arXiv:hep-ph/0612122 vl 11 Dec 2006

December 11, 2006
hep-ph/0612122
ZU-TH 23/06
DESY 06-223
SFB/CPP-06-54

Two-Loop Renormalization in the Standard Model

Part I: Prolegomena*

STEFANO AcTis!
Deutsches FElectronen - Synchrotron, DESY, Platanenallee 6, 15738 Zeuthen, Germany
ANDREA FERROGLIAY

Fakultat fir Physik, Albert-Ludwigs Universitdt, Freiburg, Germany
Institut fiir Theoretische Physik, Universitdt Zirich, Zirich, Switzerland

MASSIMO PASSERAS
Dipartimento di Fisica, Universita di Padova and INFN, Sezione di Padova, Italy
GIAMPIERO PASSARINOT

Dipartimento di Fisica Teorica, Universita di Torino, Italy
INFN, Sezione di Torino, Italy

In this paper the building blocks for the two-loop renormalization of the Standard Model are
introduced with a comprehensive discussion of the special vertices induced in the Lagrangian
by a particular diagonalization of the neutral sector and by two alternative treatments of the
Higgs tadpoles. Dyson resummed propagators for the gauge bosons are derived, and two-
loop Ward-Slavnov-Taylor identities are discussed. In part II, the complete set of countert-
erms needed for the two-loop renormalization will be derived. In part III, a renormalization
scheme will be introduced, connecting the renormalized quantities to an input parameter set
of (pseudo-)experimental data, critically discussing renormalization of a gauge theory with
unstable particles.

Key words: Feynman diagrams, Multi-loop calculations, Self-energy Diagrams, Vertex diagrams

PACS Classification: 11.10.-z; 11.15.Bt; 12.38.Bx; 02.90.4+p

*Work supported by MIUR under contract 2001023713_006 and by the European Community’s Marie Curie Research
Training Network under contract MRTN-CT-2006-035505 ‘Tools and Precision Calculations for Physics Discoveries at
Colliders’.

TStefano. Actis@desy.de

tandrea.ferroglia@physik.uni-freiburg.de

$massimo.passera@pd.infn.it

Ygiampiero@to.infn.it



Contents
1 Introduction

2 Higgs tadpoles

2.1 Thebasics . . . . . . . o e e e
2.2 The parameter Br, . . . . . . . o e
2.2.1 Definitions and Lagrangian . . . . . . . . . . . ...
2.2.2 B fixing at the lowest order . . . . . . ... L
223 pBpfixinguptooneloop . . . . . ..
2.2.4 By vertices in one-loop calculations . . . . . ..o oL oL
2.2.5 By fixing up to two loops . . . . ...
2.2.6 [ vertices in two-loop calculations . . . . . .. . ... L
2.3 The By Scheme . . . . . . . o e
2.3.1 Definitions and Lagrangian . . . . . . . .. . L L
232 [ruptooneloop . . . ...
233 [ruptotwoloops . . . . ...
2.4 Bp and B¢ tWo COMMENTS . . . . . . . L e e e e e e

3 Diagonalization of the neutral sector

3.1 New coupling constant in the Bp scheme . . . . . . . . . . ... .. ... L
3.2 New coupling constant in the B¢ scheme . . . . . . . . . . .. ... ...
3.3 The I'-B: mixing . . . . . . . . . e
3.4 Summary of the special vertices . . . . . . . . ...

4 WST identities for two-loop gauge boson self-energies

4.1 Definitions and WST identities . . . . . . . . . . . . L
4.2  WST identities at two loops: the role of reducible diagrams . . . . . . .. ... ... ... .....
4.2.1 The photon self-energy . . . . . . . . . ..
4.2.2 The photon—Z mixing . . . . . . . . . .. e
4.2.3 The Z self-energy . . . . . . . . . e
4.24 The W self-energy . . . . . . . . . 0 e
5 Dyson resummed propagators and their WST identities
5.1 The charged sector . . . . . . . . L e
5.2 The neutral sector . . . . . . . ..

6 The LQ basis

J

Conclusions
Appendix: Feynman rules for 3; vertices

Appendix: Feynman rules for 3; vertices

Q w »

Appendix: Feynman rules for I'" vertices

M

© © 00 OO ULU W wWwww

15
15
16
16
17
18
18

19
20
21

23

26

27

27

29



1 Introduction

In a series of papers we developed a strategy for the algebraic-numerical evaluation of two-loop,
two-(three-)leg Feynman diagrams appearing in any renormalizable quantum field theory. In [1] the
general strategy has been designed and in [2] a complete list of results has been derived for two-loop
functions with two external legs, including their infrared divergent on-shell derivatives. Results for one-
loop multi-leg diagrams have been shown in [3] and additional material can be found in [4]. Two-loop
three-point functions for infrared convergent configurations have been considered in [5], two-loop tensor
integrals in [6], two-loop infrared divergent vertices in [7]. As a by-product of our general program
we have developed a set of FORTRAN/95 routines [8] for computing everything which is needed, from
standard Ay, ..., Dy functions [9] to two-loop, two-(three-) point functions. This new ensemble of
programs, which includes the treatment of complex poles [10], will succeed the corresponding library of
TOPAZO [11].

The next step in our project has been to introduce all those elements which are necessary for a
complete discussion of the two-loop renormalization of the Standard Model (SM). In this paper we
introduce basic aspects of renormalization which are needed before the introduction of counterterms. In
part IT we will present a detailed analysis of the counterterms with special emphasis to the cancellation
of ultraviolet poles with non-local residues (the so-called problem of overlapping divergences), while in
part III we will deal with finite renormalization deriving renormalization equations, up to two loops, that
relate the renormalized parameters of the model to an input parameter set, which always includes the
fine structure constant « and the Fermi coupling constant Gr. Renormalization with unstable particles
will also be addressed.

Having provided a derivation of the elements which are essential for constructing a renormalization
procedure, we will proceed in computing a first set of pseudo-observables, including the running e.m.
coupling constant and the complex poles characterizing unstable gauge bosons.

Several authors have already contributed in developing seminal results for the two-loop renormaliza-
tion of the SM [12]. Here we want to present our own approach, from fundamentals to applications. The
whole set of results is completely independent from other sources; furthermore, we wanted to collect in a
single place all the formulas and algorithms that can be used for many applications and are never there
when you need them.

The code GraphShot [13] synthesizes the algebraic component of the project (for alternative ap-
proaches see ref. [14] and references therein) from generation of diagrams, reduction of tensor structures,
special kinematical configurations, analytical extraction of ultraviolet/infrared poles [7] and of collinear
logarithms and check of Ward-Slavnov-Taylor identities (hereafter WST identities) [15]. The corre-
sponding output is then treated by a FORTRAN/95 code, LoopBack [8], which is able to exploit the
multi-scale structure of two-loop diagrams. Future applications will include H — vy and H — gg, to
give an example.

It is worth noticing that there are other solutions to the problems discussed in this paper; noticeably,
one can choose to work in the background-field formalism [16]; here we only stress that our solution
has been extended up to the two loops and has been implemented in a complete and stand-alone set of
procedures for two-loop renormalization.

The outline of the paper is as follows. In Section 2 we discuss the role of tadpoles in a spontaneously
broken gauge theory presenting two alternative schemes in Section 2.2 and in Section 2.3. Diagonalization
of the neutral sector in the SM is derived in Section 3. WST identities are discussed in Section 4. Dyson
resummation is analyzed in Section 5. Bases relevant for renormalization are introduced in Section 6.
New sets of Feynman rules, required by our renormalization procedure, are given in the Appendices.



2 Higgs tadpoles

Tadpoles in a spontaneously broken gauge theory have been discussed by many authors (see, for
instance [17]). Here we outline those aspects which are peculiar to our approach.

2.1 The basics

Following notation and conventions of ref. [18], the minimal Higgs sector of the SM is provided by
the Lagrangian

Ls = —(DK) (D, K) - i’ K'K — (\/2)(KTK)?, (1)
where the covariant derivative is given by
i i
DK = <au — gngTa — 5@32) K, (2)
g'/g = —sinf/cosf, 6 is the weak mixing angle, 7* are the standard Pauli matrices, By} is a triplet

of vector gauge bosons and 32 a singlet. For the theory to be stable we must require A > 0. We
choose p? < 0 in order to have spontaneous symmetry breaking (SSB). The scalar field in the minimal

realization of the SM is
1 ¢+ igg >
K=— . , 3
V2 < — 2 + i1 3)

where ¢ and the Higgs-Kibble fields ¢g, ¢1 and ¢o are real. For u? < 0 we have SSB, (K)o # 0. In
particular, we choose (+i¢g to be the component of K to develop the non-zero vacuum expectation value
(VEV), and we set (¢o)o = 0 and (C)o # 0. We then introduce the (physical) Higgs fields as H = ¢ —v.
The parameter v is not a new parameter of the model; its value must be fixed by the requirement that
(H)o =0 (i.e. (K)o = (1/v/2)(v,0)), so that the vacuum doesn’t absorb/create Higgs particles. To see
how this works at the lowest order, consider the part of Lg containing the Higgs field:

—(1/2)(0.H)? = (1?/2)(H +v)* — (A/8)(H + v)". (4)
These terms generate vertices that imply absorption of H in the vacuum, namely those linear in H,
%0 — (\/2)0°] B, (5)

which correspond to the vertex H ———e . This vertex gives a non-zero value to the diagrams with
one H line, and thus a non-zero VEV. We will set it to zero, i.e. v = (—2u2/A\)*/? (or v = 0, but then,
no SSB).

2.2 The parameter (Gp
2.2.1 Definitions and Lagrangian

More complicated diagrams contribute to (H)q in higher orders of perturbation theory. The parameter
v must then be readjusted such that (H)y = 0. First of all, let us introduce the new bare parameters
M (the W boson mass), M,, (the mass of the physical Higgs particle) and [, (the tadpole constant)
according to the following definitions:

M = gv/2 v = 2M/g
M2 = M = X = (gM,/2M)? (6)
Bn = p’+ 30 P2 o= Bp—sM?



This parameter [, is the same as (8, of [18] and f, of [19]. The new set of (bare) parameters is therefore
9,9, M, M, and ), instead of g, ¢’, 1, A\, v. Remember that [}, (like v) is not an independent parameter.
In terms of ¢, ¢, M, M,, and (p, L'{q becomes (in ref. [18] some terms have been dropped)

QM2 2M

Ly = —p’KTK - (\/2)(KTK)* = =3 St H L (H + 63+ 2640
M2M? 1 M? M2
2 — M H? — g 22 H (H? + 66+ 2646~ ) — 9" 52 (H? + @2 +2050-)%, (7)

with ¢+ = (¢1 Fig)/v/2. Note that (—u2KTK) is the only term of Lg containing 3, (actually, the only
term of the whole SM Lagrangian). Let us now set [, such that the VEV of the Higgs field H remains
zero to each order of perturbation theory.

2.2.2 (3, fixing at the lowest order

At the lowest order, the only diagram contributing to (H)g is
H —eo (8)

originated by the term in Eé linear in H, —(206,M/g)H. Therefore, at the lowest order we will simply
set G, = 0.

2.2.3 [y, fixing up to one loop

Define By, = Buy + Bh,g* + Brg* + -+ -. The lowest-order 3, fixing of the previous section amounts to
Bro = 0. At the one-loop level, two types of diagrams contribute to the Higgs VEV up to O(g):

Ty: — o 4+ T, —Q 9)

where the empty blob in the second term symbolically indicates all the one-loop diagrams containing
a scalar field (H, ¢4, ¢o), a gauge field (Z, W), a Faddeev—Popov ghost field (X;, X_, X,), or a
fermionic field. As an example, consider only the one-loop diagram containing the H field: TI(H); if this
were the only 77 diagram, in order to have (H)y = 0 it should cancel with T, i.e.

2M 3M2
4 pun i 2 _
(2m)%i < By, ; ) 9 Lin=Ao(M,) =0, (10)
where im2Ag(m) = p*=" S d"q/(q*> + m? — ie). The solution of this equation is 8, = 0 and
1 " 1 |3M?
) _ LI N L N BB 11
I = Gryh <2Mg> 1672 [8M2 o(My) (11)

Of course, }(:r) is just the contribution to (3}, arising from the one-loop tadpole diagram containing the

H field; the complete expression for 34, in the R¢ gauge is

1 3 3 M2
= ——— | 2A0(M) + 25 Ag(Mp) + M? + =2
B 62 | go(M) + 12 o(Mo) + M= + 22 -
M2 3M2 m2
+ 72 (Ao(EzMo) + 240 (6w M )) + g Ao(My) — MJ;AO(mf) 7 (12)

f



where My = M/cy and m 7 are the Z and fermion masses, and ¢y = cos 6.

2.2.4 (3 vertices in one-loop calculations

Beyond the lowest order, /3, is not zero and the Lagrangian L'{q contains the following vertices involving
a By, factor (“B vertices”, from now on):

H ————e (2m)%i (—2M By /g) (13)
H — e — H (2m)*i (=) (14)
po ——e—— ¢p (2m)*i (—6n) (15)
by ——o—— ¢ (2m)%i (=) (16)

(as usual, the combinatorial factors for identical fields are included; see the Appendix D of ref. [19]).
Note that only scalar fields appear in the (5 vertices. These (), vertices must be included in one-
loop calculations. Consider, for example, the Higgs self-energy at the one-loop level. The diagrams
contributing to this O(¢g?) quantity are

H—e——H + H—@—H (17)

where the empty blob in the second term represents all the one-loop contributions (two possible topolo-
gies). The first diagram, containing a two-leg (3, vertex, shouldn’t be forgotten, and plays an important
role in the Ward identities (see later). One should also include diagrams containing tadpoles:

H—LH + Hﬁfl (18)

but these diagrams add up to zero as a consequence of our choice for (y,.

2.2.5 [ fixing up to two loops
Up to terms of O(g?), (H)o gets contributions from the following diagrams:

TO : —e (1) +

T —( ) (1/2) +

T —(—5 e + —) am o+ — ) am +
T —( » (1/2) +

n: — ) wm o+ — e 2 +

T ——e— ) (1/2) + ——e—e (1) +



Ty - &@ (1/4) + Q o (1/2) +
O
T —< )+ % 12+ { (1/2).

O O

The coefficients in parentheses indicate the combinatorial factors of each diagram when all fields are
identical. Owing to our previous choice for (3, and [, all the reducible diagrams add up to zero:
Ty =15 =1 = T7 = 0. The equation

3
Y T;=0 (19)
i=0
provides then (,:
1 Ty + 13
= ) 2
= s (vt 2

2.2.6 [y vertices in two-loop calculations

The two-leg ), vertices in Egs. (14,15,16) should be included in all the appropriate diagrams at the two-
loop level, while all graphs (up to two loops) containing tadpoles will add up to zero as a consequence of
our choice for By, By, and By,. Note that two-leg 3}, vertices will also appear in the O(g?) self-energies
of fields which do not belong to the Higgs sector; for example, in diagrams like these:
H o H H o H
Z O Z Z O Z,

A

which are representative of the only two irreducible O(g*) Z self-energy topologies containing /3, vertices
(excluding tadpoles, of course).

2.3 The 3; Scheme
2.3.1 Definitions and Lagrangian

Tadpoles do not depend on any particular scale other than their internal mass, and cancel in any
renormalized self-energy. However, they play an essential role in proving the gauge invariance of all the
building blocks of the theory. In order to exploit this option, we will now consider a slightly different
strategy to set the Higgs VEV to zero. Instead of using Eqs. (6), the “Gj, scheme”, we will define the
new bare parameters M’ (the W boson mass), M, (the mass of the physical Higgs particle) and ; (the
tadpole constant) according to the following “G; scheme”:

M1+6) = gv/2 voo= 2M'(1+8)/g
(M2 = A(@2M'/g)? — A = (gM]/2Mm)? (21)
0 = w+3502M/g)° po= —g(M)?



The new set of bare parameters is therefore g,¢', M’, M! and (3 instead of g,¢' and p, A\, v or g,¢'
M, M,, and (3. Remember that 3; (like v and ) is not an independent parameter. Note that, contrary
to B, the parameter (8, appears in the Higgs doublet K via ( = H + v, with v = 2M'(1+ 3;)/g. As a
consequence, all three terms of the Lagrangian Lg in Eq.(1) depend on this parameter. In particular,
the interaction part of Lg becomes

£ = —pPK'K — (\/2)(KTK)? (22)
MIQMIQ MIZM/
= AP (1= G248 ) = BB+ ) (B4 2) L H
—%M;?HQ — iM;fﬁt (B: +2) (BH? + ¢ + 20+.6—)
M/2 ) 12 )
g (L4 B1) T H (H + 6 4+ 2016-) — @ 5ally (H” + 68 +2000-)" . (23)

while the term of Lg involving —(D,K )T(DMK ), yields a (lengthy) [;-independent expression (see
refs. [18] and [19]), plus the following terms containing f;:

‘ ot o Sp gM’ n ZuZ,
@><Fwﬂ¢m—¢m&@w5%>—2ﬂ<ww*-%
M/2 _ Z.Z M _
(B +2) <2iju + ‘;J) +aZM8u¢o+M’Wj8u¢— +M'W, 8u¢+], (24)
0

where, as usual, VVjE (B}, :FZB2)/\/_ and

<2>:<3_3><g?) (25)

Where else, in the SM Lagrangian, does the parameter 3; appear? Wherever v does — as it can be
readily seen from Eq.(21). Let us now quickly discuss the other sectors of the SM: Yang—Mills, fermionic,
Faddeev—Popov (FP) and gauge-fixing. The pure Yang-Mills Lagrangian obviously contains no [3; terms.

The gauge-fixing part of the Lagrangian, L, cancels in the R¢ gauges the gauge-scalar mixing terms
Z—-¢o and W*—¢* contained in the scalar Lagrangian L£g. These terms are proportional to gv /2, i.e., to
M'(1+ f;) in the §; scheme, and to M in the §j, scheme. The gauge-fixing Lagrangian L, is a matter
of choice: we adopt the usual definition

Lop=—CiC — 5G4~ 3G (26)

with
1 1
Co= ——0uA,, C,= az+& m Co = ——0uW; +E&wM'ox (27)
f A f gw

(note: no f; terms), thus canceling the Lg g—mdependent gauge-scalar mixing terms proportional to M’,
but not those proportional to M’3; (appearing at the end of Eq.(24)), which are of O(g?). Alternatively,
one could choose M'(1+ f3;) instead of M’ in Eq.(27), thus canceling all Lg gauge-scalar mixing terms,
both proportional to M’ and M’f;, but introducing then new two-leg 3; vertices. In this latter case,
as M = M'(1+ f3;), the gauge fixing Lagrangian would be identical to the one of the (), scheme. We
will not follow this latter approach. Of course it is only a matter of choice, but the explicit form of L,
determines the FP ghost Lagrangian.



The parameter §; shows up also in the FP ghost sector. The FP Lagrangian depends on the gauge
variations of the chosen gauge-fixing functions C,, C, and Ci. If, under gauge transformations, the
functions C; transform as

Ci — Ci + (Mij + gLij) Ay, (28)
with i = (A, Z, £), then the FP ghost Lagrangian is given by

Lrp=X; (Mij+gLij)Xj- (29)

With the choice for Ly given in Eq.(26) (and the relation gv/2 = M'(1 4 3;)) it is easy to check that
the FP ghost Lagrangian contains the (; terms

Lor=— (M)’ 6 (6T X"+ 6T X +6X,X, /) +, (30)

where the dots indicate the usual §;-independent terms. Had we chosen L4¢ with M’(1+ ;) instead of
M’ in Eq.(27), additional (3; terms would now arise in the FP Lagrangian.
In the fermionic sector, the tadpole constant (3; appears in the mass terms:

% (—atiu + Bdd) = — (1+ B) (mutiu + madd) (31)
(v = 2M'(1 + B¢)/g), where o and (3 are the Yukawa couplings, and m,, mg are the masses of the
fermions. The rest of the fermion Lagrangian does not contain J;, as it doesn’t depend on v.

The Feynman rules for vertices involving a [3; factor (“3; vertices”) are listed in Appendix B, dropping
the primes over M’ and M ;1 In the f3; scheme, contrary to the ), one, we have (many) two- and three-leg
0; vertices containing also non-scalar fields. Note that three-leg 3; vertices introduce a fourth irreducible
topology for O(g*) self-energy diagrams containing 3; vertices, namely:

e ® O

2.3.2 (3; up to one loop

Define 3; = By, + B, 9 + Brg* + - -. As we did for 3),, we will now fix the parameter 3; such that the
VEV of the Higgs field H remains zero order by order in perturbation theory. At the lowest order, the
only diagram contributing to (H) is the same one depicted in Eq.(8), which origins from the term in £
linear in H, —(¢(8¢ + 1)(6¢ + 2)(M gM '/g)H. Therefore, at the lowest order we can simply set 3; = 0,
i.e. ﬂto =0.

Up to one loop, the diagrams Tj) and 7] contributing to the Higgs VEV are analogous to Ty and T}
appearing in Eq.(9), so that (3, can be set in analogy with [, :

o
b = G <2M/gMg> ‘ (32)

Note that 7] and 7; have the same functional form, but depend on different mass parameters.



2.3.3 [ up to two loops

The two-loop f; fixing slightly differs from the (3, one. Up to terms of O(g?®), (H)o gets contributions
from the following diagrams:

Ty: ——e o+

. —( ) (1/2) +

T —( e+ —) am o+ — ) am +
. —(» a2 o+ —< ) 0

plus reducible diagrams (analogous to those appearing in 7;—T% of section 2.4) which add up to zero
because of our choice for 3;, and f,. Note the new diagrams in Ty, with three-leg 3; vertices, not present
in the 0 case (T3). The parameter (3;, can be set in the usual manner, requiring

3
1 T, + T 3
!/ __ _ 2 3 2
Z =0 ; B = (27)4i <2M'93M;I2> ~ 50 (33)

Note that 77 , and T} 2 have the same functional form (but depend on different mass parameters) while
T} and T3 are different.

2.4 [ and (3;: two comments

Consider the (doubly-contracted) WST identity relating the Z self-energy Il ,,(p), the ¢g self-
energy II, ., (p), and the Z—¢¢ transition II, ., (p) (see Section 4):

p,upl/HleZZ(p) + MgH%%(P) + 2ipuM0Hu,Z¢o(p) = 0. (34)

Both in the 3}, and f3; schemes, each of the three terms in Eq.(34) contains contributions from the tadpole
diagrams, but they add up to zero, within each term. For example, at the one-loop level, the first term
in Eq.(34) contains the tadpole diagrams

and i
Z Z Z Z (35)

which cancel each other. In the (;, scheme at the one-loop level, only the second term of the lLh.s.
of Eq.(34) includes a diagram with a two-leg (), vertex (Eq.(15)), while in higher orders, two-leg [,
vertices appear in all three terms. In the (3, scheme, all three terms of Eq.(34) contain the two-leg [
vertices already at the one-loop level. Similar comments are valid for the WST identity involving the W
self-energy.

Concerning renormalization, the constraints imposed on S, and (; in the previous sections are the
renormalization conditions to insure that (0|H|0) = 0, also in the presence of radiative corrections. In
particular, the renormalized (3} ; parameters are 6}(;;) = Bht + 00nt = 0. The equivalent of Egs. (6) and



(21) for the renormalized parameters are just the same equations with the tadpole constants set to zero.
In the B scheme, the one-loop renormalization of the W and Z masses involves the diagrams

@ —© (b) & () - : (36)

(Diagrams (a) have two possible loop topologies.) Both (a) and (b) are gauge-dependent, but their
sum is gauge-independent on-shell. However, as we choose the [ tadpole (¢) to cancel (b), the mass
counterterm contains only (a) and is therefore gauge-dependent. On the contrary, in the 3; scheme, the
one-loop renormalization of the W and Z masses involves the diagrams

@ ¢ () (b) & (d) - : (37)

Once again, both (a) and (b) diagrams are gauge-dependent, their sum is gauge-independent on-shell,
and the [3; tadpole (d) is chosen to cancel (b). But, the mass counterterm is now gauge-independent, as
it contains both (a) and the two-leg ; vertex diagram (c¢) (which is missing in the [}, case).

3 Diagonalization of the neutral sector

3.1 New coupling constant in the 3; scheme

The Z—y transition in the SM does not vanish at zero squared momentum transfer. Although this
fact does not pose any serious problem, not even for the renormalization of the electric charge, it is
preferable to use an alternative strategy. We will follow the treatment of Ref. [20]. Consider the new
SU(2) coupling constant g, the new mixing angle § and the new W mass M in the 3}, scheme:

g = g(1+7T) g = —(sinf/cos ) g

Yt = 7\ 2 12 (38)
v o= 2M/§ A= (gM,/2M)" p? =g, —sM?

(note: gsinf/cosf = gsinf/ cosf), whereI' =Ty g2+ T2 g*+--- is a new parameter yet to be specified.
This change of parameters entails new A, and Z,, fields related to ij and BB by

_ g 3
Zy _ C?SQ sin 6 B’é . (39)
A, sinf  cos#f B,

The replacement g — g(1 + I') introduces in the SM Lagrangian several terms containing the new

parameter I'. In our approach I' is fixed, order-by-order, by requiring that the Z—y transition is zero at
p? =0 in the £ = 1 gauge. Let us take a close look at these ‘T terms’ in each sector of the SM.

e The pure Yang—Mills Lagrangian

1 1
—Fe F — ~FY [0 (40)

EY]\/I:_4 puv py 4 [ 3]

with Fi, = 0,B) — 0,B; + ge“bCBZBﬁ and F, S,, = 0,BY — 8,,32, contains the following new I' terms
when we replace g by g(1+T):

ALyy = —igleg [0,Z, (WiW, —W}IW,) —Z, (WoW, — W, a,W)+

10



+Z, (WSo,W, =W, 0,W,)| —iglsy [0,A, (WW, —W,W,)
- A, (WioWw, =W o,W5)+A,(WSoW, —W, 8,W;)]

+ T (2+T1) % (Wiw, wiw, —wiw, wiw, )

+ e (ZWIZW, = Z,ZWIW,) + 5 (A WAW, — AAWW, )

+ 8989 (AuZ, (WIW, + WSW) = 24,2, W,SW,) |, (41)

where 59 = sinf and ¢ = cosf. As these terms are of O(g®) or O(g*), they do not contribute to the
calculation of self-energies at the one-loop level, but they do beyond it.

e The Lagrangian Lg, Eq.(1), contains several new I' terms when we employ the relation g = g(1 +T')
and the ), scheme of Egs. (38). They can be arranged in the following three classes

ALsy=ALeT™ 4 ALes= ¢ acts=, (42)

according to the number of fields (nf) appearing in each interaction term (indicated by the superscript
in parentheses). The explicit expressions, up to terms of O(g*), are

AL~ {_%Msgrzuzu SV (2418 Z,Z,
i ? (14+T&) A, Z, + 8,0 (504, + 2,
0
~M Q2+ T)WW, + W 8,6% + W:@qu_] , (43)
ALy = gr [—MH <7M7u + E—ZZMZ + 2WJW;>
1, _ . o
i) (50 +C0Zy) (HOuo — ¢°0,H + i 0,0~ — i~ 0u0™)

+i(¢p Wi —¢TW,) <§9MZH — (53/e)MZ, + %auqbo)

+%WM‘GM¢+ (H +i¢°) + %W;am— (H —i¢°) —%@H (0"Wo +o"WH)|, (44)

|||
)

e =2 1 _ _
AL&{Z - %P{—§ (H2+¢g) <ZuZu+ AMZM+2W:_WH_>

Q)

0

+oto (—2855A, 4, + (1 —265)Z,Z, + (S9/Co — 430€9) AuZ,)
—2WIW ot~ + (504, — (55/20)Z ) ¥

X [¢0 ("W, + " W) —iH (¢"W, — ¢—Wj)] } . (45)

The interaction part of the scalar Lagrangian, £5 = —p2KTK — (\/2)(KTK)?, does not induce I' terms;
these are only originated by the term involving the covariant derivatives, —(D.K )T(DMK ). On the other
hand, as M /g = M /g, the B3 terms induced by LL are given by Eq.(7) expressed in terms of the ratio
M /g of the barred parameters.

11



e We choose the gauge-fixing Lagrangian L, of Eq.(26) with the following gauge functions:

1 1. — M 1 v
Ca= ——a,uAua Cz= ——8ALZM +&z—¢o, Ci= __8HW3: +EwMos. (46)
£A gZ o éW

This R¢ gauge I'-independent L,f cancels the zeroth order (in g) gauge-scalar mixing terms introduced
by Lg, but not those proportional to I'. Had one chosen gauge-fixing functions Eqgs. (46) with unbarred
quantities, all the gauge—scalar mixing terms of Lg would be canceled, including those proportional to
I', but additional new I' vertices would also be introduced.

e New I' terms are also originated in the Faddeev—Popov ghost sector. Studying the gauge transforma-
tions (Eq.(28)) of the gauge-fixing functions C,, C; and C+ defined in Egs. (46), the additional new I’
terms of the FP Lagrangian (which is defined in Eq.(29)) in the ), scheme are:

ALppn=ALYLD + ALEEY, (47)
where the two-field terms are,
ALY = T [gZYZ (XZ + i—ZXA> +&w (XX + Y_X_)} : (48)
and the three-field terms are
ALY = ro i (0,X2/6)X- - 0.X/6)Xs) (19)
+ sy (X4 /€)X — (X 4 /6w)X,)
+icW, ((auY_ Jew) Xy — (0,X 1/€2) X+>
+ sy (9K - /6w) X — (9. X4/64) X )
+ieoZy (9K +/6w) X4 = (X /) X-)
+ s (X4 /6w) Xy — (0,X/6w)X-)

_|_

1 _ _ _ _
SEwll [z'qso (X Xy - X X )= H (X Xy + X_X_)]

+ 2—;§ZMYZ [z'X_¢+ Xy b —FgHX, — EGHXZ}

+ %gWM [Y_qs_ (Co Xz +59X4) — X1y (o Xz + §9XA)] } .

(The bars over the FP ghost fields indicate conjugation. Obviously, the new FP fields X, and X, should
also be denoted with the bar indicating the field rediagonalization, just like the new fields Zu and 7#'
However, this notation would be confusing and we will leave this point understood.) Note that the FP
ghost — gauge boson vertices are simply the usual ones with g replaced by gI'. This is not the case, in
general, for the FP ghost — scalar terms.

e Finally, the fermionic sector. The fermion — gauge boson Lagrangian,

Lig = 2\[ g[Wil iy (1 +5)d + W dy (14 75) u]

%QZH Fru(Is —2Qss* + Isvs) f +igsQrAufyuf, (50)
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(where I3 = £1/2 is the third component of the weak isospin of the fermion f, and Qy its charge in
units of |e|) becomes, under the replacement g — g(1+T') and the 6, A, and Z,, redefinitions,

‘N.

Lic = gA+T) [Wiay, (1+7s)d + W, dy, (14 7s) u ]

S

K

2¢y
i _ _ _

+§§F(§9Au+592u) I fyu (1 +75) f. (51)

The new neutral and charged current I' vertices are immediately recognizable. The CKM matrix has
been set to unity.
The fermion—scalar Lagrangian does not induce I' terms. Indeed, the Yukawa couplings « and 3 in

Efs’ - _O['IIZ_)LKUR - /BQELKCdR + h.C. (52)

(Where_ K¢ = irK* is the conjugate Higgs doublet)_are set by av/A/2 = m, and Bu/\/2 = —my. As
v=2M/g, it is a = gmy, /N2 M and 3 = —gmg//2 M, and no I" appears in Eq.(52).

+

§7u JF’V,u (I3 - 2Qf§3 + 13’75)]0 + 1 g5¢ sz,uf’%uf

The Feynman rules for all these new I' vertices are listed in Appendix C, up to terms of O(g*). Those
corresponding to the pure Yang—Mills Lagrangian (Eq.(41)) are not listed, as they are identical to the
usual Yang-Mills ones, except for the replacement g — gI' in the three-leg vertices, and g — g?T'(2+1T)
in the four-leg ones. In Appendix C, all bars over the symbols (indicating rediagonalization) have been
dropped, except over g.

3.2 New coupling constant in the 3; scheme

The (; scheme equations corresponding to Egs. (38) are the following
g = g(1+70) g = —(sinf/cosf) g (53)
vo= 2M'(1+8)/g A= (gM!/2M")° pP=—L(M!)2.

(Note: gsinf/cosf = gsinf/cosf.) The analysis of the I' terms presented in the previous section for
the 3, scheme can be repeated for the (; scheme using Egs. (53) instead of Egs. (38). The new fields
A, and Z, are related to Bﬁ and Bg by Eq.(39). Thus, we obtain the following results:

e The replacement g — g(1 +I') in the pure Yang-Mills sector introduces new I' vertices collected in

ALy, which does not depend on the parameters of the 3, ; schemes. ALy, has already been given in

Eq.(41).

e The new I' terms introduced in Lg by Egs. (53) can be arranged once again in the three classes
ALs, = ALY 4 ALY ¢ ALy, (54)

according to the number of fields appearing in the I' terms. The explicit expression for AE(Sz)t is, up to

terms of O(g*),

- - L —) or— — Y 77
Aﬁgf Y= Mt _§M/§§FAMAM — oM (2+ TG +46,) 2,2, (55)

N =

_ 3 _ _ _
' é_z (L+T1¢ +28) A, Z, + Oudbo (804, + CoZ,) (L + )

—M' (24T +4B8)WiW, + (W, 0,0 + W, 0,07) (1+ 5y)
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with 5y = sin @ and & = cos, while, up to the same O(g%),
ALGT = ALGHTS (1 - ) (56)

(AE;"’;L:?’) and AE(SHJ;L:4) are given in Eq.(44) and Eq.(45)). The subscripts ¢ and h indicate the (3; and
By, schemes. Note the presence of §; factors in the new I' terms of Eq.(55). We will comment on this in
Section 3.3.

e Our recipe for gauge-fixing is the same as in the previous sections: we choose the R¢ gauge L,r to
cancel the zeroth order (in g) gauge-scalar mixing terms introduced by Lg, but not those of higher
orders (see discussions in Sections 2.3.1 and 3.1). Here, this prescription is realized by Lg; (Eq.(26))
with

j - j - M’ 1 _
Ca=—0uAu Co=—0uZu+8—00, Ce=——0Wi+E&M o, (57)
€a €z Co Sw
clearly I'-independent. The new I' terms of the FP ghost Lagrangian in the 3; scheme are:
ALppt = Aﬁgfzé,:tz) + Aﬁgllé,:tg) ; (58)
where the two-field terms are
np= — - S — —
Ac;ﬂ;;j) = —(1+4,)TM"? [szZ <XZ + C—zXA> +&w (X4 Xy +X_X_)|, (59)

and the three-field terms are the same as in the (3, scheme, with M replaced by M’: AEE;LI’;:?’) =

A.Cg;’;:hg)(]\_f — M’) (Eq.(49)). Like in the scalar sector, the I' and 3; factors are entangled.

e We conclude this analysis with the fermionic sector. As in the Yang—Mills case, the fermion — gauge
boson Lagrangian L;g does not depend on the parameters of the 3, or 3; schemes. Its expression in
terms of the new coupling constant g contains new I' terms and is given in Eq.(51). The neutral sector
rediagonalization induces no I' terms in the fermion-scalar Lagrangian L;s (Eq.(52)), which contains,
however, the (3; vertices discussed in Section 2.3 (Eq.(31)) (the ratio M’/g is now replaced by the identical
ratio M’/g).

The Feynman rules for all I" vertices are listed in Appendix C, up to terms of O(g*). All primes and
bars over A,, Z,, M, M, and 6 have been dropped (but not over g). As we mentioned at the end of
the previous section, the I' vertices of the pure Yang—Mills sector need not be listed.

3.3 The I'-3; mixing

A comment on the presence of §; factors in the new I' vertices is now appropriate. Consider the
Lagrangian Lg. As we already pointed out in Section 3.1, the interaction part Eé = —’K'K —
(A/2)(KTK)? does not induce T terms, but gives rise to §; terms: as M’/g = M'/g, these [3; terms are
simply given by Eq.(23) expressed in terms of M’/g instead of M’/g. On the other hand, the derivative
part of Lg, —(D,K)"(D,K), induces both T' and (3 vertices, plus mixed ones which we still call T

vertices (see the [3; factors in the two-leg I' terms of AE(ST’L{ :2))

g — g(1+7T)and ¢ — —g(3p/¢) in —(D,K)(D,K), splitting the result in two classes of terms, both
written in terms of g, with or without I'. Then we substitute in both classes v — 2M'(1 + 3;)/g: the
class containing T is, up to terms of O(g*), ALs ¢ (Eq.(54)), and includes also 3; factors, while the class
free of " has the same [3; vertices as Eq.(24) with g, 6, M', A, and Z, replaced by g, 6, M, Zu and
7#- The I' and B; terms of the Faddeev—Popov sector are intertwined just as in the case of the scalar
Lagrangian.

. It works like this: first, we replace
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3.4 Summary of the special vertices

The upshot of this first part of the paper lies in the Appendices. There the readers find the full set
of SM T (up to O(g*)) and Bn,: special vertices in the R¢ gauges. All primes and bars over A,, Z,, M,
M,, and 6 have been dropped, but not over g, the SU(2) coupling constant of the rediagonalized neutral
sector. The readers can pick their preferred tadpole scheme, 3 or 3, and compute their Feynman
diagrams including the (3, ; vertices of Appendix A or B, respectively. If they prefer to work with the
rediagonalized neutral sector, they should simply replace g by g in the (3 ; vertices, and add to them
the T ones of Appendix C. There, I" vertices are listed for the §; scheme (note that I' and (; terms are
intertwined — see Section 3.3); just set 5 = 0 to use the (), scheme instead.

Finally, Tab. 1 graphically summarizes which of the SM sectors provides each type of special vertex.
Note the overlap of I' and (3; terms in the scalar and Faddeev—Popov sectors.

SECTOR On Bt Tr
Scalar: (D, K)"(D,K) . o
Scalar: p?KTK + (\/2)(KTK)? . o
Yang—Mills °
Gauge-Fixing

Faddeev—Popov ° °
Fermion — gauge boson °
Fermion — Higgs °

Table 1: Special vertices in the Standard Model.

4 WST identities for two-loop gauge boson self-energies

The purpose of this section is to discuss in detail the structure of the (doubly-contracted) Ward-
Slavnov-Taylor identities (WSTI) for the two-loop gauge boson self-energies in the SM, focusing in
particular on the role played by the reducible diagrams. This analysis is performed in the ’t Hooft—
Feynman gauge.

4.1 Definitions and WST identities

Let II;; be the sum of all diagrams (both one-particle reducible and irreducible) with two external
boson fields, i and j, to all orders in perturbation theory (as usual, the external Born propagators are
not to be included in the expression for II;;)

o 92n (n)
M= T6m2ym I (60)
n=1

In the subscripts of the quantities HZ(-;L) we will also explicitly indicate, when necessary, the appropriate
Lorentz indices with Greek letters. At each order in the perturbative expansion it is convenient to make
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explicit the tensor structure of these functions by employing the following definitions:

HELTIL/),VV = D\(/n\z 5;w + P\ST\L/) Pubv HELT,L\)/S = _ipu M Gvns2 Hg‘z‘) = Rg;) ) (61)
where the subscripts V' and S indicate vector and scalar fields, My is the mass of the Higgs-Kibble scalar
S, and p is the incoming momentum of the vector boson (note: H,(ﬁ)gv = —H,(Z‘), s)- The quantities D,

P;;, Gi;, and R;; depend only on the squared four-momentum and are symmetric in ¢ and j. Furthermore,
D and R have the dimensions of a mass squared, while G and P are dimensionless.

The WST identities require that, at each perturbative order, the gauge-boson self-energies satisfy
the equations

Py T 0 =0
Do )y + ipy MoTI,,, = 0
DuDv Hgllf),zz + Mg HEZ)% + 2ip, Mo Hg};% =0
Dy Pv HS?/),WW + M? Hgl) + 2ip, MHEZL‘)/% =0, (62)

which imply the following relations among the form factors D, P, G, and R

DU +p? P = 0 (63)

D) +p* P + MEGY), = 0 (64)
DY)+t P+ MZR™, = —2M2p2GY) (65)
p? D +p PO, + M2 R = —2M2p%GY) . (66)

The subscripts A, Z, W, ¢ and ¢q clearly indicate the SM fields. We have verified these WST Identities
at the two-loop level (i.e. n = 2) with our code GraphShot [13].

4.2 WST identities at two loops: the role of reducible diagrams

At any given order in the coupling constant expansion, the SM gauge boson self-energies satisfy the
WSTI (62). For n > 2, the quantities HZ(;-L) contain both one-particle irreducible (1PI) and reducible

(1PR) contributions. At O(g?), the SM HZ(-;»L) functions contain the following irreducible topologies: eight
two-loop topologies, three one-loop topologies with a (3, vertex, four one-loop topologies with a I'; vertex,
and one tree-level diagram with a two-leg O(g*) 3; or I' vertex (see figure at the end of Section 2.3.1).
Reducible O(g*) graphs involve the product of two O(g?) ones: two one-loop diagrams, one one-loop
diagram and a tree-level diagram with a O(g?) two-leg vertex insertion, or two tree-level diagrams, each
with a O(g?) two-leg vertex insertion. There are also O(g*) topologies containing tadpoles but, as we
discussed in previous sections, their contributions add up to zero as a consequence of our choice for ;.

In the following we analyze the structure of the O(g*) WSTI for photon, Z, and W self-energies, as
well as for the photon—Z mixing, emphasizing the role played by the reducible diagrams.

4.2.1 The photon self-energy

The contribution of the 1PR diagrams to the photon self-energy at O(g?) is given, in the 't Hooft—
Feynman gauge, by (with obvious notation)

1 1

H(Q)R — s
HAAA T (o) | p2

ﬁf&,’iA + m ﬂﬁ;,}ZA ) (67)
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where
= 1 1 A 1 1 1 1
HSIZ,IZA = HLQ),AA H((:vl/),AA Hﬁ;i,q = Hfmz,Az ngl/),ZA + H;(,L,?A(po Hl(/,()poA .

It is interesting to consider separately the reducible diagrams that involve an intermediate photon prop-
agator (Hf&i 4) and those including an intermediate Z or ¢y propagator (H;f,}i 4)- By employing the

2R

definitions given in the previous subsection and Eq.(63) with n = 1, one verifies that ﬁuv

photon WSTI by itself,

a4 Obeys the

~ 1 1 2
Pupy 54 = p? [D,&j +p? P ] =0. (68)

This is not the case for ﬂ;f,}i 4, although most of its contributions cancel when contracted by p,p, as a
consequence of Eq.(64) (n = 1),

N ’ 1 2
pup I, = p* MG (p* + MG) [GQH - (69)

The only diagrams contributing to the A-¢y mixing up to O(g?) are those with a W-¢ or FP ghosts
loop, and the tree-level diagram with a I' insertion. Their contribution, in the 't Hooft—Feynman gauge,
is

Gglio = (2m)%i sgcp [2Bo(p?, M, M) + 167°T] . (70)

A direct calculation (e.g. with GraphShot) shows that this residual contribution of the reducible diagrams
to the O(g*) photon WSTI, Eq.(69), is exactly canceled by the contribution of the O(g*) irreducible
diagrams, which include two-loop diagrams as well as one-loop graphs with a two-leg vertex insertion.

4.2.2 The photon—Z mixing

We now consider the second of Egs. (62) for n = 2. Reducible diagrams contribute to both A-Z and
A-¢p transitions. Following the example of Eq.(67), we divide these contributions in two classes: the
diagrams that include an intermediate photon propagator and those mediated by a Z or a ¢, namely,
for the photon—Z transition in the 't Hooft—Feynman gauge,

1 1 - 1 .
2R _ (@R (2)R
HMV,AZ - (27T)4i |:]¥ HHVvAZ + p2 4 M02 HHV7AZ:|
O 3 1 1
H;(f;ixz = H;(w)c,AA HocV),AZ
- 1 1 1 1
Hﬁzli;z = Hfmz,Az H((lu),zz + HEL,Ld)g Hz(/,zaoz ) (71)

and, for the photon—¢q transition in the same gauge,

1 1 - 1 ~
H(2)R _ |: (2)R 4 (2)R :|
WyAdo 2 TTH,Ado
? p? + Mg

wAdo T (277)47/ P
o 1 1
H;’Z)f‘bo = ]‘_‘[EI,CE,AA ]'_‘[(0724(1)0
- 1 1 1 1
H;Z)f% = HLa),AZ Ht(x,)de + H}($724¢o H&’o)¢o : (72)

The reducible diagrams with an intermediate photon propagator satisfy the WSTI by themselves. Indeed,

PuDv ﬁ;(f;ixz + iMOpuﬁ;f,)§¢o =0, (73)
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as it can be easily checked using Eq.(63) with n = 1. On the contrary, the remaining reducible diagrams
must be added to the irreducible O(g*) contributions in order to satisfy the WSTI for the photon—Z
mixing:
(2R
Uv,AZ

(2m)*i(p* + M§)

~(2)R

I A
+ M My A +H(2)I
e [<2w>4z'<p2 g e

PubPv + Hﬁzl,]AZ =0. (74)

4.2.3 The Z self-energy

Also in the case of the WSTI for the O(g*) Z self-energy it is convenient to separate the reducible
contributions mediated by a photon propagator from the rest of the reducible diagrams. In the 't Hooft—
Feynman gauge it is

1 1 - A
H(Q)R — - H(Q)R H(Z)R
W, ZZ (27T)4i pg W, ZZ + p2 T M02 U, ZZz
M 1 1
Hﬁzj,Rzz = Hfmz,ZA Hau),Az
A 1 1 1 1
H;fIE,RZZ = H/(M))C,ZZ H((w),zz + H;(,L,)Zéo Hl(/,d)u)z ) (75)
1 1 - 1 .
H(2)R — - H(Q)R H(2)R
W, Zgo (271')42 p2 HUsZgo + p2 + Mg Wy Zpo
- 1 1 1
H/(i);:»o = H/(w)c,ZA H‘(szlﬁo
- 1 1 1 1
H/(i)ZRt?o = HE},OE,ZZ H(av)Z‘?o + H/(M)Zt?o H!(Po)¢o ) (76)
1 1 - .
nor  _ ‘ [_ @R e ]
bodo (271')42 p2 bodo p2 4 M02 bodo
- 1 1 1
M0, = oI,
- 1 1 1 1 1
Hf;o)fo = H‘(xy?ﬁoz H(Of7)Z¢o + Hg’o)@) Ht(?o)tﬁo’ (77)

and, once again, the reducible diagrams mediated by a photon propagator satisfy the WSTI by them-
selves, i.e. 3 3 .
Pup Wz + MG LG + 2ip, Mo 117, =0, (78)

as it can be easily checked using the one-loop WSTI for the photon-Z mixing (Eq.(64) with n = 1).

4.2.4 The W self-energy

All the O(g*) 1PR contributions to the WSTI for the W self-energy are mediated, in the 't Hooft—
Feynman gauge, by a charged particle of mass M. A separate analysis of their contribution does not
lead, in this case, to particularly significant simplifications of the structure of the WSTI. However, some
cancellations among the reducible terms occur, allowing to obtain a relation that will be useful in the

discussion of the Dyson resummation of the W propagator. The 1PR quantities that contribute to the
O(g*) WSTI for the W self-energy have the following form:

1 2 2 2
U2 = oo {(O8) u + man [200 B + 52 (P) 4002 (6]}
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—ip, M
(2m)ti (p* + M?)

1 2 2
2R _ 2272 () (1
e = Gotigr ) {p M (efh) + (B2) } | (79)

e, G [DE + 52 PO + Y]

Contracting the free indices with the corresponding external momenta, summing the three contributions
and employing Eq.(66) with n = 1, we obtain

. , ) 1)) 2 1 1 1
(27)% [ppy IO,y + M2TIOT 4 2ip, MTIOE,] = p? M2 (G%) ~RY [DSV)W +p? PV(VQV] . (80)

5 Dyson resummed propagators and their WST identities

We will now present the Dyson resummed propagators for the electroweak gauge bosons. We will then
employ the results of Section 4 to show explicitly, up to terms of O(g*), that the resummed propagators
satisfy the WST identities.

Following definition Eq.(60) for II;;, the function Hfj represents the sum of all 1PI diagrams with
two external boson fields, ¢ and j, to all orders in perturbation theory (as usual, the external Born
propagators are not to be included in the expression for IIj;). As we did in Egs. (61), we write explicitly
its Lorentz structure,

H;Iw,vv =Dy, Opw + P, Pp Dy H;I/,,VS = —ipy Ms Gys Mg = Rig, (81)
where V' and S indicate SM vector and scalar fields, and p, is the incoming momentum of the vector
boson (note: I/, ., = —1II/, ;). We also introduce the transverse and longitudinal projectors

WSV w,VSs
Y — 5;“/ _ p;PV , = p;PV ,
tha par — gy 7 Mo jav — v 7 tha jow — 0,
wa,vv = Dyy tuw + L{/V llwv L{/V = D{/v + p2 Pév . (82)

The full propagator for a field ¢ which mixes with a field j via the function Hfj is given by the perturbative
series

oo n+l
Aji = Ay + Au‘z H Znél,lklAkzkz (83)
n=0 =1 k
= Ay + AT Ay + Ay Z Ty, Ay g A + -+

k1=1,j

where ko = kp+1 = 4, while for [ # n + 1, k; can be i or j. A;; is the Born propagator of the field i. We
rewrite Eq.(83) as
Aii = Ay [1 = (TA),] 7, (84)

and refer to A;; as the resummed propagator. The quantity (IT A);; is the sum of all the possible products
of Born propagators and self-energies, starting with a 1PI self-energy II};, or transition Hfj, and ending
with a propagator Aj;, such that each element of the sum cannot be obtained as a product of other
elements in the sum. A diagrammatic representation of (IIA);; is the following,

(H A)ii — O,. ..... + O_._O> 4 O_._._._O> NI



where the Born propagator of the field i (j) is represented by a dotted (solid) line, the white blob is
the ¢ 1PI self-energy, and the dots at the end indicate a sum running over an infinite number of 1PI j
self-energies (black blobs) inserted between two 1PI i—j transitions (gray blobs).

It is also useful to define, as an auxiliary quantity, the partially resummed propagator for the field i,

I
i;» namely,

~

Ay, in which we resum only the proper 1PI self-energy insertions IT
Aj= Ay [1-TI A" (85)

If the particle ¢ were not mixing with j through loops or two-leg vertex insertions, A;; would coincide
with the resummed propagator A;;. A;; can be graphically depicted as

A“ — e PP, _|_ ..... ».O». _|_ ..... ».O».O». _|_

Partially resummed propagators allow for a compact expression for (ITA);;,
(A = T} Ay + T AT Ay, (86)
so that the resummed propagator of the field ¢ can be cast in the form

- . -1
Aui = Ay [1 - (Hfi + ngAjo§i) Aii] . (87)
We can also define a resummed propagator for the ¢—j transition. In this case there is no corresponding
Born propagator, and the resummed one is given by the sum of all possible products of 1PI ¢ and j
self-energies, transitions, and Born propagators starting with A;; and ending with A;;. This sum can
be simply expressed in the following compact form,

Ay =Ny I Ay (88)

5.1 The charged sector

We now apply Eqs. (85, 87, 83) to W and charged Goldstone boson fields. The partially resummed
propagator of the charged Goldstone scalar follows immediately from Eq.(85). The Born W and ¢
propagators in the 't Hooft—-Feynman gauge are

Sy 1

- —
Bww =y B = e

(89)

where, for simplicity of notation, we have dropped the coefficients (27)%. In the same gauge, the partially
resummed ¢ and W propagators are

1

—-1 —
Npp = Dpg [1 =T, Apg] ™ = [p° + M? - Ry, (90)
A 1 D pI/PI

AW = 8, + pov_Ww ) 91

v p2+M2_D6VW (uy p2+M2_D6VW_p2PVIVW ( )

Eq.(91) assumes a more compact form when expressed in terms of the transverse and longitudinal
projectors t,,, and [,
v v

Al — + .
WW p2+M2_D‘I/VW p2+M2_L\I/VW

(92)
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The resummed W and ¢ propagators can be then derived from Eq.(87),

2072 (v 2 171
_ p” M* (G, )
Aps = |p*+M?—RL, — we 93
o6 = |P°F 0" D2 MZ— L1, (93)
-1
_ Y p2M2 el 2
Aww = 2 2 7 + 1" p2+M2_L‘I/VW_ 2 (2 W¢)1 (94)
p?+ M? — DL, PP+ M2 —-R,
The resummed propagator for the W—¢ transition is provided by Eq.(88),
- 2772 2 711
Al = “iDuMGow | g g VM G) (95)
w 2 2 _ pl ww 2 2 _ pl
p*+M*—R,, p*+M*—R,,

We will now show explicitly, up to terms of O(g*), that the resummed propagators defined above satisfy
the following WST identity:

pupyﬁ’#jw —l—z'puMA";/(z)—z’p,,MAgW_yM?Aw:1, (96)
which, in turn, is satisfied if
2
PPM? (Giyg)” + MPRlyy + p°Liyyy — RlyyLiyy + 20" M°Ghyy = 0. (97)

This equation can be verified explicitly, up to terms of O(g*), using the WSTTI for the W self-energy: at
O(g%) Eq.(97) becomes simply
M?R() + p*Liy, + 20*M?G), = 0, (98)

which coincides with Eq.(66) for n = 1. To prove Eq.(97) at O(g*) we can combine the last of Eqgs. (62)
with n = 2 and Eq.(80) to get !

2
P02 (GR),) + M2RG) + pP L — ROJLG, + 20 MG = 0. (99)

5.2 The neutral sector

The SM neutral sector involves the mixing of three boson fields, A,, Z,, and ¢g. As the definitions
for the resummed propagators presented at the beginning of Section 5 refer to the mixing of only two
boson fields, we will now discuss their generalization to the three-field case.

Consider three boson fields ¢, j and k mixing up through radiative corrections. For each of them we
can define a partially resummed propagator Ay (I =i,j, or k) according to Eq.(85). For each pair of
the three fields, say (j, k), we can also define the following intermediate propagators

~ ~ -1
BjsGiok) = Ay 1= (T + AT ) Ayl (100)

Aj(ik) = Ay, k)T, Ay, (101)

where the parentheses on the Lh.s. indicate the chosen pair of fields. [Ag(j,k) and Akj(j, k) can be
simply derived from the above definitions by exchanging j <> k.] The reader will immediately note

!For simplicity of notation, in this section we dropped the coefficients (271')42'.
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that the r.h.s. of the above Egs. (100, 101) are almost identical to those of Eqgs. (87, 88), with the
appropriate renaming of the fields. Equations (100, 101), introduced in the context of three-field mixing,
define however only intermediate propagators (denoted by the tilde), while Eqgs. (87, 88), presented in
the analysis of the two-field mixing case, define the complete resummed propagators (denoted by the
bar). Indeed, the definition of full resummed propagator in the three-field mixing scenario requires one
further step: the resummed propagator for a field ¢ mixing with the fields j and k via the functions Hfj,
IT;;, and I, can be cast in the following form

-1

Ay =Dy |1— | T; + Z Ty A k) s | A | (102)

I,m

where [ and m can be j or k, while the resummed propagator for the transition between the fields 7 and

k is

Aig = Dii Y TALGE) . (103)
I=j,k

Armed with Egs. (100)-(103), we can now present the A,, Z, and A,~Z, propagators. First of all, the

Born A, Z,, and ¢¢ propagators in the 't Hooft-Feynman gauge are

0 0 1
v _ v uro_ v o
Ay = p_ga Azz = my Agopy = ma (104)

where, for simplicity of notation, we have dropped once again the coefficients (27)%*. The partially
resummed propagators (three) can be immediately computed via Eq.(85) and the intermediate ones

(twelve) via Egs. (100) and (101). Finally, after some algebra, Egs. (102) and (103) provide us with the
fully resummed propagators: Ay = t,, AL, + 1, AL, with V = A, Z and

P IR ) V) S (105)
wom PPe e e
_ DL |
AT — 2 M2 _ DI _ ( AZ 1
zz p-+ My 22" 2 pi (106)
_ -1
Agz = Diz [(p2 - quA) (p2 + Mg - Déz) - (D,{xz)2] (107)

The expressions of the longitudinal components of these propagators are more lengthy and we will only
present them up to terms of O(g?):

1

AL, = [PP+0")] (108)
-1

A _ 2 2 (L )2 p2M02(GIZ¢o)2 6

Az, = |p°+My—Ly, - ;QZ - 2+ Mg +0(g°) (109)

_ LI M2

AL = AZ + L G,.Gh. + O(%). (110)

PP+ MG = L) (024 M)

Equation (108) achieves its compact form due to the use of the WSTI (63) and (64) with n = 1,2. Also
Eq.(110) has been simplified using L}, = 0 (i.e. Eq.(63) with n = 1). We point out that if we use the
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one-loop WSTI for the photon self-energy, Eq.(63), the transverse part of the resummed A-Z propagator
becomes, up to terms of O(g%),

< —1
A%, =D, [p*(1+PL,) (p*+ M5 —DL,)] +0(d°), (111)

thus showing a pole at p? = 0 if D’ ,(p? = 0) were not vanishing because of the rediagonalization of the
neutral sector.

In order to show explicitly, up to terms of O(g*), that the above resummed propagators satisfy their
WSTI, we also present the resummed propagators involving the neutral Higgs-Kibble scalar ¢q:

_ My | G, L G
A;U' :—Zp v Zpo " AZ Ago +O(g6) (112)
Ao (2 M2)? PP+ Mg - R,
. —ip, M, G, L' G/
AL — P VIo Apo?AZ + Zoo +0O 6 113
M - I [P g - | O e
2712 -1
_ 2 pM 2
Bauss = [P+ MG =R, = (Gl 0 (G| +06°) (111
0

With these results, and with the WSTI (63)—(65), (Eq.(74)) and (Eq.(78)), we can finally prove, up to
O(g*), the following WSTTI for the resummed A, Z and A-Z propagators,

pupy AL =1 (115)
PuPv AZ; + Z‘pu]WO A/jwo =0 (116)
PuPv A!Zu; + Mg A¢o¢o + 2ipuM0 Ag(po =1. (117)

6 The LQ basis

For the purpose of the renormalization, it is more convenient to extract from the quantities defined
in the previous sections the factors involving the weak mixing angle 6. To achieve this goal, we employ
the LQ basis [18], which relates the photon and Z fields to a new pair of fields, L and Q:

<iﬁ>:<2 J;><gﬁ>‘ (118)

Consider the fermion currents j4 and j4 coupling to the photon and to the Z. As the Lagrangian must be
left unchanged under this transformation, namely j% Z,, + jiy A, = ji' L, + j5 Q,, the currents transform

(£)- (5 4 (5)

If we rewrite the SM Lagrangian in terms of the fields L and @, and perform the same transformation
(Eq.(118)) on the FP ghosts fields (from (X 4,X,) to (X,,Xg)), then all the interaction terms of the SM
Lagrangian are independent of 6. Note that this is true only if the relation M/cy = My is employed,
wherever necessary, to remove the remaining dependence on 6. In this way the dependence on the weak
mixing angle is moved to the kinetic terms of the L and @ fields which, clearly, are not mass eigenstates.
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The relevant fact for our discussion is that the couplings of Z, photon, X, and X, are related to
those of the fields L and @, X, and X, by identities like the ones described, in a diagrammatic way, in
the following figure:

| &

O

=

o

}Z @
o= = =

Co Co
As the couplings of the fields L, ), X, and X, do not depend on 6, all the dependence on this parameter
is factored out in the coefficients in the r.h.s. of these identities.

Since 0 appears only in the couplings of the fields A, Z, X, and X, (once again, the relation
M/cy = My must also be employed, wherever necessary), it is possible to single out this parameter in
the two-loop self-energies of the vector bosons. Consider, for example, the transverse part of the photon
two-loop self-energy DG} (which includes the contribution of both irreducible and reducible diagrams).
All diagrams contributing to D¢} can be classified in two classes: those including (7) one internal A, Z,
X, or X, field, and (i7) those not containing any of these fields. The complete dependence on 6 can be
factored out by expressing the external photon couplings and the internal A, Z X, or X, couplings of
the diagrams of class (7) in terms of the couplings of the fields L, @, X, and X, namely

1
= s | A S sk, (120)
0

where the functions f#* (i = 1,2,3) are f-independent. Similarly, we can factor out the 6 dependence
of the transverse part of the two-loop photon—Z mixing and Z self-energy,

S 1
DY = LA g B+ sihi]. (121)
Co C@
111
DY = |t I S e+ o). (122)
0 LC
where, once again, the functions f/*# and f?” (i = 1,...,5) do not depend on 6. Analogous relations

hold for the longitudinal components of the two-loop self-energies.

We note that DG}, and DY), also contain a third class of diagrams containing more than one internal
Z (or X,) field (up to three, in D(Zzé) However, the diagrams of this class involve the trilinear vertex
ZHZ (or X ,;HX ), which does not induce any new 6 dependence.

However, from the point of view of renormalization it is more convenient to distinguish between the
f dependence originating from external legs and the one introduced by external legs. We define, to all
orders,

oo 2 \ N
g
Daa = 33 oo ;ext p2 = Sg Z < > Hg)nag;extp27

2
ot 6T
89 S o 92 n ()
Dyy=2 00 ext = — E DI
AZ ca AZ ;ext co n:1 (167‘(2) AZ ;ext
1 1 [e’¢) 92 n (n)
Dyp= =0y ot = — X s 123
zZZ Cg ZZ;ext Cg nzz:l <167T2> ZZ;ext ( )



2Eﬁlnz);ext Ei(’)Q) ext 33 Hgg ext p ’ Z(ZnZ) ext — Ei(’g) ext —2 Sp Ei(’:ql)) ext + 33 Hgg ;ext p2‘ (124)
Furthermore, our procedure is such that
Egrgg) ext nggg) extp ’ (125)

with H:(,)Z); oxt Tegular at p>=0. At O (92) the external quantities are #-independent while, at O (94) the
relation with the coefficients of Eqgs.(120)—(122) is

2 1
Hézc)z ext P :c_2fi4A+f2AA+f3AAS§7
0

1
Sl e = 3 (44 F7) = F 4 57 4 3 (5 + f37) + s (34 + £1)
6
1
Dot = 3 U1 4 27 7)== 27 4 f7 4 S5 (S 4 2037 4 57
0
+ 59 (F3 + 257 + F77) + 8o (f3" + 2 17 + f77), (126)

and sy, ¢y in Eq.(126) should be evaluated at O (go), in any renormalization scheme, for two-loop accu-
racy.

Consider the process ff — hh; taking into account Dyson resummed propagators and neglecting,
for the moment, vertices and boxes we write

_ _ ) _ e _
M(Ff — hh) = — (2m)*i |2 QsQp " ®7“A§A+%Qf7“ @ Y (vp + apys) AL,
9

€g A g
+ 2 Quy" (vf +apvs) @ VWAL + 15

12 (r +agps) @ o (vn + ah'YS)Agz] (127)
0

where f and h are fermions with quantum numbers Qy, Is;, i = f, h; furthermore we have introduced

vy :Igf—QQf Sg, af :Igf, (128)
2 2

with e? = ¢ s5. Always neglecting terms proportional to fermion masses it is useful to introduce an
effective Weak—mlxing angle as follows:

M.,
S =sf |1 - 22| V= Iy - 2Qs 7 (129)
1 SQHAA;ext

The amplitude of Eq.(127) can be cast into the following form:
1 e QsQn

2
1- So HAA ;ext p2

M(TF = Th) = = (@2m)"i [ © 7

2

497 Y (Vi +apys) @ v (Vi +ans) Az, (130)
0

[E—

The functions I 4 : ext; a7 ext and Y. ext start at O (92) in perturbation theory. Equation (130) shows
the nice effect of absorbing — to all orders — non-diagonal transitions into a redefinition of sg and forms
the basis for introducing renormalization equations in the neutral sector, e.g. the one associated with the
fine-structure constant «. Questions related to gauge-parameter independence of Dyson resummation,
e.g. in Eq.(129), are not addressed here, but we will present a detailed discussion in Part III, where their
relevance will be investigated.
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7 Conclusions

In this paper we prepared the ground to perform a comprehensive renormalization procedure of the
Standard Model at the two-loop level; with minor changes our results can be extended to an arbitrary
gauge theory with spontaneously broken symmetry.

The same set of problems that we encountered in this paper may receive different answers; for
instance, one could decide to work in the background-field method and treat differently the problem of
diagonalization of the neutral sector in the SM. Our solution has been extended beyond one-loop and it
is an integral part of a renormalization procedure which goes from fundamentals to applications. The
whole set of new Feynman rules of our Appendices has been coded in GraphShot and has proven its
value in several applications, including the proof of the WST identities.

In this paper we outlined peculiar aspects of tadpoles in a spontaneously broken gauge theory and
extended beyond one-loop a strategy to diagonalize the neutral sector of the SM, order-by-order in
perturbation theory. The obtained results have been used as the starting point in the construction of
the renormalized Lagrangian of the SM and in the computation of (pseudo-)observables up to two loops.
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A Appendix: Feynman rules for 3;, vertices

In this appendix we present the new set of diagrammatic rules induced by our approach. The
Feynman rules for the ), vertices are extremely simple and can be immediately derived from Eq.(7):

H——o —2MBh/g
H——e—H — B
pop ——— ¢ —[h
oy ———— o — [,

where (3, = Bh,9% + Br,g* + -+ and M is the bare W mass. If working with the rediagonalized neutral
sector, simply replace g by g. Multiply each vertex by a factor (2m)%. As usual, we have included the
combinatorial factors for identical fields (see Appendix D of ref. [19]).

B Appendix: Feynman rules for 3; vertices

In this appendix we present the f; vertices. They can be read off the Lagrangian terms of Egs. (23),
(24), (30) and (31), including the combinatorial factors for identical fields. Also, B; = B, 9>+ B g% +- - -
Simply replace g by g if working with the rediagonalized neutral sector. The two-leg (3; vertices are:

H —e—— H —(3M2/2)5,(8 +2)
po ——o—— o —(M2/2) 5 (B +2)
oy ———— ¢_ _(MEI/2) Be (Br + 2)

Z, ——e—— Z, —MiBi(Bi+2) 0w
Wh——e—— W, M8, (B +2) o

Zy ——¢—— ¢o  ipMof

—p
WS ——e—5 ¢ puMB
Wi———— o+ ipuMpB
JF —e—  f —m
X e Xt £, M23
X ———— X~ &M
X, —e—— X, &M

where My = M/ cosg and By (B; +2) = 263;, 9> + (B2 + 281,) g* + O (¢°). Each vertex must be multiplied
by the usual factor (27)%i.
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— The three-leg (3; vertices are:

T

—9B: (M/<5) S

H

H —-< —gB (3M2 /2M)
H
oo

wo—(
%o
o

i H< g (M2 /201
b
W,

A, —~< +igBiseM 6,
b
W,

Aﬂ 4< —igﬁtSQM 5;,,,,
o+
Wy

Z, —< —igﬂtngodw
b
W,

Z, —-< +igBtsE Mo 6,1
o
W

H _gﬁtM(s;u/

where sy = sinf), cy = cos and, once again, each vertex must be multiplied by the factor (27)%i. The
0O tadpole H ———e  is:

(2% (M2 1) [——@ (Ge+1) (B +2)| =

(2m)*i (M2 M) [~2B9 — (382 +2B1) ¢° + O (¢°)] -

Q|

28



C Appendix: Feynman rules for I' vertices

In this appendix we present the I' vertices. The new I' vertices introduced by the replacement
g — g(1+T) in the SM Lagrangian are listed here up to terms of O(g*) in the R¢ gauges. All primes
and bars over A,, Z,, M, M, and ¢ have been dropped, except over g. Also, I' = 1" P +Tagt+---.
As usual, each vertex must be multiplied by the factor (27)*i. The following two-leg I' vertices are in
the §; scheme. For the (), scheme, just set 5; = 0.

Ay ———— A, =65 sEMTY]

Z, ———— 7, —25,[FM* T+ g*M?(Ty + 2113y, + c21'3/2)]
Ay ———— Z, —0u(s9/co)[g>M°T1 + g*M?(Ty + 21 5y, + 17)]
Wi ——e—— W, —20,,[3°M*T1 +g*M?(T2 + 201 3y, +17/2)]

Ay ———— ¢o  ipusgM[g*T1 + g* (T2 + 16

Zy ————= ¢o ipucoM[z°T1+ g (T2 +T15;,)]

Wi ———— ¢ ip,M[g°T1 +g* (T2 +T15)]

W, ———— o6+ ipyM[g°T1 + " (T2 +T15)]

X7 ——— Xt g M2[?T) + g* (T + T13,)]
X ———— X —&M?[g01 + g4 (T2 +T16y)]
X, —e—— X, —&M?*FT +g (T2 +T16,)]

X, ——— X. —&4(s0/co)M?[3°T1 4+ §* (T2 + T13,,)]
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— The three-leg " vertices are (all momenta are flowing inwards):

S

AN A AAAAAA

S

S

g°T1 [—2M6,,)]

g°T1 [—(s0/co) M3y

W
g°T1 [—2M6,,)]
W,
H
g’ (is0/2)(qu — Fp)
oo
¢

9°T1 (50/2)(qp — Fp)

g’ (ico/2)(qu — ku)

3°T1 (co/2)(qu — k)

g°Ty [isgM 6,

g3F1 [—iSQM(SMV]
b+
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Z, { G3T1 (—isiM/c) O
W
W,
Z, { 3’ (Z'S(%M/c) S
b+
A b0
W, %q 3°T1 (qu — k) /2
o
A b+
Wy %] 3°T1 (au — k) /2
b0
i H
W —=< q 9°Trilgu — ku)/2
o
A H
w, —=< q 9°Trilgu — ku)/2

b+

— The trilinear I" vertices with FP ghosts are:

Ay,
X" % P om0 /6
.

Ay

X % FT (sopu/w)
X+
Zy

X % §3P1 copv/Ew
.
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NV N NN N NIV NP NN

ggrl (—Cepu/éw)

g°T'1 (—copy/Ew)

G°T1 (—sopu/Ew)

ggrl (—Cepu/éz)

G°T'1 (—sopu/€a)

ggrl Cepu/gz

§3F1 COpV/gw

E_]grl Sepu/ﬁA

ggrl Sepu/fw
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> >
+ +

AAAAAAAAA

>

>

%o
X—l—

%o

Xz

Xz

g°T1 (iM&w /2)

§°T1 (—iMEw /2)

§°T1(—=Mé&w /2)

§°T1(—Mé&w /2)

33Ty (iM&4/2¢cy)

Gy (—iME,/2¢)

3Ty (—sgME,/2ch)

§°T1 (—M¢,/2)

3Ty (icgM &y /2)
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b

X { G°T'1 (isgM &y /2)
Xa
b+

X' *< G°T1 (—icgMEy /2)
Xz
o

74_ { §3F1 (—’L'SngW/Z)
Xa

The three-leg I' vertices introduced by the pure Yang—Mills Lagrangian are not listed here as they can
be immediately derived from the usual Yang-Mills vertices (see, e.g., the appendix D of ref. [19]) by
simply replacing g — gI'.

— The trilinear I' vertices with fermions are:

s

Ay

3Ty (isol3/2) vu(1 +75)

g3P1 (i69[3/2) ’yu(l + ’Ys)

3301 (1/2v/2) 7 (1 + 75)

3301 (1/2v2) 7 (1 + 5)

LA A A
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— The four-leg I' vertices are:

a X Zu _E_]4F15uu
H y
" >'< A g'T1 (—s0/2¢0) Sy
H Z,
) >< WJ — ' T1 0
H W
%o >< Z, T 6
¢0 v
” >< A g'T1 (—s0/2¢0) Sy
¢0 ZI/
; >< " —9'T1 6
o W,
" >< b g (-2 b
¢ A,
o >'< o g'Ti (1~ 205) Opuw
¢ y
A
. >< "G (su/20 — 2000) B
¢ Zy,
X e
¢ W,
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N
=

§'T'1 (50/2) 6

B
S

b
=

g4P1 (89/2) (5/“,

<
S

b
=

§'T1 (—is9/2) Oy

S

R DD D

N
=

g'T1 (is0/2) Oy
Ty (—33/209) O
G'T1 (—s2/2¢p) 6,
g'T (is3/2¢p) 6,

V4 .
a g'T1 (—isg/2co) Sy
H

The four-leg I vertices introduced by the pure Yang—Mills Lagrangian are not listed here as they can
be immediately derived from the usual Yang-Mills vertices (see, e.g., the Appendix D of ref. [19]) by
simply replacing ¢> — g*I'(2 +T).
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