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Gµν ≡ Rµν − 1
2
gµνR Rµν
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Tµν

a(t) k ∈ {−1, 0,+1}

k = 0

ds2 = dt2 − a2(t)
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Tν, ≃ 3 T ≃ 0.5 e+e−
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gµν

gµν = ηµν + hµν |hµν | ≪ 1 hµν
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
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∑
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i + · · · .

c
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T ∼ O(100 )

T = 1/β

Z[J ] =

∫
Dφ

{
iS[φ] + i

∫
d4xJ(x)φ(x)

}
,
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∫
d4xL(φ, ∂µφ) R

3,1

W [J ] = −i Z[J ] n

Z =
[
e−βĤ

]
,

T = 1/β F = −T Z

t → −itE e−βĤ

e−tEĤ tE = β

tE = 0 tE = β

R
4 −→ S1

β×R
3, tE ∈ [0, β] ,

S1
β β = 1/T T → 0



Z =

∫

φ(0,(x)=φ(β,(x)

Dφ {−SE[φ]} ,

SE[φ] =

∫ β

0

dtE

∫
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LE t → −itE

φ(0, #x) = φ(β, #x)
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φ(tE, #x) = T

∞∑

n=−∞

∫
d3k

(2π)3
φ̃(ωn,#k)e

iωntE+i(k(x ,

ωn =




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(2n+ 1)πT ,

n ∈ Z ,

∫
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(2π)4
−→ T

∑

n

∫
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(2π)3
.
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∆0
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1
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E,0 +
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kE,0 ωn

∆0(ωn,#k) =
1
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#k2 +m2
.

∆0(ωn,#k) =
1

#k2 +m2
n
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n ≡ ω2

n +m2 ,

mn n = 0 ω0 = 0 m0 = m

mn '=0 ∼ 2πnT



∆(ωn,#k)

∆−1(ωn,#k) = ω2
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#k2 +m2 +Π(ωn,#k) ,
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Π
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T = 0 T = 0

h



λh

Π
(λ)
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∑

n

∫
d3p

(2π)3
1
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n + #p2 +M2

h

,
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Π
(λ)
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∫
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(2π)3
nB(Ep)
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,

Ep =
√
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h nB(Ep) = 1/(eEp/T − 1)
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Π
(λ)
h ≃ 6λh

∫
d3p

(2π)3
nB(p)

p
,

∫
d3p

(2π)3
nB(p)

p
=

T 2

12
,

Π
(λ)
h

T≫Mh= 6λh

T 2

12
=

λhT
2

2
.

Πh(T ) =
1

48

(
24λh + 9g2 + 3g′ 2 + 12y2t

)
T 2 ,
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h,T (T ) = M2

h + Πh(T )



Γ[φ] V (φ, T )

V (φ, T ) φ T

J(x) W [J ] = −i Z[J ]

φc(x) ≡
δW [J ]

δJ(x)
= 〈φ(x)〉J

φ φc = δW/δJ J

φc

W [J ]

Γ[φc] = W [J ]−
∫

d4xJ(x)φc(x).

Γ[φc]

δΓ[φc(x)]

δφc(x)
= J(x).

J = 0

c φ



Γ V

Γ[φ] φ(x)

Γ[φ] =

∫
d4x

[
−V (φ) +

1

2
Z(φ)(∂µφ ∂

µφ) + · · ·
]
,

V (φ) Z(φ)

φ

V0(φ)

dV (φ)

dφ

∣∣∣∣
φ=φ

= 0,

Γ[φ] V (φ)

φ

η η

φ

S[φ+ η] = S[φ] +
1

2

∫
d4x η(x)

[
−∂2 −m2(φ)

]
η(x) +O(η3),

m2(φ) = d2V0(φ)/dφ
2

η

Γ1[φ] =
i

2

[
−∂2 −m2(φ)

]
.



V1(φ) =
1

2

∫
d4kE

(2π)4
[
k2
E +m2(φ)

]
,

ǫ = (4− d)/2

V1(φ) =
m4(φ)

64π2

[
−1

ǫ
+

m2(φ)
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− 3

2
+O(ǫ)

]
,

1/ǫ

µ

V0

V1 V2

V (φ) = V0(φ) + V1(φ) + V2(φ) + · · · .

V0(φ) = µ2
φφ

2/2+ λφφ
4/4

V1(φ) =
1

2

∫
d4kE
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[
k2
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φ + 3λφφ
2
]
=

∞∑
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1

2n

∫
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(2π)4

(
3λφφ

2

k2
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φ

)n

,
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ωn = 2πnT ωn = (2n+1)πT

ωn

V1(φ, T, µ) = V1(φ, µ)
T=0 + V1(φ, T )

T '=0,

V1(φ, T )
T '=0 =

T 4

2π2

∑

i

ni JB/F

(
m2

i (φ)

T 2

)
.

V
T '=0
1

JB(y
2) =

∫ ∞

0

dx x2
(
1− e−

√
x2+y2

)
,

JF (y
2) = −

∫ ∞

0

dx x2
(
1 + e−

√
x2+y2

)
,

J

JB

y2 = m2
i /T

2 ≪ 1 J

JB(y
2) ≈ −π4

45
+

π2

12
y2 − π

6
y3 +O(y4),

JF (y
2) ≈ −7π4

360
+

π2

24
y2 +O(y4).

JB ∝ y3 = (mi(φ)/T )
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V (φ, T, µ) = V0(φ) + V1(φ, µ)
T=0 + V1(φ, T )

T '=0.

µ

µ

µ

(
µ
∂

∂µ
− γφ

∂

∂φ
+ βi

∂

∂gi

)
V = 0 ,

dV /dµ = 0

gi

φ βi γ

O(h)

µ
∂

∂µ
V1 =

(
γ1φ

∂

∂φ
− βi,1

∂

∂gi

)
V0,

γ1 βi,1
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µ
∂

∂µ
−hγ1φ

∂

∂φ
+hβi,1

∂

∂gi

)
(V0 +hV1) = O(h2),
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µ

µ µ

µ
∂

∂µ
V (φ, µ , µ) = γφ

∂

∂φ
V (φ, µ , µ),

γ

V φ µ

φ

∂V /∂φ = 0

µ V

µ

J

ξ
∂

∂ξ
V (φ, ξ) = C(φ, ξ)

∂

∂φ
V (φ, ξ),



ξ

C(φ, ξ)

V

Γ[φ]

φ

ξ
∂

∂ξ
V (φ , ξ) = 0 .

∂φ

∂ξ
= C(φ , ξ) ,

φ

C(φ, ξ)

Tc

ξ
∂

∂ξ
V1 = C1(φ, ξ)

∂

∂φ
V0,

φ



φ0

h

h

h

V (φ) = V0(φ) +hV1(φ) +h2 V2(φ) +O(h3),

φ = φ0 +hφ1 +h2 φ2 +O(h3).

V ≡ V (φ )

= V0(φ0) +h

(
V1 + φ1

∂V0

∂φ

)
(φ0)

+h2

(
V2 + φ2

∂V0

∂φ
+ φ1

∂V1

∂φ
+

φ2
1

2

∂2V0

∂φ2

)
(φ0)

+O(h3).

L

V (φ ) = V0(φ0) +hV (1) + · · ·+hLV (L) +O(hL+1)



V (L)(φ0) =
∑

{pL}

1

PL!

(
L

p1 . . . pL

) L∏

k=1

φ
pk
k

×
L∑

n=0

(
∂PL

φ Vn

)
(φ0) δ

( L∑

m=1

m · pm, L− n
)

∑
{pL} =

∑L
p1=0

∑L−1
p2=0 · · ·

∑1
pL=0 PL =

∑L
j=1 pj δ(a, b) = δa,b

φ

dV (φ)

dφ

∣∣∣∣
φ=φ

= 0.

φL V (L)

φL

φL = ϕ(L;φL−1, . . . ,φ1),

φ0 V0(φ)

φL φLV
′
0

φL = − 1

V ′′
0

[
∑

{pL−1}

1

PL−1!

(
L

p1 . . . pL−1

) L−1∏

k=1

φ
pk
k

×
L∑

n=0

(
∂1+PL−1Vn

)
δ
( L−1∑

m=1

m · pm, L− n
)]

,

L − 1

φ1 =

(
− V ′

1

V ′′
0

)
(φ0),

φ2 =

(
− V ′

2

V ′′
0

+
V ′′
1 V

′
1

(V ′′
0 )

2
− V ′′′

0 (V ′
1)

2

2(V ′′
0 )

3

)
(φ0),



φL

φL

V ′
0(φ0) = 0

V = V0(φ0) +hV1(φ0) +h2

(
V2 −

(V ′
1)

2

2V ′′
0

)
(φ0)

+h3

(
V3 −

V ′
1V

′
2

V ′′
0

+
(V ′

1)
2V ′′

1

2(V ′′
0 )

2
− V ′′′

0 (V ′
1)

3

6(V ′′
0 )

3

)
(φ0) +O(h4).

h {1, 1, 2, 4, 11, 27, 68, 158 . . . }

V

∂V2

∂ξ
(φ0, ξ) =

(
V ′
1

V ′′
0

∂V ′
1

∂ξ
− 1

2

(
V ′
1

V ′′
0

)2
∂V ′′

0

∂ξ

)
(φ0, ξ).

L

VL

(L − 1)

n = 0, k = L

(pL = 1, p1 = . . . pL−1 = 0) pL = 0 n = L p1 = · · · = pL = 0

φLV
′
0(φ0) φ0

V (L)(φ0) =VL(φ0)

+
∑

{pL−1}

1

PL−1!

(
L

p1 . . . pL−1

) L−1∏

k=1

φ
pk
k

×
L−1∑

n=0

(
∂
PL−1

φ Vn

)
(φ0) δ

( L−1∑

m=1

m · pm, L− n
)
,



L

L → L+ 1

∂VL+1(φ0)

∂ξ
=− ∂

∂ξ

[
∑

{pL}

1

PL!

(
L+ 1

p1 . . . pL

) L∏

k=1

φ
pk
k

×
L∑

n=0

(
∂PL

φ Vn

)
(φ0) δ

( L∑

m=1

m · pm, L− n
)]

.

VL+1

φn≤L Vn≤L

h

(L+ 1) L

n

V (φ )

h

h

h

a



L = −
∑

a

1

2ξa1

(
∂µAa

µ + iξa2gat
a
ikφ̃iφk

)2

,

ga taik ξa1 ξa2 φ̃i

φk

ξa2 = 0

ξa1 /= 0

Rξ φ̃ = φ φ ξa1 = ξa2

φ = φ

Rξ φ̃ = φ φ

ξa1 = ξa2

φ

φ

Rξ

ξa1 = ξa2 = 0

ξa1 = ξa2 → ∞

ξa1 ξa2



ξa1 = ξa2 = 0

V0 ξ

βξ ∂V1/∂ξ

ξa1 ξa2

W± Z

G± G0

GW± = ∂µW±
µ ∓ iξW2

g

2
φ̃G±,

GZ = ∂µZµ − ξZ2
gZ

2
φ̃G0,

GA = ∂µAµ,

gZ =
√

g2 + g′2

L = − 1

ξW1
GW+GW− − 1

2ξZ1
G2
Z − 1

2ξA1
G2
A.

SU(2)L × U(1)Y

a

{W±, Z, A}
SU(2)L×U(1)Y {W 1,2,3, B} θW

M2
W =

g2φ2

4
,

M2
Z =

(g2 + g′2)φ2

4
,

φ



V = {W,Z}

M2
V±

=
1

2


M2

G + 2M2
V

φ̃

φ

√
ξV1 ξ

V
2 ±MG

√√√√M2
G − 4M2

V

(
ξV1 − φ̃

φ

√
ξV1 ξ

V
2

)
 ,

M2
cV

= M2
V

φ̃

φ

√
ξV1 ξ

V
2 ,

M2
G = µ2

h + λhφ
2 M2

cV
M2

V±

ξV1 = ξV ξV2 = 0

M2
V±

=
1

2

(
M2

G ±MG

√
M2

G − 4M2
V ξ

V
1

)
, M2

cV
= 0;

Rξ ξV1 = ξV2 = ξV , φ̃ = φ

M2
V+

= M2
G + ξVM2

V , M2
V−

= ξVM2
V , M2

cV
= ξVM2

V ;

Rξ ξV1 = ξV2 = ξV , φ̃ = φ

M2
V±

=
1

2

(
M2

G + 2M2
V ξ

V φ

φ
±MG

√
M2

G − 4M2
V ξ

V
φ− φ

φ

)
,

M2
cV

= ξVM2
V

φ

φ
;

ξV1 = ξV2 = 0

M2
V+

= M2
G, M2

V−
= 0, M2

cV
= 0.

Rξ

Rξ Rξ

Rξ



Rξ

φ

φ̃ = φ

φ

V (φ1)

V (φ2)

Rξ

φ̃ = φ

n

Γ[φ]

φ = φ

n

dnV (φ)

dφn

∣∣∣∣
φ=φ

= Γ(n)(p1 = · · · = pn = 0),

Γ(n) n

V

n φ = φ

Rξ

Rξ Rξ

Rξ Rξ

dV
R

ξ

1

dφ

∣∣∣∣∣∣
φ=φ

= =
dV

R
ξ

1

dφ

∣∣∣∣∣∣
φ=φ

,



Rξ Rξ

Rξ

d2V
R

ξ

1

dφ2

∣∣∣∣∣∣
φ=φ

=

∣∣∣∣∣
p2=0

/= d2V
R

ξ

1

dφ2

∣∣∣∣∣∣
φ=φ

,

Rξ

Rξ

φ = φ

V
R

ξ

1

d2V
R

ξ

1,{Z+,W+,Z−,W−,Z,W}
dφ2

∣∣∣∣∣
φ=φ

=

G±/G0

W∓/Z

+

G±/G0

G∓/G0

+

W±/Z

W∓/Z ∣∣∣∣∣
p2=0

.

V1

Rξ

V V1 Rξ



n

∂2
φV

R
ξ

1,{V+}

∂2
φV

R
ξ

1,{V−} φ → φ M2
G → 0

1/M2
G

V+ V−

δV+ = −δV−
=

1

4π2φ2

(ξVM
2
V )

3

M2
G

[
1−

(
ξVM

2
V

µ2

)]
.

(
d2V

R
ξ

1,{Z+,W+}
dφ2

+ δW+/Z+

)∣∣∣∣∣
φ=φ

=

G±/G0

W∓/Z

+

G±/G0

G∓/G0 ∣∣∣∣∣
p2=0

(
d2V

R
ξ

1,{Z−,W−,Z,W}
dφ2

+ δW−/Z−

)∣∣∣∣∣
φ=φ

=

W±/Z

W∓/Z ∣∣∣∣∣
p2=0

,

V
R

ξ

1,{Z−,W−,Z,W}

n

Rξ

Rξ



Rξ

Rξ

φ = 0

φ = v

γ

γ

V (q) q1



q2

V (q2) = V (q1)

q1

γ ∼
(
−2

∫ q2

q1

dq
√

2(V (q)− V (q1))

)
.

qb(tE) tE = it

SE[q] =

∫ +∞

−∞
dtE

[
1

2

(
dq

dtE

)2

+ V (q)

]
,

δSE[q] = 0

q(tE → ±∞) = q1 , q̇(tE = 0) = 0 ,

q1

qb(tE) = qb(−tE) q2 tE = 0

γ ∼ e−SE [qb]

t → −itE

V → −V

SE

φb

tE ∈ [−∞,∞]



φ φ

φ

B ≡ SE[φb]

γ = Ae−B ,

A

T = 0

tE −∞ +∞

O(4) ρ =
√

t2E + #x2

B

O(4) φb O(4)

O(4) S4

B ≡ S4[φb] = 2π2

∫ ∞

0

dρ ρ3

[
1

2

(
dφb

dρ

)2

+ V0(φb)− V0(φ )

]
,

V0(φ ) φb → φ

ρ → ∞

d2φb

dρ2
+

3

ρ

dφb

dρ
=

∂V0

∂φ
,

dφb

dρ

∣∣∣∣
ρ=0

= 0 , φb(ρ → ∞) = φ ,

δS4[φb] = 0

ρ = 0

φ0 ≡ φb(0)

φ φ0

φ



A

η = φ−φb S4[φb+η]

η

M ≡ −∂2
E + V ′′

0 (φ)

A =

(
S4

2π

)2 ∣∣∣∣
′ M[φb]

M[φ ]

∣∣∣∣
−1/2

,

′

M[φb]

zµ√
S4/2π (S4/2π)

2

γ

t = −itE tE = 0 φb(ρ)
∣∣
tE=0

= φb(|#x|)

t > 0

φ

T /= 0

β = 1/T



(#x, tE)
T = 0 O(4)

T β

R ≪ β O(4)
O(4)

T T β R

O(4)
S4 S3/T T β ≪ R

tE O(3)
e−S3/T

R

β

β ≫ R

O(4) S4

e−1/(TR)

β ∼ R

O(4)

S4 S3/T

β ≪ R tE

O(3)



BT =
S3[φb]

T
,

1/T

S3[φb] = 4π

∫ ∞

0

dr r2

[
1

2

(
dφb

dr

)2

+ V (φb, T )− V (φ , T )

]
,

V0(φ) → V (φ, T )

φb(r)

3/ρ → 2/r V0(φ) → V (φ, T )

T

T = 0

T ∼ 1/R

T ≫ 1/R O(3)

AT = A · A .

O(3)

MT ≡ −∇2 + V ′′(φb, T ) ,

A =

(
S3

2πT

)3/2 ∣∣∣∣
′ MT [φb]

MT [φ ]

∣∣∣∣
−1/2

.

tE √
S3/2πT (S3/2πT )

3/2



β = 1/T T

A

ω−

MT

φ0 = φb(0)

φ̇b(0) = 0 ρ φ0

φb(ρ → ∞) → φ

ρ → t V0 → −V0

−V0(φ) d −(d−1)φ̇/ρ

φ

ρ → 0

∼ (d − 1)φ̇/ρ

V0(φ ) ≈ V0(φ )



φb(ρ)

Vt(φ) ≡ V (φ)− φ̇2
b/2

d(V ′
t )

2 = (d− 1) (V ′V ′
t − 2(V − Vt)V

′′
t ) ,

φ d

Vt(φ ) = V (φ ) Vt(φ0) = V (φ0) φ0

Vt

Sd[φb] =
(d− 1)d−1(2π)d/2

Γ(d/2 + 1)

∫ φ0

φ

dφ
(V − Vt)

d/2

|V ′
t |d−1

,

V ′
t

φ



✷φ+ V ′(φ, T ) = F [φ] ,

V ′ ≡ ∂φV F [φ]

Lw ∼ m−1
h

φ z

m2
i (φ(z))

γw ≫ 1

i

δfi

V

δfi

Γi

F [φ] = −
∑

i

dm2
i (φ)

dφ

∫
d3p

(2π)3
1

2Ep

δfi(#p, #x) ,

i Ep =
√

#p2 +m2
i (φ)

δfi

p = −
∫
dzF [φ(z)]∂zφ(z)

η

F [φ] = −ηu · ∂φ,



uµ η

η = ζTc = .,

Tc ζ

η(φ, T ) = χ
φ
2

T
,

mi ∝ φ

ζ χ

vw

∆p = p ,

∆p ≡ V (φ , T ) − V (φ , T ) > 0

p ∼ T 4

∆p

−∂2
zφ+ V ′(φ, T ) = F [φ] ,

z→−∞
φ = φ ,

z→+∞
φ = φ ,

vw φ(z)



vw cs

vJ cs = 1/
√
3

vw < cs

vw ≥ vJ

vJ

cs < vw < vJ

vw

V

φ(z) vw



g λ ∼ g2

ΠT ∼ g2T 2

m2
T = m2 + ΠT ≈ 0 m2 ∼ ΠT ∼ g2T 2

T ≫ mi

mi

g ≪ 1

k ∼ πT

ωn = 2πnT n /= 0

ωn = (2n+1)πT

k ∼ gT

A0 mD ∼ gT



∼ T/k ∼ 1/g ≫ 1

k ∼ g2T

g2T

O(g6)

E

T g2

g2 −→ g2 nB(E, T ) =
g2

eE/T − 1

E≪T≈ g2T

E
.

E ∼ πT g2/π

E ∼ gT g2T/(gT ) = g

E ∼ g2T g2T/(g2T ) = O(1)

g

m2
T = m2 +ΠT

m2
T

m2
T ∼ g3T 2 k ∼ g3/2T

g2T ≪ g3/2T ≪ gT ≪ πT





N ω0 = 0

N ωn '=0 ∝ T

λ ∼ g2

VN ∝ g2N

[
T

∫
d3p

(2π)3
1

(
#p 2 +m2

)N

][
T
∑

n '=0

∫
d3k

(2π)3
1

ω2
n +

#k 2

]N

,

T 2

T
∑

n '=0

∫
d3k

(2π)3
1

ω2
n +

#k 2
≈ T 2

12
,

T
∫
d3p/(2π)3 (#p 2 +m2)−N ∼ m3−2NT N

VN ∝ m3T

(
g2T 2

m2

)N
(
= m3T

(
ΠT (T )

m2

)N
)
.

g2T 2/m2 ∼ 1

N ≥ 2

m2 → 0

m2 −→ m̄2(T ) ≡ m2 + ΠT (T ) ,

ΠT (T ) ∼ g2T 2

m̄3T

O(g2)

O(g3)





∼ T (m2(φ) +ΠT (T ))
3/2

φ3

µ T = 0

O(g4)

m2 ∼ g2T 2

ΠTφ
2 ∼ g2T 2φ2 ,

µ
d

dµ
ΠTφ

2 ∼ g4T 2φ2 ,

1/(4π)2

m2φ2

ΠT

O(g4)

O(g4)

m2 ∼ ΠT ∼ g2T 2



g

V

h

φ0

h φ0

ΠT ∼ g2T 2

φ0 h

ΠT

h

BT

V0 → V (φ, T )

V

V (φ, T )



φ

∼ 1/mφ

V V0 φ

V AT

V

mφ

k ∼ πT

∼ mφ

Ai A0

mD ∼ gT



µ ∼ πT

µ ∼ mD ∼ gT

(πT/mφ) (πT/mD)

g

V

h

(m/πT )n



ωn = 0

pi ≪ πT

n

G4D
n

(
{pi};ωn = 0

)∣∣∣
µ∼πT

= G3D
n

(
{pi}

)
.

g

m2
3D =

O(g2)︷ ︸︸ ︷
m2 + g2T 2 + g2m2

O(g4)︷ ︸︸ ︷
+ g4T 2 +O(g6) ,

λ3D =

O(g2)︷︸︸︷
λT +

O(g4)︷ ︸︸ ︷
g4T +O(g6) ,

g23D =

O(g2)︷︸︸︷
g2T +

O(g4)︷ ︸︸ ︷
g4T +O(g6) .

m2 ∼ g2T 2 λ ∼ g2

gn O(gn)

ΠT ∼ g2T 2

m2
3D



T

p ≪ µ

V (φ, T ) ≃ TV 3D(φ3D)
∣∣
φ3D≃φ/

√
T
,

V

V 3D

φ3D = φ/
√
T



O(g3)

O(g4)

V 3D

V (φ, T )

φ
(i)

p(i)(T ) = −V
(
φ
(i)

, T
)
.

V 3D

T

p(i)(T ) = −TV 3D
(
φ
(i)

)
,



ρ = −p+ T∂p/∂T

ρ(i)(T ) = V
(
φ
(i)

, T
)
− T

∂V

∂T

(
φ
(i)

, T
)
,

V = TV 3D

ρ(i)(T ) = −T 2dV
3D

dT

(
φ
(i)

)
.

∆p(T ) ≡ p( )(T )− p( )(T ) = V (φ , T )− V (φ , T ) .

∆X ≡ X( ) −X( ) X

Tc

p( )(Tc) = p( )(Tc) ⇐⇒ ∆p(Tc) = 0 .

Tc

Tc

Tn < Tc

Lc

Lc = ∆ρ
∣∣
Tc

= Tc

d∆p

dT

∣∣∣∣
Tc

= −Tc

d∆V

dT

∣∣∣∣
Tc

,

∆V ≡ −∆p Lc



Tn Tc

γ(T ) ≪ H4(T )

∫ Tc

Tn

dT

T

γ(T )

H(T )4
≈ 1 ,

H2 = ρ /(3M̄2 ) ρ = (π2/30) g∗T
4 S3(T )/T

Tn

S3(Tn)

Tn

≈ 141 +

(
AT

T 4

)
− 4

(
Tn

100

)
−

(
β/H

100

)
,

AT

Tc ≫ Tn

Tc

Tp Tn

Tp ≤ Tn

≈ 34

4π

3
H(Tp)

3

∫ Tc

Tp

dT

T

γ(T )

H(T )4
R(Tp, T )

3 ≈ 0.34 ,

R(Tp, T ) = vw(1−T/Tp)/H(T ) Tp

T Pf (Tp) = e−0.34 ≈ 71

S3(Tp)

Tp

≈ 131 +

(
AT

T 4

)
− 4

(
Tp

100

)
− 4

(
β/H

100

)
+ 3 vw .



Tp Tn

Tp

α α

Tp

α =
∆θ

ρ

∣∣∣∣
Tp

, ∆θ = ∆V − T

4

d∆V

dT
,

∆θ ≡ (∆ρ − 3∆p)/4

α =
1

ρ

(
3T

4
∆V 3D − T 2

4

d∆V 3D

dT

) ∣∣∣∣
Tp

,

∆V 3D ≡ V 3D(φ ) − V 3D(φ ) α

β/H

β

H
= T

d

dT

(
S3

T

) ∣∣∣∣
Tp

.

β/H

β/H

R∗ ≈
(8π)1/3

β
ṽ , ṽ ≡ (vw, cs) ,

ṽ

vw > cs vw < cs

cs R∗

ξ

ξ(T ) ≡ φ (T )

T
,



φ (T )

ξn ≡ φ (Tn)

Tn

! 1 .

ξ

V

(α, β/H, Tp, vw)

Ω (f)h2 f Ω , h2

(α, β/H, Tp, vw)



vw → 1 γw → ∞
α

α " O(1)

α " 0.1

Ω (f)h2 ≈ Ω , h2

(
f

f

)3
(

7

4 + 3
(
f/f

)2

)7/2

,



∝ f 3 f ≪ f ∝ f−4 f ≫ f

f ≈ 26µ × 1

H∗R∗

(
T∗

100

)( g∗
100

)1/6
,

R∗ g∗

T∗

T∗ = Tp(1 + α)1/4 ≈ Tp α

Ω , h2 ≈ 4.1× 10−7 R∗H∗

(
1− 1√

1 + 2τ H∗

)(
κ α

1 + α

)2 (
100

g∗

)1/3

,

τ ≈ R∗/Ūf

Ūf ≈
√

3ακ /4(1 + α)

κ

α vw

κ (α) ≈ α

0.73 + 0.083
√
α + α

,

vw ≃ 1



(α, β/H, T∗)

g2T

τ κ

vw

O(1)



mh/T

mh/T

ǫ



T

SU(2)L U(1)Y

g′3

L3D =
1

4
W I

rsW
I
rs + (DrΦ)

†(DrΦ) +m2
3|Φ|2 + λ3|Φ|4 + cφ6 |Φ|6

+ cφ8 |Φ|8 + cφ2W 2 |Φ|2W I
rsW

I
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(1)

φ4D2 |Φ|2#|Φ|2 + c
(2)
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†DrΦ)
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φ4D2 |Φ|2(DrΦ)
†DrΦ

+
1

2
(DrW

I
0 )(DrW

I
0 ) +

1

2
m2
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I
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I
0 + λW 4

0
(W I
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I
0 )
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0
|Φ|2W I
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I
0

+ cW 6
0
(W I

0W
I
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3 + cφ2W 4
0
|Φ|2(W I
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I
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2

+ c
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0
|Φ|4(W I
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I
0 ) + c
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φ4W 2
0
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0W
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+ c
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0
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I
0 ) + c
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+ c
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0D
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I
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I
0 ) + c
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2ǫ
IJK(Φ†σIi
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J
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2
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2ǫ
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0 Φ

†σKΦ+ · · · ,
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W SU(2)L g3 W0

|Φ|2(Φ†σIΦ)W I
0

W0



g g ≪ 1

g̃ Λ ! T

m2
3 ∼ µ2

h + g2T 2,

λ3 ∼ λhT + c̄φ6T 3,

g23 ∼ g2T,

cφ6 ∼ T 2c̄φ6 ∼ g̃4
T 2

Λ2
,
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Tc h

O(g4)

ξ = 0

Tc

ξ

ξ

n φ
(n)

n

∂

∂φ
(V0 + V1 + · · ·+ Vn)|φ(n) = 0 .



ξ
∂

∂ξ
(V0 + V1 + . . . )

∣∣∣∣
φ
(n)

= C(φ, ξ)
∂

∂φ
(Vn+1 + Vn+2 + . . . )

∣∣∣∣
φ
(n)

.

n

ξ
∂

∂ξ
(V0 + V1 + · · ·+ Vn)

∣∣∣∣
φ
(n)

=

(
C(φ, ξ)

∂

∂φ
− ∂

∂ξ

)
(Vn+1 + Vn+2 + . . . )

∣∣∣∣
φ
(n)

= O(hn+1) .

hn+1

Tc

h Tc

h

h

˜ O(g4)

Tc Lc Tc Lc

ξ = 0

ξ

h

φh φs



ms = 100 λs = 1 λhs ∈ [1, 1.3]
ξ ∈ [−10, 10] Rξ

h

V (φh, ,φs, ) = V0(φh,0,φs,0) +hV1(φh,0,φs,0)

+h2

(
V2 −

1

2

1

(∂2
φh
V0)(∂2

φs
V0)− (∂φh

∂φs
V0)2

[
(∂2

φs
V0) (∂φh

V1)
2

+ (∂2
φh
V0) (∂φs

V1)
2 − 2(∂φh

∂φs
V0) (∂φh

V1) (∂φs
V1)

])∣∣∣∣∣
φh,0,φs,0

+O(h3) ,

φh = φh,0 φs = φs,0

˜
h

h

˜
Tc h

Lc/T
4
c ∼ 2.5 4



Rξ

Tc

Tc

Rξ

ξ ∈ [−10, 10] Rξ φ̃

φh,0 ξ ∈ [0, 10]

h

ξ

Rξ Rξ



Rξ

ξ ξ ∈ [−10, 10]

Rξ φ̃ φh,0

ξ ξ ∈ [0, 10]

ξ ∈ [−10, 10]

Tc

Rξ

ξ

Rξ

Rξ φ̃ = φh,0

φh,0

φh → −φh

Rξ +φh −φh

ξ φs = 0 φh < 0

(φ ,s /= 0,φ ,h = 0) (φ ,s = 0,φ ,h /= 0)

φ ,h < 0 φ̃ = φh,0 > 0

Rξ ξ

ξ ∈ [0, 10]

φ ,h > 0 T = 0

h Rξ

h

Tc h

h

ξ = 0 ξ Rξ

Rξ



h

ξ

h

h

h

ξ

φh,

φs,

Rξ

λhs = λs = 1,ms = 100 T = Tc ξ ! 7

T Rξ

φh, = 0 T

h

T

Tp β/H α

˜

˜



Tp

β/H α

ms = 100 ,λs = 1,λhs ∈ [1, 1.2] Rξ

ξ ∈ [−10, 10]

Tc Lc



α " 0.1



ms = 85 λs = λhs = 1

µ = πT µ = v ˜

˜

˜
˜



ξ ∈ [−10, 10]
ms = 85 λs = λhs = 1 Rξ

O(g2) O(g4)

Tc

O(g4)

O(g4)

ξ



Rξ

ξ ∈ [−10, 10]

ξ = 0

˜

vw

vw vw



ms = 85 λs = λhs = 1

vw ≃ 0.7

vw

(ms,λhs)

ms

λs λhs ms λs

λhs

ms λhs λs = 1



(ms,λhs) λs = 1

˜

φ ,h(Tc)/Tc < 0.5

T = 0

φ ,h(Tc)/Tc ≥ 0.5

Ω , h2

ms

ms

ms

4π

λhs(µ = πT ) < 8π λs(µ = πT ) < 8π/3





mZ

λhs λs

λs

λs λs

λs

λhs λhs

λs

R
µ
Ω =

Ω (µ = 2µ0)

Ω (µ = µ0/2)
,

µ0 v ˜ πT

R
µ
Ω ,

µ = 2µ0 µ = µ0/2





˜

R
ξ
Ω

˜

˜

=

√

T
∫ ∞

−∞

(
Ω (f)h2

Ω (f)h2

)2

f,

Ω (f)h2

T = 4 ! 1

ms = 100

λhs

O(10)

! 10



ms = 100 λs = 1
λhs ∈ [1, 1.2]

˜

˜
µ = πT

µ = v ˜
˜

Tc

˜
λhs

λs = 1

(ms,λhs)

> 10−4



λs = 1
= 102

> 10−4

> 1

ms λs λhs

> 1

ms

λhs

mh,s/(πT ) ! 1



O(g6)

V 3D
0 ⊃ ch6(Φ†Φ)3 + ch4s2(Φ

†Φ)2|S|2 + ch2s4Φ
†Φ|S|4 + cs6 |S|6,

ch6 =
ζ(3)

6144π4

(
3g′6 + 9g′4g2 + 9g′2g4 + 9g6 + 2

(
−336y6t + λ3

hs + 960λ3
h

))
,

ch4s2 =
ζ(3)

512π4
λhs

(
λhs(λs + λhs) + 12λhsλh + 48λ2

h

)
,

ch2s4 =
ζ(3)

1024π4
λhs

(
5λ2

s + 6λsλhs + 2λhs(λhs + 6λh)
)
,

cs6 =
ζ(3)

1536π4

(
7λ3

s + λ3
hs

)
.

1/2

Tc





α(Tp)
Ω

R 6
α =

α[3D, 6]

α[3D, 4]
R 6

Ω =
Ω [3D, 6]

Ω [3D, 4]
.

(ms,λhs)

R 6
α

α ≪ 1 α

α Ω ,

T



˜

˜

Rξ



h

h

h

ms λhs λs

ms " 500

˜
˜



O(g4)

h

T

Tc " 80

α

T



h

Rξ







mh ∼ g2T ≪ T g

g ≪ 1

Lw ∼ m−1
h ≫ T−1

L ∼ T−1

m2 → m2 + g2T 2, g2 → g2 + g4 T, . . .

η

φ̈ = #∇2φ−H ′(φ, θ)− ηu · ∂φ,

uµ H(φ, θ)

V (φ) H (φ, θ)

θ

φ φ̂ φ = φ + φ̂
〈
φ̂
〉
= 0

〈
φ
〉
= φ

L ∼ (g2T )−1



φ̈ = #∇2φ−H ′(φ, θ)− ηu · ∂φ+ ζ(#x, t),

ζ(#x, t)

〈ζ(x)ζ(x′)〉 = 2ηT δ(4)(x− x′), 〈ζ(x)〉 = 0.

V ′ = m2φ, H = 0

u0 = 1

φ̈ = −E2φ− ηφ̇+ ζ(#k, t),

E2 = #k2 +m2.

φp(#k, t) =
1

ω

∫ t

0

dseη/2(s−t)
(ω
2
(s− t)

)
ζ(#k, s),

ω2 = 4(#k2 +m2)− η2,

4(#k2 +m2)− η2 > 0

t ≫ η−1

〈
φ(#k, t)φ(#k′, t)

〉
= δ(3)(#k + #k′)

T

(#k2 +m2)
.

φ̇ = 0 z



z = ±∞

= −∂2
zφ0(z) + V ′(φ0(z)) + ω0∂zφ0(z) = 0,

z→∞
φ0(z) = φ ,

z→−∞
φ0(z) = φ ,

ω0 ≡ ηγwvw

ω0 vw φ0(z)

η V ′(φ)

gΩ(z)

φ0(z) → φ0(z) + gφ1(z), ω0 → ω0 + gω1.

O(g)

=
(
−∂2

z + ω0∂z + V ′′(φ0(z)
)
φ1(z) + Ω(φ0(z), z) + ω1∂zφ0(z).

(
−∂2

z + ω0∂z + V ′′(φ0(z)
)

φ1(z)

φ1(z) = −
∫

dz′G0(z, z
′)
[
Ω(φ0(z

′), z′) + ω1∂z′φ0(z
′)
]
.

φ
′
0(z)

ω1 = −
∫
dz′∂z′φ0(z

′)e−ω0z
′

Ω(φ0(z
′), z′)∫

dz′(∂z′φ0(z
′))2e−ω0z′

,

φ1(z) → φ1(z)e
zω0/2



φ̂

L̂H φ̂ =
(
−∂2

z − #∇2
⊥ + ω0∂z + V ′′(φ0(z)

)
φ̂,

ω0 = ηγwvw |
φ̂ → e−ω0/2zφ̂

L̂H →
(
−∂2

z − #∇2
⊥ +W (z)

)
, W (z) ≡ V ′′(φ0(z)) +

ω2
0

4
.

G(#x, #y) =
〈
φ̂(#x, t)φ̂(#y, t)

〉

L̂HG(#x, #y) = δ3(#x− #y).

W (z).



L̂H

G(#x, #y) =

∫
dk

∑

m

eim(φ−φ′)Jm(kρ)Jm(kρ
′)Gk(z, z

′),

Gk(z, z
′)

(∂2
z − k2 −W (z))Gk(z, z

′) = −2δ(z − z′).

k

z < z′ z > z′

z = z′

G<
k G>

k

z → −∞ : G<
k ∼

[
z
√

k2 +W (−∞)
]
, G>

k ∼
[
−z

√
k2 +W (−∞)

]
,

z → ∞ : G<
k ∼

[
−z

√
k2 +W (∞)

]
, G>

k ∼
[
z
√

k2 +W (∞)
]
.

G<
k = A<(z′)Tk(z)Ψ

<(z), G>
k = A>(z′)Hk(z)Ψ

>(z),

Ψ
</>(z) =

[
±
∫ z

0

√
k2 +W (s) + F (s)ds

]
.

z < z′ z > z′

T ′′
k + 2

√
k2 +W (z) + F (z)T ′

k +
W ′(z) + F ′(z)

2
√
k2 +W (z) + F (z)

Tk + F (z)Tk = 0

T ′
k(−∞) = 0 Tk(−∞) = 1,

H ′′
k − 2

√
k2 +W (z) + F (z)H ′

k +
W ′(z) + F ′(z)

2
√
k2 +W (z) + F (z)

Hk + F (z)Hk = 0

H ′
k(∞) = 0 Hk(∞) = 1.



F (z) F (z) +W (z) ≥ 0

z F (z) → 0 z → ±∞
F (z)

Tk(z) Hk(z) z = z′

Gk(z, z
′) =

[√
k2 +W (∞)Tk(∞)

]−1

[θ(z − z′)Tk(z
′)Ψ<(z′)Hk(z)Ψ

>(z)

+θ(z′ − z)Tk(z)Ψ
<(z)Hk(z

′)Ψ>(z′)]

G(#x, #x) =
1

4π

∫ ∞

0

dkkGk(z, z).

k

4πG(#x, #x) =

∫ ∞

0

dkkGk (z, z)

︸ ︷︷ ︸

+

∫ 1

0

dkk
[
Gk(z, z)−Gk (z, z)

]

︸ ︷︷ ︸
+

∫ k

1

dkk
[
Gk(z, z)−Gk (z, z)

]

︸ ︷︷ ︸

+

∫ ∞

k

dkk
[
Gk(z, z)−Gk (z, z)

]

︸ ︷︷ ︸
+

∫ ∞

1

dkk
[
Gk (z, z)−Gk (z, z)

]

︸ ︷︷ ︸

Gk m2 = W (∞)

−W (∞)1/2

4π

k

k

k = 1 k → 0



W (z) = V ′′(φ0(z)) +
ω2
0

4
∂zφ0(z)e

−zω0/2

Gk(z, z
′) =

2

k2

∂zφ0(z)e
−zω0/2∂z′φ0(z

′)e−z′ω0/2

Nφ

+ . . . ,

Nφ =

∫
ds∂sφ0(s)

2e−sω0

k

k

0 = − 2

Nφ

∂zφ0(z)
2e−zω0

∫
dkk−1 = − 2

Nφ

∂zφ0(z)
2e−zω0

[∫ k

0

+

∫ ∞

k

]
dkk−1.

k

2
Nφ

∂zφ0(z)
2e−zω0 k

W (z) = φ0(z)
−1V ′(φ0(z)) +

ω2
0

4
e−zω0/2φ0(z)

k

G
</>
k

∂2
zΦk = A2(z)Φk,

A2(z) = k2 +W (z).



k ≫ W (z) z W (z)

Φk = (ǫ−1S0 + S1 + ǫS2 . . .),

∂z → ǫ∂z W (z)

S0(z) = ±
∫ z

0

dsA(s),

S1(z) = −1

2
|A(z)|+

S2(z) =

∫
ds

2AA′′ − 3(A′)2

8A3

G
</>
k k

G
</>
k ≈ ±

[
kz ± 1

2k

∫
dsW (s)

]
+

∣∣∣∣1−
1

4k2
W (z)

∣∣∣∣ .

Ψ
</>(z) =

[
±
∫ z

0

√
k2 +W (s)ds

]
≈

[
±kz ± 1

2k

∫ z

0

dsW (s)

]
.

Tk

Hk

Tk ≈ 1− W (z)−W (−∞)

4k2
,

Hk ≈ 1− W (z)−W (∞)

4k2
.

∂2
z ≪ M2(z)

[
−∂2

z − #∇2
⊥ +W (z)

]
G(#x, #x′) = δ3(#x− #x′).



#x′ = #x + #y G ∂z

G(#x, #x) = − 1

4π

√
W (z) +

1

512πW (z)5/2
(∂zW (z))2 − 1

328πW (z)3/2
∂2
zW (z)

+
105

32768π2W (z)11/2
(∂zW (z))4 − 77

12288π2W (z)9/2
(∂zW (z))2 ∂2

zW (z)

+
3

2048π2W (z)7/2
(
∂2
zW (z)

)2
+

1

512π2W (z)7/2
∂zW (z)∂3

zW (z)

+
9

2560π2W (z)5/2
∂4
zW (z) . . . .

∂2
z/W (z)

φ̈ = #∇2φ− ηφ̇− V ′(φ)− 1

2
GHV

′′′(φ)− 1

2
Gθiθj

∂2H ′ (φ, θ)

∂θi∂θj

∣∣∣∣
θ=0

+ . . . ,

θ φ

Gθiθj = 〈θiθj〉

Ω(φ(z), z) =
1

2
GH(z, z)V

′′′(φ(z)) +
1

2
Gθiθj(z, z)

∂2H ′ (φ(z), θ)

∂θi∂θj

∣∣∣∣
θ=0

.

φ



V (φ) =
1

2
yφ2 − 1

6
φ3 +

1

4
xφ4,

x, y

φb =
√
1−16xy+1

4x

φs = 0

φ0(z) =
φb

2

(
1 +

(
z

Lw

))
,

Lw =

√
−8xy+

√
1−16xy−1
x

y
,

ω0 =

(
−24xy +

√
1− 16xy + 1

)√
−8xy+

√
1−16xy−1
x

32xy
.

η−1

G(z) = −
√

W (z)

4π
W (z)



x = 0.01 x = 0.05
x = 0.5

[
√
W (z)]

W (z)

y = ynucl

x Sb(x, y = ynucl) ≈ 130

ω = ηvwγw

Ω(φ(z), z) = 1
2
GH(z)V

′′′(φ(z))

x ≈ 0.24



ω = ηvwγw
η = 1





ψ

H(φ,ψ) = V (φ) +
1

2
g2ψφ

2ψ2, V (φ) =
1

2
m2φ2 +

1

4
λφ4

ψ

g2ψφ
2 ≫ V ′′(φ) ∼ m2.

ψ

V (φ) → V (φ)− 1

12π
(g2ψφ

2)3/2.

φ ≈ 0

φ ≫ 0

ψ φ ≈ 0

ψ

−g2ψφ(z)
1
4π

(
Wψ(φ)

)1/2

ψ

Ω(φ(z), z) =
1

2
GH(z, z)V

′′′(φ(z)) + g2ψφ(z)

(
Gψψ(z, z)−

[
− 1

4π

(
Wψ(φ(z))

)1/2
])

,

V (φ) = V (φ)− 1

12π
(Wψ(φ))

3/2
, Wψ = g2ψφ

2 +
η2ψγ

2
wv

2
w

4
.

ηψ Wψ

ψ Gψψ(z, z)

z → −∞



Gψψ(z) λ = 0.01 gψ = 1
λ = 0.05 gψ = 1 λ = 0.1 gψ = 1

ψ ηψ = 0

(ηψγwvw)
2 ∼ m2/λ

vw → 1

z→±∞

ψ

φ ≈ 0



L̂H φ̂ =
(
−∂2

z − #∇2
⊥ + ω0(z)∂z + V ′′(φ0(z))

)
φ̂,

z ω0

ω0(z) φ̂

φ̂ → e−
1
2

∫ z

0 ω0(s)dsφ̂

L̂H →
(
−∂2

z − #∇2
⊥ + V ′′(φ0(z)) +

ω2
0

4
− 1

2
∂zω0(z)

)
.

W (z) = V ′′(φ0(z))+
ω2
0

4
−1

2
∂zω0(z)

e−
1
2

∫ z

0 ω0(s)ds∂zφ0(z)

e−
∫ z

0 ω0(s)ds∂zφ0(z)

e−zω0(z)∂zφ0(z)

∂2
zφ(z) + V ′(φ, θ) + F (φ, ∂zφ, θ) = 0,

θ

φ = φ+ φ̂

∂2
z φ̂(z) + δφ [V

′(φ, θ) + F (φ, ∂zφ, θ)]φ=φ φ̂(z) = 0.

F F



φ φ φ

θ

∂zφ

∂θ/∂φ

wvwγ
2
w = ,

1

2
(∂zφ)

2 − V + wv2wγ
2
w = ,

w = 4
3
aT 4 − T∂TV

vw T φ̂

δv =
1

aT 4γ2
wvw︸ ︷︷ ︸

=aw

[
V ′(φ0)φ̂− ∂zφ0∂zφ̂

]
, δT = − v2w + 1

4aT 3v2w︸ ︷︷ ︸
=bw

[
V ′(φ0)φ̂− ∂zφ0∂zφ̂

]

L̂H φ̂ =
(
−∂2

z − #∇2
⊥ + ω0∂z + V ′′(φ0)

)
φ̂+

[
aw∂vwω0∂zφ0 + bw∂TV

′(φ0)
]
φ̂

−
[
aw∂vwω0∂zφ0 + bw∂TV

′(φ0)
]
∂zφ̂.

T (z), vw(z), φ̂(z) φ



[
−#∇2δθiθj + ωθiθj(z)∂z +M2

θiθj
(z)

]
Gθiθj(#x− #y) = δθiθjδ

3(#x− #y),

θi, θj ωθiθj(z) M2(z)θiθj

Gθiθj →
{
e

1
2

∫ z

0 ωGe−
1
2

∫ z′

0 ω
}
θiθj

.

[
−#∇2δθiθj +Wθiθj(z)

]
Gθiθj(#x− #y) = δθiθjδ

3(#x− #y),

Wθiθj(z) = e−
1
2

∫ z

0 ω

[
M2

θiθj
(z) +

1

4
ω2
θiθj

− 1

2
∂zωθiθj

]
e

1
2

∫ z

0 ω.

Wθiθj(−∞) z = 0

Wθiθj(∞) z = ∞





h



˜

˜

h

α







Φ Wi W0

I−1
2 δZφ = 4c

(2)

φ2W 2
0D

2g
2
3 + 2cφ2W 2g23 + c

(1)

φ4D2

(
5g23 − 8λ3

)

+ c
(2)

φ4D2

(
−3

2
g23 + 2λ3

)
− 2c

(1)

φ2W 2
0D

2λφ2W 2
0
,

I−1
2 δZW0 = c

(1)

φ2W 2
0D

2

(
−6g23 +

16

3
λφ2W 2

0

)
+

16

3
c
(2)

φ2W 2
0D

2g
2
3 ,

I−1
2 δZW =

28

3
cφ2W 2g23 ,

I−1
2 δm2

3 = −39

16
g43 − 9g23λ3 + 12λ2

3 − 12g23λφ2W 2
0
+ 6λ2

φ2W 2
0

+m2
3

[
−18cφ2W 2g23 + c

(1)

φ4D2

(
−9g23 + 24λ3

)

+ c
(2)

φ4D2

(
3

2
g23 − 6λ3

)
+ 6c

(1)

φ2W 2
0D

2λφ2W 2
0

]

+m2
D

[
−24cφ2W 2g23 + c

(1)

φ2W 2
0D

2

(
12g23 − 12λφ2W 2

0

)
− 12c

(2)

φ2W 2
0D

2g
2
3

]
,

I−1
2 δm2

D = g43 − 6g23λφ2W 2
0
+ 8λ2

φ2W 2
0
− 80g23λW 4

0
+ 160λ2

W 4
0
− 16c

(2)

φ2W 2
0D

2g
2
3m

2
3 ,

I−1
2 δλ3 = cφ2W 2
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+ λ
2,

s2B2
0 ,3D

+ 3λ2,

s2W 2
0 ,3D

.

λ
h2G2

0,3D
λ
h2W 2

0 ,3D
λ
h2B2

0 ,3D
λ
h2W0B0,3D

λ
s2W 2

0 ,3D
λ
s2B2

0 ,3D

m2
D O(g6)

β3D
µ2
h,3D

=
5

16
g′43D − 51

16
g43D +

9

8
g′23Dg

2
3D

− 3λh,3D

(
g′23D + 3g23D

)
+ 12λ2

h,3D +
1

4
λ2
hs,3D ,

β3D
µ2
s,3D

= −λhs,3D

(
g′23D + 3g23D

)
+ λ2

s,3D + λ2
hs,3D .



#∇2
xG(#x, #y) = −δ(3)(#x− #y).

G(#x, #y) =
1

4π |#x− #y| ,

z

#∇2 = ∂2
z + ρ−1∂ρ(ρ∂ρ) + ρ−2∂2

φ,

δ(3)(#x− #y) =
4π

ρ
δ(ρ− ρ′)δ(φ− φ′)δ(z − z′) ,

z

2πδ(φ− φ′) =
m=∞∑

m=−∞
eim(φ−φ′),

1

ρ
δ(ρ− ρ′) =

∫ ∞

0

dkkJ0(kρ)J0(kρ
′).

ρ−1∂ρ(ρ∂ρ) + ρ−2∂2
φ

k2



G(#x, #y) =

∫
dkk

∑

m

Gk(z, z
′)eim(φ−φ′)Jm(kρ)Jm(kρ

′) ,

k2

m k

Gk

(∂2
z − k2)Gk = −2δ(z − z′)

z < z′ z > z′

G<
k = A<(z′)ezk +B<(z′)e−zk,

G>
k = A>(z′)ezk +B>(z′)e−zk.

z → ±∞ B<(z′) = A>(z′) = 0

z = z′

z = z′

A<(z′)ez
′k = B>(z′)e−z′k,

kA<(z′)ez
′k − kB>(z′)e−z′k = −2.

k

Gk = k−1e−k|z−z′|.

Gk



G(#x, #y) =

∫
dk

∑

m

eim(φ−φ′)Jm(kρ)Jm(kρ
′)e−k|z−z′| =

1

4π |#x− #y| ,

∑

m

eim(φ−φ′)Jm(kρ)Jm(kρ
′) =

1

4π
J0(wk),

w2 = ρ2+ ρ′2− 2ρρ′ (φ−φ′)

∫ ∞

0

dkJ0(wk)e
−k|z−z′| =

1

|#x− #y| .

[
#∇2

x −m2
]
G(#x, #y) = −δ(3)(#x− #y).

G(#x, #y) =
1

4π

∫
dk

k√
k2 +m2

J0(wk)e
−
√
k2+m2|z−z′| =

e−rm

4πr
,

r = |#x− #y|

#x → #y r → 0

d = 3 − 2ǫ

G(#x, #y) =

(
(γE)µ2

4π

)ǫ (
m
r

) 1
2
−ǫ

K 1
2
−ǫ(mr)

(2π)
3
2
−ǫ

.

r

G(#x, #x) =
eγǫm1−2ǫµ2ǫ

Γ
(
ǫ− 1

2

)

8π3/2
=
ǫ→0

−m

4π
+O (ǫ) .



d = 3− 2ǫ

G(#x, #y) =

∫
dk

J−ǫ(kw)

(
2ǫ−2πǫ−1w3/2

(
w
k

)− 3
2
+ǫ

e
|z−z′|

(
−
√
k2+m2

))

√
k (k2 +m2)

,

w → 0 z → z′

G(#x, #x) =

∫
dk

22ǫ−2πǫ−1k1−2ǫ

Γ (1− ǫ)
√
k2 +m2

=
ǫ→0

∫
dk

k

4π
√
k2 +m2

.
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k k ≤ k k ≥ k
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