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We show that emittance of fourth-generation 6 GeV machines such as PETRA IV is close to
what is theoretically achievable due to beam intensity limitations from space charge and intra-beam
scattering. Investigating these limitations, in particular their scaling with the bare lattice emittance
and the beam energy, we argue that achieving further significant emittance reduction and increase
in radiation brightness is only possible by increasing the beam energy. We outline the design and
technological challenges on the way to such improvement.

INTRODUCTION

The quest for higher photon beam brightness in light
sources to advance a wide spectrum of experimental tech-
niques ushered in the so-called fourth generation of low-
emittance ring design based on multi-bend achromat
(MBA) lattices [1]. Many of these machines have now
become operational or will be constructed in the near fu-
ture [2–5]. In this latest generation a number of collective
effects are encountered, that have not manifested them-
selves in the third-generation light sources. For both low-
energy and high-energy machines the intra-beam scatter-
ing (IBS) has a significant impact on equilibrium emit-
tance, requiring mitigation by higher-harmonic cavities
[6]. Additionally, the space charge (SC) tune shift can-
not be neglected anymore. For fourth-generation light
sources it exceeds the synchrotron tune and leads to a
variety of dynamic effects [7].
In this paper we investigate these effects and their pos-

sible implications on further improvement of brightness.
As analytical treatment of practical low-emittance lat-
tices appears impossible and a practical lattice design to
reach certain target parameters involves multiple trade-
offs, we study these limitations through a mixture of
analytical estimates and scaling of the hybrid six-bend
achromat (H6BA) lattice [8, 9], the latest concept in the
multibend achromats, on which, for instance, the design
of the PETRA IV facility is based. The scaled H6BA lat-
tice is sufficiently representative of what can be achieved
when pushing the multi-bend achromats towards further
compactness.
Our analysis shows that while the collective instabil-

ities are not expected to be an obstacle on the way to
lowering emittance, both space charge and IBS present
severe limitations that prevent a significant emittance re-
duction beyond what is currently achieved. The strategy
to mitigate those limitations is to increase the electron
beam energy.

NATURAL EMITTANCE SCALING

First, let us recall the well-known formulae for equilib-
rium beam parameters in electron storage rings [10], [11].
The natural rms emittance, energy spread and bunch
length are

ǫ0 = Cqγ
2
I5
jxI2

,

σ2

δ = Cqγ
2
I3
jzI2

,

σz =
αCc

ωs
σδ,

(1)

where Cq ≈ 3.8 × 10−13 m, αC is the momentum com-
paction factor, ωs the synchrotron frequency, c the speed
of light and γ the relativistic factor. The so-called radi-
ation integrals along the circumference are defined as

I2 =

∮

1

ρ2
ds,

I3 =

∮

1

|ρ|3 ds,

I4 =

∮

ηx
ρ

(

1

ρ2
+ 2k1

)

ds,

I5 =

∮ Hx

|ρ|3 ds,

(2)

whereHx = γxη
2

x+2αxηxηpx+βxη
2

px is the horizontal dis-
persion invariant. The partition numbers jx = 1− I4/I2,
jy = 1 and jz = 1+ I4/I2 are influenced primarily by fo-
cusing in the combined-function magnets and indicate
how the damping is shared between planes, with the
damping times τx,y,z and rates αx,y,z defined as

τx,y,z = α−1

x,y,z =
2

j x,y,z

E0

U0

T0, (3)

where T0 is the revolution period, E0 the beam energy
and

U0 =
Cγ

2π
E4

0
I2 (4)

is the energy loss per turn with Cγ ≈ 8.8 × 10−5 m /
GeV3.
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FIG. 5. Achievable emittances as a function of beam energy
and 6BA scaling for different couplings: κ = 0.01 (a), κ = 0.1
(b), and κ = 0.5 (c). Equilibrium emittance is defined by the
balance of SR, QE, and IBS. A factor 10 bunch lengthening by
a harmonic rf system is assumed. The hatched area denotes
the parameters space unavailable due to the space charge tune
spread. Bunch charge 1 nC.

Other effects

First, let us consider the Touschek lifetime, which de-
pends strongly on beam energy and momentum accep-
tance:

T−1

touschek ∝ 1

γ2δ3acc
(12)

FIG. 6. Achievable rms energy spreads as a function of beam
energy and 6BA scaling for different coupling ratios: κ = 0.01
(a), κ = 0.1 (b), and κ = 0.5 (c). Equilibrium energy spread
is defined by the balance of SR, QE, and IBS. A factor 10
bunch lengthening by a harmonic rf system is assumed. The
hatched area denotes the parameters space unavailable due to
the space charge tune spread. Bunch charge 1 nC.

In the state-of-the-art light sources, such as PETRA IV,
this lifetime may reach ∼ 100 hours. It will further in-
crease with beam energy. At the same time, while emit-
tance reduction might lead to a decrease in momentum
acceptance. For a practical lattice, the latter shall remain
significantly larger than the rms energy spread (Fig. 6).

For both single and multi-bunch instabilities the scal-
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FIG. 7. Achievable emittances as a function of beam energy
and 6BA scaling for different couplings: κ = 0.01 (a), κ =
0.1 (b), and κ = 0.5 (c). Equilibrium emittance is defined
by the balance of SR, QE, and IBS. Bunch stretching by a
harmonic rf system to 40 ps for across all cases is assumed.
The hatched area denotes the parameters space unavailable
due to the space charge tune spread. Bunch charge 1 nC.

ing of thresholds is usually inversely proportional to en-
ergy. For example, the single-bunch transverse instability
limit can be quantified by the TMCI threshold

Ith ∝ γωsσz
βx,yZT

, (13)

where ZT is the impedance sampled at harmonics of rev-

olution and synchrotron frequency. In practice this limit
is significantly increased with chromaticity, and does not
manifest itself unless operating the machine in a mode
with few high-charge bunches. At PETRA IV, for the
2 ns uniform bunch filling the single-bunch intensity is
roughly a factor 50 smaller than the threshold bunch
current. A similar scaling is valid for coupled-bunch in-
stabilities. In general though, coupled-bunch instabilities
are not limiting the machine performance when feedback
systems are employed.
Machine impedance is strongly dependent on choice

of apertures, and, in the case of rf, on the resonator
frequency and technology. The scaling of geometric
impedance is with the inverse second power of vacuum
chamber dimension b−2, whereas the resistive wall con-
tribution scales with the third power, b−3. The detailed
investigation of impedance goes beyond the present dis-
cussion. But both single- and coupled-bunch instability
scalings are such that the intensity thresholds generally
improve with beam energy and are not limiting the ma-
chine performance unless the impedance is drastically in-
creased, which can be a limitation in practice if pursuing
high gradient magnet and high-voltage rf through reduc-
ing the vacuum chamber dimensions and increasing the
rf frequency.

RADIATION BRIGHTNESS SCALING

A relevant figure of merit for the undulator radiation
is its peak brightness, commonly measured in units of
photons/s mm2mrad2(0.1% bandwidth ), which can be
approximated as

Bph.pk =
Fn

(2π)2σT,xσT,yσT,x′σT,y′

, (14)

where σT include the photon contribution to the effective
beam size, σT,x =

√

σ2
x + σ2

r and σT,x′ =
√

σ2

x′ + σ2

r′ and
similarly for the y-plane, σr =

√
λLu/4π. Let us assume

operating close to a diffraction limit, such that

ǫx ∼ ǫD =
λ

4π
(15)

Then one may assume that σx ∼ σr and σx′ ∼ σ′

r. So,
for the sake of an order of magnitude estimate we can
write the peak photon brightness as

Bph.pk ∼ 1

2πσxσy

∂2Fn

∂Θ∂ψ
∝ γ2I

ǫ2xκ
=

16π2γ2I

λ2κ
, (16)

where κ is a fixed transverse emittance coupling ratio
κ = ǫy/ǫx. Note that the ratio of bunch current to the
square of emittance I/ǫ2x ∝ B, which is fundamentally
limited by space charge tune shift, according to Eq. (6).
This means that the space charge tune shift poses a limit
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below about 10 pm unless the beam energy is raised.
This limitation of emittance naturally translates to the
photon brightness, where a significant improvement with-
out raising the beam energy is impossible. On the other
hand, increasing the energy from 6 to 16-18 GeV would
open a completely new field of opportunities, increasing
the brightness by more than two and the photon spectral
reach by one order of magnitude. Technological limi-
tations stand in the way of achieving this improvement
with the known multi-bend achromat lattice concepts,
and further R&D into design of low emittance lattices is
required.

The limitations are independent of the machine size.
However, smaller emittances are more accessible at larger
machines. This make photon science applications an ap-
pealing complementary option to the high energy physics
program at the Future Circular Collider complex [26].
There an emittance of about 1-2 pm could be reached
in the booster of 90 km circumference at 20 GeV with
standard technology before encountering intensity limi-
tations.
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Appendix A: Space charge tune shift approximation

for light sources

Consider a typical scenario of a machine operating with
flat beams, σy ≪ σx, then the largest tune shift occurs
in the vertical, y-plane. Further, assume that the ring is
designed with a low-emittance approach in mind and the
dispersion contributions to the beam size are, on average,

small. Then the beam size is mostly governed by its
emittance ǫ and one can substitute in Eq. (5) σx,y =
√

βx,yǫx,y, arriving at

∆νSC
y = − NreC

(2π)3/2γ3σz

〈

βy
√

βyǫy(
√
βxǫx +

√

βyǫy)

〉

.

(18)
Introducing the coupling ratio as κ = ǫy/ǫx the expres-
sion can be rewritten as

∆νSC
y = − NreC

(2π)3/2γ3σzǫxκ

〈 √
κ
√

βy/βx

(1 +
√
κ
√

βy/βx)

〉

, (19)

and for small κ the term in the brackets is approximately

〈 √
κ
√

βy/βx

(1 +
√
κ
√

βy/βx)

〉

≈
〈√

κ

√

βy
βx

(

1−
√
κ

√

βy
βx

)

〉

.

(20)
The last product of a type p× (1− p) is well-known. As
long as 0 < p < 1 it cannot exceed 1/4. Therefore, we
can replace the average with its upper limit, 1/4. With
this simplification the final estimate of the vertical tune
shift becomes

∆νSC
y ≈ − 1

4κ

NreC

(2π)3/2γ3σzǫx
. (21)

The formula above only applies to small coupling ratios
and has to be modified slightly for the case of κ ∼ 1 [16],
but the general scaling remains the same.
In order for the particle motion to be stable this tune

shift shall never cross an integer resonance. Consider-
ing that the light sources typically operate with their
fractional tunes below 0.5 one can assert |∆νSC

y | . 1/2.
Then introducing the peak beam brightness as B =
2I/π2ǫxǫy = 2I/π2ǫ2xκ, where I stands for the peak
bunch current, one then arrives at Eq. (7).


