arXiv:hep-th/0602093v2 20 Mar 2006

U'l_bww

February 2006 hep—th/06020€3

Quantization of models with non—compact quantum group symretry.
Modular XXZ magnet and lattice sinh—Gordon model.

ANDREI G. ByTsko ! and BRG TESCHNER?
! Steklov Mathematics Institute, Fontanka 27, 191023, SerBeurg, Russia
2 DESY Theory Group, Notkestrasse 85, D-22603, Hamburg, @eym

Abstract

We define and study certain integrable lattice models with-eompact quantum group
symmetry (the modular double &f,(s[(2,R))) including an integrable lattice regularization of
the sinh—Gordon model and a non—compact version of the XXdahdr heir fundamental R—
matrices are constructed in terms of the non—compact goadilogarithm. Our choice of the
guantum group representations naturally ensures setfirtidgss of the Hamiltonian and the
higher integrals of motion. These models are studied wighhielp of the separation of variables
method. We show that the spectral problem for the integrafpation can be reformulated
as the problem to determine a subset among the solutionstrcénite difference equations
(Baxter equation and quantum Wronskian equation) whicthaacterized by suitable analytic
and asymptotic properties. A key technical tool is the stbed@—operator, for which we give
an explicit construction. Our results allow us to estaldisine connections to related results and
conjectures on the sinh—Gordon theory in continuous spawe—~Our approach also sheds some
light on the relations between massive and massless madgargicular, the sinh—Gordon and
Liouville theories) from the point of view of their integrigbstructures.
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1 Introduction

1.1 Motivation

One of the main motivations for studying integrable latticedels is their role as a lattice regu-
larization of quantum field theories in continuous spaceetilntegrable nonlinear sigma models
are of particular interest, and recently there has beenvailggdnterest in nonlinear sigma models
with non—compactarget spaces. This interest is motivated by possible egifmins to string the-
ory on curved space-times in general, and to gauge thedagberAdS—CFT correspondence in
particular.

However, the quantization and the solution of such non—@miponlinear sigma models still
represents a major challenge for the field of integrable nso@ompared to the better understood
nonlinear sigma models with compact target spaces one npggcekmportant qualitative differ-
ences, which make it problematic to apply the known techesguiom the compact cases to the
sigma models with non—compact target spaces. This poixeispglified by the relation between
the Wess—Zumino—Novikov—Witten (WZNW) models associdte@¢ompact and non—compact
symmetric spaces respectively. The solution of the lagigrossible[[TIL], but it is considerably
more difficult than the solution of WZNW models associateddmpact groups.

In more general sigma models one can not hope to find the poWeat—Moody symmetries
of the WZNW models but the integrable structure may stilvsug. In order to enter the next level
of complexity one may therefore try to exploit the integhtpiof some of these models. Turning
to a new class of models it is always advisable to look for thgkest member which still exhibits
most of the new qualitative features. In the case of the cardbWZNW models it has turned out
that Liouville theory already displays many of the relewdifferences which distinguish the non—
compact WZNW models from rational conformal field theor[€8]f Moving outside of the class
of sigma models soluble thanks to Kac—Moody or similarly pdwi chiral symmetries it seems
natural to look for a useful counterpart of Liouville theawjthin this larger class of models.

A natural candidate for such a model exists: the sinh—Gordodel. Indeed, there is some
evidencel[lZZ| LU] that the sinh—Gordon model can be seen dsfarmation” of Liouville theory
which preserves its integrable structure when the confosyrametry is lost. While there cer-
tainly exists a good basis for the study of the sinh—Gordodehm infinite volume — S-matrix
and the form factors are known [VG, FMS, KMu, BL . ILe] and theibangredients of the QISM
approach were developed |S1] — there does not seem to exist@atic approach to the quan-
tization and solution of the sinh—Gordon modeffimte spatial volume yet. Part of the problem
is due to the usual divergencies and ordering problems aftgoa(field) theory. But the other
part of the problem seems to be closely related to the nonpaoimess of the target space in the
sinh—Gordon model.

Our main motivation behind the present project was theeeforfind an integrable lattice regu-
larization for the sinh—Gordon model. This not only tameswkual short distance singularities,
it will also allow us to take care of the troubles from non—gamttness of the target space in a
mathematically well-defined framework. One particularntdea that directly follows from the
non—compactness of the target space will be the failuresofisiial algebraic Bethe ansatz method
[E1] for the model at hand. This failure means that we willdvavuse the more general separation
of variables method [$2, 53, Sm1] instead.



1.2 Lattice sinh—Gordon and the modular XXZ magnet

A guantum integrable system is a quantum systeéin.4, H), with Hilbert spaceH, algebra of
observables4, HamiltonianH, in which there exists a s&® = {Ty, Ty,...} of self-adjoint
operators such that

(A) [T,TN=0 VT, TeQ,
(B) [T,H=0 VTeQ,
(C) if [T,0] =0 forall Te€ Q, then O =0(Q).

Property (C) expresses completeness of thelsef integrals of motion. It is equivalent to the
statement that the spectrum ¢f is nhon—degenerate, i.e., that simultaneous eigenstatésg,of
k € 720 are uniquely determined by the tuple of their eigenvalues will consider the so—called
one—dimensional lattice models for which one has

H=K*N,  A=B%N, (1)

with one copy of Hilbert spack and algebra of local observablBsbeing associated to each of
theN sites of a one—dimensional lattice.

The quantum inverse scattering method (QISM)_IFST, F1] goksg way towards the con-
struction of large classes of quantum integrable modelsistype. In this framework one usually
characterize& as a representation of a Hopf algebrraf “symmetries”, and3 is generated from
the operators which represent the elements oh . It is clear that the representation theoretic
properties ofC will influence the physical properties of the resulting gregble model decisively.
Good control over these properties will be crucial in thestnrction and solution of such models.

In general it is a highly nontrivial problem to find the “righiepresentatioriC which leads to a
useful lattice regularization of a particular quantum figldory. We will here propose a particular
choice forK which will lead to a lattice model with particularly nice prerties, and which will be
shown to yield the sinh—Gordon Hamiltonian density in thetomum limit of the corresponding
classical lattice model. The representations in questiib&representations of the non—compact
real formif,(s((2,R)) of U,(sl2) which have been studied in[PTLIE3 PTZ]BT].

The non—compactness of the target space will be reflectdgeimtinite—dimensionality of the
representatioriC. It is furthermore worth noting that the same representativere previously
found to reflect a key internal structure of Liouville thedBT1,[T2]. In view of the existing
evidence[[ZZ[Ll] for the connection between Liouville the@and the sinh—Gordon model, it
is quite natural that the same class of representationsaepje our lattice version of the sinh—
Gordon model as well.

The corresponding representations possess a remarttablity — they are simultaneously
representations @f,(sly) andi/;(sl,), whereq = ¢™ andj = ¢/™ *. One may therefore view
them [E3] as representations of thodular doublé/,(sly) ® U;(slz) (see also[KLS BIT]). The
parameteb turns out to be proportional to the coupling constawff the sinh—Gordon model. The
self—duality of our representations will be directly reldtio the self—duality of the sinh—Gordon
model unde® — b~! which was previously observed in its scattering theory. ifilygortance of
this self—duality for our analysis can hardly be over—ensptes.

It turns out that there is a close relative of our lattice siBbrdon model which is simpler in
some respects. This integrable lattice model can be seemas-@ompact counterpart of the
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XXZ model with spins in infinite—dimensional representaicof the modular double. We will
refer to this model as th@odularXXZ magnet. As some technical issues are simpler in the case
of the modular XXZ magnet, we will first construct the latteodel before we turn to the lattice
sinh—Gordon model. In any case, it seems to us that the sfuithe anodular XXZ magnet is of
interest in its own right. We note in particular that desiite different underlying representation
theory, our model has many structural similarities withlee—compact XXX type magnet based
on infinite—dimensional highest weight representationslpfvhich was studied i [DKM,_KM].
The latter model plays an important role in high energy QCIHDHKI].

1.3 Plan of the paper

To make our paper accessible to a reasonably wide audiergaresented the general description
of our approach, the main definitions and results in the madtytof the paper and collected more
technical developments in Appendices. The article is argaihas follows.

In Section 2 we define the modular XXZ magnet in terms of theasgntation$; describe its
Hilbert space of states, derive the corresponding fundéah&-operatoR(u), and discuss the
construction of its Hamiltonian and the set of integrals ation Q.

The same is done for the lattice sinh—Gordon model in Se@&idWe show that the Hamilto-
nian density of the sinh—Gordon model is recovered in thdimonm limit of the corresponding
classical model. We also show that the algebraic Bethe afaiég due to the non—compactness
of the target space in the sinh—Gordon model.

An important first step towards the solution of these modelgken in Section 4. We refine
the spectral problem for the integrals of motidp by constructing the Q—operat@(«) which is
related to theT, via the so—called Baxter equation. Analyzing the propemi («), we derive a
set of conditions for its eigenvalueg(v) which can be seen as quantization conditions and which
replace the usual Bethe ansatz equations in our models. elfelgality of our representations
furthermore allows us to derive the so—called quantum Vkiansrelation for the sinh—Gordon
model with oddN, which encodes valuable additional information about thecsum.

In order to show that the conditions found in Section 4 are algficient to characterize the
spectrum we apply the separation of variables approachrtmodels in Section 5.

Section 6 contains concluding remarks on the conditionghvbiharacterize the spectrum of our
models, the continuum limit, and the relation with the tand continuum versions of Liouville
theory. We observe in particular that our results are ctargisvith the results and conjectures of
[Za,[Lu] on the continuum sinh—Gordon model in a nontriviayw

Appendices contain necessary technical details. Appefdigllects the relevant information
on the special functions that we use. Appendix B discusseptacise mathematical nature of
the self—dualityp — b~! of the representations that we use. Appendic C contains sopwtant
technical results on the structure of the monodromy ma#fppendix D is devoted to the construc-
tion of the fundamental R—operator, the key object for thestrmiction of local integrals of motion
for the lattice models. Appendix E contains details on thestwiction of the Q—operat@(u).

AcknowledgementsWe thank S. Derkachov, L. Faddeev, S.Lukyanov, N. Reshetilkdind especially
F. Smirnov for stimulating discussions. A.B. is gratefulltd@. and R. Schrader for hospitality during his

visits to the Institute for Theoretical Physics, FU-Bedimd to V. Schomerus for hospitality during a visit
to DESY, Hamburg.



2 Modular XXZ magnet

In this section we will begin to develop the QISM for thedularXXZ magnet — an XXZ type
non—compact spin chain, which hag(s((2,R)) as a quantum symmetry.

2.1 Quantum group symmetrylf, (sl(2,R))

Letq = e, v = b2, b € (0,1). We will also use the notatio@ = b + b~ 1.
The quantum group/,(sl2) is a Hopf algebra with generato#s, F, K, K ! satisfying the
relations

KE = ¢FK, KF = ¢ 'FK, LEF%:W;JKQ—Kﬁ) (2)
and equipped with the following co—product:
A(E)=EQK+K'QEF,
(E) AK)=K® K. 3

AF)=FeK+K'oF,
The relevant real form dff, (sl2) isi,(s((2,R)), which is defined by the following star—structure:
The center ot{,(sl(2,R)) is generated by the-Casimir element:

C=(2siny)*FE —qK* - ¢ 'K™2+2, cr=C. (5)

2.2 RepresentationsP, — algebra of observables

A one—parameter family of unitary representatighsof ¢/, (s((2,R)) can be constructed from a
pair of self-adjoint operatorsandx on L?(R) which satisfy[p, x] = (27i)~! as follows:

Ts(E) = Eg = et coshmb(p — s) :1[1)1(: =) et
To(K) =K, = e P (6)
WS(F) = Fs — e—wbx cosh ﬂ-b(p + 8) e—wbx’
sin vy
For this representation
C, = 7s(C) = 4cosh? 7bs . (7)

It is remarkable and important that the operatersF, andK; arepositiveself-adjoint. Indeed,
the representation®, are theonly “reasonable” class of representationsiffs((2,R)) which
have this property. This property will play a key role in muatthe following developments. It
will in particular ensure seld—adjointness of operatorhsas the Hamiltonian and the integrals of
motion. It is also the mathematical basis for the self—dyalf the representationB;, as shown
in Appendix(B (see, in particular, ed. {B.5)).

The lattice model that we are about to define will have one®fépresentatiornB, attached to
each site of the one—dimensional lattice. This means thaake

H = (LA(R))™ ®)
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as the Hilbert space of our model, and let
A= (m@))®Y, U =U,(s1(2,R)) 9)

be a set of generators for our algebra of observables. Natethib operators iod are all un-
bounded, but there exists a basis.fowhose elements are positive self-adjoint (see Appdndix B).
The latter fact allows us to construct large classasoof-polynomiabperator functions of the gen-
erators inA via standard functional calculus for self-adjoint opers&nd/or pseudo—differential
operator calculus.

2.3 Integrals of motion

As the next step we shall introduce our main ansatz for th@sstintegrals of motion using the
usual scheme of the QISM. To this aim let us assemble the gg@mgsrof.4 into the following
L-matrix acting onC? ® Ps:

Tbhu —mbu|,—1 - mhu
XXZ [ e ks —e K 7™ f
L (U) N < ie_“b“ es ewaks—l o e—wbuks ) ’ ueC. (10)

In the definition of L***(u) we have used the rescaled genera&rs;, k; which are defined by
es = (2siny)Es, fs=(2sinvy)Fs, ks=Ks. (12)

Occasionally we will omit the superscripkz for the sake of brevity. The defining relatios (2)
and [3) ofi,(sI(2,R)) are equivalent to

ng(u) L13 (’LL -+ U) L23(U) = L23(’U) L13 (’LL -+ U) ng(u) , (12)
([de A)L* = L3515, (13)

whereL* arise in the decomposition
L(u) =™ [* — e ™ [~ (14)

and the auxiliary R—matrix is given by

sinh wb(u + ib)
sinh wbu isin wb? embv

R(u) = . (15)

isin wb? e~ mbu sinh wbu
sinh wb(u + ib)

Out of the L—-matrices we may then construct the monodrdf(y),
= ) =
M(u) = (C(u) D) = Ln(u) ...« Lo(u) - Ly (u) . (16)

Of particular importance is the one—parameter family ofrafues:
T(u) = tr (M(u)) =A(u) + D(u) . a7

The trace in[(1I7) is taken over the auxiliary space, whidi’igor the models we consider.
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Lemma 1. The operatorsT,,, which appear in the expansion

N
T(U) — e7rbNu Z(_e—ZWbU)m Tm; (18)

m=0
are positive self-adjoint and mutually commutifg,,, T,,| = 0.

Commutativity of T,, follows by the standard argument from the relatibnl (12); pheof of
their positivity and self—adjointness is given in Apperiix

Definition 1. Let us define the set of commuting charge®as {Ty, T1,..., Tn}.

Remarkl. Self-adjointness of the operatofs,, m = 0,...,N ensures the existence of a joint
spectral decomposition for the fami@.

Let us emphasize that the crucial positivity of the opesaiby, is a direct consequence of
the fact that the generators, ' and K of U, (s[(2,R)) are represented kyositiveoperators in
the representatior,. This makes clear why these representations are parlicwetl—suited for
defining non—compact analogues of the XXZ spin chains. Wdatédr make a similar observation
in the lattice sinh—Gordon model.

2.4 Fundamental R—operator and Hamiltonian

Our next aim is to construct lacal Hamiltonian which commutes with the elements@f We
will adapt the approach fromi_[ETT] to the case at hand. Thennrairedient of this approach
is the so—called fundamental R—operator correspondindp (This operatorR;*” (u), acts on
Ps, @ Ps, and is supposed to satisfy the commutation relations

Ro5(w) Lys(u 4 v) Ly, (v) = Ly,(v) Lis(u 4 v) Ry5(u) . (19)
For our purposes it will be sufficiehto deal withR(u) = RXX*(u) acting onP, ® Ps.
Definition 2. Let the operatoR(u) be defined by the formula
R(u) = Pwp(u +s)wp(u —s) = P Dy(s), (20)

whereP is the operator which just permutes the two tensor factofB,i® Ps, ands is the unique
positive self-adjoint operator such that

4cosh®? s = (ms @ ms)A(C) (21)
The special functions),(z) and D, (x) are defined in AppendX A.

Theorem 1. The operatoR(u) satisfies the equatiofi {IL9) whetgu) is given by[(ID).

The proof of this theorem is given in Append¥ D, where the starction of the operator
R¥XZ () is presented for the general case# s,, see equatiori (D.14).
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The general solutioR¥*Z (u) is needed if we wish to construct an inhomogeneous spin cf@iinstance the
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one with alternating spins (see, e.4..1BD]).



The operatoR(u) has the following further properties

regularity R(0) =P, (22)
reflection property R(—u) = PR™*(u)P, (23)
unitarity R*(u) = R™'(u) foru € R, (24)

which follow from the properties of(u) and D, (x) listed in AppendiA.
The regularity condition{22) allows us to apply the stadda&cipe [ETT] of the QISM in order
to construct a Hamiltonian with local (nearest neighbonti@riaction of sites:

HXXZ = ﬂ-ib U_l [%tra (RaN(u) et RQQ(U) ' Ral(u>):|u=0

N (25)

_ § : XXZ
u:O_ Hn,n+1 .

n=1

N
= Z_:l %auDu(sn,n-l—l)

We are using the following notation: We identify; n+1 = sx,1, the cyclic shift operatol) is
defined byl f(z,,z,,...,zn) = f(z,,..., 2N, z,), and the subscript stands for an auxiliary
copy of the spac&®,. The trace operation is defined for an operddor P; — P, in the usual
way: if the integral kernel 00 in the momentum representation is given®gk|k’), thentr O =
[=% dk O(k|k). According to this definition we havie, Py, = 15.

Substituting the integral representatidn {A.20) for,(x) into (2Z3), we obtain the following
local Hamiltonian density

xxz 1 gt cos(2bt sy 1) .
montl T sinh ¢t sinh b2t

R+-10

(26)

It may then be shown in the usual manrier [IFTT] tHatommutes with the trace of the mon-
odromy matrix,T (u), which means that

[H,Tx] =0, for k=0,...,N. (27)

As in any quantum mechanical system, the fundamental protilat we would like to solve is
the problem to determine the spectrumtbfHowever, thanks to the commutativify {27) it seems
promising to first solve the following

Auxiliary Spectral Problem: Find the spectrum of the operatdr(u), i.e., the joint spectral
decomposition for the family of operato= {Ty,..., Tn}.

Simple counting of the degrees of freedom suggests thatpihetrsm ofQ may be simple, i.e.,
that an eigenstat&, of T(u),
T(U) \I/t = t(u) \I’t N

is uniquely characterized by the eigenvahfe) = e™N* SN (—e=2mbuym¢ - This would
imply thatH = H(Q), so that the solution to the Auxiliary Spectral Problem ajselds the
spectral decomposition &f.



2.5 Classical limit

Let us discuss the classical limit of the quantum Hamiltor{&d). So far we have been working
in the units where the Planck constdimvas chosen to be unity. In order to recover it explicitly,
we have to make the following rescaling

b2 hb?, p—hip, x—hTax, s—h3s, s-—h2s, (28)

so that we have = ¢, v = wb%. The operators,, f,, k, are not affected by the procedufel(28).
In the limit » — 0 they become classical variablesf, k with the following Poisson brackets
obtained by the correspondence principld,— —ih{, }

{e,k} =vke, {f,k} =—vkf, 2v{e,f} =k* k2. (29)

Using the asymptotics (computed by means of contour intiegra

e—itz 1 e—itz
lim — dt —————— =~ dt
h—02 Jgy;o sinhtsinhht 2 /R—H‘O t sinht

- (30)
—1)n ™2
S CT g1 4 e,
n>1 n
we obtain from[(ZB) the corresponding classical lattice Haman density,
Hy 5 = lim hHZ = Dlog(dcosh® mbsi), ) = £ 10g(C5 1)
= % log ((enfrt1 + fnent1) Ky, Tkt (31)

+ 2k, k24 + 2cosh(2mbs) (k2 + k2, 1) +2) .

HereCf}mH is the classical limit of the tensor Casimir operator giver{Zl).

2.6 Comparison with similar models

L-matrix (I0) and R—matriX(15) are suitable for the usualZXXodel as well. The only (but
essential) difference is that in the latter case matrixfa@ehts of the L—matrix act on a highest
weight module o/, (slz). We also remark thaf{10) differs from the most commonly uséah-
dard” L—matrix in that it contains extra factar$™" in the off—diagonal elements. The “standard”
L—matrix does not satisfy {14) but is symmetric (if the matranspositiorf’ is combined with the
operator transpositiohsuch thaf’ = e, andk’ = k) and corresponds to the symmetric auxiliary
R—matrix [3%).

Let ¢, (x) denote the logarithmic derivative of the functidp(x) defined by[[Ab). Properties
(AI18)-(AI8) show thatS,(x) can be regarded as a b—analogue of the gamma function. The
Hamiltonian density[(26) rewritten in terms ¢f(x) looks as follows

o= F (G +is) = Fun(§ —is) = H(Wu( +is) +e(§ —is) . (32)

Equivalence of these expressions is dudio (A.18). The fasteon resembles the form of the
Hamiltonian density of the non—compact XXX magrnet [DKM] esgsed in terms of the ordinary
1—function.
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The special functiomw,(u) is closely related (cf. EqL{D.7)) to the non—compact quandiilog-
arithm g, (u). Counterparts of{20) anf{Dl114) for the compact XXZ magaekIsimilar in terms
of the g—gamma function which, in turn, is closely relateth® compact analogue ¢f(«) given
by s4(t) = [T;2(1 + tg?"*1).

It is also worth noticing that the R—operatbr(20) resemtiiesundamental R—operatofs, \)
found in [EVM] for a simpler L—matrix related to the Volterraoakel [V1]. The main difference is
that the operator argumestof (s, \) has a much simpler structure in terms of the varialples
andx. It would be interesting to clarify the connection betwelease two R—operators.

3 Lattice sinh—Gordon model

3.1 Definition of the model

In this section we will begin to develop the QISM for a lattiggrsion of the sinh—Gordon model,
which hasl{,(s[(2,IR)) as a quantum symmetry. We are going to keep much of the settenp f
Sectior 2, but we will now be using the following L-matrix iact onC? @ P

. wbu,—1 _ —7wbu
L5%(u) = Lembs ( L ks — e ks ) . (33)

ewbu ks _ e—wbuks—l Zfs

L-matrix (33) satisfies the intertwining relatioh112) wledhe auxiliary R—matrix is now
given by

sinh b(u + ib)
R(u) = “einy o S
sinh wb(u + ib)
This R—matrix possesses the following symmetry
[R(u),04 ®0a] =0, (35)

whereo,, a = 1,2, 3, are the Pauli matrices. We may then proceed the same waySzsiior P2
to define the operatof (u) and the familyQ = {Ty,..., Tx} of commuting observables. We
again find (see AppendixIC) that the corresponding operatgrsm = 0,...,N are positive
self-adjoint as a direct consequence of the positivity,of,, ks. The existence of a joint spectral
decomposition for the family is thereby ensured by the spectral theorem (cf. Refdark 1).

3.2 Fundamental R—operator and Hamiltonian

Now our aim is to find the fundamental R—operaRj%; (u) corresponding to L—matrix(B3).
Fortunately, it turns out that it can be constructed from Rr@perator of the XXZ chain in a
simple way. To demonstrate this, we first introduce an autphismé such that

0(p) = —p,  0(x)=—x. (36)

It is useful to notice thaf can be realzied as an inner automorphig@) = o O o~!, whereq is
the parity operator whose action in the momentum representa defined by(af)(k) = f(—k).

11



Notice thato is unitary and satisfies™' = o. Observe that for the representati®y we have

(cf. @)
O(e) =f, 9(f) = e, O(k) = k. (37)

Definition 3. Let the operatoRS%, (u) be defined by the formula

u u

R, (W) = (k@ k)™ - (@@ 1) -REV (w) - (1@ 0) - (ko k)75, (38)
whereR} ™ (u) is given by[(2D) ifs, = s, and by [D.T#) otherwise.
Proposition 1. The operatoiRS% (u) satisfies the equatiof{IL9) whekgw) is given by[[3B).

Proof. It will be convenient to consideRSS (u) = P, RS, (u) : Py, @ Ps, — Ps, @ P,, and

S281

analogously define®}X*(u) = P,,RX*Z (u). Equation[IP) foRSS, (u) is then equivalent to

R3S (w) L3S (u +v) L3S (v) = L35 (0) L35 (u + v) R3S (u). (39)

Let us also note that, by usifg®k) ' RX%(u) (k@ k) = R¥(u), we may rewrite the expression
for RS (u) which follows from [38) as

) (40)

RiS(u) = (id @) (R,,(u)
bR (1) - (1@ k).

Ri,(u) = (k@ 1)~

The key to the proof of the Proposition will then be the follog/relation between the L-matrices
L3¢ (u) and L**%(u)

L3 () = —ie ™ o1 kT LX%(u) k't = o1 L' (u). (41)
Inserting [41) into[(39), we get an expression which comstain’’ ,(u) o1. Observe that (cf[{37))

o1 L/(u) o1 = (id®0) L/(u) . (42)
Therefore, by using(0,0,) = 0(0,)6(0,), one finds thaf{39) is equivalent to

R/zg(u) L/lg(u + U) L/lz(v) = Lllg(v) L/lz(u + U) Fvilzg(u) ) (43)
which is now easily reduced to the TheorEim 1 (its general foade}” (u)). O

It is easy to see that properti€sk22)31(24) of the R—opeddtire modular XXZ magnet hold for
R(u) = R3S (u) as well. Therefore, using the regularity Bfu), we can construct a Hamiltonian
with nearest neighbour interaction of sites by using theeseauipe that we used to derife]25).
This yields

; )
Hir = 250uRGaw) | (d® 0) S, + Llog(kikns)

1 cos(20t Sy nt1) 4 (44)
p SOSNESnnt U 100k k)
/ d sinh t sinh b%t ta 08 +1)

s

R+-40

wheres = (1 ® 2)s (1 ® @) is the unique positive self-adjoined operatorfan® P, such that

4cosh® b8 = (7, ® (0 o my))A(C). (45)
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3.3 Relation with the continuum theory

To begin with, we may first compute the classical liniit— 0, of @4) in the same way as we
derived [31). Usind{37), we obtain

H) = Log(enenst + fufust +2(k; ko Ly + knknt1)

(46)
+ 2 cosh(27bs) (k;, "knt1 + knki11)) -

In order to establish the relation with the sinh—Gordon nhadwill be convenient to change
variables as follows:

21bpy, = —3 P, , Ambx, = B (311, — @), B =bV8r. (47)

The variablesb,, andIl,, will then turn out to correspond to the (discretized) sinbrd®n field
and its conjugate momentum, respectively. The classidal died momentum variables defined
in (&4) satisfy the Poisson—bracket relatidis,, ®,,,} = 0,,,»,. The Hamiltonian[{46) now looks
as follows

Hzcilill =1 log < cosh g (1T, + I 4q) + # cosh g (P, — Ppt1) (48)
+ & cosh B(®,, — i(H + Hn+1)) + £ cosh B(Ppq1 — (H + 1))
+ P,

1 cosh 2@+ B 1) + 4 cosh By + By — (0L 4 T,00)) )

wherey = =2, In order to define the relevant limit leading to tbentinuoussinh—Gordon
model, let us combine the limit of vanishing lattice spackMig— oo, A — 0 (R = NA/27 is
kept fixed) with the limit where the representation parameigoes to infinity in such a way that
the mass parametet defined via

ImA = e (49)
stays finite. In addition we shall assume the standard quorelence between lattice and contin-

uous variables:
II, - (z)A, &, — ®(x), z=nA. (50)

We then find the following limiting expression for the Haroitian density:
) 27 R 9
Z 1 Hrsﬁlﬁrl — const + /0 dz (311° + £(0,®)* + 5z cosh BP) (51)

thus recovering the continuosmh—Gordon model.

Itis also instructive to see what happens to the L-matrikimltmit. In the classical continuous
limit, i.e., whenm in @3) is kept fixed and, A — 0, Eqgs. [Z8) and{30) show that L-matrix]33)
becomes

L5(&) — (39) + AU (u) + O(A?), (52)

whereU®¢(u) is the well-knownUU—matrix from the Lax pair for the classical continuous sinh—
Gordon modell[KBI[S1],

0SS (1) = < ' gH(aj 5 sinh(ﬁu— g@(aj)) ) ' (53)



Remark2. The classical lattice Hamiltonian densify146) resembles found in [Ta] for the
lattice sine—Gordon model. However, relation betweendgi@ntumHamiltonians is less clear
because the fundamental R—operator proposed_In [Ta] issepted as a product of R—operators
of the typer(s, A\) which we mentioned at the end of Subsecfiod 2.6. Possiltgntearesults on
factorization of R—operator§ [DKK] will help to clarify theonnection between our construction
and that used in[Ta, HV, \'1].

3.4 Failure of the algebraic Bethe ansatz

For the sake of clarity it may be worthwhile explaining in soufetail why the algebraic Bethe
ansatz is not suitable for the solution of the lattice sinbrd®dn model.

To begin with, let us observe that the L-matfix](33) has nagsevacuum state, i.e., a vectbr
such thatZ5§ (u) ¥ = 0. Indeed, this would require that ¥ = 0 = k,, ! ¥ foralln = 1,...,N.
Such a vector does not exist.

For the sine—Gordon model, one circumvents this difficulyy donsidering the composite
L—matrix, £(u), which is product of two L-matrice§ [ESIIK]. For= 7, n,m € N, expo-
nential operators’®®», ¢/%1l» admit finite—dimensional representations. In this caseetbgists a
vector U that is annihilated by s, (u). This makes it possible to apply the algebraic Bethe ansatz
technique. Let us therefore consider the analogous catistnufor the sinh—Gordon model. Let
L£5¢(u) = L5%(u) L% (u + w), where we introduced the shift by the constant R in order to
increase the generality of our consideration. We then have

g?(u) — iewbu(k Qe+ ewbw f® k) _ Z-e—wbu(k—l Qe+ e—wbw f® k—l) ] (54)
The requirement that a vectdris annihilated byC5§ (u) is equivalent to the two equations
(' @e+ ™ f@ k)T =0.

We claim that there does not exist a reasonable (even in strbditional sense) state with such
properties. Indeed, note that

k@e+e™fok=(kTaol) kloetexk) (KTa®l)™!,

whereq is the parity operation introduced in Subsecfiod 3.2. Therar(k‘% o ® 1) is unitary,
which allows us to conclude thate e + e™% f © k andk~! ® e + e ® k have the same spectrum.
However, the latter operator represe(@sinv)A(E) onPs @ Py (cf. eq. [3)). Unitarity of the
Clebsch—Gordan maps (see ApperidixID.1) implies that thesatpr has the same spectruneas
The unitary transformation used in the proof of Leniha 4 in épgix B mapse, to e2™. It is
now clear that all these operators do not have an eigenaimeatith eigenvalue zero, as would be
necessary to construct a Bethe vacuum.

Remark3. Keeping in mind that the sinh—Gordon variables are justlim®mbinations op andx,

cf. [@1), we now see quite clearly that the failure of the Bethsatz is connected with the fact that
the target space (the space in which the fields take theiesplanon—compactWe expect this to
be a general lesson.
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4 Q-operator and Baxter equation

As an important first step towards the solution of the Auxjfli&pectral Problem we shall now
find necessarygonditions for a functiort(«) to be eigenvalue of the operatd(). In order to do
this we are going to construct an operafgiu) which satisfies the following properties:

(i) Q(u) is anormal operator, Q(u)Q*(v) = Q*(v)Q(u),

(i)  Q(u) Q(v) = Q(v) Q(u),
(i) Q(w) T(w) = T(w) Qu). °)
(iv) Q) T(u) = (a(u)™ Qu—ib) + (d(u))™ Q(u+ ib).

The first and the second property imply that all opera€@fs), v € C can be simultaneously di-
agonalized and their eigenvectors form a complete systéstates in the Hilbert space. The third
and the fourth property imply that(«) will be diagonal wheneve®(w) is. One may therefore
consider the spectral problem fQ(u) as a refinement of the spectral problem Tdw).

Let us now consider an eigenstalefor T(u) with eigenvalué (u), T(u) ¥, = t(u)P,;. Thanks
to property (iii) above we may assume that it is an eigen$tat@ () as well,

Qu) ¥y = qi(u) ¥y (56)

It follows from property (iv) that the eigenvalug(u) must satisfy the so—called Baxter equation

t(u) g (u) = (a(u))th(u —ib) + (d(u))th(u +1ib) . (57)

We will construct the operatd®(u) explicity — see Subsection4.1. This will allow us to de-
termine the analytic and — for the lattice sinh—Gordon medti N odd (the SGo—model) — the
asymptotic properties that the eigenvalgg3:) must have, namely

(i) g:(u) is meromorphic inC, with poles of maximal ordeN in T_ U T,
where Ty = {s+i(% +nb+mb'), n,mezZ=}, T,=(Ty",

(58)
(i) /% (u) ~ {

exp (+ miN(s + 2Q)u) for |u| — oo, |arg(u)| < Z,
exp (— miN(s+ 2Q)u) for |u| — oo, |arg(u)| > 3.

The derivation of these properties is discussed in Sulusddi2. This means that there is the fol-
lowing necessarygondition for a polynomiat(u) to be eigenvalue of the operatdfu): t(u) can
only be an eigenvalue df(u) if there exists a meromorphic functigg(«) with singular behavior
and asymptotic behavior given in_{58) which is related(to by the Baxter equatiofi{b7).

The problem to classify the solutions to this condition icofirse still rather nontrivial. How-
ever, previous experience from other integrable modelgestg that the Baxter equation supple-
mented by the analytic and asymptotic propertles (58) isanda useful starting point for the
determination of the spectrum of the model, see also ouregtibad 6.Jl anf @2 for some further
remarks. We will discuss in the next section how the separatf variables method may allow us
to show that the conditions above are asdficientfor ¢(u) to be an eigenvalue af(u).
Convention:We will use the superscripts: andxxz to distinguish analogous operators within the
two models we consider. However, we will simply omit thespesscripts in any equation which
holds in the two cases alike.
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4.1 Explicit form of Q(u)

Let us now describe explicitly the Q—operators for the medieat we introduced in Sectiohk 2

and[3. For this purpose we will work in the representation nelibe operators,, r = 1,...,N
are diagonal. This representation will be called 8ehibdinger representatiorior the Hilbert
space of a lattice model. Lat = (z4,...,zx), X' = (2,...,25). We will denote the integral

kernel of the operato®(«) in the Schrodinger representation y,(x, x’). We will also use the
following notations

O'ES—I—%Q, 5’58—%@, (59)
wheres stands for the spin of the representatign

Definition 4. Let the Q—operatorQbi(u), b = xxz, sa, be defined in the Scbdinger representa-
tion by the following kernels

QLu(xx) = (60)
N l / /
= (D—s(u)) Tl;[lDé(&_u)(ﬂ?r ) D1 (51w (Tr1 — & 2;) Dos (2 — & 2p1)
N
Q2.(xx) =] D1 (y—oy(@r = 20) D_1 (4o (r = & 2 1) Dy — &5 20 1),  (61)

\3
Il
—

whereeyx, = 1, esc = —1, and, in the sinh—Gordon casejs related to the parameters, A as

in @9).

Theorem 2. Let T(u), b = xxz, sc be the transfer—matrices corresponding to the L—matrices

(I0) and [3B).
(i) The operatorsQ’, (u) satisfy all relations in[[55).

(i) The Baxter equatiori{35v) holds forQ”. (u) with the following coefficients

a®**(u) = 2sinhwb(u — o), d*(u) = 2sinh7b(u + o),

b . b 62
dSG(u) _ (ISG(—U) _ e7rb(u+i§) + (%)2 e—ﬂb(u+z§) ) ( )

(i) The operatorsQ’, (u) satisfy the relation
Q' () Q- (v) = Q- (v) Q' (u). (63)

The proof of this Theorem is given in AppendiX E. It is worthting thatQ” (u) anin(u) are
related by hermitian conjugation as follows.

Q () = (Ds(w)™ (Q ()" (64)

This allows us to mostly focus 0@”(u) = Q2 (u), but it is nevertheless sometimes useful to
considerQ” (u) as well. The corresponding eigenvaltgé@(u) are consequently related as

gi (u) = (D_s(w))" ¢ (a). (65)

Relation [65) will imply thag,” andg, have the same analytic and asymptotic properfigs (58).
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Remark4. It is sometimes useful to observe (see Subseiioh E.2)hba1peratoQb(u) can be
factorized as follows:

Q(u) =Y (u)-Z, (66)

The operatory”(u) andZ in (G8) are represented by the kernels

Yy (x,x') = 1_[1 D%(u—o’) (@ — & Thp) D_%(qug) (wr — 7)), (67)
N
Z(x,x) = (wp(i§ —25))" [[ Dslar — ), (68)
r=1
respectively, whereyy, = 1, egc = —1.

Remark5. The relations[(35) do not define the Q—operaldw:) uniquely. For instance, for a
givenQ(u), relations [Bb) are also fulfilled faR'(u) = ((p(u))N 0 Q(u), wherep(u) is a scalar
function andO is a unitary operator that commutes w@itw) andT (u). The coefficients in Baxter
equation[(Bb—iv) foQ(u) andQ’(u) are related via

/ - o(u) alu () — o(u) u

Thus, there is no canonical way to fix these coefficients. Heweheir combinatiom(u)d(u—1ib)
remains invariant; its value is related to the quantum dataant if the latter can be defined for
the L—matrix of the model in question (see ApperdixIC.2).

4.2 Analytic properties of eigenvalues of(u)

We now turn to the derivation of the analytic properties gfegivalues ofQ(u). More precisely
we shall prove the following:

Theorem 3.

(i) The operatorQ}**(u) and Q5% (u) are meromorphic functions afin C with poles of max-
imal orderN contained inY_, U Y.

(i) DenoteQ5%°(u) = Q3%(u) for N odd. This operator has the following asymptotic behavior

Q.. exp (+ irNou for |u| — oo, |arg(u)| < %,
Qi_GO(U) ~ + P ( ) ‘ ’ ‘ g( )’ 2 (70)
Q- exp (—imNo u) for |u| — oo, |arg(u)| > 7,
whereQ, .. are commuting unitary operators related to each other aevod
Qo=02Q- (71)

HereQ is the parity operator (its action in the Sddinger representation is given Hy{82)).

(i) Q%“°(u) has asymptotic behavior of the same fofm (70) With, replaced byQ? .
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Proof. In order to prove part (i) of the Theorem it clearly sufficextmsider the corresponding
statements for the eigenvalugs(u). Let us first explain why the properties gf (u) andg; ()
described in the theorem are the same. Given that the thewieis forg,” (u), we infer that poles
of W are contained i, U Y _,. But, since they are of maximal ordi, they cancel in[{@5)
against theN—th order zeroes o(fD_s(u))N (see properties ab,, () in Appendix[A3). Thus,
the only possible poles af, (u) are those O(D_s(u))N, i.e., they are of maximal orde¥ and
contained iy _, U Y.

The proof of part (i) will be exactly analogous for the caséthe XXZ magnet and the sinh—
Gordon model. Only the latter case will therefore be disedssxplicitly. We will study the

equation[(8b), which is equivalent to

dx dx’ ®(x) i_f‘u(x, x)Uy(x) = qj(u) (®| W), (72)
R2N
for some test—functio®(x) € 72N, whereT, is the space of test—functions which is canonically
associated to the representatignsas shown in AppendikIB. In order to find the analytic proper-
ties of ¢;" (u) let us useQS%(u) = Y5¢(u)Z to represent the left hand side Bfl72)(a8 | Z¥, ),
where

d'(x') = /RN dx ®(x) Y59 (x,x'). (73)

With the help of the Paley—Wiener theorems one easily finds ttie condition®(x) € 72N
implies that®(x) is entire analytic w.r.t. each variahle. and decays exponentially as

|®(x)| ~ e ™lexl for |zx| — 0. (74)

The kernelY,?¢(x, x") has the same asymptotics w.r.t.igsvariables, as seen from equatiénl(67)
and relation[[A.Zb). Therefore the convergence of the nalegdoes not represent any problem.
Combined with the observation that the left hand sidé_af {§#)e convolution of two meromor-
phic functions we conclude that the only source of singuknavior is the possibility that the
contours of integration if{¥3) may become pinched betwedespof the integrand approaching
the contour from the upper and lower half planes, respdgtiVéith the help of [ATl) one easily
compiles a list of the relevant poles of the keriigF (x, x’) as given in[(Gl7):

Upper half planeH_ : (1) z, € 2} — 2(u+ o) + Yo,
2) @, € —hiq + 5(u—0) + Yo,
Lower half plane H : (1) z, € ) + (u+ o) — Yo,

)

T, € 2, — 5(u—0) = Yy.

Pinching of the contour between poles from the upper andrita planes would produce the
following series of poles:

(1) u+se+Yy, (12) 2l +al,,—se -,

75
(22") w—se-"y, (21) 2.4zl +s€+To. (79)

We observe in particular that none of the pole®4fx’) happens to lie on the real axis, which rep-
resents the contour of integration for each of the integreds the variables;, in (Z2). Taking into
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account the exponential decay¥jf“(x, x’) for |z} | — oo, we may conclude that the integration
overx’ in [Z2) converges nicely. It follows that the left hand sid€[@)) defines a meromorphic
function ofu with poles listed on the I.h.s. di{I75).

In order to verify part (ii) of the theorem let us note thgt® (x, x’) has the asymptotic behavior

YuSG(X, X/) N e:l:m'Nau H e:FZWixT(x’T+1+x’T) for |u| — 0,
r=1

as follows straightforwardly froni{A26). In order to chettiat the integral obtained by exchang-
ing the limit foru — £oo with the integrations i {42) is convergent let us note tleafgrming the
integration over the variables. yields the Fourier transformatioh(k) of ®(x), with argument
k = (o), +2,..., 2y + 2). Note that the change of variablks= k(x’) is invertible forN odd.
We may therefore represent the integration avdny an integration ovek. The nice asymptotic
properties ofb (k) which follow from our requiremend < (7;)®N ensure the convergence of the
resulting integrals. Part (ii) of the theorem thereforédiak from [76) and[(86).

The proof of part (iii) of the theorem is immediate [if{64 6. 23) are taken into account.]

a { arg(wl <5, oo

larg(u)| > 5.

Remark6. Let us comment on the nature of the problems which preverded determine the
asymptotics of the Q—operators in the remaining cases.tmremaining cases one must observe
that the change of variablés= k(x’) is not invertible, which implies divergence of the integral
overx’. This is closely related to the fact that the leading asytigstoof T(u) for |u| — oo
introduces a quasi—-momentupg which has purely continuous spectrum (see equations](C.13)
and [CTI56) in AppendikIC). It follows thdt(«) can not have angormalizableeigenstate. Instead
one should work with the spectral representationpfori ~ [, dp, H,,, where the elements of
H,, are represented by wave—functions of the fdrp) (x) = €2 Pe®e U (zN_1—T0, . . ., Ty —To)-

This seems to complicate the analysis considerably. Werti@less expect results similar to
(&8-ii) to hold for the remaining cases as well.

4.3 Self—duality and guantum Wronskian relation

The explicit form [ED){6I1) of the Q—operators along witk firoperties oD, () listed in Ap-
pendix[A3 show thaQ”, (u) are self—dual with respect to the replacemient b—'. Therefore,
the Q—operators also satisfy the dual Baxter equations,

T (u) - Q(w) = (@) Qulu—ib™) + (& (u)" Qulu+ib"), (77)

where'T'b(u), b = xxz, sa, denote the transfer—-matrices corresponding to the LieratfID) and
@3) with b replaced byb—'. These are the transfer—matrices of the modular XXZ magmet a
lattice sinh—Gordon model wiit1;(sl(2, R)) symmetry, wherg = '™ The coefficientsi(u),
cZ(u) in [Z2) are similarly obtained from those .{62) by the repimenth — b~!. In the sinh—
Gordon case the mass,-: is related to the representation parameteia %mubﬁ =TS,

This self-duality has remarkable consequences, which alewbrk out explicitly for the case
of the sinh—Gordon model with odd. We will take advantage of the freedom pointed out in
Remarkb to renormalize the opera@t“(u) as follows:

Qu) = Qo e 2N+ 1) Q36(y), (78)
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whered, = %(b +b~1) andQ, . is the unitary operator which appears in the asymptdfiics (70
The Baxter equation foR(u) will then take the following form:

T5%(u) - Q(u) = (a(u))™ Qlu — ib) + (d(w))~ Q(u + ib),
mA

2 ,—mb(2utib) (79)

=
=
D
=
)
Q¢
—
SN—
I
Q¢
—
[
<
~—
I
—_
_|_
—~
]
N~—

The normalization of the operat@(u) was for later convenience chosen in such a way that
Q(u) ~ etmiou—igN(u?+o®+61) 1 for Re(u) — £oo0.

Theorem 4. The operatorQ(«) fulfills the following quantum Wronskian relation:
Qu +i6,)Q(u —id4) — Qu+i6_)Q(u —i6_) = Wx(u)-1. (80)
wherelWy (u) = ¢~ ™N(v*+o%) (Dg(u))_N andéy = (b~ £b).

Proof. Let W(u) be the left hand side of(BO). A straightforward calculatiosing the Baxter
equation and its dual form, shows th&l{«) satisfies the following two functional relations:

+1 N
W (u+ £6%1) = (eQ”bﬂ“ZZZE :zﬂgz - Z;) W(u — £6%1) (81)
A solution to both functional relations is given by the exgmien on the right hand side &f{80). If
bis irrational it suffices to notice th&¥(«) is meromorphic in order to conclude that the solution
to the system{81) must be unique up to multiplication by agrafwr which does not depend on
This freedom can be fixed by comparing the asymptotics of bialés forRe(u) — +oo using
equations[(7A0){711) (for considering the asymptoticRe&:) — —oo, it is helpful to notice that
Q% = 1). In order to cover the case of ratiortalet us notice that both sides of the relati@nl (80)
can be analytically continued from irrational valuesdb the case wherkis rational. O

From the proof of this theorem it is clear that the main inggetlis the self—duality of our
representation®,. We therefore expect that a similar result will hold for tleenaining cases as
well. However, at present we do not control the asymptotfabe Q—operators sufficiently well
in these cases.

4.4 Parity and cyclic shift

Let us consider the cyclic shift and parity operatdrand(2 defined respectively by

Uf(zy, 2. 2N) = f(T2,..., TN, 1), Qf(xy,...,2Nn) = f(—21,...,—2x). (82)

These operators commute with each other and aIsoQiLt(u) (as can be easily seen from{60)—
@1)). Hence they must commute wilH_(u), as can also be verified directly It follows that
eigenstate¥; may be assumed to be simultaneously eigenstatdsaoid(?,

QU, =+¥,, U¥,=e%T,, m=1,...,N. (83)

2Indeed, forU this is obvious from the definitiofi{lL 7) and f@rit follows from the observation th& L**%(u) Q =
o1 €78 [XX% () U3 6y andQ L€ (u) Q = o1 L5 (u) 01.
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It is therefore useful to observe thatand(2 can be recovered frof@’. () as follows. First one
may notice that the integral kern€[{60) simplifies for theapl valuesu = +o thanks to the
relation [A30). Explicitely, we have

Q(0) = (wp(2s+2Q)) -1, Qy(~0) = (wp(25+4Q)) N -U-1-Q°,  (84)

whereQ’ is defined in[E-32). Combining this observation wiffil (83§, eonclude that

m

q (o) = (wb(28—|—%Q))_N, q (o) = +e2miN (wb(2s—|—%Q))_N, (85)

where the— sign in the second expression can occur only in the sinh-@xontbdel.
Secondly let us observe that eds.](65) and (85) imply that 4+ are poles of ordeN

for ¢; (u). Indeed, using(81)[TA730), and(AI12), we find

Q@+~ (%) 1, Q-+~ () @, (86)

ase — 0. This implies
- i \N — _ i N
G (T+e)~ (o) » @ (—F+e) ~ £V () 87)

where the— sign in the second expression can occur again only in the-&ardon model.

5 Separation of variables

In the previous section we have identified necessary comgitior a functiort(u) to be an eigen-
value of T(u). If we were able to show that these conditions are alsticienf we would have
arrived at a useful reformulation of the Auxiliary SpectPabblem.

A promising approach to this problem is offered by the sejmraf variables method pioneered
by Sklyanin [S2[_S3]. The basic idea is to introduce a repriagien for the Hilbert space{ of
the model in which the off-diagonal element of the monodronatrix M(u), the operatoB(u),
is diagonal.

For simplicity of exposition let us temporarily restrictetion to the case of the sinh—Gordon
model withN odd. The operatoB(u«) has the following form:

N
B(’LL) - 4N erb(u—s Z(_)me—2m7rbu B,,. (88)

)

m=0
By Lemmdb, the operato3,,,, m = 0, ..., N are positive self-adjoint. Basic for the separation
of variables method is the validity of the following conjex.

Conjecture 1. The joint spectrum of the family of operatdrB,,,; m = 0,...,N} is simple. This
means that eigenstates Bfu) are uniquely parameterized by the corresponding eigervigiu).

This conjecture can be supported by counting the degreeseddm. However, it is not easy
to provide a rigorous proof (see also Rendrk 7 below).
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The functione=™"N“p(v) is a polynomial in the variable = e~27_ |t can conveniently be
represented in the following form

N
b(u) = —(20)N e~ ™Ns H sinhb(u — yg) . (89)
k=1
The variablegy;, £k = 1,...,N are uniquely defined up to permutations once we adopt the con-

vention thatlm(y;) € (—%, %]. This means that the representation for the Hilbert spdaa

which B(u) is diagonal may be described by wave—functidny), y = (v;,...,yy). This rep-
resentation for the vectors i will subsequently be referred to as the SOV representation.

We will then show that the Auxiliary Spectral Probleu)¥,; = ¢(u)¥,, gets transformed
into the system of Baxter equations

Hy) (y) = [ (alwn)™ Ty + (dlw) " TE | w(y), k=1,....N, (90)

where the operator§; are shift operators defined as

The coefficients in front of the shift operators [n}90) degpenly on a single variablg, which is
the crucial simplification that is gained by working in th@resentation wherB(u) is diagonal.

The key observation to be made at this point is thastmaefinite difference equatiori.(90) was
found in the previous Sectidi 4 in connection with the nemgssonditions for a function(u) to
represent a point in the spectrum. It now remains to obséatany function ¢ («) that fulfills
the necessary conditiods{5F))58) can be used to construct

N
Uy(y) = [ aelwn)- (92)
k=1

The fact that[[9R) defines an eigenstatd ¢#) is verified by comparind{90) with (57). The main
point that needs to be verified is whether the functiaiiy) actually represents an element/of
i.e. whether it has finite norm. The scalar product of veditofg can be represented in the form

<%WJ=AMwWMMﬂ%> (93)

We clearly need to know both the ran¥jeof valuesy that we need to integrate over, as well as
the measurelu(y) of integration to be used. We will be able to determine the suesdy(y)
provided that the following conjecture is true.

Conjecture 2. The functiong(u) of the product form[{89) that describe the spectrunBod)
have only real roots, i.ey, € R fork =1,...,N.

We will discuss the status of this conjecture after havinglared its consequences. Conjec-
turel2 directly implies that’ = RN in (@3). Assuming the validity of Conjectui@ 2, we will show
in Propositior R that the measufg(y) can be represented in the following explicit form

N
du(y) = H dyy, H 4sinh wh(yy, — ;) sinh b~ (yp — 1) - (94)
k=1 <k
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Knowing explicitly how to represent the scalar producttdin the SOV representation finally
allows us to check thany solution of the necessary conditiofs] (£7]),(58) defimesigenvector
| U, ) of T(u) via (@3). In other words: The condition§{b7),{58) are not only neagsbut also
sufficientfor ¢(u) to be an eigenvalue of a vecto¥; ) € H.

Remark7. Our claim that the condition§{b7], (58) are also sufficiemte functiont(u) to repre-
sent a point in the spectrum @f«) does not seem to depend very strongly on the validity of the
ConjecturdR. In this sense the conjecture mainly serves sisiplify the exposition.

In any case it is a problem of fundamental importance for #pagation of variable method to
determine the spectrum 8f«) precisely. Even in simpler models which have been studieaigal
similar lines like the Toda chailn [KL] or the XXX spin chairiSKM] there does not seem to exist
a rigorous proof of the analogous statements. The explicisizuction of the eigenfunctions of
B(u), which may proceed along similar lines as followed for theld@hain in[[KL] or for the
XXX chain in [DKM], should provide us with the basis for a fueuproof of Conjecturgl2 or some
modification thereof.

Remark8. Within the Separation of Variables method the Auxiliary &p& Problem gets trans-
formed into the separated Baxter equatidng (90). Howeleset finite difference equations will
generically have many solutions that dot correspond to eigenstates Dfu).

In order to draw a useful analogy let us compare the situatitim the spectral problem for a
differential operator likeh = —8§+V(y). One generically has two linearly independent solutions
to the second order differential equation liked> + V (y))y = £ for any choice of£. The
spectrum oth is determined by restricting attention to the subset of sgtiategrable solutions
within the set of all solutions to the eigenvalue equation.

From this point of view we may identify the conditiorlS158) amalyticity and asymptotics of
the functiong,(u) as the quantization conditions which single out the subsétiwconstitutes the
spectrum ofT (u) among the set ddll solutions of [@D).

5.1 Operator zeros ofB(u)

The adaption of Sklyanin’s observation to the case at habdded on the following observations.
First, by LemmdDb, the operatoB,, introduced in[[8B) are positive self-adjoint. Taking into
account the mutual commutativity (which follows from_{1D0)

[BM7 Bn] = O, (95)

leads us to conclude that the family of operat¢B,;m = 1,...N} can be simultaneously
diagonalized.
Conjecturd1l implies that the spectral representationh@ifamily {B,,,; m = 1,...N} can be
written in the form
) = [ _dv(b)[b)(b|W) (96)
RY
where|b) is a (generalized) eigenvector Bf,, with eigenvalueb,,,, and we have assembled the
eigenvalues into the vectér = (b,,...,by).

3By Lemmd®, we hav8, = (Bx) ™.
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It now turns out to be particularly useful to parameterize polynomial of eigenvaluelgw) in
terms of its roots. This representation may always be wrgiefollows

N
b(u) = b(uly) = —(20)N e ™N* [ sinhwb(u — y), (97)
k=1
wherey = (y;,...,yy). The variableg, are either real or they come in pairs related by com-

plex conjugation. The variableg, are uniquely defined up to permutations if one requires that
Im(yx) € (—3, 55). We will assume tha, € R according to Conjecturd 2. It then follows that
the spectral representatidnl96) can be rewritten as

= [ )1y iy 19). (99

However, pointsy, y’ in RN which are obtained from each other by the permutatipr- v; will
correspond to the same eigenstatd3¢#). This means that the spectral representatiorBiar)
can be used to define an isomorphism

H o~ L*(RN; dp)™™™, (99)

where L(RN; dy)Sy™™ is the subspace withii?(RY; du) which consists of totally symmetric
wave—functions.

Despite the fact thak{ is isomorphic only to a subspace Irf (RN; dy) it will turn out to be
useful to extend the definition of the operatd&:), B(u), C(u), D(u) from L?(RN; dp)Symm,
where it is canonically defined viE{99) 16 (RY; du). As a first step let us introduce the operators
yr Which act asy, |y ) = vk |y ). Substitutingy, — vy in (@4) leads to a representation of the
operatorB(u) in terms of itsoperators zerogy,.

5.2 OperatorsA(u) and D(u)

Monodromy matrices of the modular XXZ magnet and the latsicli—Gordon model satisfy the
exchange relation§{IL2), where the R—matrix is giverl by ét%)[34), respectively. Among these
relations we have, in particular, the following

[B(u),B()] =0,  [A(u),A(v)] = [D(u),D(v)] =0, (100)

sinh wb(u — v + ib) B(u) A(v) (101)
= sinh 7wb(u — v) A(v) B(u) + Rgs(u — v) B(v) Au),

sinh b(u — v + ib) B(v)D(u) (102)
= sinh wh(u — v) D(u) B(v) + Riy(u — v) B(u) D(v),

Ry (u) = RE*(—u) = ie™" siny, 55(u) = Ri5(u) = isiny.  (103)

We are now going to show that there is an essentially uniguesentation of the commutation
relations [I0D)-H(102) on wave—functiodgy) which is such thaB(u) is represented as operator
of multiplication byb(u) = b(uly), cf. @1).
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To this aim let us consider fdr > 1 the following distributions:
(yIAye) = lim (y|A(w),  (y|D(ye) = lim (y|D(u).

These distributions, which will be defined on suitable desisiespaces of (RN, du), can be
regarded as the result of action @n by operatord\(y;) andD(yy) with operator arguments sub-
stituted into [CB),[{CI5)[{CI6).{A.8) from the left. Thenemutation relation§.(T01)}=(T02) imply
that(y| A(yx) and(y| D(y) are eigenstates &(u) with eigenvalues(u|y’), with v = yi, F b,
respectivelyy; = y; otherwise. This, along with relationS{100), leads to thectwsion that the
action of the operatorA(y;) andD(y;) on wave—functiona(y) = (y|¥) can be represented in
the form

Alyr)¥(y) = ang(ye) T Y(y), D(yx)¥(y) = dnil(ye) TEU(y), (104)

whereTf are the shift operators defined in equatipdl (91). The funstig ;(yx) anddy (k)
are further restricted by the following identities:

dety M*¢(u) = A%¢ (u) D¥¢(u — ib) — B¥“(u) C*“(u — ib) (105)
= (4e‘27rbs cosh wb(s + u — z%) coshwb(s —u + i%))N . (106)

These identities are proven in Appendix]C.2. It follows thifesm (I04) thatdet, M(yx) =
an,k(yr)dx (yx — ib). Not having specified the measyréy) yet leaves us the freedom to mul-
tiply all wave—functions¥ (y) by functions of the forn{ [, fx(yx). This allows us to choose

N N
ank(yk) = (alyr)) dnk(yx) = (dyr)) (107)
where a%¢(u) = d°¢(—u) = e ™* 2 cosh wb(u — s — i
(u) (—u) § ( 2) b (108)
— e—ﬂb(u—z§) + (%)267%(11—25) )
We have used that the sinh—Gordon parameterA are related te as in [49).
In the special case thdt(y) is an eigenfunction of the transfer—matifX«) with eigenvalue
t(u) we get the Baxter equatiorfS{90) frondy; ) = A(yx)+ D(yx) and equation§{104) anld (107),
as advertised.
It will be useful for us to have explicit formulae fér(x) andD(u) in terms of the operatorg,
ande. In the case oN odd we may use the following formulae:

h7rb (u—1y;) N
ASS (4 sin as¢ T, 109
DSG Z H sinh 7Tb YI) (dSG (Yk))N T+, (110)
=l i sinh 7wb(yr — y1) k

These formulae are easily verified by noting that the numibernablesy, coincides with the
number of coefficients in the expansidn {IC.6) andl(C.8). lloves that the polynomialé\5¢ (u)
andD®%(u) are uniquely determined by their valud$® (y,) andD%%(yx), k = 1,...,N.
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5.3 Sklyanin measure

We furthermore know that the operatdks, andD,,, which are defined by the expansion

N-1

ASG(’U,) — _Z-e—wbuz-N 67rbN(u—s) Z (_)me—2m7rbu A, (111)
m=0
N-1

DSG(U) — _Z-e—wbuz-N 67rbN(u—s) (_)me—2m7rbu D, (112)
m=0

are positive (Lemm@l5 in Appendd C).

Proposition 2. There exists a uniqgue measuig(y) such that the operatord,,, and D,,, on
L?(RN; dp) are positive. This measuri. can be represented explicitly as

N
du(y) = H dyy, H 4sinh wb(yy, — 1) sinh b~ (yr — u1) - (113)
k=1 1<k

Proof. The similarity transformatio¥ (y) = xa(y) ®(y), where

H(wb(yk -y + %Q))_l , (114)

N
Xa(y) = H (e™ Ve wy(y — $))
f=1 i<k

maps to a representation in which the operattr(u) is represented as

N

ASC(u) = > T sinhwb(u —yi) T - (115)

k=1 I£k

Expanding in powers of™* yields a representation for the coefficiedt& that appear in the
expansion[[CI3) which takes the form

N
A = Py (116)
k=1

The coefficients,,.(y) in (II8) are positive for aly € RN, andp,,..(y) does not depend ay)..
We are next going to show that the positivity &f7 implies thatT, must be a positive operator
in L2(RN; du). Let us keep in mind thaf, satisfies the commutation relations

e~ ity1 T}; ety — obto TI; . 117)

If there was any negative contribution to the expectatidne/éb | El,jzl Pmk(y) T, | @) we could
make it arbitrarily large by means of the unitary transfatiora|®) — e!+|®). It follows that
(@ | ppr(y)T; | @) > 0foranyk =1,...,N.

It remains to notice that, since thg,.(y) are non—vanishing, vectors of the forp,,..(y) | ©)
form a dense subset ib?(RN; dyu). This finally allows us to conclude that, must be a posi-
tive operator. But this furthermore implies tr(élt,;)“ is a unitary operator which satisfies the
commutation relations

(T,;)“ etym — exp(ibltdxm) etym (T,;)“.
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It is well-known that the representation of these commaratelations by unitary operators is
essentially unique. The measure which defines the corrdsmgpiiilbert space is jusiv(y) =
Hlljzl dyk-

It remains to return in[{98) to the original representatiaa {@14), that is to compute

du(y) = |xa(y)|? dv(y). Using [AZ)-{ATID) to simplify the resulting expressioelgs the for-
mula fordu(y) stated in Propositiof 2.

For the operatoDs¢(u), a completely analogous consideration applies with thesfoamation
U(y) = xo(y) ®(y), where

Xo(y) =

T

(™™™ wy (i + 5)) " [T Cwnlyn =+ 5Q) - (118)
1<k

Thanks to the relatiof{A10) and the Conjectiire 2, we haxéy)|?> = |xo(y)|>. This leads to
the same measurg:(y) given by [IIB). O

5.4 Remaining cases

To end this section let us briefly discuss the necessary roatigh in the cases of the modular
XXZ magnet and the lattice sinh—Gordon model with ederirhe main new feature that arises in
these cases is the existence of a quasi-momeggumtich first appears in the expansions

N-1
b (1) = N1 emb(utye) H sinh wb(u — yg) , (119)
k=1
N-—-1
b6 (u) = —(2i)N " ™ N) TT sinhwb(u — yp,), N —even (120)
k=1

The variabley, requires a slightly different treatment compared togghek > 1. Considering the
states (where: = 0 for the modular magnet and= i/2 + bs for the sinh—Gordon model with
evenN)

ylAc= lim ™ (y | Adu),

W),

(

(y|Do = lim ™) (y| D(
(y|Ax = lim (—)Ne™EH) (g Afy),
( (

U——00

lim ( )N wN(k+bu) y[D( )

Uu— —00

y|Dx

and taking into account the asymptotic behaviourBgf:) and of the coefficients {ID3) at
u — +o0, we infer from the relationd (101J=(1102) that

AoV (y) = ao(yo) Tj\II(Y)7 DoV (y) = do(yo) To ¥(y),
ANT(y) = an(yo) ToU(y),  Dn¥(y) = dn(yo) T ¥(y),

where the shift operator&Z are defined analogously 5 §91) for the variaple It follows from
(C.13) and[[C.T5) that we havg(y) = dx(y), do(y) = ax(y), ao(y)an(y + ib) = do(y)dn(y —
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ib) = 1. Noting that

U(y) = lim [e”bN(%i(ib_z“)) detgM(u)] ¥(y) = (121)

u—+oo
_ {AoDo\P(y) = ao(go — iD)do(ye)U(y), 1 — +00;
ANDNY (y) = an(yo + ib)dn(y0) ¥ (y), u — —o0,

allows us to choose
ao:do:aN:szl. (122)
The resulting equation for thg—dependence may therefore be written as

im ()TN )] w(y) = (TE+T5) U(y). (123)
This relation supplements the Baxter equati¢n$ (90) in éses of the modular XXZ magnet and
the sinh—Gordon model with evéh

In the case of the modular XXZ magnet we furthermore find a kmadlification in the form of
the coefficient functionsa(u) andd(u) which appear in the Baxter equations. These follow from
the following formula for the g—determinant (see Apperd®)C

det, M***(u) = A(u) D(u — ib) — ¢~ B(u) C(u — ib) (124)
— (4 coshmb(s +u — i8) coshwb(s — u +i2))" (125)
The resulting expressions faf**(u) andd***(u) will be

() = &**(—u) = —2icoshmb(u — s —ib). (126)

The existence of the “zero mode; also leads to modifications in the formulae fofu) and
D(u). For the modular magnet and the sinh—Gordon model with Byéine number of coefficients
in the expansion{Cl6) an@(T.8) exceeds by two the numbeneobperatory,. However, in
these cases we know the asymptotic#\6i) andD(u) and therefore we will need the following
interpolation formula.

Lemma 2. LeteN™ P(u) be a polynomial ire2™* such that

e+7rb(Nu+po)’ for u — +00 ,
P(u) ~
(—)Ne=m0Nutpo) = fory — —oc0.
For an arbitrary set of variablegy, . . . , yxn_1 such thaty, # y; for all & # [ we may then write
p = sinh 7wb(u — y;)
P(u) = sinh7b(u + po + px) H sinh wb(u — yi) + Z H il P(yk),

k=1 = i Sinh mb(yk — v)

N—
wherepy = Ek:ll Y-
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Thus, for the modular magnet and the sinh—Gordon model wign &, we have the follow-
ing formulae for the operator&(u) and D(u) (recall thats = 0 for the modular magnet and
k =1/2 + bs for the sinh—Gordon model with evé¥)

N-1
A(u) = 2Ne ™ N sinh wb(u + px + px) H sinh wb(u — yy) (127)
k=1

. Z H sinh wb(u —y;) (a(yk))N T,

sinh wb(yr — yi1)

k=1 I#k
N-1
D(u) = 2Ne ™ N sinh 7b(u + px + px) H sinh b(u — yg) (128)
k=1

. Z H sinh wb(u —y;) (d(yk))N TZ’,

= ik sinh wb(yr — yi1)

where nowpy = >3] yi; notice that[px, px] = 0 and [px,yo] = 5. Furthermore, com-
parision with [CIB) and[{C15) shows that = —Zl,jzl pr for the modular magnet and
px = S r_, (—)¥py, for the sinh—Gordon model.

6 Concluding remarks — outlook

6.1 On the Baxter equations

Summarizing the results of Sectidds 4 &hd 5, we arrive at tia nesult of the present article. We
will formulate it only for the case of the sinh—Gordon modethaN odd for which our analysis
is most complete, but from our previous discussions and merniaseems clear that very similar
results should hold in the other cases as well.

Main result: A functiont(u) is an eigenvalue of the transfer—-matii¥“°(u) if and only if there

exists a functiory,(u) which satisfies the following conditions

(i) q:(u) is meromorphic inC, with poles of maximal ordeX in T_, U Yy, ]
exp (+imNou — i%Nuz) for |u| — oo, |arg(u)| < 3,

Qt(’LL) ~ . . 2 T
exp (—irNou —iZNu®) for |u| — oo, l|arg(u)|> %

(i) t(u) ge(u) = (a(w)) " gr(u—ib) + (d(u)) ge(u + ib)

where d(u) = a(—u) = 1 + (mA)2 g=mutib)

(iv) q:(u) satisfies the following quantum Wronskian relation

qe(u +1i64) qr(u — 04 ) — qr(u+i0-) gr(u — 10-) = Wn(u),

where Wy (u) = e~ ™(*+%) (D (u)) .

(129)

The corresponding eigenstafg in the SOV representation defined in Seclibn 5 is represexged
in @2).

We have therefore succeeded in reformulating the speatobllem for T(u) as the problem to
determine the s&b of solutions to the Baxter equation which possess the ptiepdi)-(iv) above.
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It should be observed that conditions (i)-(iii) already swain the possible functiong (u)
rather strongly. Let us consider

Qu(u) = (rb(% —i(u+ )T (§ —i(u - s)))_quu), (130)

whereTy,(z) = Ta(z|b~1,b), with 'y being the Barnes Double Gamma function defined in Ap-
pendix/A. The functior®), () will then have the properties

a) Q(u) is entire analytic of order 2 irCC,
[ (a) Qi(u) ] (131)

(b) () Qu(u) = (A(w) Qi(u—ib) + (D(u)) Qu(u+ib),

The explicit form of the coefficientsl(v) and D(u) can easily be figured out with the help of the
formula [€9) and the functional relatioriSTA.4).

Property(a) combined with the Hadamard factorization theorem (sedf@)yimply that Q;(u)
can be represented by a product representation of the form

Qi(u) = '@ ﬁ’ (1 - ﬂ) , (132)

where the prime indicates the canonical Weierstrass regalen of the infinite product. The
function r(u) in the prefactor is a second order polynomial which can bekemout explicitly.
The Baxter equatiori . (57) then implies that the zerpsnust satisfy an infinite set of equations,

(Aur))™ Qu(uy, — ib)
(D ()N Qe(ug + ib)’

which may be regarded as a generalization of the Bethe aagations. However, as it stands it
is not quite clear if these equations represent an effictarntirsg point for the investigation of the
spectrum of our models.

The quantum Wronskian relation (iv) encodes remarkablatiaddl information which can
not easily be extracted from the conditions (i)-(iii) abovd/e plan to discuss its implications
elsewhere.

-1 =

keN, (133)

6.2 Continuum limit

It is certainly interesting to discuss the consistency afresults with existing results and conjec-
tures on the sinh—Gordon model in continuous space—timéud.éherefore now show that our
findings are consistent with Lukyanov’'s remarkable conjextLuU] on the ground state wave—
function for the sinh—Gordon model in the SOV representatio

Recall from the Subsectidn_B.3 that we are interested inithié N — oo, A — 0, s — 0
such thatm = 2e ™ and R = NA/2r are kept finite in the limit. We are interested in the
limiting behavior of the Baxter equation and of its solusorLet us first note that the poles of
q:(u) move out to infinity whers — co. Also note that according to properfy {129—ii) rapid decay
is found only within the stripS = {v € C;|Im(u)| < @/2}. By noting thatmA = O(1/N)
in the limit under consideration one sees that the coeffisief), d(u) in the Baxter equation
([I23-iii) become unity whelv — co. Most importantly, let us finally observe that the right hand
side of the Wronskian relatiof {I29-iv) approaches a cahéta N — oo.
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Our results therefore strongly suggest the following cctojiee on the conditions which charac-
terize the spectrum of the continuum sinh—Gordon modeler80V representation:

(i) q:(u) is entire analytic

(ii) ¢(u) decays rapidly forlRe(u)| — oo, u € S,

(i) ¢(u) satisfies a difference equation of the form
t(u) gr(u) = qi(u — i) + qe(u +1ib), (134)

where t(u) is periodic underu — u + b~ !,

(iv) qi(u) satisfies the following quantum Wronskian relation

i qe(u+i04) q(u —idy) — q(u+id-) qp(u—id-) = 1. |

Our next aim will be to show that, by adding one supplementandition, one gets a complete

characterization of the functiap,(«) which was proposed inlLu] to describe the ground state for
the continuum sinh—Gordon model in the SOV representation:

(v) ¢o(u) is nonvanishing withinS . (135)

We claim that the solution to conditions (i)—(v) is essdhtianique and given by the formula

mR cosh Gu dv log(1+4Y (v))
] _ —— o 136
og d0(v) 2 singb / 2Q cosh G(u—v)’ (136)
R

which expresseg(u) in terms of the solutiorY’(u) to the nonlinear integral equation

log Y (u) = —mR cosh Fu + / % S(u—wv)log(l+Y(v)), (137)
R
where the kerneb(u — v) is explicitly given as follows:
2 sin &b cosh Su

S(u) < Q (138)

" sinh 5 (u +ib) sinh & (u —ib) -
These equations form the basis for the calculation of thargistate energy [Za] and other local
conserved quantities of the continuum sinh—Gordon madéll {ithin the thermodynamic Bethe
ansatz framework.

For the reader’s convenience we will present the outlinencdrgumertt which establishes the
equivalence between (i)-(v) and {136}, (1L37). Let us defmauwilliary functionY (u) by the
formula

1+Y(u) = go(u+id4)go(u —idy). (139)
Assuming thaty(u) satisfies the properties (i), (i), and (v), one can take tyatithm of [13P)
and then solve the resulting difference equation by Fourarsform, which leads to the repre-
sentation[(I36). Re—inserting this representation irtdtonskian relation (iv) shows that(u)
must satisfy[(137).

A proof of Lukyanov’s conjecture [[u] therefore amounts twwing thatgy(u) must satisfy
the properties (i)—(v). We find it very encouraging that dudy of the lattice sinh—Gordon model
gave us strong support for the necessity of properties\))—(

“This argument is inspired by the considerations[if [Za] astiggestion of F. Smirnov (private communication,
see also[ISni2]). However, the key point of our argument, mathe origin of the quantum Wronskian relation (iv)
seems to be new.
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6.3 Connection with lattice Liouville model

Relations between the compact XXZ chain, lattice sine—Gomiodel, and the (imaginary field)
Liouville model was investigated in_[FT] from the view poiof the QISM. Let us show that

similar connections exist between the modular XXZ magexttice sinh—Gordon model, and the
(real field) Liouville model. Following[EIT], we introducéé L—-matrix

L (u) = e 2o L% (u+¢) e3mbCos , (140)
where( is related to the representation parametand the lattice spacind ase™ = A e,
and the operators andx in 33) are related to the discretized field and its conjugadenentum
as follows

2rbp=2rb( — B®,  dmbx=2mb(+[B(AN-®),  B=bV8r. (141)

Comparison with[{47) and{#9) shows that the new variabléisett: by [T41) are related to these
of the sinh—Gordon model via a canonical transformation,

M=11¢, BOo=p30+21b(, e ™ =20, (142)

In the¢ — +o0 limit L-matrix (I4Q) turns into

811, 2 _—Bd,\ 2T, . bu—L®,
es'" (1+A%e B ) €s —iA ™3 ) (143)

—2¢A sinh (Wbu + g@n) 6_% In

L"(u) = CETOO LS (u) = (

It is natural to expect that this L—matrix describes somesteas limit of the sinh—Gordon model.
The corresponding U-matrix obtained according to formB,(

Loy s II(x) —jeu7%@)
UHw) = ( —2i sinﬁ(u+ g@(:ﬁ)) —%H(aj) ) ’ (144)

reproduces the Liouville equations of motion via the zerovature equation (seé_[IFT] for de-
tails in the case of sine—Gordon model and imaginary Lideifield). This observation suggests
that [I43B) is a suitable L-matrix for describing the quantattice Liouville model in the QISM
framework.

Although the limiting procedure ifi.{I#3) has not been mathtirally rigorously developed yet
(in particular, there is a subtle question of intercharigjbof ¢ — +oo limit with the classical
limit), the results of the present article provide furthgpgort for the proposed connection between
the sinh—-Gordon and Liouville models. First, observe thattwist bye3™¢° and the shift of
the spectral parameter i {140) do not change the corresmpadxiliary R—matrix [34) and the
fundamental R—matrix given in Propositibh 1. Therefore, lthcal lattice density of the classical
Hamiltonian corresponding t@_(140) can be obtained by subisg (I42) into [46). Taking then
the limit{ — +o0, we obtain the following lattice Hamiltonian density (upeaio additive constant)

Hyslyy = lim H3GY = 3log(§eosh § (I + ) 4§ cosh § (2 — @) (145)

_|_ %2 6_§(¢n+¢‘n+l) (1 _|_ e%(nn"‘HrrFl) COSh g((ﬁn — (I)n-i-l))) ,
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which in the continuum limitf{30) yields the Liouville Hartohian:
27 R
Z LH | — const +/0 dr (112 + § (8,®)* + 2e77%). (146)

The second observation that we can make to support the mopefationship between the
lattice sinh—Gordon and Liouville models is the followirighe transfer—matrix corresponding to
(TZ0) is given byT¢(u) = T5¢(u + ¢). Therefore Q% (u) = Q5¢(u + ¢) satisfy (cf. [79)) the
Baxter equation

T¢(u) - QL (u) = (ac(w)™ QL(u — ib) + (de(u))™ QL(u + ib),

‘ (147)
where ac(u) 1+ A2e wb(2u—ib) ’ dc(u) — 1+ A2 e—7rb(2u+4§+2b) )

Hence forT" (u) = lim¢—, 100 T¢(u) andQY (uv) = lime—, 400 Qi(u) (the limits are meaningful if
T (u) anin(u) are expressed in terms @fandlII), we obtain the Baxter equation

T () - QY (u) = (1+ A2 ™= NN QY (4 — ib) + QY (u + ib), (148)

which coincide? with the Baxter equation derived for the lattice Liouvilleodel by a different
method in[[K1[EKY].

We finish by noting that in the continuum limify — oo, A = O(1/N), the coefficient
(14 A2 e”b@“"'b))N becomes unity. This suggests that the Baxter equation éeitpenvalue
q¢ (u) of the Q—operator for the continuum Liouville model is

() g (u) = qF(u—ib) + qr(u+ib),  t“(u+ib~l) =t"(u), (149)

which coincides with that for the continuum sinh—Gordon eldd@34—iii).

However, it seems to be crucial to observe that the asynogtotiperties of the functiog; (u)
will certainly differ from those found in the case of the si@ordon model. Indeed, for any
model, the asymptotic properties @{«) are related to these ofu). Comparing the structure of
the L-matrices[(33) and{IK3), we see that the transferbmat(u) corresponding to the latter
L—matrix has asymmetric asymptotics fee(u) — +oo. This seems to be related to the fact that
the sinh—Gordon potentiabsh 5® () is spatially symmetric while the Liouville potentiat 7 ()
is asymmetric. As a consequence, we expect that the setutiosw to the Baxter equation {1149)
describing the spectrum of the continuum Liouville moddl W& quite different from the set of
solutions to the same Baxter equation which characterteespectrum of the continuum sinh—
Gordon model.

These observations seem to offer a key to the understanditite oelation between massive
and massless theories from the point of view of their intelgratructure.

Smodulo notations, in particuladh = 1 in [K1] [EKV]
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A Special functions

A.1 Double Gamma function

All the special functions that we have to deal with can beiokthfrom the Barnes Double Gamma
functionT'y(z|w,,w,) [Ba], which may be defined by

[e.e]

0
log To(x|wy,w,) = (a Z (x+n,w, + nzwz)_t> . (A1)
t=0

ny,n,=0

The infinite sum in[[Al) is defined by analytic continuatiarh its domain of convergence
(Re(t) > 2) to the point of interestt(= 0). One may alternatively use the integral representation

C e %t log(—t) dt

1
Cy L = (A2
5 272(£L'|w1,UJ2) + o /C (1 — e_wlt) (1 . e“"lt) t ( )

log Iy (x|wy,w,) =

where the contouf goes from+-oco to +oco encircling0 counterclockwise(' is the Euler’s con-

stant and
(22 — w; — w,)? B w? + w?

Bs o (T|lwy,w,) = (A.3)

dwiw, 12w w,
The integral is well defined iRe(w,) > 0, Re(w,) > 0, andRe(z) > 0. It satisfies the basic
functional relations

1_ = 1z
2 wy

oz + wy|wy,w,) Nor w? “» Loz + wslwr,w,) — Wi
= 27T 5 — 27T .
Dy (z|wy,w,) INz/w,) Ty (z|wy,w,) Ix/w,)

(A.4)

( r|lws,w,)) "t is an entire analytic function of order 2 w.r.t. its variablevith simple zeros at
r = —mw, — nw,, Wherem andn are non—negative integers.

A.2  Function wy(x)

In what follows we will be dealing with

To($ —izb™,b
wy(x) = 2(5 | ) (A.5)
Lo(% 4 izt b)
In the strip|Im(z)| < % functionwy(x) has the following integral representation
T dt —2itx
= — b2+b —— A.6
(@) eXp{ o ( SRR A v sinh 1 } (A.0)

R+-10

where the integration contour goes around the pete0 in the upper half—plane. This function
is closely related (cf. EqQL{DL.7)) to the remarkable speftiattion introduced under the name of
guantum dilogarithmn [EK2Z] and studied in the context of quantum groups andyjiretkle models
in [E2,[Ru,/Wo | PTR, K, K2, BIT, TiZ, M2].
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Analytic continuation ofw,(z) to the entire complex plane is a meromorphic function with th
following properties

self-duality wy(z) = wy-1(x), (A7)

ibil
functional equation wy(w + 2 = 2 cosh(nb*'z), (A.8)

wy(x — b+
reflection property wy(z) wy(—2x) =1, (A.9)
complex conjugation wy(x) = wy(—x), (A.10)
zeros/poles (wy(z))™ =0 < +x € {i%+nb+mb~tn,m € 22°}, (A.11)
residue Res wy(z) = 2L ) (A.12)

T=—1% ™

2

e~ FEHHET) for [u] - oo, Jarg(u)| < T,
wy(w) ~

asymptotics _
y p e+%(1‘2+%(b2+b72

(A.13)

) for |u| — oo, |arg(u)| > 5.

Notice thatjw,(x)| = 1 if 2 € R. Thereforeuw,(0) is unitary if O is a self-adjoint operator.
The functionw (x) allows us to define a whole class of new special functions. ppedixID
we will use in particular the following b—analogues of thgplygeometric functions defined by

Sb Uk-l-T

P LUV LV = T A.14
LU U Vi Vi) /dT HSka—i—T (A.14)
where the special functiof,(z) is defined by
Sp(z) = wy(iz — Q) (A.15)
and has the properties
self-duality Sy(z) = Sy-1(z), (A.16)
functional equation S,(z+b*!) = 2 sin(rb*'z) Sy(z), (A.17)
reflection property Sp(z) Sp(Q —x) = 1. (A.18)
A.3 Function D, (z)
Let us also introduce another useful function
Da() = &) (A.19)
wp(x — @)
Combining [A®) with [A2R), we derive the integral reprataion
, dt cos(2tz) sin(2at)
D, (z) = — . A.20
() eXp{z / 2t sinh bt sinh% ( )
R+i0
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D, (x) is a meromorphic function with zeros &tz € T_, and poles at-tz € T, where the set
T, is defined in[(BL). The functio®,,(z) is self-dual inb (but we will omit this index) and has
the following properties

_ _ Du(z+ 465 coshb™ (z + a)
functional equation Doz — ibil) = b ey p— (A.21)
x—parity D,(z) = Dy(—2x), (A.22)
reflection property D, (z) D_,(z) =1, (A.23)
complex conjugation D, (z) = D_5(Z), (A.24)
] e~ 2mioT for lu| — oo, |arg(u)| < 5
x—asymptotics D, (x) ~ ori (A.25)
et for |u| — oo, |arg(u)| > %,
| eI O it Ju] — oo, Jarg(u)] < 3
a—asymptotics D, (x) ~ 4 Lo (A.26)
e-i-wr(x +a?+75 (2 +b72)) if ’u‘ — o0, ’arg(u)‘ > %
Also, the following identity is obvious from the definitioA{19)

Notice that| D, (z)| = 1 if « € Randz € R or z € iR. Therefore,D,(O) is unitary ifa € R
andO is a self—adjoint or anti—self—adjoint operator.

A.4 Integral identities for D, (x)

Here we will give some integral identities involving prodsiof D—functions. These identities can
be regarded as summation formulae for the b—hypergeonfetrations®,. introduced in[[ATH).

Let us denotex* = —% — o« and introduce the function

Alag,ag,...) = wp(ar—a]) wp(ae—a3) ... . (A.28)

Notice that(a*)* = a and henced(af, o3, ,...) A(aq, ag,,...) = 1.
Lemma 15 in[[PTR] and Egs. (26)—(27) In.[EKV] can be rewriteenthe following property of
the functionD,,(x) under the Fourier transform:

/ dz €™ Do (z) = A(a) Dor (y) . (A.29)
R

Taking into account thdim,,_.o D, (x) = 1, we obtain from[[A2ZP) as a special case

lim  A(a*) Dy(z) = (z) . (A.30)

a—»—%Q

Hered(x) on the r.h.s. is the Dirac delta—function and this relatibaudd be understood in the
sense of distributions. Indeditn, ., A(a*) = wy(£Q) = 0 and the L.h.s. offA30) vanishes
2
almost everywhere. On the other hand, the only double poIE_QfQ(a:) isatx = 0.
2
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Using [A29), it is easy to derive the following relation

/ dx 627rizm Da(Z’ . u) Dﬁ(w . ’U) _
: (A.31)
= A(a, ) em=tt) /Rdy ™) Dow (y + 3) Dy (y — 3).

Choosingz = o* + *, we can use[{A27) in order to rewrite the product/s$ in the integrand

on the r.h.s. as a single functiob,« 5« (y + a*gﬁ* ), and then apply[{A29). This yields

/ dx 2™ H8T D (6 — ) Dz —v) =
R

' (A.32)
= Ao, B,0*+57) 2TCHI Do (u— ).
In the casex* = —3*, Eq. [A30) can be used and we conclude that
/ dz Do(x —u) Dg(z —v) = A(a, 5) §(u — v) (A.33)
R
holds in the sense of distributions provided that 8 = —iQ.
Lemma 3. The identities
/ dz Do (x—u) Dg(x—v) D, (z—w) (A.34)
R
= A(a, 3,7) Do (w—v) Dgs (u—w) Dyx (v—u) ,
/ dx Do (x—u) Dg(x—v) Dy (v—w) Dy, (z—2) (A.35)
R
Da i (’LL—U)
= Ao, 8,7,w) 0439 / dx Do (x—v) Dgx (x—) Doyx (x—2) Dyr (z—w)
Da-i—ﬁ-i—%Q(w_z) R

are valid provided thaty + 5 + v = —iQ in (A34), anda + (8 + v + w = —iQ in (A39).

Proof. Relation [A3#) follows straightforwardly from Eq. (19) [K2], where functionyy(x) is
our g (e2™*) (cf. Eq. [O:)). Also, in other notations, relatid0 (Al34)Eq. (11) in[V2].

Eqg. (A33) provides two expressions for a function which waate asd (u, v, w; a, 5,7). In
order to prove[[A.35) we multiply two copies &I (Al34) and quuite the following integral

/dtI(t,u,v;V,a,ﬁ)f(t,w,z;,u,%w), (A36)
R

wherev+a+ 6 = p+v+w = —i@Q and we impose an additional condition+ ;» = —i@Q. Then
the I.h.s. of [A3b) is obtained if we substitute for this the expressions on the I.h.s. B (Al.34)
and use relatiof{A:33). The r.h.s. 8 (Al35) is obtaine@dly from [A36) if we substitute for
the I's the expressions on the r.h.s. BI{A.34) and use alsqthat —v*. O

B Positivity versus self—duality of the representationsP;

The representatioriB; are distinguished by the property that the operatqfs.), v € {E, F, K}
are positive self-adjoint. We are now going to show that pinigperty is closely related to the

37



remarkable self-duality of these representations ubderb—! which has such profound conse-
guences for the physics of our models.

To begin with, let us remark that there exists a linear b&sis!(2,R)) for ¢, (sl(2,R)) such
that all elements: of B,(s((2,R)) are realized by positive operatorg(u). Such a basis is, e.g.,
given by the monomials

n

¢t% C'E™ K" represented by C (K,)

mn p I,m,n€e€Z, I,m>0.
g~ 2 C'F™ K" represented by Cj (Ks)

2
2
The elements dff, (sl(2,R)) are clearly realized by unbounded operatord4(R). It is there-
fore useful to consider suitable subspa@ésc L?(R) of test—functions on which all operators

ms(u), u € Uy(sl(2,R)) are well-defined. In order to describe a canonical choiceZfdet us
represent the elements 6f by functionsf (k) such thap acts agpf)(k) = kf (k).

Definition 5. Let 7, be the space of function&(k) which satisfye®*! f ¢ L2(R) for all a > 0,
and which have an analytic continuation@\ (T, U YT_), where

T, = {8+i(%+nb—|—mb‘1), n,m € ZZO},

(B.1)
T, = {s — z(% +nb+mb_1), n,m € ZZO} .
On the spaceg; the action o/, (s[(2,R)) is given by
Es f(k) = [$ +is — ik], f(k +ib) , o
K f(k) = e ™ £(k), B.2
Fof ) = [t is+ k], fe—ipy, TH =TI (:2)

where[z], = :‘;jrgg .

The distinguished role of the spaggis explained by the following result, which shows that the
space€l; is canonically associated to the representatign

Lemma 4. 7; is the largest space on which all (u), v € U,(sl(2,R)) are well-defined, i.e.,

,Ts = ﬂ Du ) (BS)
u€By(sl(2,R))

whereD,, is the domain of the unbounded operatafu), u € B,(sl(2,R)). The space§;, s € R
are Fréchet spaces with topology defined by the family of seminorms

Il = 22@(778(”)]“)%) |, u € By(sl(2,R)). (B.4)

Proof. It is easy to check that,(u)f € 7, for all f € 7. In order to show that the conditions in
the definition ofZ; are all necessary, let us first observe #fdfl f ¢ L?(R) is clearly necessary
for K f to be well-defined for alh € Z. In order to determine the conditions grfor E7 f to
be well-defined, let us consider the unitary operétpe= w;(p — s), where the special function
wy(x) and its properties are described in ApperddixIA.2. We ther hav

n —1 _  2mnbx
U ,-E)-U; " =e .
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The intersection of the domains ef™* for all n € N consists of functiong;(k) that are
analytic in the upper half plangl,, see, e.g.[lS, Lemma 1]. The corresponding functions
f(k) = (Uslg)(k) = (wy(k — s))~tg(k) may have poles in(,. Similar arguments applied
to F? allow us to complete the proof of the first statement in Lerfiilna 4

In order to verify the second statement, we mainly have tovdhat the spacé is complete
w.r.t. the topology defined by the seminorris—{B.4). Thisdiok from [B:B) together with the
observation that the self—adjoint operatat$u), v € B,(sl(2,R)) areclosedonD,,. O

We regard LemmBl4 as the key to the mathematical understaoditne dualityp — b~! of
our representation®,. Indeed, let us introduce the operatérs F,, K, obtained by replacing
b — b~!in @). These operators generate a representa®ionf 1/;(sl(2,R)), § = €™ on
the samespaceZ,. The spaceT;, is associated to the representatiBp as canonically as it is
associated t®,. Moreover, it is easy to see that the representaﬁpnommuteé with P, on 7.
It is therefore natural to regarf, as the natural space on which a representation ofrtbeular
doublet/, (s((2,R)) ® Us(sl(2,R)) [ET] is realized.

Another way to make the self-duality of the representatiBpdransparent uses the rescaled
generators introduced ifi{ll1). These generators and thaimterpartss,, f,, k,, obtained by
replacingb with b= are related as [BT]

= (&), () =), (k)b = (k)" (B.5)

o=

(es)

These observations express quite clearly that the repetaTs of the two halves of the modular
double I, (s((2,R)) andif;(s((2,R)), are related to each other like the two sides of the same coin.

C Structure of the monodromy matrix

This appendix is devoted to the derivation of some simpléjrbportant structural properties of
the monodromy matrid (u),

_ AN(U) BN(’U,) _ W) - . W) - u
M(u) = (CN(u) DN(u)> = Ln(u) - ... La(u) - Li(u). (C.1)

C.1 Expansions in the spectral parameter

Introduce the following notations for € N,

n

(C.2)

n—1 if n—even;

n—1 if n—odd; n if n—odd:;
n ifn—even;’

SCommutativity of P, and P, only holds on the dense domaifi but not in the usual sense of commutativity of
spectral projections
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Lemma 5. The elementdy(u), Bx(u), andDy(u) of M(u) have the following form:

N
AXXZ () — erbu _ me—mebu AXXZ ’ (C.3)
N N,m
m=0
N-1
BXXZ(4,) = ieNﬂbu me—2m7rbu BXXZ ’ (C4)
N N,m
m=0
N
Dl)\(IXZ(u) — eN7rbu Z( )m —2mmbu DXanv,7 (C5)
m=0
[N]
AIS\IG(U) — Z[N] ewb(]'N]u—Ns) Z(_)me—2m7rbu Als\ﬁrrw (C6)
m=0
[NJ
BIS\IG(U‘) — _Z'LNJ e7rb(LNJu—Ns) Z (_)me—2m7rbu BIS\IC,;mﬂ (C?)
m=0
[N]
DIS\IG(U') — Z[N] eﬂb((N]u—Ns) Z( )m —2mmbu DN s (C8)
m=0

whereAy ., Bx,m, andDy ,,, are positive self-adjoint operators.

Proof. Let us consider the case of the XXZ chain, the other case beirygsimilar. The definition
of the monodromy matriiy (u) yields the following recursion relations

AR (1) = (e™kn — e ™ kAR (1) + ie™ N (u), (C.9)
N (u) = (e™ky — e ™ kB (u) + ie™ DY (u), (C.10)
2 (u) = (€™ kgt — e 7™k ) CXE (u) + ie ™ en AR (u), (C.11)

DX (u) = (e™"ky' — e ™"k ) DX (u) + ie ™ ey BXXZ . (u), (C.12)

whereky = ks ® 1 ® ... 1 etc. Using these recursion relations one may inductivebyvsthat the
operatorsAy ., Bx,,m andDy ., are linear combinations of monomials of the form

WMo oul, b e {enf ko k')

with positiveinteger coefficients. It remains to note that an operatockvis the sum of positive
self—-adjoint operators will be self—adjoint on the intetgm of the domains of the individual
summands. These obserations reduce our claim to the gelirtagss and positivity of;, f;, ks.

]
Lemma 6. The leading terms oy (u), Bx(u), andDy(u) at e™* — +oo are given by
xxz A(N 1) f, Axxz xxz A(N 1) k
’ (C.13)
Bﬁ(l\zl—l _ A(N )]c7 Axxz Dxxz A(N 1) k1 ’
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whereA (™ is then—fold co—product defined viA(™+1) = (A™ @ id) o A, with A©®) = id and
AM = A, andA™ is defined analogously for the opposite co—prodi€t) = A’

BXo = Oodd (AN=D =1y BX'x = oda (AN-D ),

N — odd: ARy = Ooaa (ANDF) | ANy = Ooaa (AN F) | (C.14)
D%, = oaa (AN"Ve),  Dix_; = foaa (AN e),

N —even: ASE, = Oeven (ANTVK), ASE( = foven (AN"D k1) (C.15)

AR - DREY = feven (AND k)

(

Bls\lc,;o = Oeven (A(N_l) f) ) Bls\f(?N_l = Oeven (A(N_l) f) )
(
(

wheref,qq = On_10...603001 andbeyen = Ono. .. 04060 are compositions of the automorphism
@314) at odd/even sites.

Proof. Egs. [CIB) follow easily from the decompositidn](14) of tmresponding L—matrix.
Egs. [CIb) are obtained by analogous consideratiab®if(u) is replaced withoy L'(u) (see
1)) and formulal{42) is used. In order to apply this appnoacthe N odd case, one has to
multiply the monodromy matrix with an extr from the right (which leads to the interchange
A « BandC < D). O

C.2 Quantum determinant

Let us discuss connection between the so caijleahtum determinardand coefficients:(«) and
d(u) which arise in the Baxter equatidn{62). Since for the madulagnet we use R—matrik{[15)
which is not symmetric, the corresponding quantum deteantimvill differ from the “standard”
formula applicable, e.g., for the sinh—Gordon model. Tfeeeewe commence by deriving the
required expression.

Lemma 7. Let L(u) be an L-matrix, satisfying the relatiof{12) with the awadi R—matrix of
the form

sinh b(u + ib)
sinh wbu i sin b2 e™bEU

" . (C.16)

R(u;§) =

isinmh?e sinh wbu

sinh b(u + ib)

and letM(u) be the corresponding monodromy matrix defined[Dyl(C.1). dk@nfing element
(quantum determinant)

det, M(u) = A(u) D(u — ib) — ¢~ B(u) C(u — ib) (C.17)
is central, i.e.[M(v), det, M(u)] = 0, and can be written as follows
dety M(u) = (dety L(u))" (C.18)

where the quantum determinantiofu) is defined by the same formula{d.17) (wWiltu) replaced
by L(w)).
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Proof. Existence of the quantum determinant is due to the degéme@tthe auxiliary R—matrix
R(u; &) = P R(w; €) atu = —ib,

0
¢ -1

R(—ib; €) = isinmb? T1 g

(C.19)
0

It is interesting to notice that this matrix is proportion@h the standard basis) to the one—
dimensional projectorPg onto the spind representation in the tensor square of sé)inepre—
sentations off ¢ (su(2)).

For R(u;0) the statement of the Lemma is well-known (see, €.0.,[KBH)the generic case
¢ # 0, one can observe that the gauge transformation

— \/ — Lrbeuor:
Lw)=g," Lu) gy, M) =g,"M@u)gy,  go=e2z™"3 (C.20)

yields L—matrix and monodromy matrix which satisfy the tiela (I3) with the auxiliary R—matrix
R(u;0). Therefore

dety, M(u) = A(u) D(u — ib) — B(u) C(u — ib) (C.21)
).

commutes with entries d¥l(u) and hence with entries &fl(«). Using [C:2D) in order to rewrite
([C21) in terms of entries d¥1(«), we obtain [C117).
In order to prove[[C.18) it suffices to observe that

dety M(u) - Rig(—ib; €) = My (u) Mg (u — ib) Ria(—ib; ), (C.22)

which yields also three different expressions equivaler{€i1T) if we take into account the rela-
tion Ryo(—ib; £) My (u — ib) Ma(u) = My (u) My(u — ib) Ry2(—ib; &) which is a particular case
of (@2). Now if M'(u), M”(u) satisfy [I2) with the same R—matrix and their entries conemnut
then we have

dety (M’ (u) M”(w)) - Ria(—ib; &) = MY (u) MY (u) My (u — ib) M5 (u — ib) Rya(—ib; €)

= M (u) M)(u — ib) MY (u) M5 (u — ib) Ry2(—ib; &) = dety M'(u) - det, M"(u).  (C.23)

Whence [C.1I8) follows immediately. O

For the models that we consider, Lemigha 7 yields

det, M**? () = A(u) D(u — ib) — ¢~ B(u) C(u — ib) (C.24)
=(4 coshwb(s—l—u—ig) coshwb(s—u+ig))N, (C.25)

dety M3¢(u) = A(u) D(u — ib) — B(u) C(u — ib) (C.26)
= (46_2”173 coshwb(s +u — zg) coshwb(s — u + ig))N . (C.27)

Proving the Propositiddl 5 in Appendix E, we will deal with noainomy matrice$7|(u) obtained
from M(u) by a gauge transformation with a matiiX(«). Notice that suchM(u) satisfies the
exchange relatioi {12) with an R—matrix

Ris(u,v3€) = Gi(u) Ga(v) R(u — v;€) Gy (u) Gy (v) (C.28)
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which is notof the form [CIB). Therefore, for generd@(«), LemmaY does not apply td(u).
Nevertheless, there exists a class of gauge transforrsatibich preserve the quantum determi-
nant in the following sense.

Lemma 8. Let M u) satisfy [I2) with the auxiliary R—matriR(u;¢) of the form [CI6). Let
M(u) = ( ) be its gauge transform defined by

M) = G(u) - M) - G w),  Glu)=(19),  p=e ™

pl 0 (C.29)

wherepg is a c—-number, which does not dependuoiThen
det, M(u) = A(u) D(u — ib) — ¢~ B(u) C(u — ib) = det, M(u), (C.30)
where the r.h.s. is defined according to Leniha 7.

Since entries oM (u) are linear combinations of entries bf(u), it follows thatdet, M(u) is

central, i.e.]JM(v), det, M(u)] = 0. Thus, the L.h.s. defines the quantum determinant correspon
ing to the R—matrix[{C.28).

Proof. Although R(u—v; &) andR(u, v;£) are in general not equal, they coincideat v = —ib.
Indeed, using the explicit form a@¥(u), it is easy to check that

G1(u) Ga(u — ib) R(—ib; €) = R(—ib;€) . (C.31)
Observing also thal{C22) holds faet, M(u) as well, we derive

detq|\7|(u) Ria(—ib;€) = ()Mz(u—ib)Rm(—ib'f)

= G1(u) My () GT ' (u) Ga(u — ib) Ma(u — ib) Gy (u — ib) Ria(—ib; )
= Gl(u)Gg(u—z’b)M (u) My (u — ib) G5 (u — ib) Gt (u) Ria(—ib; &)
= G1(u) Go(u — ib) My (1) My (u — ib) Rio(—ib; )
= G1(u) Go(u — ib) Ryg(—ib; &) - dety M(u) = Rya(—ib; €) - det, M(u),
which proves the assertion of the Lemma. O

It is important that the gauge transformations used in tioefpof the Propositiofill5 belong to
the class of gauge transformations described in Lefdma §;dtkeespond tg = 1 and¢ = 0,
respectively. This fact allows us to relate the quantumrdateants of the models in question
and the coefficients of the corresponding Baxter equatigasgjuick inspection of the proof of
Propositior’b shows that

(a(w) d(u — i)™ = dety M(u), (C.32)
where the r.h.s. is given bl {Cl25) ahd (G.27), respectively

D Construction of the fundamental R—operatorR(u)

For the proof of Theorer 1 we will need the following matefiram [PT2,[BT].
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D.1 Clebsch—Gordan maps

Let the spaceM be defined by the direct integral

®
M= ds Ps. (D.1)
R+

Realizing elements of; as functionsf (k) leads us to represent the elements\dfby families
of functionsf = (fs; s € RT), wheref, = f,(k) € 7, for all s € RT. We shall define the
multiplication operatos by

sf = (sfs;seRT). (D.2)

To any family( O, ; s € R™) of operators or?; we may then associate an operafgron M in
the obvious manner. We have the corresponding canonidgahauft/, (s[(2,R)) on M via

Fs(X)f = (ms(X) fs; s € RY), VX €Uy (sl(2,R)). (D.3)

The Clebsch—Gordan mafs, s, were defined inl([PT1, PT2] as a family of operators

Cszsl : Psz & Pgl — M. (D4)

The Clebsch—-Gordan mays, ;, intertwine the action ot{,(s((2,R)) on Py, ® P,, with the
canonical action ovM in the sense that

Cs,s, - (M5, @ms, )A(X) = 75(X) - Cs,5, VX €Uy(sl(2,R)). (D.5)

D.2 R-—operator and braiding
Let us introduce

Rszsl = qHSZ®HSl gb(esZ ® fsl) qHSZ@HSl . (DG)

Here the anti—self-adjoint operatbi, is defined byk, = ¢"s, andg,(z) is the non—compact
qguantum dilogarithnrelated to the special functian,(x), defined in AppendikA, via

( 27rbm)

e HOHTHE iy (—2). (D.7)

=€

The R—operatoR;, s, satisfies the following relation5 [BT]

Rs.s, - (7"8; ® 781) (X ) = (7"8; ® Wsl)A/(X) Rs,s, (D.8)
Re.s, (e, @ks') = (e, @k, ) Ress, (D.9)
Rs.s, (Ks, ®f )= (ks_ @ fs, ) Rs,s, s (D.10)

whereX e U,(s[(2,R)) andA’ stands for the opposite co—product.

The braiding operatoB : Py, ® Ps, — P, ® Ps, is defined byB,,;, = PR,,,,, whereP
is the operator that permutes the two tensor factors. In fdtlatvs we will need the following
statement.
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Proposition 3 (Theorem 6 in [BT]). The braiding operator is diagonalized by the Clebsch—
Gordan maps in the following sense:

Cs,s. Bsuss = Q0 - G, s (D.11)

$281

where(); , is the operator onM associated vigl{DI2) to the scalar function

05 = ewi(sf+s§—s2+%2) ) (D.12)

S281

In the particular case;,, = s,, one can regard the permutatiBras an endomorphism &f;, ®
P, and then Propositidd 3 allows to relate it to the R—operator:

02
P =Ry, e (52057 (D.13)

D.3 Proof of Theorem[1

We will consider the more general R—operator defined®Pon® Ps, by the formula

) 2
Rslsl (’LL) = Rszsl e+7rz(s§l—sf—s§—%) Du(SZl) 5 (D14)

where the special functioh,, (z) is defined by Eq[{A9) in AppendIX]A, ard, is the unique
positive self—-adjoint operator such that

4 cosh? bs,, = (75, @ s, )A(C). (D.15)

It follows easily from relation[[D.13) thaR(u) = Rss(u) coincides with the fundamental R—
operator defined earlier iR{R20):

R(u) = Pwp(u+s) wy(u —s) = P Dy(s) . (D.16)

To begin the proof of Theorefd 1, which is somewhat more irelthan the proofs of the
analogous results in the case of highest weight repregamgatli,[F1,BD], let us observe that
Eq. (I9) is equivalent to the following set of equations

Ras, (1) A(LT) = A'(LF) Ry, (u), (D.17)
Rszsl (u) &j(u) = T(ﬁij(—u)) Rszsl (u) s Z,] = 1, 2, (D18)

where L* were introduced in[{A3)E{14); is the flip operation:(a,, ®bs, ) = bs, ®as,, and the
operatord;;(u) are given by

Ca(u) =e™ ey, @F, +e™ k! @k, +e ks, @k, (D.19)
Ca(u) = €™ ks, @Fs, + e ™ f, @k, (D.20)
Uon(u) =e™e;, @k +e ™ ks, Dy, , (D.21)
Uoo(u) = e ™" f,, @ey, +e ™k @ ks, + ™ ks, @K (D.22)

The verification of the relation§ {D.117) is easy. Introdigcin

rszsl (u) = R_l : Rszsl ('LL) ) (D23)

S, 81
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it follows from (D.8) that [D.1IV) is equivalent to the systerinequations
rszsl (u) A(X) = A(x) rSZSl (U) . (D24)

Validity of the relation [D.2K) follows fronjs, A(X)] = 0.
The verification of the relation§{D.118) is somewhat har@erbegin with, let us observe that it
suffices to verify relation{D.20), say.

Lemma 9. Validity of (LI8) for(i, j) = (1,2) implies thatR,, 5, (u) satisfies the three remaining
relations in [D.I8) as well.

Proof. Equivalence of thé€1,2) and(2, 1) equations in[{D.18) can be established by invoking the
automorphisnt, defined in[(3F7). Introduce, = (§®0)or. Itis easy to see thaf(Rs,s, ) = Rs,s,
and 7, (A(C)) = A(C). Therefore s (Rs,s, (1)) = Rs,s, (u). The claimed equivalence of the
(1,2) and(2,1) equations in[{D.18) follows now by observing thgt/,,(u)) = £,,(u).
In order to prove that relatiofi (D.L8) fdi, j) = (1,1) follows from the validity of relations

(CI8) for (i,5) = (1,2), (i,4) = (2,1) and [BIT), let us consider the following object:

X(u) = q(k2, @ k2 —k;2 @ k;2) loa(u) + ks, @ ks, (e7™"Cs, @ 1+ ™1 ® Cy, )

+k @k (™ C, @1 +e ™1®C,y,). (D.25)

The operatofk?, @ k2, —k; 2@k %) does not have a normalizable zero mode. Validity of relation
(BI8) for (i, j) = (1, 1) therefore follows from

Ross, () X(u) = 7(X(=u)) Ry, (u). (D.26)
Validity of this relation follows from the observation thé{«) can be represented in the form
X(u) = (ks, @ ks,) Caa(u) (s, @75, ) Ale) — (k! @ k) (u) (s, @7, )A(f) . (D.27)
Exchanging« < k=! in (0:217), we can derive relatiol (D18) foi, j) = (2,2) in a completely
analogous way. O

It remains to verify relation[{D.A8) fofi, j) = (1,2). This relation may be rewritten in terms
of the operator,, ;, (u) defined in[[D.2B) by using the relatidn{ID.9). We concludé tkidity of
(D.18) follows from the validity of

Fs,s, (1) (62’“’“01 + 02) = (62”17“ 01 + 03) rs,s, (W), (D.28)
where we have introduced the convenient abbreviations
O,=e;, ® ks_l1 ,

O,=R;L (k;'®es, )Ry g - D.29
OZEkSz®e317 ’ ( : ) o ( )

$281

In order to prove that;, s, (u) satisfies[[D.28) it will be convenient to use the Clebsch-€@or
mapsCs, s, introduced in SubsectidnD.1. Let us observe thaf(D.24)ienhat the r—matrix is
diagonalized by the Clebsch—-Gordan maps:

Corsy *Fons, (U) = T;zsl (u) - Cs,s, (D.30)

wherer; . (u) is the operator ovM associated to the scalar functief, (u) via (O.2).
In order to further evaluate equatida{D.28) we will need ¢satibe the image§,, (=1,2,3
of the operator®, under the map§,_ ,, which are defined b{,,,, - O, = O, - C,.,.
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Proposition 4. The operator), can be represented as follows: gf= (g9s;s € RT) € M then
O¢g = ((Org),; s € RT ), where

1
(Oeg)s(k) = > Ay (k) T4 g, (k-+ib), (D.31)

v=-—1

whereT% g, = gs+ib. The coefficientst,””*** (k) are symmetric under exchangesgfands,,
AYE (k) = A (k) (D.32)
and are otherwise related to each other by
Ag.;szl (k) _ 6+27rbys+i7rb2y2Alljlesz (k) 7
1/7'5 s 27h imh212 1/7'5 s (D33)
A3;Sz 1(k) — e— TOVS—1TT0"V Al;Sl z(k) .

The proof of Propositiofl4, which is somewhat technical ivelgin Subsectior {DI5).
Proposition# together with equation {DL30) allows us toriathe defining relation{D.28)
as a commutation relation satisfied by the correspondingatgs onM. Applying (0.28) to a
function g; and matching the coefficients in front of.;, (k+ib) in the resulting equation, we
derive functional equations ary , (u),
rzj-szlby(u) (627rbu All/jzzsl (k?) +Ag;jlsl (k?))
= (AT () A () i, ().

The caser = 0 holds trivially. Taking into accounf{D.32) and{DI33), E¢E.34) forv = +1
are equivalent to a single functional equation,

rEtib(u) (2™ +¢) = (2™ + ) vl (u), (D.35)

12 ~ 2 . . .
where¢ = ™" +2ms n terms ofFS , (u) = e " r? . (u) one may rewrite this functional

S$281
relation as follows

(D.34)

s+il s—il
fsjsf (u) coshh(s + u) = 7s,s,° (u) coshmb(s — u). (D.36)
Recalling that the special functian,(x) satisfies[[A.B), we conclude that equatibn{I}.35) is solved
by the expression far; , which follows from eqn.[[D.14) vid{D.23) anB{DI30), namely
m’(sz—sf—sz Q2) wb(u + S) '(82—52—53—(‘?—2

e A Y | X )
o = ° T) Dy (s), (D.37)

rss (U) =e

whereD,,(z) is defined in[[AID).
Property [A24) implies that-? . (u)| = 1if u,s € R. Sinces,, is self-adjoint, we infer that

S281

r$ . (u) is a unitary operator for. € R. On the other hand propertly {A]10) implies thgtx)

§281

given by [D.T) satisfiegy,(z)| = 1 for z € R*. Sincee, ® f, in (O.8) is positive self-adjoint, we
infer thatR;, 5, is unitary. The unitarity oR;, s, (u) for u € R follows. O
Let us finally remark that relatiof {A:P6) leads to the follogyasymptotics oR;, s, (u)

Rs,s, (1) ~ e~ im(w’ ) Rs,s, for Re(u) — 400
Rs,s, (u) ~ etim(u?+...) Rs,s, for Re(u) — —oo, (5-38)

whereR, , =P -R;L -P.

S, 81
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D.4 Clebsch—Gordan and Racah—Wigner coefficients foP,

In order to prove Propositiof 4 we will need to describe thebSth—Gordan maps;, s, more
explicitly. For the following it will be convenient to usedhvariablesa, = % + is, in order

parameterize the representatiods, » = 0,1,2.... The Clebsch-Gordan mags,;, can then
be represented explicitly as an integral transformafior2[[BTI):
Rk = [ dhadin 132152 53] 7O b), (0.39)

The kernel which appears on the right hand side, the sodcbl€lebsch—Gordan kernel, was
calculated in[[PTZ, BIT]. It is of the general form

[ |7 k] = (ks — ka2 — k1) [os |33 %) ] (D.40)

az g

where the functior as | 32 §'' | is given as

_%iaglz)sagg)f) em(kraa—kaar)

[ a2 aj

_¢ (0)
a = ®.(R1, Ry, R3; ;T —Qon ). D.41
3| ko kl] Sb( B ) 3 Q) 3( 1, 412, 37317327537 123) ( )

In equation [D.40) we have used the special funcliofiR;, Rs, R3; S1,S2, S3; ) defined in
(A 14) whose arguments have been chosen as follows:

Ri=ar+iki S =alll+o +ik
Ry =02 —iky 8y =al)+ay— ik
0
Rg == 0452)3 53 = Q
Here and below we are using the following notations:

(1)

Qi = Q5 + ap — i,
2 _ © _ .. .
Qi = o + i — oy, aijk—al—l—aj+ozk—@.

3
az(jl)f = + a; — O,
The precise relation to the b—Clebsch—Gordan coefficieata {BT] is as follows:

a3 | ag a1 _ E a3 | 2 O]
[ks ko ki }here = Voo [kg ky ki ]BT (D.42)

with phases/;3,,, chosen as

g

(2% )_1 = Sp(az + a1 — a2)Sp(as + a2 — a1). (D.43)

Q201

The b—Racah—-Wigner coefficients are then defined by theaelat

[

a1 CVO] |:CVS a2 Ofs]

k1 kol Lks | ke ks
1 as |t a o2 o D.44
= [deefmamy (RIn R En), O
S
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whereS = %Jrz‘RJr. The coefficientq. .. } can be represented explicitly by the following formula

g a1
a2 o3

as } _ Sp(ap 4+ ag + az — Q)Sy(as + g — ) Sp(as + o — )
I Sy 4 a2+ a3 — Q)Sp(a3 + a2 — ) Sz + s — 2)
Sb(at + oy — Oél)
Sb(ozs + ag — Ozl)

(D.45)

®,(Ur,Us,Us, Ug; Vi, Vo, V3, V5 0)

where
Uy=as+a)—aq Vi=Q-ar+as+a3—ap
Uy=as+0Q —ap— o Vo=o4 +as+as— o
Us=as;+as+az—Q V3 = 2a
Uy =as+a3—as Vy=0Q.

For completeness let us note that the b—Racah—-Wigner deetfi¢- - - } are related to the corre-
sponding objects from [PT2] via
v 3

(6%
Q205 ap o
a2 a3

v
ap a1 | o } _ To1qg
a2z az | &t fhere

The b—Clebsch—Gordan and b—Racah—-Wigner coefficients armennorphic functions of all of
their arguments. The complete set of poles may be describtallews [PT2[BT]

ap a1
a2 a3

% } has poles at

Q — ozggs = —nb—mb 1, oz:()ft)o = —nb—mb 1,
t=0,1,2,3, (D.47)
Q — agbl)o = —nb—mb 1, agé)l = —nb—mb 1,

wheren, m € Z=°.

[0!3 a2 ag

v | % %0 ] has poles at

Q_a{()fz)l = _nb_mb_la L207172737
+iki=o; +nb4+mb 1,  i=1,2, (D.48)
+iks =Q — as +nb+mb L,

where agaim, m ¢ Z=°.

D.5 Proof of Proposition[4

Our proof of Propositiori]l4 will be based on the following monél identity satisfied by the
b—Clebsch—Gordan kernel.

Lemma 10.

[ea %) Sl [os |55 0'%a]
1
. (D.49)
=D Felai 2] oo [ 7 % ] Taalos | 511,

7=—1

"We take the opportunity to correct some typos in these nefe®
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whereT7, f(as) = f(as + 7b), k3 = ka2 + k1 and we have furthermore used the notation

[[ as (IJ;; —Oz%zl ]] = 27Tik1];{§§al [as zj 2‘11] ,
IWT [Eii :?g ] = 2mi CMT;EEf§§FbT { ;;g Ei; Eil } ,

We have the explicit formulae

Ei(lxa'_éxa '_Zxa ) 1
[[ag (zs —Oz%q ]] _ ezt 2 1 Jnr— Sp(ca Zk‘g? 7 (D.50)
Sb(ag + ag — al) Sb(al + a3 — Zkz)
as « Sb(2a3 —2b— Q) .
2 1 _ _
F_[32 %)= Sy(2on D) sinwb(ae + a1 — a3) (D.51)
as Sb(2a3 - Q) .
2 1 e e _
F.[a2 %)= S,(201 ) sinmb(ag + ag + a1 — Q) (D.52)

X sinwb(ag + ap — o) sinwh(ag + ag — ),

whereA, = a(Q — «).

Given that LemmE&J10 holds, it becomes easy to complete thed pfdropositior# as follows:
Notice that the left hand side df{DJ49) can be written as

ar —b as a bk (01 — 1k — Dy az a
Lo |50 ] [os | % mitn] = e 1m[03 ha kaib]
eﬂka (K o F )t [ o Ofl]
= O /o s S s )
Sp(2ay +b) 2T k2 ha
whereQ! denotes the transpose of an operatoPan® P, defined by
[ b, ) @9)hask) = [ dhadb (O'f) ok glhss k). (D5
Equation [D.2P) may therefore be written in the form
. 1
(Kee ®Bs)" [os |5 0] = D A5 (ha) To, [os |35 01 ] (D.54)

T=-—1

where
A (ky) = e ™Sy (2a0 + 0)Fr [03 %] [[en [ 2557 3]
By using the explicit expressions {DI5L).(D.52) one maylgasrify that the coeﬁicientsﬁlgglsl
are symmetric under the exchangesgfands,, as claimed. This completes the proof of all the

relevant statements of Propositidn 4 for the case of theadmeDd-.
In order to cover the remaining cases let us observe that

0y = Ksz ®E;, = lesl 04 Bs_llsz R
03 =R,L (K;! ®Es,)Rs,s, =B.L 01B,s, ,

S$281

(D.55)

whereB = PR is the braiding operator.
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Therefore, invoking Propositidd 3, we conclude tBatandO3 also satisfy Propositiod 4 with
coefficientsA;s>°* (k), r = 1,2, 3 being related by

Vs, 8 Qg‘i'slbl’ ViS81 8 VS, 8 QSSS V818
Ay (k) = le —A (k) A3 (k) = Qs;iblyAl;’sl *(k), (D.56)
S182 S281
respectively. The proof of Propositiéh 4 is complete. d

Proof of Lemma&Zl0Our starting point is the defining relation for the b—RadAfgner symbols,
equation[[D.44). Our claim will follow from{D.44) as an idénp satisfied by the residues of the
meromorphic continuation of (D-#4). We need to analyze #hevant limits step by step.

Ui =as+ayg—a; — —b:

Note that in the limitl/; = o + ag — a1 — —b the contour of integration in the definition @f,,
eqn. [A13), gets pinched between the poles of the integsaad) — V;, = 0 ands = —U; — b

as well as between = Q — V; + b = b ands = —U;. This implies that®, has a pole when
U; = —b. In order extract the part which gets singular in the limitlenconsideration one may
deform the contour of integration iETAIL4) to the sum of tvieles arounds = 0 ands = b plus

a contour which passes to the right of the pole at b and which approaches the imaginary axis
at infinity. The residue is given as

1 ,nﬂszb(Ug)Sb(Ug)Sb(UZ;) (1 sinﬂbUgsinﬂbUgsinﬂbU4>

Tor ™ sin wbV; sin wbVs sin wbVs

27 Sp(V1)Sp(V2)Sp(V3) (B:57)

Considering the behavior df--- } atU; = —b, one finds that the pole 6b, atU; = —bis
canceled by the zero from the prefactst,(as + ap — 1)) ~t. Taken together one obtains the

following special value fof- - - } atas + ag — a1 = —b:
Qo o1 ‘ as—a1—bl _ Sb(Q — 20[() - b) Sb(at + Qg — al)
2 a3 at 55(2(011 —ag — b)) Sb(ag + oo — a1 +ap + b)
Sb(ag + oy — 040) Sb(ag + ap — Ozt)

(D.58)

Sp(az +ap —ag — b) Sp(Q + a3 —ay — ag — b)

sin wbUs sin mbUs sin wbUy
_ 1 .
Splaz + a0+ = Q) < + sin wbV; sin b V5 sin b V3 >

The parameterty, Us, Uy andVi, Vs, V3 are now given by
Uy =0Q —209—0 Vi=Q—a;+az—ayg—2>
Us=a1—ap—b+ag+as—Q Vo=a;r+ag—ag—0>
Uy=0a1 —ag—b+az —a Vs =2(a1 —ap — b).

ko — iag:

In the same way as in the previous paragraph one may showhth&tClebsch—Gordan coeffi-

cients[ 3% | %1 %] and[ %2 | % % | develop poles, with residues given iy {0.50).

Continuation tdRe(ag) = —bwith Re(az) = € — 5,0 <6 <b< b L.

The left hand side of{D.34) is analytic in the range undersaeration. In order to describe the
analytic continuation of the right hand side let us note iéte continuation fromRe(ag) = @/2
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(k)

to Re(ap) = —b exactly three poles,;, = a; ', k = —1,0,1 cross the contour of integration,
namely
_ 1. (k) _
k=-1: oy’ = ag + ap,
k=0: agk) = a3,
k=1: agk):ag—ao.

The analytic continuation of the right hand side[of (.44 yrtteerefore be represented by replac-
ing the integration contou in (0244) byC = S U U}C:_l Cr, with C; being a small circle around

the poles aty; = agk).

Limit oy — —bwith Re(as) =% —0,0<d <b<b '

We observe that the integral ovBrvanishes due to the factd,(QQ — 2a; — b). This is not
the case for contributions from the polag = aﬁk), k = —1,0,1. Our claim now follows by
straightforward computations. O

E Construction of the Q—operator Q(u)

E.1 Preliminaries

Let us now enter into the construction of fQeoperators. We begin by collecting some useful pre-
liminaries. We will work in the Schrodinger representatwhere the operators., r = 1,...,N

are diagonal. We will need operatdds €2, and J, defined in the Schrodinger representation by
the following integral kernels

N N
U, x) =[] 6@ —27),  Qxx)=]] 6z, +27), (E.1)
r=1 r=1
N
Js(x,x') = (wb(i% - 23))N H DS_%Q(:UT —a). (E.2)
r=1

U is the cyclic shift operator defined iR_{82).andJ, are products of local operators,

N N
Q=]a., =] (E-3)
r=1 r=1

Here j, is the operator which intertwines at the sitethe representation®, and P_; of
Uy(s1(2,R)) (see [PTR]), andr, is the operator which realizes at the sitehe parity opera-
tion: . f(xy, 25, ..., 2p,...,2N) = f(z1,2,,...,—2p,...,2N) (Whence, p,., = 6(p,) and
Q. %9, = 6(x,.), where the automorphistis defined by[(36)).

We will denote the standard scalar productioifR) by (f|g) = [, dx f(x) g(x). For a given
operatorQ, its transpose®’ and hermitian—conjugate@* are defined, respectively, by (the bar
denotes complex conjugation)

(O'flg) = (fIOg),  (O*flg) = (f|Og). (E.4)
This definition extends to a matrix with operator—valuedfiicients as follows
t * *
(Lt)z'j = (L) (L )ij = (Li)" (E.5)
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i.e., component-wise. I is represented by the integral kerri@({x, x’), then the kernels of its
transposed and hermitian—conjugated are given by

O'(x,x)=0(x,x),  0"(x,x)=0(,x). (E-6)

In particular, we have
Ul =U*=U""t, QA=0"=Q, (E.7)
JE =1, Jr=J_,=J7" (E.8)

In the Schrodinger representation we have- x, p! = —p, x* = x, p* = p and hence (as seen

from (@)):
el=e,, fi=f,, K=k (E.9)

s
Properties of the transfer—-matrices of models in questibh respect to the transposition and
hermitian—conjugation are described by the followingestatnt.

Lemma 11. For the operations defined by (ff.4) afid {[E.5) we have
(TX%(w)" = (N T (), (T¥w)" = T(~w)  (E10)
(T3 (w)" =T (@), (T¥(w)" =T (), (E.11)
whereT _(u) = Js Ts(u) I3
Proof. Taking into accounf{E]9), we observe that the L-matric& &hd [3B) satisfy

(L?XZ(u))t - 0y e7rbuo’3 Liﬁz(—u) e—7rbuo’3 o3,

t (E.12)
(L3%(w))" = 03 L3} (—u) o3,
Substitution of these relation into
THu) = tr (L))" - (LY)" ...« (LK)") = tr (Lk - ... Ly - LY) (E.13)
yields [EZID). Relationd{E]L1) are derived analogouslynbiicing that we have(L(u))* =
o3 L(u) o3 for both models in question. O

A consequence of this Lemma is that it suffices to prove The@&@enly forQEr(u). Indeed,
using [E-6) and{A24), it is easy to conclude that

Q" (u) = (D_o(w)™ (Q} ()" (E.14)

Therefore relationd (B5—i)=(b5—iii) fa®’ («) then follow immediately if we takd {E-11) into ac-
count. To check the Baxter equatidil(55-iv) @t (u), we take hermitian—conjugation @f{55-iv)
for Q% (u), using [Bb—ii) and the propertf {E110). After replacemehtidoy u this yields for
Q” (u) = (Q’.(a))" the following equation

T () Q% (u) = (a(@))" Q7 (u+ib) + (d(w))
Using relations[{A.21) and (A 23), we observe that

atw = 25 R dw = P aw),

Whence we conclude th&” (u) defined by [E-14) satisfieE{55-iv) (with the same coeffisient
a(u), d(u) asQ’ (u) does).

NQP (u—ib). (E.15)

(E.16)
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E.2 Construction of Q—operators

In order to construct the Q—operators explicitly let us adeisthe following general ansatz for the
Q—operator:
Qu) =Y(u)-Z. (E.17)

We will prove Theoreni]2 foQi(u) in three steps: first constructing a suitable solution for
Y’ (u) by requiring the Baxter equation to hold, then determining form of Z°, and finally
checking that the obtained Q—operator satisfiek (55). Tétestiep in this proof is based on the idea
to find such a gauge transformation of the L—-matrix that itonees effectively upper—triangular.
This approach was originally applied by Pasquier and GajRig] to the Toda chain. Our com-
putation has many similarities with the maodification of thpproach developed inIDe, DKM] for
the non—compact XXX magnet.

Proposition 5. Let Tb(u), b = xxz, sc be the transfer—matrices corresponding to the L-matrices
(I0) and [3B). LeY’(u) be defined in the Schdinger representation by the kernel

N

Y.(x,x') = H D

r=1

(u—0) (‘TT — & ‘T;“—l—l) D—%(u—‘,—o’) (wr - x;») s (E.18)

1
2

whereeyxy; = 1, e5¢ = —1. ThenQb(u) of the form [E1I7) satisfies the Baxter equatibd (8p—
with coefficientsi(u), d(u) as specified in eq{62) of Theoré&n 2.

Proof. Let us introduce the gauge—transformed Lax operators r@msformation depends on the
site number-):

=~ -1 10
Ly(u) = GE~+1 L (u) - (GE«) ’ Gy = (pz 1) (E.19)
p;(XZ — ewb(2m’r—u) ’ piG — 627rb:v’r ) (E.20)
The relevant matrix elements of the new Lax matrices arengiye
(Z2w),, =4 (prprsn)
/

X (cosh (% — & )y + 5(0 — u)) coshmb(x, — 2. + 3(0 + u)) ky

N

(E.21)

— coshb(x, — &, 2l — (0 — u)) coshmb(x, — 2}, — (0 +u)) kr_l) ,

(EE"(U)> o 23, ™ (T =Er ) (6%6b mb(u=0) cosh mb(x, — ), + %(U +u)) ky

— ¢35 ™(0-U) ¢ogh Th(x, — 2l — (0 +u)) kr_1> ; (E.22)
(ﬁ(@)m = 230, €"0(@p17r) (e%”b(c”r“) cosh wb(x, — €, 2,1 + %(U —o))k !
— 3 0) cosh wh(x, — &y atsy + 2 (0 — u)) kr) , (E.23)
wheresyyy, = 1, seq = —ie ™05,

In the Schrodinger representation, operatarsk. ! act as shifts ofr, by i%b. Using the
functional relation[[A21), it is straightforward to appE21) toY; (x,x’) and verify that the
condition

(L3(w)),, Yo(x,x') =0 (E.24)
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is satisfied for altk’ € RN. This implies thatZB(u) becomes upper triangular when acting on
Y? (x,x’) so that we can calculate the action\f(u) onY;’(x,x’) as

n_ (TDL (L2 (w) * /
I\/Ib(u)Yb(x,x)—< 1 0 1 I ()., V2 (x,x). (E.25)

Hence, taking into account the periodicity conditi6#,, , = G}, we have

N
T ()Y, ( [T(Zw),, + H L’(u ) Y2 (x,x'). (E.26)

Applying (E222), [EZB) td’; (x, x') and using[[E.24), we derive

(El;(u)) 1 Y2 (x,x") = 2, 3, €@ ~%r41) sinh wh(u — o) Y2 (x,x'),

~ ) . ) (E.27)
(L7(1)) gy Yo (x, %) = 255, €7 @172%) sinh wb(u + o) Yy (x,%').
Here we have used thaf (x HT Y’ (u,z,.), where each factor satisfies the relation
b .
Yb(u,xr‘:lz zg) _ ( cosh wb(z, — 3:2 - 5(({ +u)) ):l:l . (E£.28)
Y?(u +ib, z,) coshwb(z, — &, 2 + 5(0 —u))
Combining [EZb) with[[EZA7), we obtain
T (1) Y2 (x,x") = (254, sinhwb(u+ o))" Y, 4 (x,x
() Y206, X') = (22 sinhb(u+0))" ¥ (x,%) €29

+ (25b #, sinh wb(u — 0)) Yg_ib(x, x'),

which implies that the Baxter equatidn55—iv) holds witk tloefficients:(u), d(u) as specified
in eq. [62). O

The possible form of can be found from the requirement tHafl(55-iii) holds.
Proposition 6. LetY”(«) be chosen as in Propositigh 5. Then the commutativity ciamdit
Q(u) T’ (u) = T’ (u) Q(u) (E.30)

holds forQ’(u) of the form [E-II7) provided that the corresponding operatosatisfies the fol-
lowing relation
2T =T (u)Z°, (E.31)

where the—s is understood in the sense specified in Lerfimha 11.
Proof. In order to treat both models in a uniform way, let us intraeltiee operator
1, b=
Q=" = (E.32)
Q, b=sac

where the parity operator was defined[In{E.1). Then, usiegettplicit expressiond (E]18) and
taking [A22) into account, it is easy to verify that (the satipt x or x’ of an operator specifies
the argument on which it acts)

QY (x,x) = QY2 (x,x') = UL Y’ (%, x). (E.33)
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Now we derive

T V) B2
B o 02 () V230 + (a(-) V2, ()

B2 N U T () Y B ()N Ty vE )

a(u)) ™ Y7 _gy (%, %) + () Y2 g(x,x)

= (o) V() (T35 () B Vo ) T o).

Thus, we verified thal? (u) Y (u) = Y (u) T* ,(u), which is equivalent tdTE-30) if relatioB{EI31)
is satisfied. O

Propositior[b implies that we can choose
2=, (E.34)

whereJ; was defined in[{E]2). Then we compute the integral kernéjﬂo(fu):

N
Qi;u(x, x') = (wp(i$ 23))N /dzl ...dzN H D%(zr — €, Tr_1) (E.35)
r=1

RN

X D_#(Zr — l’r) Dgr(ZT — :L'/r)

N
= (Do) [] Docs(@r — 7)) Dasu (w1 = 2y 27) D2y — &y0-1) . (E-36)
r=1

Equivalence of[{E-35) an@{EI36) is due to the idenfify (4.34

Remarkd. The Baxter equatiol {b5-iv) along with the self~-commutisti§5-ii) relation, which
will be proven below, imply thal{{E-30) extends to commuigtiof Q. (u) with T°(v) for those
values ofv, whereQ’, (v) is invertible.

E.3 Proof of commutativity relations

To complete the proof of Theorelth 2, we have to establishioela{B5—i) and(35-ii).

Lemma 12. LetY®(u) be chosen as in Propositi@h 5. Then the following identiels!
(Y'(@)" Y () = (Ds(w) Do) (Y(8)" - Y’ (), (E.37)
Yo(u) - (Y (@) = (Ds(v) D_s(u)) N Y (v) - (Y?(w))" (E.38)

Proof. These identities are just particular cases of the integletity [A3%). Indeed, let us
denotea, = 3(u — o), B, = —1(u + o). We will also use the notation* = —1Q — . Letus
consider the operatdf’ (u, v) = (Y*(a@))" - Y’(v). Its kernel is given by

N
V bu,v(x’ X/) = /dZ1 e dZN H Da; (Zr — & ZIJ7«_|_1) Dﬁﬁ (Zr — 33‘,«) (E39)
RN r=1

X Do, (20 — & 5E;n+1) DBU(ZT - $;~) )
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Now we can apply identitf {A.35) choosing= o}, 6 = o, v = 3%, w = By, andu = €, z,41,
V=6, 1, w= T, z=x,. Thisyields

N
Vub,v(xv X/) = (A(a27 Ay, 557 Bv))N H Dv;zu (Eb(xr-‘rl - ‘T;“—l—l))D% (xT’ - .Z';)
r=1

N
X /dz1 o.dan H Dy, (zr — &, 2y 1) Dg, (20 — 2,)
RN r=1

X Dox (20 — €, Try1) Dps (zp — )
= (Ds(u) D—S(U))N V;)Iju(xv X,) : (E4O)
Here we used{A.22), the definitioh {A]28) of the functidiicy, s, . . .), and took into account

the periodic boundary conditions.
Identity (EX38) can be proven absolutely analogously. O

Proposition 7. The operators’, (u) andQ”_ (u) with the kernels given in Theoréih 2 by es] (60)
and [61), respectively, satisfy the following commutstiaind exchange relations
Q) @ (v) = Q) Aulw), QW) Q) =Q()Q (),  (EAL)
QL (1) Q- (v) = Q@ (u) QL(v) = Q,(v) Q(u) = Q" (v) Q. (u) . (E.42)
for all u,v € C.

Proof. Observe that, using(H.6) arld (Al24), the equalitylof (F &%) [E.36) can be written in

the following operator form:
Q(u) = Y(u) - Iy = (D—y(w))™ (X)71- Q- U™ (Yo(@)", (E.43)
where we used the notatidn {El32) and introduced

N
X, =[] Ds(xr — erxr—1) - (E.44)
r=1

Using LemmaTR, we can write down the product of two such Qraipes as follows

Q, (w) @, (v) = (D_y(w)™ (X))@ U=t (Y (@) - Y (v) - Jy
E3D N -1 IR (E.45)
=7 (Do) ()T - U (Y)Y () - s = Qo) Qi (u) -

This proves the first relation i {EX1) and henca (55—ii) @t (u). As was explained in Sub-
section[ElL, relation[{55—ii) forQ’ (u) (i.e., the second relation ifi.{EJ41)) follows then as a
consequence of the relatidi{H.14) betw&@8n(v) andQ” (u). By the same token, relatiof{55-i)
is equivalent to[(E242). To prove the latter relation, wessitlnte [E-4B) into[(E-114) and ude(E.7)—
(E8). This yields the operat®” (u) in the following form:

Q- (u) = (D_o(u) ™ 71 (Yo(@) = Yo(u)-U- Q- X (E.46)

As seen from[(E-43) and{EMX6), the two expressions on the Idf [E-42) are just two ways to
write down (D_s(v))N Y°(u) - (Y*(v))". Analogously, the two expressions on the r.h.s[QI{E.42)
are two ways to write dowfiD_ ()™ Y*(v) - (Y’ (@))*. The middle equality in{E-32) is due to
the identity [EZ3B) in Lemmal2. O
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