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ABSTRACT: We explain why it is necessary to use boundary conditions in the proof of super-
symmetry of a supergravity action on a manifold with boundary. Working in both boundary
(“downstairs”) and orbifold (“upstairs”) pictures, we present a bulk-plus-boundary/brane ac-
tion for the five-dimensional (on-shell) supergravity which is supersymmetric with the use of
fewer boundary conditions than were previously employed. The required Gibbons-Hawking-
like Y-term and many other aspects of the boundary/orbifold picture correspondence are
discussed.
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1. Introduction

In their ground-breaking paper [[ll], Horava and Witten discussed eleven-dimensional super-
gravity on a manifold with boundary, that arises as a low energy limit of the strongly coupled
heterotic string theory. They explained that there are two possible descriptions of the same
theory: the “downstairs” (boundary) picture and the “upstairs” (orbifold) picture. They
made a comment, however, that working on the orbifold is technically more convenient,
which was, perhaps, the reason why the orbifold picture became the de facto choice for many
researchers working in this area.

One of such orbifold constructions is the now famous Randall-Sundrum scenario [, f]
which is set up in a five-dimensional space-time with a negative cosmological constant. This
scenario was supersymmetrized by different groups [, f, with somewhat different ap-
proaches (see Ref. [[]] for the proof of the equivalence of these approaches). The original
orbifold construction was used for the supersymmetrization as well.

Over time people came to discover that the boundary (“downstairs” or “interval”) picture
is in many respects preferred over the orbifold picture. For example, in Ref. [{ it was
demonstrated how the same physical content unambiguously encoded in the boundary picture
can be obscured by various “twists” and “jumps” on the orbifold.

In this paper we provide more evidence for simplicity of the boundary picture.

We present a bulk-plus-boundary action with the five-dimensional gauged (on-shell) su-
pergravity in the bulk. It is N = 2 (locally) supersymmetric with a boundary condition on
the supersymmetry parameter breaking a half of the bulk supersymmetries on the boundary.
Supersymmetry of the action requires the use of a small subset of all the (natural) boundary
conditions encoded in the action itself. Which boundary conditions are necessary is indicated
by the supersymmetry algebra.

The boundary action is a sum of two terms. The first one is a Gibbons-Hawking-like
term [§] (which we call “Y-term” to acknowledge the work of York [0, [1]). It allows the
derivation of Neumann-like boundary conditions (which we call “natural” following Ref. [[J])
from the standard variational principle in exactly the same way as equations of motion are
derived. (The general variation of the action must vanish for arbitrary variations of the fields
in the bulk and on the boundary.) The second term is (a half of) the brane action which one
uses in the orbifold picture.

We present the transition from the boundary to the orbifold picture in detail. We find
that the Y-term disappears in the transition. It is represented in the orbifold picture by
brane-localized singularities of the bulk Lagrangian.

We explicitly check that the bulk-plus-brane action we obtain for the orbifold picture is
supersymmetric upon using the same minimal set of boundary conditions as in the boundary
picture. But we find that supersymmetry of the action requires introducing different e(z)
(sign factor) assignments for odd fields compared to those previously assumed. Instead of
the famous £(2)%28(z) = 1/38(z) we find that it is necessary to use another equally bizarre
relation for a product of distributions: £(z)728(z) = —d(2).



The construction of Ref. [[]] is obtained from the one presented here by explicitly using
the natural boundary conditions (including those outside the minimal set) in the brane action
and while performing the supersymmetry variation of the resulting bulk-plus-brane action.
We find that in the approach of Ref. [ the two alternative £(z) assignments cannot be
distinguished.

We also find that in the orbifold picture all local transformations have to be modified
by the explicit addition of brane-localized terms such that the resulting transformations are
non-singular on the brane. (The hint for this modification appeared already in Refs. [, [i],
where the supersymmetry transformation of ¥52 was modified.) Only after this modification
the orbifold picture becomes equivalent to the boundary picture.

This paper is a companion to Ref. [LJ], where a detailed analysis of the Mirabelli and
Peskin model [[[4] in both the boundary and the orbifold pictures is presented.

Our basic conventions are the same as in Ref. [[f]. We summarize them in Appendix [A.
More details are included in Ref. [[5].

2. Supersymmetry algebra

In this section we present the (on-shell) supersymmetry algebra of five-dimensional gauged
supergravity. The (bulk) supergravity action and supersymmetry transformations are as in
Ref. [[i]. But in order to show an important feature of the local supersymmetry algebra, we

need to include 3-Fermi terms in the supersymmetry transformation of the gravitino.

The complete form of the supersymmetry transformations is !

Sy = iIH'TAW (2.1)
SnBy = —i?ﬁi\ym (2.2)
1

oV = QDM(@)HZ + —(FMNK + 45]\]\/7[FK)ﬁNKHi

2V6

+AQ (T — V6Bu)H; (2.3)
where Q;7 = i(7- &);’ and
~ V6~
Fun = Fun + Z%WM\PN@- (2.4)
~ i =i =i Ti
WMAB = w(e)MAB — Ze%eg (WNFM\I’KZ' + \I’MFN\I’K,' — \IlMFK\I/Ni) (2.5)

'The spinors War; and H; are symplectic Majorana (see Appendix E) The index @ can be rotated by
U € SU(2): ¥ = U;?T;. The (global) SU(2) is the automorphism symmetry group of the algebra when
A = 0. The real vector ¢ = (q1, 2, ¢3) indicates which U(1) subgroup of the SU(2) has been gauged 7 ﬂ]
One can set it to be a unit vector, §2 = 1.



are supercovariant quantities (their supersymmetry variations contain no dp;H;). From these
we can derive the (on-shell) supersymmetry algebra,?

[5susy (E), 5susy (H)] = 5g.c. (UM) + 5100.L.(WAB) + 5U(l) (’LL) + 5susy(Ti) . (26)

The commutator of two supersymmetry transformations with parameters H; and Z; gives a
general coordinate transformation (instead of a translation in the case of global supersym-
metry) as well as other local transformations (in our case these are local Lorentz and U(1)
transformations). But what is special to local supersymmetry (see, e.g., Ref. [7]), the com-
mutator also gives rise to another supersymmetry transformation! And the 3-Fermi terms in
the supersymmetry transformations are essential to identify this feature.

A general coordinate transformation (with parameter v) has the same form on 6‘}\44, By
and Wy, since all of them carry the same world index M. Explicitly, on Bjs it is given by

0By = UNaNBM + BNaMUN . (2.7)
The (local) Lorentz transformation (with parameter wap = —wp4) is
1
5we]‘é\14 = eﬁ,wBA, 6wBy =0, 0V i = ZwABFAB\IfMZ’ . (2.8)

And the (local) U(1) transformation (with parameter u) is as follows,

5u€f\14 = O, 5uBM = 8Mu, 5u\I’M1 = u?AQij\I/Mj . (29)

The parameters v™, wap, v and Y;, which appear in the commutator (B-§), are given by
oM = 2iH T M E,
wAP = A(HTRE)DAP — 2i0Q (HTAPE;)

43

7 ~. o~ ~ o~
__HZFABNK:iFNK o % Z\:Z’FAB

V6
u = —2i(H'TXZ,) B — iV6H'E;
T = —i(HTEE) Uy, . (2.10)

The supersymmetry algebra tells us that in order for a (bulk-plus-boundary) action to be
supersymmetric under the indicated supersymmetry transformations, it must also be invari-
ant under the local transformations arising from the commutator (2.6). Namely, the general
coordinate transformation, the local Lorentz transformation and the U(1) gauge transforma-
tion. This allows one to find the boundary conditions necessary for supersymmetry of the
action.

2The algebra closes exactly only on the bosonic fields e4; and Bys. For the gravitino, Waz;, additional
non-closure terms appear, proportional to its equation of motion. For the off-shell supersymmetry algebra see

Ref. [@]



3. Boundary breaks supersymmetry

It is well-known that in the presence of a boundary half of the bulk supersymmetries are
necessarily broken. The reason for this is the supersymmetry algebra, which generates a
general coordinate transformation (a translation in the case of the global supersymmetry) in
the direction normal to the boundary.

Indeed, let us consider an action on a manifold M with boundary dM. Its variation
under the general coordinate transformation gives rise to a boundary term,

5.55= 5, [ L5= [ Dutoes) = [ mantis, (3.1)
M M oM

M is an outward pointing unit vector normal to the boundary. (The measures of
integration, d°zres on M and d*zel’d on OM, are implicit. ) This is true for any action,

where n

provided L5 is a scalar under the general coordinate transformation. Thus, in the presence of
a boundary, the action is mot invariant under the general coordinate transformation unless

nyo™M =0 on OM . (3.2)

But the supersymmetry algebra shows that a commutator of two supersymmetry transfor-
mations generates the general coordinate transformation with

oM = 2iH'TME; . (3.3)

M

And thus a restriction on v restricts the allowed supersymmetry transformations.

From now on we assume that the boundary is described by
oM : 2° = const . (3.4)
The allowed general coordinate transformations,

e MM () (3.5)

M — 0 on OM, preserve this description, and thus our choice does not limit the

with nyv
general coordinate invariance any further. We also use a (finite) local Lorentz transformation

to set eém = 0 on 9M. In this gauge, which turns out to be very convenient for our discussion,

5 _ 5 _ a m
ey, =0, e, =0, es #0, e’ # 0 (3.6)
and
a . n __ n m_ b __ b 55 m o __ a,m_b
€m€q = 5m7 €q €m = 5(17 6565 - 17 65 = —65€, 65 : (37)

Note also that this is the gauge in which ef is a vierbein of the induced metric on the
boundary (which is not true in general) and, therefore,

elnd = ¢y = dete?, . (3.8)



We also have e5 = e4e§ and nys = (0,0,0,0,n5) with (see Appendix )

ns = —eg . (3.9)
After these simplifications and in the two-component spinor notation, Egs. (@) and (@)
give rise to the following condition,

v* = 2HTPE; = 262 (&1 — mé&) + he. =0 on M. (3.10)

Here (n1,m2) and (&1, &2) are the constituents of H; and Z;, respectively. Clearly, its general
solution is the following boundary condition on the supersymmetry parameter,

n2=am  ondM, (3.11)

where « is (for now) an arbitrary complex function of the boundary coordinates. (We will
see, however, that we can find a supersymmetric bulk-plus-boundary action only for a =
const.) This is exactly the boundary condition used in Ref. [ff]. One linear combination of 7
and 7y gets fixed, while the orthogonal combination describes the unbroken supersymmetry
transformation. We will first set o = 0 to simplify the discussion.? Our boundary condition
is then

n2 =0 on OM . (3.12)

The N = 2 supersymmetry gets broken down to N = 1 (described by 7;) due to the presence
of the boundary.

Note that the breaking is on the boundary only. We will find a bulk-plus-boundary action
which is invariant under the supersymmetry transformations with arbitrary n; and 79 in the
bulk of M, restricted only by the boundary condition on M. (In contrast, in the case of the
global supersymmetry, like in the Mirabelli and Peskin model, restricting constant 1, and 7 on
OM is equivalent to restricting them everywhere, and thus the N = 2 supersymmetry is really
broken down to N = 1.) However, in the corresponding effective four-dimensional theory one
would be able to preserve only N = 1 supersymmetry, because the second supersymmetry
would be broken by the boundary conditions.

4. Boundary conditions needed for supersymmetry

Preserving the N = 1 supersymmetry still requires some effort. In the Mirabelli and Peskin
model we found that, in the boundary picture, a particular boundary action is required to pre-
serve the N = 1 supersymmetry. Off-shell, no boundary condition was necessary to establish
supersymmetry of the bulk-plus-boundary action. On-shell, however, some boundary condi-
tions (which are part of the auxiliary equations of motion) were necessary. In our (on-shell)
supergravity case, we can find the boundary conditions that are important for supersymmetry
directly from the supersymmetry algebra!

3Tt is sufficient to consider just the o = 0 case. Any other (constant) « is obtainable by a (global) SU(2)
rotation Ref. [ﬂ] See Section ﬂ for details.



4.1 Boundary condition on the gravitino

We found that the commutator of two supersymmetry transformations generates another
supersymmetry transformation with parameter

T = —i(HITMZ) Wy . (4.1)

In our gauge (e?n = ¢2 = 0) and with our boundary condition (72 = 0 on dM), we have

Yi = —e(imo®€) + hoe) Wy . (4.2)

Writing Y; and ¥,,,; in terms of their two-component constituents, ((1,(2) and (Y1, ¥ma),
respectively, we obtain, in particular,

Co = —e)' (imo®€y + h.c.)tms . (4.3)

Thus, two allowed supersymmetry transformations (with 7o = 0 and & = 0) generate a
forbidden supersymmetry transformation ((a # 0), unless the boundary condition

Ym2 =0 on OM (4.4)

is imposed. (If o # 0, the boundary condition is 1,2 = at),,1 on OM.)

It is important to note, however, that the supersymmetry transformation in the commu-
tator (B.§) arises from the 3-Fermi terms in the supersymmetry variation of the gravitino.
Accordingly, we expect that the boundary condition ([L.4)) is needed to prove supersymmetry
of our action to all orders in fermions, but not just to quadratic order in fermions. We will
show that it is indeed the case (provided an appropriate boundary action is included).

4.2 Boundary condition on the graviphoton
The commutator (R.6) also results in a U(1) gauge transformation with parameter
u=—2i(H'TXZ)Bg — iV6H'E; . (4.5)

In our gauge (e?n = ¢2 = 0) and with our boundary condition (72 = 0 on M), we have

u = —2el'(imo*&y + h.c.)By, . (4.6)

This implies that there are two choices of boundary conditions compatible with supersymme-
try of the (bulk-plus-boundary) action:

1. By, # 0 on OM; the action must be U(1) gauge invariant; the boundary condition (if
any) follows from maintaining the U(1) invariance.

2. By, = 0 on OM; the U(1) gauge invariance is broken by this boundary condition and
thus is not required of the action itself; the gauge invariance must not be broken in the
bulk, however, since there the generated w is non-zero.



The first choice appears to be more attractive (gauge invariances lead to more controlled
quantum field theories), but the second choice may also be required. In our setup this is the
case when Aqi2 # 0. The reason is that in this case the boundary condition 72 = 0 on M
itself breaks the U(1) gauge invariance! This happens because the U(1) transformation acts
on the supersymmetry parameter H; in the same way as it does with Wy;,

6 .

For the two-component spinors this means

V6 .

dum = Z7)@((13771 - Q12772) (4-8)
V6

Sume = 27)\“(_%2771 — q312) - (4.9)

We see that the boundary condition, 7o = 0 on M, is not invariant under this transformation,
unless Aq12 = 0. (For a # 0 the condition on ¢ is accordingly modified.)

4.3 Are there other boundary conditions?

There are no other boundary conditions which are generated in the way described above.
The Lorentz transformation does not generate a boundary condition since any supergravity
Lagrangian is Lorentz invariant and, therefore, no boundary term is produced when varying
the action.

This means that we should need (at most) two boundary conditions (on the gravitino
and the graviphoton) to prove supersymmetry of the total bulk-plus-boundary action. In
particular, we should be able to do this without using any boundary condition for the vielbein!
And we will show explicitly that it is indeed so, provided an appropriate boundary action is
found.

We would like to emphasize that despite the limited number of boundary conditions
needed to prove supersymmetry of the total action, a dynamical setup should include a full
set of boundary conditions to make the boundary value problem well defined. And such a
set must itself be supersymmetric (though the use of equations of motion would be required
to show the closure of the boundary conditions under supersymmetry if one works with the
on-shell formulation of supergravity).

5. Bulk action

In this section we introduce the bulk supergravity action and consider its variation under the
U(1) gauge and the supersymmetry transformations.

Our bulk action is the standard gauged supergravity action in five dimensions [[[]. We
will omit the 4-Fermi terms and will work to quadratic order in fermions. To this order, the



action is
1 o~
Sy = / d5:1765{ — R+ %\IJMMNKDN\I/KZ-
M
P~ 1 .
+ AP 4 S, TN [gAQiJ(FN - %Bm} Uk

6 o ~.
—z'%FMN (2\I/MZ\I/£V + WZPPMNPQin>

1 1
—FunFMY — — MNPRK By Fpo Bic) (5.1)

4 66

Note that the action with A # 0 can be obtained from the ungauged action (with A = 0) by
modifying the covariant derivative on the gravitino,

~ 1 .
Dy¥ni = DuWni = Dy¥ni+ 5AQi (Tar — V6B, (5.2)

and adding the cosmological constant term 6\2¢? to the Lagrangian. Similarly, the super-
symmetry transformations are obtained by analogous modification of the covariant derivative
on H;.

The modified derivative is covariant with respect to the U(1) transformation,

5u(Dar¥n;) = u?AQij(ZNDM\I/Nj) : (5.3)

It is then clear that only the Chern-Simons term in the action is not invariant under the U(1)
transformation and, therefore,

1
5u55 = / d5$€5{ - % EMNPQKFMNFPQ(SUBK}
M

1
= /M d5xe5DK [ — u% EMNPQKFMNFPQ]

1
= /5M d4l‘€4 |: — UWE ’I’L5€5MNPQFMNFPQ} . (5.4)
In our gauge (ef’n =e)=0,n5= —eg) this becomes
1
0,55 = /6/\/1 d*zey { u% em"qumanq} ) (5.5)

Therefore, the bulk action is U(1) gauge invariant (,S5 = 0), provided the following (gauge
invariant) boundary condition is imposed,

F,.=0 on OM . (5.6)

Another way to kill the boundary term is to require v = 0 on dM. The supersymmetry
algebra then leads to a stronger (gauge non-invariant) boundary condition,

B, =0 on OM . (5.7)

— 10 —



Let us now consider the supersymmetry variation of the bulk action. One can show (see
the details in Ref. [[[5]) that the action varies into a boundary term (the bulk part vanishes,
since this action is known to be supersymmetric in the absence of boundary). Explicitly,

(57-(55 :/ d5xe5(DMl?M) :/ d4xe4(an?M), (58)
M oM
where
kM = —eMAeNBéHwNAB — %\Tfﬁ'vPNMKéH\I’KZ’
4
~FMN§ By — —=MNPRE 0 Biedy By (5.9)

6v/6
In our gauge this simplifies to
03 S5 = / d43364{ — " 0w, 5 + (V10" Oy Wn2 — Ym0 dntbn1 + hec.)
oM

. 4
— e 56, B, + —e"pq’prquéan} . (5.10)

6v/6

6. Boundary action for 7, =0

According to our discussion of boundary conditions necessary for supersymmetry of the action,
if we

1) work to quadratic order in fermions, and
2) drop terms with By,

then there should exist a boundary action that makes the total bulk-plus-boundary action
supersymmetric without the use of any boundary conditions (except the one on the super-
symmetry parameter). In this section we present such an action.

6.1 Variational principle

In our analysis [I3J] of the Mirabelli and Peskin model [[4], we found that the boundary
action required for supersymmetry is, at the same time, the one which makes the variational
principle well defined. Let us now turn this around. We will look for a boundary action which
improves the variational principle and then see if it makes the total action supersymmetric.

If we consider the general variation of our action (which one would perform to find the
equations of motion), we find

555 — / d5:ce5{DMKM+ (EOM)5<1>} , (6.1)
M

— 11 —



where ® = {ef/[,BM,\I/MZ-} and
KM = —eMANBS N A + %\I’ﬁ'VFNMK&IIKi

4
~FMN§By — ——=MNPCK ppn BréByy (6.2)

66

Note that the only difference between K™ and KM is in the sign in front of the fermionic

term. Accordingly, in our gauge (€3, = €2 = 0, n5 = —e2) we obtain
08 = | divea] = "0, 5 — (U1 0" Tn — Yoo ™" + hec)
— 3SR, + (f%e”ququBkéBn} + (EOM) . (6.3)
Let us now consider the following modified action,
St = S5+ /6/\/1 d*rey {em“wmaé + (V10 o + h.c.)] ) (6.4)
In our gauge w,, s is simply related to the extrinsic curvature (see Appendix D),
Kima = Wy, K=e"w, s . (6.5)

Therefore, the first term in the boundary action is just the standard Gibbons-Hawking term,
which makes the variational problem for the total gravity action

1
——/ R+ | K (6.6)
2 Jm oM

well defined. In our gauge this is especially easy to see. The general variation of the modified
action,

5SE = / d4l‘€4{(Kma — Kema)oe™ + (2420 01p1 + h.c.)
oM
g 4
_ 5 mb npgk
RE0B, + e quBchBn} + (EOM) (6.7)

contains only the variation of the induced vierbein ef, and not that of its normal derivative,
which is exactly the purpose of the Gibbons-Hawking term. In addition, we see that the
fermionic boundary term in the modified action (f.4) removes §t,2 from the boundary piece
of the general variation. As a result, the boundary condition 1,2 = 0 on M (which is
necessary to prove supersymmetry of the action to all orders in fermions) arises from requiring
the general variation to vanish under arbitrary variation dv,,; on the boundary.

The expression for the supersymmetry variation of the modified action once again differs
from the general variation (B.7) only in the fermionic piece (plus all the bulk terms are absent),

57'15;3 = /8,/\/1 d4xe4{(Kma - Kema)(SHema + (21/}m10'mn67'{¢n2 + hC)

: 4
— S P63, B, + G—%e"ququBkéHBn} . (6.8)

— 12 —



6.2 Supersymmetry without boundary conditions

Consider the following bulk-plus-boundary action,
S = 55 —I—/ d4l‘€4 |:K + (T,Z)m10'mn7[)n2 + hC):| + d4l‘€4(—3/\1) s (6.9)
oM oM

where we added an extra tension term to the boundary action. We now omit all By, terms
and verify that the total bulk-plus-boundary action is supersymmetric without the use of any
boundary conditions for gravitino or vierbein, but with the restriction on the supersymmetry
parameter H;,*

n2 =0 on OM . (6.10)

The supersymmetry variation gives

5108 = d4:ne4{ (K™ — Ke™ 4 30€™)5pema + (20m10™ Srthne + h.c.)},(6.11)
oM
where
OHEma = —im10°T, + h.c. (6.12)
IHYme = —1Kmao Ty + iAq3omT; - (6.13)

With the help of the following identity,

1
Kp,o™o® = §(Kma — Kepg)o® (6.14)
we obtain
S = d4xe4{3()\1 — AG) i 0™ + h.c.} . (6.15)

oM

Therefore, the bulk-plus-boundary action (6.9) is supersymmetric, provided A\; = Ags. And
no boundary condition for the gravitino or vierbein is needed to prove this.

But the boundary conditions do exist for this bulk-plus-boundary action. If we consider
its general variation, we find

58 = d4xe4{(Kma — Kema + 3\ ema)e™
oM

S+ (2ma0 ™ Sty + h.c.)} + (EOM) . (6.16)

1A similar bulk-plus-boundary action (for a spinning string in the superconformal gauge), supersymmetric
with the use of only a boundary condition on the supersymmetry parameter, was obtained in 1982 in Ref. [E],
see their Eq. (5.7). (See also Eq. (5.17) in Ref. [EI]) Analogous result for a spinning membrane, presented in
a more geometrical setting, appeared in 1989 in Ref. @], see their Eq. (5.16).

— 13 -



If we require this to vanish under arbitrary field variations, then in addition to the bulk
equations of motion we obtain the following natural boundary conditions,

Kma = /\1€ma, T/)mg =0. (6.17)

If one allows the use of these boundary conditions to prove supersymmetry, then one can also
claim that the following bulk-plus-boundary action,

Ss +/ d4xe4(+)\1) , (6.18)
oM

is supersymmetric (for A; = Ag3). (This action is obtained from (p.9) by implementing the
boundary condition in its boundary term.) This is the approach taken in Ref. [§.°

Our bulk-plus-boundary action (f.9) has the advantage of giving a unique boundary
action with which the invariance under supersymmetry is independent of the boundary con-
ditions. At the same time, it generates an acceptable set of natural boundary conditions via
the variational principle.

7. Boundary action for 7, = an

Here we show explicitly that the o = 0 case can be rotated into the o # 0 case and that
the rotated bulk-plus-boundary action is once again supersymmetric without the use of any
boundary conditions.

7.1 Global SU(2) rotation

We use the fact that the bulk action and the supersymmetry transformations are invariant
under the following (global) rotations of the fermions (¥,s; and H;) and parameters ¢,

i =Udy,  Hi=UdH;,  Q =UQUt, (7.1)

where @ = i(7- &) and U is a constant matrix of the SU(2) group. We employ a particular
rotation from this class,

o = M o' o, = I + 12 (7.2)
Y VTt aar 2 Vv1+aa* '
(similarly for (1, ¥me) and (¥s1,152)), together with
g, =12 a’qy — 2aq; ¢ = agis + @ qi2 + (1 — aa®)gs (73)
12 1+ aa* ’ 3 1+ aa* i ’
The inverse rotation is obtained simply by changing the sign of a. In particular,
/ /
—an; + 1
= ——= 74
G V14 aa* (7.4)
Therefore,
m=0 = =y, (7.5)

®The statement in Ref. [E] (see the sentence after Eq. (2.12)) that in the downstairs picture no boundary
action is required is, in fact, erroneous. We find here that the boundary tension term of Eq. () is needed.
This does not, however, affect the rest of the analysis in Ref. [E]
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7.2 Bulk-plus-boundary action

Performing this rotation on the action (p.9) and omitting the primes on the new fields, we
obtain
S@ — 5+ | dize, [K + (10 s + h.c.)} + [ dwelll? (7.6)

oM oM

where 6

ﬁ%x) = =31 + (011910 Yn1 4 200290m10" " P2 + Q220 Ypg + hec) . (7.7)

and the parameters are given by

—o —aa* o
=— o9 = ———— Qg = ———— .
14+ aa*’ 1+ aa*’ 14 aa*

We claim that this bulk-plus-boundary action is supersymmetric without the use of any

a11 (7.8)

boundary conditions for vierbein or gravitino (omitting the Bjs terms and working to second
order in fermions), provided only that the supersymmetry parameter H; is restricted by the
condition

nz =am ondM. (7.9)
7.3 Supersymmetry of the action

The supersymmetry variation gives

68 = d4:13€4{ — (K™ — Ke™ + 3\€e™")dnema
oM

+2 [(a11¢m1 + 19Ym2) 0™ S

+ (22¥m2 + (a12 + 1) m1) 0™ Opthna + h.c.} } , (7.10)

where
del = —i(Vm10°T + Yma0o®Ty) + h.c. (7.11)
b1 = 2D + i K a0 Ty + iAo (437 + 1271 (7.12)
0thma = 2Dmny — iKma0 Ty + AT (g571 — 012772) - (7.13)

Using 72 = am (and assuming o = const),” we can bring the variation to the following form,
518\ = / d4$€4{401¢m10m"13n771 + 4Com20™ Dy
oM
—I—C3(K;n — Ke?)iwmlJanl + C4(K;n — Ke?)iwnganl

—3C5ithm1 0™, — 3Csithmac ™, + h.c.} : (7.14)

SFor a discussion of a boundary Lagrangian with general fermionic mass terms of the form o;1;1; see also

Ref. [PJ.

"We were unable to find a bulk-plus-boundary action which would be supersymmetric for 72 = a1 with o

being a function of boundary coordinates. We can allow only a = const, despite the fact that the supersym-
metry algebra does not explain this limitation.
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where the coefficients are

Ci1 = an +alag+1)
Cy = ai2 + aag

C3 = ana® —ag

Cy = a*(a12+1) —ag
Cs = =)+ A4y

Ce = —\ia* 4+ MAs (7.15)

with
A1 = aq1(gza” + qiz) + (c12 +1)(g3 — qr20™) (7.16)
Ay = a12(gza”™ + i) + a22(g3 — qr20™) . (7.17)

Our bulk-plus-boundary action is supersymmetric without the use of boundary conditions
for the fields if all the coefficients C; vanish. And indeed, using our expressions ([7.§) for the
parameters o;;, we find

Ci=Cy=0C3=0C4,=0. (7.18)
We also find A9 = a*A; as well as

aqjy +a*quiz + (aa” — 1)gs

A =
1+ aa*

(7.19)

Therefore, the remaining conditions, C5 = 0 and Cg = 0, are satisfied provided we choose Ay
in the boundary Lagrangian ([.7) to be
_agiy +a"qi2 + (aa” —1)g3

= . 2
A 1+ aa* A (7:20)

This is exactly the relation found in Ref. [[f]. (Note also that it is just the rotated version of
A1 = Ag3 for a = 0.) But, unlike Ref. [[i] or [§], we did not have to use boundary conditions
to prove supersymmetry of the total action.

7.4 Boundary conditions

The general variation of the bulk-plus-boundary action (7.4) gives

5S = d4xe4{(Kma — Kema + 3\ 1ema)0e™
oM

+2 {(allwml + (@12 4+ 1)tm2) 0™ 6thn1

+(a12¥m1 + @22thm2)0"" dhna + h-C-} } + (EOM) . (7.21)
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One could worry that having both d.,1 and §¢,,2 in the boundary piece of the general
variation could interfere with the application of the variational principle. And indeed, if we
require the variation to vanish for arbitrary de™%, d1,,1 and 01,2 on the boundary, we would
obtain two fermionic boundary conditions,

o1
a2 +1

[0
¢m1y 7/)m2 = _ﬁwml . (7.22)
22

¢m2:_

For general «;; this would overdetermine the boundary value problem. However, for our
special choice ([.§), the two boundary conditions reduce to one! This saves the variational
principle.

Our bulk-plus-boundary action leads to the following natural boundary conditions,

Kma = Alemaa 7/’7712 = Oﬂpml . (723)

These, once again, coincide with the boundary conditions used in Refs. [[] and [§]. And if we
plug these boundary conditions in our boundary Lagrangian ([.7), we find

L) = —3X\1 — (a1 0™y + hc.) | (7.24)
which is (a half of) the brane Lagrangian in Ref. [{].

7.5 U(1) gauge invariance

We now investigate when the boundary action and/or boundary conditions are gauge invari-
ant. The U(1) gauge transformation on the fermions is

dum = 1w(gzm — qian2)
dute = 1w(—qanz — q12m) , (7.25)

where w = i@)\u € R; the transformation on the ,,; 2 is similar.
The boundary condition 1y = an; is gauge invariant if

Ou(ne —am) = —iw[(qm + ags) — a(agly — (J3)] =0. (7.26)
This leads to the following quadratic equation for «,
Q12 — &*qiy +2ag3 =0 . (7.27)
It is equivalent to two linear equations,
agqis — q3 = £1, q12 + agq3 = o, (7.28)

where the signs 4 correspond to the two solutions of the quadratic equation [{f]. (We assumed
here the normalization condition §? = 1 of Ref. [].)

— 17 —



The fermionic part of the boundary Lagrangian (including the 1,1 0™, term) is

Lpr = Tlaa* [ — a1 + (1 — a1y + @™ orha| | (7.29)

where we used a shorthand notation ;1); = 9,;0""n; and dropped the “+h.c.”. (Note
that Lpp vanishes when the boundary condition ,,2 = atb,1 is used!) Its variation under
the gauge transformation gives

1w
0uLBF = m Waprapr + 2(04q>1k2 —a qu2)P1ve + W*wﬂ/@] ) (7-30)
where
W =a(a"q2 — q3) — (g3 + q12) - (7.31)

We see that the variation vanishes when o and ¢ are related as in Eq. ([-2§). We conclude,
therefore, that the (full) boundary Lagrangian and the boundary condition 1 = any are both
gauge invariant when the equation ([7.28) is satisfied!

For future reference, we note that if we do not include the ,,10"™" 1,9 term, that is if
we consider the variation of

£l L [ — a1y — 20 PP + 04*7112?#2] (7.32)

BF = 11 qo*
under the gauge transformation, we find

1w

(@) _
Oulpr = 1+ aa*

Wobrbr +2(agis — " q2)nvs + W'iiatin) (7.33)

where

W =2a(a*q12 — q3) (7.34)
Therefore, when the boundary condition 179 = an; is gauge invariant, i.e. the equation ([7.2§)
is satisfied, the a-dependent part of the boundary Lagrangian, E(a), is not gauge invariant!
(Unless o = 0, in which case ﬁg% = 0; or A = 0, in which case the U(1) does not act on the
fermions.)

8. Fate of B,; terms

In this section we will keep all By and Fyy terms (as well as ef and eg”), and show that,
with an appropriate addition to the boundary action, the bulk-plus-boundary action is su-
persymmetric provided we use the (gauge non-invariant) boundary condition B,, = 0 on

oM.
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8.1 Old action
Consider the modified bulk action (6.4),

SL = S5 +/ d*zey {K + (Y10 Ppa + hec.)| . (8.1)
oM
Its general variation is (6.7),

8SEL = / d4xe4{ — (K" — Keg)oep, + (20ma0™"0n1 + h.c.)
oM

” 4 L
—eSF"5B, + i quBchBn} + (EOM) | (8.2)

and its supersymmetry variation is given by (f.3),

oSt = » d4xe4{ — (K" — KelM)oned, + (20m10™ Spthpa + h.c.)
g 4
— S8y, B,, + %enpq’prquaHBn} . (8.3)

This is true for any H;.

8.2 Supersymmetry with Bj; terms

Let us first discuss the case o = 0, so that the boundary condition on the supersymmetry
parameter H,; is

12 =0 on OM . (8.4)

The supersymmetry transformations then are

Iney, = —im10°m, + h.c. (8.5)
6
0B, = 17¢m2771 + h.c. (8.6)
5H7;Z)m2 = _iKmaﬁl + Z'A(Bamﬁl
1
—I—i\/é)\qlgmBm — ﬁ(iem”klal + 45fnak)ﬁ1Fnk . (8.7)

Therefore,

57-[5% = / d4$€4{ — 3i)\Q3(¢m10mﬁ1)
oM

31
+2iv6 10 ) By, — ——= (U107 ) €PN,
q12(Ym10™" ) 2\/5(1/} 10n71) pq
V6 Sy, n
—27(¢n2771)€gF 5 + §(¢n2771)€ ququBk + h.c.} . (8.8)
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The term with Ag3 can be compensated by a boundary tension term (see Eq. (f.9)). Most of
the other terms can be killed by application of the boundary condition for B,,,

Frn=0 on OM (8.9)
if Ag12 = 0 and the gauge invariance is preserved on the boundary; or
B, =0 on OM (8.10)

if Ag12 # 0 and the gauge invariance on the boundary is broken by the boundary condition
on the supersymmetry parameter. However, we are still left with

0+55 Z/ d49€64{ - i?(¢m2m)€gF"5} . (8.11)
oM

This remaining term can, in principle, be canceled by the boundary condition on the
gravitino,

Yma =0  ondM. (8.12)

However, our analysis of the supersymmetry algebra indicates that we should not need this
boundary condition for supersymmetry to quadratic order in fermions. Therefore, there
should exist a boundary action which lets us avoid using this boundary condition.

Another reason in favor of modifying our action is that, at the moment, the B,, boundary
condition we need (B, = 0 or F,,, = 0 on M) is not the same as the natural boundary
condition arising from the bulk-plus-boundary action,

£ 4
5 nb npqk

e "™ — ——PTF B =0 on OM . 8.13
> 6\/6 pek ( )

8.3 New action

In order to

1) avoid using the 1,2 = 0 boundary condition in proving supersymmetry (to quadratic
order in fermions), and

2) have the boundary condition for By, (B, =0 or F,,, = 0 on M) appear as a natural
boundary condition,

we need to add an appropriate boundary action. Such a boundary action exists, but it turns
out that it itself breaks gauge invariance! That is, for agreement with the supersymmetry
algebra we have to break the gauge invariance (only on the boundary) by hand. However,
we will find that the same boundary action is also needed for the correct transition to the
orbifold picture.
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The required boundary action is easy to find. Indeed, consider the following bulk-plus-
boundary action,

St = SL+ d4xe4{e§F"5Bn} . (8.14)

oM

Its general variation is,
58! = d4xe4{ — [K™ — Ke™ — (BpC™)e™]5e%, + (20mac™ 81 + h.c.)
oM
4
m npqk

+HBndC" + e quBkéBn} + (EOM) , (8.15)

where we defined
om = egFm5 — eg [gmngk5Fnk + (gmng55 o gm5gn5)Fn5]

n

5= ezne”a(eang, + eank) . (8.16)

The natural boundary conditions corresponding to independent variations of B,, and C™
(they are independent since C™ involves 05B,, whose value on OM is independent of the
value of B,,) coincide on the following boundary condition,

B, =0 on OM . (8.17)

This is exactly the (gauge non-invariant) boundary condition dictated by the supersymmetry
algebra. (Note that the B, and C™ fields are analogous to, respectively, the ® and D =
X3 —05® fields of the Mirabelli and Peskin model [I4]. There, in order to derive the boundary
condition for ®, we need a boundary term ®D [[LJ].)

The result of the supersymmetry variation, compared to Eq. (B.11]), is now

530St = d4xe4{Bn5H0n + (Bncn)egaﬁe;} . (8.18)
oM

And, therefore, the bulk-plus-boundary action (B.14) is supersymmetric upon using only the
B,,, = 0 boundary condition, but not the 1,,2 = 0 one.

8.4 Extension to the a # 0 case

The generalization to the o # 0 case is straightforward. Since Bjs is not rotated under the
SU(2), we do not get new boundary terms for the @ # 0 case. The boundary condition
remains B, = 0 on OM. The only terms we should consider, therefore, are those containing
F,s5.

The variation (7.10) can also be written as follows,

518 = d4:13€4{ — (K™ — Ke™* + 3X\1€"™")0nema
oM
wml + a*wnﬂ mn
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The terms with F},,5 appear only in the variation of the gravitino,

—44

6mel = 2—\/6(Umn + 5%)7]1(6217”5) + ... (820)
—4q

OHWYma = —(Umn + 5%)772(62}7’”5) +.., (8.21)

26
where dots represent the terms already considered. But since 1o = an; on OM, the F.5
terms cancel in the combination dptne — adpyi,1 | (Note that in the orbifold picture the
cancellation of the F,5 terms is less straightforward, as we will see.) This completes our
explicit check of the fact that the rotated action,

S 4 / d4xe4{e§;F"5Bn} : (8.22)
oM

is supersymmetric (using only the 7, = an; and B, = 0 boundary conditions).

9. From boundary to orbifold picture

In this section we will show that that the generalized Gibbons-Hawking term [[J (which we call
“Y-term” to honor the work of York [[L0, []]) matches onto the brane-localized singularities
of the bulk Lagrangian in the orbifold picture. This explains why the Y-term appears only
in the bulk-plus-boundary action (in the boundary picture), but not in the bulk-plus-brane
action (in the orbifold picture).

9.1 Summary of the boundary picture discussion

Our total bulk-plus-boundary action is

S:/ d5we5£5+/ d4xe4Y+/ d4xe4£g‘), (9.1)
M oM oM

where the a-independent boundary term Y is
Y = K + ($m10™na + hec.) + EF™B, (9.2)

and E%x) is given by Eq. (.1) together with Egs. ([.§) and ([[.20). We showed that the action
is supersymmetric for 7o = an; on dM provided we use just one more boundary condition:
B,, =0 on oM.

The Y-term is a generalization of the Gibbons-Hawking boundary term for our bulk
action. It allows us to derive (natural) boundary conditions by requiring that the general
variation of the action vanish for arbitrary field variations in the bulk and on the boundary.
The boundary conditions thus obtained are

B, =0, Ko = Méma, Umo = a1 on OM . (9.3)

They are consistent with supersymmetry, as was shown in Ref. [[j. Their supersymmetry
variations also produce other (secondary) boundary conditions. In on-shell formulation, one
can at most expect that the full system of boundary conditions closes under supersymmetry
only up to equations of motion [L]. (See also Ref. [R4].)
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9.2 Lifting to the orbifold

Let us now lift our results to the R/Zy orbifold. The orbifold can be constructed from two
copies of our space-time manifold with boundary,

M_ =R x (=00,0] and M, =R x [0, +00) . (9.4)

(We use the notation valid for the flat case [[[J], but keep in mind that we are actually
on a general curved manifold.) Since the boundaries of M and M_ coincide, we denote
¥ = OM4 = OM_ and call this hypersurface a “brane”.

We use a Zg symmetry of the bulk action to impose the following parity assignments [ff]
(“even/odd” means ¢(—z) = £o(+2)),

. 5
even : e} e Bs U1 ¥s2 m qi2 A

X (9.5)
odd : €}, €2 B ¥ma 51 M2 q3 -
It follows that K = e™w, - is odd and F’ ™5 i even. Therefore, the Y-term is odd.
Since we used ns = —eg, our bulk-plus-boundary action is appropriate for M. For M_,

we should use ng = +e§ (see Appendix [d) and accordingly change the sign of the Y-term.
The boundary conditions, which our actions for M, and M_ should reproduce, are
Br(;_) =0, Kr(n—it_z) = +)‘g+)emay 7/)5:2) = +a(+)¢m1 (9'6)

B1(n_) =0, Kr(r;z) = —>\§+)€ma7 win,_Z) = —aMy,

(The superscripts () mean “evaluated on the My side of the brane ¥”.) This is equivalent
to using Eq. (0-J) on both sides of ¥ if we set o) = —a*) and )\g_) = _)\§+)_ From the
expression for A\, Eq. (7.20), we see that

) =—a®, =P = A=A, (9.8)

We, therefore, find that our boundary Lagrangian ES‘) is odd. (In the Mirabelli and Peskin
model, the boundary Lagrangian £4 includes only even bulk fields and is itself even. Our
/J%x), however, includes also an odd bulk field, 1,2, and odd parameters, o and gs.)

The correct actions for the both sides then are

Sy = dPresLs + /

dize v ) :l:/ d4$e4£§§)(i) . (9.9)
My oMy

OM4

The orbifold action is the sum of these two,
S:/ d5$e5£5—|—/ d4$e4[2Y(+)]+/d4xe4[2£§3a)(+)]. (9.10)
MyEUM_ Py %
By analogy with our analysis of the Mirabelli and Peskin model [[[J], we expect that the

Y-term matches onto the brane-localized terms produced by the bulk Lagrangian £5. We
will show now that the match is (almost) perfect.
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9.3 Boundary Y-term vs. Orbifold singular terms

For each odd field, we can write
(x,2) = e(2)® ) (x,|2]), 5P = (850)H) +26(F)5(2) , (9.11)
where €(z) = =1 on M. In particular,

Frs = F'Y — 2B (2) . (9.12)

m

This allows us to separate the 3-localized terms in L5 explicitly.
The relevant part of the bulk Lagrangian is

1 i~
Ly = —5R+ 5\113\4FM5K55\1/K1-
1 1
—CFynFMN .~ MNPRKp, FooBi + ... 9.13
1 MN 6\/66 MNIpPQDK + ( )

The analysis simplifies a lot in our gauge (ef’n =e) = 0).® In particular, a HUGE advantage

of this gauge is that

there are no §(z)-terms in wyrap ! ‘

Therefore,

R = —2e5sem“85wma5 +...
5 +
= —46556m“w£n;55(2) +...

= —4e] KM5(2) + ..., (9.14)
where the dots denote non-singular terms. Next,
i~
§\I'§WFM5K85\I’KZ- = 2[Ym10"™" Osthna + hoc] + ...
= 221 0™ 6(2) + he] + .. (9.15)
The Chern-Simons term is straightforward to consider,

EMNPQKFMNFPQBK = _4eg€mquFm5quBk +..
= 8ele™P U F BB 6(2) + . ..
= 82 EHD B B(Pe(2)20(2) + ...
=0+..., (9.16)

8Note that we keep e # 0, ez’ # 0. See Appendix D
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whereas the Bjs kinetic term is the trickiest to analyze. We have
1 1 1

—ZFMNFMN = = P 7" = §Fm5Fm5 . (9.17)
Both terms contain 0(z)-terms. Indeed, let us introduce
Q" = ggks g = g gPd — g g (9.18)
Then
F™ = o™ o+ 8™ Fos,  F™ = g™ g" Py + (@™ — o™ Fs , (9.19)
and we find
—ianF’”" = (™" Fn By) Pe(2)%6(2) + . .. (9.20)

1
—5FusF™ = 28" F D B S (2) + (o™ Fpy By) Pe(2)%5(2)

—28mMBHIBH5(2)? 4 .. (9.21)

Finally, combining the pleces we obtain the followmg expression for the singular part of the
bulk Lagrangian (the €2 is taken from e; = 6462)

L5 = 2KD5(2) + [20m1o™ ) + h.e]é(z)
{ 28™ FD BIS(2) + 2™ Frp By) Pe(2)26(2)

—mm“B,gj)Bgﬂa(zf} . (9.22)
This is to be compared with
2Y M)5(2) = 2K 6(2) + 2[m1 0™ hng + h.c] T (2)

5 (+)
+2¢3 [ﬁm"Fms)Bn + OémknanBk] 5(2) . (9.23)
9.4 Auxiliary boundary condition

We see that we definitely do not match the §(2)? terms. To do so, one would have to put §(0)
terms on the boundary which we consider unnatural. Instead, we refer to the discussion of
the Mirabelli and Peskin model [[[3], where it was found that the §(z)? terms are taken care
of by the auxiliary fields upon going on-shell.

How could this help if there are no auxiliary fields, but §(z)? terms are present? The
point is that “going on-shell” in the boundary picture means not only eliminating the auxiliary
fields, but also using some boundary conditions which are a part of the auxiliary equations
of motion [IJ.

We conjecture that B, = 0 on dM is exactly such an “auxiliary boundary condition”.
(This is so if, in the Y-term for the off-shell supergravity action, the B,, appears multiplied
by an auxiliary field.) Using this boundary condition takes care of the discrepancy in the
§(2)? terms.
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9.5 Different ¢(z) for different fields

The other mismatch is in the term with £(2)2,

2(a™" Fp Br) Me(2)%6(2) € Ls . (9.24)
Setting £(z)? = 1 would eliminate the discrepancy, but we are not allowed to do so, since ?
9 1
e(2)%d(z) = §5<Z> . (9.25)

One could find various “excuses” for neglecting this term. One could use the B,, = 0
boundary condition to kill it. But this also kills the 5™ F},,5 B, term which matches perfectly.
Or one could argue that it is “of higher order in the brane coupling”. Indeed, this term is
special in the sense that it is a product of three odd fields (¢, Fy,, and B,,) evaluated on
OM . If the brane action is such that these fields acquire non-zero boundary conditions, this
term becomes proportional to ¢, with ¢ being a coupling constant in front of the boundary
action. (This is exactly the type of expansion used by Horava and Witten in Ref. [fl. The
role of g is played there by x2/3 )

But there is, actually, another way to eliminate the mismatch. And it can be motivated
as follows. Note that the orbifold construction may correspond to a discontinuous limit of
some smooth supergravity realization (when the brane sources are smoothed out into the
bulk). The &(z) would then correspond to a smooth warp-factor. But then, why would all
the odd fields have the same warp-factor?

Let us, therefore, introduce different e(z) for different odd fields! We numerate them as

follows,
m=ensy o= e, Ko =esKG), g3 =eagy” (9.26)
B,, = €5B,(f[), €50 = EGeéZ) . (9.27)

They have to satisfy ¢;(z) = +£1 on My, but if we have one such (z), then we can write
many functions of it'% still satisfying this property, '

1 2¢e(2)

e(2), e(z)’ 1+4e(2)?’

etc. (9.28)

9This relation was first noticed by Conrad in Ref. [E] See also Ref. [@] The key to its understanding
is the fact that the “sign function” e(z) must be treated as a distribution, just like the delta function §(z).
One way to define it is via a limit of a sequence of regular (smooth) functions: e(z) = lime,(z). Accordingly,
0(z) = limdn(z). The product of distributions is ill-defined unless we relate the two sequences. We require
e1,(2) = 20, (2). Then lim [ dze?(2)0n(2)f(2) = (1/3)lim [ d2d,.(2) f(2) for any (smooth) test function f(z).
This gives precise meaning to the distributional equality £(2)?8(z) = (1/3)5(2).

We can define a function w(e) of the distribution £(z) = lime,(z) by w(e(2)) = lim w(en(2)).

"The possible appearance of the sign factors of this type in the orbifold constructions was mentioned before;

see, e.g., Refs. @, @]
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The £(2)? in Eq. (0.24) now changes as
e(z)? — e5(2)eg(2) - (9.29)

Therefore, by choosing e5(z) = e(z) and e4(z) = 1/e(z), or vice versa, we eliminate the
mismatch!
One should be careful, however, because such a modification can change some of the

relations used before. Namely, we used &'(z) = 2§(z). It turns out, however, that we are safe

since!?

(55) =~z = 2 geie) = 250 (9.30)

We used here the following relation,
e(2)726(2) = —6(2) , (9.31)

which can be proven in the same way as Eq. (P-25). Namely,

/+a £(2)726(2)dz = 1/+a e 2de = —%E(Z)_l

Y 2/,

+a 1
= —5(1 —(-1)=-1. (9.32)

—a

We will find a more convincing proof of the necessity to introduce different ;(z) for
different fields when checking supersymmetry of our action in the orbifold picture.

9.6 Another addition to the Y-term

We see now that the presence of the eéF "5 B, term in the boundary action follows most easily
from the requirement that the Y-term match singularities of the bulk Lagrangian. We will
now use this approach to find another term which should be included in the Y-term.

In our expressions for the boundary terms of the general and supersymmetry variations
of the bulk action, we ignored a contribution from the following term,

6 S -
- i\l/—G_FMN (20w 4+ BprMNPug,) € L5 (9.33)

The reason was that its contribution to the boundary term of the supersymmetry variation
(if it is at all non-zero) comes from dy By and thus is quartic in fermions, which is of higher
order than we consider. But its contribution to the boundary term of the general variation is
of quadratic order in fermions and thus should be included. (Note that the variation d2W r;
in Eq. (p.33) does not contribute to the boundary term of the supersymmetry variation as
the explicit calculation of Ky in Eq. (B-g) shows [[5].)

2Note that although &'(z) = 26(z) and (1/e(z)) = 28(z) are both true in the distributional sence, the
functional relation e;,(z) = 26, (z) does not hold between 1/e,(z) and 6, (2).
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This part of L5 produces brane-localized terms because Fin5 —2B,(J )5(7:) . Since the
singular part of e2L5 should match onto 2y (H)§ (z), we find the following contribution to the
Y-term,

V6.
Y(+) > TZ’Y kB]i—i_)(wmﬂ/}él - ¢m11/152)

V6 .
—?Z emmPa Bt (%2%%2 + Yp1onty) + hec. (9.34)

where 1z, 5, = 621/151,2 + egnq/}mm. This contribution, however, does not change our previous
analysis.

Indeed, because of the e5F”5B term, the gauge invariance of the bulk-plus-boundary
(+) _

action is broken (on the boundary) and we have to use the By’ = 0 boundary condition.
The terms in Eq. (0.34) are, therefore, harmless for the supersymmetry variation unless we
vary B, itself, but this is of higher order in fermions. They do modify the natural boundary
conditions, making B,, ~ O(v?), but this is again of higher order in our approximation.
Also, by construction, these terms match singularities of the bulk Lagrangian and thus

do not appear in the bulk-plus-brane action of the orbifold picture.

9.7 Result: the orbifold action

We found that the Y-term of the boundary picture matches (with some subtleties) onto the
brane-localized terms arising from the singularities of the bulk Lagrangian L£5. As a result,
the total action (9.10) reduces to

S = d resLs + / d* zeqly (9.35)

where Mj = RY? is the (curved) space-time without boundary, with z € (—oo, +00), and %
denotes the brane at z = 0. The brane Lagrangian L4 is twice the boundary Lagrangian (not
including the Y-term) evaluated on the M side of X,

Ly =2L) (9.36)

10. Supersymmetry in the orbifold picture

Here we check explicitly whether the bulk-plus-brane action, constructed starting from the
boundary picture, is in fact supersymmetric in the orbifold picture. In the process, we find
that using different ¢;(z) for different odd fields is essential and that checking supersymmetry
without the use of the boundary conditions fixes the €;(z) uniquely.

10.1 Bulk-plus-brane action

Our bulk-plus-brane action is

S=85+5,= /d5$65£5 + /d5:1:e45(z)£4 , (10.1)
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where Sj is the bulk supergravity action (f.1)), and £, is the following brane Lagrangian,

Ly = -6\ +2|a11¥Vmio" " n1 + 204121/1m10mn1/17(;2_) + aggw(g)amnwgg) + h.c.| . (10.2)

m

The parameters are fixed in terms of \, ¢ and a = (1),

- —oa* o

o = ———— g = ———— gy = —————
1+ aa*’ 1+ ao*’ 1+ aa*

(10.3)

_agiy + gz + (aa” — 1)gs")

A\ =
! 14+ aa*

A (10.4)

This bulk-plus-brane action was derived starting from the boundary picture. (Note that
setting a = 0 kills all the fermionic terms in £4. Therefore, in the orbifold picture, the
transition between the o = 0 and « # 0 cases is not as straightforward as in the boundary
picture.)

We would now like to check explicitly that the action is supersymmetric in the orbifold
picture under the local N = 2 supersymmetry restricted on the brane by the boundary
condition

ngr) =an onX. (10.5)

As we found in the previous section, it may be necessary to use the freedom of defining
different e(z) for different fields. We therefore set

m=eny”, me =20y, Kme =K, as=caaS”, Bu=esBP . (106)
We will see that ¢; are either (z) or 1/e(z), so that we can freely use €}(z) = 20(z).

10.2 Supersymmetry variation of the bulk action

The supersymmetry variation of the bulk Lagrangian produces a total derivative term, Eq. (5.3),
which was important in the boundary picture but integrates to zero on the orbifold. But on
the orbifold we get additional brane-localized contributions from the bulk action due to the
discontinuities in the fields and parameters.

First, we promoted the parameter g3 to a function,

gs(2) = ea(2)gS" (10.7)

where q:(,f) is a constant. Performing the supersymmetry variation of S5 without assuming

the parameters to be constant, we find [[f] (dropping the total derivative term),

54D S5 = / d5xe5{ — 30, TMN O (AQ) — z'\/éxﬁwrMNKHjBKaN(AQﬂ)} . (10.8)
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5

In our case only d5¢q3 # 0. Going into our gauge (e?n = e, = 0), we obtain

(5%)55 = /d5xe5eg [2)\q§+)(5(z)] {31(—1/1m10mﬁ1 + Ymoo""Ty)

F2V6i (P20 ™ 1 + Y1 0™2) By + h.c.} . (10.9)

where we used ¢3'(2) = 2q§+)5(z).

Second, because we have 05 hitting odd fields in our supersymmetry transformations, the
transformations are singular and thus not well-defined on the brane. In our analysis of the
Mirabelli and Peskin model [[[J], we showed that in order for the (on-shell) supersymmetry
algebra to close onto the (singular) orbifold equations of motion we need to modify the su-
persymmetry transformations by adding appropriate d(z)-terms. The modifications should
be such that when the (natural) boundary conditions are taken into account the supersym-
metry transformations become mon-singular on the brane. This approach was already used
in Ref. .

By inspection of our supersymmetry transformations, we see that 05 hits 7 in d1)s50.
Therefore, we modify the supersymmetry transformations by adding to dyso a new piece,

57(12)7/152 = —477§+)5(z) = —4damo(z) , (10.10)

which subtracts the singular piece in d152. This modification produces an additional brane-
localized contribution to the supersymmetry variation of the bulk action,

(553)55 = /d5xe5eg[—45(z)]{ — 2¢m10mnﬁnn§+) + iKnal/ngUanaﬁg+)

3 m— V6. .
—iAz(qwm + qotm1)o s + - kagwmlnéJr) + h.c.} ., (10.11)

where ™" = ™%y and F : = egFmg) + egan. (The F,;,, terms not appearing in F, :, as
well as the By, terms, are not shown here.)
All other 95 in the supersymmetry transformations appear only via F,,5. However, as we

)

will explain in detail later, when the natural boundary condition on B,, is B,(; =0on X, no

further modifications to the supersymmetry transformations are necessary.
We will return to the discussion of the B,, and F,, terms in the next section. For now
we simply set B, = 0 and F,,;, = 0. (But we will keep F},5.)

10.3 Supersymmetry variation of the brane action

The supersymmetry variation of the brane action gives
57-(54 = /d5$e45(z){ — 6)\162157—(6% +4 (Oén?ﬁml + a121[)£:2))0'mn57-(¢n1

() + a1t o™ o) + h.c.] } . (10.12)
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The (induced on the brane) supersymmetry transformations are

onen, = —i(m10m, + 6162¢m2 o 775 )) + h.c.

54m1 = 2D + ie1e3 KT, ot + Mﬂm(qlzm + €1€4Q§, )775 ))

_F(Um + )L g
s 213()_K(+) i ) ()
rbty = 2Dy — KT+ idam(as T — qoms )
4 (+)
——— (o + 0 F:,
2\/6( ) nb
where the ¢;(z) factors have been explicitly shown. (Note that the variations of the even fields
contain products of ¢; , whereas the variation of 1/17(:2) contains no ¢; and simply corresponds

to evaluating the bulk transformation of the odd field on the positive side of the brane.)

(10.13)

10.4 Supersymmetry variation of the total action

Writing all the ;(z) factors explicitly in the expressions for the supersymmetry variation of
the bulk action, we find

5%)55 = /d5x645(z){6i/\q§+) < — Y10 + slsgw%)amﬁgﬂ) + h.c.} (10.14)

and
(5§3)S5 = /d5x645(2){81/}m10'mnﬁn?’]§+) — 42‘5253K(+ T/sz oo “n(+)
+6Ai (E2E4Q§+)¢7(:2) + Q121/1m1)0 ")
VBN F capymins T + h.c.} : (10.15)
Adding all three contributions and setting ngr) = amny, we obtain the following expression for

the supersymmetry variation of our bulk-plus-brane action,

S = 657 85 + 61 S5 + 1Sy = / @Presd(2){8[Critm + Covl | o™ Dumy
+AK] [037!) 1+ 047,0 } "o, — 6i [CST;Z)ml + 06¢ }O-mﬁl

~VBiy™ Fyg | Crtb + Cots§ | + he.} (10.16)

where the coefficients are

Ci = a1 +a(ap +1)

Cy = aj2 + ags

C3 = g1e3a110” — a2

Cy = a*(e163012 — €283) — @22
Cs = —A\1 + A4,
Ce = —c189M 0" + AAy (10.17)
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with

A = a11(5154q§+)a* + qi2) + (12 + 1)(qg(),+) — qi20")

()

Ay = a12(6164q§+)a* +q12) + a22(q3" — qr2a™) — (€162 + 6264)Q§+)O‘* - (10.18)

The total action is supersymmetric (subject only to the 7o = an; and B, = 0 boundary
conditions) if all C; vanish. Comparing C; with C; in Eq. ([/.15), we see that this happens if
and only if

e1e3 =1, e9e3=—1, ereoa=1, €ereg4 =1, €169 +¢c9e4=0. (10.19)

But this must be true when multiplied by 6(z)! Since we know that

e25(z) = %5(2), £720(2) = —6(2) , (10.20)

we see that our bulk-plus-brane action is supersymmetric provided we choose

1
pu— , pr— pu— = — . 10-21
e1=¢(2), ea=e3=¢4 =B ( )
10.5 Connection with earlier work
Since this assignment differs from
g1 =¢eg =¢e3 =¢4 =¢&(2), (10.22)

assumed in Ref. [{f], let us reproduce that calculation in which the boundary conditions
K = Xema, ) =athpy on® (10.23)

ma

were used in checking supersymmetry of the bulk-plus-brane action.
If we use these boundary conditions in the supersymmetry variation of the action, we
find

onS = /d5$e45(z){(51 + oz52) [&J)mlam”ﬁnm - \/éiymkagq/)mlm

6 M b1 0™, + h.c.} , (10.24)
where
M = =X\ (Cs + aCy) — (Cs 4 AC) . (10.25)

We already saw in Eq. ([.24) that using the 2 boundary condition in the brane action
reduces the coefficients «;; as follows,

(11, 002,02) —  (=,0,0) . (10.26)
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This makes

51 = 52 =0, 53 = —g1e3000”, 54 = —eseza”
Cs = -\ — Aa(e164q30™ + q79) + A(gs — qr20)

Ce = —e169\10" — )\(6162 + 6264)(]304* (10.27)
and, therefore,

M=)\ [1 + (e182 + €183 + Egag)aa*}
+>\{q12a* + gio0x + g3 [(6154 + e189 + e984)” — 1} } ) (10.28)

The action is supersymmetric provided M 0(z) = 0, which is equivalent to

(€162 + €163 + €2e3)0(2) = (=) (10.29)
(€164 + €182 + €264)0(2) = 0(2) , (10.30)

when Eq. ([[0.4) is taken into account. We see that both choices of &;(2), Egs. ([10.21]) and
([0.22), satisfy these conditions!

We, therefore, conclude that checking supersymmetry with the boundary conditions taken
into account is insufficient to distinguish between the different ¢;(z) assignments. Without
the use of the boundary conditions, supersymmetry of the bulk-plus-brane action provides
more consistency checks and requires the assignment in Eq. ([[0.2T). Namely,

_ (+) _ L) K= — 1 K(+) _ L)
m. Y ma ma N 1 N 1
772 €(Z)772 9 ¢ 2 6(2) ’I;Z)mQ 6(2) Q3 6(2) Q3 ( 0 3 )

11. Fate of B,, terms on the orbifold

In this section we will write down the B, and F,,, terms appearing in the supersymmetry
variation of the bulk-plus-brane action explicitly. We will find that they generally do not
cancel so that the use of the B,(; ) =0 boundary condition appears to be necessary for
supersyminetry.

11.1 F,,, terms in the supersymmetry variation

We consider first the Fy,, terms. Those that appear in the supersymmetry transformations
and in the bulk action in the combination F, - = egFmg, + egan, go through the supersym-
metry variation in this combination and cancel just as the F},5 terms we considered in the
previous section. We will, therefore, omit them here. Among the remaining F},, terms, we
need only the following terms in the bulk Lagrangian,

V6 —
L5 = z%sm"qupq(¢mgan¢52)eg + h.c., (11.1)
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and only the following terms in the supersymmetry transformations,

1 . _
OHYm1 = +%(Z€mnklal + 45210k)772Fnk
1 . _
O Yma = —%(zem"klal + 45210k)771Fnk . (11.2)

There are no “g3- Fy/n” terms, thus 57(11)55 = 0. The modification (553)1/152 = —477é+)(5(z) gives

6
(553)55 = /d5xe45(2)[ z\é_sm"qu (wmganﬁ§+)) + h.c.] . (11.3)
Using a o-matrix identity (7™" = el’e™),
o™ (ie," Moy + 45;,‘0]“) = giemnklal + (yFmo™ — Akng™) | (11.4)

we find the following expression for the supersymmetry variation of the brane action,

o = f £ i)

Ziemnklo,l + ,Ykm n) 772Fnk

3
—(12m1 + a22¢7(7j2)) (—

ey 4 P i EG 4 e, (11.5)

Employing the ¢;(z) assignments and using the 77§+) = an; boundary condition, we obtain the
following expression for the supersymmetry variation of our bulk-plus-brane action (showing

only the F,,, terms),

4 3 . mn n
S = [ daess(c) s E D {Giem 2t + 20 D)o

. [Z3tm1 + Z41[)£:2)]J"ﬁ1} + h.c., (11.6)
where
Z1 = g1650010" — (2, Zy = 16500120 — Qrag — 26500
(11.7)
Z3 = g1650110" — (12, Zy = 16500120 — Qg2 .

We find that we can make Z; = Z> = Z3 = 0 by choosing

1 1

£5 = —— —  Bp=—BW, (11.8)
e(z) £(2)
But we are still left with Z4 = —a*. In order to cancel the remaining piece in the supersym-
metry variation,
4

_ 5 _ * km (+ (+)

oHS = /d l‘€45(2){ —2\/60z (Yma o 771)} + h.c., (11.9)

)

here only in its (seemingly) gauge invariant form: Fflz) =0on X.

we have to use the boundary condition B,(; = 0 on X. We note, however, that we need it
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11.2 B,, terms in the supersymmetry variation

Repeating the above steps, we find that the B,, terms give the following contributions,

57({1)55 = /d5xe45(z){4\/6i)\q§+) (Vim20™"m 4+ Y10 n9) By, + h.c.} (11.10)
8\ 55 = / d5;ne45(z){4\/6iABn [g5tm1 — @) Pmic™ S + h.c.} (11.11)

01 Sy = /d5xe45(z)4\/6i)\{ (allwml + algwf?;))am"(qﬁng — q3m)By,

— (a12wml + a221/17(,:r2))0m"(qg+)77§+) + Q12?71)B,(L+)} + h.c. (11.12)

The total contribution to the supersymmetry variation of our bulk-plus-brane action is the
sum of these three,

onS = /d5me45(z)4\/6i)\B,(1+){Wﬂ/}mlamnm + ng/},(?;)am"m + h.c.} , (11.13)
where
Wi = aa11qiy + a12qi2 + q;(;r) [616504 + E4E500 — 450011 + Ozoém]
Wy = aonaqys + a22q12 + Q;(J,Jr) [e265 — cagsna + aga] (11.14)
With our ¢;(z) assignments,
e1 = e(2), €9 =€3=¢€4 =65 = —— (11.15)
the coefficients simplify to
W1 = aoq1gyy + a12q12 — OéQ;(),Jr)

Wy = aaiaqis + a22q12 — qéﬂ (11.16)

and can also be rewritten as

Wy = ﬁ [(CMJTz +a3) +a*(q12 + Oé%)]
1 * * *
Wy = 1T oo [(a q12 — q3) — ™ (aqiy + Q3)] . (11.17)

These coefficients do not vanish unless & = 0 and q:(;r) =0 (or A =0 for any o). In a

)

general case, we need to use the B,(qj = 0 boundary condition to cancel this part of the
supersymmetry variation.

This completes our check of supersymmetry of the bulk-plus-brane action, Eq. ([[0.1)).
(We remind that we work only to quadratic order in fermions.) We found that besides the
boundary condition on the supersymmetry parameter, ngr) = anp, we need to use only one
other boundary condition: Bﬁ,f ) =o.

In order to understand if the use of this boundary condition is forced on us by the
supersymmetry algebra, we have to understand when the U(1) gauge invariance is broken.

We discuss this in the next section.
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12. Gauge transformations on the orbifold

In this section we discuss the breaking of the general coordinate and the U(1) gauge invari-
ances on the orbifold. We come to the conclusion that in order to reproduce the results of
the boundary picture discussion, we need to modify all the gauge transformations on the
orbifold by making them non-singular! We show how the supersymmetry transformations
are modified for a general B,, boundary condition, and find that the algebra of the modified
transformations closes as in the boundary picture.

12.1 Breaking of the general coordinate invariance

The variation of the bulk Lagrangian under the general coordinate transformation is a total
derivative,

6oLs = Dy (v L5) . (12.1)

In the boundary picture, this produces a boundary term, Eq. (B.1]), the vanishing of which

requires v°

= 0 on the boundary, and in turn leads to the restriction 72 = amn; on the
supersymmetry parameters. But on the orbifold the total derivative integrates to zero! And
it appears that the restriction (v°)(*) = 0 on the brane does not arise.

If we take the point of view that the orbifold picture should reproduce all the major
results of the boundary picture (such as the breaking of a gauge invariance), we are forced to
make some modifications.

The necessary modification comes naturally from the requirement that the gauge trans-
formations be the same in the both pictures both in the bulk and on the brane/boundary.
But if we take the transformations of the boundary picture and assume them to be literally
the same on the orbifold, we find that they are in general singular (and thus not well-defined)
on the brane! Indeed,

6B = V"8 By, + 0205 By + BpOmv™ + Bsdpv® = 20°BH6(2) + . ..
8yBs = "0, Bs + 1v°05Bs + B, 050" + Bsdsv® = 2(0°) ) Bsd(z) +...,  (12.2)

where the dots represent non-singular terms. (We used here the fact that on the orbifold v°
is odd, whereas v is even.) In order for the transformations in the both pictures to agree on
the boundary, we have to modify the transformations for the orbifold picture by subtracting
the singular pieces! For the B, field, the modified general coordinate transformations are as
follows,

8 By = 64 Bm — 20° B 5(2)
8! Bs = 6,Bs — 2(v®) ) Bsd(z) . (12.3)

The transformations for other fields are appropriately modified. It is clear, that the variation
of the bulk Lagrangian under the modified general coordinate transformation produces now
additional brane-localized terms which vanish only when (v°)(*+) = 0 on the brane. Therefore,
all the related conclusions of the boundary picture are now reproduced.
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12.2 Breaking of the U(1) gauge invariance

In the boundary picture, the variation of the bulk Lagrangian under the U(1) gauge trans-
formation is a total derivative (arising from the Chern-Simons term),

1
5oL :Lm{—u———J“W@KFMNFp . 12.4
u”~5 616 Q ( )
It produces a boundary term, Eq. (F.5), which tells us that the bulk action is gauge invariant
only if some boundary condition is imposed. Namely, © = 0 or F,,,, = 0 on the boundary.
On the orbifold, the total derivative is also generated, but it integrates to zero. It turns
out, however, that under the original U(1) gauge transformation, Eq. (2.9),

duBy = Opmu, 0uVari = U?AQij\PMj , (12.5)

we now do get brane-localized terms in the variation of the bulk Lagrangian.

The variation receives a new contribution on the orbifold because the modified covari-
ant derivative in Eq. (5.J) is not covariant under the U(1) gauge transformation when the
parameters are not constant,

5u(5M\I’N2) = U?Asz(ﬁM\I/N]) + u?(‘)M()\Qﬂ)\PNﬂ . (12.6)

The variation of the Lagrangian relevant in the orbifold picture is, therefore,

S, L5 = %%FMNK [ugaN(AQij)%] . (12.7)

Since only ¢3 is not a constant, we obtain

0uS5 = /d%e@(z)ié)\u[ — 4iq§+) (V1 0™ ™ n2) + hec] . (12.8)

2

Therefore, the bulk action is not gauge invariant if )\qi(;r) #0.

Our brane Lagrangian is £4 = 25%)‘)(”, where Eg) is the boundary Lagrangian of the
boundary picture without the Y-term. Its variation under the U(1) gauge transformation is
given in Eq. ([7.33). Therefore, the brane Lagrangian is by itself gauge invariant only when
a = 0 (so that the Lagrangian vanishes) or when A = 0 (so that the gauge transformation
does not act on the fermions).

It is easy to check that the bulk-plus-brane action is gauge invariant only when the bulk
and the brane actions are separately gauge invariant. (That is the sum of the two contributions
still vanishes only when oo = 0 and qéﬂ = 0. Or when A =0.)

On the other hand, the boundary condition néﬂ = am is gauge invariant when

Aﬂmz+aéﬁ)—a&wﬁ—q§5}=0- (12.9)
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It follows that the U(1) gauge invariance in the orbifold picture is broken by either the
bulk-plus-brane action or the fermionic boundary condition unless A =0 !

Since this is drastically different from the way the U(1) gauge invariance is broken in the
boundary picture, we have to make some modifications if we would like the two pictures to
describe the same physics.

12.3 Modified U(1) gauge transformation

We found that taking the U(1) gauge transformation in the orbifold picture to be literally
the same as in the boundary picture leads to very different conclusions about the breaking of
the gauge invariance in the both pictures. Therefore, as in the case of the general coordinate
invariance, we are led to modify the U(1) gauge transformation in the orbifold picture. The
modification affects only Bs,

8! Bs = dsu — 2uM)§(2) . (12.10)

(The parameter u is odd.) The modified transformation is non-singular on the brane and
coincides with the U(1) transformation induced on the boundary in the boundary picture,

6uBs =0su onOM = 8 Bs=0d5u") on¥. (12.11)

The variation of the bulk action under the modified U(1) gauge transformation produces
the following brane-localized term (from the variation of the Chern-Simons term in the bulk
Lagrangian),

) / dresd(z) {u(”%equzﬁmnzqu} , (12.12)

which is the orbifold version of Eq. (b.5).
For the covariant derivative defined in Eq. (5.9) we now obtain, instead of Eq. ([2.6),

_ N
du(Ds¥ i) = U7)\Qi](D5\I/Nj)

+u?85(AQij)\I’Nj +V6u D (2)(AQ ) Uy (12.13)

The variation of the the fermionic part of the bulk action now gets two contributions. (Let
us use the shorthand notation ¥;1); = ¢p;0""hy,; for the following.) The first contribution,

arising from the jumping parameter g3 = E4q§+), is

5 MGy = / d5xe45(z)\/§m[ — 4ig§ iy + h.c.] : (12.14)
and the second one, arising from the extra piece 5;(2)35 = —2u(+)5(z) in the modified gauge

transformation, is

5285 = /d5xe45(z)\/76)\u(+) [ — digzgih1ips — 2iqra(hrpr + Yaths) + h-C-} . (12.15)
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The variation of the brane action is twice that in Eq. (7.33), with 2 and g3 evaluated on
the M, side of . Namely,

V6iuH

/ _ 5
8,54 = /d xeq0(2) T o

[Xlwm + Xopn St + X3¢§+)1/)§+)] Yhe, (12.16)
where

X, = X! =2a(a*qre — ¢t Xy = 2(aql, —a* 12.17

1 3 =20(a*q2—q3 ), 2 = 2(agj, — a*qi2) - (12.17)

The total variation of the fermionic part of the bulk-plus-brane action under the (modified)
U(1) gauge transformation is the sum of the three contributions,

V6idu) r~

5,8 3 /d5$€45(7«”) T [X1¢1¢1 +)~(2¢1¢§+) +)Z3¢§+) §+)] +he, (12.18)

where

X; = X1 — q12(1 + a®)
)?3 = X3+ qf2(1 + Oé()é*)€2€2
Xy = Xy — 2q§+)(1 + ™) [eye2 + €2e4] (12.19)

after all the ¢;(z) factors are separated. The ¢, is such a factor for the odd parameter wu,
w(z, z) = ey (2)u ™ (z, |2]) . (12.20)
With our g;(z) assignments, Eq. ([[0.21]), we have e226(2) = —d(2). Therefore,
X1 =X;5=a(0 —¢§") — (ags” + q2) (12.21)
which is exactly the coefficient W in Eq. (7.30)! More than that, if we choose
eu = €(2) , (12.22)

we get [e,82+£224]0(2) = 0, so that the equation ([(.3() is reproduced completely! This means
that the fermionic part of our bulk-plus-brane action is now gauge invariant with the same
restriction on the parameters ¢ and «, Eq. (7:2§), as is necessary for the gauge invariance of
the boundary condition 77§+) =an !

After this choice of ¢ and « is made, the variation of the bulk-plus-brane action under

the U(1) gauge transformation has only one uncanceled piece, Eq. ([12.12),

88 = / d°xesd(2) {u(+)%em"qumanq} : (12.23)

which is the orbifold picture analog of Eq. (f.§). Therefore, our modification of the gauge
transformations in the orbifold picture, Eq. ([12.1(), leads to agreement with conclusions of
the boundary picture.
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12.4 Modified supersymmetry transformations

The modification of the supersymmetry transformation for 152, Eq. (JL0.10]), now becomes just
a part of the general modification of all the gauge transformations in the orbifold picture.
Indeed,

Sz = Sptbsz — Ans T 8(2) (12.24)

is an analog of Eq. ([2.1(0) which makes the supersymmetry transformations non-singular on
the brane, so that the induced on the brane transformations are exactly the same as those in
the boundary picture.

The supersymmetry transformations should also be modified when the boundary condi-
tion on B, is no longer By(,j[ ) = 0, but instead B,(J ) = Jm- This happens, for example, when
one couples the B, field to some brane-localized matter. The J,,, is then a composite of the
brane matter fields. (The coupling of brane-localized matter to the bulk supergravity in five
dimensions is discussed in Refs. [R9, B0, B1], B2, B3, B4].)

The necessary modifications in the supersymmetry transformations can be obtained sim-
ply by the following substitution,

Fns —  Fps+2Jm6(2) (12.25)

which makes the (modified) transformations non-singular when the boundary condition By(,j[ ) =
Jm is taken into account. (From our analysis [[L3] of the Mirabelli and Peskin model, we know
that we need this substitution, and not F,,5; — ms + 2B,(;r )5(7:). The reason is that
the supersymmetry variations of By(,j[ ) and Jm are different, which plays a role when the
supersymmetry algebra is calculated.)

Explicitly, the modified supersymmetry transformations are

8i
541¢m1 = oq¥m1 — —=(om" + 5;1,1)771Jn€€5)5(z)

26
8i n n 5

54 Pm2 = OHYma2 — 2—\/6(0’” + 67 )2 S €20 ()

St = Sritdsr — —— 0™ Tnd(2) + — e (™ 4 5 1 T (2)
HW¥51 = OHYs51 2\/6 N2dn 2\/65717, m)MJn

8 8i
Shabsy = Srbsa + —=0"T, Jnd(2) + —=eT (o™ + 6™ )2 Jnd(2) — A58 (2) .
HWs2 = Ons2 2\/(—),0’ T Jnd(2) 2\/(—),65 (o Jn2Jnd(z) — 4dny 7 6(2)

(12.26)

It remains to see whether these are the correct modifications for a particular model. What we
can check at the moment is the closure of the supersymmetry algebra on the bosonic fields.
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Let us consider the commutator of the two (modified) supersymmetry transformations
on Bs. We find,

6
[0, 03] Bs = 17(7715'5%2 — 1205151)

— [0z, 03] Bs + { 20vB(ns 1 — mefH)o ()

+4i(mo" &y + 120"E) Jnd(2) + 4(n2ér — méa)ef Jnd(z) + h.c.} .

(12.27)
From the (original) supersymmetry algebra, Eq. (B.6), we know that
[0=, 01| Bs = 0y, Bs + 0, B5
= 0"8,,Bs + v°05Bs + Bpdsv"™ + B5950° + Osu , (12.28)
where (see Eq. (B.10))
u= —v"B,, —v°Bs + ug
o™ = 2i(mo™ & + 20 E) + 26X (261 — m&a) + hec.
up = —iv6(n2&1 — m&) + hec. (12.29)
We can, therefore, write
[0z, 0n] Bs = v" Fu5 + Osuo (12.30)

whereas for the commutator of the modified supersymmetry transformations we find
165, 841 Bs = v"[Fs + 2J,6(2)] + [O5u0 — 2u$75(2)] . (12.31)

This is one explicit check of the fact that the commutator of the modified supersymmetry
transformations closes onto the modified gauge transformations. (It is, actually, obvious. The
commutator of two non-singular transformations must be non-singular!)

But in order that the algebra of the modified gauge transformations close without the
use of the boundary conditions, we should correct our modified general coordinate transfor-
mations, Eq. (12.3), by replacing there B,(,j[ ) with Jm (and similarly for other odd fields).
Then,

6! By = 6yBp — 20° J,0(2) . (12.32)

The modified transformation is, therefore, non-singular only when the boundary condition
B,(; ) = Jm 18 taken into account. If the natural boundary condition for B,, is B,(; ) = 0, then
no modification is necessary.
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13. Brane-localized matter

In this section we argue that the preservation of the bulk U(1) gauge invariance is necessary
if the brane-localized matter is to provide a non-zero boundary condition for the bulk B,,
field. We show that a seemingly gauge non-invariant boundary condition By(;r ) = Jm can
in fact be gauge invariant, if the brane fields transform appropriately under the bulk U(1)
transformation. We also find that a similar boundary condition exists in the Horava and
Witten model.

13.1 Preserving the bulk U(1) gauge invariance

Let us discuss the addition of the brane-localized matter a little bit further. As in Section
12.4), all we will use is that the boundary condition for B,, is modified to B,(; ) = Jm, Where
Jm is a composite of the brane-localized fields.

We found that we need to make a modification of our gauge transformations by making
them non-singular. The modified transformations coincide with those of the boundary picture
exactly, both in the bulk and on the brane/boundary. Therefore, all the conclusions of the
boundary picture discussion hold in the orbifold picture as well. In particular, if the U(1)
gauge invariance is broken, then the closure of the supersymmetry algebra requires (because
of Eq. [1.q) the Bf(,j[ ) =0 boundary conditio)n. But now this boundary condition is inconsistent

with the natural boundary condition B,(; = Jm. The only way out is to preserve the U(1)
gauge invariance.
We can try the following approach. In parallel with the modification of the supersym-

metry transformations, we make the same substitution ([[2.23),
Fos — Féﬁ = Fo5 + 2Jm5(2) , (13.1)

in the bulk action. The modified action then has Bf(,j[ ) — Jm as its natural boundary condition.
Indeed, the Bj; equation of motion is now

3
Dy FME _ = _MNPRK R, Fpo = () 13.2
Q

66

(omitting the 2-Fermi terms), where F,,5 should be replaced by F) .. The cancellation of the

singular terms requires F - to be non-singular, which determines the jump of B,, across the

brane. The parity assignment (B,, is odd) then implies the boundary condition Bﬁ,f ) = Im-
Under the modified U(1) gauge transformation, Eq. ([[2.10),

8 Bs = Osu — 2uM)§(2) (13.3)

the original F,,5 is not invariant, whereas the modified F) . can be made invariant, if we
choose a special transformation for .J,,,

8 Jy = Opu'™) = & F =0. (13.4)
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Since the gauge transformation for By, is unmodified, 8!, B,, = Onu, its restriction on the
brane is

8 B = 9,,ut) on ¥, (13.5)

u-—m

which means that the boundary condition B,(; ) = Jm 18 now gauge invariant!

But the modified bulk-plus-brane action is not yet gauge invariant. Its variation under
the modified U (1) gauge transformation is still given by Eq. (2.29). It appears that there is
no way to cancel it, at least without the use of the boundary condition for B,,. (Note that
adding any term with B,, in the brane action would now break the construction, giving a
different boundary condition for B,,.) But if we use the By(;r ) = Jm boundary condition, we

can write Eq. ([[2.23) as follows,
2
5.S = /d5xe45(z) {U(H%em"pq,]mn,]pq} ) (13.6)

where J,n = Omdn — OnJm. This, in principle, can be canceled by the variation of the brane
action (excluding terms which combine into F) . = Fy,5 + 2J,0(2)).

For example, suppose that the matter fields on the brane include a scalar ¢ and two
vectors, A, and C,. Take their transformations under the bulk U(1) to be as follows,

So=ut, A, =0,uP,  §,Cn=0. (13.7)

Let the brane action (before coupling) contain ¢ and A,, only via A, = O A, — O A, and
D = Omd — Am, so that it is gauge invariant. Now couple the brane fields to the bulk
supergravity in the way described above, taking

I = Omd + Chp (13.8)

which has the correct gauge transformation, 6/,J,, = »ult). The resulting action is not yet
gauge invariant, because Eq. () gives

2
58 = / d°zesd(2) {u<+)ﬁem“m0mn0pq} , (13.9)

where Cpyy = 0 Cr, — 9,Ch,. But it is now easy to make it gauge invariant by adding a term
of the form ¢ e™"P1C,,,,C)q to the brane action.

We conclude, therefore, that adding brane-localized matter can help restore the invariance
of the bulk-plus-brane action (and of the associated with it natural boundary conditions)
under the bulk U(1) gauge transformation. The preservation of this invariance is necessary
for supersymmetry as we argued based on the closure of the supersymmetry algebra.

We also would like to emphasize that it appears to be impossible to maintain the gauge
invariance without the use of the B, boundary condition.
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13.2 Modified Bianchi identity

The modified field strength, F},5, which we introduced satisfies the following modified
Bianchi identity,

1 2
(dF )51 = 5(85F,;k + OpFls — Ok Fls) = anké(z) , (13.10)

where (dF)yng = O[MF ~NK) and Jpp = OmJn — OpJm. This is not a surprise, since our
construction in the previous subsection is analogous to the construction used by Horava and
Witten [fll. But while they came to the modification of the bulk field strength in order to
preserve the brane-localized gauge invariance, we need it to preserve the bulk gauge invariance.
And our modification is forced on us by the supersymmetry algebra!

Note that Horava and Witten write their boundary condition, Eq. (2.20) in Ref. [i], in

a form which appears to be manifestly gauge invariant (under both the brane and the bulk

gauge invariances). The form is analogous to our FT%J;L) = Jmn. However, this relation is
derivative from the basic boundary condition Bf(,j[ ) = Jm. There is a similar not manifestly

gauge invariant boundary condition in the Horava and Witten model.

The boundary condition B,(;[ ) = Jm follows from our (modified) action as a natural
boundary condition, since now F] . must be non-singular to avoid uncanceled singularities
in the By equation of motion. It is exactly what Horava and Witten say after Eq. (2.18) in
Ref. [l]. Their Eq. (2.13) then implies the boundary condition CSSB)C ~ wABCc, from which
their Eq. (2.20) follows. This boundary condition can be made invariant under the brane
gauge invariance, provided that C4pc transforms under the brane gauge transformation like
wapc in their Eq. (2.14). However, it is unclear how to achieve the bulk gauge invariance
(0C1sK = O A k) with arbitrary Apy) of this boundary condition.

The boundary condition 01(53)0 ~ wapc was also found in Refs. [B5, B] (although there
it was not derived as a natural boundary condition following from the action, but simply
imposed for consistency). The transformation of C4pc necessary to preserve the brane gauge
invariance is provided there, but the preservation of the bulk gauge invariance is not discussed.
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14. Summary and Conclusions

In this paper we constructed a bulk-plus-boundary action with the five-dimensional gauged
(on-shell) supergravity in the bulk which is supersymmetric upon the use of the minimum
set of boundary conditions dictated by the supersymmetry algebra. In a general case when
the supersymmetry parameter H; is restricted by 172 = an; on the boundary, we found that
only the boundary condition B,, = 0 have to be used to prove supersymmetry to second
order in fermions. Other boundary conditions following from the action, K,,, = A1éme and
Yma = a1 on OM, are not needed in the proof of supersymmetry of the action.

The necessary ingredient of our boundary action is the Gibbons-Hawking-like Y-term

presented in Eq. (9.9),
Y = K+ (Ym10™" Yp2 + h.c.) +7y™"F, B, (14.1)
(where we used egF M5 — M E < as follows from Eq. (D.10)). It includes

1) the standard Gibbons-Hawking term (the trace of the extrinsic curvature) which allows
the derivation of the boundary condition K, = A1éme as a natural boundary condition
corresponding to the variation de,,, [[];

2) a fermionic term, which leads to the derivation of 1,2 = atb,1 as a natural boundary
condition for d1y,1;

3) another bosonic term, which lets us derive the B, = 0 boundary condition as a natural
boundary condition.

We argued that the Y-term can be derived most easily from the fact that it must match
onto the brane-localized singularities of the bulk Lagrangian. (This can be used to derive
appropriate additions to the Y-term when higher order Fermi terms are considered.)

In the transition to the orbifold picture, the Y-term disappears. The rest of the boundary
action becomes (after the multiplication by 2) the brane action with which supersymmetry
of the bulk-plus-brane action in the orbifold picture can once again be proven using only the
minimum set of the boundary conditions. We found, however, that one also has to choose
unconventional €(z) assignments for the odd fields and parameters, Egs. ([[0.21]),

=@ dia = Sl Kue= 5K e . (42)
and use the property £(z)726(z) = —4(2).

The reason for such £(z) assignments is unclear. (Perhaps, the explanation can come from
a smooth realization of the supersymmetric Randall-Sundrum scenario.) We can only observe
that together with the Eq. ([2:29), u = e(2)u*) (where u is the odd parameter of the U(1)
gauge transformation), there is an indication that odd parameters of local transformations
come with (z), whereas other fields and parameters come with 1/e(z). (There is a slight
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problem with such a conclusion, because the equation ([[1.§) and the discussion in Section 0.5
seem to indicate that

_ b
T e(2)

But the evidence provided for these assignments is not on a very firm footing.)

B, B es, = E(z)eé;r) . (14.3)

Another important conclusion of this work is that in the orbifold picture all local trans-
formations have to be modified by the addition of brane-localized terms. The modifications
must be such that the modified transformations become non-singular on the brane when the
natural boundary conditions (encoded in the action) are used. This is the reason both for
the modification of dx1s2 in Refs. [[], fil and for the “modification of the Bianchi identity” in
the Horava-Witten model [I].

We also note that our results (concerning the boundary picture) are in agreement with
the recent work of Moss [BY, B, who did a similar analysis for the eleven-dimensional su-
pergravity. The use of the fermionic boundary condition there is necessary, according to
our discussion, precisely because higher order fermionic terms are considered. Our approach
to the Y-term can be employed there to derive the boundary condition for C4pc from the
bulk-plus-boundary action (instead of just postulating it for consistency).

Finally, it would be interesting to see how the analysis presented here for the case of
on-shell supergravity can be done for off-shell supergravity of Zucker [[[§]. One question this
could answer is whether the boundary condition B, = 0 is, actually, an “auxiliary boundary
condition” (see Section P.4) similar to ® = 0 in the Mirabelli and Peskin model (in the absence
of brane-localized matter) [[3.

Acknowledgments

I would like to thank Jonathan Bagger for his interest in this work, many helpful discussions
and critical reading of the manuscript. This work was supported in part by the National
Science Foundation, grant NSF-PHY-0401513.

— 46 —



A. Conventions

We follow conventions of Ref. [[j. Our indices are
M,N,P,Q,K  curved space M ={m,5} m=1{0,1,2,3}
A,B,C,D,E tangent space A= {a,5} a=1{0,1,2,3} (A.1)
i,] SU(2) i={1,2}.
We denote the determinant of an n-bein by e,,: e5 = deteﬁ, eq = dete?,. We use the fiinfbein
ef/[ to relate the two types of indices, e.g.

EMNPQK M_N_P _Q_K ABC’DE. (A2)

A B
gMN = €pfENTIAB; =€y ERecepHerE

It also defines the torsion-free connection,

1
w(e)map = §EJX€§(CMNK +Cnmk — CkMN) » (A.3)

where Cyyng = emo (8Ne?{ — aKe]({,). The covariant derivative is defined to act as follows,

1
D(w)u¥y = O ¥y +wnc UG = T(w) iy Wi + jomsel "0y (A4)

I'BC¢ are implicit. The Christoffel connection is made

where the spinor indices on ¥ and
dependent by imposing D Mef\‘, = 0, which implies

Fg\}N =wynt + 6581\465\‘/ . (A.5)
The curvature tensor is defined by

c c
RynaB = OMwNAB — ONWMAB +WNA~WMCB — WMA~ WNCB (A.6)

and the scalar curvature is R = eMARMA = eMAeNBRMNAB.
The gamma matrices obey the following relations,

{PA,PB} — _2,',,1437 FABCDE — _EABCDE
1
FABCD — EABCDEFE, FABC — —EABCDEFDE ’ (A7)
where I'414n are antisymmetrized with “strength one”, e.g. A8 = %(FAFB — FBFA). The
metric and the Levi-Civita tensor are determined by
nap = diag(— + + + +), (01235 _ +1, eabeds _ cabed (A.8)

In reduction to the two-component notation [B7] we use the following representation of the
gamma matrices,
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A four-component Dirac spinor W, its Dirac conjugate ¥ and its Majorana conjugate T are
written in terms of two-component spinors 1 and 19 as follows,

v <g:) T= (¢, 01), T = (—tbr, D). (A1)

A symplectic Majorana spinor V¥, satisfies Pi = U;, where index i can be raised and lowered
with an antisymmetric tensor €;;. We use the following representation,

Uy =02 = (gg) Ty =l = (%ﬁ (A.12)

The following identities are satisfied,
VIH=HTU, TIH=-HTIY QVIH=QHTT, (A3

where D= D41T42 | PAn T— PAn  PA2DA1 apg

C L g3 q1— g2
Qi =iq-d=1 <Q1 Vi —as ) . (A.14)
Also, for arbitrary symplectic Majorana spinors we have

i T My =% T Hy + he

v F Qinj = —q3¥; F Hi — q12¥ F Hi+ h.c., (A.15)

where q12 = ¢q1 + iq2. These identities allow a straightforward reduction of the action and
supersymmetry transformations to the two-component expressions. The following set of ex-
pressions is especially helpful,

UH = o + oTly,  UTVH = —i(shamy — U17)5)
UTYH = 1ho0®Ty + 11591,  VTOH = i(20"y — $15%m)
UTPH = 2(1hea®ny + ,5%7,), YT = —2i(1ho0™n — 177, . (A.16)

Finally,

Grabedpy — abed oy Grobedpy — _cabed G . (A.17)
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B. Gibbons-Hawking boundary term
We define the extrinsic curvature as '
Kun = Py PyEDgny, (B.1)
where n is the (outward pointing) unit vector normal to the boundary M, and
Py =63 — nym® (B.2)
is a projector onto the boundary, Py;Vny = 0. The trace of the extrinsic curvature is
K=¢"VEKyn . (B.3)
One can show [[[f] that its general variation gives

0K = KMNe%&NA + nM(eMAeNB&uNAB) + PMKDK(eﬁPLMnNéeNA) . (B.4)

The last term is a total tangential derivative which vanishes upon integrating over M. Since

) / (-3}3) = / <R% — 335){) ey + / (—nmeMAeNBswyag) . (B.5)
M\ 2 M 2 oM

we see that the Einstein-Hilbert action with the Gibbons-Hawking boundary term,

1
SEH+GH=—§/MR+ aMK, (B.G)

under the general variation gives

1
0SEH+GH = / (R% - §R€%> seqy +/ (Kun — K Pyy) el oM (B.7)
M oM

The Gibbons-Hawking term makes only the variation of the metric (vielbein e4) appear in

the boundary term of the general variation of the total action. This improves the variational
principle, allowing both the use of the Dirichlet boundary conditions for the metric,

defy =0 ondM, (B.8)
and the derivation of the “natural” (generalized Neumann) boundary conditions,

KMN—KPMNZSMN on OM s (B.9)

where Sysny represents a contribution from a boundary action.

13For a detailed discussion of the extrinsic curvature see Refs. [@7 E, @
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C. Why we choose n; = —e‘;’

The Stokes’s theorem states (see, e.g., Ref. [[0])
/ dPxes(Dy KM) :/ dPrdy(es KM) = dtzelr (ny KM | (C.1)
M M oM

where (denoting by ¢"¢ the induced four-dimensional metric on OM)
es = detepa = /| det gun| (C.2)
eilnd = det ei;;‘;} = /| det gind| | (C.3)

and nyy 1) is orthogonal to 9 M; 2) has the unit norm, g™V nymny = 1; 3) is outward pointing.

5

With our description of M as a hypersurface z° = const, the first condition implies that

only n5 # 0, the second says

ns + 55 (04)
g
and the third has to do with choosing one of the two signs.
In our gauge (2, = 0), we have ¢°° = egeg and egeg =1, thus
= tel. (C.5)

In this gauge we also have gmd = el enq and, therefore, we can choose the induced vierbein

d

as em = €mq and obtain e; = 646‘2

5

Let us assume that our M is a strip 2° = 2z € [z1,22] and ¥ denotes an 2° = const

hypersurface. The Stokes’s theorem can then be written as

/d4 / dz0s( 6465 ):/ d*zes(ns K°) , (C.6)
oM

and, therefore,
(egK5)‘Zz - (egK5)\z1 = (n5K5)‘Zz + (n5K5)|21 . (07)

This means that for the Stokes’s theorem to hold (that is for nys to be “outward pointing”),
we should choose

ns = —eg at 21 and ns = —I—eg at 2y . (C.8)

This choice coincides with the intuitive one when eg > 0.

When M = M, = R3x[0,4+00), the outward pointing ny; at z = 0 has ng = —65 With
this choice, the boundary conditions we obtain on M coincide with the boundary conditions
“on the positive side of the brane” (that is “at z = +0”) and thus directly correspond to the
boundary conditions in Refs. [[i] and [§.
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D. Our gauge
Our gauge choice is eén = 0. Thus,
5
m

ed, =0, e2=0, e #£0, el #£0. (D.1)

Since e% is the inverse to eﬁ,,

A_N _ ¢N M_B _ sB
enea =0y,  exepy =04 (D.2)
in this gauge we have
a . n __ n m_ b __ b 55 m o __ a,m_b
€m€q = 5m7 €q €m = 5(17 6565 -5 65 = —65€, 65 : (D 3)

D.1 Metric tensor

For the metric tensor gy;n we obtain
Gmn = Ymns  Gms = Gsm = N, 955 =" NNy + N2, (D.4)
where we defined
Ymn = € €na, N = €2ema, N = eg , (D.5)
and ™" is the inverse t0 Ypmn,
Y=, iy = 6 (D.6)
Defining
N™=+""N, = ege;' = —Net", (D.7)
the inverse five dimensional metric tensor ¢™” can be written as
gt ="+ NTANTN", g™ = g"" = —NT2N™, gP =N7?. (D.8)
D.2 Field strength
Components of FMN = gMEgNL Y for the field strength Fyn = OBy — On B are
F = g™ g Fyy + (679" — 6" g™ Fins
F™ = g™ gF o+ (™9™ — g™ g") Fs (D.9)
We can write this in a more convenient form,
F =y Eg e g — el g, FT =yl F g (D-10)
where we defined

F s = egFm5 + eg‘an . (D.11)
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D.3 Spin connection
We use the following spin connection,
1
wrrap = el eSwunr, WMNK = §(CMNK +Cnukx — CrmnN) (D.12)
where
Cunk = enc(Onef — Okef) . (D.13)
We find that in our gauge

Crnk = Cmnk7 Cmns = Umn

CSmn = Nkékmn: CSnS = Nkukn + NanN ) (D14)
where
amnk = emc(anei - ake%)y Umn = emc(aneg - 8562) . (D15)

The spin connection coefficients are given by

Winab = %eg‘elg(émnk + Crmi — Chann) (D.16)
Woah = %Nnanab - %(uab — Upa) (D.17)
Dnas = _%N_lNk(amak + Comi) + %N‘l(uam + tma) (D.18)
Was = —%N_IN”N’“(?W + %N‘IN'“(uka + Ugk) + €GO N . (D.19)

We see that in our gauge there are no 05N, in any of wy;4p, which means that the spin
connection coefficients are non-singular, i.e. contain no §(z), in the orbifold picture!

D.4 Extrinsic curvature

Our (outward pointing) unit vector normal to the boundary OM is
ny = O, —N), nM=(N"IN™ -N71. (D.20)

This gives the following projector onto the boundary,

A () om0 Ymn  Nm
pPMN _ PN = Pun = , (D.21)
0 0 N™ 0 N, NEN,
and the extrinsic curvature,
K™ 0 Kpn  NFK
KMN — Kun = : (D.22)
0 0 N*Ky, NENUK,
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where
Ko = —T2 n5, K™ =™l (D.23)
The trace of the extrinsic curvature is
K = gunKMY = 5, K™ = ™K,y = —y™"T5 ns . (D.24)

Using the relation between the Christoffel symbols and the spin connection,

Dyren = Ouen +wpee§ — T vet =0, (D.25)
we find
5 5, .5 A 5.5
Lon = Wimn” + €40me, = epwma’el
+ elwmalep +ebw, sbep + eS0nel + egﬁmez . (D.26)

But all the terms in the second line vanish in our gauge, so

s, = egwmaseg . (D.27)

Therefore, we obtain

Kpo=elKpn =w K=K, . (D.28)

mad’

This gives a geometrical meaning to the spin connection coefficient w,, = .

D.5 Advantages of the ef’n = 0 gauge

The following properties are unique to our gauge, e2, = 0. (Another simple gauge, eg =0,
frequently used in the Kaluza-Klein reductions,'* does not enjoy these properties.)

5

1. e?, is an induced vierbein on a slice ° = const.

2. Wpmap 18 a spin connection for ef,.

3. Dpel = Omel + wpeles, — I"fme% = 0, where Wy, and T'F are elements of wys4p and
FK

MN*

4. There is a simple relation between the extrinsic curvature and a spin connection coeffi-
cient: Ky = w,, .5 -

5. There are no d(z)-terms in any of the spin connection coefficients wysap.

6. The compensating local Lorentz rotation (with the parameter w®; see below) leaves
the supersymmetry transformation of e?, unchanged.

14Gee, e.g., the paper by Chamseddine and Nicolai in Ref. [E]
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E. Supersymmetry transformations

In our gauge and in the two-component spinor notation, the supersymmetry transformations
of Egs. (R.1-R.3) (dropping the 3-Fermi terms in the 6W¥ ;) can be written as follows,

o, = _i(wmlaaﬁl + Ym20Ty) + h.c.
dnes = —i(Y510°) + V¥520°7,) + h.c.
571621 = —Vmant + Ymanz + h.c.

(57—[62 = —52m + Ys112 + h.c.

V6
5HBm = Z7(¢m2771 - ¢m1n2) + h.c.

oy Bs = i?(l/)g,gm — PY51m2) + h.c. (E.1)

S1bm1 = 2D + 1w, 50Ty + iIATw (@1l + 43772) — iVEA(g3m — ¢fa712) B

1 . .
+ﬁ{ — 4i(on," + 5:;)771(6an5 + elank) + [iem ™oy + 45fnak]ﬁ2Fnk}

S1bma = 2Dy — 1w, =0T + iAT (g3T — q1aTla) + iV6A(g312 + q12m ) Bm

1 . . _
+ﬁ{ — 4i(on" + 5:;)772(6an5 + eank) — liem ™oy + 45:;0'“]771}7%}

Spabs1 = 2Dz + w507y + Ae2 — ivV6Bs)(g3m — diae)

1 . )
+%{ —4(0™" Ny —iegm) Frs — 4ze5a0“"771(ean5 + elank)

+(—2z‘egankm + ie5aeanklalﬁ2)Fnk}
Sptpsa = 2Dsm — iws 50T — Me? — iV6Bs)(gsn2 + q12m1)

1 . .
+—{ + 4(0" ) + iegn2) Frs — 4ze5a0“"772(ean5 + eank)

21/6
H(—2iedomFpy — ie5ae“”klalﬁ1)Fnk} , (E.2)
where
~ 1
Dym = 8M77 + §wMabO'ab?7 . (E3)
Note that all ef and 675” have been explicitly separated out (thus, o™ = e/*c® and so on).
However, we have to modify the supersymmetry transformations by a compensating
Lorentz transformation (wap = —wpa),

1
dueqy = eqwpt, 0LV = ZwABFAB\IJMZ- , (E.4)
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in order to stay in our e, = 0 gauge. Using only off-diagonal coefficient waé,

a ab 5 ch 5 ch
dwem = —€,:w?,  dues = —esw™,  duep = epw®, dues = escw™ . (E.5)

We define the modified supersymmetry transformations by

Sheqs = dneqy +ouens . (E.6)

We want the supersymmetry variation to preserve e;f’n =0,

(%{ef’n = 57’(615% + emew™ =0 , (E.7)

which fixes

w® = —emadHefn = " (VYmam — Ym1m2) + h.c. (E.8)

The modified supersymmetry transformations, therefore, are

Spel = dpel (E.9)
Spe8 = Sped + 6556”“”57{6% (E.10)
Shyed, =0 (E.11)
54_162 = 57-[6% — egeg’"béHeén . (E.12)

Note that the supersymmetry variation of the e?, stays the same, which is one of the advan-
tages of our gauge.

The gravitino supersymmetry transformations also get modified, but only in the 3-Fermi
terms (since w? is 2-Fermi) which we omit.

F. Bulk Lagrangian

The fermionic part of the bulk supergravity Lagrangian is

V6

£5F = §\I/MPMNKDN\I/KZ' — Z?FMN\I/M\I/NZ' — ZEFMN\I/PFMNPQ\I/QZ'

/

3 o~ 6 o~
+iZ/\QZ-]\I'§\/[I‘MN\IJNj - iTAQiJmﬁwrMNK\IijBN . (F.1)
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In the two-component spinor notation it becomes

1 — _
Lsp = §6mnkl(¢m251Dn¢k2 + V101 Dnbr1) + (Vm10™" Dgtbpa — Ym0 Dby )

+(¢m2amnDn¢51 - 1/1510m"Dm1/1n2) + (¢520m"Dm1/1n1 - wmlamnan@)
—i@ [’Ymk’Y"lel(ibmzwnl) + "R E s (Ymaths, — 1/1m1¢52)}

4
6 _ _
—%Emnm [qu (¢m2¢n1) - inq (¢m20n¢52 + 7/)m10n7/)§,1)

—iFms (¢p20niq2 + ¢p10niq1):|
_g)‘{qs [20m10™ Yn2 + (Y20 Vg5 — Y10V,
12 [(Pm10™ " Pn1 — ProT " P0) A i (P10 sy + UrnoT " gy )] }

—i-?)\{qg [iBu€™™  (Prm201fys — Pm101y1) + 4iBs (Pm10™ ™ 4Pn)
—4i B, (Y20 s) + hm10™ ™ 1)s,) |
+q12 [QiBnﬁmnm(T/)mlff@m) + 2iBs (10" hn1 + a0 " 00)
4B (10" s + DT D55)] |
+h.c. (F.2)
Note that ef does not appear at all, whereas 675” appears only in the following combinations,
Bs = €2Bs + €!'By,  F 5 =e2Fs + ¢ Fpn
Dy =e2Ds+ el D, 15 = 20510 + €l Y12 - (F.3)

In particular, 0™ = eMo® and €™ = eMelekelcabd. The derivatives can be further decom-
posed as follows,

N i _
D1 = Dy + §wMa51/12
~ i _
Dypipa = Dypipa — §WMG5¢1 . (F4)
Note that DMeﬁ, =0, but ﬁMe]“\‘, # 0.
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