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Abstract

Matthias Koschnitzke

Orbital Signatures of Ultralight Scalars in Binary Black Holes

We extend the study of black hole superradiance in binary systems, also known as gravitational

atomic physics, to include eccentric and inclined orbits. Such systems exhibit Landau-Zener-like

transitions between bound states of the bosonic cloud. We uncover new resonance phenomena, such

as early and late resonances, which can grow orbital eccentricity and leave measurable imprints on

gravitational-wave signals.

To model dynamically formed binaries whose orbital angular momentum is misaligned with

the spin of the central black hole, we develop a framework based on Hamiltonian mechanics that

couples the full orbital dynamics to the bosonic cloud via multipole interactions. This method

resolves limitations of previous balance-law approaches and reveals novel dynamics such as floating

on counter-rotating orbits and overlapping resonances. For the first time, we also include non-

resonant mixing with states that decay back into the black hole, showing how this alters resonance

conditions and suppresses perfect floating, while still leaving significant orbital signatures.

For masses of scalar particles from „ 10´13 to 10´11 eV, these dynamics leave observable

signatures on binary black hole populations, particularly at gravitational-wave frequencies accessible

to upcoming detectors such as the Laser Interferometer Space Antenna LISA, as well as future mid-

band and decihertz detectors.
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Zusammenfassung

Matthias Koschnitzke

Orbital Signatures of Ultralight Scalars in Binary Black Holes

Wir erweitern die Untersuchung der Superradianz von Schwarzen Löchern in Binärsystemen, auch

bekannt als gravitationale Atomphysik, auf exzentrische und geneigte Umlaufbahnen. Solche Sys-

teme zeigen Landau-Zener-ähnliche Übergänge zwischen gebundenen Zuständen der bosonischen

Wolke. Wir identifizieren neue Resonanzphänomene, wie frühe und späte Resonanzen, die die

Bahnexzentrizität anwachsen lassen und messbare Spuren im Gravitationswellensignal hinterlassen

können.

Zur Modellierung dynamisch entstandener Binärsysteme, bei denen der Bahndrehimpuls nicht

parallel zur Rotationsachse des zentralen Schwarzen Lochs ausgerichtet ist, entwickeln wir einen

Formalismus auf Basis der Hamiltonschen Mechanik, der die vollständige Dynamik des Orbits

über Multipolwechselwirkungen mit der bosonischen Wolke koppelt. Diese Methode überwindet

Einschränkungen früherer Energie- und Impulsbilanzansätze und offenbart neuartige Dynamiken

wie das „Floating“ auf anti-parallen Ausrichtungen des Orbits, sowie überlappende Resonanzen.

Erstmals berücksichtigen wir auch nicht-resonante Übergänge zwischen den Zuständen, die dabei

wieder in das Schwarze Loch zurückfallen. Das beeinflusst die Resonanzbedingungen, unterdrückt

perfektes Floating und hinterlässt dennoch signifikante Signaturen in den Bahneigenschaften.

Für skalare Teilchen mit Massen im Bereich von etwa 10´13 bis 10´11 eV hinterlassen diese

Dynamiken beobachtbare Spuren in Populationen von binären Schwarzen Löchern, insbesondere bei

Gravitationswellenfrequenzen, die mit zukünftigen Detektoren wie der Laser Interferometer Space

Antenna LISA, sowie geplanten Mid-Band- und Deci-Hertz-Detektoren zugänglich sein werden.
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Notations and Conventions

We work, unless otherwise stated, in natural units, where we set the speed of light in vacuum and

the reduced Planck constant to unity, i.e.

c0 “ ~ “ 1 ,

such that the only base quantity becomes energy, usually given in electronvolt (eV) or GeV “
109 eV. For this page, we keep factors of c0 and ~ explicit and give comparisons between values in

S.I. units and natural units.

We will keep Newton’s gravitational constant G explicit. This constant is related to the defini-

tion of the Planck mass Mpl by [4]

G ” ~c0
M2

pl

“ 6.674 ˆ 10´11 m3

kg s2
“ 6.709 ˆ 10´39 ~c50

GeV2
.

One of the most important quantities will be the gravitational radius rg ” GM{c20 of a black hole

of mass M . For a black hole with the mass of the Sun

Md “ 1.989 ˆ 1031 kg “ 1.116 ˆ 1057
GeV

c20

this is

rg,d ” GMd
c20

“ 1.477 km “ 7.49 ˆ 1018
~c0
GeV

.

A common system of units used in general relativity are geometrized units, where G “ c0 “ 1,

but ~ ‰ 1. In these, the only base unit is length, usually given in cm. A black hole mass then

becomes equivalent to its gravitational radius, while particle masses are usually given in terms of

their inverse Compton wavelength

1 eV|
~“c0“1 – 5.069 ˆ 104 cm´1

ˇ

ˇ

G“c0“1
.
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found following Sec. 8.3 and assumes ãini “ 0.99. One can see that at low frequency,

the cloud loses some of its mass due to GW emission, because this small increase in

frequency takes the longest time. Later, the non-resonant mixing with |300y kicks in,

which reduces eccentricity compared to the evolution in vacuum, the latter shown

in dotted blue. At shortly before fGW “ 10´2Hz, right in the center of the LISA

band, a k “ ´1 resonance to |31 ´ 1y happens, due to the already diminished cloud

mass only slightly increasing the eccentricity. . . . . . . . . . . . . . . . . . . . . . . 108





1

Chapter 1 Invitation and

Outline

When the LIGO and Virgo collaborations discovered the gravitational wave (GW) signal of a merg-

ing binary black hole (BBH) in September of 2015 [5, 6], it marked nothing less than the beginning

of a new era in astrophysics. Observing the sky via detection of GWs opens an entirely new window

into the cosmos, bringing phenomena into reach that are not observable via electromagnetic radi-

ation, and also makes multi-messenger astronomy, observing events in both electromagnetic and

gravitational waves, possible.

While the first generation of GW observatories can only observe the merger-phase of stellar mass

BBHs, planned future observatories like the Laser Interferometer Space Antenna (LISA) [7], Ein-

stein Telescope (ET) [8, 9], Cosmic Explorer (CE) [10], as well as other Mid-band [11] and decihertz

detectors [12], will be able to observe more of the history of the binaries due to the extension of

the sensitivity to lower frequencies and lower GW strain [5, 8]. This will make it possible to

use the observation of the inspiral phase of BBHs, binaries of a black hole (BH) and a neutron

star, or neutron star binaries to test, among others, general relativity, modifications thereof, tidal

deformation effects, the equation-of-state of neutron stars and to better understand astrophysi-

cal environments [13]. Perhaps less obviously, but no less intriguingly, BBHs can also be testing

facilities for beyond Standard Model particles, which is the topic of this thesis.

The Standard Model of particle physics, which has been observationally completed by the 2012

discovery of the Higgs boson at the Large Hadron Collider (LHC) at CERN [14, 15], has been

extremely successful in predicting almost all physical, non-gravitational processes we observe, from

astrophysical to microscopic scales. And yet it is agreed upon that it must be incomplete, since it

cannot integrate gravity, explain neutrino masses [16, 17], the only-gravitationally-observed dark

matter [18], dark energy [19], and gives rise to conceptual problems like the strong CP problem,

the cosmological constant problem [20], the naturalness/hierarchy problem of the Higgs [21], as

well as a seemingly metastable state of the Higgs vacuum [22]. Since the experiments at the LHC

so far gave no hint towards the viability of supersymmetric theories, in which the lightest neutral

supersymmetric particles would be natural dark matter candidates [23], light scalar particles, like

the QCD-axion or other axion-like-particles (ALPs), have gotten a lot of attention as possible dark

matter candidates. Among other reasons this is due to the prediction of an abundance of ALPs in

the low energy effective theories arising from string theory [24].
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If the spectrum of nature contains fundamental low-mass (but not massless) scalar or vector

particles, they can be bound to a rotating BH in hydrogen-like states and amplified via the su-

perradiant instability, resulting in a dense cloud of these bosons around the BH, both together

forming a gravitational atom. If a BH in a binary carries such a cloud, the tidal forces introduced

by the companion can give rise to a plethora of effects that change the state of the cloud as well

as the parameters of the orbit. The main process here is that the oscillatory perturbation of the

second object causes transitions between the discrete energy states of the cloud, resonantly or

non-resonantly.

If the bosonic cloud changes the history of the inspiral of BBHs significantly, it will be directly

imprinted into the GW signal. This gives rise to the fascinating opportunity to learn via GW

astrophysics about particles that could be impossible to investigate experimentally on Earth.

The topic of this thesis is first to show how resonant effects of the bosonic clouds that have

been missed under simplified assumptions of the orbits can drastically influence the dynamics of

the orbit, and second to provide steps towards building a consistent theoretical framework to un-

derstand these effects for general BBH orbits, which, as we will show, has not been done coherently

in the existing literature. We will provide some robust phenomenological aspects for important and

specific cases.

The outline of this thesis is the following:

• Part 1 acts as an introduction. We give an overview of the theoretical motivations of ultralight

scalars in Ch. 2. Ch. 3 gives a brief theoretical overview over BH superradiance in isolated

BHs. For the basics of superradiance in binary BHs given in Ch. 4, we follow the chronology of

the phenomenon’s investigation from the erroneous idea of Rabi oscillations [25] to Landau-

Zener transitions in equatorial and circular orbits [26], as well as to ionization [27], i.e.,

transitions to unbound states.

• Part 2, continuing the chronological approach, covers the extension of the previous results to

incorporate eccentric, but still equatorial, orbits and corresponding phenomenological conse-

quences. Also for the first time, we take into account that the state the cloud transfers to is

actually decaying. This part is adapted from work previously published by the author and

collaborators as Ref. [1].

• Part 3 applies Hamiltonian mechanics to treat the interaction of the binary companion and

the gravitational atom for general orbits, where spin of the gravitational atom and the orbit

are misaligned. We develop a fully self-consistent formalism that is readily applicable for more

detailed studies in the future, and also investigate, why previous approaches have produced

erroneous results for general orbits in Ch. 7. In Ch. 8, we study the most important aspects of

the dynamics of the system when all orbital parameters are considered, and also incorporate

non-resonant, perturbative mixing with strongly decaying states, which challenges all former

results on superradiance in BBHs, including the ones in Ref. [1]. This part contains content

to appear in Ref. [28].
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• Part 4 consists solely of Ch. 9, in which we summarize the results, draw conclusions and

give an outlook by discussing open questions and further directions for BH superradiance in

binaries.
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Part I

Introduction
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Chapter 2 Ultralight Scalars

This chapter is going to provide an overview over the motivations to study ultralight scalar particles

like the QCD-axion and axion-like-particles (ALPs). While the details of this chapter are not needed

to study BH superradiance of ultralight particles, it helps us understand the recent surge in research

interest. To this day, the lightest known bosonic particle is the pion. The Compton wavelength of

pions is many orders of magnitude smaller than the horizon radius of stellar mass BHs. Hence, when

BH superradiance of massive bosonic particles was first studied, researchers speculated that bosonic

clouds, made of pions, could be found only around low mass primordial black holes (PBHs) [29, 30]

or when stellar mass BHs have lost most of their mass through Hawking radiation [31, 32]. Because

PBHs are still a vital area of research, the discussion of BH superradiance of ultralight particles

also led to a resurgence of pion superradiance [33].

The QCD-axion, as the prototypical ultralight scalar particle, has been known since the late

1970s and identified as a valid dark matter candidate in the early 1980s [34–36]. However, the

realization that compactifications in string theory naturally gives rise to many ALPs with different

masses, colloquially referred to as the string-axiverse, has resurrected the interest in BH super-

radiance [24, 37], because BH superradiance gives rise to the opportunity to link an observable

parameter, i.e., the spin of BHs, to particles that could be impossible to probe with experiments

on Earth due to their weak interactions.

2.1 The Strong CP Problem and Axions

The Standard Model of particle physics (SM) is a non-abelian quantum field theory with gauge

group SUp3qc ˆ SUp2qL ˆ Up1qY . It unifies Quantum Chromodynamics (QCD) describing the

strong interaction and electroweak theory which governs weak and electromagnetic interactions.

One of the most important unsolved problems of the SM is the strong CP problem of QCD. The

non-trivial vacuum structure of QCD is due to the existence of pure gauge field configurations

|ny, i.e., zero-energy solutions, that differ by their topological integer winding number n. Non-

perturbative solutions called instantons mediate tunneling between these vacua. This implies that

the physical QCD vacuum necessarily must be a superposition of all topological sectors, the θ-

vacuum |θy ” enθQCD |ny, where θQCD in principle is a free parameter. Due to this structure,

one finds in the path integral formalism that the effective QCD Lagrangian density includes the
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so-called θ-term [38, 39]:

LθQCD
“ θQCD

32π2
Tr

”

GµνG̃
µν

ı

, (2.1)

where Gµν is the gluon field strength tensor and G̃µν ” ǫµναβGαβ{2 is its dual. The θ-term violates

charge and parity (CP) symmetry, and gives rise to an electric dipole moment of the neutron [40]:

dn « 3.6 ˆ 10´16θQCDe cm , (2.2)

where e is the charge of the electron. The experimental constraint |dn| ă 2.9 ˆ 10´26e cm [41]

implies θQCD À 10´10. If at least one of the quarks were massless, we could perform a chiral

rotation on that massless quark to remove θQCD entirely from the Lagrangian, since there is no

mass term to pick up a complex phase. In this case, LθQCD
would become unphysical. However,

since all quarks are massive, such chiral rotations shift the phase into the quark mass matrix, and

the relevant physical quantity is actually the sum of the free parameter from the QCD-vacuum θ̄

and the phase of the quark mass matrices. To go to a physical basis in the full electroweak theory,

one must diagonalize the quark mass matrix via a chiral transformation. This renders the physical

relevant θQCD to be

θQCD Ñ θ̄QCD ` arg det rMuMds . (2.3)

Unless one of the quarks would be actually massless, it cannot be explained why these two unrelated

terms coming from different sectors of the theory should cancel to almost zero, and therefore a fine-

tuning problem arises, called the strong CP problem.

By far the most prominent solution was introduced by Peccei and Quinn Ref. [42]. They

proposed a new global Up1q-symmetry that is spontaneously broken and renders θQCD to be dy-

namically driven to zero. Weinberg and Wilczek realized that this breaking gives rise to a Nambu-

Goldstone boson, the axion [43, 44].I In the the original Peccei-Quinn-Weinberg-Wilczek (PQWW)

model, one assumes that the full Lagrangian is to be taken invariant under a global chiral Up1qPQ
symmetry. Here, φ gives masses to the fermions via the standard Brout-Englert-Higgs mech-

anism [45, 46]. The invariance of φ under Up1qPQ rotations then fixes the PQ charges of the

fermions [47]. The PQ symmetry is spontaneously broken below the energy scale fa. The axion,

being the pseudo Nambu-Goldstone boson of this broken symmetry, couples to the SM via the PQ

charges and the chiral PQ rotations. The latter shifts the angular part of φ by a constant. While

the axion classically possesses a shift symmetry, these chiral rotation changes the path integral

measure and hence QCD has a so-called chiral anomaly. This induces couplings of the axion a to

the gauge bosons. With that, the part of the Lagrangian including θQCD and the axion becomes [48]

LθQCD`a “ θQCD

32π2
TrGµνG̃

µν ´ 1

2
BµaBµa` L rBµa{fa; Ψs ` ξ

a

fa
g232π2TrGµνG̃

µν , (2.4)

where L rBµa{fa; Ψs denotes the interaction terms between axions and fermions, e.g., derivative

IThe axion has been named by Frank Wilczek after a laundry detergent, metaphorically cleaning up the strong
CP problem.
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couplings to axial currents, and ξ “ 1 in the PQWW-model. In the low energy limit of QCD, using

the chiral Lagrangian, it can be shown that the instanton-related terms in Eq. (2.4) give rise to an

effective axion potential that is invariant under a Ñ a` 2πfa [48]:

Veff „ cos

ˆ

θQCD ` ξ
a

fa

˙

. (2.5)

Minimizing this potential with respect to a gives

amin “ ´θQCD
fa
ξ
. (2.6)

Redefining the physical axion field to aphy “ amin ´ a, one gets rid of the θQCD term in Eq. (2.4)

and this solves the strong CP problem [48]. One says that the axion field dynamically drives the

value of θQCD to zero [47]. The effective potential for the axion gives also rise to a mass for the

axion which scales as

ma „
Λ4
QCD

f2a
, (2.7)

where ΛQCD « 200MeV is the confinement scale of QCD.

In this original PQWW-model, the axion was the angular degree of freedom of an additional

Higgs doublet φ, so this rendered the scale of the symmetry breaking fa to be of the order of the

electroweak scale [47]. This made it possible to excluded this model by experiments. However,

there are viable axion models with a larger breaking scale, called invisible axions, which also

solve the strong CP problem, but that are not experimentally excluded. Examples are the Kim-

Shifman-Vainshtein-Zakharov (KSVZ) model [49, 50], which features the introduction of additional

heavy quarks to which the scalar field φ couples. The Dine-Fischler-Srednicki-Zhitnitsky (DFSZ)

model [51, 52] in turn contains two Higgs doublets and the scalar field φ, where the latter gives rise

to the axion. In both of these models, fa is a free parameter and therefore both models are still

not excluded by experiments in a large part of the possible parameter space. Since fa is usually

assumed to be much larger than the QCD confinement scale, this renders the axion to be very light.

Soon after the introduction of these models, it was realized that the invisible axions are vital dark

matter candidates [34–36], which motivates the ongoing intense research efforts.

2.2 Axion-Like Particles

As we already mentioned, NGBs arise naturally when a global symmetry is spontaneously broken.

NGBs that arise from other global symmetries than the PQ symmetry and that not necessarily solve

the strong CP problem have been called axion-like particles (ALPs) [53]. In these more general

models there is no fixed relation between symmetry breaking scale fa and mass ma and both can

be treated as independent parameters [54].

A strong motivation for the existence of axions and ALPs comes from String Theory. String

Theory is considered to be a promising theory to describe all known forces, the three forces described
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by the SM and gravity, up to arbitrarily high energies.II Superstring Theory describes both bosons

and fermions as excitations of one-dimensional elementary strings, but is only consistent in ten

space-time dimensions [55, 56], while M-Theory is a theory in eleven dimensions [57]. Our physical

world only has three large dimensions, so this implies that all but four spacetime dimensions (three

space and one time) must be small and compact, in Superstring Theory typically compactified

on Calabi-Yau manifolds which preserve supersymmetry in the low-energy 4D theory [58], and as

G2-manifolds in M-Theory [59]. ALPs do not arise directly as fundamental string excitations, but

they emerge in the 4D low-energy effective theory from compactification, specifically as Kaluza-

Klein zero modes [60, 61], of higher-dimensional gauge or form fields. The latter are themselves

low-energy fields arising from the massless modes of string excitations [53].

The ALPs arise when a p-form gauge potential is integrated over a non-trivial p-cycle in the

compact manifold. For example [62], in type IIB string theory, axions arise as bI “
ş

Σ
p2q
I

B, which

is the integral of the Neveu-Schwarz two-form potential BMN over two-cycles Σ
p2q
I . By integrating

the Ramond-Ramond two-form CMN one similarly finds cI “
ş

Σ
p2q
I

C. These ALPs also respect a

shift symmetry. In general, the symmetry breaking scale fa of the ALPs arising in String Theory is

related to the geometry of the compact manifold in a non-trivial way [63] and the theories predict

a wide range of possible values. Typically it is assumed to be near the scale of Grand-Unified-

Theories at fa „ 1016GeV [64], while lower values of fa „ 1010GeV ´ 1012GeV are also possible

[65]. An upper bound is given by the Planck energy scale, i.e., fa ă MPl [47, 66]. The number of

different axions is related to the topology of the compact dimensions, and it is not uncommon to

expect several ALPs [47], possibly also including the QCD-axion described in the last section [64,

67, 68]. The term string-axiverse [24, 65, 69, 70] refers to the prediction that many different ALPs

could exist, with masses that are roughly distributed evenly on a logarithmic scale.

IIOne says that it is complete in the ultraviolet, i.e., UV-complete.
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Chapter 3 Basics of

Gravitational Atoms

Rotational superradiant scattering, referred to as superradiance, is the process of amplification

of waves scattered off a rotating medium that moves faster than the wave’s phase velocity and

provides a mechanism for dissipation. Through this process, rotational energy is transferred from

the medium to the wave. In the case of black hole (BH) superradiance, the dissipative medium is

the rotating spacetime itself.

The concept of extracting energy from a rotating BH was first proposed by Penrose [71], who

showed that a particle entering the ergoregion of a rotating BH can exit with more energy than

it had initially, thereby extracting energy and angular momentum from the BH. Zel’dovich first

argued [72, 73] that wave amplification could occur when a rotating object, exerting friction or

dissipation, scatters incident waves. A rotating BH provides such a medium.

However, for massless fields such as electromagnetic waves, this would result in just a single

scattering event. To create a sustained instability, Press and Teukolsky proposed to put a BH

inside a reflective cavity, a mirror, confining the scattered waves to the BH and causing repeated

superradiant amplification. This theoretical setup has been called a BH-bomb [74].

In contrast, if the field possesses a non-zero mass, the mass itself provides a natural confining

potential. This results in a superradiant instability which leads to the exponential growth of long-

lived bound states around the BH, until the latter has been spun down [32, 74–77]. Because the

spectrum of these bound states in the Kerr metric resembles hydrogenic states, these superradiant

clouds around BHs are often referred to as gravitational atoms.

This chapter gives an overview of the basics of BH superradiance in isolated BHs, while the

effects of a companion will be discussed in Ch. 4. The most important results in this chapter will be

the energy levels of the superradiant cloud, as well as its growth and decay rates. For completeness,

we will also briefly discuss the phenomenological aspects of isolated gravitational atoms.

Superradiant instabilities are also possible for massive vector as well as for tensor fields, which

have been studied both analytically and numerically [26, 78–84]. The superradiance rate for vec-

tors is much faster than for scalars, leading to a smaller separation of scales in the full problem,

making it easier to study them numerically [85]. Some peculiar results for these include numerical

results showing the spherical state of massive tensor fields to be unstable even for Schwarzschild,

i.e., non-rotating, BHs [86]. In this thesis, we are only going to focus on superradiance of scalars,
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and are not going to include superradiance of vectors and tensors. For a review discussing these,

consult Ref. [87].

Another interesting avenue is the possibility of superradiance for scalar fields that allow self-

interactions. The latter can induce mixing between the states, changing the evolution of the

superradiant state or shutting it of completely if the self-interactions are strong enough. This

admits the peculiar effect that while most other experimental or observational constrains rely on

self-interactions to be strong enough, superradiance has been used to exclude weak interactions,

because only then the cloud can form and potentially make observation of highly spinning BHs

impossible [88–93]. For an introduction to how these exclusions arise, see Sec. 3.5.

If the scalar particle couples to photons, it enables stimulated emission, where spontaneous decay

into photons can trigger an avalanche effect when the photon triggers new decays before leaving the

cloud. The detailed phenomenology of this effect has been controversially discussed under names

like blast and burst, either describing the effect as periodically ramping up superradiance until

a strong and short emission of photons happens, or leading to an equilibrium state of constant

photon emission and cloud density lower than expected for non-interacting bosons. For details

see Refs. [94–99]. In this thesis, we are neither going to take effects of self-interactions, nor effects

of coupling to other particles into account, effectively assuming the breaking scale fa to be close

enough to the Planck scale to make these interactions negligible.

3.1 Rotational Superradiance - The Zel’dovich Argument

To build intuition for the phenomenon of superradiance, we begin with a very simple, non-relativistic

analogy in one-dimension that still captures the key elements dissipation, motion, and energy

transfer: If a person runs and jumps off from the ground with initial horizontal velocity vi and

lands again on a ground that provides some friction, the final velocity vf will be reduced, vf ă vi.

If a person jumps onto a treadmill that runs with velocity vt in the same direction as the person

jumps, but slower than the horizontal initial speed vt ă vi and provides friction, the treadmill will

pull that person back with it, again resulting in vf ă vi. However, when the treadmill runs faster

than the initial horizontal speed, vt ą vi, in the rest frame of the running treadmill the person’s

initial speed will be negative, i.e., v1
i ă 0. This means, when the person lands, friction will drag the

person along and hence make this negative velocity less negative. For a realistic treadmill, it will

reduce it to zero in the treadmill’s frame. Returning to the “lab”-frame, this leads to vf ą vi. The

treadmill is a dissipative medium in the sense that it absorbs kinetic energy of persons landing on

it. However, if it moves fast enough, this dissipation actually increases the kinetic energy of the

person jumping onto it. The energy increasing the person’s speed is provided by the treadmill. See

Fig. 3.1 for a visualization.

We can now apply this to a rotating surface and a rotationally symmetric, dissipative field.

This is the essence of the Zel’dovich argument given in Ref. [72]. We consider a massless scalar

field ψ propagating in a dissipative medium, modeled by a damping coefficient c̃. In the rest frame
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vi > vt, vt = 0

vi vf

vt

⇒ vf < vi

vi > vt, vt > 0

⇒ vf < vi

vi < vt, vt > 0

⇒ vf > vi

vi vf

vt

vi vf

vt

SR!

FIG. 3.1: Heuristic example for linear “superradiance” on a treadmill: In the first
two pictograms, the treadmill either does not move (vt “ 0), or moves slower than
the person jumping onto it (vt ă vi), so friction slows the movement down (vf ă vi).
In the third pictogram, the treadmills moves so fast that w.r.t to the treadmill the
person moves backwards (vt ą vi), so that the friction increases the speed (vf ą vi).

of the medium, the equation of motion for ψ is

lψ ´ c̃ 9ψ “ 0 , (3.1)

where the dot denotes a derivative with respect to time in the medium’s rest frame. We now

consider the case where the medium rotates with constant angular velocity Ω. For a cylindrically

symmetric configuration, we make the ansatz

ψpt, r, φq “ fprq e´ipωt´mφq , (3.2)

where ω is the field’s frequency in the laboratory frame, m P Z is the azimuthal quantum number,

and r, φ are polar coordinates in the plane perpendicular to the rotation axis. To simplify the

analysis, we evaluate the field at a fixed radius r “ R and define a local Cartesian coordinate

x ” Rφ, representing the arc length along the circular path of rotation. Although the full system

involves rotation, at a fixed radius we can approximate the motion along x as linear. We can then

apply the Lorentz transformation with velocity v ” ΩR into the lab frame in which the medium

rotates. In this frame, the damping term changes to

c̃Btψ Ñ c̃γpBtψ ´ vBxψq

“ c̃γpBt ´ v
1

R
Bφqψ

“ ´ic̃γpω ´ ΩR

R
mqψ

“ ´ic̃γpω ´ Ωmqψ .

(3.3)

This demonstrates that when Ωm ą ω, i.e., when the medium rotates faster than the spherical

modes of the wave oscillate, the effective damping in the lab frame becomes negative, leading to

wave amplification. This happens because in the rotating frame the frequency becomes ω1 “ ω´mΩ.
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We found the general superradiance condition

ω ă mΩ . (3.4)

If this is satisfied, then ω1 ă 0, so from the perspective of the rotating frame it corresponds to a

negative-energy state. This means that dissipation actually makes the energy less negative, i.e.,

brings it closer to zero. From the point of view of the lab frame, this corresponds to an increase

in the wave’s energy, resulting in an amplification of the wave. The energy gain comes at the

expense of the medium’s rotational kinetic energy. Physically, this corresponds to the medium

amplifying the wave rather than absorbing it. We see that all the important characteristics of

the amplification have a clear analogue in our initial heuristic treadmill argument. The rotational

medium can dissipate energy, like the treadmill via friction. However, the dissipation can actually

amplify states when in the moving frame the state that scatters effectively has negative energy, like

a person jumping on a treadmill that moves fast. We will see in the next section, that for rotating

BHs, the horizon provides the dissipation, while the ergoregion can provide the negative energy

states, so BH superradiance becomes possible if the superradiance condition Eq. (3.4) is fulfilled.

3.2 Black Hole Superradiance

3.2.1 Rotating Black Holes - The Kerr Metric

BHs are vacuum solutions of general relativity (GR) [100] that possess a singularity hidden behind

an event horizon, a region inside of which all future-directed timelike curves end at the singularity.

Vacuum solutions in GR are metric tensors g obeying the Einstein field equations in vacuum,

written in local coordinates xµ as

Rµν ´ 1

2
gµνR “ 0 , (3.5)

where Rµν is the Ricci tensor defined as Rµν ” BρΓρ
µν ´ BνΓρ

µρ ` Γ
ρ
ρλΓ

λ
µν ´ Γ

ρ
νλΓ

λ
µρ, in terms of the

metric itself and the Christoffel symbols Γ
ρ
µν “ 1

2
gρσ pBµgνσ ` Bνgµσ ´ Bσgµνq. We also introduced

the Ricci scalar (scalar curvature) R ” gµνRµν . Solutions are often written in terms of the line

element defined by ds2 ” gµνdx
µdxν .

While the first solution to Eq. (3.5) was found in 1916, very shortly after the introduction of

GR, in form of the Schwarzschild solution describing a non-rotating BH [101], closely followed by

the first solutions for homogeneous and isotropic universes, the Kerr metric, describing a rotating

BH was published only much later, in 1963 in Ref. [102]. Some authors contributed this to its

notoriously hard derivation, see Ref. [103] for details.
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The metric describes a rotating BH with fixed angular momentum, and is given in the so-called

Boyer-Lindquist coordinates [104]I and after setting c “ 1 by

ds2 “ ´
ˆ

1 ´ 2GMr

Σ

˙

dt2´ 4GMr sin2pθq
Σ

dtdφ` Σ

∆
dr2`Σdθ2` pr2 ` a2q2 ´ a2∆sin2 θ

Σ
sin2pθqdφ2 ,

(3.6)

with

Σ “ r2 ` a2 cos2pθq , (3.7)

∆ “ pr ´ r`qpr ´ r´q “ r2 ` a2 ´ 2GMr , (3.8)

a “ J

M
, (3.9)

where G is Newton’s gravitational constant, and M and J can be identified with the BH’s mass

and spin, respectively. We define the gravitational radius rg “ GM . However, note that compared

to the horizon in the static limit, the event horizon for the rotating BH is modified by a, and is

given by

r˘ “ rg ˘
b

r2g ´ a2 , (3.10)

with ˘ referring to the outer and inner event horizon, respectively.II These are the two roots of ∆.

The radii for which gtt becomes zero are re “ rg ˘
b

r2g ´ a2 cos2pθq and they define the ergoregion.

In this region, no observer can stay static, but instead is forced to move in the same direction the

BH rotates. In this region, the sign of gtt flips and Bt becomes spacelike. We will understand in a

moment, why this is crucial for the mechanism of superradiance around BHs.

The spin of the BH has an upper bound. Assuming that the horizon rg is physical, and it

actually hides the singularityIII, the term in the root of Eq. (3.10) must be positive, and therefore

a ă rg, which immediately gives

Jmax “ GM2 (3.11)

for an extremal BH. One then introduces ã ď 1 as a dimensionless quantity to express the spin

relative to the spin of the extremal BH,IV i.e., J “ ãJmax “ ãGM2. This is obviously related to

the parameter a in the Kerr metric by ã ” a{rg.
Another important quantity is the is the angular velocity of the horizon ΩH . The Kerr metric

is stationary and axisymmetric, which means that Bt and Bφ are Killing vector of this metric. We

can define the combination χµBµ “ Bt ` ΩHBφ that is also a Killing vector field, and must be null

IIn these coordinates, the surfaces of constant r and t are not spheres, but oblate spheroids, with the degree of
flattening determined by the parameter a from the metric.

IIOnly the outer horizon will be important for our purposes.
IIIThis is the cosmic censorship conjecture that no “naked” singularities can exist [105].
IVIn the literature this is also often labeled χ.
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on the horizon by the definition of the latter, i.e., χµχµ|r“r`
“ 0. This condition gives

ΩH “ a

r2` ` a2
“ a

2pr2g ` rg
b

r2g ´ a2q
. (3.12)

Relating this to the results of Sec. 3.1, the angular velocity of the horizon will be crucial for the

process of superradiance.

3.2.2 BH Superradiance

The first proposed mechanism to make use of the special properties of the ergoregion was the

Penrose mechanism [71]. In this, a particle enters the ergoregion and splits into two in a specific

way: One fragment moves so fast towards the horizon, that its energy is negative for an observer at

infinity, which is only possible in the ergoregion. Because energy is conserved during the splitting,

the other half of the particle can escape the BH with more energy than both of them had together

initially. The negative energy fragment falls into the horizon, feeding negative energy into the BH,

i.e., extracting positive energy. Hence, the BH loses mass and angular momentum.

We are interested in the wave analogue of the Penrose process. We again invoke the Killing

vector χµ and write it as sum of the Killing vector related to time translations HµBµ ” Bt and

rotational invariance J µBµ ” Bφ and write [37]

χ “ H ` ΩHJ . (3.13)

We now consider an incoming wave of a massless scalar field with the ansatz

ψ “ e´iωt`imφfpr, θq ` h.c. . (3.14)

We can find the conserved energy flux of this field by

Pµ “ ´TµνHν “ ´BµψBtψ ` 1

2
gµtL , (3.15)

where Tµν is the field’s energy momentum tensor and L is the Lagrangian density. If we consider a

space-time region between two constant time slices, the conservation of the current Pµ implies that

the time-averaged energy flux at infinity must be equal to the time-averaged energy flux through

the BH horizon. The latter can be derived considering χµ via [37]:

xPµχ
µy “ ´ xpBtψ ` ΩHBφψqBtψqy

“ ωpω ´mΩHq|f |2 .
(3.16)

Here, the gµν-term in the energy-momentum tensor vanished, because the vectors χ and H are

perpendicular at the horizon. Again, when the superradiance condition ω ă mΩH holds, then

xPµχ
µy becomes negative, indicating that energy is extracted from the horizon. This occurs because,

for observers co-moving with the null Killing vector χµ at the horizon, the mode fulfilling the
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superradiance condition has negative energy, even hough its frequency is measured to be positive,

ω ą 0, at infinity. Implicitly this is only possible due to the existence of the ergoregion, where Bt
becomes spacelike. This allows modes with positive energy at infinity to have negative Killing energy

near the horizon. Dissipation of these negative-energy modes at the horizon leads to amplification

of the reflected wave at infinity, thereby enabling superradiance. The horizon’s angular velocity

ΩH explicitly encodes this effect: At the horizon, deep inside the ergoregion, everything is forced

to co-rotate along the BH with ΩH , making negative energy states possible. Without rotation, the

ergoregion disappears, rendering ΩH zero, and making superradiance impossible.

Now that we have introduced superradiance in three different scenarios, we make a final compar-

ison of the key elements to trigger successful superradiance in Tab. 3.1. From now on superradiance

will always refer to BH superradiance.

Aspect Treadmill Zel’dovich BH Superradiance

Dissipation mechanism Surface Friction Dissipative Medium BH horizon

Negative energy mechanism Treadmill movement Rotating frame Ergoregion

SR condition vi ă vt ω ă mΩ ω ă mΩH

Table 3.1: A summary comparison of superradiance mechanisms and analogies.
Outside of the superradiance regime, a dissipative medium/object just reduces energy
for a moving object or wave. Configurations that fulfill the superradiance condition
effectively have negative energy, so for these, the dissipation leads to amplification.

We note that the above argument works fine for massless states that have a finite flux at infinity.

If we are treating bound states, and the frequency ω corresponds to a discrete spectrum, then the

energy flux at the infinity necessarily vanishes. It will turn out that in this case the only possibility

to reconcile the flux at the horizon with the energy conservation argument is for ω to acquire an

imaginary part, so that the time-averaged energies on the two constant time slices are not equal

any longer [37]. For the research presented in this thesis, it will be sufficient to use the imaginary

part of the bound states’ frequencies by the Detweiler approximation laid out in Sec. 3.3.3.

3.2.3 BH Thermodynamics and the Area Law

It might seem counter-intuitive at first that superradiance is possible for BHs, because the process

extracts angular momentum and mass from it, while the one commonly assumed “fact” about BHs

is that supposedly nothing can escape from it. However, what is actually true classically, i.e., in

GR, is that the area of the BH horizon can never shrink. Involving quantum mechanics, this law

seems to be violated by Hawking radiation [31], but we will ignore that here. The first two laws of

BH thermodynamics are [106]:

• The Energy Conservation Law states that infinitesimal mass changes δM obey

δM “ κ

8πG
δAH ` ΩHδJ ` ΦHδQ . (3.17)
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Here κ “ 1{p4GMq ´ GMΩ2
H is the surface gravity, AH is the area of the horizon, ΩH is

again the angular velocity at the horizon, ΦH is the electrostatic potential at the horizon and

Q the charge of the BH.

• The Area Law, also referred to as Entropy Law states that if matter obeys the weak energy

condition, that is for any time-like vector vµ the energy-momentum tensor fulfills Tµνvµvν ě 0,

we have

δAH ě 0 . (3.18)

We are now going to confirm that when Eq. (3.17) is assumed to be fulfilled, we also still fulfill

Eq. (3.18) during superradiance, although we extract energy and angular momentum from the BH.

We set ΦH “ 0 from here on, assuming the BH to be uncharged.

To find the extracted mass and angular momentum, we again use the Killing vector fields H

and J . The contravariant version of the conserved energy flux vector for Tµν is

Pµ “ ´Tµ
ν H

ν , (3.19)

while the conserved angular momentum flux vector is

Lµ “ Tµ
ν J

ν . (3.20)

We find the extracted energy and angular momentum by calculating the flux through a surface
~dΣµ:

δE “ Pµ~dΣµ, δJ “ Lµ~dΣµ . (3.21)

If we take as a surface ~dΣµ “ nµr
2dtdΩ, where nµ is the radial outgoing normal to the surface, we

have

δE “ Pµnµr
2dtdΩ “ ´Tµ

ν H
νnµr

2dtdΩ “ ´T r
t r

2 , (3.22)

and similarly δJ “ T r
φ r

2. This gives
δJ

δE
“ ´

T r
φ

T r
t

. (3.23)

We now again take the ansatz for a scalar field Eq. (3.14). The components of Tµ
ν important for

our argument will then be given by

T r
φ “ grαBαψBφψ “ grr

df

dr
e´2iωt`2imφim , (3.24)

T r
t “ grαBαψBtψ “ grr

df

dr
e´2iωt`2imφp´iωq , (3.25)

This leads to
δJ

δE
“ m

ω
. (3.26)
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We can identify δE with δM , so for a scalar field interacting with a BH, this gives δJ “ pm{ωqδM .

With that, Eq. (3.17) becomes

δM
8π

ωκ
pω ´mΩHq “ δAH , (3.27)

We have found in the last section that if the superradiance condition Eq. (3.4) is fulfilled, mass will

be extracted from the BH:

δM ă 0 ðñ ω ă mΩH , (3.28)

With that we find that the left hand side of Eq. (3.27) is positive, which means that although mass

is extracted from the BH, the area of the horizon grows, as is expected from BH thermodynamics.

It should be noted here that we have assumed that the weak energy condition holds. This is

violated for fermions in asymptotically flat spacetimes, and ultimately this is the reason why they

cannot experience superradiance [87].

3.2.4 Extraction Bound

We just showed that the area law is fulfilled during superradiance. It is possible to extract both

angular momentum and mass from the BH without reducing the area of the horizon because

reducing angular momentum while keeping mass constant increases the horizon area of the rotating

BH. The latter is given by

AH “ 8π
´

r2g ` rg

b

r2g ´ a2
¯

. (3.29)

For any giving rotating BH, the corresponding irreducible mass Mirr is the mass of a Schwarzschild

BH that would leave the area of the horizon unchanged. It is found by equating the area given

above with 8πpGMirrq2 and hence is given by

Mirr “ 1

G

c

1

2

´

r2g ` rg

b

r2g ´ a2
¯

. (3.30)

The theoretical upper bound on the amount of mass any process, including superradiance, can

extract from the BH is given by the difference between the initially mass of the rotating BH and

the irreducible mass:

M ´Mirr “ M

ˆ

1 ´ 1?
2

b

1 ´
a

1 ´ ã2
˙

. (3.31)

Starting with an extremal BH for which ã “ 1, we find as strong upper bound p1´ 1?
2
qM « 0.29M .

However, because the superradiant condition will not be fulfilled anymore at one point during the

spin-down, this strict upper bound will not be reached. We will discuss the extraction bound and

corresponding cloud mass in Sec. 3.4.1 after introducing the important parameters, and in most

detail in Ch. 8.

3.3 Massive Scalar Field in the Kerr Metric

So far we have discussed superradiance as a phenomenon for massless fields, which would experience

superradiance once during scattering and then escape to infinity. This also works for photons of
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the correct wavelength. One technological idea to turn this into a runaway process and with that

continuously extract energy from a rotating BH is the BH-bomb proposed in Ref. [74]. There, a

rotating BH would be placed inside a reflective cavity, like a mirror. Then a seed of initial photons

would be injected and could be periodically amplified by superradiance scattering and reflected at

the mirror back to the BH. It was realized soon after that the gravitational coupling of a massive

field provides a confining potential by itself. A massive field experiences superradiant scattering,

but is also gravitationally bound to the BH, and therefore could built up over time, even from a

quantum fluctuation producing a single particle in the vicinity of the BH. In this section we will

discuss, how the approximate solution for a scalar field in the Kerr metric is found, and how their

superradiance rates can be derived.

The action for a massive scalar field Ψ with mass µ is given by

S “
ż

d4x
?´gL “

ż

d4x
?´g

„

1

2
BµΨgµνBνΨ ´ 1

2
µ2Ψ2



. (3.32)

In a general curved space-time, the Euler-Lagrange equation is

BL
BΨ ´ 1?´gBµ

ˆ?´g BL
BpBµΨq

˙

. (3.33)

For the Kerr metric, the inverse metric, defined by gµνgµν “ δµν is given by

gtt “ ´ 1

∆

ˆ

r2 ` a2 ` 2rgra
2 sin2pθq
Σ

˙

, (3.34)

gtφ “ ´2rgra

Σ∆
, grr “ ∆

Σ
, (3.35)

gθθ “ 1

Σ
, gφφ “ ∆ ´ a2 sin2pθq

Σ∆sin2pθq , (3.36)

with all other components being zero, and
?´g “ Σsinpθq. Inserting this into the Euler-Lagrange

equation, we arrive at the full equation of motion for a scalar field in the Kerr metric

0 “µ2ΣΨ `
„pr2 ` a2q2

∆
´ a2 sin2pθq



B2
tΨ ´ Brp∆BrΨq

´ ∆ ´ a2 sin2pθq
∆sin2pθq B2

φΨ ´ 1

sinpθqBθpsinpθqBθΨq ` 2a

∆
pr2 ` a2 ´ ∆qBtBφΨ .

(3.37)

There is no known analytical solution to the full equation, so to continue, we are going to have to

make some simplifying assumptions.

3.3.1 Spectra of Gravitational Atoms

We assume that we can isolate non-relativistic dynamics of the field by factoring out the rapid

oscillations with the Compton frequency, exppiµtq, and average over them later, and that the
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remaining field ψ changes on times scales much longer. Hence, we write

Ψpt, rq “ 1?
2µ

`

ψpt, rqe´iµt ` ψ˚pt, rqeiµt
˘

, (3.38)

where ψ is a complex scalar field that varies on timescales much longer than µ´1. The action for

ψ then reads [25]:

S “
ż

d4x
?´g

„

´ 1

2µ

`

∇aψ
˚∇aψ ` iµg0apψ˚∇aψ ´ ψ∇aψ

˚q ` µ2pg00 ` 1qψ˚ψ
˘



. (3.39)

Since we already imposed that the cloud is non-relativistic, and we are looking for bound states,

we can assume that the energy must be given by ω « µ ` p2

2µ
where p2 ă 0. To find the size of

the cloud, rc, we insert that we expect the kinetic energy to be of the same order as the potential

energy of a single particle by the virial theorem, which gives

|p|2

µ
„ GMµ

rc
. (3.40)

For the lowest bound state energy level, the wavelength should match the circumference of the

cloud. If the energy states are discrete, labeled by quantum number n, higher n-states should have

wavelengths that are multiples of this fundamental. With the usual relation between wavelength

and momentum this leads to

nλ „ 2πrc ñ n
2π

|p|
„ 2πrc . (3.41)

Solving this for |p| and inserting it back into Eq. (3.40), we can solve for the radius of the cloud:

rc “ n2

GMµ2
” n2

µα
“ n2rg

α2
, (3.42)

Henceforth, this will act as the definition of rc. We defined the dimensionless quantity

α ” GMµ “ rgµ . (3.43)

This is called the gravitational fine-structure constant for a reason that will become obvious in a

moment. It gives the ratio of the event horizon to the Compton wavelength of the scalar field. For

n “ 1, Eq. (3.42) defines the gravitational Bohr radius rb ” pµαq´1. Typical values for BH mass

and ultralight scalar for small α are

α « 0.07

ˆ

M

10Md

˙

´ µ

10´12 eV

¯

. (3.44)

We now assume α ! 1, which in the following sections will both allow us to find the growth

and decay rates of the states, as well as to form gravitational atoms with astrophysically relevant

formation- and lifetimes. Since we are interested in the behavior of the cloud where it peaks, at

rc, and for α ! 1 Ñ rc " rg, we can write out all the terms in Eq. (3.39) and do an expansion
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in rg{rb “ rgµα “ α2. Since we are interested in distances r „ rc, a factor of r will effectively

contribute like α in the power-counting. For terms with derivatives with respect to time we will

acknowledge that for a non-relativistic field, the time derivative should be proportional to kinetic

energy, which again by Eq. (3.40) we can relate to α:

Btψ „ p2

µ
ψ „ GMµ

r

ˇ

ˇ

ˇ

ˇ

r“rB

ψ “ µα2ψ . (3.45)

This makes it possible to write out the Lagrangian of Eq. (3.39) as L “ L2 ` L4 ` Opα5q, where

the subscript refers to the power of α in the expansion. The quadratic Lagrangian L2 gives the

equation of motion

i
B
Btψpt, rq “

ˆ

´ 1

2µ
∇

2 ´ α

r

˙

ψpt, rq . (3.46)

This is the Schrödinger equation of a hydrogen atom, with α substituting the electromagnetic fine-

structure constant. This dubbed the term gravitational atom. The solutions are superpositions

of

ψnlmpt, r, θ, φq » e´pω´µqtRnlprqYlmpθ, φq , (3.47)

where Rnlprq are the radial wavefunctions of the hydrogen atom with rB substituting the atomic

Bohr radius. Ylmpθ, φq are the spherical harmonics. The radial wavefunctions are given by

Rnlprq “

d

ˆ

2µα

n

˙3 pn´ l ´ 1q!
2npn` lq!

ˆ

2µαr

n

˙l

exp
´

´µαr

n

¯

L2l`1
n´l´1

ˆ

2µαr

n

˙

, (3.48)

where L2l`1
n´l´1pxq is the associated Laguerre polynomial. As in atomic physics [107], the states

are distinguished by the general quantum number n, their angular momentum l and the magnetic

quantum number m, i.e., the value of the angular momentum in z-direction. The states are written

in terms of these quantum numbers |nlmy ” ψnlmpt, r, θ, φq.
As in quantum mechanics, these discrete states also have discrete energy levels. Just considering

the leading order terms, states solving Eq. (3.46) have energy ωnlm “ µ
´

1 ´ α2

2n2

¯

, independent of

l and m. To find the so-called fine and hyperfine corrections, we have to include terms of higher

order in α from Eq. (3.39). The full spectrum including Bohr, fine and hyperfine energy splitting

is given by [25, 83]

ωnlm “ µ

„

1 ´ α2

2n2
´

ˆ

1

8n
` 6

2l ` 1
´ 2

n

˙

α4

n3
` 16

2lp2l ` 1qp2l ` 2q
ãmα5

n3



. (3.49)

This derivation works only in the limit far from the horizon. Therefore it does not capture

the effect of the horizon. This will lead to non-zero imaginary parts of the frequency, and hence

growing and decaying modes. Before discussing the derivation of these, we will give some heuristic

arguments.
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3.3.2 Growing the Cloud: Superradiance Rates

The last section did only consider the behavior of the cloud far away from the horizon and for

small α. However, compared to atomic physics, where the wavefunctions must be regular at r “ 0,

for the gravitational atom, the wavefunction must be purely ingoing at the horizon. As already

hinted in Sec. 3.2.2, matching this condition with the large distance behavior will lead to non-zero

imaginary parts of the frequency. We start with an heuristic argument to find the scaling of the

decay rates, and then sketch the Detweiler approximation [32] to find the non-relativistic growth

and decay rates in the small α-limit.

The superradiance rate necessarily must be equal to the ratio of (negative) energy change of

the BH and total energy of the cloud, the latter for non-relativistic clouds being its mass Mc:

ΓSR » ´
9EBH

Mc
. (3.50)

9EBH has to be proportional to the superradiance condition and the density of the cloud at the

horizon, which is ψ2
ˇ

ˇ

r`
, integrated over the horizon area. We approximate this integral via multi-

plication by r2`, which gives
9EBH „ pω ´mΩHq ψ2

ˇ

ˇ

r`
r2` . (3.51)

The radial wavefunction of the cloud scales as ψ2
ˇ

ˇ

r`
„ ψ|rc pr{rcqle´r{rc . We find the mass of the

cloud via Mc » µ
ş

drr2ψ2. Integrating this gives the scaling

Mc „ µr3c ψ
2
ˇ

ˇ

rc
. (3.52)

Neglecting the exponential part of the radial wavefunction, inserting all of this into Eq. (3.50) gives

9EBH

Mc
„ pω ´mΩHq

´

r`

rc

¯2l

r2`

r3cµ

„ pω ´mΩHq r
2l`2
`

µr3`2l
c

.

(3.53)

We can now use r` “ rgp1 `
?
1 ´ ã2q « rg and again that rc „ rg{α2, and find

9EBH

Mc
„ pω ´mΩHqprgq2l`2α4l`6

µprgq2l`3

„ pω ´mΩHqα
4l`6

rgµ
.

(3.54)

Hence, the scaling of the superradiance rate is

ΓSR „ ´pω ´mΩHqα4l`5 . (3.55)

We see that the rate is extremely sensitive to the value of α, which leads to the important fact that
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for every given BH mass, there is only a finite frame of possible scalar masses where the cloud can

grow on astrophysical time-scales. If α is closer to one, the growth will be extremely fast, and, as

we will see later, then decay fast due to decay into gravitational waves. The combination of these

two phenomena leaves, for every given BH mass, only a small window in the scalar mass parameter

space where superradiance is viable.

3.3.3 Detweiler Approximation

The best-known derivation of the superradiance rates for α ! l, which is not necessarily α ! 1 has

been done by Detweiler in Ref. [32]. We will only sketch the derivation here.

Even the full equation of motion of the scalar field, before expanding into powers of α2, is

separable into spherical and radial part, and the equation for the radial wavefunction is found to

be

∆
d

dr

ˆ

∆
dR

dr

˙

` rΩ2pr2 ` a2q2 ´ 4aGMrmΩ ` a2m2 ´ ∆pµ2r2 ` a2Ω2 ` λqsR “ 0 , (3.56)

where λ is a separation constant coming from the spherical wavefunction. We seek solutions that are

outgoing at infinity and ingoing at the horizon. Detweiler then approximates the radial equation

for small α with momentum p2 ” µ2 ´ ω2, and identical to our initial calculation to find rc,

n ” GMµ2{p and x ” 2pr as

d2pxRq
dx2

`
„

´1

4
` n

x
´ lpl ` 1q

x2



xR “ 0 . (3.57)

which resembles the radial equation for the hydrogen atom and has the analytic solution

Rpxq “ xle´x{2Upl ` 1 ´ n, 2l ` 2, xq , (3.58)

where U is a confluent hypergeometric function. For the hydrogen atom, n corresponds to the

principal quantum number and satisfies n “ l ` 1 ` ν, where ν is also integer. However, due to

boundary condition at the horizon, we expect an instability and therefore a small imaginary part

in n, δn:

n´ l ´ 1 ” ν ` δn . (3.59)

The solution for Rpxq can be expanded into real and imaginary part. The full radial equation is

then simplified in the near horizon limit, i.e., limit of r ! 1, which again admits analytic solutions,

this time in terms of hypergeometric functions. This solution admits independent solutions that

describe ingoing and outgoing waves at the horizon. Both approximations have overlapping regions

of validity. This can be used to do a matching of the lowest terms of the Taylor expansion for the

r " 1 solution, but at the smallest r still valid, with the asymptotic behavior of the near horizon,

r ! 1 solution. This matching can be done in a way that finds a value of δn such that the outgoing
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solution for the near horizon limit vanishes. This enforces the purely ingoing boundary conditions.

Successful matching is only possible if δn is non-zero and imaginary.

Defining the complex frequency ω “ ωR ` iΓ gives the superradiance rate via

iΓ “ δn

GM

ˆ

GMµ

l ` 1 ` ν

˙3

. (3.60)

The full result is

Γnlm » 2r̃`Cnl glmα
4l`5pmΩH ´ ωnlmq , (3.61)

with

glm ”
l

ź

k“1

“

k2p1 ´ ã2q ` pãm´ 2r`ωq2
‰

, (3.62)

Cnl ” 24l`1pn` lq!
n2l`4pn´ l ´ 1q!

ˆ

l!

p2lq!p2l ` 1q!

˙2

, (3.63)

r̃` “ 1 `
a

1 ´ ã2 , GMΩH “ ã{p2r̃`q . (3.64)

For reference, typical inverse superradiance rates for extremal spinning BHs are

Γ´1
211 « 4.6 ˆ 106

ˆ

M

10Md

˙ ˆ

0.1

α

˙9

s , (3.65)

Γ´1
322 « 1.8 ˆ 105

ˆ

M

10Md

˙ ˆ

0.1

α

˙13

yrs . (3.66)

However, note that these rates depend on the dimensionless spin, and will go to zero when the cloud

reached the corresponding saturation. Due to the l-dependence of the scaling of Eq. (3.61) with

α, low l modes grow fastest, assuming the superradiance condition is fulfilled. That means for an

extremal BH, the l “ 1 modes grow first, dominated by n “ 2, l “ 1,m “ 1, and only when the BH

angular momentum is exhausted, such that the superradiance condition is not fulfilled anymore,

the higher l-modes can become dominant. Fig. 3.2 shows the growth regions in the BH Regge plane

showing mass and spin for a fixed scalar mass, and also gives an example how a single BH moves

through this plane.

3.3.4 α " 1-limit

In the limit where α " 1 it is also possible to find analytical results, for details see Ref. [37, 108]. In

this case, a WKB approximation can be used, which reduces the problem to a Schrödinger equation

for Ψ ” pr2 ` a2q1{2R with a potential:

d2Ψ

dr2˚
´ VΨ “ 0 , (3.67)
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Solving this for Mc{M gives
Mc

M
“ jα

m
. (3.73)

This bound is derived in vacuum. It can be relaxed in astrophysical environments due to accretion

from surrounding matter [109]. For the fully realistic case of a BH-mass dependent α, we will take

a closer look at the realistic mass of the saturated cloud in Ch. 8.

3.5 Phenomenology of Isolated Gravitational Atoms

While this thesis is concerned about the phenomenological prospects of a gravitational atom as

part of a BBH, we also want to discuss the question if superradiance of ultralight particles cause

observable effects for isolated BHs. There are two main possibilities: Observation of fast spinning

BHs, and GW emission from the cloud itself. We are not going to discuss observable effects of

clouds with self-interactions or couplings to other particles.

3.5.1 BH Spin Measurements and Scalar Mass Exclusion

Since the pure existence of an ultralight scalar in the spectrum of nature should start the super-

radiant instability for any highly spinning BH if the corresponding α allows the growth on short

astrophysical timescales, the observation of highly spinning BHs could exclude the corresponding

mass range of ultralight scalars. There is confirmed observation of spin of stellar BHs as well as

of supermassive BHs. Therefore, bounds in the corresponding ultralight scalar mass range where

clouds should be able to grow on astrophysical timescales have been put e.g., in Refs. [88, 89, 92,

110]. Spin measurements of individual BHs are based on X-ray measurements that relate to prop-

erties of the innermost stable circular orbit (ISCO) of the accretion disk. The ISCO is the radius

at which matter in the disk stops orbiting and rapidly falls into the BH, and it is a monotonically

decreasing function of ã that becomes steeper for ã „ 1. The size of the ISCO reflects in thermal

emissions, used in the continuum fitting method [111], as well as in broadened iron emission lines,

used in the reflection spectroscopy method [112]. We show the regions where ultralight scalars are

supposedly excluded in Fig. 3.4. Only regions with large decay constant fa (see Ch. 2) can be

constrained, because at lower values, the self-interaction would be strong enough to destroy the

cloud or inhibit its growth before the spindown can happen.

These results, if taken at face value, may imply that our studies of binaries with stellar-mass

gravitational atoms can only be unsuccessful. Scalar masses between « 10´12 eV ´ 10´11 eV cor-

responding to stellar mass BHs seem to be excluded. However, we mention here that these mea-

surements come with big systematic uncertainties: How the inner region of the ISCO is modeled,

how the atmosphere of the disc the photon crosses is modeled, and possible additional physical

components that have not been included so far could all influence the deduced spin. In Ref. [113] it

has been found that a high spin value of Cyg X-1 inferred by conventional models of ã ą 0.9985 can

be reduced to ã “ 0.92`0.07
´0.05 if the priors on radiative transfer in the disc atmosphere were relaxed.

Allowing for a controversially discussed “warm” coronal component changed the best fit drastically
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FIG. 3.5: GW strain produced by the clouds compared to the sensitivities of aLIGO
and LISA (black thick curves) as well as DECIGO (dashed line), under the assump-
tion of a coherent observation time of four years. Nearly vertical lines represent
BHs with initial spin ã “ 0.9. Each line corresponds to a single source at red-
shift z P p0.001, 3.001q (from right to left), and the different colors correspond to
different scalar masses. The thin lines show optimistic estimates of the stochastic
background produced by the whole population of astrophysical BHs. Graphic taken
from Refs. [87, 122].

The GW signal from the decaying cloud has frequency f » 2µ{p2πq » 103Hz
`

µ
10´11 eV

˘

. Dis-

cussions on how to exclude certain boson masses via the non-observation of these monochromatic

GW signals in LIGO and Virgo can be found in Refs. [118, 119]. It has been studied how more

stringent constraints should be possible with aLIGO and LISA [87, 120, 121]. We show estimated

GW strains compared to sensitivities of GW observatories in Fig. 3.5.
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Chapter 4 Gravitational Atomic

Physics

This chapter introduces a binary companion to the gravitational atom described in Ch. 3. To

understand this system, we are first going to discuss how compact binaries evolve in GR. Instead

of being described by stable Kepler orbits like in Newtonian physics, we will introduce radiation-

reaction, leading to inspiral and decay of eccentricity. Cloud and companion cause tidal forces on

one another, which gives rise to gravitational atomic physics [25, 26]. However, in contrast to actual

atomic physics, where photons are usually assumed to radiate from or to infinity, the companion

and the cloud are exchanging energy and angular momentum, meaning the atomic transitions of

the cloud backreact onto the orbit, rendering the system non-linear and leading to the effects that

will be investigated throughout the rest of this thesis. In this introduction we will focus on the

resonant transitions in equatorial (meaning the spin of the BH and cloud are aligned with the

angular momentum of the orbit) and circular orbits. We will also briefly discuss ionization. Based

on the same framework as discussed here, in Ch. 5, we will study equatorial and eccentric orbits. In

Ch. 7, we will drop all assumptions about the form of the orbit, and will aim to build a framework

that captures the resulting dynamics consistently.

4.1 Basics of Compact Binaries

Einstein’s equation in vacuum, Eq. (3.5), can be linearised around the flat space-time metric η,

assuming that the perturbations are small

gµν “ ηµν ` hµν , |hµν | ! 1. (4.1)

In the Lorentz gauge, also called harmonic or De Donder gauge, the condition Bν h̄µν “ 0 is satisfied,

where we have defined h̄µν ” hµν ´ 1
2
ηµνη

αβhαβ . In this gauge, the vacuum equation for the

perturbation reduces to [123]

lh̄µν “ 0 . (4.2)

The gauge choice has reduced the ten independent components of the metric to six, and this gauge is

also valid when the right hand side is non-zero. In vacuum, one can apply the transverse-traceless
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gauge, finding hTT
µν and arrive at only two independent degrees of freedom. The equation then

describes superposition of the two possible polarizations of gravitational waves in vacuum.

For clarity, we are going to restore c in this section. Coupling the GW equation, Eq. (4.2), to

an energy density with finite spatial extent Tµν that dynamically moves slowly compared to the

speed of light v ! c, one finds that the dominant contribution that is sourcing GWs comes from

the transverse-traceless part of the quadrupole moment Qij of the energy density

rhTT
ij pt,xqsquad “ 1

r

2G

c4
:QTT
ij pt´ r{cq, (4.3)

where Qij ” M ij ´ 1
3
δijMkk and M ij “ 1{c2

ş

d3xT 00pt,xqxixj . This leads to a radiated power of

Pquad “ G

5c5

A

;Qij
;Qij

E

. (4.4)

A related calculation shows that angular momentum is also radiated for time-dependent quadrupoles.

For details we refer to Ref. [123].

The power in Eq. (4.4) is the reason why two bodies in a binary emit GWs. This power

scales with pv{cq5, which is why this is referred to as an effect at 2.5 Post-Newtonian (PN) order.

Conservative post-Newtonian corrections to Kepler orbits already appear at 1st and 2nd order,

scaling with pv{cq2 and pv{cq4, respectively. They induce perihelion precession. Explaining the

previously unaccounted part of Mercury’s perihelion precession with the 1PN correction was one of

the early successes of GR [124]. The radiation reaction of the orbit to Eq. (4.4) is the lowest order

radiative effect, leading to the shrinking of the orbit. While the effect is minuscule and negligible for

a system like the Earth orbiting the Sun, it is important when considering BBHs. For an eccentric

BBH with semi-major axis a, where one of the BHs has mass M and the orbital companion has

mass qM , we find for the radiated powerI

P “ 32G4M5q2p1 ` qq
5c5a5

fpeq, (4.5)

where

fpeq ” 1

p1 ´ e2q7{2

ˆ

1 ` 73

24
e2 ` 37

96
e4

˙

, (4.6)

is a function of the eccentricity e. This function is unity for circular orbits and becomes much

larger than unity only for eccentricities close to one. This means that highly eccentric orbits spiral

in much faster. If one eliminates a in terms of frequency, a characteristic combination of M and q

arises that defines the chirp mass

Mch ” q3{5

p1 ` qq1{5M . (4.7)

Since the orbital energy is given by

Eorb “ ´qGM2

2a
, (4.8)

IWe note the identical notation for dimensionful spin of the rotating BH a from Ch. 3 and semi-major axis a.
However, from now on, when we referring to the spin of the BH, we will always use the dimensionless spin ã.



4.1. Basics of Compact Binaries 33

and semi-major axis and orbital frequency are related by Ω “
b

GMp1`qq
a3

, we can find that the

frequency evolution is given by
dΩ

dt
“ fpeqγ0

ˆ

Ω

Ω0

˙11{3
, (4.9)

with

γ0 “ 96

5c5
q

p1 ` qq1{3 pGMΩ0q5{3Ω2
0 (4.10)

being related to the time scale of orbital evolution near any Ω0 as reference frequency.

However, near such a reference frequency Ω0, we can approximate the frequency evolution by a

linear evolution and write

Ω “ Ω0 ` γ0t. (4.11)

This is the crucial ingredient for the orbital evolution to trigger the gravitational analogue of the

Landau-Zener transition from atomic physics, which we will discuss in Sec. 4.3.1. In this thesis, we

will often normalize both time and frequency with
?
γ0, and introduce w ” Ω{?

γ0 and τ ” t
?
γ0.

With this, Eq. (4.9) becomes
dw

dτ
“ fpeq

ˆ

w

w0

˙11{3
, (4.12)

and for e “ 0 Ñ fpeq “ 1 has the solution

wpτq “ 33{8w11{8
0

p3w0 ´ 8pτ ´ τ0qq3{8 , (4.13)

where wpτ0q “ w0. This solution shows that the frequency growth accelerates, until at the coales-

cence time

τcoal ” τ0 ` 3

8
w0 (4.14)

the frequency diverges and the binary merges.II For any given orbital resonance, we will be inter-

ested in the behavior of the frequency relatively close to a given Ω0. The analysis with dimensionless

quantities shows that a smaller w corresponds to a Ω0 that is closer to the merger. We will be

interested in resonances far away from the merger, which means we have to do analyses demanding

large numerical values, which holds non-trivial numerical challenges.

Eccentricity and magnitude of the angular momentum L of the orbit are related by

e2 “ 1 ` 2p1 ` qqEoL
2

G2M5q3
. (4.15)

The GW emission of the orbit will also carry away angular momentum of the orbit. To derive the

evolution of orbital eccentricity from this effect is non-trivial, and we refer to Ref. [123] for details.

The most general result relating semi-major axis and eccentricity for a binary evolving in vacuum

IIIgnoring here that the merger happens slightly before that due to the finite size of the horizons or compact
objects.
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is the relation [123, 125, 126]

apeq “ a0
g̃peq
g̃pe0q , (4.16)

where

g̃peq “ e12{19

1 ´ e2

ˆ

1 ` 121

304
e2

˙870{2299
, (4.17)

and where e0 is the eccentricity of the orbit when the semi-major axis is a0. This equation does not

have an analytical solution for e unless we take certain limits. During the inspiral, a shrinks. When

a{a0 ă 1, then g̃peq{g̃pe0q ă 1 also holds. When eccentricity is small, g̃peq « e12{19. For general e,

g̃peq is a monotonously growing function of e. This implies that orbits circularize while they shrink.

This means we naturally expect orbits in the last phase of their inspiral to be almost circular. One

of the main ideas of this thesis is that the interaction with the bosonic cloud offers a possibility to

grow eccentricity and hence could make it possible to observe binaries with larger-than-expected

eccentricity.

Deriving all of these effects relies on orbital averaging [123], and therefore can only be applied

when the changes to the orbit are slow compared to the orbital frequency. The same will apply to

the effects of the bosonic cloud that we will investigate. This means we still use the parameters

commonly used to describe an unperturbed Newtonian Kepler orbit to describe the evolving orbit.

These parameters are describing the orbit an object would have if all perturbations would vanish,

called an osculating orbit.

Due to the observational possibilities of planned GW observatories, BBHs offer a plethora

of possibilities to understand astrophysical environments as well as to test fundamental physics.

Notably, the masses, spin alignment, and eccentricity are expected to be correlated with formation

channels, where isolated formation leads to spins aligned with the orbital angular momentum, while

dynamically formed binaries and ones that undergo a common envelope phase often have misaligned

spins, e.g., Refs. [127–145].

4.2 Gravitational Wave Observatories

The first detection of gravitational waves occurred in September 2015 [5] by the LIGO interferome-

ters. Since then, more than a hundred other events have been confirmed by LIGO working together

with VIRGO [146] and KAGRA [147]. However, the frequency range of 10Hz to 103 Hz and GW

strain sensitivity only makes it possible to detect the late phase of mergers of compact objects of 1

to 100 solar masses. Planned future ground-based observatories like the Einstein Telescope [8] and

Cosmic Explorer [10] are supposed to improve that sensitivity while staying in a similar frequency

range. By contrast, the space-based interferometer LISA (Laser Interferometer Space Antenna) [7]

is planned to extend the sensitivity toward the millihertz band, 10´4Hz´10´1Hz. At these frequen-

cies, one expects the mergers of massive black hole binaries, EMRIs (Exteme Mass Ratio Inspirals),

white dwarfs in our galaxy, as well as the inspiral phase of stellar mass BBHs. The latter is the

main interest of this thesis, because the transitions between the cloud states we are interested in

roughly fall into the LISA-band. Decihertz detectors like DECIGO [12] are supposed to brigde the
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In the first paper discussing superradiance in binaries [25], it was assumed that the metric

perturbation induced by the companion could, for short timescales, be approximated as having

constant frequency, such that at the point in the orbital evolution where the resonant condition

Ωres ” ∆ǫ

∆m
, (4.18)

is fulfilled, the perturbation will lead to Rabi oscillations between the two states. Since one of the

states would be the (saturated) superradiant state, while the other one is a decaying state, this

resonance could partially deplete the cloud by dipping into the decaying state during the oscillations.

If the orbit stays close to the resonance long enough, it could destroy the cloud completely. Any

backreaction of the energy transfer to the orbit was not considered. However, the orbital frequency

is not fixed, but it grows, and at no point during the inspiral it can be assumed to be “fixed”;

instead, it always grows approximately linearly, Ωptq « Ω0 ` γ0t. It was realized in Ref. [26] that

such a linearly growing frequency does NOT induce Rabi oscillations, but a “one-way” transition

from one state to the other in a so-called Landau-Zener (LZ) transition [150, 151]. This paper also

considered for the first time that there is energy and angular momentum exchange between the

cloud and the orbit during these transitions. It was concluded that the decay rate of the states was

small enough such that not only the transition could proceed uninterrupted and that the decaying

state could be fully occupied, but also that the decaying state could survive until it encounters

another transition itself. Even for narrow resonances, this treatment is incomplete.

In this introductory chapter, we will discuss resonant LZ-transitions between bound states on

equatorial and circular orbits, their backreaction to the orbit, as well as very briefly the effect of

ionization, which is the excitation of bound states into unbound states and happens inside the

cloud and is the equivalent to dynamical friction [27, 152, 153]. In the main parts of the thesis, we

will discuss transitions to decaying states in eccentric, equatorial orbits [1, 154] in Ch. 5, as well

as in general orbits in Ch. 7. General orbits include inclined orbits, which have been elaborated

in Ref. [27, 152–154]. However, a main point of the third part of this thesis will be to show how

these discussions have been incomplete due to an inconsistent treatment. In Ch. 8, we will also

study non-resonant mixing due to strong decay rates [155].

4.3.1 Gravitational Mixing and Landau-Zener Transitions

We write a general bound state of the cloud as |ψptqy “ ř

i ciptq |iy, where 0 ă ci ă 1 is the complex

amplitude of the i-th state and |ci|2 its relative occupation density. The inner product of these

states is defined as

@

nlj
ˇ

ˇn1l1m1D ”
ż

d3xψ˚
nlmpt, rqψn1l1m1pt, rq “ δnn1δll1δmm1 . (4.19)

Before any transition occurs, we are usually assuming that just one ci, corresponding to a state

experiencing superradiance, is non-zero. While at the same time as |211y experiences superradiance

also states |n11y, with n ą 2 are growing, their growth rates are much smaller than |211y, so it is

fine to assume the latter to be dominating one. If we ignore the decay or growth of states, we will
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have
ř

i |ciptq|
2 “ 1. The Schrödinger equation Eq. (3.46) describing the evolution of the cloud can

then be rewritten in terms of the occupation densities:

iBt
ÿ

i

ciptq |iprqy “
ˆ

´ 1

2µ
∇

2 ´ α

r

˙

ÿ

i

ciptq |iprqy , (4.20)

ñ i
ÿ

i

9ciptq |iprqy “
ÿ

i

ciptqǫi |iprqy , (4.21)

where ǫi is the energy of the ith-state. Multiplying from the left with xi|, using the orthogonality

of the states xi|jy “ δij and allowing for a possible mixing of the states via off-diagonal terms leads

to

i
dci
dt

“
ÿ

j

Hijptqcj , (4.22)

with the Hamiltonian Hij “ ǫiδij ` Vijptq, where Vij is a term allowing mixing induced by a

perturbation.III For us this arises from the perturbation by the binary companion.

For this, we will work in spherical coordinates aligned with the cloud, with coordinates pr, θ, φq.
The binary companion is located at R‹ptq ” tR‹ptq,Θ‹ptq, ϕ‹ptqu and has mass M‹. The gravita-

tional potential of the companion for the scalar field µ is

V‹pt, rq “ ´ GM‹µ
|R‹ ´ r| (4.23)

which can be decomposed into multipoles with the Laplace expansion [25]:

V‹pt, rq “ ´GM‹µ
ÿ

l‹ě2

ÿ

|m‹|ďl‹

4π

2l‹ ` 1
Y ˚
l‹m‹

pΘ‹, ϕ‹qYl‹,m‹
pθ, φq

ˆ
ˆ

rl‹
Rl‹`1

‹

ΘpR‹ ´ rq ` Rl‹

‹

rl‹`1
Θpr ´R‹q

˙

,

(4.24)

where we have used the expression of the spherical Legendre polynomials via spherical harmonics

using the spherical harmonic addition theorem. Θpxq is the Heaviside-function. For equatorial

orbits we have (Θ‹ “ π{2) for which the spherical harmonic depending on the companion’s co-

ordinates, Y ˚
l‹m‹

pΘ‹, ϕ‹q, becomes a prefactor times an oscillatory term, eim‹ϕ‹ , which will be the

crucial ingredient for the resonance.

To find the mixing between any two states |iy and |jy, we have to calculate the matrix element

Vijptq in Hij via xj|V‹ |iy “
ş

d3xψ˚
nj ljmj

V‹ψnilimi
.

For resonances triggered when the companion is far from the cloud, R‹ " rc, we may neglect

the part with Θpr´R‹q, since in that region, the wavefunctions of the states will be exponentially

suppressed. We define r ” r{rc and R‹ ” R‹{rc and rewrite GM‹µ “ GMµM‹

M
” qα, where we have

IIIIt is not the central radial potential from Eq. (3.46).
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defined q ” M‹{M . With this, the tidal interaction is given by [25, 26]

xb|V‹ |ay ”
8
ÿ

l‹“2

ÿ

|m‹|ďl‹

η
p‹q
ab e

´im‹ϕ‹ , (4.25)

η
p‹q
ab “ ´qα

rc
R

´pl‹`1q
‹

4π

2l‹ ` 1

ˇ

ˇ

ˇ
Y ˚

p‹q

´π

2
, ϕ‹

¯ˇ

ˇ

ˇ
IrIΩ ,

Ir «
ż 8

drr2R̂bR̂ar
l‹ (4.26)

IΩ ”
ż

dΩY ˚
b pθ, φqYp‹qpθ, φqYapθ, φq , (4.27)

(4.28)

where p‹q ” pl‹,m‹q, and R̂c “ r
3{2
c Rc is the (dimensionless) hydrogenic radial wavefunction. We

note that this formula is true for all the terms in the expansion with l‹ ě 2, while for l‹ “ 1, a

different formula applies that makes the mixing only non-zero when the companion is inside the

cloud.IV

The integral Ir gives the strength of the mixing, which is determined by the overlap of the

wavefunctions. Note that for simplicity, we took the limit of the integral to be 8, since if the

companion is far away, the radial wavefunctions are strongly suppressed for large r anyway.

The second integral, IΩ does not depend on the position of the companion, has a well-known

analytic solution, and for given states |ay and |by determines, which terms of the infinite sum in

Eq. (4.24) actually can contribute to the mixing. It is only non-zero if the following selection rules

are satisfied:

pS1q m‹ “ mb ´ma,

pS2q la ` l‹ ` lb “ 2p, for p P Z,

pS3q |la ´ lb| ď l‹ ď la ` lb.

(4.29)

Transitions from states where only m changes have the smallest difference in energy and happen

first in the orbital evolution. They are called hyperfine transitions. Fine transitions are defined by

na “ nb, but la ‰ lb. The transitions where n changes are called Bohr transitions, as in atomic

physics. The selection rules show us which terms we need to take into account. For example for the

fastest growing |211y state, there could be hyperfine transitions to |21 ´ 1y and |210y. The selection

rules make clear that |211y Ñ |21 ´ 1y needs l‹ “ 2, because it needs to be even, but cannot be

larger than two. So the quadrupole term, l‹ “ 2, is the only one contributing, with necessarily

m‹ “ ´2. This makes the overlap non-zero, but mediated by only one term in the multipole

expansion. In contrast |211y Ñ |210y needs to be mediated by the quadrupole perturbation, l‹ “ 2

as well, however, the m selection rule tells us that m‹ “ ´1. While IΩ ‰ 0, the spherical harmonic

Y ˚
2,´1pπ{2, ϕ‹q “ 0, which makes this hyperfine transition only possible for inclined orbits.

We are now going to consider a system with only two states, |ay and |by with non-zero mixing η.

The two-state approximation assumes all the other resonances are too far away in frequency space

IVFor details on the dipole l‹ “ 1 interaction see Refs. [154, 156–158].
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to be relevant. The exceptions to that assumption will be discussed in Ch. 8. We are also going to

assume that one state is fully populated due to superradiance, while the other is unpopulated. We

are also going to ignore decay rates for now, which will be considered in Ch. 7. For this system,

the Hamiltonian reduces to

H “
˜

´∆ǫ
2

ηabptqei∆mϕ‹ptq

ηabptqe´i∆mϕ‹ptq ∆ǫ
2

¸

, (4.30)

with ∆ǫ “ ǫb ´ ǫa and ∆m “ mb ´ ma. It is possible to write the diagonal terms just in terms of

the energy difference, because we can always multiply a constant, in this case ´pǫb ` ǫaq{2. The

off-diagonal contains no sum, as we either find that only one term from the multipole expansion

contributes, or we assume that only one mixing term is most dominant.

From this Hamiltonian it is not directly obvious why there are resonant transitions between the

states. The exponential functions in the off-diagonal terms are oscillating heavily, which one would

also expect for the corresponding small mixing between the states. However, we can transform the

system into the dressed frame, the frame that co-rotates with the companion. This can be done

via the time-dependent unitary transformation

Uptq “
˜

ei∆mϕ‹{2 0

0 e´i∆mϕ‹{2

¸

. (4.31)

We have assumed that the orbit is equatorial and circular, which means that the general coordinate

of the companion ϕ‹ becomes identical to the mean anomaly of the orbit (for details see Sec. 5.2)

which is related to the orbital frequency by 9ϕ‹ptq “ Ωptq. With that, the Hamiltonian in the dressed

frame becomes

HDptq “ U:HU ´ iU:dU
dt

“
˜

p∆mΩptq ´ ∆ǫq{2 ηabptq
ηabptq ´p∆mΩptq ´ ∆ǫq{2

¸

. (4.32)

Since the transformation is unitary, any transformation of the occupation amplitudes ci is physically

equivalent, and the occupation densities in the dressed frame Hamiltonian coincide with those in

the original frame. [26]

The resonance condition Eq. (4.18) now becomes explicit: It is the orbital frequency for which

the diagonal terms vanishes and only the off-diagonal terms, which now also don’t oscillate anymore.

Close to any reference frequency, the behavior of the frequency is approximately linear, Ωptq «
Ω0`γ0t and we can now set Ω0 “ Ωres. For the rest of the thesis, we will always write Ω0 to refer to

a specific resonance frequency. We also assume that ηabptq is constant (Ñ η) during the resonance,

because the orbit is circular and the inspiral happens relatively slowly. The dressed Hamiltonian

of the linearised problem then becomes

HD, linptq “ γ0t

2

˜

1 0

0 ´1

¸

` η

˜

0 1

1 0

¸

. (4.33)
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4.3.2 Backreaction Onto the Orbit

So far, we have treated the orbital frequency as independent of the transition. While this is rea-

sonable for LZ-transitions in atomic physics, where an external source of electromagnetic radiation

can drive the transition in an atomic system, this is not true in our system. During the transition,

the cloud gains or loses angular momentum and energy and this necessarily leads to a backreaction

onto the orbit.

We can understand the backreaction by writing a full balance equation for the energy in the

orbit, the cloud and the dissipation term due to GWsV

9Eo ` 9Ec “ FGW ” ´32

5

G4M5q2pq ` 1q
a5

, (4.39)

where a is the semi-major axis. The orbital energy is given by Eo “ ´GM2q
2a

, while for the cloud

the energy is a sum over the populated states, Ecpiq ” pMc,0{µqǫi|ci|2.
With Ω “

b

GMp1`qq
a3

, the above equations can then be rewritten as

dΩ

dt
“ rγ0

ˆ

Ω

Ω0

˙11{3
, (4.40)

r ”
9Eo

FGW

“ 1 ´ b
sgnp∆mq

´

Ω
Ω0

¯´11{6

a

γ0|∆m|
d|ca|2
dt

, (4.41)

in terms of the orbital parameters, where

b ” 3Mc,0

M
|∆m|3{2

ˆ

Ω

Ω0

˙´3{2 p1 ` qq1{3

αq

pGMΩ0q1{3Ω0?
γ0

. (4.42)

These are the equations for the full non-linear inspiral. Treating the inspiral as linear, and setting

Ωptq “ Ω0 close to the resonance, significantly simplifies these equations, as it has been done

in Ref. [26, 154]. Because backreaction modifies r to be different than unity as soon as the transition

starts at d|ca|2{dt ă 0, the inspiral can happen faster or slower, depending on the kind of transition.

This changes the effective γeff ‰ γ0. That means that an “effective” LZ-parameter emerges: ζptq ”
z{rptq, making it a fully nonlinear system. We see that b is always positive, d|ca|2{dt is negative

during the transition. So if we have a transition on a co-rotating orbit in which the cloud loses

energy ∆ǫ ă 0, and ∆m is negative, during the transition the backreaction reduces r towards zero.

When r “ 0, the backreaction effectively counterbalances the GW emission of the orbit and hence

the frequency stalls during the transition, 9Ω “ 0. We call this behavior a floating orbit. Since the

effective LZ-parameter becomes large, even if z is small, a formally non-adiabatic transition can

become adiabatic due to the backreaction.

VWe are ignoring decay rates, hence also the backreaction of the BH. Also, we are only interested in orbital energy,
because we only investigate circular and equatorial orbits here.
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The occupation densities of the continuum states can then be computed as

ck;lmptq “ ´
ż t

0

dt1 xk; lm|V‹pt1, rq |nblbmby eipǫpkq´ǫbqt1 “ iη
1 ´ eipǫpkq´ǫb´gΩqt

ipǫpkq ´ ǫb ´ gΩq , (4.44)

where η is defined as before. Here ǫpkq{ǫb refer to the non-relativistic energy of the continuum

state and bound state, respectively. For the last equality it has been used that only the terms that

oscillate with gΩ survive, where g “ m ´ mb. Averaging this expression over time gives rise to a

delta function:

|ck;lm|2 “ 2πt|η|2δpǫpkq ´ ǫb ´ gΩq . (4.45)

When writing out the full result for the ionization rate, the delta function leads to a stepwise

behavior. The rate is given by
9Mc

Mc
“ ´

ÿ

l,g

µ|ηpgq|2
kpgq

Θpk2pgqq, (4.46)

where kpgq ”
a

2µpǫb ` gΩq and Θpxq is the Heaviside function. In Ref. [27] it has been found that

for a wide range of orbital separations, all near rc, the power from ionization is larger than the

power of emitted GWs, which means for this range ionization would be the domination contribution

for the inspiral, making the latter proceed much faster than in vacuum. This in turn effectively

turns the resonant transitions between bound states, in the Bohr regime, less adiabatic, rendering

them almost negligible for the binary evolution [154].

One of the main features of ionization are the sharp features in the ionization power as a

function of orbital frequency, which is a direct result of the Heaviside-function in Eq. (4.46). In the

simplified discussion, these features materialize as discontinuous peaks that arise when gΩ “ ´ǫb
which is fulfilled for

Ωpgq “ α3

2gMn2b
, g P N` . (4.47)

These can be understood as threshold frequencies to excite an unbound state, analogous to the

photoelectric effect. It has been shown in Ref. [153] that, neglecting the peaks, the overall shape of

the ionization power is closely related to the dynamical friction that the binary companion would

experience inside a cloud of point particles with the same density as the bosonic cloud. In that

sense, ionization is the ultralight scalar equivalent of dynamical friction.
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Chapter 5 Resonant

Transitions to

Decaying States in

Eccentric Orbits

5.1 Overview

In the papers discussed in Ch. 4, the backreaction effects of level transitions between the cloud’s

states were studied under the simplifying assumption of planar, quasi-circular orbits. The reasoning

for that was twofold [25]. First, several formation scenarios for BBHs lead to spins of the central

BH that are aligned with the orbital angular momentum [132]. Second, since there is decay of

eccentricity through GW emission in vacuum during the inspiral [125, 126], it is expected that in

later stages of the BBH dynamics, the orbit has circularized.

In this part of the thesis, we keep the assumption that the orbit is aligned with the central

black hole spin, but we discard the assumption that the orbit is circular. Adding eccentricity both

introduces a series of overtones [153, 159] and can have dramatic influence in the orbital dynamics

during the transition. These effects can leave a lasting imprint on the orbit, leading, for a specific

system, to larger eccentricities than would be expected in the late stages of the inspiral.

The strength of the additional overtones is suppressed by eccentricity, to higher order the

further you depart from the original resonance. Still, a small departure from circularity can trigger

transitions that would not only deplete the cloud, but in the case of floating resonances also induce

a growth of eccentricity toward a large fixed-point, i.e., critical value of about ecr P r0.3, 0.6s.
Measurements of larger-than-expected eccentricities could then provide strong evidence for the

existence of an ultralight particle in nature.

In this chapter, we will introduce and investigate the theoretical framework of the transitions

in an eccentric binary, while in Ch. 6, we are going to apply this formalism to a typical BBH

population formed in isolation.

For this chapter, we keep the definitions of α, ǫnlm and the states themselves as they have been

introduced in Ch. 3. Building on that, we will expand the formalism explained in Ch. 4 to capture

eccentric equatorial orbits, as well as to include the effect of transitions to decaying states.
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companion is located be called S.

• The true anomaly ϕ‹ is the angle between F1P and F1S.

• Imagine an auxiliary circle centered at C with radius a. This means it touches the orbit at

P and A. The eccentric anomaly E is the angle between CP the CS1, where S1 is the point

closest to S on the auxiliary circle that lies on the line that includes S and is perpendicular

to CP .

• Imagine a circular orbit centered at F1 with radius a. Due to Kepler’s law, this orbit will

have the same orbital frequency Ω as any eccentric orbit with the same a. The mean anomaly

is now ϑ ” Ωpt ´ t0q, with t0 being the time at which the companion is at P . The mean

anomaly ϑ is not geometrically related to the true anomaly, it is fictitious angle increasing

linearly in time for uniform motion on a circular orbit, and not geometrically related to the

actual position of the object.

Note that for ϕ‹ “ tπ, 2πu, ϕ‹, E and ϑ coincide. All three angles are degenerate for circular

orbits. However, in circular orbits P is ill-defined. We illustrate these different anomalies in 5.1.

Some typical relations that we will use are Kepler’s equation, relating E and ϑ:

ϑ “ E ´ e sinE, (5.1)

and the trigonometric relations between eccentric anomaly and true anomaly:

cosϕ‹ “ cosE ´ e

1 ´ e cosE
, cosE “ cosϕ‹ ` e

1 ` e cosϕ‹
, (5.2)

tan

ˆ

1

2
ϕ‹

˙

“
ˆ

1 ` e

1 ´ e

˙1{2
tan

ˆ

1

2
E

˙

. (5.3)

We are also going to use several useful expansions in small eccentricity:

ϕ‹ “ ϑ` 2e sinϑ` 5

4
e2 sinp2ϑq ` Ope3q, (5.4)

ϕ‹ “ E ` e sinE ` 1

4
e2 sinp2Eq ` Ope3q. (5.5)

5.3 Resonant Transitions in Eccentric Orbits

Following Ch. 4, we again consider a boson cloud around a black hole of mass M in an orbit with

a companion object of mass M‹, where q ” M‹{M is the mass ratio. The coordinates are centered

at the BH plus cloud system, where R‹ denoting the radial distance to the perturber, and ϕ‹ the

azimuthal angle. Again, since we consider planar motion with spin parallel to the orbital angular

momentum, this angle is identical with the true anomaly. The orbit is described by the semi-major

axis a and the eccentricity e. We define the orbital frequency to be always positive such that the two

orientations, co-rotating and counter-rotating, are identified by 9ϕ‹ “ s| 9ϕ‹|, with s “ ˘1. Again,
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we are considering a two-level system with cloud states |ay and |by, and for a perturber outside the

cloud (R‹ " rc), we are using that the off-diagonal matrix elements of the Hamiltonian, xa|V‹ |by,
can be written in the multipole expansion as an harmonic series [25, 26]

xa|V‹ |byl‹ “
ÿ

|m‹|ďl‹

η
pm‹q
ab e´im‹ϕ‹ , (5.6)

The selection rules explained in Ch. 4 determine, which l‹ terms are non-zero and force m‹ “ ∆m.

Including a non-zero decay rate Γb of the second state, the Schrödinger equation is given byII

i

˜

9ca

9cb

¸

“

¨

˚

˚

˝

´∆ǫ
2

η0

´

R‹
R0

¯´pl‹`1q
ei∆mϕ‹

c.c. ∆ǫ
2

´ iΓb

˛

‹

‹

‚

˜

ca

cb

¸

, (5.7)

We are going to analytically understand the effect of introducing eccentric orbits in the small-

eccentricity expansion. It is expected that GW emission reduced the initial eccentricity before the

resonant transition is encountered. This approximation will turn out to be rather accurate upon

comparison with numerical solutions for generic equatorial orbits in most part of the parameter

space.

In the small-eccentricity expansion, the true anomaly can be approximated by the mean anomaly

as:

ϕ‹ “ ϑ` 2e sinϑ` Ope2q , (5.8)

R‹ “ ap1 ´ e cosϑq ` Ope2q . (5.9)

Here, we used the relation R‹ » ap1 ´ e cosEq as well as the Kepler equation E ´ e sinE “ ϑ. We

remind of the relations 9ϑ ” sΩ and Ω “
a

Mp1 ` qq{a3. This expansion gives rise to sinusoidal

function inside the exponential factor of Eq. (5.6). We can use the Jacobi-Anger expansion into

Bessel functions to rewrite that exponential factor up to linear order in eccentricity:

e˘i∆mpϑ`2e sinpϑqq “
8
ÿ

k“´8
p˘1qkJkp2e∆mqeipk˘∆mqϑ . (5.10)

We note the notational difference between eccentricity e and Euler’s number e. For small arguments,

the Bessel function can be approximated by

Jkp2e∆mq “ p´sgnpkq∆meq|k|

|k|! , e ! 1. (5.11)

IISee Ref. [160] for a redefinition of the occupation densities that effectively absorbs a possible non-zero Γa into
only one decay rate appearing as modified Γb.
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In this small eccentricity-expansion, the Hamiltonian Eq. (5.7) can be written as

H “ D `
8
ÿ

k“´8

¨

˚

˝

ηke
ipk`∆mqϑ

ηke
´ipk`∆mqϑ

˛

‹

‚
, (5.12)

D “

¨

˚

˝

´∆ǫ
2

∆ǫ
2

´ iΓb

˛

‹

‚
, ηk „ η0f

2
3

pl‹`1q e
|k|

|k|! , f ” Ω

Ω0
,

where we traded distance for orbital frequency. The full analytic form of the ηk is non-trivial,

because if we want to absorb the expansion of ap1´e sinEq´pl‹`1q in terms of ϑ into the exponential

factor for every k-term, which scale as e|k|, for every order in e, we have to take more terms into

account. Using the properties of the Bessel function for parity, Jkp´xq “ J´kpxq “ p´1qkJkpxq,
and the recurrence formula x pJk`1pxq ` Jk´1pxqq “ 2kJkpxq, the tidal perturbation to linear order

in e, and therefore valid for |k| ď 1, can be written as

η
p‹q
ab,k “ η

p‹q
ab,0f

2
3

pl‹`1q p∆meq|k|

|k!|

´

1 ` pl‹`1qk
2∆m

¯

` Ope|k|`1q ,

η
p‹q
ab,0 “ ´qα

rc

ˆ

rc
a0

˙l‹`1
4π

2l‹ ` 1

ˇ

ˇ

ˇ
Y ˚

p‹q
`

π
2
, ϑ

˘

ˇ

ˇ

ˇ
IrIΩ , (5.13)

where a0 “ rMp1 ` qq{Ω2
0s1{3.

It is evident that due to the expansion, the off-diagonal term in Eq. (5.12) now contains an

infinite sum of eccentricity-suppressed terms containing the exponential term eipk`∆mqϑ. From the

analysis for circular orbits in Ch. 4, we know that the off-diagonal term leads to resonance, when

the time derivative of the exponent in the exponential is equal to ∆ǫ. Since we expressed this in

terms of ϑ, and 9ϑ “ Ω, we find a new, k-dependent resonance condition, which effectively introduces

an infinite series of overtones

Ωk “ fk Ω0 , fk “ ∆m

∆m` k
, k P Z , (5.14)

where Ω0 refers to the “main” transition which is also triggered on circular orbits

Ω0 “ s
∆ǫ

∆m
ą 0 . (5.15)

When each of the k-resonances is sufficiently narrow, we can ignore the other (k1 ‰ k) terms

in Eq. (5.12). First, terms with large |k| will be strongly suppressed by eccentricity, since ηk „ e|k|.

Second, these terms will oscillate and only have a negligible influence on the evolution of the states

far from their respective resonance. A notable, and important, exemption from this assumption is

the possible mixing with the spherical, strongly decaying states where l “ m “ 0. Their influence,

captured as non-resonant, perturbative mixing, will be ignored for this part of the thesis and

investigated in Ch. 7.

We can now linearize the orbital evolution near the respective transitions, Ωptq “ Ωk ` fpeqγkt,
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where fpeq “ 1` 73e2

24
` 37e4

96

p1´e2q7{2 and γk ” γ0f
11{3
k , with γ0 “ 96

5
qM5{3 Ω

11{3
0

p1`qq1{3 such that the Landau-Zener

(LZ) solution now depends on the modified quantities

zk ” η2k
fpeqγk|∆m` k| and vk ” Γb

a

fpeqγk|∆m` k|
. (5.16)

Ignoring the effects of backreaction, covered in the next section, the LZ solution is controlled by

the parameters in Eq. (5.16), which controls the adiabaticity of the transition and the strength of

the decay, respectively. As demonstrated in Ref. [150, 151], starting from the far past in the |ay-
state, in the limit 2πzk " 1, the eigenstate of the Hamiltonian yields a full population transfer to

the (decaying) |by-state in the far future. We will demonstrate that although the solution changes

for finite values of time, for different values of the parameter vk, the asymptotic properties of the

system (when we ignore backreaction) are robust with respect to variations in the decay width of

the |by state [161].

5.4 Orbital Backreaction

We already discussed the basics of orbital backreaction in Ch. 4. Like there, we focus on a two-state

system. We are also assuming that the companion is outside of the cloud, because we focus on

(hyper)fine resonances in two-level LZ transitions to a decaying mode.

For the equatorial case, the orbital dynamics can be governed by flux-balance equations at

infinity [26, 28, 126, 153, 160, 162], and at the black hole’s horizon [24, 109, 163]. We already

mentioned in Ch. 4 that in the case of circular and equatorial orbits we only need one balance

equation, while the results from balancing angular momentum and balancing energy lead to a

different scaling with frequency. However, at the resonance, especially if it leads to a floating

transition, this scaling does not change the phenomenology of the transition, because the frequency

is mostly constant. For that reason the frequency appearing in the backreaction has often been set

constant, i.e., Ωptq Ñ Ω0. For eccentric orbits, there is no redundancy and we need both angular

momentum and orbital energy for the balancing approach. In Ch. 7 we will discuss in detail the

caveats of this approach, and explain why we change to a different formalism in case of general,

i.e., inclined, orbits. The balance equations for energy, angular momentum of orbit, cloud and BH

are:

9Eo ` 9Ec ` 9M “ FGW ” ´32fpeq
5

M5q2pq ` 1q
a5

, (5.17)

9Lo ` sp 9Lc ` 9Sq “ TGW ” FGW

Ω

gpeq
fpeq , (5.18)

9M “ 2ΓbEcpbq , 9S “ 2ΓbLcpbq , (5.19)

with gpeq “ 1` 7e2

8

p1´e2q2 , and 9M , 9S the change of mass and spin of the BH due to the decay of the |by
state into the black hole. We neglect effects due to changes in the background pM,Sq black hole’s

parameters. We discuss phenomena that arise when we abandon this assumption in Ch. 8. The
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right-hand side of the equations is given by the radiation reaction that carries energy and angular

momentum to infinity by GWs.

The orbital energy and angular momentum are given by

Eo “ ´M2q

2a
and L2

o “ pM5q3qp1 ´ e2q
2pq ` 1q|Eo| , (5.20)

while for the cloud they are a sum over the populated states, with Ecpiq ” pMc,0{µqǫi|ci|2, and

similarly for Lcpiq with ǫi Ñ mi.

In the two-level system with a decaying mode, we can relate the total energy and the angular

momentum of the |a, b,BHy state (Eq. (5.17)-Eq. (5.19)) as

p 9Lc ` 9Sq “ p 9Ec ` 9Mq∆m
∆ǫ

ˆ ρǫptq
ρmptq (5.21)

ρx ” xa
∆x

d

dt
|ca|2 ´ Γa|ca|2 ´

ÿ

Γ̂a|ca|2

`pa Ñ bq , (5.22)

where x ” tǫ,mu, and the Γ̂ represents other possible sources of dissipation, such as GW emis-

sion from the cloud [37, 88, 117, 120, 164, 165] or ionization [27, 152, 153]. The Schrödinger

equation Eq. (5.7) yields

ρx “ d

dt
|ca|2 ` 2|ca|2Γa ` 2

xb
∆x

ÿ

´

Γ̂a|ca|2 ` Γ̂b|cb|2
¯

,

and a similar equation applies where a Ø b. After superradiance has saturated the growth of the

cloud in the |ay state, we have Γa » 0. Moreover, for the floating timescales of the resonances

we consider here, we can ignore other sources of dissipation during the LZ-transition, i.e., setting

Γ̂ » 0. Hence, ρx “ pd{dtq|ca|2, which implies that ρǫ{ρm “ 1. This yields the following expressions

derived from Eq. (5.17)-Eq. (5.19) in terms of orbital frequency and eccentricity as:

dΩ

dt
“ rγ0f

11{3fpeq , (5.23)

de2

dt
“ 2

3
f8{3 γ0

Ω0
fpeq

a

1 ´ e2
„

r
´

f ´
a

1 ´ e2
¯

´ f ` gpeq
fpeq



, (5.24)

with

r ”
9Eo

FGW

“ 1 ´ b
sgnps∆mqf´11{6

a

fpeqγ0|∆m` k|
d|ca|2
dt

. (5.25)

Here we have defined the backreaction parameter b, which parametrizes the backreaction effects on

the orbit due to the cloud:

b ” 3Mc,0

M

|∆m|f´3{2

|∆m` k|´1{2
p1 ` qq1{3

αq

pMΩ0q1{3Ω0?
γ0

. (5.26)

While Eq. (5.23) and Eq. (5.24) may appear non-trivial at first sight, the introduction of r follows
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a clear idea: As becomes clear from the form of Eq. (5.25), far from the transition, r will be unity,

because d|ca|2
dt

will be zero. This renders the two balance equations to just describe the inspiral and

circularization due to GW emission. From the form of Eq. (5.23), we understand that floating, i.e.,
dΩ
dt

“ 0, corresponds to r “ 0, which we will confirm analytically and numerically throughout the

rest of this chapter. In the case of a sinking transition, we have r ą 1, but in the following this

case will not be relevant for us.

In the next subsections, we will analytically study the behavior of the non-linear LZ transition

in the two limits of weak decay vk ! zk and strong decay vk " zk. For that we start from the

solution to the linear LZ transition to a decaying state. We can then study the change of eccentricity

during floating. In the end of the chapter, we will confirm the analytical estimates with numerical

solutions, to then, in Ch. 6, apply the analytical estimates to a representative stellar mass BBH

population.

5.5 Nonlinear Landau-Zener Transition

5.5.1 Linear Solution

The solution of the (linear) LZ transition, with adiabaticity parameter zk and including a decaying

width for the second state vk, both normalised as above, Eq. (5.16), considering a linearized evo-

lution of frequency, i.e., 9Ωk » fpeqγk » const and the resonance frequency being reached at τ “ 0,

is given by [160, 161, 166]

|ca|2 “ exp
´

´vkτ ´ π

2
zk

¯ ˇ

ˇ

ˇ
Dizk

´

ei
3π
4 pτ ´ ivkq

¯ˇ

ˇ

ˇ

2

(5.27)

|cb|2 “ exp
´

´vkτ ´ π

2
zk

¯

zk

ˇ

ˇ

ˇ
Dizk´1

´

ei
3π
4 pτ ´ ivkq

¯ˇ

ˇ

ˇ

2

,

where D are parabolic cylinder functions [151], and we introduced a dimensionless time variable

via

τ ” t
a

|∆m` k|fpeqγk . (5.28)

Note that the physical impact of γk, which is associated with the timescale of GW radiation, on the

transitional dynamics is reflected via the ratio with the other two relevant parameters: pη{?
γkq2

quantifies the adiabaticity of the transition, while Γb{
?
γk measures the impact of the decay width

relative to the dynamical time. It is remarkable, ignoring backreaction effects, that even though

the solution is different from the solution to the non-decaying case, the transition probability at

positive infinity, given by |cap8q|2 “ e´2πzk , turns out to be independent of vk. This fails to be

the case for generic, nonlinear frequency evolution 9Ωk „ tn [166], which for our case is important

during late inspiral.

However, the presence of a decay width tends to smooth out the LZ transition. A fraction of

the initial state is transferred earlier than the case with vk “ 0. Additionally, the decay width

dampens late-time oscillations. As a consequence, for large decay widths, the derviative d
dτ

|ca|2
peaks earlier than the non-decaying, vk “ 0, case. In the limit of strong decay, vk " zk, the LZ
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FIG. 5.2: We plot the (negative) derivative of the parent state occupancy, evaluated
for a linear LZ-transition. The brackets in the legend correspond to pzk, vkq. Note
the decrease, as well as the shift to the left, of the amplitude, as well as the widening
of the function and damping of the late-time oscillations, as the ratio vk{zk increases.
Figure originally published in Ref. [1].

solution acquires a simple form [160, 166]

|ca|2 “ exp

„

´2zk

ˆ

arctan

ˆ

τ

vk

˙

` π

2

˙

, (5.29)

|cb|2 “ |ca|2 zk
τ2 ` v2k

. (5.30)

In this regime, d
dτ

|ca|2 peaks at τmax » ´zkvk, and the width of the transition ∆Ω roughly scales

as
∆Ω

a

|∆m` k|fpeqγ
» 2vk

b

1 ` 2z2k . (5.31)

5.5.2 Nonlinear Backreaction Effects

Because of the backreaction on the orbital frequency, the latter controlling the LZ transition itself,

the problem becomes nonlinear. This means that the transition depends nonlinearly on the level-

occupancy via the derivative of the initial state occupancy. This becomes obvious through the

factor of r in Eq. (5.25). In Fig. 5.2, we plot this derivative for the linear LZ problem for different

combinations of zk and vk.

Inspection of Eq. (5.24) shows that, in those regions of the parameter space where it has compact

support, the effect of backreaction is to renormalize the parameters pzk, vkq Ñ pζk, wkq near the

maximum value as

ζk “ η2k
|∆m` k| 9Ωk

“ η2k
|∆m` k|γkfpeqr “ zk

rkpζkq , (5.32)

wk ” vk?
rk

(5.33)
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while the energy transfer itself depends on the level-occupancy of the cloud. That the effective

adiabaticity parameter ζk becomes, in the nonlinear problem, a function of itself, shows, why a

net-positive energy transfer from the cloud slows the inspiral down to floating, but not further.

r Ñ 0 corresponds to ζ Ñ 8, which means the transition becomes as adiabatic as possible.

Consequently, the system is "self-regulatory" in the sense that backreaction makes the transition

infinitely adiabatic at best, but cannot lead to outspiral (r ă 0).

While there is no full analytical solution to the nonlinear problem, we can find approximate so-

lutions self-consistently in terms of the relevant parameters. Even in the regime where backreaction

is strong, this mapping provides a useful indicator to evaluate whether, e.g., floating can occur,

by indicating the breakdown of the linearization of the full problem. From the self-consistency

condition above, Eq. (5.32), the “true” time scale for the nonlinear problem follows as T ” ?
rkτ .

We can then express the derivatives of the LZ function in terms of these quantities:

d|ci|2
dτ

“
c

zk
ζk

d|ci|2
dT

. (5.34)

We will map the non-linear problem into a quasi linear problem, by using the peak value of d|ca|2
dτ

,

expressed in our “true” parameters, and plug this into the definition of the r, Eq. (5.25). In certain

limits we can then find an explicit expression for ζk “ zk
rkpζkq and solve that for ζk in terms of the

parameters we know.

Using the solution for the LZ-transition to a decaying state Eq. (5.27) with the renomalized

quantities at the peak of d|ca|2
dτ

, ´ζkwk this gives:

´d|ca|2
dτ

ˇ

ˇ

ˇ

τ“´ζkwk

“
c

zk
ζk
ψkpζk, wkq , (5.35)

ψk ” 1

2
e´ 1

2
pπζkq

«

2wk

ˇ

ˇ

ˇ

ˇ

CHiζ

ˆ

Cwk∆wk

2

˙ˇ

ˇ

ˇ

ˇ

2

´

ˆ

CH1´iζ

ˆ

C˚∆w˚
k

2

˙

Hiζ

ˆ

C∆wk

2

˙

` c.c.

˙

ff

,

where C “ 1 ` i, ∆wk “ wkp1 ´ iζkq and H is the Hermite function. We now take the small-

eccentricity approximation, setting fpeq » 1. This is justified by the fact that the eccentricity is

typically small across the parameter space before the LZ transition for the cases we are interested

in.

5.5.2.1 Negligible-Decay Regime

We now work in the small decay limit, where vk ! zk and hence wk ! ζk. In this regime, the ψk

function simplifies significantly and gives for both limits of renormalised adiabaticity:

lim
ζÑ0

ψk „
?
πζ , & lim

ζÑ8
ψk „ 1

4
?
ζ

pwk ! ζkq , (5.36)
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in which

ζk „ zk

ˆ

1 ´ sgnps∆mq bk
4
?
zk

˙

, (5.37)

and the value of rk is given by the inverse of the bracket. For completeness, we explicitly state it

below, in Eq. (5.43).

This result shows that the energy transfer for the adiabatic floating ps∆m ă 0q, is extremised

by large backreaction, bk and moderate values of zk. In contrast, a sinking orbit, ps∆m ą 0q, can

be consistent with large adiabaticity only for moderate backreaction parameters, bk ă 4
?
zk.

Furthermore, we note that the large backreaction limit pbk " 1q of the weakly-adiabatic regime

is naturally only possible for sinking orbits, because for floating, the backreaction will always tend

to make the transition more adiabatic. In the former case, the renormalized adiabaticity is given

by:

ζk „ sgnps∆mq
ˆ

zk
b2kπ

˙1{3
, rk „ sgnps∆mqpπb2kz2kq1{3 . (5.38)

In such scenarios, the strong backreaction in most cases then leads to non-adiabatic sinking tran-

sitions which potentially have significant impact on the orbit.

5.5.2.2 Strong-Decay Regime

The impact of the decay width generally depends on the dynamical timescale of the LZ transition,

and should be compared with the adiabaticity. For our case, considering the additional overtones

arising in eccentric orbits, even if z0 ą v0 at the main resonance f0 “ 1, this hierarchy may be

reversed for fk ‰ 1, because zk scales as e2|k| and hence can be highly suppressed for non-zero k.

Similarly to the results for negligible decay, we can also obtain approximate relations in the

limit of strong decay, described by Eq. (5.29), which yields

ψk „ 2ζke
´ζkrπ´2 arctanpζkqs

wkpζ2k ` 1q , (5.39)

rk „ 1 ˘ 2bkzk
e´ζkrπ´2 arctanpζkqs

vkpζ2k ` 1q . (5.40)

This regime shares some qualitative behavior with the wk ! ζk regime, but here the gain/loss of

adiabaticity and impact on the orbit is suppressed by the ratio bk{vk. For floating orbits, a large

adiabaticity is consistent where we have

ζk »
?
2

e

d

bkzk
vk

, rk “ zk
ζk

Ñ 0 , pbk " 1q . (5.41)



58 Chapter 5. Resonant Transitions to Decaying States in Eccentric Orbits

In contrast to that, for sinking orbits, the strong backreaction requires a small population transfer,

and we find

ζk » vk
2bk

, rk » 2bkzk
vk

" 1 . pbk " 1q (5.42)

We point out that, maybe counter-intuitively, having a strong decay width does not only NOT

necessarily imply that the cloud will be totally depleted, but instead that it suppresses rk, and

with that the ability of the system to float. This results in a smaller amount of the cloud being

transferred to the decaying mode. See also Eq. (5.55) below.

We have analyzed for the several regimes, how, due to the effect of backreaction, the effective LZ

parameters ζkptq and wkptq behave. With these estimates, we can infer the amount of the energy and

momentum transfer near the resonance by self-consistently solving the condition ζk “ zk{rkpζkq.
For a moderate-to-large population transfer, i.e., pζk Á 1q, we summarise the limiting results in

the two regimes of strong and weak decay:

rk »
ˆ

1 ´ sgnps∆mq bk
4

?
zk

˙´1

, pwk ! ζkq (5.43)

rk » 2

˜

1 `
d

1 ´ sgnps∆mq bk
zkvk

¸´1

, pwk " ζkq . (5.44)

In summary, except for the trivial case, when ζk ! 1, due to the non-linearity of the problem,

the transfer of energy and angular momentum from the cloud to the orbit does not simply reduce

to a quest for adiabaticity of the LZ transition, and this not even for wk ! ζk. For example, for

extreme cases, with zk " 1, we know that the (unperturbed) transition spreads over a long time

scale, given by ∆tLZ » 4
a

zk{γk [167]. But this in turn actually reduces the orbital impact, as it

follows from Eq. (5.43). It turns out that, in the scenario of large backreaction, the sweet spot for

floating orbits occurs when bk " ?
zk. Due to the properties of the LZ solution, a strong decay

width, wk " ζk, will not alter this picture. However, the impact on the orbital evolution, as well

as the population transfer, becomes suppressed by 1{vk, as shown in Eq. (5.44).

For sinking transitions, the largest values of rk are obtained for nonadiabatic transitions.

5.6 Eccentric Fixed Points

It is now clear, for which parameters we can expect adiabatic transitions and strong backreaction

to the orbit for the nonlinear system. The next step is to investigate, how eccentricity changes

during the resonance.

During the GW-dominated epochs, far from the resonances, we have r » 1, and the leading

order term in Eq. (5.24) vanishes, while the first contribution is at Ope2q. Similarly, for the k “ 0

(main) resonance, the first term is 9
`

r
2

´ 11
3

˘

e2. This results in a damping of the eccentricity, unless

the orbit gets a large kick (r Á 7.3).
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When the influence of the cloud increases, the RHS of Eq. (5.24) asymptotes to pfk ´ 1qpr´ 1q,
modulo a positive prefactor. In this case, it enters at leading order. Additionally, the differences in

the GW fluxes in Eq. (5.17) compared to Eq. (5.18) generate a distinction between the early (k ă 0)

and late (k ą 0) resonances. For floating resonances we have r » 0 and the eccentricity grows for

the early resonances pfk ă 1q, while it decays for the late ones pfk ą 1q. We can understand this

by noticing that during floating, i.e., when 9Eo » 0, we have 9Lo9
´

Ω´Ω0

ΩΩ0
` Ope2q

¯

. We can then

use dpL2
oq9 ´ dpe2q, which shows that the eccentricity grows for Ωk ă Ω0, and decays whenever

Ωk ě Ω0. This trend is reversed for the case of sinking resonances.

The above conclusions followed from assuming small eccentricity. It is instructive to look at

the opposite limit of large eccentricuty, i.e., e Ñ 1. In this case, the RHS of Eq. (5.24) becomes

9 r´1
p1´eq3 . Since the sign of de

dt
is positive for Ωk ă Ω0 for a floating orbit, but turns negative when

the eccentricity approaches e » 1, this implies the existence of a fixed point, a critical “attractor”

ecr. Inspecting Eq. (5.24) and remembering that r Ñ 0 for floating, it becomes obvious that this

fixed point is given by the condition gpecrq{fpecrq “ fk. For instance,

ecr “ t0.46, 0.35, 0.29u, for |∆m| “ t1, 2, 3u , (5.45)

with k “ ´1.

5.6.1 Floating

If the energy transfer is sufficient to reach rk À 0.2, the growth of the orbital frequency becomes

sufficiently suppressed to allow floating. In that case, we can use that Eq. (5.23) goes to zero and

eliminate the explicit dependence on the backreaction parameter from Eq. (5.24) and solve for e,

which remains true as long as the floating condition is fulfilled. The growth of initial eccentricity,

assumed to be small, is given, in units of the dynamical time introduced in Eq. (5.31), by

eptq »
b

e2in ` Ieτp1 ´ fkq , pfk ‰ 1q (5.46)

eptq » ein exp

"

´11

6
Ieτ

*

, pfk “ 1q (5.47)

Ie ” 2

3

?
γ0

Ω0

f
5{6
k

|∆m` k|1{2 .

The fixed points of eccentricity depend both on |∆m| and |k|. For the first few values of |k|
they can be described by the polynomial fit ecr “ g0 ` g1k ` g2k

2, where g0 “ t0.3, 0.2, 0.16u,
g1 “ t0.18, 0.16, 0.14u, g2 “ t2, 1.6, 1.3u ˆ 10´2, all for |∆m| “ t1, 2, 3u in respective order.

To find the evolution of the eccentricity towards the fixed point, we change the time variable in

the evolution equations Eq. (5.24), from t to e2ptq, yielding

ż e2
fin

e2
in

dpe2q
?
1 ´ e2

”

gpeq
fpeq ´ fk

ı “ Iebk
`

1 ´ |cap8q|2
˘

, (5.48)
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The result can then be approximated by

efin » ecr
a

1 ´ e´Ck , (5.49)

where

Ck “ c∆m,k

„

Iebk
`

1 ´ |cap8q|2
˘

` e2in
1 ´ fk



, (5.50)

and c∆m,´1 “ t2.37, 2, 1.37u for ∆m “ t´1,´2,´3u.
It it also possible to estimate the duration of floating from the value of e2fin in Eq. (5.48) via

∆τFl “ 1

Ie

ż e2
fin

e2
in

dpe2q 1
a

fpeq
?
1 ´ e2

”

gpeq
fpeq ´ fk

ı ,

» Ck

c̃∆m,kIe
,

c∆m,k

c̃∆m,k
“ 1

a

fpecrq
. (5.51)

A strong floating provides a distinct phase of the nonlinear LZ transition, during which most of

the population transfer occurs. From Eq. (5.25) above, we find

d|ca|2
dτ

“ rpτq ´ 1

bk
, (5.52)

which gives rise to the typical linear (in time) decay of the population during floating. An estimate

for the population transfer is given by

|cap8q|2 » |capτ ă τFlq|2 ´ p1 ´ rkq∆τFl
bk

. (5.53)

In the strong decay regime, rptq Ñ 0 is a necessary condition at each point in time during the

resonance, but not sufficient to guarantee a steady floating-type period. Additionally, enough of the

cloud must be left to sustain a small rptq. Following [160], it is possible to estimate the sufficient

condition by considering the minimum amount of cloud to “jumpstart” a floating period. Applying

the linear LZ solution Eq. (5.29) to Eq. (5.25), we find

|ca|2min » vk
a

fpeinq
2bkzkpeinq p1 ´ rkq . (5.54)

Here we understand the left hand side as the minimal amount of cloud needed to start floating for

any particular resonance. In turn, finding that the right-hand side is larger than unity, floating will

not be able to start. We can use the same condition to estimate the amount of cloud that is left

when floating stops. This is achieved by doing a backward matching into the linear LZ solution

from the end of the floating time,

|cap8q|2 » vk
a

fpefinq
2bkzkpefinq p1 ´ rkq . (5.55)



5.7. Numerical Validation 61

This then becomes the relative amount of the cloud that survives after floating stops. A strong

decay and small zk could, in principle, interrupt the floating and leave a moderate amount of the

cloud’s initial state to survive after the resonance. This is consistent with the “resonance breaking”

phenomena discussed in [154]. However, for a resonance at the overtones we have zk „ e|2k|, which

increases during floating. This means that when the eccentricity approaches the fixed point, for

example at the k “ ´1 overtone, the value of zk will increase by a factor pecr{einq2 » 102 ´103, and

therefore significantly extend the floating period. Compared to the naive estimate in Eq. (5.54),

this will reduce the amount of cloud left after the resonance.

In general, the equations Eq. (5.48), Eq. (5.51) and Eq. (5.55) must be solved self-consistently

to determine the end state of floating. As an estimate, we can apply Eq. (5.46) to Eq. (5.55), and

assume ein ! 1, and then have

∆τFl

bk{
a

fpecrq
»

˜

x´ 1

2x
`

c

px` 1q2
4x2

´ λ

x

¸

, (5.56)

λ “ vk
2bkzkpeinq , x “ Iebkp1 ´ fkq

e2in
.

Note that for the k “ ´1 overtone, the dependence on ein drops out from the ratio λ{x. In this

instance λ ! x, and we find the longest periods of floating, ∆τFl » bk{
a

fpecrq, and largest depletion

of the |cap8q|2 À rk. Depending on the resonances and the parameter space, this hierarchy may

be also valid for higher overtones. In summary, for the case of floating orbits (with s∆m ă 0),

if the backreaction is sufficiently effective to enforce rk » 0 while the eccentricity approaches the

critical point, we found a way to estimate the floating time ∆tFL » bk{?
γk, left-over population

|cap8q|2 À rk, and also the growth of the eccentricity, until the resonant transition is over, by

Eq. (5.49).

5.7 Numerical Validation

While we have used a small-eccentricity approximation to describe the initial stages of the cloud’s

evolution in Eq. (5.12), we have checked through numerical studies that the behavior we described

above remains valid for generic equatorial orbits.

Our semi-analytic approach described in the sections above, relied in part on the assumptions

that the BBHs have small initial eccentricity when they enter the transition region. By numerically

solving the Schrödinger equation for arbitrary equatorial orbits, coupled with the energy-momentum

balance equations (Eq. (5.7), Eq. (5.17)-Eq. (5.19)), we have validated our analytical results for a

number of representative examples. These examples include a broad range of initial eccentricity,

10´2 À ein À 0.5. For this purpose, we used the generic description of the orbital evolution,

R‹ “ ap1 ´ e cosEq, as a function of the eccentric anomaly E. In Mathematica, we used the

NDSolve routine [168], and monitored the violation of unitarity in the Γb “ 0 regime, and the

residual for Γb ě 0, and also the occupation numbers of the states Eq. (5.27). For examples with
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FIG. 5.3: The numerical evolution of the examples described in the text. The two
figures correspond to the same zk but different values for bk, with the left plot having
a stronger backreaction parameter (a few times larger) than on the right. The curves
show the eccentricity evolution for vanishing (pink) and large decay width vk " zk
(blue, dot-dashed). Both choices for the backreaction yield floating orbits (rk » 0),
except for the case of a large decay with small backreaction (blue curve on the
right panel has rk » 0.8). The semi-analytic solution (black, dashed) (Eq. (5.24))
is in remarkable agreement within its regime of validity (rk » 0). Figure originally
published in Ref. [1].

pe,Γbq “ 0, we have also checked the consistency of our numerical results by comparing with the

results in [83].

In general, we find that the numerical results are in broad agreement with the analytical argu-

ments. As we have expected, the largest discrepancies occur for the estimates of rptq and |cap8q|2.
In the floating regime, the analytic results have a tendency to overestimate their respective values

by a factor of few to an order of magnitude. This means our conclusions based on the analytic ap-

proximations can be considered conservative. In Fig. 5.3 we show (left) the numerical eccentricity

evolution of a two-level system with ∆m “ 2 for values tz0 “ 4, v0 “ 2, b0 “ 200, e0 “ 10´2u, for the

main resonance. For these parameters, we find tz´1 “ 7 ¨ 10´3, v´1 “ 3.4, b´1 “ 450, Ie “ 2 ¨ 10´4u
at the k “ ´1 overtone, which is in the strong-decay regime: v´1{z´1 “ 512. The numerical eval-

uation is started before the system encounters the first overtone, following also the case v´1 “ 0.

Far away from the resonance, the orbital evolution follows the standard GW evolution in vacuum

closely. The approximations found in Sec. 5.5 then correctly predict the strong floating that occurs

(in both setups) at the frequency given by Eq. (5.14). We point out that, with small deviations,

both cases follow the prediction for the growth of eccentricity assuming rk » 0 in Eq. (5.48). It is

also broadly consistent with our estimates that the left-over occupancy of the initial state is given

by |cap8q|2 » 10´4 and |cap8q|2 » 10´3, with and without the decay, respectively. If we reduce

the backreaction to b0 “ 25 (Fig. 5.3, on the right), the decaying case does not develop floating, as

rk » 0.8. However, as expected, there will still be a small growth of eccentricity, while the transfer

of population is slightly increased compared to the linear LZ transition. In contrast, the case with

small decay still undergoes a strong floating, follows the predicted growth of the eccentricity, and

also experiences a transfer of the parent state up to |cap8q|2 » 5 ˆ 10´3.
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Chapter 6 A Population Study

6.1 Overview

In this chapter, we will apply the results of Ch. 5 to a representative fictitious population of BBHs

formed in isolation. This will, summarized very briefly, include “evolving” each single BBH from

birth frequency through the inspiral, checking which of the possible transitions can happen with

significant population transfer, using the estimates to infer leftover population and eccentricity

growth and then continuing this procedure until the BBH reaches the middle of the LISA band,

with or without cloud.

As it was argued in the literature [129–131], LISA can in principle distinguish between BBH

formation channels via the distribution of masses and eccentricities observed. We show that the

contrast between evolution in vacuum, with decaying eccentricity, and the large eccentricities that

is produced during early overtone transitions of the cloud can lead to dramatic changes in the

expected evolution of the system. In this chapter, as a proof of concept, we take the stellar-mass

BBH population that was studied in Ref. [129], which has chirp masses of Mch À 10Md, and

which is expected to form exclusively in isolation. This means that the BH spins are aligned with

the orbital angular momentum, such that the assumption of equatorial (uninclined), co-rotating

motion may be implemented here without loss of generality.

Since α dictates the time scale at which the cloud will grow, it can only take certain values,

thus linking BH mass and boson mass. Consequently, we consider clouds of ultralight bosons

with masses between 10´13 and 10´11 eV. Superradiance may excite the |322y state which then,

depending on the parent black hole’s mass and birth orbital frequency, will experience a series of

(hyper)fine transitions. For the BBH population and values of µ we consider, the largest impact

on the orbital evolution happens for values of α Á 0.1. This means that the effect from the earlier-

formed, but shorter-lived, |211y-state will be subdominant, because it will form fast and will already

have decayed via GW emission, when the respective resonances are met.

Before showing the resulting distribution of eccentricities in this population, we are going to

discuss in greater detail, which resonances can actually be encountered by the BBHs.
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possible for equatorial orbits, because they are mediated by l‹ “ 2, but then m‹ “ ∆m ‰ 2, so the

corresponding spherical harmonic will render this interaction zero for vanishing inclination.

The fine resonances from the |322y state are to |31 ´ 1y and |311y states, mediated by the

octopole (l‹ “ 3) and to the |300y state via the quadrupole (l‹ “ 2), in that order as the frequency

increases. The |300y state will be the culprit of a phenomenon that we have not considered in

Ref. [1]: Due to its very large decay width, it influences the state long before the resonance is met.

In the next part, especially in Ch. 8, we will investigate for which part of the parameter space this

omission still does not spoil the phenomenological results.

Fig. 6.1 shows a succession of possible transitions. Even at these low frequencies, there can be

overlap with (sinking) high-l‹ Bohr resonances, i.e., resonances to states with different n that are

very early due to their large ∆m. Because they do not significantly affect the dynamical evolution,

we ignore these here.

6.3 Eccentric Fossils in LISA

To illustrate the distinct physical effects of meeting (early) resonances, and also following [128,

129], we consider a birth orbital frequency for the BBH system along with the cloud at Ωini{π »
10´4 Hz. Even in cases where the birth orbital frequency of the binary system may be lower,

stellar evolution [79] could lead to younger (secondary) BHs carrying the cloud. To discuss possible

phenomenological prospects, we are using the peak GW frequency [170]

fGW » Ω

π

p1 ` eq1.1954
p1 ´ e2q3{2 , (6.1)

because this is what GW observatories will detect. We are “evolving” the BBHs until we reach a

peak frequency fGW “ 10´2 (and 1 Hz for comparison).

The procedure to track the evolution of these BBHs is the following: µ is fixed as constant of

nature. Since the original population in [129] is given only in terms of chirp mass, and eccentricity

for each BBH, while the range of q is r0.1, 1s, we are assigning these q randomly. Assuming that

the cloud forms on the heavier black hole, this fixes α for every BBH. We then check that for the

range of α we get, the cloud has already formed the |322y state and that this is long-lived enough to

encounter the resonances. We then order, in frequency, all possible hyperfine and fine resonances

with the corresponding overtones, up to |k| “ 5. Then we calculate for these resonances if the

resonance is reached with a significant adiabaticity.I For that, we use that the estimates for ζk and

rk developed in Ch. 5. If the impact on the cloud and the orbit seems to be significant, we calculate

the eccentricity and leftover cloud after the transition. This is done until either fGW “ 10´2 Hz

is reached, or until the cloud has been depleted down to 10´4 of its original value. Of course,

between the transitions, the orbit is evolved according to Peter’s equations [125, 126], reducing the

IWe will see that positive k will almost play no role, because it is basically impossible for the cloud to survive the
main resonance, to then be lost at a late overtone. The BBHs that experience that are the ones born after the main
resonance.
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Chapter 7 Hamiltonian

Formalism for

General Orbits

7.1 Overview

The majority of the pre-existing literature on superradiance in BBHs has dealt with narrow res-

onances solely on equatorial and circular orbits, while Refs. [1, 154, 171] were the first to include

eccentricity. At the same time, inclined orbits have been investigated in Refs. [153, 154, 171].

While the treatment of eccentricity seems quite straight-forward, the problem of the intertwined

evolution of the superradiant cloud, the central BH and the companion gets significantly more

involved when the spin of the cloud and the binary companion are misaligned. Independent of the

restrictions to the form of the orbit, the approach that was used to find the evolution of the cloud

and binary system was to sum the energies of the orbit, cloud and BH, and also the respective

angular momenta, and assume that their sum is conserved, respectively, modulo dissipative effects

like radiation reaction (RR) or GW emission of the cloud. Without considering RR, phenomena

like floating would be impossible. Effectively, this is a balancing procedure of energy and angular

momentum flux at infinity, because with the exception of GW emission, no energy and angular

momentum can leave the system, which is why we referred to them as balance equations. We will

discuss in this chapter why this approach, as it was used, is flawed, and precisely why it gave rise to

erroneous results. For equatorial orbits, the resulting dynamics are rather similar, and, especially

for narrow resonances and during floating indistinguishable. However, even for equatorial orbits,

the difference far from the resonance is significant. It has recently been shown that the strong

decay rates of spherical states with l “ 0 can deplete the cloud even far away from the resonance,

or inhibit the superradiance process completely, which is why it was referred to as termination of

superradiance by Refs. [155, 172]. While this effect is significant for a large part of the parameter

space, it would still be overestimated with the balance equations approach. We elaborate on this in

Ch. 8. Since the balance approach has also been used to derive the dynamical equations for inclined

orbits, the resulting equations are erroneous. However, given that the floating time is finite, these

errors affect the phenomenological consequences only in certain regions of the parameter space.
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We provide a self-contained account of the types and the dynamics of mixing, that both unifies

and complements the previous discussion [1, 26, 154, 155, 160, 173, 174], but also corrects it in many

aspects. Balance equations did not lead to inconsistent results because the idea of balancing the

individual energies and angular momenta with the radiation reaction is wrong per se, but because

the assumptions of how the energy and angular momentum of the cloud is defined and in what way

the orbit and the cloud spin are allowed to change were erroneous. We will show that the former

assumption ignored the energy and angular momentum related to the mixing between different

cloud states, but instead assumed these are just the sum of their individual components, which is

why we will call this approach the isolated atom approach (IAA). Additionally, the treatment of

fully general orbits was also incomplete in the literature due to the neglect of two orbital parameters

which necessarily are additional degrees of freedom.

The method we will use is based on a different formalism than balancing fluxes: Lagrange’s

planetary equations, derived directly from Hamilton’s equation give a full set of dynamical equations

for all six orbital parameters depending on partial derivatives of the Hamiltonian. In this formalism,

everything we need in the end is the cloud’s Hamiltonian, from which the dynamics for both cloud

and orbit can be derived. The multipoles of the cloud constitute a Hamiltonian interaction for the

companion, adding to the Kepler Hamiltonian and giving rise to a non-Keplerian flow of orbital

elements. In Ref. [154] the only degree of freedom added to a and e was the inclination. In

the Hamiltonian method it becomes clear that inclination and angle of the ascending node are

intertwined, and not allowing one of them to change renders the treatment of the other inconsistent.

We can apply this framework best if we work in a setup where we take two different viewpoints:

The perturber in the early inspiral sees the gravitational atom (GA) from far away, and is not

concerned about the detailed physics of the superradiant cloud. In the worldline effective field

theory (WEFT) of the perturber, the gravitational atom is just a mass providing the potential for

the bound orbit, and an infinite sum of multipole moments to which it reacts by non-Keplerian

evolution of the orbital elements. The other viewpoint is the gravitational atom which consists of

the cloud that reacts to a perturbing potential from the companion. The basic principle of action-

reaction dictates that the multipole moments the companion provides for the cloud and vice versa

are mirror images of one another. However, given that the reaction to these potentials becomes

non-trivial in the most general cases, we are going to treat it carefully and step-by-step:

• In Sec. 7.2 we introduce the worldline action for the companion, and use Hamiltonian mechan-

ics to find the evolution of its orbital elements under the influence of a perturbing Hamiltonian.

We then use the worldline action to find the relation between such a perturbing Hamiltonian

and the multipole moments in the worldline action.

• In Sec. 7.3 we calculate the multipoles from the microphysics of the gravitational atom and

find the corresponding Hamiltonian. We then find the evolution equations for a, e and ι.

• In Sec. 7.4 we will compare the Hamiltonian formalism to the balance equation’s approach in

the IAA in detail.

We leave the dynamics resulting from the full set of equations for Ch. 8.
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7.2 Framework: WEFT and Lagrange’s Planetary Equa-

tions

7.2.1 Worldline Action

We start by discussing some basic features of a systematic framework that we introduce to describe

the orbital dynamics of gravitational atoms in BBHs. For the BH plus cloud system that has an

energy density that peaks around a few orders of magnitude away from the horizon, at rc » rg{α2

(with α ă 1) [24], we can implement a Worldline Effective Field Theory approach for the binary

system during the inspiral regime, as it has been discussed in Ref. [25]. In the early stages of the

inspiral, the separation between the gravitational atom and the companion fulfills R‹ " rc, and

that means we can treat the gravitational atom as a point-like object that is endowed with a series

of multipole moments [175–181]. This means at leading (quadrupolar) order, it can be described

by the worldline action,

SWEFT “ ´
ż

dτ

„

Mpτq ` 1

2
ωab
µ Sabpτqvµpτq `QLpτq∇L´2E

iℓ´1iℓ ` ¨ ¨ ¨


, (7.1)

where Mpτq is the total mass of the gravitational atom, vµ the four-velocity, Sabpτq is the spin

tensor, with ωab
µ being the spin connection, and ∇ is the covariant derivative. The gravitational

field enters through Elm “ Eµνe
µ
l e

ν
m, which is the projection of the electric component of the Weyl

tensor onto a local frame satisfying gµνe
l
µe

m
ν “ ηlm. The coefficients QLpτq, carrying the multi-

index L “ ti1 ¨ ¨ ¨ iℓu, describe the (time-dependent) mass-type multipole moment of the object (in

the Fermi frame) and the dots include magnetic-type couplings, which will not be relevant here.

See Refs. [175–181] for more details.

In principle, this description is only valid in the regime where the companion is outside of the

cloud, at orbital separation much larger than the Bohr radius. However, as we will see, although

the multipolar decomposition breaks down when the companion enters the cloud, we are still able

to truncate the infinite sum to a handful of terms, including also a dipolar coupling, due to the

selection rules.

7.2.2 Orbit and Spin Dynamics

We will consider the full dynamical problem in the non-relativistic regime, but also incorporating

Post-Newtonian (PN) corrections such as radiation-reaction and spin effects. The former is obvious,

because otherwise we would not have inspiral or floating resonances, among other things. The task

then is to solve for the orbital dynamics of a point-like object with time-dependent mass, Mptq,
spin vector, SGAptq, and mass multipole moments, QLptq, interacting with a perturber of mass

M‹. For simplicity we assume that the latter has negligible spin and internal structure. We move

to the center-of-mass frame as inertial frame and choose a unit vector n as a fixed axis. As it

is common in celestial mechanics, see e.g. [182] we work with six orbital parameters. There are

three that describe the form of the orbit and the position of the companion in the orbital plane,
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real [183]. We note that in celestial mechanics the zxz convention is more common [182]. At the

level of the orbital elements, the difference between the two choices reduces to χ|zyz “ χ|zxz ` π{2,
Υ|zyz “ Υ|zxz ´ π{2. However, in the zyz-convention, the periapsis in the orbital frame is aligned

with the y-axis of that frame. From there, we measure the true anomaly. This would imply that a

constant shift of π{2 should be included in Eq. (7.22). However, we suppress that, because it will

have no phenomenological consequences.

To describe the position of the companion within the orbit, we choose the mean anomaly, ϑ,

obeying 9ϑ “ Ω for the Kepler problem, with Ω “
a

Mp1 ` qq{a3. Nonetheless, it will often be

convenient to use the eccentric anomaly instead, especially for numerical reasons, see App. C. Also

see Sec. 5.2 for details on the anomalies. We will refer to ta, e, ιu as principal and to tϑ, χ,Υu as

positional elements. If we need to describe the spin degrees of freedom, we use the Euler angle

rotation Rpn̂, ŜGAq with angles pΥS , ιS , χSq to express the dynamics of SGA in the reference frame

n. In general, SGA will be the sum of the central BHs spin SBH and the spin of the cloud Sc. We

expect them to stay aligned dynamically.

7.2.3 Lagrange’s Planetary Equations

For a set of canonical variables q and their generalized momenta p ”
´

BL
B 9q

¯

, we can write D ” pq,pq.
For a given Hamiltonian H, Hamilton’s equations are then given by

dD

dt
“ Ĵ

BH
BD , (7.3)

where Ĵ is the symplectic matrix defined by

Ĵ ”
«

0 În

´În 0

ff

, (7.4)

where Î is the unit matrix, and n “ 3 is the number of pairs of (non)-canonical variables. A

new set of variables D1 is also canonical and fulfills Hamilton’s equations if the Jacobian of the

transformation P ” BD1{BD satisfies

P
T
JP “ J . (7.5)

Spatial coordinates and their corresponding momenta are canonical variables, from which new ones

can be found. If we use non-canonical variables, the respective derivatives between them have to

be taken into account and will introduce additional dependencies on variables in the equation of

motion.

For Keplerian orbits, the Hamiltonian is given by HK “ ´qGM2{p2aq where q “ M‹{M is

the mass ratio. We will show that the perturbation induced by the cloud as well as by PN effects

can be written in the form of an additional term in the total Hamiltonian H “ HK ` HI. A

typical set of canonical variables in celestial mechanics are the Delaunay variables, for which the
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coordinate-momentum pairsII are given by [182]

D “ pϑ, χ,Υ,Λ, L, Lzq , (7.7)

Λ ” rGMp1 ` qqas1{2 , (7.8)

L “ rGMp1 ` qqap1 ´ e2qs1{2 , (7.9)

Lz “ L cospιq. (7.10)

Λ is sometimes called the circular angular momentum, because it coincides with the angular momen-

tum of a circularized orbit. Also these quantities are normalized to unit mass. However, we want

to track the evolution of the state in terms of the variables introduced above that have a direct geo-

metric interpretation. This constitutes a set of (non-canonical) orbital elements E ” tϑ, χ,Υ a, e, ιu.
The flow of orbital elements E can be written in the form of Hamiltonian equations of planetary

dynamics,
dE

dt
“ M̂

B
BEpHK `HIq . (7.11)

The M̂ matrix takes into account the transformation between E and Delaunay’s canonical basis:

M̂ “ Ĝ
T
ĴĜ , Ĝ ” BE

BD , (7.12)

where Ĝ is the Jacobian for the D Ñ E transformation. From that we find that the resulting orbital

equations, called Lagrange’s (planetary) equations, take the form

da

dt
“ ´2BϑHI

aµΩ
, (7.13)

de2

dt
“ 2

a

1 ´ e2
pBχHI ´ BϑHIq

a2µΩ
, (7.14)

dι

dt
“ BΥHI ´ BχHI cos ι

a2
?
1 ´ e2µΩsin ι

, (7.15)

dϑ

dt
“ Ω ` 2aeBaHI `

`

1 ´ e2
˘

BeHI

a2eµΩ
, (7.16)

dχ

dt
“ ´

`

1 ´ e2
˘

BeHI ´ eBιHI cot ι

a2e
?
1 ´ e2µΩ

, (7.17)

dΥ

dt
“ ´ BιHI

a2
?
1 ´ e2µΩsin ι

, (7.18)

IIDelaunay variables are also so-called action-angle variables [182]. There is an interesting aspect that can be
studied with their help: We do not consider change of the orbit due to a mass loss of the whole gravitational atom,
which happens during the transitions, but also steadily due to emission of GWs from the cloud itself. If we assume
an adiabatic change of Mcptq, we can track the evolution of semi major-axis a due to the invariance of the action
variable

a

pM ` M‹qa:

da

dt

ˇ

ˇ

ˇ

t
“ ´a

9Mc

M ` M‹ ` Mcptq
, (7.6)

if this mass loss is strong enough and dominating over the radiation reaction. Ref. [169] studied how this could lead
to outspiral for hyperfine transitions of |211y.
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with the reduced mass µ ” qM{p1 ` qq. The only term coming from HK is dϑ{dt “ Ω, since HK

solely depends on a. In the next subsection, we will discuss how HI is related to the multipole

moments of the gravitational atom, and how the latter can be found for the superradiant cloud in

Sec. 7.3. The plethora of effects stemming from the above equations are discussed in Sec. 8. If we

want to consider spin dynamics of the gravitational atom, they would be also of the Hamiltonian

form, taking place on the phase subspace S,

9SGA “ tSGA, HIu , (7.19)

where tu indicate Poisson brackets.

For any perturbation that can be written in terms of a Hamiltonian (see Ref. [184] for the

Lagrangian formulation), the flow of the orbital elements is given by the above equations [182]. In

the case of dissipative perturbations, one can express 9E in terms of the perturbing force (Gauss

equations) [182, 185]. As 9E is linear in any non-Keplerian perturbation, the total change of 9E will

be the sum over all perturbations that act on the orbit. In the problem of a perturbed Keplerian

orbit, we employ the osculating perspective - if the perturbation would be turned off at t, the orbit

would be Keplerian (again) with the initial conditions given by the instantaneous values of the

orbital elements Eptq. However, it is important to note that while the perturbation is active, the

orbits are not Keplerian and in general all the orbital elements will have a non-Keplerian flow, and

this includes the mean anomaly 9ϑ ‰ Ω.

Finally, we note that the two angular elements χ and Υ are degenerate when ι Ñ 0, and ill-

defined when e Ñ 0. This can lead to numerical difficulties with Lagrange’s equations when they

get closer to this limit. In these cases one can use alternative sets of (non-)canonical elements that

do not cause singularities [182] or work with the Keplerian-conserved quantities (see App. B).

We will be interested in tracking the dynamics of the system on secular timescales, meaning

timescales that are much longer than the orbital period. This makes it possible to work within an

adiabatic approximation, averaging over orbital timescales. In this way, we can also readily incor-

porate radiation-reaction effects, for example due to GW emission, see Eq. (7.24) and Eq. (7.25),

but also BH absorption, by adding radiative terms to the right-hand-side of the above equations.

However, for the terms in HI that drive orbital resonances, we will not implement this averaging

so that we can track the full resonant dynamics. Here we distinguish between three types of per-

turbations: conservative, mixing, and dissipative. The perturbations which are conservative do not

change the orbital energy and angular momentum, and therefore can only influence the positional

elements, see e.g., Ref. [185]. The mixing perturbations are those that exchange energy and an-

gular momentum between the orbit and the gravitational atom, while dissipative processes emit

energy-momentum to infinity. Although the mixing perturbations are intrinsically dissipative, the

rearrangement of the degrees of freedom of the cloud during a resonant transition generally occurs

on different timescales compared to the absorption of angular momentum and energy by the parent

BH.

Tracking the orbital and spin degrees of freedom w.r.t. the fixed axis n is cumbersome in

general. Owing to the fact that 9L|RR ‖ L to leading order in the radiation reaction (RR) [186],
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there are three regimes where the description of the dynamics can be significantly simplified, on

which we focus: (i) the equatorial setup where the spin SGA is (anti-)parallel to L; (ii) The q » 1

regime, where |L| " |SGA|; (iii) the extreme mass ratio (EMRI) limit, where q ! 1 and |SGA| " |L|.
Thus, we take n « L̂ in (i) and (ii), and n « ŜGA in (iii). There are also instances when the total

spin J “ L ` SGA can serve as a good reference vector (Sec. 7.3.2). We will elaborate on the

applicability of these regimes in Sec. 8.3.

7.2.4 Interacting Hamiltonian

Introducing a companion at a relative distance R‹, the mass-multipole couplings in the worldline

action in Eq. (7.1) produce a Hamiltonian interaction

HI Ą ´M‹
ÿ

lě2

p´1ql
l!

QLeALBA
ˆ

1

R‹

˙

, (7.20)

with R‹ ” R‹{R̂‹ and where eAL maps from the orbital frame to the spin frame Ŝ parallel to SGA

in which we perform the matching (see. 7.3). Contracting eALBA and using the standard relations

between the symmetric trace-free tensors and spherical harmonics we find

HI Ą VQ ” ´M‹
ÿ

lě2

l
ÿ

m“´l

4π

2l ` 1

YlmpR̂q
Rl`1

Qlm , QxLy “ 4πl!

p2l ` 1q!!
m
ÿ

m“´l

´

Y
xLy
lm

¯˚
Qlm , (7.21)

where Y
xLy
lm are symmetric trace-free (STF) tensor harmonics, and brackets around the multi-index

denote the STF versions of the corresponding tensors. Qlm are the spherical multipoles. Since

Eq. (7.13)- Eq. (7.18) are written for the orbital elements that relate the orbital frame L to a fixed

frame n̂, but the moments of the gravitational atom in its frame SGA are generally not fixed w.r.t

to n̂, to relate the orbital dynamics R̂ in the GA-adapted frame with the orbital elements, we will

perform a (passive) coordinate transformation in terms of Euler angles RpŜ, L̂q ” pκ, β, ξq between

the spin S and the orbital L frame. With these angles, the spherical harmonic relating the position

of the companion to the quadrupole moments can be written as

YlmpR̂q “
l

ÿ

g“´l

rDplq
mgpŜ, L̂qs˚Ylg

´π

2
, ϕ

¯

, (7.22)

Dplq
mg ” eigξ`imκrdplq

mgpβqs˚ ,

where D pdq are the Wigner (small) d-matrices [183], that encode the support of the multipoles:

The g “ m term will have support around β “ 0, while g “ ´m will have support around β “ π.

In order to apply the equations of motion Eq. (7.13)- Eq. (7.18), one needs to express pκ, β, ξq in

terms of dynamical variables RpŜ, L̂q “ rRpn, Ŝqs´1Rpn, L̂q.III

IIIFrom RSL “ R´1
S RL one can express SL angles via nS and nL. For illustration we report the most important

one:

β “ arccos psinpιLq sinpιSq cospχL ´ χSq ` cospιLq cospιSqq . (7.23)
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As we have already done in Ch. 5, we are expanding the true anomaly as ϕ “ ϑ`2e sinϑ`Ope2q,
and with the Jacobi-Anger identity we can express Ylg in terms of ϑ as

Ylg

´π

2
, ϕ

¯

“
8
ÿ

k“´8
Ylg

´π

2
, 0

¯ ”

Jkp´2geq ` Ope|k|`1q
ı

eipg´kqϑ ,

where Jk is the Bessel function and Jk „ e|k| as e Ñ 0. Effects coming from the spin dynamics will

be shortly discussed in App. A. Other interacting terms that we will consider are point-particle and

spin PN corrections up to 2.5PN order, where PN » pΩaq2. These effects are the point-particle

1PN and 2PN corrections, the spin-orbit (SO) coupling that enters at 1.5PN and the radiation

reaction (RR) that enters at 2.5PN (e.g. [180]). The assumption of the point-particle nature of the

companion will eliminate the spin-spin coupling that would enter at 2PN. The orbital flow due to

the RR can be found via the Burke-Thorne potential, where the adiabatic averaging again gives

Peter’s evolution of the semi-major axis and eccentricity [125, 126]

da

dt

ˇ

ˇ

ˇ

RR
“ ´64M3qpq ` 1q

5a3
fpeq , (7.24)

de2

dt

ˇ

ˇ

ˇ

RR
“ 64M3qp1 ` qq

a4

a

1 ´ e2
´

gpeq ´ fpeq
a

1 ´ e2
¯

, (7.25)

fpeq “ 1` 73e2

24
` 37e4

96

p1´e2q7{2 , gpeq “ 1` 7e2

8

p1´e2q2 .

When solving for the orbital parameters, we can add these to Eq. (7.13) and Eq. (7.14).

7.3 Matching

In this section, we will review the dynamical equations of the cloud in the tidal field of the companion

and then describe the matching procedure that allows us to read off the coefficients of Qlmptq from

the short-distance physics of the gravitational atom.

7.3.1 Clouds in Isolation and in Tidal Fields

To describe the field Ψ evolving on a Kerr background, we align the z-axis of the reference frame

n with the initial vector ŜGA, whose direction is (initially) inherited from the parent BH SBH and

parallel to the initial spin of the cloud Sc, where SGA “ Sc ` SBH. This is a natural reference

frame, since an equatorial orbit by definition is one where L and SBH are aligned. But we note

again that in the full problem, SGA does not need need to stay aligned with n, while the Lagrange

equations Eq. (7.13)-Eq. (7.18) describe the change of orbital parameters w.r.t to n.IV Again we

will describe the system in the non-relativistic regime where α ! 1 and we can perform the field

redefinition Ψ “ pψe´iµt ` c.c.q{?
2µ, average over the (high-frequency) µ-terms, and expand the

IVAs Boyer-Lindquist coordinates are adapted to an asymptotic observer, our reference frame is not rotating along
with the BH or the cloud, thus we are slightly departing from the analysis in Ref. [181].
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Klein-Gordon equation. In the frame of the (rotating) BH we get

i 9ψ ` I “
ˆ

´ 1

2µ
∇2 ´ α

r
` VR ` V‹ ` Vsg

˙

ψ . (7.26)

The potentials in this equation are VR, the (α-suppressed) relativistic corrections to the bound po-

tential; Vsg, accounting for the self-gravity of the cloud; and V‹, induced by the presence of a com-

panion. The remaining term on the left-hand-side, I, includes all the non-Hermitian contributions

due to decaying modes and absorption. Ignoring I, VR, V‹ and VSG, we again have the Schrödinger

equation and the cloud is again described by the hydrogenic bound states, |nlmy ” ψnlm [32] with

(fine and hyperfine) energy splitting [25, 83] as explained in Ch. 3.

If the companion is outside of the cloud (R‹ ą rc), we again have [25, 26]

V‹prq “ ´µM‹
ÿ

lě2

l
ÿ

m“´l

4π

2l ` 1

rl

Rl`1
Ylmpr̂qY ˚

lmpR̂‹q . (7.27)

but now allow for general coordinates of R̂‹. We discussed in Ch. 3, how this potential gives rise

to Landau-Zener transitions between the states.

This time, for fully general orbits, we have to be more careful with the multipole expansion of

the potential: As YlmpR̂‹q is evaluated in the ŜGA frame, we use Eq. (7.22) to rewrite the overlap

due to the multipole expansion and in the e ! 1 limit (see also [1, 26, 154]). Additionally to the

expansion into the l,m multipoles, and the sum over k for eccentric overtones, there is another

sum arising, because for an inclined reference frame, a spherical harmonic becomes a sum of all

spherical harmonics with the same l, i.e., ranging over all azimuthal quantum numbers: ´l ď g ď l

related by the Wigner matrices:

xa|V‹ |bylm “
ÿ

g,k

η
pab|lmq
g,k e´iΣg,k , Σg,k “ pg ´ kqϑ` gξ `mκ

η
pab|lmq
g,k « η

pab|lmq
0 dplq

mgpβqf 23 pl`1q p´sgnrksgeq|k|

|k|!

´

1 ` pl‹`1qk
2p´gq ` Ope2q

¯ Ylg
`

π
2
, 0

˘

Ylm
`

π
2
, 0

˘ , f ” Ω

Ω0
,

η
pab|lmq
0 ” ´αnM‹

GM2
n

ˆ

GMn

a0

˙l`1

rαnαptqs´l 4π

2l ` 1
Ylm

´π

2
, 0

¯

pIrIΩqpab|lmq , (7.28)

Ipab|lmq
r ”

ż

R

drr2R̂bR̂ar
l ,

ż

R

«
ż 8

I
pab|lmq
Ω ”

ż

dΩr̂Y
˚
a pr̂qY pr̂qYbpr̂q, (7.29)

r ” r{rc, R ” R{rc, R̂c “ r
3{2
c Rc is the (dimensionless) hydrogenic radial wavefunction, ∆x “

xb ´ xa and x “ tǫ, n, l,mu. We allow the BH mass to be time-dependent, so αptq reflects that,

while Mn, αn denote the respective values when the |ay state is saturated,V while a0 refers to the

semi-major axis at the resonance. The sum over g is related to the equatorial case by the fact that

VSee Sec. 8.3 for details on that notation.
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for ι “ 0, dplq
mgp0q is only non-zero if g “ m, i.e., reducing the sum to the term with m “ ´∆m. For

inclined orbits, other terms can be non-zero, and we will see that in general they can all be active

at the same time.

Because the spherical harmonics are orthogonal, the bound states will receive self-corrections

only from m “ 0 terms. However, these are precisely the terms that don’t have an explicit time

dependence. There is, however, still an implicit dependence on time via principal orbital elements

and αptq. For this framework to be applicable, we assume that this is adiabatic. Let us now assume

we are in a region of the parameter space where the bound states receive only a perturbative

correction by the mixing, such that the full solution has a following ansatz

ψ “
ÿ

a

captqpRaYa ` δψqe´ipǫa`δǫaqt , (7.30)

where Ra is the hydrogenic radial function, and |δψ| ! |RaYa|, |δǫa| ! ǫa. We can now use the

standard toolkit of time-independent perturbation theory for linear systems to find estimates of

the correction to the energy levels and the wavefunctions as

δǫa “ xa|V‹ |ayl0 , δψa “
ÿ

b‰a

xb|V‹ |ayl0
ǫa ´ ǫb

ψa , (7.31)

where ǫa ą |ηaa| is a sufficient condition for the perturbative control, while we also must address

the question if the perturbative expansion converges. If a certain two-state system approximately

describes the time-dependent dynamics (going to be discussed below), one can in addition use

|∆ǫ| ą max r|ηaa|, |ηbb|s as an indicator of convergence [187]. Physically, if perturbativity breaks

down, this is telling us that the binding potential of the full problem is not dominated by the

superradiant instability of a single BH, but instead is more similar to something that has been

called a gravitational molecule [188]VI.

If the perturbative condition for the bound states is satisfied (see below), we can assume that

the expansion Eq. (7.30) is approximately valid and then solve the time-dependent problem of

level mixing, generated by the m ‰ 0 terms in the multipole expansion, non-perturbatively.VII

A perturbative approach for resonant transitions will necessarily generate divergences and loss of

predictability, e.g., as in Ref. [157, 158]. We note here that the combination of the perturbative

treatment of the bound states and the non-perturbative treatment of the occupancy dynamics

is parallel to the treatment of superradiance in the presence of λφ4 scalar interaction [89, 92].

Again, mixing can occur only if the selection rules are satisfied [25]: m “ ´∆m, l ` la ` lb “ 2Z,

|la ´ lb| ď l ď la ` lb. In the new formalism, the full resonance condition determining where LZ-like

level mixing is resonantly enhanced is given by

9Σg,k “ ´∆ǫ . (7.32)

VIIn the late phase of the inspiral, even if one expands around a different background solution like the gravitational
molecule, the adiabaticity assumption may break, which could hint at the necessity of a fully numerical treatment in
the time domain [189, 190].

VIIAs a resonance process, a LZ transition necessarily is non-perturbative.
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Note that this now not necessarily coincides with Ω∆m “ ∆ǫ, because the change of the other

orbital elements, i.e., precession of tκ, ξu now also appear in the resonance condition. Again, the

resonances can be classified as being of the Bohr (B), fine (F) and hyperfine (H) type, with the

leading order α-scaling given by

∆ǫ „ αp

M

„

1 ` δp,7

ˆ

ã

α
´ 1

˙

, p “ t3, 5, 7u , for tB ,F ,Hu (7.33)

There are three further aspects of the microphysics mentioned above that we will not track

explicitly in this work – self-gravity, ionization and self-interactions.

7.3.2 One- and Two-Level Atom

Let us now consider a cloud saturated by superradiance in the state |nalamay. Because this time we

also want to be able to track changes in occupation due to decay of the states, as well as changing

mass of the BH, in this chapter, we are more careful in setting up the system. In the non-relativistic

limit, the density of the cloud is ρ “ µNcR
2
aYaY

˚
a , where Nc is the occupancy of the cloud, i.e., the

particle number, while the spin is Sc “ maNc. We also define the dimensionless occupancy

nc ” Nc{pGM2
0 q “ Mc

M0α0
, (7.34)

where M0 is the initial mass of the BH before superradiance. The second equality, was found by

rewriting M0 “ α0{pGµq, with the initial α0. As superradiance generates only ma ą 0 states, in

this setup we have Ŝ ‖ Sc. We will use nc » α for the estimates in this chapter and the first half

of Ch. 8, and do a more refined discussion in Sec. 8.3.

Although individual wavefunctions of the cloud are described by the spherical harmonics Ya,

the multipolar decomposition is obtained by a projection of the density ρ on the spherical harmonic

basis. This means even states with la ą 2 will generate a non-zero quadrupole for the cloud. In

particular, Qlm vanishes for m ‰ 0 and is importantly time-independent

Ql0 “ µNcr
l
c rIrIΩspaa|l0q , (7.35)

making the spin frame also the principal axis frame. The quadrupole of the gravitational atom is

dominated by the cloud, as we find for the scaling

Qc

QBH

ˇ

ˇ

ˇ

20
„ ã

α5
` Opα´4q , (7.36)

so we will ignore the BH contribution to the quadrupole from here on.

We now introduce the second state |nblbmby and allowing for level mixing between the bound

states:

ρ “ µNc |captqRaYa ` cbptqRbYb|2 , (7.37)
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where ci are now dimensionless relative occupancies of the two states t|ay , |byu, while the overall

particle number is given by Nc. Due to unitarity |ca|2 `|cb|2 “ 1 and the Up1q symmetry, one needs

only two parameters to describe this system, although the ci are complex numbers. Therefore, we

can define

ca ”
c

1 ` σ

2
exp rip´∆ǫ t{2qs , (7.38)

cb ”
c

1 ´ σ

2
exp ripδ ` ∆ǫ t{2qs , (7.39)

and then use the canonically conjugate variables pσ, δq [191] to describe the dynamics of the cloud

sector. Note that σ “ 1 (σ “ ´1) corresponds to a cloud only populated by the |ay (|by) state. In

this way we explicitly track the microscopic degrees of freedom of the cloud, and the full phase space

is given by P “ E Y S Y tσ, δu. Working in the pg, kq-overtone expansion Eq. (7.28), one can derive

the Hamiltonian of the two-state system in two steps: We integrate the Lagrangian density of the

cloud (see Ref. [25]) over space, and use the field redefinition Eq. (7.30) and Eq. (7.38) to obtain

2Lc{Nc “ 9δpσ ´ 1q ` ∆ǫσ ´ 2
?
1 ´ σ2

ř

l,m,g,k ηg,k cospδ ´ Σg,kq.VIII We then apply the Legendre

transformation to Lc, with the generalized and canonical conjugate coordinates pδ, σq. This gives

Hc “ Nc

2

¨

˝´∆ǫσ ` 2
a

1 ´ σ2
ÿ

l

l
ÿ

m“1

ÿ

g,k

η
pab|lmq
g,k cospδ ´ Σg,kq

˛

‚ , (7.40)

from this, the equations of motion of σ and δ follow:

dσ

dt

ˇ

ˇ

ˇ

lm

g,k
“ ´2ηg,kν , (7.41)

dδ

dt

ˇ

ˇ

ˇ

lm

g,k
“ ´∆ǫ´ 2ηg,k

σ

1 ´ σ2
u , (7.42)

where we have defined two variables that will become convenient later:

u ”
a

1 ´ σ2 cos pδ ´ Σg,kq , (7.43)

ν ” ´
a

1 ´ σ2 sin pδ ´ Σg,kq . (7.44)

A particular choice of the phase ansatz in Eq. (7.38) allows us to remove the explicit time dependence

in the multipole moments and write

Qlm “ 1

2
µNcr

l
c ˆ

”

a

1 ´ σ2Ipab|lmq
r

´

eiδI
pab|lm̄q
Ω ` e´iδI

pba|lm̄q
Ω

¯

p1 ´ δm0q (7.45)

`
´

Ipaa|l0q
r I

paa|l0q
Ω p1 ` σq ` Ipbb|l0q

r I
pbb|l0q
Ω p1 ´ σq

¯

δm0

ı

,

where m̄ ” ´m. Note that this expression reduces to Eq. (7.35) when σ Ñ 1. Given l and paring

Qlm and Qlm̄ terms in the sum Eq. (7.21) one can find, using Ipba|lmq
Ω “ I

pab|lm̄q
Ω and assuming that

VIIIHere, Lc is the Langrian, not the magnitude of angular momentum.
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the selection rules are satisfied, and using Eq. (7.28), the contribution of the mixing terms to the

multipolar potential

VQ Ą Nc

a

1 ´ σ2
ÿ

l

l
ÿ

m“1

ÿ

g,k

η
pab|lmq
g,k cos pδ ´ Σg,kq . (7.46)

The mixing terms in Hc (Eq. (7.40)) and VQ (Eq. (7.46)) that connect the orbital and gravitational

atom phase subspaces are exactly the same and are thus balancing the outflow of energy-momentum

from one subspace with the inflow to the other. In this way the Hamiltonian governing the dynamics

on E is HK ` Hc, identifying HI with Hc. This discussion can be straightforwardly generalized to

multi-level systems. However, as explained in Ch. 8, most of the phenomenologically relevant

dynamics can be represented by an effective two-level mixing.

To find the evolution of the principle orbital elements, we plug the Hamiltonian Eq. (7.40) as

HI into Eq. (7.13), Eq. (7.14) and Eq. (7.15) and obtain the flow of the principal elements due to

mixing terms

da

dt

ˇ

ˇ

ˇ

l

g,k
“ 2

q

c

ap1 ` qq
M3

Ncpg ´ kqηg,kν , (7.47)

de2

dt

ˇ

ˇ

ˇ

l

g,k
“ 2

q

c

1 ` q

aM3

a

1 ´ e2Nc

´

a

1 ´ e2pg ´ kq ´ g
¯

ηg,kν , (7.48)

d cos ι

dt

ˇ

ˇ

ˇ

l

g,k
“ 1

q
?
1 ´ e2

c

1 ` q

aM3
Nc pm´ g cos ιq ηg,kν . (7.49)

In addition, the positional elements χ, Υ and ϑ will have a flow induced by HI that is propor-

tional to ηg,ku, but also a flow induced by the m “ 0 that is non-zero also for gravitational atoms

in a single state. For details, see App. A.1.

7.4 Dynamics via Energy-Momentum Balance

Having derived the full set of equations for all orbital elements, we are now going to compare it to

the single approach that has been used in all pre-existing literature on superradiance in binaries,

usually dubbed balance equations.

We give a brief summary of the arguments, which we will then develop in detail: The energy

and angular momentum of the cloud in the IAA are taken to be E “ ř

i ǫi|ci|2 and L “ ř

imi|ci|2.
For clouds that are in a superposition of states, these results are erroneous, which we have shown by

deriving the Hamiltonian of the non-relativistic scalar field in the Kerr metric: Eq. (7.40) contains

an interaction term, which is non-zero when both states are in a superposition. For equatorial

orbits, there are only two degrees of freedom of the orbit we need to solve for: a and e. This has

been done by balancing the energies and the Lz of the angular momentum, assuming the orbit

lies in the x, y-plane and Lz and Ly to be zero. These assumptions are true, but ignoring the

interaction term of the Hamiltonian, even for equatorial orbits, balancing these fluxes leads to an

erroneous equation for the eccentricity evolution. The treatment of inclined orbits in Ref. [154]
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then assumed the orbit could be initially inclined with respect to the spin of the cloud with a

non-zero Lx. However, it was then assumed that the spin of the central BH and the cloud are

forced to be kept aligned with the z-axis. During transitions, the whole system then could only

change Lz, while keeping Lx of the orbit fixed. While this is technically changing the inclination

of the orbit, since fixing Lx while changing Lz changes the angle to the z-axis, no actual new

dynamic degree of freedom has been introduced. 9Lx “ 0 and 9Ly “ 0 are ad-hoc assumptions.

Setting up the full balance equations by using the Runge-Lenz-Vector shows that such a setup is

inconsistent. And this stays true even in the case when one includes the interacting part of the

Hamiltonian. The inconsistency stems from an incomplete treatment of what defines a general

orbit: Since in non-relativistic mechanics the movement of an object in three dimensional space

is defined by position x and momentum p, we need six independent parameters to describe the

position of a binary companion. Even for equatorially aligned orbits, when all the dynamics are

necessarily restricted to a plane, we have included a and e, ϕ˚, but the position of the periapsis

from which the true anomaly is measured, χ, was assumed to be fixed. In the full dynamics this

angle with respect some fixed coordinate system is dynamic. For fully general orbits, we need two

more variables, which are inclination ι and angle of the ascending node Υ. As we have seen, the

dynamics of these two are intertwined.

The idea of the balance equations are to balance conserved quantities - the orbital energy HK,

angular momentum L and the eccentricity (Laplace-Runge-Lenz) vector

e “ 9r ˆ̂̂ pr ˆ̂̂ 9rq
Mp1 ` qq ´ r

r
(7.50)

with the “fluxes” from the perturbations and emissions to infinity via GWs. From here, one can

obtain the time dependence of five orbital parameters. The conservation of e follows from the

hidden SOp4q symmetry [182, 192]. In principle, these conserved quantities have 1 ` 3 ` 3 “ 7

components. However, the constraints L ¨ e “ 0 and pL{pµΛqq2 ` e2 “ 1 lead to 5 independent

equations. In fact, it is enough to use the conservation of HK and L together with the kinematic

constraints in order to solve for 9Eztϑu [193, 194]. Note that the same SOp4q hidden symmetry is

responsible for the degeneracy in the hydrogenic B spectrum [187]. Using how these vectors are

related to the the orbital elements by geometry, we can relate the temporal change of the latter to
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the change of these vector elements, which gives:

da

dt
“ 2a2

M2q
9HK ,

de

dt
“ 1

aeM2q

”

a2 9HK

`

1 ´ e2
˘

´
a

a p1 ´ e2qMpq ` 1q ˆ
´

sin ιp 9Lx sinΥ ´ 9Ly cosΥq ` 9Lz cos ι
¯ ı

,

dι

dt
“ ´1

q

d

1 ` q

aM3p1 ´ e2q ˆ
´

p´ 9Lx sinΥ ` 9Ly cosΥq cos ι` 9Lz

¯

dΥ

dt
“ 1

q

d

1 ` q

aM3p1 ´ e2q
cosΥ

sin ι

´

9Lx ` 9Ly tanΥ
¯

(7.51)

So far, this is a purely kinematic statement — there is no input on dynamics. The dynamics

will only enter by prescribing the fluxes 9HK and 9L. For example, performing the orbital average

and plugging in the GW emission fluxes, one obtains equations for the evolution of 9a, 9e due to

RR [125, 126]. In Refs. [1, 154], the following identification has been utilized for a two-level system,

considering only the cloud contribution to the fluxes, which, as already mentioned above, is called

the isolated atom approximation (IAA):

9HK “ ´ 9Ec , Ec “ Ncpǫa|ca|2 ` ǫb|cb|2q , (7.52)

9Lz “ ´ 9Sc , Sc “ Ncpma|ca|2 `mb|cb|2q , (7.53)

9Lx “ 0 , 9Ly “ 0 . (7.54)

As already mentioned, the last two equations are inserted ad-hoc. They make sense in the equatorial

limit, because there is no obvious way to extend the dynamics into an additional dimensionIX, but

Ref. [154] assumed they must be true even for misaligned orbits, because the cloud is assumed

to have spin only in the z-direction of the central BH spin, while in turn also the spin of the

central BH is assumed to be fixed. We conclude that both of these assumptions are unjustified

in general orbits, since even in the picture of balance equation it should be assumed that the

gravitational atom reacts to changes in orbital precession and inclination. Because Ref. [154] was

mostly interested in EMRIs, implicitly assuming that the spin axis of the gravitational atom is the

fixed reference frame, the assumption of 9Sx “ 9Sy “ 0 may seem as an acceptable approximation,

but still leads to a wrong set of equations. The change of the orbital elements that follows from

the assumption above doesn’t agree with the equations Eq. (7.13)-Eq. (7.18). In fact, the IAA is

missing three important facts:

(i) The angular orbital elements tϑ, χ,Υu have a non-Keplerian flow due to both the conservative

and the mixing part of VQ. This evolution, as we will discuss in App. A, influences the position

IXWith the exception of hyperfine transitions that naturally generate a non-zero x and y component of the cloud’s
spin.
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and the duration of the resonances. This contribution, however, can be typically be ignored

in the range of the parameters that we consider for H{F resonances.

(ii) Let us focus, for simplicity, on the two-state system, ignoring the decay processes. Using

Eq. (7.38) to rewrite Eq. (7.52) as 9Ec “ ´Nc∆ǫ 9σ{2 and comparing with the full internal

energy, i.e., the Hamiltonian Eq. (7.40) one finds that the interacting term is missing. In

order to understand the impact of this term in the energy flux, consider for simplicity the

resonance on the co-rotating circular orbit, from Eq. (7.40):

2

Nc

dHc

dt
“ ´∆ǫ 9σ ´ 2η

!

p∆ǫ´ ∆mΩq ν

`
”Btη
η
u` ∆m

´

9ϑ´ Ω
¯

ν
ı)

(7.55)

The term in the second row in the bracket r...s can be shown to be zero from Eq. (7.16). The

remaining part of the interacting term in the bracket t...u will be approximately zero during

resonant floating and evolving 9a using IAA will give a correct result. However, as already

hinted, it will lead to a different scaling far away from the resonance, which is important for

the non-resonant mixing due to a large decay width. See Sec. 8.4 for a discussion of the latter.

(iii) The precession of the orbital momentum also enters directly in the Eq. (7.51) for the evolution

of 9E{tau. Ignoring these terms, for inclined orbits, leads to erroneous dynamics, even for the

resonant dynamics in the EMRI limit considered in Ref. [154], as the energy-momentum

budget is not appropriately allocated;

We discuss a few of these differences in detail for equatorial and then for general orbits.

7.4.1 Equatorial Orbits

Let us first consider the equatorial regime and the e ! 1 expansion to examine further differences

between the IAA and the correct approach, comparing the predicted evolution. Dividing the

evolution equations for Ω and e from the Hamiltonian and from the IAA we find

dΩIAA

dΩ

ˇ

ˇ

ˇ

lm

g,k
“ fg,k

fptq , (7.56)

dpe2qIAA

dpe2q
ˇ

ˇ

ˇ

lm

g,k
“ fg,k

fptq

?
1 ´ e2 ´ f?

1 ´ e2 ´ fg,k
, (7.57)

where the index IAA denotes the time evolution in the isolated atom approach, and the same

quantity without index is the Hamiltonian result. We see from the above comparison that in the

vicinity of a floating resonance, when fptq « fg,k, the evolution in IAA of both Ω and e2 is in

agreement with the general result. We also point out that Ref. [154] usually just linearized the

whole problem and ignored time dependence of any frequency in the backreaction at the resonance.

For narrow floating resonances, this is fine. However, away from the resonance, the IAA scales with



90 Chapter 7. Hamiltonian Formalism for General Orbits

1{fptq instead of the correct result 1{fg,k, which means for low frequency, f ! fg,k it significantly

overestimates the strength of non-resonant mixing.

On the counter-rotating equatorial orbits, even the resonance is incorrectly predicted by the IAA

as the term t...u in Eq. (7.55) doesn’t cancel. As the sign of 9Ω in IAA is tied to ∆ǫ, the resonance

must work in the direction of floating for ∆ǫ ă 0, which is not the case on counter-rotating orbits

(see Sec. 8.2.2.1).

Finally, note that the difference for Ω persists also in the circular limit. In fact, as already

discussed in Ch. 4, in the circular limit one can use the IAA balance approach by balancing either

energy or the spin of the cloud, but these different options give inconsistent results away from the

floating resonance. The latter option was originally used in Ref. [26] and it coincides with the

correct general result as Sc doesn’t have an interacting term, in contrast with Eq. (7.40).

7.4.2 Inclined Orbits

For the ratio of the two different results of the inclination evolution equations, we find

dιIAA

dι

ˇ

ˇ

ˇ

ˇ

lm

g,k

“ ∆m sin2pιq
m‹ ´ g cospιq . (7.58)

This equation really only agrees in the equatorial limit when g “ m‹ and ι “ 0 and then predicts

that equatorial orbits remain equatorial. As explained above, not allowing Lx and Ly to change

leads to a wrong prediction for the inclination behavior, because in general orbits, the evolution of

ι and Υ are related and one cannot force non-precession of inclined orbits.

However, an even more important difference for general orbits is the behavior of eccentricity for

inclined orbits: Derived with the conditions of the IAA approach, the eccentricity evolution contains

an explicit factor of cos ι. For ∆m “ ´g, this factor eradicates the fixed points in eccentricity for

any non-zero inclination. This led the authors of Ref. [154] to conclude that there are no eccentricity

fixed points for inclined orbits and that if adiabaticity could remain strong enough, an inclined

orbit, in principle, could grow eccentricity towards unity, decreasing inclination and then, when

equatorialized, lose eccentricity again towards the fixed point. While in reality, floating could never

last long enough for that to happen anyway, our results show that this conclusion is wrong even in

principle. Assuming a very extended period of floating, we show the correct behavior in the (e, ι)-

phase space in Fig. 7.2. However, this is the behavior for the dominating term in the g-expansion.

As we will discuss in Ch. 8, for general inclined orbits the actual dynamics become even more

non-trivial, because several terms from the expansion in ´l ă g ă l can be active simultaneously.

We point out, that the correct balance approach can lead to the correct equations of motion, but

makes it necessary to also define the angular momentum of the cloud correctly, including the mixing

term.
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Chapter 8 Dynamics in General

Orbits

8.1 Overview

In this chapter, we describe the most salient aspects of the cloud-binary dynamics arising from

the full set of equations derived in Ch. 7. First, in Sec. 8.2 we describe the quasi-adiabatic co-

evolution of the BH and the cloud. In Sec. 8.2.1-8.2.2.2 we describe the mixing dynamics in three

different aspects: First, the dynamics in the cloud sector, including time-dependent treatment of

the central BH mass during the mixing, followed by the full dynamics on orbits with (anti-)aligned

and misaligned L and ŜGA, respectively. After briefly discussing how to find the cloud mass

consistently in Sec. 8.3, we discuss how to treat non-perturbative mixing with strongly decaying

states, an important effect that has so far not been treated consistently in the literature, in Sec. 8.4.

In some of these sections we provide results of numerical simulations using simplified parameter

values. Although these deviate from realistic scales that are computationally expensive, they suffice

to visualize the phenomenological consequences. All of these numerical results will incorporate the

full dynamics of eccentric orbits without using the Jacobi-Anger expansion. We compare results

from one of the g-terms in the inclination expansion with the full sum over g where necessary. See

App C for details on the numerics. Finally, in Sec. 8.5 we review the history of realistic binaries

incorporating everything we discussed so far. This is going to challenge the results from Part 2 by

incorporating effects that have not been understood at that point. This chapter aims to establish

possible dynamics that have so far been missed and that only a full treatment of the co-evolution of

BBHs and the superradiant cloud can cover, while we close with the conclusion that the complete

phenomenological impact of superradiance in binaries is yet to be fully understood.
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8.2 BH-Cloud Co-Evolution

8.2.1 Mixing Dynamics: Cloud Sector

We set the stage by considering a decaying two-level system. Ignoring 9χ and 9Υ, as discussed in

Sec. 7.3.1, the strongest effect of level mixing occurs at the (overtone) resonance

Ωg,k “ fg,kΩ0 , fg,k ” ´∆m

g ´ k
. (8.1)

The condition fg,k ą 0 is a necessary condition for the resonance, e.g., in the equatorial limit only

g “ ¯∆m overtones have a support, which makes resonances possible for k{∆m ą ´1 (g “ ´∆m)

and k{∆m ă 1 (g “ ∆m). The resonance under considerations is narrow if it starts at f » fg,k or

wide if the non-trivial mixing occurs for f ! fg,k. We will discuss the latter case in 8.4.

At the resonances, the cloud dynamics needs to be solved simultaneously with the orbital

dynamics. Assuming a background radiation reaction-driven dynamics of the orbital elements

ta, eu we perform a rescaling very similar to what we did in Ch. 5:

zg,k ”
η2g,k
γ̂g,k

, v
p˘q
g,k ” Γ˘

a

γ̂g,k
, wg,k ” Ωg,k

a

γ̂g,k
, γ̂g,k ” |g ´ k|f11{3

k γ0 , τ ”
a

γ̂g,kt , (8.2)

The relative and total magnitude of zg,k and vg,k will characterize the LZ-transitions in the same

way as already discussed in Ch. 5.

In the previous section, we implicitly assumed that the superradiant growth of |ay had saturated,

while the decay rate of |by was much longer than all other timescales in the problem. We will

now relax these assumptions and allow for both positive and negative decay width of the states

t|ay , |byu, as well as the co-evolution of the background BH. The decay of the states t|ay , |byu makes

the cloud dissipative, but the whole gravitational atom can still be considered an unitary system.

However, the fact that the cloud decays into GWs via axion annihilation, and the possibility of

level transition makes the gravitational atom truly an open system [37, 88, 117, 120, 164, 165,

196]. These dissipative processes make the system non-symplectic. This means, still focusing on

a two-state system, on top of the phase space pσ, δq, we also need to prescribe the instantaneous

occupancy of the cloud nc. The equation of motion for δ is the same as in Eq. (7.42), while the

one for σ is modified and we introduce

dσ

dt

ˇ

ˇ

ˇ

lm

g,k
“ ´2ηg,kν ´ Γ̄´

abp1 ´ σ2q , (8.3)

dnc
dt

ˇ

ˇ

ˇ

lm

g,k
“ ´pΓ̄`

ab ` Γ̄´
abσqnc , (8.4)

Γ̄˘
ab ” Γ̄a ˘ Γ̄b , (8.5)

where Γ̄i denotes the sum of the decay (or growth rate if Γ ă 0) of state |iy and possibly its GW

emission ΓGW.
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In order to model the co-evolution of cloud and BH superradiance, we use the quasi-adiabatic

approach, i.e., we assume that the evolution of the system of BH and cloud can be treated as a

sequence of |Kerry b ř

a |nlmy states asI M " ǫa " ∆ǫab " Γa. The co-evolution is balanced at the

horizon for mass 9M “ ´ 9Mc and angular momentum BtpãM2q “ ´ 9Sc, where Mc is the mass of the

cloud [82, 163]. For a two-state system we have:

dα

dt
“ α2

satncpΓ`
ab ` Γ´

abσq , (8.6)

dã

dt
“

´αsat

α

¯2

nc

ˆ

ma ` ∆m
p1 ´ σq

2

Γ`
ab ´ Γ´

ab

Γ`
ab ` Γ´

abσ
´ 2αã

˙

`

Γ`
ab ` Γ´

abσ
˘

, (8.7)

where the index “sat” refers to the values when the cloud is saturated in state |ay. Regarding the

GW emission, we consider only the dominant channel where two axions annihilate to a graviton

and where the emission rate is given by [165]

ΓGW » Mc

M2
Haα

4ma`10 , H|211y » 0.025 , H|322y » 2 ¨ 10´7 . (8.8)

Typically, in the vicinity of a resonant transition we can ignore the effect of the GW depletion of

the cloud and take Γ̄ to just be decay or growth rates of the states Γ̄ « Γi. In that case, nc can only

change because particles, and with that mass, are exchanged with the central BH. This means from

the evolution of nc, we can directly calculate the change of α. This makes Eq. (8.6) a redundant

equation, allowing us to close the system by tracking the evolution of tnc, ãu on top of tδ, σu, as

α » αsat r1 ` αsatpnc,sat ´ ncqs . (8.9)

In Fig. 8.1 we show comparisons of early resonances with different strength of the decay rate

and how they change floating and eccentricity growth.

8.2.2 Mixing Dynamics: Orbit

8.2.2.1 Mixing Dynamics: Equatorial Orbits

It is instructive to go back to equatorial orbits. They not only have different dynamics far away

from the resonance in the full formalism, but can also be treated more consistently. This discussion

also sets the stage for inclined orbits in the next section. Because they are phenomenologically

more important, we are going to concentrate on transitions where the cloud loses energy ∆ǫ ă 0.

IThe only chance for the violation of the adiabatic theorem (Γb » ∆ǫab; see Ref. [187]), for α ă 1, to occur is for
F transitions to spherical l “ 0 states, as Γb „ α5 and ∆ǫab „ α4. We have checked with an explicit calculation for
|322y Ñ |300y that for the range of α that we consider ∆ǫab ą 2Γb, and thus we don’t expect a significant departure
from the adiabaticity.
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floating

de2

dt

ˇ

ˇ

ˇ

fl
“ 2

3
f8{3 γ0

Ω0
fpeq

a

1 ´ e2
ˆ

gpeq
fpeq ´ g

´∆m
fg,k

˙

. (8.12)

We know from Ch. 5 that on co-rotating orbits g “ ´∆m, early overtones with fg,k ă 1 have fixed

points at ecr P r0.3, 0.6s, while for late overtones fg,k ě 1, eccentricity decays faster than in vacuum

as ecr “ 0.

In the new formalism, especially using the Block sphere variables u and ν, the derivation of

several possibilities of “resonance breaking” that have been discussed in the literature become much

easier to derive. Assuming a successful floating, from Eq. (8.10) we get

xνfly » fpeq
|g|bg,k?

zg,k

ˆ

nc
nc,sat

˙´1

. (8.13)

As the population transfer ensues, σ will, neglecting the pre-resonant effects as well as a possible

strong decay rate of the second state, move from the initial value of σ “ 1 to σ Ñ ´1. From that we

find via Eq. (7.44) that xνy will follow a parabolic-like trajectory from xνyp´8q “ 0 to xνyp`8q “ 0.

This means, the estimate Eq. (8.13) also represents a maximal value achievable for perfect floating

that must necessarily satisfy the constraint |xνfly| ď 1. We will see later from Eq. (8.28) that during

floating, 9ν must follow the sign of σ, and thus the bracket in the first term of Eq. (8.28) must be

positive. These two constraints yield

nc ą npcrq
c ” nc,sat

fpeq
|g|bg,k?

zg,k
ˆ max

»

–1 ,
|vp´q

g,k |
2
?
zg,k

fi

fl . (8.14)

The condition above is a time-dependent statement, since in general nc “ ncptq, zg,k “ zg,kptq, and

it should be satisfied at any point in time during the floating as well before its onset. Thus, the

above represents the condition for the floating to ensue or for the resonance to break before the

complete transfer of population. We find that these results agree with the simplified limits that we

discussed in Ch. 5 and Ref. [1], as well as with Ref. [154], where applicable.II In particular, for early

resonances with eccentricity starting out below the fixed point, ein ă ecr, if the condition is fulfilled

for floating to start, growth of zg,k „ e2|k| will tend to decrease the threshold for the occupation

of the cloud and thus make the resonance self-sustaining. On the other hand, the decrease of

eccentricity that happens for late overtones would increase the critical threshold n
pcrq
c , and could

lead to resonance breaking.

If the decay of the cloud is slow with respect to floating, one finds from Eq. (8.13) and Eq. (8.3)

σfl » 1 ´
ˆ

nc
nsatc

˙

2t

|g|bg,k
, (8.15)

and the maximal floating timescale is given by τfl ” |∆m|bg,k. This analytically confirms the typical

IIAn exception being the scaling with zg,k in the vanilla floating condition in [154].
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linear population transfer during floating. As already discussed in Ch. 5, an efficient floating requires

the transition not be overly adiabatic. Because even for zg,k " vg,k, if zg,k is too large, this would

lead to prolonging and smoothing of the mixing, suppressing 9σ and, via Eq. (8.3) and Eq. (8.10),

weakening the counter-balance to radiation reaction. By comparing the linear LZ-timescale in the

weak-decay regime with the efficient floating timescale one can find a complementary condition

to Eq. (8.14) that determines if the floating can be efficient

bg,k Á 4
?
zg,k{|g| . (8.16)

Unbound eccentricity growth on counter-rotating orbits. It has been claimed so far

in the literature that binaries formed close to the counter-rotating configuration will necessarily

survive the H{F resonances and reach the B regime [154], as all transitions are of the floating

type ∆ǫ ă 0 with ∆m ă 0. Thus for g ą 0 overtones (including g “ ´∆m), which have support

around ι “ 0, the resonance can happen for low inclination orbits, including co-rotating ones, while

the g “ ∆m overtone, which has support around ι “ π does not fulfill the resonant condition.

However, it was missed that this is only true for k “ 0. The resonance condition pg ´ kqΩ0 “ ´∆ǫ

can be satisfied for |k| ą |g| even when g ă 0. In other words, depending on a particular transition,

sufficiently eccentric orbits can excite negative overtones. That means at least a subset of binaries

on counter-rotating orbits will experience H{F resonances. For co-rotating orbits, we already

studied the behavior of fixed points in eccentricity from Eq. (8.12). However, on counter-rotating

floating orbits we can only have g “ ∆m, and hence from Eq. (8.12) it follows all overtones would

lead to the growth of eccentricity if floating is initiated by an overtone that flips the sign of pg´kq.
This growth is in principle unbounded, although the floating assumption, as well as the whole

orbital averaging giving rise to Peter’s evolution equations, break down as e Ñ 1.

To be concrete, let us consider an l “ 3 driven F transition similar to |322y Ñ |311y. This

resonance is possible at ι “ π for k ď ´2. The leading overtone k “ ´2 occurs at f´2 “ 1, the

same frequency as the main resonance on the co-rotating orbit, and, if the floating is successful,

leads to the eccentricity increase (see Eq. (8.12)) and the cloud decay. We illustrate this behavior

for simplified values in Fig. 8.2.

8.2.2.2 Mixing Dynamics: Inclined Orbits

In the previous section we have summarized results we partly discussed before, but in a more

coherent and straightforward way. We are now turning to the case of general, i.e., misaligned

orbits, which has not been addressed properly in the literature. In most general cases, the problem

gets much more complicated to track as in the equatorial case. The Eqns. (7.13) to (7.18) describe

the change of orbital parameters under influence of a perturbing Hamiltonian HI with respect to

a fixed frame. However, for equatorial orbits, it is okay to use the spin frame of the gravitational

atom as the fixed frame, because only a, e, and possibly χ will change, but the dynamics are

restricted to two dimensions. If now the orbit changes also inclination and precession, this change

will necessarily back react onto the gravitational atom, and the orientation of its spin frame with
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gravitational atom, the L ¨ ŜGA angle, and its evolution can be written as (from Eq. (A.1))

d cos ι

dt

ˇ

ˇ

ˇ

l

g,k
“ Nc

Sc
pm cos ι´ gq ηg,kν , (8.19)

Sc “ Nc

ˆ

ma `m
σ ´ 1

2

˙

. (8.20)

We will now focus on particular novel phenomena that occur away from the equatorial orbit, and

in this way also probe the self-consistency of the equatorial assumption that we discussed in the

previous section.

Inclination evolution during floating. To understand the eccentricity evolution during

floating in Eq. (8.12), we “integrated out” the cloud phase subspace by using the floating condition
9Ω “ 0 and substituted the terms containing bg,k. We can obtain a similar equation for the inclination

evolution from Eq. (7.49):

dι

dt

ˇ

ˇ

ˇ

ˇ

fl

“ 2

3
f8{3 γ0

Ω0
fpeq 1

sin ι
?
1 ´ e2

g cos ι´m

2pg ´ kq . (8.21)

When we compare that to Eq. (8.12), we see that the dynamics of de2{dι becomes independent of

γ0{Ω0 and depends only on the specifics of the pg, kq overtone. We already have shown the gradient

evolution following from Eq. (8.12) and Eq. (8.21) in Fig. 7.2 for contrast with the result derived

by ignoring the impact of the orbital angular momentum precession in Ref. [154]. In particular,

one finds that looking at the individual g-terms, there exists a fixed point in the flow of inclination

only for ι Ñ 0, for g ą 0. For counter-rotating orbits, ι “ π for g ă 0 is an unstable fixed point.

However, the interplay of several terms in the g-expansion can modify that behavior, as we will

discuss below.

In the e ! 1 limit one can solve for the evolution of inclination during floating, which is then

given by

cospιq » m

g

»

–1 ` e
´ g

3pg´kqw0

f
3{8
k

fpeqτ?
1´e2

´ g

m
cos ι0 ´ 1

¯

fi

fl , (8.22)

where ι0 is the initial inclination. In the case of both te, ιu, assuming a successful vanilla floating,

the parameter C » γ0{Ω0 controls for the actual change in te, ιu as was already recognized in Ch. 5

and Ref. [154]. We have confirmed Eq. (8.22) by comparison with numerical simulations.

Overtone overlap. In the equatorial regime there is only one very specific case where an

overlap of overtones, i.e., several overtones happening at the same time, can occur. This is in the

H regime where all possible k “ 0 resonances for different l occur at the same frequency. However,

for these there is a strong hierarchy by virtue of the multipole expansion. For different k, even

these overtones happen at different frequencies. Unless by coincidence, there cannot be any other

overlap of resonances.

For inclined orbits however, the interplay of inclined and eccentric overtones, determined by

g and k, respectively, can more generically lead to an overtone overlap, without a clear or strong
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hierarchy between them. Explicitly, consider two overtones pg, kq and pg1, k1q of the same main

resonance Ω0. They will lead to the resonance at the same frequency when g ´ g1 “ k ´ k1

(see Eq. (8.1)). For example, let us take a transition where ∆ǫ ă 0, ∆m “ ´2 (which is typical for

H and F transitions). For general inclinations one find in this case a simultaneous occurrence of

four overtones: pg, kq “ tp2, 1q, p1, 0q, p´1,´2q, p´2,´3qu, which would happen at fk “ 2. Going to

the vicinity of co- and counter-rotating orbits, ιin Ñ t0, πu, where ιin is the inclination away from

the resonance, only the leftmost and the rightmost overtones will have support, in respective order.

However, for general inclination, all four corresponding Wigner matrices will be non-zero. One can

similarly expect that for 0 ă ι ă π{2, and e ! 1, the main overtone p1, 0q will dominate. However,

apriori, it is not clear how the transition will play out when π{2 ă ι ă π as there is an interplay

of the ι-suppressed g ą 0 overtones and the e-suppressed g ă 0 overtones. Here, for the first time,

the relative sign of the ηg,k become important. Because of that, the full effect of single overtones

is not identical with the sum of their individual effects. If only one ηg,k overtone is active, the sign

of it does not matter, as the vanilla LZ-transition is only characterized by zg,k. But when several

overtones act at the same time, the dynamics is determined by the sum of their individual effects

including their sign. This can lead to the effect that the g ă 0 and g ą 0 overtone act together to

make π a fixed point of inclination evolution. Note further that these four overtones pull towards

different eccentricity fixed points: g ą 0 overtones pull toward e Ñ 0, while g ă 0 overtones pull

toward e Ñ 1. We show an exemplary behavior of a different example of such an overtone overlap,

for a ∆m “ ´1 resonance, in Fig. 8.3.

An even more subtle and previously unexplored phenomenon is when one g-term provides the

resonance, but the dynamics are determined by another g-term. Close to ι Ñ π it can be possible

that the counter-rotating overtone g ă 0 is too weak by itself to trigger a resonance, e.g., because

the eccentricity is too small. However, if the g ą 0 inclination-suppressed overtone is still strong

enough, it can trigger a resonance. This activates not only the dynamics governed by that overtone,

but also the dynamical equations of g ă 0 which is now “externally forced” to also resonate. We

show a numerical example of this in Fig. 8.4. This interplay during overtone overlap would be

completely missed by considering only individual g-terms in the inclination expansion.IV

8.3 Superradiant Evolution in Isolation

The “vanilla” model of superradiance evolutionV that ignores any effects of accretion and a com-

panion, for α ă 1, is a two-step adiabatic process, where first the superradiance grows the cloud

until it saturates, and subsequently, the saturated cloud emits GWs [37, 88, 164]. Let us denote

the BH mass before the start of the n-th cycle as Mn´1 and the corresponding fine-structure con-

stant as αn´1 “ µMn´1. This means, the first cycle where |211y grows starts with M0 and α0.

For stellar-mass BHs and αn´1 À 0.1, most of the angular momentum of the gravitational atom

IVConsequently, it also renders discussions about flow of single g-terms in the pe, ιq-plane that we showed for
demonstrative purpose in Fig. 7.2 questionable in at least part of the parameter space.

VWe refer for a dark matter-based mechanism to generate clouds around compact objects to Ref. [197].
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is transferred to the |211y cloud, while for larger αn´1, the cloud efficiently decays into GWs due

to axion annihilation [88, 117, 120, 164, 165], and the two-step process of growth and decay of

higher-m states {|322y , |433y,...} on astrophysical timescales ensues, again depleting the BH spin

efficiently [37, 88]. As long as this evolution is adiabatic, i.e., ∆ǫ ą maxtΓ,ΓGWu, where ∆ǫ is

a typical state split and ΓGW is the rate of the cloud decay in GW, one can use the hydrogenic

description with the background BH parameters slowly changing. An initially highly spinning BH,

ãn´1 À 1, deposits its angular momentum into the scalar cloud until the superradiant condition

stops being fulfilled:VI

ãsat,n “ 4mnαsat,n

m2
n ` 4α2

sat,n

ă ãn´1 , (8.23)

where the index sat, n denotes the value when the n-th cycle has saturated, and mn is the azimuthal

quantum number of the growing state of the n-th cycle. To find the parameters of the gravitational

atom at the superradiance saturation in each cycle, we can ignore the effect of the GW depletion.

Since Mc,n “ αn´1nc,sat,n we can use this to write α and ã at saturation as

αsat,n “ αn´1p1 ´ αn´1nc,sat,nq , (8.24)

ãsat,n “ ãn´1 ´mnnc,sat,n
p1 ´ αn´1nc,sat,nq2 . (8.25)

Together with Eq. (8.23) one can close the (algebraic) system, solving for pnc, α, ãq|sat, given the

parameter values at the onset of the n-th SR cycle, as it has also been done in Ref. [89]. To leading

order in αn´1, nc,sat,n » pãn´1 ´ ãsat,nq{mn. We show in Fig. 8.5 the resulting cloud masses for

|211y and |322y states, together with results from more simple estimates. Note that the SR cloud

Mc » µNc can carry at most 11% of the original BH mass in the vanilla scenario Ref. [109].

It also follows that for small-to-moderate eccentricities e À 1 and α ! 1 one finds (forma “ 1, 2),

L

S
» qα´p{3´pmn´1q

p1 ` qq1{322pmn´1q , (8.26)

i.e., for q Á 10´1 (B regime) and q Á 10´2 (H), we have L Á S.

8.4 Non-Resonant Mixing: Integrating Out the Cloud

This section treats non-resonant decay to strongly decaying states. In the presence of the com-

panion, the dominant state technically mixes with other states with non-zero overlap all the time,

but this will not built up a significant occupation of the second state off the resonance due to the

fast oscillations in the overlap. However, for decaying states, even these oscillations will induce a

transition. While for orbits on which the conditions for a LZ-resonance are fulfilled, these non-

resonant transitions can be understood as very wide LZ-transitions, such perturbative mixing is

VIThis saturation condition arises when setting ω “ µ in the superradiance condition. Ignoring the Opα2q correc-
tions in the bound state energy provides a good approximation of the SR saturation [198].
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the regime where the decay of the state |by is strong, σ will stay close to unity, because any particles

transitioning into this state will immediately decay into the BH and keep the relative occupation

of |by near zero. Hence, in this perturbative mixing regime, |σ ´ 1| ! 1, and we can “integrate out”

the dynamics on the Bloch sphere.

First, we use Eq. (8.3) and Eq. (8.28) to express ν and u in terms of σ and it’s derivativesVII

ν “ ´ Γ̄´
ab ´ Γ̄´

abσ
2 ` 9σ

2ηg,k
, (8.29)

u “ ´1

∆g,k

`

2ηg,kσ ` Γ̄´
abν ´ 9ν

˘

, (8.30)

∆g,k ” ∆ǫ` 9Σg,k . (8.31)

Now we consider a perturbative expansion σ “ 1 ` εF , where ε ! 1 is a bookkeeping parameter.

Expanding the constraint u2 ` ν2 “ 1 ´ σ2, one can solve for F algebraically and in turn obtain

the leading-order behavior of u and ν as

F “
2η2g,k

∆2
g,k ` pΓ̄´

abq2
, ν “ ´2Γ̄´

abηg,k

∆2
g,k ` pΓ̄´

abq2
, u “ ´2∆g,kηg,k

∆2
g,k ` pΓ̄´

abq2
. (8.32)

This result agrees with the ε Ñ 0 asymptotic solution of the “adiabatic following” approximation

employed in Ref. [166]. In the regime of validity of the perturbative mixing we partially integrated

out the cloud sector and need to solve only for tnc, α, ãu. In the resulting equations there is no

dependence on any of the anomalies left,VIII which in the other formalism forces us to solve the

problem in the time-domain. Hence, the remaining equations, including Lagrange’s equations for

the orbital parameters, can be solved in frequency space, which makes it much easier to track

the evolution numerically over a large frequency range. From Eq. (8.32) it follows that such an

approximation is applicable as long as
b

∆2
g,k ` pΓ̄´

abq2 " ηg,k.

These wide resonances can complete the mixing even before fg,k is reached i.e., in the perturbative

regime. In such a case, the decay rate is so strong that the cloud is completely lost before fg,k is

reached. Some of the previous limits can be understood from the perturbative mixing developed in

Eq. (8.32). At the resonance ∆g,k “ 0, the perturbative mixing condition reduces to the requirement

of the strong-decay regime vg,k ą ?
zg,k. In that case, as σ » 1, the instantaneous state of the

cloud is described by |ay, but the cloud decay, via |by, can be resonantly enhanced. In contrast, in

the weak-decay regime, perturbative results can be applied only in the early stage of the mixing,

e.g., to set the appropriate initial conditions for the full numerical evolution at the resonance.

8.5 Phenomenological Prospects

In the last two chapters, we have developed an extended tool-set to understand the inspiral history

of a gravitational atom and its companion. While having discussed the most important aspects of

VIIIn fact, one can also formulate the whole system as a third-order equation in σ, cf. Ref. [200].
VIIINeglecting the dependence of ηg,k on anomalies.
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the dynamics arising from a full treatment of all orbital parameters, applying this knowledge to fully

realistic cases remains challenging. The small eccentricity expansion breaks down when eccentricity

grows too much at an early overtone resonance, which imposes challenges even for equatorial orbits.

For inclined orbits, the expansion in different inclination overtones works only in a domain where a

single term dominates strongly, while important aspects are missed by that. Therefore, for gener-

ally inclined orbits, one is forced to use non-expanded equations (either expanded in eccentricity or

not). To numerically solve the full equations, without the expansion in eccentricity and including

all the terms in the inclination expansion, is computationally expensive. The non-resonant decay

to spherical states can be treated far away from the resonance in the frequency domain, but that

cannot incorporate any resonance effects; neither with the spherical state itself, nor with any other

state.

For phenomenological purposes, the most important aim is to find out until when the cloud

survives, and what the orbital parameters, impacted by level mixing, are after it vanished. As the

resonance Ωg,k leads to the most dramatic consequences for gravitation atom-orbit co-evolution,

we are interested in answering two questions:

1. Assuming the birth of the cloud at the superradiance-saturated n-th cycle at f pnq
GW, where f

is a GW (peak) frequency, fGW » Ω
π

p1 ` eq1.1954{p1 ´ e2q3{2 [170], does the cloud survive up

until À fGWpΩg,kq? If not, how does the orbital evolution differ from vacuum evolution?

2. If the cloud has survived until being close to the resonance, will the resonance lead to a strong

impact on the orbital evolution? Such an impact can either be observed if fGWpΩg,kq is in the

band or lead to the distortion of the orbital parameter distribution for a BH sub-population.

Finally, does the cloud survive, either in the original |ay state or the target state |by? If so,

one can ask the same questions again for the following resonant overtone.

To leading order, the answer to these questions depends on sgnp∆ǫq, i.e., the direction of

the energy-momentum flow between the gravitational atom and the orbit, and the dimensionless

parameters tzg,k, bg,k, vg,k, wg,ku. To answer the first question, in principle we need to integrate

over several decades in frequency, whereas for the second question, the dynamics takes place in

the vicinity of wg,k. Performing numerical orbital evolution in time over decades in frequency is

challenging even in the vacuum case. Simplifying the equations from Sec. 8.4, we find as rough

analytic estimate the following matrix that roughly controls whether the cloud survives up to fres.

v0 " w0 v0 ! w0?
z0 ! minrv0, w0s 3

2
z0w0

v0
À 1 πz0{|g| À 1

?
z0 " maxrv0, w0s 1.8

´

w3
0z

2
0

v0

¯1{3
À 1 1.8

´

v30z
2
0

w0g4

¯1{3
À 1

If the answer to the first question is positive, the cloud does not impact the orbital evolution prior

to the resonance. If the cloud seems to decay already far from the resonance, one can use the

formalism from Sec. 8.4 to solve the evolution in frequency space numerically and find the impact

on orbital parameters.
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If the cloud survives until the resonance, the conditions Eq. (8.14) and Eq. (8.16), now dependent

on tzg,k, vg,k, bg,ku, which determine how efficient the floating will be and thus how strong the orbital

backreaction to the level mixing will be. Violating Eq. (8.14) means that the resonance will not

even start or will break before the completion of the mixing. In that case, the cloud may survive

in the initial state |ay even after the resonance. If the mixing has completed, the interplay between

Γb and the time interval to the next overtone dictates the survival of the cloud. On the other

hand, violation of Eq. (8.16) will lead to successful level mixing, but the orbital impact will be

significantly weaker in comparison to the efficient floating case.

8.5.1 Imprints of Eccentricity in Light of Non-Resonant Mixing

We will discuss in light of the new results the study done in Ref. [1], i.e., Ch. 5 and Ch. 6. The

early overtones that can grow eccentricity are a solid prediction of general orbits. They cannot

only be found on equatorial orbits, but also for binaries formed dynamical, with misaligned orbits.

However, the non-resonant mixing with spherical states, in our case |300y, begs the question if these

resonances can be reached. For our population study, we assumed q ě 0.1. For this region, the

mixing with the |300y strongly depletes the |322y-state before any F resonance can be triggered.

We study the evolution with the procedure described in Sec. 8.4, integrating the evolution from

birth in the frequency domain incorporating the |322y Ñ |300y non-resonant mixing. The earliest

F resonance we could encounter are of |31 ´ 1y. We estimate the adiabaticity at each overtone of a

|31 ´ 1y resonance and stop the solver there if the overtone seems to experience a resonance. Ideally,

we would then solve the resonance with |31 ´ 1y in the time-domain, but this is computationally

expensive; Depending on the parameters, we usually have to integrate over ∆τ « 103 ´ 104 with

dimensionless frequencies of w Á 104. However, since the resonances with |31 ´ 1y are also in the

strong decay regime, we can also use the solver in the frequency-domain.

In Ref. [1], we have taken the cloud mass to be Mc{M “ α, with fixed M and α, which as

we have shown in Sec. 8.3 is too optimistic for clouds formed in isolation. Let us note that the

accretion onto the BH, from a baryonic or a dark matter environment, can lead to higher masses

for the cloud, maximally up to 35% of the original BH [109]. It could therefore be justified to

study how the excitation of resonances differs when we treat the cloud mass as a “free parameter”,

without explicitly tracking the evolutionary dynamics of the BH-cloud-environment, as long as the

total extraction bound is satisfied. In the following, we will study the evolution with a cloud mass

predicted for isolated BHs as in Sec. 8.3.

As final task in this thesis we want to answer the question if a binary formed at Ωini{π “ 10´4Hz

already containing a gravitational atom can really experience overtones of fine resonances that grow

the eccentricity?IX Due to the strong depletion of the cloud through non-resonant mixing when

q Á 0.1, we need to go to slightly larger BH masses, but this can still correspond to resonances in

the LISA band. We show an exemplarily evolution of such a BBH in Fig. 8.6.

IXFollowing private discussions with the authors of the draft Ref. [202], for these examples we neglect the H
resonances due to self-gravity corrections which seem to swap the energy hierarchy of the |32my states for small α
and therefore make hyperfine transitions on equatorial orbits impossible.
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FIG. 8.6: Evolution of a gravitational atom in the |322y-state with M0 “ 50Md

and αsat “ 0.3 as part of a binary with q “ 0.02 born at Ωini{π “ 10´4 Hz. These
parameters correspond to a boson mass of 2.9ˆ10´13 eV. Plotted is peak frequency
fGW. The initial eccentricity is eini “ 0.5 which is the highest initial value of the
population studied in Ch. 6. The plot on the left shows the cloud mass over initial
BH mass, Mc{M0, while the right hand side shows eccentricity e. The initial cloud
mass is found following Sec. 8.3 and assumes ãini “ 0.99. One can see that at low
frequency, the cloud loses some of its mass due to GW emission, because this small
increase in frequency takes the longest time. Later, the non-resonant mixing with
|300y kicks in, which reduces eccentricity compared to the evolution in vacuum, the
latter shown in dotted blue. At shortly before fGW “ 10´2 Hz, right in the center
of the LISA band, a k “ ´1 resonance to |31 ´ 1y happens, due to the already
diminished cloud mass only slightly increasing the eccentricity.
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Epilogue
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Chapter 9 Summary,

Conclusions and

Outlook

9.1 Summary

In this thesis, we have expanded gravitational atomic physics, referring to BH superradiance in

binaries, to include eccentric and inclined orbits. This system was often studied under the premise

that the orbits are circular and equatorial. This simplifying assumption makes the dynamics by

no means trivial – they contain the most important aspect of gravitational atomic physics, the

non-linear Landau-Zener-like transitions between the hydrogenic bound-states, leading to floating

and sinking orbits if the backreaction onto the orbit is strong enough. The system also gives rise

to transitions to unbound states, a process called ionization. However, the problem reduces the

five parameters that define Keplerian orbits of the companion around the gravitational atom to

one, the semi-major axis, or equivalently, the orbital frequency. It turned out to be missing several

important aspects.

In Part 2 of this thesis, we have shown that abandoning the assumption of circularity leads

to a whole new phenomenon: Early and late resonances, far from the main resonance where or-

bital frequency matches the energy difference of the cloud states. If the energy difference leads to

floating orbits, early resonances can grow a small eccentricity, depleted via GW emission during

the inspiral, towards a large fixed point. We have found analytical estimates for floating time,

eccentricity growth and final cloud population and confirmed with numerical examples in Ch. 5.

In all of this, we have incorporated for the first time the decay rate of the states involved in the

transition. In Ch. 6, we conducted a semi-analytic population study, using the estimates from Ch. 5

to show how the eccentricity distribution of a population of light mass black holes (M À 10Md)

can change drastically when each of the BBHs experiences their individual resonances. We find

that these resonances can shift a fraction of the population toward values of e Á 10´2 at 10´2 Hz,

which would be readily accessible to further observatories like LISA [7] or planned mid-band [11]

and decihertz [12] observatories. The observation of such GW signals would then provide evidence

for the existence of an ultralight particle of mass between 5 ˆ 10´13 and 2.5 ˆ 10´12 eV. Similar

results as in Ch. 5 and Ch. 6 can be drawn also for neutron star/BH binaries. The presence of
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a boson cloud would then again lead to larger-than-expected eccentricities, providing additional

evidence for the existence of a new ultralight particle.

Neglecting inclination can be justified for BBHs that were formed in isolation, leading to spins

parallel to the angular momentum. To encompass systems formed dynamically or via the common

envelope evolution, in Part 3 we have set up a consistent framework to govern the full dynamics

of the bosonic cloud and general orbits in a consistent way. From the perspective of the binary

companion, the gravitational atom is effectively an object characterized solely by its mass and

multipole moments, provided the companion is not inside the cloud. This regime can be accu-

rately described using the worldline Effective Field Theory framework. These multipole moments

provide an interacting Hamiltonian that determines the full dynamics of all orbital parameters via

Lagrange’s planetary equations. The multipole moments of the gravitational atom can be found

from the microphysics of the superradiant cloud. Because gravitational atoms are relatively simple

objects, we can enlarge our phase space and simultaneously study the coupled dynamics of the

orbit as well as the cloud.

We discussed where the balance equation approach used in all literature about superradiance in

binaries until now has its limits and which theoretical misconceptions were involved. We illustrated

how to obtain the same dynamics by balancing the orbital energy and angular momentum with the

energy and spin of the cloud, respectively, in the equatorial case. However, from this approach, it

is not straightforward to derive the non-Keplerian flow of χ and ϑ. Among others, it is not clearly

known how one could find results from the balance equations in the non-EMRI case or include

next-to-leading-order effects like a magnetic quadrupole. Our approach removes the conceptual

uncertainties.

We have analyzed the dynamics resulting from Lagrange’s equations Eq. (7.13)-Eq. (7.18)

in Ch. 8. For equatorial floating resonances, they agreed with the dynamics from the balance equa-

tions used in Part 2, while deriving mechanisms for resonance breaking as well as floating timescales

became straightforward and was in agreement with the literature. We then discussed the previ-

ously overlooked feature that the eccentric overtones also made it possible to experience floating

resonances to lower energetic states (∆ǫ ă 0) on counter-rotating orbits, which were thought to be

possible only on co-rotating orbits. Additionally, on counter-rotating orbits, these resonances have

no fixed-point feature, meaning that, in principle, their eccentricity can grow without bound. For

inclined orbits, we showed that in some parts of the parameter space, the dynamics are enriched

due to the appearance of “overlapping resonances”, meaning that several terms in the eccentricity

and inclination expanded Hamiltonian are active at once. This not only stabilizes orbits near the

counter-rotating configuration, but also makes it possible that the orbital companion experiences

floating due to the adiabaticity of one term in the expansion, while the eccentricity dynamics are

dominated by the backreaction of a different term during the floating.

By describing the cloud with variables on a “Bloch sphere”, we were able to integrate out the

internal dynamics of the cloud and reduce it to the total occupation number as degree of freedom.

This made it possible to study non-resonant mixing with strongly decaying states. This is an effect
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on long time scales, and integrating out the cloud degrees of freedom allowed to evolve the system in

the frequency-domain. We found that for large relative companion masses q ą 0.1, the non-resonant

mixing makes encountering fine resonances much harder due to the depletion of the cloud state

|322y by mixing with |300y. For the first time we have also included that mixing with decaying

states, that are almost all transitions in gravitational atomic physics, changes the LZ-transition

not only by loosing the cloud, but also because the decaying state is fed back into the BH, which

changes α and in turn shifts the resonance frequencies during the transition. Consequently, this

renders perfect floating to be an idealized effect. However, the imprints on the orbital parameters

remain significant.

9.2 Conclusions and Outlook

Recent publications on gravitational atomic physics had a tendency to present their results, typically

addressing interesting and previously unexplored aspects, as though they marked the closure of the

topic. This thesis takes a different stance: We argue that the field remains full of open questions

and opportunities for further exploration.

We developed a consistent tool-set to model the joint dynamics of the gravitational atom and

its binary companion. Now it is our task, as well as of the community, to study the resulting phe-

nomenology in more detail and to extend the theoretical framework. To underline our perspective,

we outline below a number of open problems, limitations of the work presented in this thesis and

possible directions for future research:

• The numerical simulations in the time domain still holds challenges and it would be an

important task to speed them up so that realistic parameters can be studied for (hyper)fine

transitions, that seem conceptually clean now.

• Contrary to (hyper)fine transitions, Bohr transitions on the other hand happen on short

dimensionless timescales, since they are closer to the merger, which would make them easier

to study numerically in that regard. However, the expansion Eq. (7.30) does ignore the

emission of the scalar to infinity, i.e. the effect of ionization [27, 153, 173]. The latter has

thus far been treated using the energy-momentum balance arguments and exclusively in the

q ! 1 limit. To study Bohr resonances, this must be included, since it can overcome radiation

reaction [154]. Also, inside the cloud, one has to account for the more complicated structure

of the overlap of states, which becomes especially involved for eccentric orbits, in which the

companion in principle could exit and re-enter the cloud on every orbit.

• The geometry of inclined orbits is complicated and we only showed results for simplified

regimes in which either the orbit or the gravitational atom stays (practically) aligned with

the reference frame. The intermediate regime would include to track two sets of Euler angles

and adjust the overlap accordingly.

• We have assumed that the spin of the central BH and the cloud stay aligned, because the

states of the cloud are a solution of the Laplacian in the frame of the BH, so we expect that
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the cloud adiabatically adjusts to movement of the BH, and vice versa. However, it is not

clear if changes in the spin of one of the constituents of the gravitational atom could be fast

enough to break adiabaticity such that cloud and BH get misaligned.

• In this work, we studied leading order effects, but it is straightforward to go further in the

worldline EFT approach by systematically including higher-order effects, spin-orbit interac-

tion [192], magnetic multipoles or tidally induced quadrupoles.

• Thus far, most of the literature has focused on superradiance based constraints in connection

with stellar-mass and supermassive BHs. However, it is generally expected that a wide

distribution of intermediate-mass BHs forms in dynamic environments, that will be probed

by LISA and the Einstein Telescope.

• While our results are independent of the question if the bosons in the superradiant cloud make

up the universe’s dark matter, studies could be extended to clouds formed from ultralight

scalar dark matter around the BHs [47, 203, 204].

• In the static limit, self-gravity of the cloud leads to the conservative shift of the energy levels

and the scalar wavefunction [89, 205]. Tentative arguments [162, 202] pointing out that the H

(but not F) resonances may be partially or completely disrupted by the self-gravity effects (in

parts of the parameter space). However, without a well-defined perturbative framework, one

can’t access the validity of such statements. Ultimately, this issue may be resolved numerically

in the extension of Ref. [205].

• Axion self-interactions will affect both the bound state spectrum as well as the superradiance

dynamics of the cloud growth [89, 92, 93]. In order to use superradiance in binaries to probe

fa ! MPl range of the axion parameter space, one needs to simultaneously track the dynamics

due to the orbital companion and the self-interactions. Although tedious, such a problem is

still tractable and solvable in a semi-analytic framework – which would work as a direct

“product” of the framework outlined in this work and the one presented in Refs. [89, 92].

• As noted in Ref. [169], if one takes the GW emission of the cloud by itself, this leads to the

gravitational atom losing mass and thus tending to outspiral, which can even overcome the

RR-driven inspiral in some corners of the parameter space. It would be interesting to study

if a hyperfine-resonance could be triggered during the outspiral, which would turn a floating

resonance into a resonance that even accelerates the outspiral, and could be called a breaching

orbit.

• As practical application on the observational side, GW studies could aim to detect the cloud

by modeling binary waveforms that incorporate large finite-size effects and quadrupoles [25,

26, 206] or even observables in the pulsar-GA binaries [207]. However for stellar-mass BHs, the

one-level atom scenario is not applicable. To take an extreme example, one needs a strong fine-

tuning (if possible at all) of the binary-cloud parameters in order for the cloud to survive to the
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later binary inspiral stage that LIGO is probing, so that the induced quadrupole deformation

(Love numbers) can be used to constraint the bosonic clouds as attempted in Ref. [208].
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Appendix A Spin Dynamics

The full resonance condition Eq. (7.32) contains 9χ and 9Υ, which in principle change during the

resonance according to Eq. (7.17) and Eq. (7.18) due to the dependence of HI on ι and e. In this

appendix, we are going to discuss how spin dynamics given by the worldline EFT approach give

rise to precession dynamics, and compare them to the precession dynamics predicted by Lagrange’s

equations.

The spin dynamics from Eq. (7.20) is given by

9Si
GA “ ǫipq

8
ÿ

l“1

M‹
l!
Q

xpAy
GA BxqAy

ˆ

1

R‹

˙

, (A.1)

“ ǫipq
8
ÿ

l“2

M‹p´1ql
Rl`1

‹

l
ÿ

m“´l

QGA

lm

„
ż

dΩ
k̂
Ylmpk̂qk̂p BPlpxq

Bx
ˇ

ˇ

ˇ

x“k̂¨R̂



R̂q ,

where ǫipq is the Levi-Civita symbol, Pl is the Legendre polynomial and we skip the details on the

derivation of the second line.

A.1 Precession Dynamics

One-level atom. We are going to first discuss the one-level atom setup (Sec. 7.3.2) as it will allow

us to analytically understand the role of precession and will generalize in a straightforward manner

in the multi-level scenario. Consider the S precession due to the coupling with a Q20 (Eq. (7.35)).

From Eq. (A.1), one can find, after adiabatic averaging

9S “ ΩQ ˆ̂̂ Sc , ΩQ ” 3M‹

2a3
?
1 ´ e2

3

c

4π

5
Q20

´

Ŝ ¨ L̂
¯ J

LS
, (A.2)

where J “ L ` S. The only allowable spin dynamics is precession. Radiation reaction makes the

system dissipative, 9J ‰ 0. Let us compare RR and the precession timescales by parameterizing

the orbital separation in terms of the “resonances” as a benchmark, i.e. Ω „ ∆ǫ, where ∆ǫ is given

by Eq. (7.33):

tRR

tQ
„ αp´2p´9q{3

p1 ` qq2{3
1 ´ e2

1 ` 7
8
e2
, tRR ” L{r 9LsRR . (A.3)
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Thus, on precession timescales one can take J « const, generically across the parameter space,

which further serves as a constant reference vector for tracking the evolution of the orbit and spin

dynamics n « Ĵ (cf. Sec. 7.2.2). From the flux balance of the total angular momentum it follows

9L “ ΩQ ˆ̂̂ L ` r 9LsRRL̂ . (A.4)

From Eq. (7.21), one can also find (and orbit average) the quadrupolar potential

xVQy20 “ 1

2

Ncη
paa|20q
00 paq

?
1 ´ e2

3

`

2 ´ 3 sin2 rι` =pJ ,Sqs
˘

, (A.5)

where =pJ ,Sq is the angle between J and S. As VQ depends only on principal elements, only

positional elements will exhibit a secular flow.I (compare to Eq. (7.13)-Eq. (7.18)). Going back

to Eq. (7.31), one finds that δǫa “ xVQy20 to leading order in the l-expansion. In other words, in

this scenario, tidal deformation acts as a conservative effect that manifests itself as the precession

of positional elements in the orbital sector and as energy shift δǫa and wavefunction corrections

δψa in the cloud sector.II

Other conservative PN contributions also lead to the precession of positional elements. Analo-

gously to the estimate in Eq. (A.3), one can show that on timescales of precession induced by the

spin-orbit (SO) coupling, one can still take J « const [209, 210]. There is an interplay between the

(progressive) PN suppression of V1PN, VSO, and VQ, respectively, and the finite-size enhancement

of Qc for α ! 1. Again parameterizing Ω „ ∆ǫ:

xV1PNy
HK

„ α2p{3
˜

3p1 ` qq2{3
?
1 ´ e2

´ 15 ` 29q ` 15q2

8p1 ` qq4{3

¸

, (A.6)

xVSOy
HK

„ αpS cos rι` =pJ ,Sqs
M2

p4 ` 3qq
1 ` q

1

2 p1 ´ e2q , (A.7)

xVQy20
HK

„ α4p{3´3 nc

p1 ` qq2{3
2 ´ 3 sin2 rι` =pJ ,Sqs

2
?
1 ´ e2

3

c

π

5
rIrIΩspaa|l0q , (A.8)

In the e ! 1, q À 1 limit, one finds that in the earlier stages of inspiral, p “ 5, 7, 1PN precession

effects parametrically dominate, respectively, VQ and VSO contributions, although the separation

in α between 1PN and VQ is small for p “ 5 regime. Meanwhile, in the later inspiral pp “ 3q, the

VQ contribution will overtake the 1PN effect.

Finally, note that the periastron precession originating from the 1PN potential is always of the

same sign, 9χ1PN ą 0, while the signs of 9χQ and 9χSO depend on the angular profile of the particular

state of the cloud.III

Ie.g. one can check that Eq. (7.18) leads to 9Υ “ ΩQ.
IINote also the difference: while in the orbital sector we can track the precession effects non-perturbatively, in the

cloud sector we are confined to the regime of validity of time-independent perturbation theory.
IIIAs VQ typically dominates VSO, allowing for spin on the companion would lead to a non-trivial difference from

the spin-eccentricity interplay in the pure BH-BH scenario [210].
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Two-level atom. In addition to the effects considered in Sec. 7.3.2, the m ‰ 0 terms from

Eq. Eq. (7.46) also contribute to the precession of the positional orbital elements. These precession

effects influence the position and duration of the resonance as ∆ǫ “ ´ 9Σg,k, where the non-Keplerian

flow of 9ϑ, together with t 9χ, 9Υu, competes with the orbital frequency Ω. Focusing on the apsidal

precession as the representative, the relative importance of these effects follows from estimates

Eq. (A.6) - Eq. (A.8):

9χ

Ω

ˇ

ˇ

ˇ

1PN
» α2p{3 3p1 ` qq2{3

1 ´ e2
, (A.9)

9χ

Ω

ˇ

ˇ

ˇ

Q
» α4p{3´3 nc

p1 ` qq2{3
1

p1 ´ e2q3
c

π

5

ÿ

m

pIrIΩqσ , (A.10)

where we ignored the SO contribution, which is always subdominant to the 1PN and VQ effects

(Sec. 7.3.2), and considered the equatorial limit in 9χQ for simplicity. The final term in 9χQ should

be calculated for all m multipoles and weighted by the relative occupancies of the states. From

the estimate above, it follows that for all resonances in the H{F regime, for q À 1 and e ă 1, this

correction is negligible. However, in the B regime, particularly in the innermost regions, precession

effects start influencing the position of the resonance, even more so for highly eccentric orbits.

Projected resonance. Precession effects on inclined orbits can also lead to the novel effect of

“projection” of the resonance from one regime to another. Namely, the resonant condition for the

g “ 0 overtone is set by ´m 9Υ “ ∆ǫ, but this overtone is triggered at parametrically larger orbital

frequencies compared to the other g ‰ 0 overtones, in order for 9Υ to reach the critical value due to

VQ and VSO interactions. Considering the dominant VQ contribution to the nodal precession, this

roughly allows for triggering H and F g “ 0 overtones in the region between F and B transitions.
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Appendix B Milanković Equations

Another method to find the equations of motion that only need the cloud’s energy, i.e., its averaged

Hamiltonian, is using Milanković equations [182, 211]. Typically, we are interested in tracking the

secular evolution over time scales " 2πΩ´1. Thus, the Lagrange’s equations can be averaged over

orbital time-scales. Alternatively, we can orbit-average the non-Keplerian Hamiltonian and use it

in the Lagrange’s equations [182, 192] as

xHIy2π{Ω “
ż 2π

0

dϑ
HI

Ω
, (B.1)

where we treat Eztϑu in HI as constant on orbital timescales. Successfully orbital averaging of HI

automatically implies that x 9ay “ 0 as the dependence on ϑ is lost, see Eq. (7.13). The presence of

a frequency higher than Ω will obstruct the orbital averaging. See [193–195, 212] for going beyond

the adiabatic approximation for the PN dynamics, especially relevant for e À 1 orbits. For an

averaged Hamiltonian, the Milanković equations now allow for the calculation of the fluxes of 9e

and 9L from HI “ VQ. These equations are

dj

dt
“ ´ 1

Λ

ˆ

j ˆ B
Bj xHIy ` e ˆ B

Be xHIy
˙

, (B.2)

de

dt
“ 1

Λ

ˆ

e ˆ B
Bj xHIy ` j ˆ B

Be xHIy
˙

, (B.3)

where

e “ e

¨

˚

˝

cosΥ cosχ´ cos ι cosΥ cosχ

sinΥ cosχ` cos ι cosΥ sinχ

sin ι sinχ

˛

‹

‚
, (B.4)

j “ p1 ´ e2q1{2

¨

˚

˝

sin ι sinΥ

´ sin ι sinΥ

sin ι

˛

‹

‚
(B.5)

Rewriting Eq. (B.2) in terms of the orbital elements with the help of Eq. (B.4) and simultaneously

rewriting the derivatives, gives rise to dynamical equations for orbital elements e,Υ, ι and χ.
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Appendix C Numerics

The form of the equations given in Eq. (7.47)-Eq. (7.49), as well as most of the parameter definitions

we give assume an expansion in eccentricity overtones e ! 1 using the Jacobi-Anger expansion

from Eq. (5.10). This overtone expansion is useful to identify the new tower of resonant transitions

and estimate their position and adiabaticity via ηg,k. Floating can lead to the growth of e towards

the fixed point e » 1{2 even if the pre-resonant eccentricity is small (see Sec. 8.2.2.1 and Ref. [1]),

thus invalidating the said approximation. Consequently, we will use the non-expanded form of the

mixing sector of VQ for the numerical results

VQ Ą qM
4π

2l ` 1

Mcr
l
c

Rl`1
Ylm

´π

2
, 0

¯

Ipba|lmq
r I

pba|lmq
Ω

a

1 ´ σ2 ˆ
l

ÿ

g“´l

dplq
mgpιq cos rδ ´ pgϕ‹ ` gχ`mΥqs . (C.1)

The mean anomaly ϑ is unsuitable to describe the orbital dynamics for arbitrary eccentricity,

because the true anomaly ϕ‹ that appears in Vq can only be expressed via ϑ in a series expansion in e.

To perform calculations with arbitrary eccentricity, we perform the variable change pϑ, eq Ñ pE, eq
in the Hamiltonian mechanics approach, where E is the eccentric anomaly, defined via Kepler’s

equation ϑ “ E ´ e sinE. This defines a Jacobian Ĝ1, that is applied to Eq. (7.12), giving a

new representation of Lagrange’s planetary equations via Ĝ1TM̂Ĝ1. The true anomaly ϕ‹ can be

expressed in terms of the eccentric anomaly E via trigonometric functions, see Sec. 5.2 for details.

This makes it possible to express Eq. (C.1) in terms of E and use this in Lagrange’s equations. In

this method, all the overtones will be active at once. we verified our results by comparing with

numerical as well as analytical results from the k-expanded equations where possible.

For equatorial and counter-rotating orbits, it is sufficient to pick the one term from Eq. (C.1)

which has a non-zero Wigner matrix. This makes the computations less computationally expensive.

For inclined orbits we will also use the full sum in Eq. (C.1) which can be simplified when l is fixed.

However, these simulations remain the most expensive.

We use the solve_ivp routine from the Python-package scipy [213]. As integration method we

mostly use Runge-Kutta-Fehlberg (RK45). We also made heavy use of the numpy-package [214].
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