29) s39 s40 s5(9,12,16) s8(15) s56

s5(9,12,16) s21(25) s68 s6(10,13,17) s7(14) s55 s30(32) s56

s31(33) s55 s34 s53(54) s35(37) s64

s36(38) s63 s39 s59(62) s40 s58(61)

s41 s57(60) s42(45) s69 s43(46) s68

s44(47) s67 s48 s65(66) s49(51) s50(52)Table D.5: Examples of gauge invariant monomials.
s5(9,12,16) s5(9,12,16) s39 s55 s56 s5(9,12,16) s34 s39 s49(51) s55 s34 s35(37) s39 s40 s67

s34 s39 s39 s43(46) s55 s35(37) s39 s40 s42(45) s57(60) s35(37) s55 s56 s57(60) s67

s39 s39 s40 s42(45) s63 s39 s55 s56 s63 s67Table D.6: Examples of gauge invariant monomials 
arryingnegative net anomalous 
harge.
s34 s35(37) s39 s40 s67 s34 s39 s39 s43(46) s55 s35(37) s39 s40 s42(45) s57(60)

s35(37) s55 s56 s57(60) s67 s39 s39 s40 s42(45) s63 s39 s55 s56 s63 s67Table D.7: Examples of gauge invariant monomials 
arryingnegative net anomalous 
harge for si from U, T2, T4.
s12 s40 s40 s61 h2 h4 h7 h14

s16 s40 s40 s61 h2 h4 h7 h14

s1 s16 s19 s40 s57 h2 h4 h14 h14

s1 s16 s19 s40 s60 h2 h4 h14 h14

s14 s16 s40 s40 s61 h2 h4 h5 h14

s16 s39 s40 s40 s61 h2 h2 h4 h14

s40 s40 s53 s60 s61 h2 h2 h5 h14

s40 s40 s54 s60 s61 h2 h2 h5 h14

s16 s24 s39 s40 s40 s61 h2 h2 h4 h7

s3 s24 s40 s60 h2 h4 h4 h5 h7 h7

s16 s18 s19 s24 s24 s39 s54 s60 s60 h2 h2 h4 h5

s16 s19 s22 s24 s24 s39 s54 s60 s60 h2 h2 h4 h5Table D.8: Examples of gauge invariant monomials involvingonly the singlets of Eq. (8.4).65



s12 s12 s39 s40 h5 h14

s12 s16 s39 s40 h5 h14

s12 s12 s24 s39 s40 h5 h7

s12 s12 s24 s39 s39 s40 h2 h5

s12 s12 s39 s40 s40 s61 h5 h14

s3 s40 s40 s57 h5 h5 h7 h7

s3 s40 s40 s60 h5 h5 h7 h7

s12 s12 s14 s40 s40 h5 h5 h7 h14

s12 s12 s40 s53 s57 h5 h5 h14 h14

s12 s12 s40 s54 s57 h5 h5 h14 h14

s3 s12 s39 s40 s57 h4 h5 h5 h14Table D.9: Examples of gauge invariant monomials 
arryingnegative net anomalous 
harge and involving only the singletsof Eq. (8.4).
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D.3
B

−
L
harges

Table D.10: B − L 
harges of the si.

i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23
qB−L 0 0 0 1 0 1 0 -1 0 1 1 0 1 0 -1 0 1 0 0 0 1 0 0

i 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46
qB−L 0 1 -1 -1 -1 -1 -1 1 -1 1 0 1 -1 1 -1 0 0 0 -1 1 1 -1 1

i 47 48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64 65 66 67 68 69
qB−L 1 0 1 -1 1 -1 0 0 -1 1 0 0 0 0 0 0 1 -1 0 0 -1 -1 1Table D.11: B − L 
harges of the s±i .

i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
qB−L(s+i ) 1

2
1
2 −1

2 −1
2

1
2

3
2

1
2

3
2 −3

2
1
2

1
2

1
2 −3

2
1
2

1
2

1
2

qB−L(s−i ) 1
2

1
2 −1

2 −1
2 −3

2 −1
2 −3

2 −1
2

3
2 −1

2 −1
2 −1

2
3
2 −1

2 −1
2 −1

2Table D.12: B − L 
harges of the mi.
i 1 2 3 4 5 6 7 8

qB−L(mi) −1
2 −1

2
1
2

1
2 −1

2
1
2 −1

2
1
2
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D.4 Mass matri
esD.4.1 Mass matri
es for generi
 singlet vevs
Mij

m(s) =




0 s6 s5 s5 s6 s1 s6 s5

s6 0 s5 s5 s6 s5 s6 s1

s5 s5 0 0 s1 s5 s4 s5

s5 s5 0 0 s4 s5 s1 s5

s6 s6 s1 s4 0 s5 s5 s5

s1 s5 s5 s5 s5 0 s5 s6

s6 s6 s4 s1 s5 s5 0 s5

s5 s1 s5 s5 s5 s6 s5 0




, (D.1)

Mij
s (s) =




s5 s5 s5 s5 s6 s6 s6 s6 s5 s5 s5 s6 s5 s5 s5 s6

s5 s5 s5 s5 s6 s6 s6 s6 s5 s5 s5 s6 s5 s5 s5 s6

s1 s5 s5 s5 s6 s6 s6 s6 s5 s1 s1 s6 s5 s5 s5 s6

s5 s1 s5 s5 s6 s6 s6 s6 s5 s5 s5 s6 s5 s1 s1 s6

s6 s6 s5 s5 s6 s1 s6 s5 s5 s5 s5 0 s5 s5 s5 0

s5 s5 s6 s6 s1 s6 s5 s6 s5 s1 s1 s6 s5 s5 s5 s6

s6 s6 s5 s5 s6 s5 s6 s1 s5 s5 s5 0 s5 s5 s5 0

s5 s5 s6 s6 s5 s6 s1 s6 s5 s5 s5 s6 s5 s1 s1 s6

s5 s5 s5 s5 s5 s6 s5 s6 s5 s5 s5 s5 s5 s5 s5 s5

s1 s5 s5 s5 s1 s5 s5 s5 s5 s1 s5 s5 s5 s5 s5 s5

s1 s5 s5 s5 s1 s5 s5 s5 s5 s5 s1 s5 s5 s5 s5 s5

s5 s5 s5 s5 s6 0 s6 0 s5 s5 s5 s5 s5 s5 s5 s5

s5 s5 s5 s5 s5 s6 s5 s6 s5 s5 s5 s5 s5 s5 s5 s5

s5 s1 s5 s5 s5 s5 s1 s5 s5 s5 s5 s5 s5 s1 s5 s5

s5 s1 s5 s5 s5 s5 s1 s5 s5 s5 s5 s5 s5 s5 s1 s5

s5 s5 s5 s5 s6 0 s6 0 s5 s5 s5 s5 s5 s5 s5 s5




,

(D.2)
Mf (s) =




s6 s5 s5 s3

s6 s5 s5 s3

0 s5 s3 s6

0 s5 s3 s6




, (D.3)
Mw(s) =




s1 s5 s5 s5 s5

s5 s1 s5 s5 s5

s5 s5 s5 s3 s3

s5 s5 s3 s3 s3

s5 s5 s3 s3 s3




. (D.4)
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D.4.2 Mass matri
es for the B−L preserving va
uum of Se
. 8
Mij

m(s̃) =




0 0 0 s̃8 0 s̃ 0 s̃5

0 0 s̃8 0 0 s̃5 0 s̃

0 s̃8 0 0 s̃ 0 s̃5 0

s̃8 0 0 0 s̃5 0 s̃ 0

0 0 s̃ s̃5 0 s̃7 0 s̃7

s̃ s̃5 0 0 s̃7 0 s̃7 0

0 0 s̃5 s̃ 0 s̃7 0 s̃7

s̃5 s̃ 0 0 s̃7 0 s̃7 0




, (D.5)

Mij
s (s̃) =




0 0 0 0 0 s̃6 0 0 0 s̃8 s̃8 0 0 0 0 0

0 0 0 0 0 0 0 s̃6 0 0 0 0 0 s̃8 s̃8 0

s̃8 s̃8 0 0 0 0 0 0 0 0 0 0 0 0 0 0

s̃8 s̃8 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 s̃6 0 0 s̃8 0 s̃8 0 s̃5 s̃5 0 0 s̃8 s̃8 s̃8

0 0 0 0 s̃8 0 s̃8 0 0 0 0 0 0 0 0 0

0 0 0 s̃6 0 s̃8 0 s̃8 0 s̃8 s̃8 s̃8 0 s̃5 s̃5 0

0 0 0 0 s̃8 0 s̃8 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 s̃6 0 0 0 0 0 0 0

0 0 s̃8 s̃8 0 s̃5 0 s̃5 0 s̃ s̃8 s̃6 0 s̃5 s̃5 0

0 0 s̃8 s̃8 0 s̃5 0 s̃5 0 s̃8 s̃ s̃6 0 s̃5 s̃5 0

0 0 0 0 0 s̃8 0 s̃8 0 s̃6 s̃6 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 s̃6 0 0 0

0 0 s̃8 s̃8 0 s̃5 0 s̃5 0 s̃5 s̃5 0 0 s̃ s̃8 s̃6

0 0 s̃8 s̃8 0 s̃5 0 s̃5 0 s̃5 s̃5 0 0 s̃8 s̃ s̃6

0 0 0 0 0 s̃8 0 s̃8 0 0 0 0 0 s̃6 s̃6 0




,

(D.6)
Mij

f (s̃) =




0 s̃5 s̃8 s̃6

0 s̃5 s̃8 s̃6

0 s̃6 s̃6 0

0 s̃6 s̃6 0




, (D.7)
Mij

w(s̃) =




s̃ s̃5 s̃8 0 0

s̃5 s̃ s̃8 s̃7 s̃7

s̃8 s̃8 0 s̃6 s̃6

0 s̃7 s̃6 s̃6 s̃6

0 s̃7 s̃6 s̃6 s̃6




. (D.8)
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D.5 Survey of orbifold GUT limitsplanedim. G2 SU(3) SO(4) 
onditions SUSY, bulk groups10 � N = 4, E89 p · W2 ∈ Z N = 4, SO(16)9 − N = 4, E88 • � N = 4, E88 • p · W3 ∈ Z N = 4, E6×SU(3)8 • p · W2 ∈ Z N = 4, SO(16)7 • p · W2 ∈ Z N = 4, SO(16)7 • � N = 4, E87 • p · W2, p · W3 ∈ Z N = 4, SU(6)×SO(4)7 • p · W3 ∈ Z N = 4, E6×SU(3)6 • • p · 2V6, p · W3 ∈ Z N = 2, SU(6)6 • • p · 3V6, p · W2 ∈ Z N = 2, SU(8)6 • • p · W2, p · W3 ∈ Z N = 4, SU(6)×SO(4)5 • • p · 2V6, p · W2, p · W3 ∈ Z N = 2, SU(3)×SU(3)5 • • p · 2V6, p · W3 ∈ Z N = 2, SU(6)4 • • • p · V6, p · W2, p · W3 ∈ Z N = 1, SU(3)×SU(2)

∼ GSMTable D.13: Survey of the orbifold GUTs in di�erent dimensions. Thebullet indi
ates small 
ompa
t dimensions. U(1) fa
tors and subgroups ofthe se
ond E8 are omitted.
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List of frequently used symbols
ea latti
e ve
tors, see equation (2.1), page 6
f �xed point, see equation (2.7), page 7
λI left�moving fermions, see equation (2.10), page 7
n2 lo
alization quantum number in the SO(4) plane, page 22
n′2 lo
alization quantum number in the SO(4) plane, page 22
n3 lo
alization quantum number in the SU(3) plane, page 21
p p ∈ ΛE8×E8 : E8×E8 root latti
e ve
tor (`momentum'), see equation (2.37), page 11
ψi right�moving fermions, see equation (2.9), page 7
ψ̃i 
omplex NSR fermions, see equation (2.11), page 7
q q ∈ Λ∗

SO(8): SO(8) weight (`momentum') , see equation (2.37), page 11
qγ additional quantum number in Tk>1 twisted se
tors of non�prime orbifolds, seeequation (2.58), page 15
Ri invariant H�momenta, see equation (4.7), page 24
θ twist, see equation (2.3), page 6
Vf lo
al gauge shift, see equation (2.32), page 10
VN gauge shift ve
tor, see equation (2.18), page 8
vN twist ve
tor, see equation (2.4), page 6
Xi

L,R string 
oordinates, see equation (2.9), page 7
Zi 
omplex string 
oordinates, see equation (2.11), page 7
zi 
omplex 
oordinates of the torus, page 6
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