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Abstract

Score-based diffusion models have recently been

extended to infinite-dimensional function spaces,

with uses such as inverse problems arising from

partial differential equations. In the Bayesian for-

mulation of inverse problems, the aim is to sam-

ple from a posterior distribution over functions

obtained by conditioning a prior on noisy observa-

tions. While diffusion models provide expressive

priors in function space, the theory of condition-

ing them to sample from the posterior remains

open. We address this, assuming that either the

prior lies in the Cameron-Martin space, or is abso-

lutely continuous with respect to a Gaussian mea-

sure. We prove that the models can be conditioned

using an infinite-dimensional extension of Doob’s

h-transform, and that the conditional score decom-

poses into an unconditional score and a guidance

term. As the guidance term is intractable, we pro-

pose a simulation-free score matching objective

(called Supervised Guidance Training) enabling

efficient and stable posterior sampling. We il-

lustrate the theory with numerical examples on

Bayesian inverse problems in function spaces. In

summary, our work offers the first function-space

method for fine-tuning trained diffusion models

to accurately sample from a posterior.

1. Introduction

Inverse problems, which aim to infer unknown parameters

from observations, are ubiquitous in science and engineer-

ing. These problems are typically ill-posed, meaning that

the solution may be unstable in the presence of noise, and

multiple parameters may map to the same observed state.

The Bayesian framework offers a principled solution by tar-
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geting a posterior distribution conditioned on data rather

than a single point estimate (Stuart, 2010). Frequently,

these problems originate from partial differential equations

(PDEs), where the unknown parameters exist in function

spaces. This means that the target probability measures are

inherently infinite-dimensional.

While score-based diffusion models (SDMs) have recently

been extended to infinite dimensions (Franzese et al., 2023;

Pidstrigach et al., 2024; Lim et al., 2025; Franzese &

Michiardi, 2025), conditioning such models to sample from

posterior distributions remains an open problem. In finite-

dimensional settings, conditioning is often achieved via

Doob’s h-transform (Rogers & Williams, 2000; Zhao et al.,

2025), where the conditional score decomposes into an un-

conditional score and a guidance term (Dhariwal & Nichol,

2021; Chung et al., 2023). Various methods have been pro-

posed to approximate this typically intractable guidance

term, ranging from heuristic approximations (Chung et al.,

2023; Yu et al., 2023; Finzi et al., 2023) to learning the term

directly (Denker et al., 2024; Zhang et al., 2023). Some of

these methods have been extended to infinite-dimensional

SDMs. Baldassari et al. (2023) propose a framework to

train a conditional infinite-dimensional SDM to directly es-

timate the posterior distribution. FunDPS (Yao et al., 2025)

extends DPS (Chung et al., 2023) to infinite dimensions in

the case where the data is contained in the Cameron-Martin

space of the Wiener process.

Lifting these results into infinite dimensions is not straight-

forward. For example, Lebesgue densities do not exist, so

score functions must be designed without referring to densi-

ties. Furthermore, the definition of conditional scores relies

on transition operators of the forward and reverse stochas-

tic differential equations (SDEs) being differentiable; this

does not always hold in infinite dimensions. We must also

contend with issues arising from the Feldman-Hájek theo-

rem: shifting Gaussian measures by an element not in their

Cameron-Martin space leads to mutually singular measures.

This means we cannot rely on the existence of densities

between the data and the measure induced by the Wiener

process of the SDE.

At the same time, if we ignore the infinite-dimensional set-

ting by discretising the data immediately, it is unclear how

good the approximation is and whether the solutions will be-
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have as the resolution of the discretisation is increased. Prior

work has shown applying finite-dimensional architectures

to higher resolutions often degrades in performance, see

the discussion in Appendix C.4. By treating the theory in

infinite dimensions and only discretising in the last step, we

can better understand the errors induced by discretisation.

Moreover, we unlock alternative and more flexible options

in terms of discretisation, training and loss functions. This

results in a more general resolution-invariant framework for

conditioning infinite-dimensional SDMs.

Contributions In this work, we develop a principled

framework for conditioning diffusion models in function

space using an infinite-dimensional version of Doob’s h-

transform. We prove the existence of the conditional dif-

fusion process under two general settings: (1) the prior

distribution lies in the Cameron-Martin space of the Wiener

process used in the diffusion process, or (2) the prior is

absolutely continuous with respect to a Gaussian measure.

Further, we prove a decomposition of the conditional score

term into the unconditional score term and a guidance term.

We introduce Supervised Guidance Training, an algorithm

for learning the typically intractable guidance term. This

approach is based on a denoising score matching loss and

thus avoids the computational overhead of simulation-based

training regimes. Further, we explore connections between

our framework, stochastic optimal control, and Tweedie-

based approximations, where we prove the approximation

in FunDPS (Yao et al., 2025) with less restrictive assump-

tions. Finally, we validate our method on Bayesian inverse

problems, demonstrating that explicitly learning the infinite-

dimensional guidance term yields superior accuracy com-

pared to heuristic baselines.

2. Background and Setup

2.1. Bayesian Inverse Problems

A major motivation for our work is Bayesian inverse prob-

lems in function spaces (Stuart, 2010; Dashti & Stuart,

2017). Consider a measurable forward operatorG : H → Y
for two Hilbert spaces H and Y and assume that we have

access to observations of the form y = G(f) + η, where f
is the parameter to be identified and η ∈ Y denotes observa-

tion noise. We place a prior measure π on f ∈ H and model

the observation noise with a measure π0 on Y such that f
and η are independent. The conditional random variable

y|f then has a measure πf , which is given as π0 translated

by G(f). We assume πf ≪ π0 for f π-almost surely and

for some potential Φ : H× Y → R, write the likelihood as

dπf

dπ0
(y) = exp(−Φ(f, y)). (1)

By the infinite-dimensional Bayes theorem (Theorem 14 in

Dashti & Stuart (2017)), the posterior satisfies πy ≪ π for

almost every y and for ξ = Ef∼π[exp(−Φ(f, y))]

dπy

dπ
(f) =

1

ξ
exp(−Φ(f, y)). (2)

This framework supports Bayesian inference for PDE-based

inverse problems in their natural function-space setting.

In many applications, the noise distribution can be se-

lected or calibrated from prior experimental data, while

the prior must be modelled to encode structural informa-

tion about f . In this work, we construct this prior using an

infinite-dimensional diffusion model, enabling a data-driven

representation of the underlying function space.

2.2. Conditioning in Finite Dimensions

We start by conditioning SDMs in the finite-dimensional

setting, with state space Rd. Let xt be the forward process,

satisfying an SDE with drift f(t, x) and diffusion g(t), such

that x0 ∼ πdata. Denote by pt(x) the marginal density of

xt. Letting t̃ := T − t and wt be a Wiener process, the

time-reversal of the forward SDE satisfies

dzt =
[

f(t̃, zt)+g
2(t̃)∇z log pt̃(zt)

]

dt+ g(t̃)dwt, (3)

with z0 ∼ Law(xT ) ≈ N (0, Cπdata
), see Song et al. (2021).

To solve an inverse problem given observations y, we seek

to sample from the posterior distribution p0(x0|y). This

requires conditioning the reverse process zt on y, which can

be achieved using Doob’s h-transform (Rogers & Williams,

2000). In particular, conditioning zt is equivalent to adding

a guidance term ∇z log h(t̃, zt), scaled by g(t̃)2, to the drift

of zt, which forces the trajectory towards the observations y.

In finite dimensions, the optimal guidance is defined with

h(t, xt) ∝ E[p(y | x0) | xt] = p(y | xt). (4)

Using Bayes’ rule, the guidance decomposes into two terms,

∇x log p(y | xt) = ∇x log p(xt | y)−∇x log pt(xt). (5)

The first term corresponds to the conditional score, whereas

the second term is learned by the unconditional diffusion

model. Many approaches aim to approximate the expecta-

tion in (4) and thus the guidance term (Chung et al., 2023;

Rout et al., 2024). As an alternative, some approaches learn

the guidance term (Denker et al., 2024) or the conditional

score directly (Batzolis et al., 2021). Extending these con-

cepts to function spaces requires careful treatment of the

underlying measures, as Lebesgue densities do not exist

and the score decomposition in (5) must be justified via the

h-transform in Hilbert spaces.
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2.3. Infinite-dimensional Score-Based Diffusion Models

Various formulations for infinite-dimensional diffusion mod-

els have been explored, see e.g. Franzese et al. (2023); Lim

et al. (2025); Hagemann et al. (2025); Pieper-Sethmacher

& Paulin (2026) or Pidstrigach et al. (2024). We follow

Pidstrigach et al. (2024), which allows for a general setup,

including the case where the data distribution is not sup-

ported on the Cameron-Martin space of the Wiener process.

Suppose we have a data distribution π that is supported on

a Hilbert space H. Let C be a trace-class covariance oper-

ator and WH the cylindrical Wiener process associated to

H. Then we define an infinite-dimensional forward SDE

starting from the prior data distribution π

dXt = −1

2
Xtdt+

√
CdWH

t , X0 ∼ π, (6)

for which the marginal distribution of Xt will converge to

the stationary distribution N (0, C) as t→ ∞.

Remark 2.1. For notational ease, we will consider SDEs of

the form (6). However, the arguments in this paper and by

Pidstrigach et al. (2024) also apply to the commonly used

variance-preserving SDE formulation.

In this setting, the time-reversal Zt := XT−t satisfies

dZt =

[

1

2
Zt + s(T − t, Zt)

]

dt+
√
CdWH

t , (7)

where Z0 starts from noise, Z0 ∼ Law(XT ) ≈ N (0, C),
and the score s(t, x) is defined as

s(t, x) := −αt

(

x− e−
t
2E[X0|Xt = x]

)

, (8)

with αt := (1− e−t)
−1

. In finite dimensions, this is equiv-

alent to the standard score-based diffusion models, with

s(t, x) = ∇x log pt(x) (see (3)).

We consider the the infinite-dimensional process in (7) as

the unconditional SDE, which samples from a prior π. The

goal of this paper is to show that, under suitable assump-

tions, (7) can be conditioned to sample from the posterior

distribution πy .

Recently, Baldassari et al. (2023) studied the conditional

sampling problem but with a different approach. Rather

than assuming access to the unconditional score s(t, x),
they directly define a conditional score

sy(t, x) := −αt

(

x− e−
t
2E[X0|Xt = x, Y = y]

)

, (9)

where as before, we use αt := (1− e−t)
−1

. They show

that replacing s(t, x) by sy(t, x) in (7) leads to a conditional

reverse SDE that samples from πy and establish conditions

under which this SDE is well-posed.

3. Conditioning via Doob’s h-Transform

Instead of learning the conditional score directly, we instead

aim to condition the reverse SDE (7). Similar to the finite-

dimensional framework, we prove that we can do this by

adding an additional term, given by Doob’s h-transform,

to the drift of the reverse SDE. We prove this under two

commonly used settings:

Setting 1. The support of the prior π is contained in a ball

of radius R in the Cameron-Martin space of C, with C the

covariance of the diffusion model SDE in (6);

Setting 2. The prior is absolutely continuous with respect

to a Gaussian distribution, dπ
dN (0,Cπ)

(u) = 1
χ exp(−Ψ(u)),

for some covariance operator Cπ. Moreover, we ask that

E0 ≤ Ψ(u) ≤ E1 + E2‖u‖2 and that ∇Ψ is Lipschitz

continuous. We also make the assumption that Φ is also

differentiable with ∇Φ continuous.

The first setting is studied by Yao et al. (2025), whereas the

second is the main setting of Baldassari et al. (2023). For

both settings, the time-reversed SDE has a strong solution,

by Theorem 12 and Theorem 13 by Pidstrigach et al. (2024).

To illuminate these two settings, suppose the prior is Gaus-

sian, π = N (0, Cπ). Then the support of N (0, Cπ) is not

contained in the Cameron-Martin space of Cπ . For Setting 1

we would thus need to choose C such that its Cameron-

Martin space is large enough to contain the support of

N (0, Cπ). Alternatively, we can work in Setting 2, and

set C = Cπ in the diffusion model (6). Since the distance

to the target measure π is given partly by the Wasserstein-2-

distance of N (0, C) to π (Pidstrigach et al., 2024), choos-

ing C = Cπ will minimise the approximation error. On

the other hand, if we do not have much information about

the form of π such as whether it has density with respect

to a Gaussian, then indeed it makes sense to use Setting 1,

and just ensure that the Cameron-Martin space of C is big

enough to contain the support of π.

We will be using an infinite-dimensional Doob’s h-

transform (Baker et al., 2024; Pieper-Sethmacher et al.,

2025) to condition the time-reversed SDE in (7). For this,

we identify an appropriate function h and then show that

this is the correct transform, in that if we sample from the

conditioned SDE we sample from πy . Finally, we show that

the resulting score decomposes into the (already) learned

score and a guidance term. With this setup, we define the

h-transform

hy(t, x) := ξ−1EP[exp(−Φ(X0, y)) | Xt = x] , (10)

for ξ = Eu∼P[exp(−Φ(u, y))] and Φ the potential from (1).

Theorem 3.1. Let P be the path measure of the uncondi-

tional time-reversal Zt in (7), with hy as in (10). We assume

either Setting 1 or Setting 2. Then the regular conditional

3
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probability P(· | Y = y), denoted as Py , satisfies

dPy = hy(T, ZT )dP. (11)

Moreover, the conditional process of Zt given Y = y, which

we denote by Zy
t , satisfies

dZy
t = b(t, Zy

t )dt+
√
CdWt, Z

y
0 ∼ Law(XT ), (12)

b(t, z) :=
1

2
z + s(T − t, z) + C∇ log hy(T − t, z), (13)

where ∇ log hy(t, z) is the Riesz representation of the

Fréchet derivative of the logarithm of h with respect to z.

Proof. The idea is to apply the results of the infinite-

dimensional Doob’s h-transform in Baker et al. (2024). The

main result to show is that hy is differentiable. In Setting 2

this comes from differentiability of Φ, whereas in Setting 1,

this comes from an application of the Cameron-Martin theo-

rem. See Section A.1 for details.

Theorem 3.1 shows that hy in (10) is the correct transform

for sampling from the posterior πy . In the finite-dimensional

framework, we can split the posterior score into two terms:

one learned by the unconditional score model, and the sec-

ond a guidance term, see (5). In the next Theorem, we show

that this decomposition also holds in infinite dimensions. In

particular, the conditional score from Baldassari et al. (2023)

can be written as sy(t, x) = s(t, x) + C∇ log hy(t, x).

Theorem 3.2. Assume either Setting 1 or Setting 2. Then,

setting βt =
e−

t
2

1−e−t , we may decompose C∇ log h(t, x) as

C∇ log hy(t, x) = sy(t, x)− s(t, x) (14)

= βt (E[X0 | Xt = x, Y = y]− E[X0 | Xt = x]) . (15)

Therefore, letting Zy
0 ∼ Law(XT ), then Zy

t satisfies

dZy
t =

1

2
Zy
t dt+ sy(T − t, Zy

t )dt+
√
CdWH

t . (16)

For a proof see Section A.2. These two Theorems show

that in order to condition the reverse SDE (7), we require

access to the guidance term C∇ log hy(t, x). However, as

the h-transform (10) is intractable, due to its dependence on

the full transition law of the infinite-dimensional process, it

is not readily applicable and we require approximations.

4. Approximating the Guidance Term

We will study different ways of estimating and approxi-

mating the guidance term C∇ log hy. First, we discuss

the known connection to stochastic optimal control (SOC),

which leads to a simulation-based loss function. Then, we

derive a training-free approximation based on an infinite-

dimensional Tweedie approximation. Finally, we will dis-

cuss our simulation-free training framework in Section 4.3.

4.1. Stochastic Optimal Control

One can make use of SOC (Fabbri et al., 2017) to describe

the guidance term, see e.g. Park et al. (2024) for diffusion

bridges in function spaces. For this, let Qu be the path

measure induced by

dZu
t = (b(t, Zu

t ) + Cu(t, Zu
t ))dt+

√
CdWQu

t , (17)

where b(t, z) is the drift of the reverse SDE (7). We have

that Qu∗

is equal to the conditional path measure Py if u∗

minimises the following SOC loss

J (u) = EQu

[

Φ(Zu
T , y) +

1

2

∫ T

0

‖
√
Cut‖2Hdt

]

, (18)

see Appendix B for details. We can actually use J (u) as

an objective to learn the guidance term. Here, the main ad-

vantage is that J (u) does not rely on ground truth data and

only requires access to the terminal cost Φ. However, the

objective is inherently simulation-based. Evaluating the loss

requires sampling trajectories from the path measure Qu

induced by the current control. Consequently, the gradient

with respect to the control must be estimated through the

sampling process, typically via path-wise estimators such as

REINFORCE (Williams, 1992). These estimators can have

a high variance and are particularly sensitive to the terminal

cost Φ. In early stages of training, when the control is poorly

initialised, sampled trajectories may fail to reach informa-

tive regions of Φ, which can result in flat or noisy gradient

signals. For finite-dimensional diffusion models alternatives

objectives have been proposed, see, e.g. (Domingo-Enrich

et al., 2025; Denker et al., 2024; Han et al., 2025; Uehara

et al., 2024; Pidstrigach et al., 2025), but we are not aware

of any extensions to infinite dimensions.

4.2. Infinite-Dimensional Tweedie Approximation

Many finite-dimensional posterior sampling methods rely

on heuristic approximation to the guidance term, see e.g.

DPS (Chung et al., 2023). Recently, FunDPS (Yao et al.,

2025) extended DPS to infinite-dimensional diffusion mod-

els. However, they only work in the more restrictive Set-

ting 1. Here, we show that it also holds in Setting 2, where

we only require absolute continuity with respect to a Gaus-

sian measure. This generalises the applicability of FunDPS

to a broader class of infinite-dimensional diffusion models.

Central to the approximation is the ability to estimate clean

data X0 from the noisy state Xt. In finite dimensions,

Tweedie’s formula provides a link between the score func-

tion and the posterior mean (Vincent, 2011; Efron, 2011).

Based on the definition of the infinite-dimensional score in

(8), an analogue holds in our Hilbert space setting.

Proposition 4.1 (Infinite-dimensional Tweedie Estimate).

Let s(t, x) be the score function defined in (8). The condi-

4
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Algorithm 1 Supervised Guidance Training (SGT)

Require: Covariance operator C, pre-trained score model

sθ(t, z), loss weighting, training data {X(i), Y (i)}Ni=1,

batch size B, guidance function uφ
1: while Metrics not good enough do

2: Subsample {x(i)0 , y(i)}Bi=1 from {X(i), Y (i)}Ni=1

3: ǫ(i) ∼ N (0, I)
4: ti ∼ U([0, T ])
5: σti =

√
1− e−ti

6: x
(i)
t = e−1/2tix

(i)
0 + σtiC

1/2ǫ(i)

7: ŝ
(i)
θ = stopgrad(sθ(x

(i)
t , ti))

8: û
(i)
φ = uφ(x

(i)
t , y(i), ti)

9: r(i) = (ŝ
(i)
θ + û

(i)
φ ) + σ−1

ti C1/2ǫ(i)

10: L(φ)=
∑B

i=1 ‖C−1/2r(i)‖22 {evaluate loss (23)}
11: Gradient step with ∇φL(φ)
12: end while

tional expectation of the initial state given the noisy state at

time t, is given exactly by

E[X0 | Xt = x] = e
t
2

(

x+ (1−e−t)s(t, x)
)

. (19)

We denote this via x̂t(x) := E[X0 | Xt = x].

The result follows immediately from the definition of the

score term s(t, x) in (8). Note, using the time-reversal, we

can equivalently write x̂t(x) = E[ZT | ZT−t = x].

We can derive an approximation as follows

C∇ log hy(t, z) = C∇z logEP[exp(−Φ(X0, y)) | Xt = z]

≈ −C∇zΦ(x̂t(z), y),

where we replace the conditional expectation with the

Tweedie estimate x̂t(x). Taking the Fréchet derivative

with respect to z, and applying the chain rule, we obtain

the approximate guidance term for the score uy(t, z) =
C∇z log h

y(t, z) with the additional scaling γ > 0,

uy(t, z) ≈ −γC (∇zx̂t(z))
∗ ∇fΦ(f, y)

∣

∣

f=x̂t(z)
. (20)

While (20) enables approximate conditional sampling, it

introduces significant computational overhead. A key draw-

back of the DPS-style approximation is that evaluating the

Tweedie estimate in (19) requires access to the score func-

tion. Consequently, as the guidance term in (20) involves the

Fréchet derivative of the Tweedie map, it necessitates back-

propagation through the score model at every discretisation

step of the SDE.

4.3. Learning the Guidance Term

In this section, we show how the guidance term can be

learned using a simulation-free training framework. In par-

ticular, we start by defining a score matching loss, min-

imised over functions u, where the expectation is taken

over the uniform distribution t ∼ U [0, T ], and the joint law

Xt, Y ∼ Law(Xt, Y )

E[‖u(t,Xt, Y )− C∇ log hY (t,Xt)]‖2K ], (21)

where K is a Hilbert space, the choice of which we dis-

cuss in Section 5.1. Even though we have the representation

C∇ log hy(t, x) = sy(t, x)−s(t, x) and assume full knowl-

edge of s, (21) is intractable, as we do not know sy(t, x).

We note we could learn C∇ log hy(t,Xt) directly, without

relying on knowledge of the unconditional score s(t,Xt) via

a simulation based loss. This is done for non-linear stochas-

tic differential equations in finite dimensions by Heng et al.

(2025); Baker et al. (2025); Pidstrigach et al. (2025); Yang

et al. (2025b), and also considered in infinite dimensions

in Baker et al. (2024); Yang et al. (2025a). Instead, we use

the knowledge of s (which we have already learned), as

explored in finite dimensions by Denker et al. (2024).

We can define a denoising score matching loss similar to

the finite-dimensional framework. However, we have to be

careful that the expressions remain bounded and therefore

require an extra assumption.

Proposition 4.2. (Supervised Guidance Training) Define

B := − e−t

(1− e−t)2
E

[

‖E[X0 | Xt, Y ]−X0‖2K
]

. (22)

Then if B is bounded, the minimiser of the score match-

ing objective in (21) is the same as the minimiser of the

denoising score matching objective minimising over func-

tions u, with expectation taken over t ∼ U [0, T ], X0, Y ∼
Law(X0, Y ), Xt ∼ Law(Xt | X0)

E





∥

∥

∥

∥

∥

Xt − e−
t
2X0

1− e−t
+ s(t,Xt) + u(t,Xt, Y )

∥

∥

∥

∥

∥

2

K



 . (23)

Furthermore, the minimiser u∗ is almost surely unique and

is given by

u∗(t, x, y) = C∇ log hy(t, x) (24)

The proof is similar to Proposition 4 in Baldassari et al.

(2023) or Lemma 7 in Pidstrigach et al. (2024) and is pro-

vided in Section A.3. We note that B is bounded if one of

the two conditions are met:

1. Setting 1 holds, K is equal to the Cameron-Martin space

of C, and E[‖X0 − E[X0]‖2K ] <∞;

2. Setting 2 holds, and the support of πy and N (0, Cπ) is

contained in K.

This is a consequence of Lemma 8 from Pidstrigach et al.

(2024), where the proof holds verbatim if we swap the

conditional probability E[X0 | Xt] with E[X0 | Xt, Y ].

5



Supervised Guidance Training for Infinite-Dimensional Diffusion Models

We refer to this training framework as supervised guidance

training (SGT). The full training setting is provided in Algo-

rithm 1. The SGT loss only requires the forward pass of the

unconditional score model. We highlight this in Line 7 of

the algorithm, but note that the stopgrad is not necessary

for the implementation.

Remark 4.3. The loss function (23) requires samples

(X0, Y ) from the joint distribution. For inverse problems,

these pairs are available if the forward operator G and the

noise model η are known, as one can generate synthetic

measurements via Y = G(X0) + η. Crucially, this only

requires access to the ground truth data X0, which can be

sourced either from the original training set or by sampling

from the pre-trained score model.

4.4. Parametrisation of the Guidance Term

We parametrise the control u using a neural network. In

finite-dimensional settings it has been observed that advan-

tageous to make use of a likelihood-informed inductive bias

and consider parametrisation of the control uφ as

uφ(t,xt,y)=u
1
φ(t,xt,y)+u

2
φ(t)∇fΦ(f,y)

∣

∣

f=x̂t(xt)
, (25)

where ∇fΦ(f, y) is related to the approximated guidance

term in (20). However, crucially, we approximate the

Fréchet derivative of the Tweedie map as the identity, dras-

tically reducing the computational time. Here, u1φ is a

neural network mapping into H initialised as zero, and

u2φ : R → R is a time-dependent scalar scaling factor,

initialised to a small constant. Similar parametrisations

have been successfully applied in finite-dimensional inverse

problems (Denker et al., 2024), sampling methods (Phillips

et al., 2024; Vargas et al., 2023; Zhang & Chen, 2022), or

diffusion model fine-tuning (Venkatraman et al., 2024).

We also encode regularity assumptions directly into the

architecture. By preconditioning uφ by the covariance oper-

ator C, we obtain C∇ log hy(t, x) ≈ Ckuφ(t, x, y), where

we study three cases k ∈ {0, 1/2, 1}:

• k = 1: In this setting, the network uφ represents a pre-

score function. The application of C ensures that the final

term Cuφ possesses a high regularity,

• k = 1/2: In this setting, the network output is precon-

ditioned such that C1/2uφ naturally lies in the Cameron-

Martin space. In this setting, the network operates in the

same space as the driving noise of the SDE,

• k= 0: The network is tasked with directly approximat-

ing the guidance term and uφ must implicitly learn the

smoothing properties of the operator C.

5. Experiments

We evaluate the proposed SGT framework. We compare

against other function-space diffusion baselines. The first

is the conditional diffusion approach of (Baldassari et al.,

2023), in which a task-specific conditional diffusion model

is trained from scratch. Under the assumption of optimal

training, this serves as an effective upper bound on achiev-

able performance. The second baseline is the FunDPS guid-

ance (Yao et al., 2025), implemented using the approximate

guidance formulation in (20).

5.1. Implementation Differences in Function Space

In this section we want to show what can be gained from

looking at the conditional sampling problem from an infinite-

dimensional perspective. That is, we go through some of the

implementation differences between the infinite and finite

dimension conditioning problems. In particular, there are

more choices to consider, including:

1. The choice of discretisation.

2. The choice of the covariance operator C.

3. The choice of the Hilbert space to use for the loss.

The first choice is the discretisation of the setup. Looking

at the infinite-dimensional problem means we can choose

the discretisation that best works for the data we have. This

comes down to choosing a basis, or discretising on a grid as

would be the usual choice for finite dimensions. Moreover,

this choice can be built into the neural network architec-

ture as with neural operators (Li et al., 2019), leading to

resolution invariant networks.

The covariance operator C in the conditional case should

be chosen in line with the unconditional training. As we

see from Theorem 3.1, the conditional SDE Zt | Y = y,

uses the same covariance operator C as in the unconditional

case. Hence, if the unconditional has already been trained,

the choice of C is set. For choice of C in the unconditional

case, we refer to Section 5 and 6 of Pidstrigach et al. (2024).

Thirdly, we need to choose which K we use in the loss.

From Proposition 4.2 we see that in Setting 1 it makes sense

to take K to be the Cameron-Martin space corresponding

to C. In Setting 2, we just need that the support of π and

N (0, C) is in K, so H is a valid option.

In the experiments, we adopt the following choices. As

a base space we consider L2(D,Rd), for some choice of

domain D and dimension d. Given a basis ei of this space,

we consider covariance operators Cν of the form

Cνf :=

∞
∑

k=1

1

kν
〈f, ek〉ek. (26)

5.2. Sparse Observations

We consider a one-dimensional inverse problem on Ω =
[0, 1], where the goal is to recover a real-valued function

from finitely many noisy point observations. We generate
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Table 3. Comparison of the different posterior sampling methods
on the heat equation for 64 different signals. (Mean ± Std)

Method RMSE (↓) ES (↓)

FunDPS 0.0519± 0.0311 0.403± 0.213
Cond. Diff. (full size) 0.0450± 0.0244 0.351± 0.182
Cond. Diff. (SGT size) 0.0483± 0.026 0.383± 0.183

SGT k=0 0.0443± 0.0240 0.346± 0.177
SGT k=1/2 0.0443± 0.0231 0.345± 0.167
SGT k=1 0.0448± 0.0235 0.345± 0.174

tion over the domain Ω = [0, 1] is given by

∂w

∂t
= ν

∂2w

∂x2
, w(x, 0) = f(x), (27)

where ν > 0 is the diffusion coefficients, f ∈ L2(Ω)
is the initial temperature and we impose a zero Dirichlet

boundary. The inverse problem aims to recover the f from

noisy observations at time T . We define the forward op-

erator G : f 7→ w(·, T ), such that y = G(f) + η, where

η ∼ N (0, σ2I) represents additive Gaussian noise with

σ = 0.1. We set ν = 0.05 and T = 0.2. The training

data consists of one-dimensional signals formed by the dif-

ference of two symmetric Gaussian bumps with randomly

varying location, width, and amplitude.

Quantitative results are summarised in Table 3. We observe

that both the conditional diffusion model and our learned

guidance function significantly outperform FunDPS in terms

of RMSE, with our method achieving competitive accuracy

despite a shorter training schedule. However, the effect of

the preconditioner Ck is negligible for this operator. Quali-

tative samples are visualised in Figure 2.

5.4. Shape Inpainting

We study conditional sampling of shapes extracted from the

MNIST dataset (LeCun et al., 2010). The binary images

are converted into closed contours by extracting the outer

boundary and sampling points uniform along the curve. We

focus on the digit class “3” and its geometric variability.

Example shapes from the test set are shown in Figure 5

in Appendix C.3. Each shape is represented by ordered

landmarks (xi, yi), i = 1, . . . , R sampled along the con-

tour, where R may vary across examples. Since landmark

resolution is a discretisation choice rather than an intrin-

sic property of the shape, we seek a representation that is

independent of R. To this end, we embed shapes into a

function space by interpreting them as closed parametric

curves (x(t), y(t)), t ∈ [0, T ], and represent these curves

using elliptic Fourier descriptors (EFDs) (Kuhl & Giardina,

1982), which encode each closed contour as a vector of

Fourier coefficients α = (an, bn, cn, dn)
N
n=1 ∈ R4N , see

Appendix C.3. EFD provides a finite-dimensional shape

representation that is invariant to landmark resolution.

Table 4. Shape inpainting results for different numbers of EFD
coefficients.

RMSE (↓) RMSE obs. (↓) ES (↓)

2 coefficients

FunDPS 2.40± 0.42 0.127± 0.034 1.367± 0.413
Cond. Diff. 1.60± 0.44 0.032± 0.005 0.982± 0.036
SGT (ours) 1.60± 0.39 0.031± 0.004 0.926± 0.295

4 coefficients

FunDPS 1.80± 0.40 0.135± 0.035 0.997± 0.289
Cond. Diff. 0.72± 0.09 0.033± 0.004 0.430± 0.075
SGT (ours) 0.63± 0.09 0.036± 0.004 0.366± 0.081

6 coefficients

FunDPS 0.79± 0.16 0.065± 0.012 0.421± 0.125
Cond. Diff. 0.46± 0.06 0.037± 0.004 0.244± 0.054
SGT (ours) 0.45± 0.06 0.037± 0.004 0.236± 0.050

8 coefficients

FunDPS 0.64± 0.12 0.055± 0.010 0.332± 0.092
Cond. Diff. 0.50± 0.05 0.035± 0.004 0.265± 0.036
SGT (ours) 0.42± 0.04 0.038± 0.003 0.212± 0.035

We formulate conditional sampling as an inverse problem in

EFD space. Observations consist of the firstm < N Fourier

modes, y = Pmα+η, where Pm projects onto the lowestm
modes and η denotes additive noise. This corresponds to an

inpainting problem in Fourier space; low-frequency shape

information is observed, while high-frequency coefficients

encoding finer geometric details are missing.

We again compare a conditional diffusion model, the

FunDPS approximation and our SGT. Performance is eval-

uated using the RMSE over the shape, the RMSE over the

observed EFD coefficients and the ES. Results are reported

in Table 4. Our learned guidance term is perform similar to

the conditional diffusion model, in particular outperforming

it in the case of only 2 and 4 observed coefficients. FunDPS

exhibits higher error and reduced consistency with the ob-

served coefficients. Training and implementation details are

provided in Appendix C.3. Qualitative reconstructions are

shown in Figure 3. Both the conditional diffusion model

and the learned h-transform produce realistic and coherent

shape completions, whereas FunDPS displays higher vari-

ance and struggles to recover fine-scale geometric details.

Additional qualitative results are provided in the Appendix.

6. Conclusion

In this work, we present a framework for conditional sam-

pling in infinite-dimensional function spaces. In particular,

we propose Supervised Guidance Training, as an exten-

sion of DEFT (Denker et al., 2024) to infinite-dimensional

SDMs. We demonstrate that explicitly learning the guid-

ance term leads to a better accuracy, compared to heuristic

Tweedie approximations. An assumption of our framework
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A. Proofs

A.1. Proof of Theorem 3.1

Theorem A.1. Let P be the path measure of Zt, and hy defined in (10). The regular conditional probability P(· | Y = y)
denoted Py satisfies

dPy = hy(T, ZT )dP. (28)

Moreover, the conditional process of Zt given Y = y, which we denote by Zy
t , satisfies

dZy
t = b(t, Zy

t )dt+
√
CdWt; Z

y
0 ∼ Law(XT ), (29)

b(t, z) :=
1

2
z + s(T − t, z) + C∇ log hy(t, z), (30)

where ∇ log hy(t, x) is the Riesz representation of the Fréchet derivative of the logarithm of hy with respect to x.

We split the proof of this into a series of lemmas. First we show that we can define the probability measure Py via Doob’s

h-transform. For this we require that the function hy is Fréchet differentiable. We show this is true in Proposition A.2. Next,

we prove that this is the “correct” measure, i.e. , Py is the conditional measure P(· | Y = y), in Proposition A.5.

Proposition A.2. Let P be the path distribution of Zt, and hy as defined in (10). We assume we are either in Setting 1 or

Setting 2. Then we can define another distribution Q via

dQ = hy(T, ZT )dP.

Moreover, writing Zt with respect to the measure Q satisfies (29).

Proof. We will apply Theorem 5.1 from Baker et al. (2024), which says that if

1. hy is twice Fréchet differentiable with respect to z ∈ H and once differentiable with respect to t, with continuous

derivatives,

2. the time-reversal SDE in (7) has a strong solution,

3. hy(t, Zt) is a strictly positive martingale, with hy(0, Z0) = 1, and E[hy(T, ZT )] = 1,

then Q is well-defined and Zt satisfies (29) under Q. We note however that the proof in Theorem 5.1 (Baker et al., 2024)

only relies on hy being once Fréchet differentiable with respect to z, therefore this is what we will use.

That the time-reversal has a strong solution holds from Theorem 12 and Theorem 13 of Pidstrigach et al. (2024), for Setting 1

or Setting 2 respectively. Moreover, following Lemma 5.2 of Baker et al. (2024) and noting that the proof does not depend

on the SDE having a deterministic initial condition, we know that hy(t, Zt) is a strictly positive martingale.

Hence, the main thing to check is that hy is twice Fréchet differentiable with respect to z and once with respect to time.

The differentiability with respect to z holds in Setting 2 from Lemma A.3 and in Setting 1 from Lemma A.4. The time

differentiability follows from Lemma 5.3 of Baker et al. (2024).

Lemma A.3. Let Setting 2 hold. Here, the prior distribution π is absolutely continuous with respect to a Gaussian

distribution N (0, Cπ) such that

dπ

dN (0, Cπ)
(x) =

exp(−Ψ(x))

Eπ[exp(−Ψ(X))]
. (31)

Similarly, we take

dπy

dπ
(x) =

exp(−Φ(x))

Eπy [exp(−Φ(X))]
. (32)

Moreover, we assume that both Φ and Ψ are both Fréchet differentiable and that Eπ[exp(−Ψ(X))] < ∞,

Eπ[exp(−Φ(X))] <∞.

Then hy(t, x) is Fréchet differentiable with respect to x.
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Proof. The idea of this proof is to use that the prior distribution π has a density with respect to a Gaussian distribution. This

is similar to how Pidstrigach et al. (2024, Theorem 13) prove local Lipschitz continuity of the unconditional score. Using

similar arguments, we can express everything in terms of the Ornstein-Uhlenbeck SDE started from N (0, Cπ), which has a

Gaussian form. Let

dVt = −1

2
Vtdt+

√
CdWH

t , V0 ∼ N (0, Cπ), (33)

which has the same form as Xt, except that V0 ∼ N (0, Cπ). Then:

Vt = e−
t
2V0 +

√

(1− e−t)ǫ, (34)

for ǫ ∼ N (0, C) (N.B. we do not assume C is equal to Cπ). From standard properties of Gaussian variables we therefore

know

V0 | Vt ∼ N (KtVt, Pt), (35)

where

Ct = e−tCπ + (1− e−t)C Kt = e−
t
2CπC

−1
t , Pt = Cπ − e−tCπC

−1
t Cπ. (36)

Furthermore, we know that

Eπ [exp (−Φ(X0)) | Xt = x] =
E [exp (−Ψ(V0)) exp (−Φ(V0)) | Vt = x]

E [exp (−Ψ(V0)) | Vt = x]
(37a)

=

∫

exp (−Ψ(v)− Φ(v)) dN (Ktx, Pt)(v)
∫

exp(−Ψ(v))dN (Ktx, Pt)(v)
(37b)

=

∫

exp (−Ψ(v +Ktx)− Φ(v +Ktx)) dN (0, Pt) (v)
∫

exp (−Ψ(v +Ktx)) dN (0, Pt) (v)
. (37c)

Therefore, hy is differentiable with respect to x if Φ and Ψ are.

Lemma A.4. Let the support of π lie in the Cameron-Martin space of C, such as in Setting 1. Then hy(t, x) is Fréchet

differentiable with respect to x.

Proof. The proof for this is similar to the proof that s(t, x) is Lipschitz continuous in Theorem 12 by Pidstrigach et al.

(2024). Let Xt be a solution to the forward SDE in (6). Then given X0 ∈ H , we know that the transition kernel from X0 at

time 0 to time t is given by

N (e−
t
2X0, (1− e−t)C). (38)

Define

nt(x0, xt) :=
dN (e−

t
2x0, (1− e−t)C)

dN (0, (1− e−t)C)
(xt). (39)

By the Cameron-Martin theorem, which we may apply as we assume the support of π lies in the Cameron-Martin space U
of C, we get

nt(x0, xt) = exp

(

〈e− t
2x0, xt〉U − e−t‖x0‖2U

1− e−t

)

. (40)

By the proof of Pidstrigach et al. (2024, Theorem 12) nt(x0, xt) is the joint distribution of X0, Xt.
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Moreover, for a function g, following the same proof of Pidstrigach et al. (2024, Theorem 12) but replacing x0 with g(x0)
we get

E[g(X0) | Xt = x] =

∫

g(x0)nt(x0, x)dπ(x0)
∫

nt(x0, x)dπ(x0)
, (41)

almost surely. More precisely, by direct computation it holds

E

[

δA

∫

g(x0)nt(x0, Xt)dπ(x0)
∫

nt(x0, Xt)dπ(x0)

]

=

∫

A

∫

H
g(x0)nt(x0, xt)dπ(x0)
∫

H
nt(x0, xt)dπ(x0)

dPt(xt) (42a)

=

∫

H

∫

A

∫

H
g(x0)nt(x0, xt)dπ(x0)
∫

H
nt(x0, xt)dπ(x0)

nt(x̃0, xt)dN (0, (1− e−t)C)(xt)dπ(x̃0) (42b)

=

∫

A

∫

H

g(x0)nt(x0, xt)dπ(x0)

∫

H
nt(x̃0, xt)dπ(x̃0)

∫

H
nt(x0, xt)dπ(x0)

dN (0, (1− e−t)C)(xt) (42c)

=

∫

A

∫

H

g(x0)nt(x0, xt)dπ(x0)dN (0, (1− e−t)C)(xt) = E [δAg(X0)] . (42d)

Hence we know that

hy(t, x) = E[exp(−Φ(X0)) | Xt = x] (43a)

=

∫

exp(−Φ(x0))nt(x0, x)dπ(x0)
∫

nt(x0, x)dπ(x0)
. (43b)

Then hy(t, x) is Fréchet differentiable with respect to x if nt(x0, x) is, and indeed by the form of nt coming from the

Cameron-Martin theorem, nt is Fréchet differentiable in x since the inner product is.

Proposition A.5. The process Zy
t is the conditional process Zt | Y = y and thus converges to ZT ∼ πy .

Proof. We show by direct calculation that Q is the regular conditional probability P(· | Y = y). Let {Fs} be the filtration

generated by Xs. Let A ∈ Ft. As before, denote ξ = Eπ[exp(−Φ(X0, y)]. We also denote δA as the Dirac delta function

on a set A, with δA(x) = 1, x ∈ A, and δA(x) = 0, x /∈ A. Then

Qy(A) = EQy [δA] (44a)

=
1

ξ
EP[δAE[exp(−Φ(X0, y) | Xt]] (44b)

=
1

ξ
EP[E[δA | Xt] exp(−Φ(X0, y)] (44c)

=
1

ξ
EP[P(A | X0) exp(−Φ(X0, y)] (44d)

=
1

ξ

∫

P(A | x0) exp(−Φ(x0, y))dπ(x0) (44e)

=

∫

P(A | x0)dπy(x0) = P(A | Y = y). (44f)

A.2. Proof of Theorem 3.2

We prove Theorem 3.2, in two lemmas for the two settings. For a proof under Setting 1 see Lemma A.6 and for a proof

under Setting 2 see Lemma A.7.

Lemma A.6. Let Setting 1 hold. Then

C∇ log hy(t, x) = sy(t, x)− s(t, x). (45)
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Proof. We denote by πt the law ofXt, and by πy
t the law of the solution to the forward SDE in (6) but started fromX0 ∼ πy .

First we will show that

E[exp(−Φ(X0)) | Xt = x] ∝ dπy
t

dπt
, (46)

by showing that E[exp(−Φ(X0)) | Xt = x] satisfies

∫

A

E[exp(−Φ(X0)) | Xt = x]dπt(x) =

∫

A

dπy
t (x). (47)

To see this we note that by Lemma A.4, for a function g we have almost surely

E[g(X0) | Xt = x] =

∫

g(x0)nt(x0, x)dπ(x0)
∫

nt(x0, x)dπ(x0)
, (48)

and

E

[

δA

∫

g(x0)nt(x0, Xt)dπ(x0)
∫

nt(x0, Xt)dπ(x0)

]

=

∫

A

∫

H

g(x0)nt(x0, xt)dπ(x0)dN (0, (1− e−t)C)(xt) (49a)

=

∫

H

∫

A

g(x0)dN (e−
t
2x0, (1− e−t)C)(xt)dπ(x0). (49b)

Hence,
∫

A

E[exp(−Φ(X0)) | Xt = x]dπt(x) =

∫

H

∫

A

exp(−Φ(x0))dN (e−
t
2x0, (1− e−t)C)(xt)dπ(x0). (50)

Now noting that by Bayes’ formula (Stuart, 2010), exp(−Φ(x0)) ∝ dπy

dπ (x0), we see that (50) is proportional to

∫

H

∫

A

dπy

dπ
(x0)dN (e−

t
2x0, (1− e−t)C)(xt)dπ(x0) =

∫

H

∫

A

dN (e−
t
2x0, (1− e−t)C)(xt)dπ

y(x0) = πy
t (A). (51)

Now, we know that

dπy
t

dπt
(x) =

dπy
t

dN (0, (1− e−t)C)
(x) ·

[

dπt
dN (0, (1− e−t)C)

]−1

(x). (52)

Taking the logarithm, differentiating and applying C therefore gives

C∇ log
dπy

t

dπt
(x) = C∇ log

dπy
t

dN (0, (1− e−t)C)
(x)− C∇ log

dπt
dN (0, (1− e−t)C)

(x). (53)

Hence, to complete the proof we need to show that

C∇ log
dπy

t

dN (0, (1− e−t)C)
(x)− C∇ log

dπt
dN (0, (1− e−t)C)

(x) = sy(t, x)− s(t, x). (54)

By definition

s(t, x) = − 1

1− e−t

(

x− e−
t
2E[X0 | Xt = x]

)

(55a)

= − 1

1− e−t

(

x− e−
t
2

∫

x0nt(x0, x)dπ(x0)
∫

nt(x0, x)dπ(x0)

)

, (55b)

and similarly for sy(t, x) and so

sy(t, x)− s(t, x) =
e−

t
2

1− e−t

(
∫

x0nt(x0, x)dπ
y(x0)

∫

nt(x0, x)dπy(x0)
−
∫

x0nt(x0, x)dπ(x0)
∫

nt(x0, x)dπ(x0)

)

. (56)
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Now

C∇ log
dπt

dN (0, (1− e−t)C)
(x) = C∇ log

∫

nt(x0, x)dπ(x0) (57a)

=

∫

C∇nt(x0, x)dπ(x0)
∫

nt(x0, x)dπ(x0)
. (57b)

By definition,

nt(x0, xt) = exp

(

〈e− t
2x0, xt〉U − e−t‖x0‖2U

1− e−t

)

, (58)

so

∇xnt(x0, x) =
e−

t
2

1− e−t
C−1x0nt(x0, x). (59)

Substituting this back into (57b) gives

e−
t
2

1− e−t

∫

x0nt(x0, x)dπ(x0)
∫

nt(x0, x)dπ(x0)
. (60)

Following the same logic for C∇ log
dπy

t

dN (0,(1−e−t)C) (x) and comparing to (56) gives the result.

Lemma A.7. Let Setting 2 hold so that dπ
dN (0,Cπ)

(x) = exp(−Ψ(x)). Then

C∇ log hy(t, x) = sy(t, x)− s(t, x). (61)

Proof. Throughout the proof, we simplify notation by writing Φ(·) instead of Φ(·, y). Let V0, Vt, Ct,Kt, Pt be as defined

in Lemma A.3. Then from there, we know that

h(t, x) = Eπ [exp (−Φ(X0)) | Xt = x] =

∫

exp (−Ψ(v +Ktx)− Φ(v +Ktx)) dN (0, Pt) (v)
∫

exp (−Ψ(v +Ktx)) dN (0, Pt) (v)
. (62)

To simplify notation let’s say that h(t, x) = f(x)
g(x) , with

f(x) :=

∫

exp (−Ψ(v +Ktx)− Φ(v +Ktx)) dN (0, Pt) (v) (63a)

g(x) :=

∫

exp (−Ψ(v +Ktx)) dN (0, Pt) (v). (63b)

Then

Df(x)[a] = −
∫

exp (−(Ψ + Φ)(v +Ktx)) (DΨ+DΦ)(v +Ktx)[Kta]dN (0, Pt) (v) (64a)

= −
∫

exp (−(Ψ + Φ)(v)) (DΨ+DΦ)(v)[Kta]dN (Ktx, Pt) (v). (64b)

Furthermore, we see that

Df(x)[a]

f(x)
= −Eπy [(DΨ+DΦ)(X0)[Kta] | Xt = x]. (64c)

Similarly for g

Dg(x)[a] = −
∫

exp (−Ψ(v))DΨ(v)[Kta]dN (Ktx, Pt) (v), (65a)

Dg(x)[a]

g(x)
= −Eπ[D(Ψ)(X0)[Kta] | Xt = x]. (65b)
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Now

Dx [log h(t, x)] [a] = D log
f(x)

g(x)
=
Df(x)

f(x)
− Dg(x)

g(x)
(66a)

= Eπ[DΨ(X0)[Kta] | Xt = x]− Eπ[(DΨ+DΦ)(X0)[Kta] | Xt = x]. (66b)

By the Riesz representation theorem, let ∇Ψ(X0) ∈ H be the unique element such that DΨ(X0)[a] = 〈∇Ψ(X0), a〉H, and

similarly for ∇Φ(X0). Then we note that

Dx [log h(t, x)] [a] = Eπ[〈∇Ψ(X0),Kta〉 | Xt = x]− Eπ[〈(∇Ψ+∇Φ)(X0),Kta〉 | Xt = x] (67a)

= 〈E[∇Φ(X0) | Xt = x],Kta〉. (67b)

Hence, C∇ log h(t, x) = CK∗
t E[∇Φ(X0) | Xt = x], where K∗

t is the adjoint of Kt.

Now we show that sy(t, x)− s(t, x) can also be expressed in this way.

By definition,

sy(t, x)− s(t, x) =
e−t/2

1− e−t
(E[X0 | Xt = x]− E[X0 | Xt = x, Y = y]) (68a)

=
e−t/2

1− e−t

(

E[V0 exp(−Ψ(V0)) | Vt = x]

E[exp(−Ψ(V0)) | Vt = x]
− E[V0 exp(−Φ(V0)−Ψ(V0)) | Vt = x]

E[exp(−Φ(V0)−Ψ(V0)) | Vt = x]

)

. (68b)

By Stein’s Lemma, for a function differentiable function G : H → R (which will represent combinations of Φ,Ψ) we know

E[V0 exp(−G(V0)) | Vt = x] = KtxE[exp(−G(V0)) | Vt = x]− PtE[exp(−G(V0))∇G(V0) | Vt = x]. (69)

Dividing everything by E[exp(−G(V0)) | Vt = x] gives

E[V0 exp(−G(V0)) | Vt = x]

E[exp(−G(V0)) | Vt = x]
= Ktx− Pt

E[exp(−G(V0))∇G(V0) | Vt = x]

E[exp(−G(V0)) | Vt = x]
. (70)

Applying this with G = Ψ and G = Ψ+Φ we therefore see that

E[X0 | Xt = x] = Ktx− PtE[∇Ψ(X0) | Xt = x], (71a)

E[X0 | Xt = x, Y = y] = Ktx− PtE[(∇Φ+∇Ψ)(X0) | Xt = x], (71b)

hence

sy(t, x)− s(t, x) =
e−t/2

1− e−t
PtE[∇Φ(X0) | Xt = x]. (72)

Then all that is left to show is that e−t/2

1−e−tPt = CK∗
t . For ease, we repeat the definitions of the operators here:

Ct = e−tCπ + (1− e−t)C, Kt = e−
t
2CπC

−1
t , Pt = Cπ − e−tCπC

−1
t Cπ. (73)

From this, and using that C−1
t , Cπ are self-adjoint we see that

C = (1− e−t)−1(Ct − e−tCπ), (74a)

CK∗
t =

et/2

1− e−t
(Ct − e−tCπ)C

−1
t Cπ (74b)

=
et/2

1− e−t
(Cπ − e−tCπC

−1
t Cπ) =

et/2

1− e−t
Pt. (74c)
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A.3. Proof of Proposition 4.2

Proof. We can follow the proof of Proposition 4 in Baldassari et al. (2023) for the first part of the proof. It suffices to show

the claim for a single t, due to the tower rule of expectations. First, we can decompose the score-matching loss function as

EXt,Y

[

‖sY (t,Xt)− [s(t,Xt) + u(t,Xt, Y )]‖2
]

(75a)

= EXt,Y [‖sY (t,Xt)‖2] + EXt,Y [‖s(t,Xt) + u(t,Xt, Y )‖2]− 2EXt,Y [〈sY (t,Xt), s(t,Xt) + u(t,Xt, Y )〉]. (75b)

Using Lemma 8 in Pidstrigach et al. (2024), we know that EXt,Y [‖sY (t,Xt)‖2] is bounded. Further, we can decompose the

inner product, using the definition of the conditional score as

EXt,Y [〈sY (t,Xt), s(t,Xt) + u(t,Xt, Y )〉] (76a)

= − 1

(1− e−t)
EXt,Y

[〈

E[Xt − e−
t
2X0|Y,Xt], s(t,Xt) + u(t,Xt, Y )

〉]

(76b)

= − 1

(1− e−t)
EXt,Y

[

EX0

[〈

Xt − e−
t
2X0, s(t,Xt) + u(t,Xt, Y )

〉

| Xt, Y
]]

(76c)

= − 1

(1− e−t)
EX0,Xt,Y

[〈

Xt − e−
t
2X0, s(t,Xt) + u(t,Xt, Y )

〉]

. (76d)

By completing the square in (75b) we get

EXt,Y

[

‖sY (t,Xt)− [s(t,Xt) + u(t,Xt, Y )]‖2
]

(77)

= B + EX0,Xt,Y

[

‖ − (1− e−t)−1(Xt − e−
t
2X0)− [s(t,Xt) + u(t,Xt, Y )]‖2

]

(78)

with

B = EXt,Y [‖sY (t,Xt)‖2]− EX0,Xt

[

‖(1− e−t)−1(Xt − e−
t
2X0)‖2

]

, (79)

which is independent of u. In order for the denoising score matching loss to be finite, we therefore need that the term B is

finite.

Following the proof of Lemma 7 in (Pidstrigach et al., 2024), we may further simplify the term B. By the tower property of

conditional expectations it holds

E[〈sY (t,Xt), (1− e−t)−1(Xt − e−
t
2X0)〉] (80a)

= −(1− e−t)−2E[〈E[(Xt − e−
t
2X0) | Xt, Y ], (Xt − e−

t
2X0)〉] (80b)

= −(1− e−t)−2E[‖E[(Xt − e−
t
2X0) | Xt, Y ]‖2] (80c)

= −E[‖sY (t,Xt)‖2]. (80d)

Then

B = −E[‖sY (t,Xt)‖2] + 2E

[〈

sY (t,Xt),
1

1− e−t
(Xt − e−

t
2X0)

〉]

− EX0,Xt

[

∥

∥

∥

∥

1

1− e−t
(Xt − e−

t
2X0)

∥

∥

∥

∥

2
]

(81a)

= −E[‖sY (t,Xt)− (1− e−t)
−1

(Xt − e−
t
2X0)‖2] (81b)

= − e−t

(1− e−t)2
E

[

‖E[X0 | Xt, Y ]−X0‖2K
]

. (81c)

Now, if B is bounded, then the denoising score matching loss is, so the minimisers of the explicit score matching and the

denoising score matching loss are identical.

Further, as the explicit score matching objective is the expectation of a convex function, i.e. the squared L2 norm, the

minimum is achieved only if the integrand is zero almost everywhere. Therefore we get

u∗(t,Xt, Y ) = sY (t,Xt)− s(t,Xt). (82)

As the set of measurable L2 function is convex and closed, the minimiser is almost surely unique. Further, we know that u∗

is bounded due to assumptions on B.
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B. Stochastic Optimal Control

In this section, we give some background on the SOC viewpoint discussed in Section 4.1. In particular, for the finite-

dimensional this has recently seen use, see e.g. , for model fine-tuning (Domingo-Enrich et al., 2025; Domingo i Enrich

et al., 2024), sampling from unnormalised densities (Zhang & Chen, 2022), conditional sampling (Pidstrigach et al., 2025)

or inverse problems (Denker et al., 2024).

Let P be the path measure of the unconditional reverse SDE (7), which we re-state here

dZt =

[

1

2
Zt + s(T − t, Zt)

]

dt+
√
CdWH

t .

Let us define

E(Q) := KL(Q||P) + EQ[Φ(ZT , y)], (83)

for all Q ≪ P. Then, we have the following proposition.

Proposition B.1. The conditional path measure Py is the unique minimiser of F(Q).

Proof. We start by rewriting E as

E(Q) = EQ

[

log
dQ

dP
+Φ(ZT , y)

]

. (84)

From the representation of Py in Theorem 3.1 we have that

Φ(ZT , y) = − log
dPy

dP
− log ξ, (85)

with ξ = EP[exp(−Φ(ZT , y)] as the normalisation constant. Substituting this in (84) gives us

E(Q) = EQ

[

log
dQ

dP
− log

dPy

dP
− log ξ

]

= EQ

[

dQ

dPy

]

− log ξ = KL(Q||Py)− log ξ. (86)

As the KL divergence is non-negative and only zero if and only if Q = Py we have our result.

Now, we consider path measures Qu that are induced by the reverse SDE

dZu
t = (b(t, Zu

t ) + Cu(t, Zu
t ))dt+

√
CdWQu

t , (87)

with b(t, z) = 1
2z + s(T − t, z) as the drift of (7) and the objective function

J (u) := E(Qu) = KL(Qu||P) + EQu [Φ(Zu
T , y)]. (88)

Using Girsanov’s theorem (Da Prato & Zabczyk, 2014, Theorem 10.14), we can write the Radon-Nikodym derivative as

dQu

dP
= exp

(

∫ T

0

〈
√
Cut, dW

P
t 〉 −

1

2

∫ T

0

‖
√
Cut‖2Hdt

)

(89a)

= exp

(

∫ T

0

〈
√
Cut,

√
Cut〉dt+

∫ T

0

〈
√
Cut, dW

Qu

t 〉 − 1

2

∫ T

0

‖
√
Cut‖2Hdt

)

(89b)

= exp

(

∫ T

0

〈
√
Cut, dW

Qu

t 〉+ 1

2

∫ T

0

‖
√
Cut‖2Hdt

)

(89c)

as dW P
t =

√
Cutdt+ dWQu

t . Substituting this in J (u) and noting that the Itô integral has expectation zero, we get the

stochastic optimal control loss function

J (u) = EQu

[

Φ(Zu
T , y) +

1

2

∫ T

0

‖
√
Cut‖2Hdt

]

. (90)
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C. Experimental Details

The code publicly available at: https://github.com/alexdenker/FuncSGT

C.1. Sparse Observations

We adapt the architecture of the Fourier Neural Operator (FNO) (Li et al., 2021) to design network architectures which can

be applied to any discretisation. The original FNO architecture does not incorporate additional time information, while

in our case the score depends explicitly on the time. For this, we make use of a learnable time-embedding, which was

previously used for diffusion bridges (Yang et al., 2025a) and PDE applications (Park et al., 2023). The time-independent

FNO layer is defined as

Ll(vt)(x) := σ(Wlv(x) + F−1[Rl · F(v)](x)), (91)

with σ : R → R a (non-linear) activation function, Wl a weight matrix and F , F−1 are the Fourier transform and inverse

Fourier transform, respectively, and Rl is a learned filter in Fourier space. Here, both Wl and Rl are learnable parameters of

the layer. For all of our experiments we use the sigmoid linear unit as the activation function (Ramachandran et al., 2017).

The time-dependent FNO layer, as proposed by Park et al. (2023), is then implemented using two time-modulations ψl(t)
and ϕl(t) as

Ll(vt)(x, t) := σ(Wlψl(t)v(x) + F−1[ϕl(t)Rl · F(v)](x)). (92)

Motivated by the success of adaptive normalisation in diffusion models (Dhariwal & Nichol, 2021), we slightly deviate from

this implementation and change the time-modulation in physical space to

Ll(vt)(x, t) := σ((1 + γl(t))Wlv(x) + βl(t) + F−1[ϕl(t)Rl · F(v)](x)), (93)

and learn both a scaling γl(t) and a bias βl(t).

Dataset We construct a synthetic prior over one-dimensional functions on the interval [0, 1]. Each sample is generated as

a random superposition of sinusoidal components with random frequencies, amplitudes and phases. In particular, for each

sample we draw an integer nterms ∼ U{1, . . . , 8} and generate

f(x) =

nterms
∑

i=1

ai sin(ωiπx+ φi), (94)

with amplitudes ai ∼ U [0.3, 1.0], frequencies ωi ∼ U [1.0, 11.0] and phase φi ∼ U(0, 2π). This always yields smooth and

bounded functions. We generate 10 000 independent samples for training. We use ν = 1 for the covariance operator in

Equation (26).

Forward Operator To generate observations, we define a forward operator that approximated pointwise function

evaluation using integration against a narrow Gaussian kernel. Given a function f(x) and a set of locations {xi}ki=1, each

point evaluation is computed as

G(f, xi) =

∫ 1

0

f(x)wσ(x− xi)dx, (95)

wσ(z) =
1

Z
exp

(

− z2

2σ2

)

, (96)

with bandwidth σ = 0.02. The observations are then given as y = {G(f, xi)} for locations xi, i = 1, . . . , R. We add i.i.d.

Gaussian noise to each point evaluation with a standard deviation ση = 0.01. We use R = 10 observations.

Conditional Diffusion Model The conditional diffusion model depends explicitly on the observations y. However, naively

concatenating the noisy signal ft and the observations y does not work, as ft is discretised on a spatial grid of nx points
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and y are sparse observations on k locations. We therefore lift the sparse measurements onto the same spatial grid via a

Gaussian kernel κ (bandwidth σx = 0.01). In particular, we construct two additional input channels

m(x) =

k
∑

i=1

κ(x, xi), v(x) =

k
∑

i=1

yiκ(x, xi), (97)

where m(x) encodes observation locations and v(x) encodes observed values. The network input is the channel-wise

concatenation [ft(x), v(x),m(x)]. This approach allows the conditional diffusion model to generalise across varying sensor

numbers and locations.

Training Setting For all methods, we use the ADAM optimiser (Kingma & Ba, 2015) with a cosine learning rate decay

starting at 1× 10−4 and ending in 1× 10−5 and a batch size of 256. The unconditional diffusion model is trained for 40 000
gradient steps. We use a time-modulated FNO with 4 layers, 16 modes and 64 hidden channels, which results in 1 140 161
trainable parameters. For the conditional diffusion model, we use 8 FNO layers with 16 modes and a hidden channel

dimension of 128, which results in 8 737 153 trainable parameters. We train it for 80 000 gradient steps. The guidance

network is implemented similarly to the unconditional model with 4 layers, 16 modes and 64 hidden channels and it also

trained for 40 000 gradient steps.

Evaluation Metrics Assume that fgt is the ground truth signal and we have N samples {f i}Ni=1. We compute both the

root mean squared error (RMSE)

RMSE({f i}, fgt) =

(

1

N

N
∑

i=1

‖f i − fgt‖2
)1/2

(98)

and the energy score (ES)

ES({f i}, fgt) =
1

N

N
∑

i=1

‖f i − fgt‖β − 1

2N2

N
∑

i=1

N
∑

j=1

‖f i − f j‖β (99)

with β = 1.0 (Gneiting & Raftery, 2007). Here, the RMSE measures how close the samples are on average to the ground

truth signal and the ES scores how well the distribution is captured.

C.2. Heat Equation

Training setting For all three training setups, we use the ADAM optimiser (Kingma & Ba, 2015) with a cosine learning

rate decay starting at 1 × 10−4 and ending in 1 × 10−5 and a batch size of 256. The unconditional diffusion model is

trained for 105 gradient steps. We use 4 time-modulated FNO layers with 16 modes in the Fourier transform and a channel

dimension of 64. In total, the diffusion model has 1 140 161 trainable parameters. We train the conditional diffusion model

using the loss function in Baldassari et al. (2023). The conditional diffusion models depends explicitly on the observations y.

For this experiment both the observation and the ground truth signal are functions over Ω. We discretise both on the same

spatial grid and input both as two channels into the FNO. As the conditional diffusion model has to amortise over different

observations y, we use a larger architecture. In particular, we use 8 layers instead of 4 and the conditional diffusion model

has 2 271 745 trainable parameters. We also train the conditional diffusion model for more 2× 105 gradient steps, double

the amount of the unconditional diffusion model. For the FunDPS (Yao et al., 2025) we have to choose the scaling parameter,

i.e. , γ > 0 in (20). We choose this via a grid search to minimise the RMSE, the final value was γ = 1.3. Our learned

guidance term is implemented using the parametrisation from (25). Here, u1φ is implemented using the same architecture as

the unconditional diffusion model and u2φ is a simple two layer neural networks. The guidance model is trained for 2× 104

gradient steps.

Training Data We discretise the domain Ω with 128 equidistant points. The ground truth signals are sampled from a

parametrised distribution

f(x)= α
(

exp
(

−γ(x−λ)2
)

−exp
(

−γ(x−(1−λ))2
))

,

with λ ∼ U [0.2, 0.5], γ ∼ U [75, 115] and α ∼ U [0.9, 1.1]. This corresponds to a distribution of simple functions with two

Gaussian bumps. We solve the heat equation via the Crank-Nicolson method with dt = 0.001 (Crank & Nicolson, 1947) to

simulate measurements. We use ν = 1 for the covariance operator in Equation (26).
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Figure 5. The first 8 examples of the MNIST test dataset, parametrised using 64 landmarks.

Conditional Sampling We compare against FunDPS (Yao et al., 2025). Note that the standard version of FunDPS trains

a joint score model on both the observations and ground truth data and solves the conditional sampling task by masking

one of the input channels. Here, we compare against the version in Appendix D of Yao et al. (2025), which is closer to the

finite-dimensional version of DPS (Chung et al., 2023). FunDPS has a hyperparameter γ > 0 for scaling the likelihood term.

We tune this value via a grid search on the first 5 shapes of the training set. Similar to observations in the finite-dimensional

case, we find that the choice of γ can be unstable. A large γ is often required to satisfy consistency to measurements.

However, for a large γ the reverse SDE becomes unstable and sometimes diverges. The final values for γ were, γ = 10.0
for 2 coeffs., γ = 20.0 for 4 coeffs., γ = 100.0 for 6 coeffs. and γ = 165.0 for 8 observed coefficients. We discretise the

reverse SDE using Euler-Maruyama with 1000 timesteps.

C.4. Finite-dimensional vs. Infinite-dimensional

A key advantage of the infinite-dimensional diffusion framework is its ability to generate samples at resolutions different

from those used during training. In contrast, standard finite-dimensional diffusion models typically struggle to generalise

across resolutions. This phenomenon was also observed in Figure 2 of Hagemann et al. (2025). Here, we reproduce a similar

experiment using our datasets and models.

We train a 1D-U-Net within the finite-dimensional diffusion framework using the dataset from Section C.1, where signals

are discretised on 32 grid points. Further, we train the neural operator model in the infinite-dimensional framework on the

same dataset, also discretised to 32 points. We then evaluate both models by generating samples at resolutions different

from the training resolution.

Although the U-Net is fully convolutional and can therefore be applied to inputs of higher resolution, this does not guarantee

meaningful generalisation. To assess this, we generate samples at resolutions n = 32, 64, and 128 for both models. The

samples are shown in Figure 7. The infinite-dimensional diffusion model generates consistent samples across resolutions

with the same structural characteristics. In contrast, the finite-dimensional model fails to generalise in the same way.

Samples at lower resolutions remain reasonable. However, those generated at n = 128 grid points exhibit significantly

higher-frequency artifacts and deviate from the structure observed at the training resolution.
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