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1 Introduction

The direct observation of hadron productiomire -annihilation offers unique ways to test predic-
tions of QCD and has been measured in the past especiallelyHR experiments, see Ref. [1,2].
These data allow in particular for studies of single hadmmdpction, fragmentation functions and
their scaling violations. They also offer the possibility determinations of the strong coupling
constantis at the scalévz.

In parallel to the deep-inelastic scattering (DIS) of lef@@n hadrons, the fragmentation of
the partons produced in the hard scattering proegss — @,q, g into hadrons depends on the
hadron’s scaled momentusa Perturbative QCD predicts the scale dependence and mrolut
of the scattering process, making higher order correctimasdatory for precision analyses. In
the past, the next-to-leading order (NLO) results have le#ained in Refs. [3—6], while the
coefficient functions at two loops, necessary for a nextdrt-to-leading order (NNLO) analysis
were calculated [7-9]. In order to complete this prograne, ttiree-loop QCD predictions for
the splitting function in time-like kinematics are requireThe splitting functions governing the
NNLO evolution of flavor non-singlet fragmentation distrtions at third-order have recently been
reported [10], while the corresponding singlet quantiéiesstill missing.

Our motivation for the present paper is at least two-foldstrif all, given thae™ e -annihilation
is of particular interest for the physics analyses of LERwdata future ILC, we would like to pro-
vide an independent cross-check on the computation of Rgkel van Neerven [7-9]. Secondly,
we perform a first application of a new innovative method [tbl¢alculate higher order QCD cor-
rections to single-particle inclusive observables diyeict Mellin N-space. It is worth emphasiz-
ing that the present method extends well beyond the franmeafdhe operator product expansion
(OPE) used in DIS [12-16]. This latter point is, in a more gahperspective, rather important as
it will allow for the efficient calculation of QCD correcti@to many single scale observables. This
can be done for Mellin moments either at fixddcanalogous to DIS calculations of Refs. [17—20]
or by means of well established summation techniques [2Enwhll control over the analytibl
dependence is kept.

Finally, the present paper provides the means to thorousfolgy the relation between the
time-like QCD corrections to inclusive hadron productiorei e~ annihilation and their space-
like counterparts, the DIS structure functions. At the Iegabrder (LO) the Gribov-Lipatov rela-
tion [22] suggests simple relations between the splittimgcfions in both kinematics, which do not
hold beyond LO [3, 23], see also Refs. [24-26]. Yet, the spand time-like cases are related by
an analytic continuation iR which has recently been used to obtain the NNLO flavor noglsin
time-like splitting functions [10]. In the present papeg Wwave also calculated th= 4 — 2¢ di-
mensions so-far unknown terms at higher orders far the corresponding coefficient functions
in e"e -annihilation. These terms were subsequently used to cthecknalytical continuation
between processes with space- and time-like kinematids [10

The outline of the article is as follows. In Sectidn 2 we sethgnotation and the formalism
for calculating QCD corrections to fragmentation funcohVe also discuss the definition of the



(time-like) splitting functions and respective coeffididanctions through ordea?. Section[B
briefly explains the method to calculate Feynman diagranMahin N-space for processes with
time-like kinematics, with all details on the necessary teastegrals and reductions given in
Appendix A. In Sectioril4 we present our results for the fragtaon functiond=,F_ and Fa
through orde2 and with details on the mass factorization to extract thits and coefficient
functions. The lengthy full expressions are deferred to &xmpx B (N-space) and Appendix C
(x-space). We summarize in Sectidn 5.

2 Thesetup

The subject of our calculation is the single-patrticle isohe e” e -annihilation, i.e. the process
e (ki) +e (k) — V(q) — H(pn) + X, (1)

whereV is a vector boson, i.eV =y,Z, and (ky + k2)? = ¢ = Q% > 0 is its (time-like) four-
momentum squared. The observed hadron with momemyms denoted byH andX stands for
any hadronic final states allowed by quantum number consenva

Our goal is the derivation of the normalized double difféia@rcross-section for the reaction in
Eq. @),
1 d%" 3
Otor dxdcos® 8
in perturbation theory, and including the quantum coroeito the fragmentation functiofs, F_
andFa through ordero (a2) in the strong coupling. In EqCX2" denotes the cross-section for
producing the hadroHI, x is its scaled momentum fraction:

(1+c0§6)Fr(x)+§’rsir126F|_(x)+§rcosﬁFA(x), (2)

2PH -
X="gG

and®@ denotes the polar angle between the hadron and electron diesgtions. The (total) frag-
mentation function$, R andFa in Eq. (2) originate from the transverse or longitudinalgvel
ization states of the intermediate vector bospiZ) or from parity violation of the electroweak
interaction. Upon integration ovérandx the asymmetric contributioRy cancels and one arrives
at the total cross-section integral

1 1 1 do" o oL
- dxx_—:—+—:1, 4
2/0 Ot dX Otot  Otot @

0<x<1, 3)

which represents the energy-momentum sum-rule.

The evaluation of the fragmentation functidfs F. andFa in perturbative QCD is based on
factorization. Up to power corrections suppressed by thd BaaleQ, one can write the de-
sired hadron level observablEsas a convolution o€ollinearly renormalizedparton level cross-



sections# with non-perturbative fragmentation distributioDs The explicit form of these rela-
tions is:

0 . .
R = ool(QP) [th@DaﬂH‘l‘fhg@Dg*H] Zoh ?)F1.ns@ Dptly

Fa(x) = Z Ah TA ns® DhHH ) (5)
wherel = T,L and the symbok stands for the convolution integral,
(fog(z / dx/ dy f(x)g(y)8(z—xy). ©6)

The factorsot(gt) and Af(‘O) are respectively the LO total cross-section and asymmauiof for
ete” — hadrons Moreover,

otot Q2 Z 0 (7)

The explicit expressions fmﬁ]o) andAh can be found in Ref. [9].

The distributiondD for a non-singlet quark (of flavdn), a singlet quarkd) or gluong frag-
menting to the observed hadrbhare non-perturbative objects that are extracted from axeer
tal data at low scale® of order 1 GeV and evolved to high scales by means of the tikee-|
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi evolutioequations [22, 27-29].

As discussed above, the time-like splitting functions amesently known to NLO accuracy
in the flavor singlet and to NNLO in the non-singlet case [1Thus far, this has permitted the
determination of the fragmentation distributions with faexleading logarithmic (NLL) accuracy.
Examples of sets of LL and NLL accuracy are [30-33]. In caseh&idronH contains a heavy
flavor, e.g.b-quark, the fragmentation distributions develop an adddl perturbative component,
a so-called ‘perturbative fragmentation function’ for theavy quark [34]. That function allows
the resummation of large logarithms of the ratio of the quaass and the hard scale; it is currently
known to NNLO [35, 36] which allows for the extraction of hgaguark fragmentation distribu-
tions with NNLL accuracy provided all three-loop time-likplitting functions are available.

The relation between the fragmentation distributionsoiditiced above and the respective dis-
tributions for specific flavors are,

S
D>y = Dhon+Djp— Dé—)>H 7
Dﬂi_H - Dh—>H - DHHH ’
1Y
Dgn = e [Dh—t +Dinl (8)
fh=1

whereq denotes any generic ‘quark’ flavor, whitestands for a specific quark flavor. The non-
singlet distributions evolve with the corresponding comaions of splitting functions [10] (see
also Egs. (30)—(34) in Ref. [13]).



Next we turn our attention to the evaluation of the hard p&ctoross-sectiong:“ appearing in
Eq. (8); the explicit results for these functions are diseasn Appendices B and C. The coefficient
functions# are related to the partonic equivalemtsof the corresponding observablesFor the
construction of the ‘bare’ functions one replaces the observed hadkbmith an on-shell mass-
less parton that can lpq or g. Clearly, due to the incomplete inclusiveness of the ota#ef1),
the partonic cross-sectiomrs will contain additional collinear singularities, i.e. gefunctions are
divergent even after the usual UV renormalization. To timat @e performs a so-called ‘collinear
renormalization’ or ‘mass factorization’. One factorizbe collinear singularities and effectively
absorbs them into the fragmentation distributiBnsAs an intermediate regularization we work in
d = 4— 2 dimensions [37—40]. Iz-space and in th®1S scheme [41], these relation take the form
(with | =T,LandJ =T,L,A):

TJ,ns(& 7)) = f.],ns(z) ® rga(S, z),
?LS(SvZ) = ?LS(Z) ® Faq(s,z) + nff|7g(2> ® rqg(£72)7
Fi.g(8,2) = 2%1,q(2) ®@Tgq(€,2) + F1,9(2) @ Tgg(€, 2), )
and in Sectiof}4 we explicitly present the correspondingesgion inN-space. The form of the
collinear counter-termE is universal, i.e. they contain only the time-like spligifunctions. In

the MS scheme, and in terms of the bare strong coupling, theiicixexpressions can be found
in Egs. (4.25)—(4.30) of Ref. [9] and we do not repeat thene'her

The partonic scaling variableappearing in Eq[{9) is the normalized energy fraction of the
observed parton defined with respect to the total four-maumenq of thee™ e~ system:

2p-q
= 7,

This definition ofzis consistent with the requirement that all partons are lessg$see below).

0<z<11. (20)

7 in Eq. (9) above are the (finite) dimensionless partonicegestions with the collinear (or
mass) singularities factorized in thdS scheme. We have suppressed the explicit dependence
on the factorization scalgr; throughout this paper we set it equal to the hard spéle- Q2.
Moreover, all functions appearing in Eql (9) are expressettims of the renormalized strong
coupling. The relation between the bargand the renormalizeds(pr) couplings reads:

0s(HR) (1_ as(Hr) Bo

41 4t ¢

as 2
“Sg . 11
Geg +o(ed(ie) ) (11)
The factorS = exp(e{In(4m) — ve}), Whereye denotes the Euler-Mascheroni constant, is an ar-
tifact of dimensional regularization [37—40] kept out oétboefficient functions and anomalous
dimensions in thé1S scheme. Also, we have
11 4
Bo=5Ca—3TrN1, (12)

We would only like to caution the reader about the differestitions for the definition of and the normalization
of the splitting functions used in these papers. In additibe conventions for these counter-terms are the trandpose
of what is used in the more current literature.




which is theo(a2) coefficient of the QCDB-function, Ca = 3, Tr = 1/2 are the QCD color
factors,ns denotes the number of light fermion flavors grgdstands for the renormalization scale.
To simplify our expressions we will work WitbzR = Q2. If desired, the explicit dependence on the
arbitrary renormalization scale can be easily restored.

To completely specify our observables, we have to clarify bite bare partonic cross-sections
are defined (and calculated). This is done next in Seflion 3.

3 Themethod

3.1 General considerations

Similarly to the DIS case, the bare partonic differentiatdbution ¥ for the process Eql1) can
be written as a product of a leptonic and hadronic tensors.hBdronic tensdi is proportional

to the amplitude squared of the decaying vector boson, gmehdks in particular on the coupling of
the latter to the fermion current. Throughout this paper wkonly consider the case of massless
quarkg. In this case, as was detailed in Ref. [9], the calculatiothefinclusive QCD corrections
to the corresponding coefficient functions is independétii@ vector boson being vector (V) or
axial-vector (A) type. For its evaluation it is therefordfsuient to consider the decay of a vector
bosonV that couples to the fermion current@$1 —v°).

The bare hadronic tens@,, depends on two momenta: the one of the decaying vector boson
g and the momentum of the observed parfonFollowing the usual arguments for Lorentz and
CP invariance one can show thét, can be parameterized precisely with the three fragmemntatio
functions #1 | introduced in Eq.[[9). For the V-A couplings mentioned ab¢see [9] for the
general case), these three functions can be expressedjestipres of the hadronic tensdy,,
(with d = 4 — 2¢):

1 p-q 2
7T(Z7s) = d—2 (_2 q2 Wuu_ﬁp“pVWW) )
1
TL(Z,S) = ﬁp“pVWIJV7
1 2 . vap
Fa(ze) = ——— ¢ Po g - (13)

@ (d-2)(d-3)

Our goal in this paper is to calculate the fragmentationtions 71 | a including the coefficient
functions of ordeniZ. In fact, we even obtain the terms upaée? in the mass-factorization, some
of which we have used to check the analytical continuatiothefspace-like DIS results to the
time-like region [10]. Terms of order2e? would also be needed in a future evaluation of the order
ag corrections torr | a (see also EqsC{26)=(B9) for more details on that point).

2Mass effects are known analytically through NLO [6] and dshen a numerical study, through NNLO [42, 43].



Next, we explain how to construct the contributions of ordgrto the hadronic tensoMy .
This tensor contains the contributions from all diagramiglie processes,

V(q) — h(p) +hy(p1)+...+he(pe), c=1...k+1, (14)

of the decay of the vector bosdhwith momentumq to a set of particle$, hy, ..., h.. The dif-
ferent final states (labeled by the numlzeof unobserved particles in that state) represent the
contributions from the various physical cuts to the singgeticle inclusive observable. After the
Feynman diagrams contributing to each particular physisgehave been constructed and appro-
priately added, one has to perform the required virtual@n@éal) phase space integrations.

The approach we pursue for the evaluation of the requiretirRay integrals differs signifi-
cantly from the calculation in [7—9]. Our approach is basedhe application of algebraic rela-
tions based on integration by parts (IBP) [37,44—-46] to &®sctions and it is performetirectly
in Mellin N-space [11].

Our starting point is EqL{13); in the following we will uge to denote any one of the three
bare cross-sectionsr | a. Each one of the functions has a perturbative expansion in terms of

thebare® strong coupling,

rne =5 (,28) 7®¥(ne). 15

Throughout this paper, the lettewill be reserved for the Mellin variable of any function of
defined through

f(n):/oldz 21(2). (16)

with n > 0. In particular, the total integral of a function corresgsmon = 0. This definition of the
Mellin variable is the most natural choice for the calcuatl procedures detailed in the following.
We will, however, present the final results for the corresiog finite partonic cross-sectionsin
terms of the conventional Mellin variabi defined through

7 (N,g) = /Oldz M1y (ze). (17)

In view of the additional factor o in the partonic equivalent of Ed(4) the relation between th
two variables is
n=N-2. (18)

Each functions ¥ (n,e) with k > 0 contains contributions from a number of terms, corre-
sponding to the different physical cuts of the procéss h+ X at ordera'g:

¢ k+1 )
FMWne =73 74 (ne). (19)
c=1
3We find it more convenient to present results in terms of thre baupling instead of the renormalized one, the
reason being that we work with massless on-shell partonss We only need UV renormalization, i.e. the one related
to the coupling Eq{11).




The functionsT((C?(n, €) contain the full contributions from the procegs— h+ X at order

a¥ where the inclusive final stabé containsc unresolved partons. As described in Ref. [11], the

construction of the function$(g§)(n,e) consists of the following steps:

1. One constructs all contributing Feynman diagrams. Thegmations over the virtual mo-
d.

menta|_| are assumed implicit in the diagrams.
i

(2rd
2. One constructs the corresponding contribution to theaen, by adding all relevant am-
plitudes squared, and with the appropriate symmetry factmiuded.

3. The above resultis contracted with the appropriate teswtstructed from thd-dimensional
metric and the momentaandq as follows from Eq.[13).

4. The Lorentz scalar constructed this way is integrated theefull phase-space of theet 1
partons (i.e. one also integrates over the full phase-sphatiee ‘observed’ parton). The
measure for this integration is:

c dpn
do = (2p-q)" (2m%5(q—p—p1— ...~ po) _Q%&pﬂ (20)

We have defineqqy = p, and we have s&? = 1 for simplicity. The exact dependence
can be easily restored on dimensional grounds. The origineoMellin propagator - q
is explained at the end of this Subsection.

5. One applies the IBP identities to reduce each term (gypea@ntaining integrations over
both real and virtual momenta) to a linear combination of alsmumber of independent
‘master’ integrals. As a rule, at ordek and for each particular cef one needs to construct
and solve more than one IBP reduction; the number of the redueductions corresponds
to the number of independent topologies for each(lset). The d-functions from the real-
phase space are dealt with along the lines of Ref. [47], whdeMellin propagator is treated
along the lines of Ref. [11].

6. Each master integral is a function of the Mellin variablelts n-dependence can be com-
pletely extracted with the help of the difference equatlmmmasters satisfy. The difference
equations are obtained from the solutions to the IBP redn¢see also [16, 48] for related
discussions in the DIS case).

7. One has to supply appropriate initial conditions for #jyetg the solutions of the difference
equations. The most suitable choice is to evaluate the \@ltiee masters at = 0. This
choice corresponds to the total integral of each masteravdrerefore the initial conditions
are pureg-dependent numbers.

8. Following [11], we ‘partial fraction’ by performing an didional summation oven of the
terms containing a propagator of the typel/(1—2p-q). This propagator is not linearly

7



independent from the ‘Mellin propagatorp2q as it merely shifts the effectivein complete
analogy to the DIS case, see e.g. Refs. [13,48].

For the evaluation of the transverse and the longitudinadtions it is sufficient to take the matrix
y° as anti-commuting il-dimensions. Special care is, however, needed for the atiaiuof the
asymmetric contributiofra ns.

For the evaluation offa ns We follow the prescription of Larin [49]. The details abobet
implementation can be found e.g. in [13, 14]. In short, treeeetwo important features: First, one
replaces the axial-vector couplinty® with the d-dimensional completely antisymmetric tensor
e®9Tyovsyr and then uses its contraction properties with the seeeiledsor appearing in Eq.{L3)
to reduce it to combinations of thddimensional metric tensor. Second, one has to multiply
the resulting expression with additional renormalizattmmstants which restore the axial Ward
identity in theMS-scheme. These constants have an expansion in the rdirauneouplingas
and in powers of. They have been computed to three-loops in [50] and takeotteving form:

Zs = 1+ fl“R)cF{ 4—1Oe+(—22+212)52+o(s3)}
107 2
+< fm)) {2ch — =5-CaCr + 5NiCe
7229 331
- ((132— 48L3)Cr? + (‘H +4813) CaCr + nch) £+ 0(82)} +o(ad)
as(Mr) \ 71 [ 22
Zn = 1+< S4n ) e{scACF_?a”fCF o(ad). (21)

We would like to conclude this Subsection with a comment endtigin of the ‘Mellin propa-
gator’ By = 2p- g appearing in Eq[{20). As was detailed in [11], to constrhethare distribution
¥ (z,€) in z-space, one has to integrate over the full phase space ofi@lisfiates particle and in-
sert the additional facta¥(z— 2p- g). If one Mellin-transforms this expression before the reegi
phase-space and virtual integrations are performed, otsesghematically (see also EqE.](10),

0)):

1
F(ne = (...) x / dz ' 8(z—2p-q)
0

= (...) x (2p-Q)", (22)
i.e. the factor of the ‘Mellin propagator’ raised t@ambolicpowern that appears in EQ.{R0). The
factor (...) stands for the various propagators (including possiblyitemiéhl powers ofPy), the
measures for the real and/or virtual integrations, etd.cbatains no dependence nor n. This
procedure is completely analogous but more general thasdiresponding DIS case [12-16],
which relies on the OPE and the method of projection to diyextpand propagators in powers of
(2p-q/g?)". There Eq.[[(2R) is effectively realized by mapping any Feginrdiagram to Mellin
moments with the help of a suitable projection operator$2].,

In the following we will present the specifics of the implertagion of the above procedure for
the evaluation of the contributions at orde(rssandorg.

8



3.2 Order o(as)

Here we discuss both the derivation and the results for@dpendent contributions at orde(as).
This order is the NLO result for the transverse and the asyime@ntributions, but the LO result
for the longitudinal function, since it vanishes at ordény).

At order 0 (as) in the perturbative expansion, one has to consider only wts: @ne corre-
sponding to real gluon emission (where the final statgdg)) and the one with the virtual correc-
tion to theV gq vertex (with the final state bein@q)). The evaluation of these two contributions
is fairly different. We discuss first the contribution frotretvirtual corrections.

From the kinematics of the tree-level decay prodéss qq it is clear that the contribution of
the purely virtual corrections to the functiogsare of the typeonsi(€)d(1 — z) in z-space which
corresponds to a-independent constant imspace. Therefore, the contribution from this cut is
completely determined by (twice) the real part of the tinke-form-factor [53-55].

All non-trivial n-dependence at that order comes from the real-emissionatinsy The corre-
sponding diagrams can be found in Ref. [9] and we do not rapeat here. As was outlined in the
previous Subsection, for the evaluation of all contribagidl, L, A) for both a quark and a gluon,
one needs to construct a single topology consisting of fivegagators’ (see also [11]). One of
the arguments, of course, corresponds to the Mellin prdpaga- q. We performed the required
IBP reductions and obtained a singkelependent master integral, which can be found e.g. in [11].

To perform the reductions resulting from the IBP identitigs have used the program AIR [56]
which is an implementation of the so-called Laporta aldgponif57—-60] in MAPLE. AIR contains
also a routine which conveniently and automatically mapstinstructed diagrams into the master
integrals of the reductions (a single master at this ordeilowing this simple procedure, one can
map the whole problem of the evaluation of any one of the fonstr at ordera? to the single
master multiplied by a rational function ofande. As discussed above there is another type of
contributions containing a propagator that is not lineanigependent of the Mellin propagator
Pv = 2p-q, i.e. contributions of the form:

il

O e vie

S .. )PREk 23
kZO( )P (23)

where dots stand for any other, linearly independent prajpagand the integration measure over
the real momenta. Since the term on the right hand side of&ig of the usual form, the results
from the solutions to the IBP reduction can be applied (witbplaced byh+ k) and then summed
overk. To illustrate that point, we present the correspondingtef the ordern! contribution to
the functiong'":

Ce 3 e(l—eg)(4e®— 4e’k—54e” + 31ek+ T4e + ek — 4k° — 20k — 24)
k=n
M(—€)2r (k+1— 2¢)
F(2—2e)r(4—3e+k)’

(24)



which can be easily summed up in termdefunctions. This way, one arrives at a very compact
result for the baré¢T,L,A) partonic cross-sections at ordeyvalid to all orders ire. The explicit
results, expanded to sufficient powersjrtan be found in Sectidd 4.

3.3 Order O(03)

At this order one has to consider three different cuts: dewbtual corrections with final state
(9,q), one-loop virtual corrections to the final statgd,g) and, finally, the cut with double real
emission. The latter consists of the following final statesq,g,9); (9,9,9,9) and(q,9,q,q).
Depending on the gauge choice for the polarization of thereat gluons one may also have
to consider external ghosts. Again the corresponding diagrcan be found in Ref. [9] and we
are only interested in the evaluation of the diagrams witth eenissions since the diagrams with
two-loop virtual corrections produce only constant term$iellin n-space. These purely virtual
contributions can be obtained from the one- and two-looje+iitke form-factor [53-55].

To cover all possible diagrams for the evaluation of bothrkjaad gluon production we con-
struct seven topologies for the double real emission cutfiga topologies for the real-virtual cut.
After symmetry considerations, we arrive at a total of sialireal and five different real-virtual
masters. Thesa-dependent masters satisfy difference equations that eaedul off the com-
pleted reductions. For completeness, we have presentkdHsotiefinitions of the masters and the
difference equations they satisfy in Appendix A.

As can be seen there, the structure of the equations is simpk&simplest masters decouple
and satisfy homogeneous equations, while the more congdi@mes satisfy first order difference
equations with the non-homogeneous part comprised by simgplicitly known masters. Such
first order equations can be easily solved in closed formltardérs inn ande, see e.g. Ref. [13].
If we pursue this approach, the most complicated solutiom&mcounter are Appel functions of
unit arguments or hypergeometric functions of unit argutmen

However, we decided to follow a different path. One can alstain the solutions of the
difference equations after an expansion in powersusing the methods of symbolic summation
and the packagesUMER [61] and XSUMMER [62] in FORM [63]. Then it is very easy to
solve the equations this way given that previously evenethwep master integrals have been
computed [14,55,62]. In this approach, one is required pptthe initial conditions (fon = 0)
beforehand. This is to be contrasted with the all-order @alculation where the initial condition
factorizes completely.

Only one masterR;(n) deserves special consideration. It formally satisfies arsgorder
difference equation as can be seen from EqQ._(A.13). A claospdction, however, reveals that it
is a second order difference equation of defined parity (thns- 1 term is absent). Therefore
one can write this equation as a first order difference eqodtr a ‘new variablen’ =n/2. In
doing so we could solve the resulting difference equatioteims of;Fs-type functions of unit
argument. These functions contain half-integer (af2) parameters and are not simple to expand
in €. If one, however, solves this master as an expansion in goofemo particular complications

10



arise besides the fact that one has to supply two initial itimms (forn = 0 and forn = 1) for any
second order equation.

Next we address the calculation of the initial conditions thee masters. Our first step is
to perform new IBP reductions in each of the real-real anthwieial topologies settingn = 0
from the very beginning. From this fixed order reductions Wwe&m relations between the initial
conditions for the masters integrals. In the end, we finddhatal of seven are independent. Most
of these integrals are very easy to compute directly to aléw ine. The most involved is the
initial condition Rg(0) given in Eq. [AZB). For its evaluation (up to weight 6 in veduof the
Riemann zeta-function) we have used the approach of Réfbpged on the optical theorem and
the results of Ref. [65] for the higher ordeterms of the non-planar three-loop two-point function.
With the help of these additional fixedfuns we can derive a relation (see Hq. (A.23)) between
the values of the real mastes atn = 0 andn = 1 as mentioned above.

The last point that deserves special attention are tesrig(1— 2p- q). ‘Partial fractioning’

of these leads to an additional sum as explained above, cf@Z8y In performing the required
symbolic summation we employ the following strategy. Weliexy separate sums from 1 to
oo over n-independent terms, as we systematically ignore constamistfrom the evaluation of
the diagrams with real emissions as well as the constanstéom the purely virtual corrections.
After we complete our evaluation we can restore these cotigians from the requirement that the
total cross-section is reproduced (see ED. (4)). We wisimohasize, though, that this procedure
is simply done to economize on the necessary algebra and byeaas represents any principal
drawback of our approach.

The above comment applies to the transverse and asymmatt@n cross-sections. Since
the longitudinal cross-sections do not contain any comgtams, this procedure uniquely fixes
the missing constant contributions in the transverse fanst It also provides the coefficient of
the d-function contributions to the asymmetric functions. Tattend, one uses the fact that the
difference of the transverse and asymmetric functions veixpnessed iz-space, does not contain
o-functions and singular +-distributions. Equivalentlyetdifference of these functions vanishes
in the ‘soft’ limit N — oo,

4 Results

Let us now present the results of the calculation. As expthiabove, mass factorization (or
collinear renormalization) predicts a specific structurethe final result, which we write out up
to second order in the strong coupliag= os/(41m). Following the conventions from Eq.{[15), we
present the general structure of the result expandedlirectly in Mellin N-space. According to
Eq. (IT), the Mellin moments of the splitting functions aefided by

P(N) = /Oldz 2-1p(z) — —y(N), (25)

11



and we note the (conventional) sign for the relation of thigtsp functions to the anomalous
dimensions. In the following, all products are to be evadamploying the algebra for harmonic
sums [13, 61].

The zeroth-order contributions, wimr(%) being suitably normalized, read

0 0 0
Y =cl=1, #9=79=459=0,

Note that not all functions are independent; on generaligiewne can show that [9]:

FO =) =1, (26)

?—Tq = +TT7E{7
TA7q - _TA,fb
Fag = 0. 27)

For the applications of the present study we present theirdes$ at the first order ias up to
terms of the ordeg?, yielding for 7t

1

TT(lq) = é,ﬁ? + CT% + ea(T% + esz(%, (28)
2

Y T(lg) S G(Jg) CT(% sa% ssz(%?CJ’ (29)

for the longitudinalr

7Y = o) +eal) + €2, (30)
R = e+l @
and for the asymmetriga
1 _ o
F Afyln)s = Péq) + c&% + saﬁ\% + szbﬁ\ly)q . (32)

Correspondingly, the? contributions where the non-singlet and singlet quark éuonges dif-
fer for the first time, are required up to orderThese quantities are given by

72 = o (PR (P +0) ) - Zi [P +2c P}

IR NPT -
2 1 0 1 1 1) ~(0
i g {PRR) - )
1 2 1) o (0
+ s sT52 '(I'qutgg) + 55{ a(n?os—b(néptgg)} ) (34)
2 1 0 0 1 1 1) (0 1) (0
g = {Psa (Pdd +Pag +Bo) | + 5 {Psd +2cr P + iy Pig |
2 1) ~(0 1) ~(0 2 1) ~(0 1) ~(0
+ oy —2all Pl —ayPig + e {alf, — 26y P bR . @)
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2 11 (1)~ 2 1 2)

rlhe = —S{chPid | + s allyPia + e{alhe—blPid | | (36)
2 1) (0 2 1 1.0 1 2 1) (0

n = L{A4PR) o el + el o) @

2 1 1) ~(0 1) ~(0 0 1) ~(0
7y = < {aclPu +clyPig | + oy~ 2ayPsd —alyPig

g
1 0 1 0
+e{a’— 2004 Pd — bR | (38)

2 1 0 0 1 1)— 1) ~(0
Tﬁin)s = 2_82 {P(gq) (P(gq) +B0> } - 2_8 { I’(\S) +2C,(A721 P(gq)}
2 1) (0 2 1) ~(0
+ Chohs— AgPag + & {8lohs— by Pag | - (39)

The results for the splitting and coefficient functions atesro (as) and o (a2) are given both in
N-space (Appendix B) ang-space (Appendix C). The precise definition of the variougtsym
functions can be found in Eqgs. (30)—(34) in [13], see alsg f66a more detailed discussion on
that point.

Several comments are in order: First of all, as we have paddrthe calculation in Mellin
space, alk-dependence is recovered from tliespace results by an inverse Mellin transformation,
which expresses these functions in terms of harmonic pgdyithms [67]. The inverse Mellin
transformation exploits an isomorphism between the seaohbnic sums for even or odd and
the set of harmonic polylogarithms (see also Appendix B)e @lgebraic procedure [13, 67] is
based on the fact that harmonic sums occur as coefficientseeofaylor expansion of harmonic
polylogarithms.

Our results for the finite terms ia agree with the ones in [7-9]. We have found several
misprints in these references and would like to take the dppiy to point out these typos in the
original manuscript of Ref. [9] (employing the notation b&toriginal reference). In Eq. (A.6) of
Ref. [9] for &> P 2104 there should be a replacement of the term

C2(1+2)(...-3Inz...) — C?(1+2)(...—3In%z..)), (40)

in Eqg. (A.8) of Ref. [9] forc?fq’(z)’id of the term

1 24 1 24
(CFZ—ECACF) (QJF) Inz — (CFZ—ECACF) <§+) Inz, (41)
in Eg. (A.10) of Ref. [9] forcTq of the term
Ce Ty {...+%1In3z+... —  CT¢ l...—l—%llnsz)-l—..., (42)
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and in Eqg. (A.15) of Ref. [9] foct{i’(z)’id of the term

1 1

(Ce2— 5CaCr) (32812(1-2)+...)  — (Ce2— 5CaCr) (82S12(-2) + ). (43)
Finally, in Eq. (17) of Ref. [8] forCE'\E’”id’(z) — Cﬁ’”id’(z) one should replace the term
24 24
2( &= 2(_ =7
Ce < 522+...) Inz — Cg < 52+...) Inz. (44)

Beyond the coefficient functions at ordefa?) we have also obtained the terms of higher order
in thee expansion, specificallg?,bY) anda®. In the non-singlet case, we have found them to
agree with the predictions based on the analytical contimmiaroposed in [10]. However, as these
expressionsg?), b(M) anda'?)) are particularly lengthy and have no direct physical agion, we
refrain from writing them out explicitly here.

For future use and for uniformity of the notations, we préseithe Appendices B and C also
the explicit expressions for the one- and two-loop time-lplitting functions. Our calculations
agree with the known results [3, 4] (see also [66]). Thisesteant, though, is subject to one
qualification. As we are considering in E@Q] (1) only the decéy vector bosorV, we have
no access to the two-loop (time-like) splitting functidh%) and Péé) with the set of Feynman
diagrams considered. To do so, we would actually be requoembmpute also the decay of a
(fictitious) classical scalapthat couples directly only to the gluon field \[[HBSVGQ“’. In time-like

kinematics, this approach has been used for instance uﬂﬁé) in [68]; see also Refs. [15,16,18]
for the analogous considerations in the space-like casein@uasion of thechﬁVGQ‘V coupling

is straight forward and would allow for the determinationRéé) and Péé) (or rather its Mellin
transform) to the desired two-loop accuracy.

5 Summary

We have calculated the(a?2) corrections to the transverse, longitudinal and asymm&tagmen-
tation functions for both quarks and gluons in semi-inclagi" e -annihilation to hadrons. Our
calculation confirms the results of Rijken and van Neervef®] and we have taken the opportu-
nity to correct several typographical errors in these paf@re also [10]). Our results constitute a
strong check on [7-9], in particular since we have used @ratlifferent technology and obtained
them directly in MellinN-space following the proposal in [11]. Thus, our calculatiepresents
the first example of a single-particle inclusive observddagond the well established DIS frame-
work [12—16] that is computed analytically in MellM-space.

The coefficient functions presented in this paper cont@amMiNLO corrections to the transverse
and asymmetric fragmentation functio@g and 74, and the NLO corrections to the longitudinal
ones, ¥, . After the complete singlet three-loop time-like spligifunctions become available (the
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non-singlet case has recently been reported [10]), onebeilible to study light and heavy quark
fragmentation at NNLO [34—36]. This important class of alvables will allow precise extraction

of fragmentation distributions from LEP data and is yet aeotmotivation for the realization of
the envisioned high-precision Gigaeption of the future ILC. Due to the process independence
of the fragmentation distributions, they can be furtherligpoipto other processes like hadro- and
photo-production.

In addition, the present paper provides the means to thotpggudy the relations between the
time-like QCD corrections to inclusive hadron productiorei e~ annihilation and their space-
like counterparts, the DIS structure functions. Our caltiahal approach easily allows us to obtain
higher powers i of the bare partonic cross-sections at oraéu?), which had not been computed
before. Thus, we could provide important cross checks optbeedure of Ref. [10] based on an
analytic continuation ix between observables with space- and time-like kinemafitsourse, the
aforementioned higher termsgmnwill also be needed for a future evaluation of the QCD coroest
to e -annihilation at ordew (a2). Finally, one particularly appealing feature of tNespace
approach is the small number of master integrals that habe evaluated. Moreover, with the
boundary conditions ifN-space being kinematics independent, the correspondiagrads may
also be of relevance in other circumstances. As a mattectgfdame of them had been considered
before in a different context [64]. In the present paper weehextended these results to higher
powers ing.

Among the prospects for future developments and applicatad our results and methods
are explicit three-loop checks of the splitting and coedfitifunctions in semi-inclusive™e™ -
annihilation, for instance by computations of fixsdMellin moments. Also QCD corrections to
many other single scale observables can be considered.

FoRM files of our results can be obtained from the preprint semé€n: /7 ar Xi v. or g by
downloading the source. Furthermore they are availabha tiee authors upon request.

Acknowledgments: We are grateful to A. Vogt for useful discussions. A.M. ackiexiges
support by the Alexander von Humboldt Foundation. The wdi®.M. has been supported in part
by the Helmholtz Gemeinschaft under contract VH-NG-105.

Note added: The (un-)polarized coefficient functions upuwo loops have recently been trans-
formed to MellinN-space in [70].

Appendix A: Master Integrals

In this Appendix, we present the complete list of mastergrdks, the corresponding difference
equations in Mellinn-space and the respective boundary conditions. We omitidoaiskion of
the so-calledourely virtual contributions, which are known since long. For the calcatet of
two-loop form factors in QCD we refer to Refs. [54, 55, 69].

Let us start with the master integralg V), ...,Vs(n) for the so-calledeal-virtual contribu-
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tions. These masters can be defined through the followirgctbj

[i,....]= (A.1)
e¥E) g A 2\ 5/ 2 2 n
S [k pip23(P3(P3)3((a -~ P1— 2)?) (20- (G P1P2)) 5

| ... J

whereq-q= 1 and the propagators aRe = k?, P, = (q— p1+Kk)?, P3 = (q—Kk)?, P4 = (p1 +

P2 + k)27 P5 = (pl - k)27 PG = (p2+ k)27 I:]7 — (q_ pZ)z-

Then-dependent real-virtual masters are defined agnyV= [1,2], V2(n) = [1,3], V3(n) =

[1,4], V4(n)=[1,2,5], V5(n)=[1,2,5,6,7|. These masters satisfy the following difference equa-

tions:

(n+2—-4g)Vi(n) — (N+1-3¢)V1(n—1) =0, (A.2)
(n+2—-3¢)Va(n)— (N+1-2¢)Va(n—1) =0, (A.3)
(n+2—-4g)V3(n)— (n+1-2¢)V3(n—1) =0, (A.4)
(N+1—2e)Vya(n) —nVg(n—1) = (A.5)

—(1—3¢)(1—2) :—8LV1(n —1)+(1— 28)2%V2(n— 1),

(Nn—1—4e)Vs(n) — (n—1—28)Vs(n—1) = A6
_ (1—<i€z<§8;(isl(;j—§8; 48) (2782_ 11ns + 55 — n+n2> 8_12\/1(n_ 1)

 9e\2( -
(1-2¢) (nn_482)€(n+1 3¢) 8_12V2(n—1)+(n—28)v4(n_1) ,

+

The boundary conditionsN0),...,V5(0) atn = 0 read,

V1(0) = V3(0) = (A.7)
11 5 21 , 23. 105 , 115 1017, ,
58+4+8<8 16Z2>+8 (42 g3 g ZZ)“ (198 g G384+ 32022>

1053 483 1017 1053
4 ittty S N TOL YLl 2 5 et
+¢€ (876 20 (5—184(3— 441, + 16 203+ 2 (2 )-1-8 (3728 7 (5
529 , 2415 1017, , 24737, 4
_ ¥%7.2 _ 207 £ itk O
9663+ 16 (3 079>+ 3 203+ 3 (2 448012 ) )

Va(0) = (A8)
11 17 /183 17 ,/1597 13, 289 /12359 221 3111
et 167 (32 169 (Ter 59 3%) ¢ (g 10 e

807 »  ,/88629 303, 2379 27149 221 15249, ,
+350%2 )“ < 556 405 32 037 1pg 2T 160208 F 40 ¢ )
603871 5151 20761  169. , 210103 3757 16415
5 - B 2 2
< 512 80 64 G+ 16%% ~ 56 Lo+ 35 (203t 1280122
12049, 3)
4480°% )
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V4(0) =
— :—EL% — 111+ %ZerS(—?Z?Jr 223+ %%2) +€2<—4%9+ 97:313+ ?&2 - 2122)
+€3<—%29+ %525+ 5§313+ 2184122 - 1211253 - %507122> + 84(—%27+ %8315
- %&3 — 4503° + 11;1122 - 2:;171213 - 1?;37522-1- Aézollzs> ;

Vs(0) = (A.10)

193 4545 133 5477, , 193 2303 2
— e+ e(20+ T lala — S le+ 2 o 8eh — e — To-s ) +€2(40

4545 5477, , 578731 3 5837, , 2303
+71253—13312+ﬁ12 — 13440122 — 1933+ 16 (3" — 7] Zs),

which we have given in terms of the Riemann zeta-functiorsstently up to weight 6. Previously,
the result for \4(0) has been obtained to weight 4 in Ref. [64].

(A.9)

Next we present the master integralg(R),...,Rs(n) from the so-calledeal-real contribu-
tions. These masters can be defined through the followirgctibj

o

{i,....j} =

3yet)
— / d?p1d”p2d” p38(p3)3(p3)3(P3)8((d— pr— P2 — p3)®)  (A.11)

X (29-(q—p1—p2—p3))"

1
Qi...Qj’

whereq-q =1 and the propagators a@a = (q— ps)?, Q2 = (d—p2)%, Q3= (d—p1—P3)%, Qa =
(@—p2—p3)?, Qs = (4— p1—P2)?, Qs = (P1+P2)%, Q7= (p1+p3)?, Qs = (P2+ Pa3)*.

The n-dependent real-real masters are defined agn)R= {—}, Ra(n) = {1,2}, R3(n) =
{2,6}, Ra(n) ={1,2,3,5}, Rs(n) ={1,2,6,7}, Rs(n) = {3,4,7,8} and satisfy the following
difference equations intogether with boundary conditionsat= O:

(n+3—4¢)R1(n) —(n+1—2¢)R1(n—1) =0, (A.12)
(N+1—-2¢)(n+2—-6¢)R(n) —(n—1)(n—4e)Ra(n—2) = (A.13)
)

(N+1— 26)Rs(n) — nRs(n—1) = — 1= 38)%; i’e_)(;: 2- %) % Ri(h—1), (A.14)
(n—1—4e)R4(n)+ (n—1—2¢)Ra(n—1) = (A.15)

4 (1—3e)(2—3¢)(n+2—4¢)
(n—2¢)(n—3¢)(n—4g)(n—1—3¢)(n—1—4¢)(n+1—3¢)

— 10985 + 3281%e* — 27%* 4 1407he* + 5263 + 26ne® — 1135%3 — 70?3

— 4Ine? + 174n%? + 5e% + 22In*e? — 98n%e? + 16n°e — 21n*e + 11n%e — ne — 23n°¢

(324056 _ 50585
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_n4—n3+n5+n6>8—12R1(n—1)+ (n+1_28>(2—_l_£21£_68>(n_6€):—:Rz(n)
B (n—Zs)(n:iIEsA)én—1—68)%R2(n_l> 7
(n—1—4¢)Rs(n) —(n—1—-2¢)Rs(n—1) = (A.16)

(1—3¢)(2—3¢)(n+2—4¢)
(n—3e)(n—4¢)(n—1—4¢)(n+1—3¢)
1
+104ne? + 2362 — 10ne — 25n% — 14n3s—8+n2+n4+2n3>? Re(n—1)

+2(n— 26)Ra(n—1) + (n+1—28)(n+2—68)(n—68)}Rz(n)

n—4e €
(n—2¢)(n+1—-6¢)(n—1—6¢)1
—Ro(n—1
+ P -Re(n-1),

(n—1—4¢)Re(N) —(N—1—2¢)Rg(N—1) = 0. (A.17)

(12054 _ 15403 — 14263 + 71n%2

R1(0) = (A.18)
1 71 ,/3115 7 /109403 29 497 , /3386467 2059
S g £ Tl € -

96 " 576" <3456 64Z2)+ <20736 96%3 384Z2>+ (124416 576 %
2180 201 »\ /96885467 421 90335 765821 203
23045Z2+ 12802 )“ ( 726496 160°° 34565Z3 13824]ZZ+ 6 $203

, 6887, 2) L8 (2631913075_ 20891, 3172687 841, , 23705269

2 4478976 960 ° 3 3 82944 2

2560 20736 192
6043 15089
b 15085 o)

1441
+ 38431213+ 3072%2 53760
R2(0) = (A.19)
1 1 7 9. 7 ,/ 119 63, 87, 97, , 4, 199
8+812+8< 4+813+852>+8 ( 3 + 813+1622+8052 >+€ ( >
207. 163, 139, 211 679, »\ 4, 4617 1449, 1585
+ 5 le+ lat -l Telalat oo le) v (- + g Get 5 Ga
45 3445, 1477 1193 1141
—?Zsz-l- (2— (203 + 12224-—123) )

16 16 320 320
R3(O) = (A.20)
11 11 777 21 439 29 231 2229 319
e< ) +82< ) +e3(

es 8 U gl1e2)tE g tglt gl te(mg T gl

1617 873, 5 4¢ 10527 1263 2233 9219 609

+ 1—6Z2_ %ZZ ) +€ <_T + 4—OZS+ TZs"i‘ l—GZZ - l—GZZZS
9603, , 5/ 47389 1389 1273 841 , 46809 6699

—%ZZ >+5 <— 8 + 20 3Z5+ 8 ]ZS— 1613 + 16 Zz—l—GZZZS
67221 , 15089, 3

- 3201Zz + 22802 ) ’
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R4(0) = Rs(0) = (A21)

13 13 1,3 83 3 185 3 185 457
am et s 64Z2) (29 5%) 5 155 10 55
15899 185 4137 457 £2 15899 185
e(3- 160& 05— 00+t tts - D7) 12 (6 2 - 10
6667 4137 457 69233
—Z - —Zz —1213 - Zz 53760322 )
Re(0) = (A.22)
15 15 1,5 105 1 141 105 141 105
s a2 16%) tE (5 gl g ) ¥10- Tl
969 1119 141 105 2961 969 1119
oy G (20— T ls - la - Sl + pCala + 550 ) +€7(40- G
4005 2961 969 1512
— 141053+ —13 — 10802+ ——Cala+ ¢ 0 - ]Zz ) :

Again we have given the results consistently up to weight thenRiemann zeta-function. The
difference equation for /£n) which is of second order needs actually two boundary caotti
The value for B(1) is obtained from an additional fixeareduction

3—4¢

Ro(1) = 1 %

R1(0) . (A.23)

The values for R(0), R5(0) and R;(0) have been obtained before up to weight 4 in Ref. [64].

Appendix B: The exact Mellin-space results

Here we give the exact Mellibtexpressions for the time-like splitting functions and thefticient
functionscr, ¢ andca up to second order ias = as/(411), expressed in terms of harmonic sums,
recursively defined by [61]

N (1) :
Sz m(N) = 3 e s ). SN =1, (B.1)
and we employ the notation
NiSh=Sa(N£1),  NiiSn=Sn(N+£i). (B.2)

The well known results for the LO anomalous dimensions (¢f. (23)) inN-space are:

) = Ce{ -~ 2N ®.3)
Vig (N) = nf{ZN_+8N+—4N+z—6}sl , (B.4)
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R (N) = Ce{ —eN_+aN_o 2N, 61 ®5)

11 2
y&%)(N) — CA{ -3 +(—8N_+4N_2—8N, +4N >+ 12)81} + :_))nf . (B.6)

For the NLO anomalous dimensions (cf. HgQ.(25)) a distimcbhetween even and odd Mellin
moments is in order. We give the respective expressionhitoeven Mellin moments o,f,lsH

Eq. (B1) and/gﬁ)s, yélg), yélq), y&q) in Egs. [B®){B.IPR) and for the odd Mellin moments,/;gf— in
Eqg. (B:8). Note also, that we do not obta{ﬁ]@) andyélg) since we only consider vector boson decays
(see discussion in Secti@h 4). Nevertheless, we also dquese fguantities here for completeness.

W) = B7)
CFZ{ <8— (1602 +4)N; — (16z2+4)N) Si— (4N, +8)S, — (4N_ +28N, )3+

3
(~16N_ —16N.,)Sy 2+ (BN_ +BN,)Sy2+ (8N_ + 8N, )Sp1 + 165 5+ 2402 - é} +

302 112 302 22 22

1_7+ (8N_ +8N+)S]_2} +

6
44 44 16 1 4 4
Can{( 9N+—§N + — )Sl+ +(§N_+§N+)SZ} R
Yod ~(N) = (B.8)

ch{16&3— ((16Z2+36)N,; — 724 (162 +36)N_)S; + (16N_ — 20N, — 8)S, —
(20N_ 4+ 12N )S3+ (8N, +8N_)Sp 1 — (16N_ 4+ 16N )S; 2+ (8N4 +8N_)S; o —

3
§+2412}+
446 208 446 46 2
CFCA{_88—3+ <?N——T+TN+)81+ <—§N—+§N+)SZ+8N—SG—

—+(8N++8N )St, 2}+

anf{(__m W )5 b (A )a)

Yoq “(N) = (B.9)
208 224 80 80
Cr f{<——N—?N+2+48—§N o+ 9N+)Sl+
76 32
(—§N+—§N+2+16+20N )Sz+(8N_—8N+)Sg,},
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1
o - 610
Cey { (—86N + 40N o+ 70— 24N_)S; + (10N_ + 8N — 18)S + (16N+2 +12—

IN_ — 24N+)53+ (16N — 20— 8N+ 12N_)Sy1 + (96N+ 1 24N_ — 48N, —

72) Sio+(24—8N_ +16N, 5 — 32N, )Sp1+ (24— 8N_ + 16N 5 — 32N+)sl,1,1} +

Cat { ((% - 16{2) N_ — (6412 + %1) N4 + (32Z2 - %12) N, +48( —

80 2224 16 16
§N 2+ 9 )Sl—|—<—§N+2—|—4O 40N + 3N )Sg+(8N—48N+—|—40)83—|—

80 40 44
(24—8N_+16N 2 —32N;)S o+ (— §N+ +—= 3 N o+28— §N )5171+
(48— 16N_ — 64N, +32N,5)S; 2+ (64N, +16N_ — 48— 32N, )1 +

(8N_ 432N, — 16N, o — 24)81,1,1} +

40 32 64 8 16 32

8 16 32

_ (B.11)
F2{< 167, — 18)N. + (640, — 2)N_ —48{2+20—32Z2N2)Sl+ <32N_ — 34+

2N+) +(BN_ —12+4N,; )S3+ (8N, —8)Sy1+ (16N+ —32N_+64N_—

48) S+ (48—64N_ +32N_p— 16N, )Sp1+ (24— 8N, +16N_5 — 32N_)817171} +

68 176 112 140 32 76
CFCA{(QN 2+ 9 N+ +TN—24—TN+>S_|_ (3N+2—|—3N+—|—24N 20—

4- 56N—) S+ (24N +16N_ —8—32N_2)S3+ (32N —16N_»+8N —24)S; o+
(8—8N.)Sy1+ (48N_2— 24N +72—96N_)S; o+ (32N_ —16N_»+ 8N, —24)S1 +
(—24+32N_ — 16N_2+8N+)51,1,1} ,

Vg (N) = (8.12)
256 184 544

328
Can{ (32+ TNJFZ— TN + TN 2 — TN+)81+
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32 28 32 52
<§N+2— 8— ENf - §N_2+ §N+)SZ+2+ (8N7 - 8N+)S3} +
218 218 56
CA2{88_3+ <(T +64Zz) N+ —3212N+2+ (? +64Zz) N_ — 9&2 — ? _
88 88 76 44

32{2N2)S]_+ <_ §N+2—40+ §N72+ §N+ - gN)SZ‘i‘ <— 16N+2—

32N_, — 72+ 16N_ +80N+) S+ (32N; +32N_ — 16N, — 16N _,—48)S; o+
(48—32N, + 16N, —32N_ +16N_5)S 2+
3
56 92 64 92 56
cAnf{ (—N_ — Ny — —— —N2+—N+)Sl-|—

88, 32
(48— 32N, +16N;2 32N +16N_2)Sp1 + 5 {2~ } -

3 9 273 79 3

16 16 40 8 16

The o(as) coefficient functions ifN-space read:

(N = Ce { (—3N; +6)Si+(4N_+4N)$ -9+ (2N_+ 2N+>5171} » (B.13)

ch(N) = Ce(2—-2N_)s1, (B.14)

clh(N) — e (N) = Ce(2N_ + 2N, —4)Sy (B.15)

A (N) = C,:{(—16N+8N_2+8)51+(16N—2_8N++24_32N)SZ (B.16)
+(8N_2—4N++12—16N_)8171} ;

ct")(N) = Ce(16N_ —8N_,—8)Sy . (B.17)

Finally, for theo (a2) coefficient functions we give the even Mellin momentsgf cl? cl(zg

l,ps
with | =T, L in Egs. [BIB)-HB.23) and the odd Mellin moment&@sin Eq. (B23).
(2

cE(N) = (8.18)
,( 560, 704, 14551
o -2) 2] - % - T+ 1L

52 316 127349 2354 16
CFCA{ —gl- Gt gy } Can{ ——gp T8t 312}] +
331 118
B(N —3) |:CF2{59<2 —12(3+72S 4 —16S 5+ 16S 371 +485 5 o+ 5 + <(— = +
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48 282 48 75
1212) Ny — €N+2+ (412 — ?) N_ —26+ gN_z) S+ ((853 —5 1212) N+

48 48 279 48 48
€N+2+ (—63— 1212+813>N_ —48{34‘ €N72+ ?) S]_+ (€N+3—36— €N+2 —

30N+) Ss— (22N_ + 138N, )Sy— (16N_ + 16N, )S; 21+ (32— 48N_ — 48N, )S11 2+

48 48 48 48
(—16— 16N_ — 16N+)Sl7—3+ <— 8N_ — EN_2+ 16— €N+2+ €N+3+ EN_3 —

8N+) S. o+ (56— 28N, — AN )Sio+ (64— (382, + 51N, — <3212+40>N)sl,1+

(—28N_+16—28N;)S; 3+ (—16—32N, +32N_)S, o+ (—16+24N_+4N;)S 1+
(36N_ +36N. )2+ (16N — 24N, )S31+ (8+20N_ + 8N4 )Sy 11+ (24N- +

24N.,)S112+ (16N, +16N_)S1 o1+ (16N, +24N_)Sp11 + (24N +24N+>sl,1,1,1} T

1225 22 24 1580 22
CFCA{8&2+ <<H —36(3— 512) Ny =5 Neat (7 — 363 — 512) N_ +

24 593 119 24 863 24
2403 — gN—z— E)Sl"i‘ <<? —812) N4+ €N+2+ (E - 8&2) N- — gN—Z—

38 23 24 24 11

24 24 24 24
(8—|— 8SN_ +8N+)S:|_,f3+ <4N+ — €N73— €N+3— 8+ €N+2—|— gN,z—f—

311 112 392
4N_) S22+ ((? + 8{2) N, — 3 + (T + 812) N_) Si1+ (12N_ + 12N, —
22 22

8) Sia+(8—16N_ +16N,)S, o+ <§N i §N+) S+ (AN AN IS o+

22
(—4N_+4N.)S31+ (BN +8N1)S; 21+ (—16+ 24Ny +24N_)S 12+ <§N_ +

22 5465

§N+) S1.1,1— (AN_+4N1)S 12+ (4N_ +4N;)S 21 —36S 4+ 7>+ 10(3 — 7} +

4 17 14 188 4 8 22

2 2 26 44 4 4 4
(——N+——N)Sg—i— <—3N+—§N+§)Su+ <—§N+—§N)s&1+

4 4 457
(— §N+ - :—,’N) S111—202+ 36 +8§3H )
) ) = (B.19)
2462 16 }

+

O(N —2)Ceny [H - 3(2
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118 4 512 16 982 4 16
B(N —3)Ceny K(f - :—,’ZZ) N4+ (f + 3(2) N2+ (f - 522) N_+ (3224-

80 188 184 128 184
2_7)N2_ T _8Z2)Sl+ ((8124‘?) N++?N+2+ <—T —812) N_+32—

16 64 58 16 106
_N2)52+ (— —N_>——N,+ —N+2+—N)s3+ (—44N | +44N S, +

3 3 3 3 3
64 16 16 64 160 8
—N,; —32——N_,——N —N_ _ —— —28N_ — =N_»,— 12N, —
<3 +—3 g N-2— 3 N2t 3 )5172-1-(3 8 3N-2 +
32 16 32 44 44
—Ni2 S 1+ (16— 5Nio— =N_o— =Ny +—=N_ |S1+(24N_ — 24N, )S3 1+
3 3 3 3 3
16 16 4 4
——N.2+8——=—N_o+=N_+ =N 517171+(—8N++8N_)Sz7171 ,
3 3 3 3
(N) = (B.20)
1408 1120 14065 104 26431
p— 2 p— —_— _——
(N —-2) {CF { 15 (3+ 9 (2 4057}+CFCA{ 9 (2+48(3 81 H

B(N-_3) {CFZ{ <<3azz+ 34— 1605)N.. — 0N, 5+ (184+ 325 + 20EN_ -

316 758 246 16
<? +96Z2+64Z3) N_2 — 148> +48(3— ?) S+ (<? +24ZZ) N4+ €N+2+

274 144 16
(112{2 + ?) N_ + <? — 64{2) N_p—720(,— 136) S+ (166N+ — 230+ €N+2 —
16

T N3t 64N_) S5+ (—132+88N_ + 44N, )Sy+ (96— 96N_ +32N_» — 32N, )S; 3+
( 16 64 64 16

6AN_ — —N,3—160— —N_p+—N_g+96N, + —

= = = z N+2) S22+ ((16{2+24)N++

(—8+4642)N_ + (8 —32()N_» — 24— 48(2) S11+(—16+16N;)S >+ ( —96N_5+
64N, — 192+ 224N) S13+(96N_2— 12N, +92—-176N_)S 1+ (— 128N_ +

128) S, 2+ (64N_— 128N_ +96— 32N, )2+ (—8N, —80N_ +64N_»+24)Sz1 +

(—64N_+ 64N, — 192+ 192N_)S;1 o+ (—28N: — 208N_ +96N_p + 140)Sy 1.1+
(—32N_ +16N_2— 8N +24)S; 12+ (72— 24N, —96N_ +48N_2)S; 21 +

(120+ 96N _» — 40N — l7a\|—)527171 + (80N,2 — 40N +120— 16G\|_>S]_717171} +

1934 8 928 32 440
CACF{ <<— 7 + 7203+ 512) N4+ <— 57 312) N2+ <?22—|—24013+
260

5410) ( 248 4438
N_ +

—TZ2—96Z3—7) N2+70—21613—56Z2)Sl+ ((_T_
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256 496

4822) N — 55Nz + (92~ 640N + (7 + 6422) N_, — 200+ 4812) S+

464 44 2
<%N2— %BN_ + 5Ny - %N+2—36>Sg,+ (248N, —320N_p+ 144N —72)S+
32 320 80 200

(48N+ — 144+ 176\17 — 80N2) S_|_773 + <§N+2 — ?N, —|— EN,Z — TN+ —|—

28 32 592 356
136) S]_7_2 + ((3212 - 5) N+ + §N+2+ (12&2 - T) N_ + (T - 64&2) N_2+
232

B 9622) Sii+ (72— 128N_ +64N_» — 8N, )Si2 + (96— 3N, — 112N+

3
32 496 16
48N_2) S13+(128N_ —64N_2+ 32N, —96)S o+ <§N+2+ ?N_2+ 3|\|+ —
784

TN, + 80) S$1+(96N_ — 48N +144—19N_)S» + <32— 96N_, —32N_ +

96N+) Ss1t (64N_ —48—32N_,+ 16N+) St 21+ (—32N_ — 16N, +48)S1 2+

44 2 2
<STN2 — 8§ON+ — %N_ +112+ %N+2) 5171714- (64N2 —128N_ +96—

32N+) Si12+(32N_5— 16N, —64N_ +48)S; 91+

(24N +24—32N_ —16N_2)Sp11+ (24— 32N_ +16N_»— 8N+)Sl717171H :

Cns(N) = (B.21)
48 33 24 221 11
S(N—2)|Cr? —la+— s +CeCp¢ — =3+ "= ——=C
( )[F{513+10}+ FA{ 513+ 10} 3 an]+
32 129 48
B(N—3) {CFZ{<—10N++§N+2+(—48Z3+39)N——?—gN—2+48Z3)51+
8 32 82 48 32 32
=Ny ——N —N_——N_,-2 12N_ 432N, — —N —Ny3—
<5 +- N2t g g N-2 )52+< F3Ny = FNya+ £ Nis
48 32 32 48
44)S3+ (16— 16N7)S_|_773+ (16N + gN_2+32N+ — €N+2+ €N+3— gN_?,—

48) St 2+ (14N_ —10—4N;)S; 1+ (16— 16N_)S 2+ (16N_ —16)S; 3+

(32—32N_)Sy o+ (4—4N_)Sp1+ (—32+32N_)Sy1 o+ (—8N_ + 8)51,1,1} +

10 16 389 2023 24 34

CFCA{ <_ §N+ - €N+2+ (24Z3_ ?) N_ +4—5 —2413+€N2)Sl+ <§ —+

24 24 16 218 16 16
gN,Z - €N+ + €N+2 - EN)SZ—i_ (16+ €N+2 - €N+3— 16N+)S3+
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24 16 16 24
(8N—8)Sl,3+<——N 2— =Nig+ —=Nip+24—8N_+N_ 3—16N+)Sl o+

5 5 5 5
(46 46

3 3N )5171+ (—8N_+8)S1 3+ (16N_ —16)S, 5+ (16— 16N_)Sl717_2} +

50, 62 4 4 4 4
- 022
——6(N 2)Cen +6(N — 3)Cen, ( N_—@ 8N_,+ %3m 8N+2)Sl+

(56N+—§N+2——N+ 2) (24—2AN_)S3+

3 3 3
32 16 8
<3N+— 3N_—§N+2 N Z)S]_l+ 8 8N_ )SZ,1:| ’
2Ny = (B.23)
O(N-2) {CFZ{—%Zs—%OE;} ZTDCFCA}

56, 176 96 32 64 40
O(N —3) [CF2{<—N + N2 SN, — 24N )Sl+<—N+———

3" 15 ' 5 15 5 3
104 96 32 32 32
?N_ -i-gN 2+ 15N+2)Sz+ (48— 1—5N+3 48N + 15N+2)S3+
32 32 64 64 32 32
(15N+2 EN +— 5 N_ z—gN 3—1—5N+3——)81 2+ (16—16N_)S 1+
(8N4 —56N_ +32N_»+ 16)5171} +
32 160 448 16 112
C-C —6AN, +—Nyo— —+256N_ — —N_ N,>——N 80
FA{( g Np——F 3 )Sl (3+2 3 N+ —80+
%8N_—3T52N )Sz-l-(—96+128\I_2—32N_)83+(—64N_+32N_2+32)Sl7_2+

896 16
(—64-+128N_ —64N_5)Sy 2+ (64N_ — 64)Sp 1 + (TN ~128+ TN o

464 64

7|\| 2—§N+)511+( 32N_2+64N_—32)51,1,1H )

cﬂs(m = (B.24)

6(N—1)CF[131CA 2 ]( 12){3+

B(N—2) [CFZ{ ((1—29 — 4003 — 1222) N+ + (—16— 4003 — 1202)N_ — 19+ 4813) S+
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(1202 —92)N, + 78+ (40— 92)N_)S, — (94N _ + 66N )Sy + (20N — 90N, +
16N — 12) S+ (24+12N_ — 12N )S o+ (—12N_ — 12N, —16)S; 3+ <16—
32N) S 2+ (=8N +44N_ —24)S, 1+ (36N_ 436N, )So+ (— 32N_ + 16—
32N+) Si 3+ (16N_5— 24N, + 16N> —24N_ +16)S; o+ ((—3212 —33)N, +

28+ (—22— 3212)N) Sii+ (24N +16N,)Sp11— (16N +16N.)S; 21+

(~32— 16N_ — 16N, )S11 2+ (28N_ + 16N, —8)Sp11+ (24N, +24N_)Sp12+
(16N} +16N_)S; 21+ (24N +24N_)S1111+72S 4—16S 2 +16S 31+

331
48S 5 _»—8N, . S31+— —12(3+ 59(2} +

8
22 895 22 1415 95
CFCA{<(—§Z2+Q—12Z3>N++ <—§Z2+7—1Z3)N——3—2413>Sl+
193 250 (263 37 95
2 46
(8+4N_+4N;)S 3+ (16N- —8)S o+ (— N+ §N+) S1+(4NL +4AN S0+

36N S+ (4N —4N,)S31—8S 31—24S 5 o+ (16N_+ 16N, —8)S; 3+ (12N -

305 386
12N, —8N_p— 8N p— 8) S+ ((812+ —) N, — 36+ <8z2 + —) N_) Sui+

9 9
22 22
(BN_+8N;)S 21+ (16+8N_+8N;)S 12+ §N+ + ng S1,1,1— 365 4+

72

4 131 62 4 302 16 22 26
CF”f{<(§ZZ_E)N++§+ <§Z2_E)N>Sl+ <§—§N+—§N)SZ+

<—3N+—3N_)sg+ (—fm—fN_)szﬁ <—§3N++4—%N_)Sﬂ+

5465
8S 2+ (—4N; —4N_)S; 12+ (4N, +4N_)S 21— —- +10(3+ 712} +

3 3 3 3 9 9
4 4 457
(= 3NN )Suaas o e 2a

Appendix C: The exact x-space results

Here we write down the fulk-space results of the time-like splitting functions and ¢befficient
functionscr, c. andca up to second order ias = as/(41), expressed in terms of harmonic poly-
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.....

notation

Ho,...,0,41,0,...,0,+1,..(X) = Himt1), +(n+1),..(X) (C.1)
T Hn,_/
suppress the argumexfor brevity and define

Pg(X) = 2(1-x)"t—-1-x, (C.2)
Pgg®) = (1—x)trxt-24x—x%

All divergences fox — 1 are understood in the sensejedistributions.

The well known results at LO are:

P (%) = Cr (2pgq(x) +35(1—X)) (C.3)
P (X) = 1 (2—4x+44) (C.4)
Pia (x) = Cr (—4+ st 2x) , (C.5)
P9 (x) = C, (4pgg(x> + 1?15(1 - x)) —n 25(1 —X). (C.6)

The NLO splitting functions redd
P (x) = (€.7)

CFZ{ Paq(X) (—8H2+ 6Ho — 16H0,0 — 8H1.0) + Pag(—X) (—8Z2+ 8Hoo — 16H 10) +

(—6+2X)Ho + (4+ 4x)Ho o — 4+ 4+ (—12Z2+ g +2413) 6(1-x)} +

CaCr { Pqq(X) <4H07o -4+ 1?34-1- 2§2|‘|o) + Pqq(—X)(—4Ho 0 +8H_10+442) +
5—36(1—X) + (%Zz-l- %7— 12(3) 5(1—X)} +

4 20 8 1 8
nfCF{pqq(X) <—§H0— 3) - 5(1—X) + (—5 - 552) 5(1—X)} ;

P~ (x) = (C.8)

CFZ{ Pgq(X) (6Ho — 8H2 — 8H1,0 — 16H0,0) + Pgg(—X) (16H-1,0— 8Ho 0+ 8Z2) +

(—14x— 22)Ho+ (4+ 4x)Ho,0 + 36x— 36+ (g’ - 1222+2413) 6(1—x)} +

4Wwe quoteP(%> andPéé) here for completeness (see discussion in SeElion 4).
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22 134

CFCA{ Pgq(X) (—412 +4Hoo + EHO + ?) + (—4¢2 —8H_1,0+4Ho0) Pgq(—X) +

104 104 17 44
(8X+ 8)H0— TX-F T + (—1ZZS+ € + 312) 6(1—X>} +

Can{pqq(X) (-gHo— %0) +2X—g— <%+:—8312) 6(1—x)} ,

o 2
PIDS(x) = nfCF{S(l-l-x)HQO— (%2x2+2o+36x) Ho+ ~8X 1)(1;1):( +23X+5)}, (C.9)
1
P(gg)(x) _ (C.10)
nCr {(8x— 10+ 8x?)Ho + (8x% 4 12— 8X)Hy + (8x — 4 — 16x%)Hoo +
(—16x+ 16x° + 8)(Hy — 3H10—H11— () — A0x% — 24+ 46X} +
136 16 , 16 40 40, 44
nfCA{<—?X—§X _§)H0+(§X_§X —§)H1+
(—16x+ 16x% +8)(H11— 2Hp 4+ 2H10) + (—16x— 8 — 16x*)H_ 10+
4(56%2 — 204+ 178¢ + 13x
(84 48x)Ho,0 — 16{ox+ ( ;; i )}+
16, 8 16 40 32 32
nfz{ (§x2+§—§x) (H1—Ho) —3+3x—§x2} ,
1
Pg(,q)(x) _ (C.11)
8(—2x+x2+2
CFZ{(—32+2x)Ho—8xH1+ ( J;( i )(H1,1+2H1,o—2H2)+
(8—4X)H070+18X—2}—l-
4(27%% 4+ 8x3 + 24x — 18 8(—2X+ X2+ 2
CACF{( i 3X+ ) Ho - 8xHy + J; 2) (Hyp— 3H10— Hip) +
8(2X+ X2 +2 8(2x+3x2+ 4 A(—45x+9x2 — 17+ 44x3
gH—lp— ( )Ho7o+1652— ( )},
X X Ox
1
Pég) (x) = (C.12)
4(21x% +8x3 + 15x+ 8
nfCF{ ( i 3X+ i >H0+(8X+8)H070—
o 2
8(x 1)(41>;X+ 14x +23) _26(1_)()} N

268 88
CAZ{ Pgg(X) (? —16H, —8(>+ 3 Ho—24Hy 0 — 16H1,0) +
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4(44— 11X+ 25x?)

(—8Z2+8Ho,0 — 16H_10) pgg(—X) — Ho+ (—32—32x)Ho 0 +

3X
. 2
2(x— 1)(134¢% — 10X+ 134) N (1 ) 1 X)}+
ox
16 8 (x—1)(13x2+4x+13) 8. .

The coefficient functions at order(as) read:

c(Tl}](x) =Cr <pqq(X) (—g+4H0—2H1) - gx+g+(8Z2—9)5(1—X>) , (C.13)

cth(x) = 2C¢ | (C.14)
CQL(X) - C(T%(X) =Cr(2x-2) , (C.15)
8(—2x+ 24 X2 A(—2X+ 2+ X2 8(—1+x
C(T%(X) =Cr < ( < >Ho— ( )Hl ( )) . (C.16)
8(1—x
C(Ll,é(X) =Cr ( < ) (C.17)
The coefficient functions at order(a2) read:
CPreX) = (C.18)
5 27 51
Ce* Pag(x) | (2002 —53)Ho+ 6Lz +6Hy + - H1 + 4H3 +12H1 o+ 7~ — 18k 1 +

33Hp o — 76(3+ 20Hy 00+ 24H1 10— 24H1 11+ 16H; 2 — 36H o+ 24H 5 o+ 20H, 1 —
80"'0,0,0) + Pgq(—X) ( —32H_1{>+ (—8> —8)Ho—8H_2 0 — 8H3+ 36Hp 00 —

32H_1_10—24H_100+16H_ 15+ 28(3) +(—8x—8)(oH_1+ ((8X+ 8)(2+

—59%2 + 48+ 48x3 + 71x
5X

75 53
) Ho+ ((—8+ 8X) (o — —X+ —) Hi+ (18+ 2x)Hy —

27 2

8(x+1)(6x* —6x3+x°2 — 6x+6 48

(x4 1)( 2+ + >H—1,o+ 3130t 88 Hoo s
oX 5

(40X—16)H17o+16H—2,o+(—le—2)H171+(4x+4)H271-|—(— 16— 16x)H_1_10+

(8X—|— 8)H,17070 + (22>(+ 22)H07070 + (—8X—|— 8)H17070 + (GX— —X3 18) (o+

(12+12)Hz —

_ 2 3
(8+ 245 + S 2T 1012XO>< 64+64X)+<331+3012 —7813—3912) 8(1— )}+

103 367 3155 22
CFCA{ Pgq(X) <<— - 16&2) Ho — < 40 + 1—8> Hy—4Ho0— 708 3 Hi1+1403—

30



11 22
12H 20— EHo,o —8H100—4H110+ 3 H2+18Hy 00+ 4H1,2) + Pqq(—X) (16H112 +

(402 +4)Ho — 18Hp00+4H 20— 143+ 12H 100—8H_12+16H_1 10+ 4H3) +

2(—13x% + 36— 108+ 36x° 139 85
( + + )Ho+((4—4x)Zz——+—x) Hi—

A+ A)ToH_ 1 —
(Ax+4)0oH 15 6 6

A(x+1)(6x* — 6x34-x% — 6x+6)
5x2

4
(Bx+8)H 1 10+ (~4=4)H 100+ (4 —4)H100+ X(-5+ 6x) Lo — 8Lax —
20392 — 864+ 864x% + 4411 49 5465 140, 215
( L (-5 tat 257%2) 81} +

4
8H_20+ H_ 10— EX(_5+ 6x%)Ho .0 +

180« 592 "7 T3

16 4 29 247 4 2 2
Can{pqq(X) <—§Ho+ §H1,1+ §H1+ 1 :—))Hz-i—:—))HQo) + (—2-|— §X) Ho +

5 1 43 71 4 457 38
<§+:—J,X) H1+E+EX+ <§13+§—312) 6(1—)()} 5

(2) (x) = (C.19)

8(16x3 + 75X + 6 + 392
C,:nf{<(16+16x)12— (16 + ;‘: +39¢)

A(x—1)(8%% + 25x+2) 4(x+1)(4x? 4 11x—8) 16(x+1)3
Hi+ Ho —
3x 3X 3x
2(32—21x% +8x3 — 21x 4(X—1) (42 +Tx+ 4
( 3:: )Ho,o— ( I 3x+ T )H1,1+(8-|-8X)H2,1+

) Ho — (24x+ 24)H3 —

H 10+

2(x—1)(256x2 +571x+ 40
(42x+ 44 Hog0-+ (—8— 32902 + (16-+ 16075 + 25— 27X+ . >}’

(C.20)

2(—20%K — 72+ 131x2 + 83
22H1+<(—16X+32)Zz— ( Bx ))

8(5x2 — 10x+ 6 8(3x%¢ —1 4(3x2 —20x+ 24 8(—2x+x%+8
(_( +)Zz+g)H1+( + )H ( t+)H3_

32(x+1)2
CFz{ (X )

-

X

16(—20x% — 303 4 x° — 4)

5x2

A(—28x+ X%+ 24) 24(—2x+2+x2) 32(—2x+2+x2)
Hii+ Hio—
X X X

8(—10x+ 12+ 5x2 64(x+1)2 32(x+1)2

( +x +5¢) —l—MH—L—Lo—%H—Lo?oﬂ-(—44x+88)H07o70+

8(—2x+ 2+ x?) 40(—2X+ 2+ %)

32(2x%2 — 4x+3
( < ) Hi00+ x Hi10— « Hi11+

128|‘L270 -+

16
H 10+ (—64+ 166x— €x3) Ho,0 — 16Hy ox —

Hoo+

Ho1
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X 5x
16(8x+x2 —2 4(57K+ 372+ 64x3 + 129K
CFCA{<— ( . )Zz-i- ( s ))HO+
(8(3x2 —6x+4)

16 16(4 + 5x2 — 2x 2(302x+8x3 — 77x% — 158
(—32+€x3—72x)12— (4+ g, 280+ )}+

8(4+ X2+ 2x)

GH_1+ o+

A(8x° + X% — 89+ 59) )
3X Hi—

16(3x% + 18x — 31+ 2x%) 32(4x+ 3+ 3x?) et 32(2x+ 2+ x2)
3
X

ey Ho + H_ 20+
8(4x3 4 10+ 30x + 21x?) 16(2x+2+x2) 4(24x — 3x% + 116+ 8x%)
H_ 10— H 12—
3X X 3X
8(8+ X% — 8x) N 8(36x — 6x% -+ 4x3 — 43) 16(—2x+2+x?)
3X
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