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We use conformal symmetry to calculate the next to next to leading order (NNLO) anomalous dimension
matrix (three loops) for flavor-singlet axial-vector QCD operators for spin N < 8 from a set of gauge-
invariant two-point correlation functions. Combining this result with the recent calculation of the two-loop
coefficient functions, we carry out the calculation of the yy* — 5 and yy* — ' form factors at large
momentum transfers to the NNLO accuracy in perturbative QCD.
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I. INTRODUCTION

The studies of the pseudoscalar 7 and 1 mesons have a
long history. In the exact flavor SU(3) limit the # meson is
part of the flavor octet whereas the #’ is a flavor-singlet state
whose properties are intimately related to the axial anomaly
[1,2]. The SU(3)-breaking effects are, however, large and
have a nontrivial structure. These effects are usually
described in terms of a mixing scheme that considers the
physical mesons as superpositions of fundamental flavor-
singlet and flavor-octet fields in a low-energy large-N.
chiral perturbation theory (ChPT). When combined with
dispersion relations, this approach provides a quantitative
description of a large variety of low energy 7 and #
production processes and decays, see, e.g., Ref. [3] and
references therein. In recent years, lattice QCD calculations
of the relevant parameters [4,5] are becoming increasingly
precise.

A complementary and less explored area is the 7,7/
production in hard reactions. It is not obvious whether and
to what extent the approaches based on low energy effective
field theory provide an adequate description of such
processes, that are sensitive to meson wave functions at
small interquark separations, referred to as light-cone
distribution amplitudes (LCDAs). One open question in
this context is that 7,7 mesons, in contrast to the pion,
might contain a substantial admixture of a “gluonium” or
“Intrinsic charm” component at low scales, i.e., a sizable
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two-gluon or c¢ LCDA. This possibility was explored in
different setups [6—10], but without a definite conclusion.

The theoretically cleanest setup to check the applicability
of the conventional state mixing concept for the LCDAs
and also set upper limits on the “gluonium” LCDA is
provided by two-photon processes. The challenge is,
however, to go over to largest possible momentum transfers
to avoid contamination by the so-called “end-point” or
“Feynman mechanism” contributions, which are poorly
understood. The BABAR Collaboration measured in 2006
[11] the cross section for the reaction ete™ — y* — My
with M =n,5 at \/s = 10.58 GeV, corresponding to the
(positive) photon virtuality g> = s = 112 GeV?. This cross
section is related to the (absolute value squared of the)
timelike transition form factor (FF)

[ @t Ol (e (0} )
= ezguuaﬂqapﬂFM(Qz)' (1)
The result is (in MeV)

¢|F,(¢%)| = 0.229 + 0.030 + 0.008,
@|F(4%)] = 0.251 +0.019 =+ 0.008, (2)

where the first error is statistical and the second one
systematic. The Belle II experiment will be able to decrease
the errors significantly, see Sec. 15.7 in [12]. In addition,
some of the parameters can nowadays be calculated with
high precision on the lattice. The comparison of the QCD
calculations including lattice input with expected exper-
imental results will allow one to study the structure of 7, i/
mesons at short interquark separations, encoded in the
LCDAs, on a quantitative level. This, in turn, will benefit
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theory studies of B decays in final states involving # and 7/
mesons. The transition form factor studies at timelike
momentum transfers will eventually be complemented
by studies of very rare exclusive decays of electroweak
gauge bosons, e.g., Z — ny [13], in the high luminosity run
at the LHC or, later, at a future lepton collider.

Measurements of the yy*5() transition form factors in the
spacelike region g®> < 0 are also available [14], but are
restricted to smaller values of the momentum transfer
|g*| < 40 GeV? and are still affected by sizable power-
suppressed end-point contributions, see a detailed discus-
sion and the light cone sum rules-based calculation of such
corrections in Ref. [10], and further references. In this work
we will stay strictly within the leading-twist factorization
framework and for this reason focus on the predictions for
the timelike form factors where the highest possible
momentum transfers can be achieved.

The principle new contribution of this paper is the
calculation of the full next to next to leading order
(NNLO) anomalous dimension matrix (three loops) for
flavor-singlet axial-vector QCD operators for spin N < 8.
This calculation is done using the technique developed in
Ref. [15] which employs conformal symmetry of QCD at the
Wilson-Fisher critical point in noninteger d = 4 — 2¢ space-
time dimensions. In this approach the anomalous dimension
matrix is obtained from a set of gauge-invariant two-point
correlation functions so that the complications due to mixing
with gauge-noninvariant operators are completely avoided.
Combining this result with the recent calculations of
the two-loop coefficient functions [16-20], we obtain the
yy* = n and yy* — ' form factors at large momentum
transfers to the NNLO accuracy in perturbative QCD. The
uncertainty of these predictions as measured conventionally
by the residual scale dependence is reduced to about 1%.

The second new element of our analysis is a consistent
implementation of the contributions of charm quarks using
a variable flavor number scheme. This approach has
become standard in the treatment of deep inelastic scatter-
ing (DIS), see e.g., Ref. [21], but to our knowledge has
never been applied to off-forward processes. To the next to
leading order (NLO) accuracy, we observe the similar
simplification as in DIS, allowing one to put the perturba-
tively generated charm quark LCDA to zero at its mass
scale, u> = m?2, which is the basis of the classical Aivazis
Collins Olness Tung scheme for DIS [22].

The presentation is organized as follows. Section II
summarizes the QCD factorization formalism for transition
form factors. It contains all relevant definitions and our
notation. The results for the coefficient functions are
presented up to two-loop accuracy, and also the treatment
of heavy-quark contributions is explained. Section III is
devoted to the calculation of the scale dependence of the
LCDAs to three-loop accuracy. Explicit expressions for
the matrix of flavor-singlet anomalous dimension are col-
lected in the Appendix. Section IV contains the numerical

analysis. Predictions are presented for a few typical LCDA
models under the state mixing assumption, and several
scenarios for the “intrinsic” gluon LCDA. Section V is
reserved for a summary and outlook.

II. QCD FACTORIZATION

Meson transition form factors play a distinguished role in
the QCD theory of hard exclusive reactions [23-30] since
the leading contribution at large momentum transfers in
yy* — M amplitudes is present at tree level already. This is
a crucial advantage as compared to, e.g., electromagnetic
form factors in which case the leading contribution starts
at order a, and has to win against nonfactorizable con-
tributions that are power suppressed but do not involve a
small loop factor a,/z. Hence the factorization regime in
transition form factors is expected to be achieved much
earlier, and the leading-twist description has significantly
better accuracy compared to other processes. It is therefore
widely accepted that transition form factors provide one
with the best avenue to extract information on the hadron
wave functions at small transverse distances between the
constituents—the LCDAs.

We define quark and gluon LCDAS as matrix elements of
nonlocal light-ray operators

(01g(z17)#ysq(zon)| M (p))

1 ) )
= l(pn)/or du e_l(Zlu+Zzlt)(pn>(qu(u)’

<O|Gﬁa(11 n)GZa(ZZH) |M(p)>

1 . _
B

where M = 1,1/, n, is an auxiliary lightlike vector, n’> =0,
z; and z, are (arbitrary) real numbers, and we use a notation

201 =22 — 21, 2124121_4224-1421, u=1-u. (4)

The physical meaning of the u variable is the momentum
fraction carried by the corresponding constituent (antiquark
or gluon). Further, Gm, is the dual gluon field strength
tensor G, = (1/2)€,,,5G* and G, = G,zn". We use the
conventions ys = iy’y!y?y? and €j;,3 = 1, following [31].
In our normalization

1
/ du®i,(u) = Fi,, qg=u.d,s, (5)

0

where F}, are the axial vector couplings for a given quark
flavor

(0lgr,rsqlM(p)) = ip,Fi;. q=u.ds. (6)

Quark LCDAs are symmetric and the gluon LCDA is
antisymmetric under the substitution u — i
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D (i) = +®f (). D7) = -@y(u). (7)
The transition FFs Fy(g*) are real functions in the
Euclidean region Q> = —¢®> > 0 and can be continued
analytically Q> — —g*> —ie to the Minkowski region
g*> > 0. To the leading-twist accuracy

OFu(0%) = 3 [ T, a0/ Q.1 () @y 1)

1
+ / AT (1) Qv s (1) Dy (). (8)
0

where p is the factorization scale. We tacitly assume using
dimensional regularization with minimal subtraction.

The coefficient functions (CFs) can be decomposed in
nonsinglet (NS) and pure-singlet (PS) contributions with
different dependence on electric charges,

—ﬂ—qzeéTNs—F Z ez/Tps,
q'=ud,s,c
T,= Y er’ +esry +ar. ()

q'=u,d,s,c

where 5T') is the power-suppressed O(m?/Q?) remainder
of the c-quark contribution after changing to the ny =4
scheme at p3 = m?2 (see below). We do not see a compel-
ling reason to go over to the ny; = 5 scheme at the b-quark

mass scale since the Q? range accessible in form factor
measurements is limited.'

The CFs Tyg and Tpg (9) do not depend on quark flavor
and have a regular perturbative expansion

7, =79 1 a1V + 27%, 4, = Z—“. (10)
T

The PS CF first appears so that

Tf,(g = Tl(gls) = 0. Explicit expressions for massless quarks

to two-loop accuracy can be found in Refs. [16-20].
The contribution of light quarks £ =u, d, s to the
one-loop gluon CF is well known,

at two loops,

Anu (1 | 1
e <——3—|—§lnu+L> —(u<sd), (1)
u

ﬁz
where L = In Q% /u?*. The one-loop heavy-quark contribu-
tion h = ¢, b was calculated in [10,32]. We have repeated
this calculation and confirm the result,

'"The resonance contribution e*e™ — T(4S) = 5y is
claimed in Ref. [11] to be very small due to the estimated tiny
branching fraction B(Y(4S) — #')y). Hence we neglect it.

MO () = 2 {% [—ulh () +2(3u = 1), (u) L)y (u)

+£2<1>—4ﬁh<1>£h<1>}—<u«>a>}, (12)
_ % W) = In Pn(u) +1
pu =147 0 =R a3)

The logarithms ~a, (1) In 4> /m?2 can be resummed at leading
power using the method known as a variable flavor number
scheme (VFNS). Expanding the expression in Eq. (12) in
powers of the quark mass one can write the result as

2 —
(e)(1) (#)(1) e (Inig Inu
T =T Hn_m% <7_ ué)

+57V (), (14)

where 6T (1) = O(m2/0?) collects all power-
suppressed contributions. The first term on the rhs of this
expression is taken into account as the c-quark contribution
to the gluon CF [the first term in (9)] in the approximation that
the c-quark mass is set to zero. The second term can be
rewritten using that

Iniz Inu 1 0
4[7_?} _/0 dle&lé(”)Hqg(U’”)’ (15)

where Tﬁ?s)(v) =1/v+1/vand H,, is the g — g evolution
kernel

v v
H (v, u) ——4{;®(u—v)—$®(u—u) . (16)
This contribution can, therefore, be reinterpreted as a con-
tribution of the c-quark LCDA

2 ri
D (v, u) = ay ln'u—z/ duH ,4(v, u)®,(u, ) (17)
m2 J, ‘ 4

generated through the c-quark-gluon mixing starting
2

at u3 = m2.
Note that in the chosen MS subtraction scheme at one-

. . 2
loop order there is a logarithm In £ but no constant term.

This is the same simplification as found in DIS [22], and it
allows us to set the perturbatively generated c-quark LCDA

to zero at the initial scale 3 = m2.

*This simplicity is special for NLO and probably accidental,
cf. Ref. [22]. The construction of a consistent VENS at NNLO is
considerably more involved, see, e.g., Ref. [21] for a detailed
discussion for DIS. Such construction is beyond the scope of our
work as the two-loop gluon CF with massive quarks is not
known yet.
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TABLE 1. Gegenbauer moments (22) of the two-loop coefficient functions for light quarks and gluons, n; =4, L = In(Q?/u?).
n 0 2 4 6 8
0

M;g(n) 6 6 6 6 6

M1(\115>(") -72.0 27.4444 — 33.3333L 91.0844 — 48.5333L 140.942 — 58.6857L 182.65 — 66.3492L

Mﬁg(n) —315.005 4+ 147.791L  —993.597 — 88.2495L  —781.498 — 664.354L —121.054 — 1308.01L  772.541 — 1855.59L
+109.25912 +220.557L° +316.34412 +400.02612

Mgs)(") 180.107 — 52.6379L 43.8174 — 13.5878L 23.5022 — 6.68667L 15.0973 —4.00137L 10.6724 —2.67838L
+1.11111L2 +0.497778L? +0.27551L2 +0.173827L*

Mél)(n) —76.3889 + 16.6667L —103.289 + 18.6667L —118.952 4+ 19.2857L —129.982 + 19.5556L

M§2) (n) —3283.93 + 1608.94L —5909.67 4+ 2754.59L  —8190. 4+ 3607.69L  —10215.4 + 4296.89L
—212.963L2 —323.763L? —390.214L2 —437.45L7

The LCDAs can be expanded in Gegenbauer polyno-
mials so that the expansion coefficients have autonomous
evolution at one loop

O (u.p) = Fy6un > at™(u)C*(2u - 1),
n=0,2,...

O, (u.p) = FQ30u2a® Y b (w)CA(2u—1).  (18)

n—1
n=2,...

In our normalization ag‘M = 1 for the light quarks, ¢ = u,
d, s. We have chosen to normalize the gluon LCDA to the
three-flavor-singlet quark coupling

FO, = (FY, + F4, + F5,)/ V6, (19)

it seems that there exists no established convention. The
(dimensionless) coefficients a, and b, for flavor-singlet
contributions mix with each other, and beyond leading
order also with lower coefficients a,, and b,, n' =0,
...,n—2. In what follows we refer to these coefficients
as shape parameters. The values of shape parameters
at a low scale py encode all nonperturbative informa-
tion on the LCDAs. We come back to their discussion
in Sec. IV.

Thanks to conformal symmetry, the contributions of each
32

"1 polynomial in the expansion of the gluon LCDA are

mapped (at one loop) into the contributions of cl?
polynomials in the c-quark LCDA @ (u),

(C>MN lu u,v v
o} (1) Aqug«)@g()

_ 10n(n+3
= FY,6uii Z 3 ( )

T M ou—1).
o7 3+ )(n+2) (2u=1)

(20)

Note that the n = 0 term is missing at one loop order, but it
will be generated at two loops. In the asymptotic limit
1 — oo assuming that there is no intrinsic charm contri-
bution, F°(uy) = 0, one obtains

6v/6C

Bo as(MO)FOM(Mo)

+0(a3 (uo))- (21)

F(u— co,ny =4) =—

We define the Gegenbauer moments of the light quark
and gluon CFs as

1

M) = 6/) duT & (wyuncy*2u - 1),
1

Mg;)(”) = 6/0 duTé?(u)uﬁCf,/z(Zu - 1),

1
MY () = 30 /0 duTO (2@ (2u—1).  (22)

The numerical values for n =0, 2, 4, 6, 8 at tree level,
one-loop, and two-loop order for ny = 4 are collected in
Table 1. The complete analytic expressions for arbitrary n,
can be found in Supplemental Material [33]. The heavy-
quark contributions involving 5T§c>(l>(u, m2/Q?) and
T (u,m2/Q?) are calculated from the expressions
presented above directly in momentum fraction space.
Note that the CFs are scheme dependent beyond leading
order. We use the results for TE,{) (2)(14) and Tl(,zg(u) from

Ref. [20] in Larin’s scheme, and Tl(\g(u) from Refs. [17,18]
in the “physical” scheme corresponding to the anticommut-
ing ys matrix. This choice is consistent with the chosen
renormalization scheme for the relevant operators, see next
section.

056026-4



v* = ny AND 7* — i’y FORM FACTORS TO NNLO...

PHYS. REV. D 113, 056026 (2026)

ITII. SCALE DEPENDENCE OF THE LCDAS
AT NNLO

A. Operator renormalization: General setup

Our presentation and notations in this section follow
closely Ref. [15]. The expressions below are written for the
flavor-singlet case.

Let n* and 7#* be a pair of lightlike vectors,

n* =i’ =0, (n-n)=1, (23)

and ¢* and b* be mutually orthogonal unit vectors in the
transverse plane,

(a-n)=(a-n)=({b-n)=(b-a)=(a-b)=0. (24)

In what follows we use the notation p, = (p-n),
p-=(p-n), pa=(p-a), etc.

Moments of the LCDAs are given by the matrix elements
of local operators. In noninteger space-time dimensions,
d = 4 — 2e, the leading-twist quark and gluon axial-vector
operators can be defined as follows:

al D,-D
Of=id} ) g/ (#) regf,  (25a)
/=1 + +

D,-D
0 = 1201 G+ Y (%) G,..  (25b)
D.+D,
Here D# = 0" — igA* is the covariant derivative, and

ab __ 7))
I = a"b n/FW,,

(26)

where

1
F;wp = 6 (7#?’1/?’/1 +.. ) (27)

is the antisymmetrized product of three y matrices.
In four dimensions, d = 4, the operators O}, O; can be
written in terms of “standard” flavor-singlet axial-vector

operators
€+—abOlZ = OZ’ €+—ab0gl = OZ’ (28)

where

" R,
D, —-D
of =0y g/Cl? <J ﬁ)}q}gqf,

= D.+D.
D, -D.\ x

0} = 607G, C <¥> G+, (29)
D, + D,

The quark and gluon operators defined in (25) have spin
N = n + 1 and mix with each other under renormalization
for even n = 2,4,6, ...,

[02] = Z&¥ O} + total derivatives, (30)

where a, i €{q, g} and the contributions of BRST-exact
and EOM operators are not shown. These contributions
drop out from gauge-invariant correlation functions and are
not relevant in our approach. Here and below |...] stands for
renormalization in the MS scheme.

For odd n=1,3,... and for n =0 only the quark
operator exists and there is no mixing. In the following
we assume that n is even.

Since operators containing total derivatives do not
contribute to forward matrix elements, these matrix ele-
ments satisfy the renormalization group equation (RGE) of
the form

(1, + B(a,)04,)8% + v (a,))(pl[O2]|p) = 0. (31)
where f(ay) is the QCD f function
ﬁ(as) = _zas(ﬂﬂas +ﬁ1a% + ) (32)

The first three coefficients that are relevant for our analysis
are [34]

2
ﬁo =11 —§I’lf,
38
ﬂl =102 - ?Vlf,
2857 5033 325 ,
R TR T 33)
The anomalous dimensions (ADs)
7 = 0,23 (2;1). (34)
are 2 X 2 matrices
qq9 49
Yn Yn 1 2
7"—<y9q y.(/y>—“s71(1)+a§}’f(1)+--- (35)

that are known to three-loop accuracy for all n [35,36].
The ADs depend only on the coupling constant, so that
the RGE (31) in d =4 — 2¢ dimensions has the same
form as in d = 4, but with the d-dimensional f function
ﬂ(as) = —261‘?(6' +ﬂ0as + )

In processes with nonzero momentum transfer, mixing
with operators containing total derivatives has to be taken
into account,

02, =0""0% m=n-2,n—4,... (36)

Since [017"0%] = 047" [O%], we can write

056026-5
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08 = > Z5O, (37)

k=0,2,....m

which has the same form for all n, so that this subscript is
essentially redundant.
We will use matrix notation

. ox
& =) (38)
and
60}1 ZOO 0 0
O, Zy Znp 0
on = > Zn = . . . . , (39)
6,”1 Zn() Zn2 e Znn

where each entry Z,,;, is a 2 x 2 matrix Z’;ﬂk except for Z,
which is a number, and Z,,,, m > 0, which are vectors.
Note that the matrix Z,, for m < n is a principal submatrix
of Z,: the subscript only specifies the size of the matrix
while the entries do not depend on it. In this notation, the
RGE for [O,] = 2,0, takes the form

(,Lta” =+ ﬁ<a3>aa5 + 7 (as))[on] =0, (40)
where
Yoo O 0
Y20 Y22 0
ralag) =1 . . . , : (41)
Yno Yn2 0 Y

This matrix has the same structure as (39): each entry 7, is

a2 x 2 matrix y2, &, f = ¢, g, except for yo = 7%, which

is a number and 7,9, which are 2 x 1 vectors. The diagonal
blocks y,,, in this matrix are the usual ADs (35), v,,, = 7n-
The oft-diagonal blocks y;,,, k > m describe mixing with
the total derivatives operators (36) and, in the basis (25),
start at order O(a?),

2 3
Ykm(as) = a%}’inz + a?}/,(mz + ...,

k>m. (42)

The renormalization scheme described above is an
extension of the well-known Larin’s prescription [37].
This scheme is self-consistent in QCD. For the flavor-
nonsinglet operators, however, it is customary to apply an
additional finite renormalization to convert the results from
the Larin’s scheme to the scheme with an anticommuting y5
matrix such that the ADs for the vector and axial-vector
operators coincide to all orders in perturbation theory. We

are not aware of any compelling prescription for doing
such a finite renormalization for the flavor-singlet case.
Nevertheless, for consistency with the treatment of flavor-
nonsinglet contributions, we will apply the same trans-
formation for flavor-singlet quark operators as well,

Ofml = D UulOLl (43)

k=24...m
In matrix notation (38)

[0] = U]0), ﬁ—(LO] ?) (44)

The RGE for “rotated” operators takes the form

-

(ud, + Blay)o,, +7)[0] = 0. (45)

where the AD matrix 7 is related to the one in the Larin’s
scheme, 7, as

7 =U0y0" - B(a,)o, U0 (46)

The matching kernel U for the forward matrix elements (of
flavor-nonsinglet operators) is available from [35] and for
the off-forward matrix elements from [38]. It can conven-
iently be written as [38]

2
U:exp{—Z[EOVl—f—ﬁSO(VZ—%Vl)}+(9(a§’>7 (47)
such that

o (Via) %

7 =0y0 < o o) (48)

where V(a,) = a2V, + alV, + O(a?). The matrix V, is
diagonal

16Crpy

CEaCET

[Vl}nm = 6nm

whereas V, is more complicated and also contains an off-
diagonal part, see Ref. [38] for the explicit expressions.
Using this representation we obtain

1 =y,
1
2 =y 4 () y1—vV
4 Y +2ﬂ0[y ) l] 1
1 1 B
3) — 40B) L~ [y(2 |y _~
v =y + VAR {7 vV V}
IRV B!
1
+— [V Vi Vi = Vs, (50)
34,
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where [...,...] stands for the commutator. The two-loop

off-diagonal entries (42), y,(jqz of the AD matrix for the

operators in question have been calculated in Ref. [39]. We
3)

wme Which are our

have calculated the three-loop entries y
main new input.

B. The three-loop AD matrix

We use the technique developed in Ref. [15]. The
starting point is that conformal symmetry of QCD at
quantum level is restored at the Wilson-Fisher critical
point [40] at noninteger space-time dimension d = 4 — 2e¢,

e.(ay) = —poa, — prai — ... (51)

At the critical point, the two-point correlation functions of
multiplicatively renormalizable operators with different
ADs vanish to all orders of perturbation theory

<[O]n(x) [O]m(0)> ~ S x#o’ (52)

where (...) stands for the vacuum expectation value. As
shown in Ref. [15], this condition allows one to find the
eigenvectors of the RG equation in the chosen operator
basis from a calculation of the corresponding unrenormal-
ized correlation functions with m < n. Since the eigenval-
ues (ADs) are known [35,36], this information is sufficient
to restore the complete mixing matrix. Importantly, the
ADs of composite operators in minimal subtraction
schemes do not depend on ¢ by construction and are the
same for the physical d =4 and the critical d = 4 — 2e,
space-time dimensions. Thus the calculated mixing matrix
for the leading-twist operators at the critical point coincides
identically with that in physical theory in four dimensions
[41-44].

We have calculated the correlation functions (52) for the
operators (25) with n, m = 2, 4, 6, 8 to three-loop accuracy
in 4 — 2¢ dimensions for a generic gauge group. All the
diagrams were generated with the help of QGRAF [45] and
evaluated with FORM [46] programs MINCER [47] and
COLOR [48]. Using these expressions we determined the
off-diagonal parts of the AD (mixing) matrices for C-parity
even flavor-singlet axial-vector operators. The present
application differs from Ref. [15] by a Dirac/Lorentz
structure of the operators only. This difference makes
the coding somewhat more involved and the calculation
requires more computer time but otherwise the procedure
remains the same, so that we omit the details.

Explicit expressions for the three-loop AD matrices for
QCD, N, = 3, are rather lengthy. They are collected in the
Appendix and also in Supplemental Material [33] in
Mathematica format.

C. NNLO RG equation

For the discussion of the scale dependence, it is
convenient to combine the shape parameters of the
LCDAs (18) with the normalization constants. Let

q73(n+1)(n—|—2) _p
S TrrE
~ Sn(n+1)(n+2)(n+3)
Bn - 4(2n + 3) Fobn’ (53)

where we suppress the meson dependence M = 1,7 .
The (scale-dependent) parameters A;l, B, are given by
the reduced matrix elements of local operators (29),
(0]07|M (p)) = (ip- )" AL,
(0107|M(p)) = (ip+)"*'B,. (54)

Also

Al — /l duCy*(2u — 1)@, (u)
n 0 n M s

1
B, = 6/0 duC> (2u — 1)@, (u). (55)

We assume ny = 4 active flavors, and further decompose
the quark matrix elements Aj into the flavor-singlet and
flavor-nonsinglet parts

Al = AZNS 1 AS (56)
with
48 =1 > Al (57)
! 4 q=u,d,s.c !

The nonsinglet coefficients ALNS

for all flavors)

satisfy the RGE (the same

(40, + B(a,)90, )8 + (1)) AR =0, (58)

where ™ is the flavor-nonsinglet AD matrix defined as in
Eq. (41) but with all entries that are numbers rather than
2 x 2 matrices.

It is convenient to separate the contribution of one-loop
ADs from the higher orders

NS — y (NS | o (23)NS (59)
where yﬁ,&,),NS = axyg,l,,)lNS ~6,, 18 a diagonal matrix and

(23)NS

nm -

3}/5,2,,st —i—a?yﬁf,,st. Using this decomposition,

we write the solution in the form
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AT () =U(a,(p).a5(no))V (as (1) a (o) )AN (ko). (60)
where U(a, b) is a diagonal matrix U,,, = U, 5, that takes into account the one-loop evolution
(Bla)o, + 7" N)U(a.b) =0, U(b.b) =T (61)
and V(a, b) is the solution to the RGE
(B(a)o, +U(b. a)y®N(a)U(a, b))V(a, b) = 0 (62)
with the boundary condition V(b,b) = 1.
One obtains
d % [ (a=b)p .
B adss )| _ a\xm a—>b)py ) a—+ (ﬂz 1)) }
U,.(a,b) =0,,exp{ — — ¥ ¢ =Oum| T exps —————7r» | 1+ ———+...7,
(@t p{ » Bs) } (b) p{ %7 ( 2% \Bi fo
b
Vnm(a b) = 5nm + b}’glﬂl nm + b2< . Vnm ﬁ1>Enm + 2—ﬁ17n2m (}’nl - 7511))[E£zln)1 - Eglzn)z]
Po B
}’( )7/( ) 2 1
+ bZZ nk km [Eglﬂ?l _ Ef’lk)]’ (63)
D4 2p0
where IV. NUMERICAL ANALYSIS
0 A. Axial couplings and models of the LCDAs
X (%)V W Low-energy processes involving n and 7' mesons are
Enm = y(l) y ) ok p ’ (64) usually described invoking a certain mixing scheme that
m n 0

and we dropped the superscript™s in order not to overload
the notation.

For the flavor-singlet contributions, the one-loop anoma-
lous dimension matrix y(1S is 2 x 2 block diagonal. Let R
be a matrix that brings y")S to a diagonal form

5(1)

},S = R?SR_I, Ynm = 5nm7511)s- (65)
The solution of the RGE reads in this case
A(/") = Rﬁ(a‘v (/’l)’ ag (ﬂO))V(as (/’t)’ ag (MO))
X 'R,_IA(,M()), (66)

where A is the vector of the flavor-singlet quark and gluon
matrix elements AS, B, arranged as in Eqs. (38) and (39),
and the matrices U, V are given by the same expressions as
above, with the substitution of the anomalous dimen-
sions yK)INS s H(K).S

In this work we take into account contributions of
operators with n =0, 2, 4, 6, 8 In this case one
ends up with 5 x 5 and 9 x 9 matrices for the renormaliza-
tion of flavor-nonsinglet and flavor-singlet contributions,
respectively.

considers physical mesons as superposition of some fun-
damental, e.g., flavor-octet and flavor-singlet components.
This approach is phenomenologically very successful, but
relying on a particular mixing scheme for the coupling
constants is in fact not necessary as they can be calculated
directly on the lattice with competitive and eventually better
precision. We will use the (updated) RQCD21 results [4]

Do) = 72.43(245) MeV,
F;(MO) = —109.12(283) MeV,

Fi () = 55.48(34) MeV.,
FS (o) = 143.22(431) MeV, (67)

where p3 =2 GeV2. The corresponding values for the
three-flavor-singlet couplings (19) are

F(uo) =
Fy(uo) =

14.76(33
103.8(342

) MeV,

) MeV. (68)

These numbers are obtained from the ones given in

Table 25 in [4], changing the scale setting parameter

1/ 8lgh =475(6) MeV to 481.3(2.7) MeV [49] and
rescaling the results from p? =4 GeV? to p3 = 2 GeV?
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using the four-loop QCD S function and the three-loop
anomalous dimension of the flavor-singlet axial cur-
rent [37].

Since the information on the shape of quark LCDAs
of n, 1/ is barely available, it makes sense to start with a
“minimal model” corresponding to the popular Feldmann-
Kroll-Stech (FKS) mixing scheme [6]. It is motivated by
the old observation that the vector mesons @ and ¢ are to a
very good approximation pure iiu + dd and 5s states and
the same pattern is observed in tensor mesons. The small-
ness of mixing between strange and nonstrange states is a
manifestation of the celebrated Okubo-Zweig-lizuko (OZI)
rule that is phenomenologically very successful. If the axial
U(1) anomaly is the only effect that makes the situation in
pseudoscalar channels different, it is natural to assume that
physical states are related to the flavor states by an
orthogonal transformation involving a single mixing angle.
The FKS scheme is consistent with the low energy
phenomenology, see Ref. [3] for a review, and is also
supported by direct lattice calculations of the 7, 7’ couplings
at low scales [5,49].

Extending the state-mixing description based on the FKS
scheme from the couplings to the LCDAs is a very strong
assumption. If accepted, it implies that the 7 and 7' LCDAs
have the same shape (at low scales):

(d)n ( (d)a' (

o) = an " (o) = al (o),
ay"(uo) = ay” (uo) = (o). (69)

u
dan

If the FKS mixing scheme for the LCDAs is accepted at a
low scale, it will be violated only mildly at higher scales
by the renormalization group effects (that also generate
nonvanishing OZI-violating contributions). Figure 1 in
Ref. [10] shows a comparison of the spacelike y*y — z°
experimental data with the nonstrange y*y — 5, form
factor extracted from the combination of BABAR and
CLEO measurements of y*y — 5 and y*y — 5 assuming
the FKS mixing scheme. Were this scheme exact, the two

TABLE II.

form factors would coincide in the whole Q? range, up to
tiny isospin breaking corrections. It is seen that the existing
measurements do not contradict the FKS approximation at
low-to-moderate Q% < 10 GeV?, whereas at larger photon
virtualities the comparison is not conclusive as there are
significant discrepancies between the BABAR [50] and
Belle [51] pion data. The BABAR data taken alone show a
dramatic difference between the y*y — 7° and y*y — 1,
form factors at large virtualities, which cannot be explained
by perturbative evolution effects. If confirmed, this differ-
ence would be a stark indication that the concept of state
mixing is not applicable to the 5 and 7' LCDAs so that the
equality of higher-order Gegenbauer coefficients (69) is
strongly violated already at low scales. Settling this
discrepancy is urgently needed and is an important physics
goal for Belle II [12].
From lattice calculations [52]

ag(ﬂo) = aj(uo) = 0135(%%
a3 (o) = 0.115(3), (70)

where the second number is obtained from the result for

a8 = a% assuming validity of the FKS mixing scheme with

the same mixing angle as for the coupling constants,

(a3)* —(a5)> 1 1
(a8)? = (a5)?  22F%./F2. —1

~026. (71)

For higher moments, several exploratory lattice calcu-
lations exist [53,54] but are not yet precise enough.

Numerical results presented below are obtained using
four phenomenologically acceptable models of the LCDAs,
see Table II and Fig. 1. The first model corresponds to
taking into account contributions of the Gegenbauer poly-
nomials of second order only, with parameters specified in
(70). The second model is an extension of the first one,
adding higher-order polynomials up to n = 8 assuming a
power-law ansatz

Gegenbauer coefficients (shape parameters) for the four considered models of the quark LCDAs at the

scale y2 = 2 GeV2. For each model, the upper numbers correspond to a4 and the lower ones to a, respectively.

Model a5 ai al® as® Reference
0.134 0 0 0

! 0.115 0 0 0 [52]

I 0.13435 0.05111 0.02666 0.01629 p =0.532
0.11510 0.04135 0.02079 0.01236 p = 0.588

m 0.07895 0.07433 0.07005 0.02219 [55]
0.06642 0.06337 0.05961 0.01892
0.22445 0.10340 0.07065 0.00046

v 0 0 0 0 [53]
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u

FIG. 1. Model shapes of the u, d-quark LCDAs at the scale
w3 =2 GeV? used in the numerical analysis. Model I: solid
curve (blue); model II: short dashes (orange); model III: long
dashes (purple); model IV: dash-dotted curve (brown). The
asymptotic LCDA ®(u) ~ 6u(1 — u) is shown by dots (green)
for comparison.

@ _ poT2+2p) , »
D,/ =Fy F(l—l—p)2u (1 —u)r, (72)
where the power p is adjusted to reproduce lattice results
[52] for the second moment. The third model corresponds
to the fit of the Belle data [51] for the spacelike y*y — =
form factor using NLO perturbation theory and light-cone
sum rules to take into account power-suppressed cor-
rections [55]. For the strange quark contribution in
this case we assume the same suppression of higher
Gegenbauer polynomials as in models I and II. The last
model IV corresponds to the set of parameters suggested on
the basis of the LAMET-type calculation in Ref. [53]. An
interesting feature of this model is a strong SU(3)-flavor
violation: Using the quoted results for the K meson [53],
the leading-order ChPT relation a5 = (4aX — a®)/3 [56],
and Eq. (71) one obtains all @}, parameters comparable with
zero within errors.

For the gluon LCDA there is practically no information
available, apart from order-of-magnitude estimates [7,9].
We will assume

b (o) = b (o) = ba (o) (73)

with b, (p) in the interval [—0.2, +-0.2] and put all higher-
order n = 4,6, ... Gegenbauer coefficients to zero (at the
initial scale).

B. Form factors

We use the RunDec Mathematica package [57] for the
running strong coupling. The heavy quark masses are
chosen as m, =141 GeV, m, = 4.8 GeV for charm
and bottom, respectively. As already mentioned above,
we use y3 = m2 = 2 GeV? and put charm quark LCDA to

zero at this scale. The form factors are evaluated for the
factorization scale u> = |Q?| as the central value, and we
vary it by a factor two to test the scale dependence.

The transition form factors are linear functions of the
parameters of the LCDAs (18) at the initial scale so that the
results can be written as

Oy (0%) = Fiy (o) [xﬁf” £ xﬁf‘)aﬁ“)%o)}

n=24,...

+ Fy(uo) {xéd) + Y )(Ezd)a(d)'M(uo)]

+ Fiy (o) {xff) + > )(ES)aff)’M(uo)}

+ Fiy (o) Z 290 (o). (74)

where the axial couplings F 53), F ,(8) are defined in (6) and

(19), a, and b, are the coefficients in the Gegenbauer
expansion (18) of the quark and gluon LCDAs at the scale

Uo, and ;(,(f’) , ;(,(,g) are dimensionless numbers that depend on
Q? and involve full complexity of the two-loop CFs and the

three-loop evolution. Importantly, these coefficients do not
(d) (5)

depend on the meson, M =n or M =1#'. Also y,,' = y»n
but ;(5[‘)7&;(3“). In the isospin symmetry limit F ,(;‘,) =F 5&1)
and M = gOM

n - n .

The numerical values of the coefficients )(,({l), n < 8, for

the timelike Q% = —112 GeV? and the factorization scale
u?> = |Q?| are collected in Table II. The corresponding
spacelike coefficients for Q> = 112 GeV? are also given
for comparison. This form of presentation of the results is
very convenient as it does not rely on any LCDA model. In
particular the expansion in (74) does not rely on the state
mixing assumption. In the FKS mixing scheme used in this

work @\ (uo) = a'" (uy) and bl (ug) = b (), but this
assumption can be relaxed.

The difference between the NNLO and the NLO results
is small, of the order of 1%—1.5%, and the uncertainty of
the NNLO predictions for absolute values of the form
factors due to the variation of the factorization scale in the
interval |Q?|/2 < pu? < 2|Q?| is less than 1% in all cases
with an exception for y* — 5’y with a large negative gluon
LCDA, b,(uy) = —0.2, in which case the scale uncertainty
is around 2%. This means that the perturbative expansion is
converging rapidly and the achieved accuracy is sufficient
for a fully quantitative description.

The size of the c-quark contribution (terms involving
c-quark electric charge e?) depends strongly on the
assumed gluon LCDA and is in general much larger for
y* = 1y, as can be expected. For the vanishing gluon
LCDA at low scales, b, (pg) = 0, we find the charm quark
contribution of —1%(—4%) where the first number is for
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TABLE III.

Coefficients (74) of the contributions of different Gegenbauer polynomials in the expansion of LCDAs to the transition

form factors at the timelike Q> = —s = —112 GeV?. The corresponding spacelike coefficients for Q> = 112 GeV? are also given for

comparison. All numbers are dimensionless.

Flavor Scale )((()a) )(;a) )(ia) ;(éa> )(éa>
Spacelike 2.286 1.678 1.464 1.374 1.340
“ Timelike 2.204 +0.104 i 1.453 +0.432 1 1.321 +0.528 i 1.255 4 0.564 i 1.220 4 0.586 i
d Spacelike 0.561 0.487 0.404 0.366 0.348
S Timelike 0.480 +0.134 1 0.303 4+ 0.210 i 0.328 +0.218 i 0.330 4-0.194 i 0.323 4-0.170 i
Spacelike 2.143 2.304 2.283 2.295
g Timelike —24514+2.643 1 —0.717 +5.264 1 1.365 4+ 5.685 1 3.322+4.059 1

7* = ny and the second one for y* — 7'y, respectively. For
by (o) = 0.2 we get —=5%(—20%) and for by(uy) = —0.2
one obtains +3%(+11%). These numbers depend weakly
on the model of the light-quark LCDAs. The b-quark
contribution is much smaller in all cases.

Our final results for the four chosen models of the light-
quark LCDAs and three different choices for the gluon
LCDA are visualized in Fig. 2. The experimental value
from Ref. [11] is also shown. The size (and sign) of the
gluon LCDA mainly affects the prediction for y* — #'y.
From the comparison with the data a vanishing (or small
negative) gluon LCDA is preferred, although the present
experimental accuracy is not sufficient to draw definite
conclusions. A much higher precision can be achieved at
Belle I [12]. The hierarchy of the results obtained using the
four LCDA models [circles (1), triangles (II), diamonds (IIT)
and squares (IV)] is due mainly to the difference in the sum
of the Gegenbauer coefficients

350 - q
=
< 300F Fol o .
=] o ]
o o ]
= 250+ 09 >—I—< ]
& oy o ]
= o
200 - 1
100 150 200 250 300
|*F(a?)], MeV
FIG. 2. y* = 'y vs y* = ny form factor at ¢> = 112 GeV?>.

The experimental data point is from Ref. [11] with statistic and
systematic errors added in quadrature. The three sets of points
(from top to bottom) are obtained for the values of the gluon
LCDA parameter (18) b, (uy) = —0.2 (red), b, (uy) = 0 (black)
and b, (up) = 0.2 (blue). The results of the calculation with the
four models of quark LCDAs specified in Table I (see also Fig. 1)
are shown with circles (I), triangles (II), diamonds (III), and
squares (IV), respectively.

o) =1+a +a? +dl? + ... (75)

This can be expected as this sum enters the calculation of
the form factors at the tree level. For the models in Table II
one obtains

') (o) = {1.134,1.228,1.246, 1.399},
o) (o) = {1.115,1.190, 1.208, 1.000}, (76)

respectively. These sums almost coincide for model II and
model III, and the corresponding results for the form factors
(triangles and diamonds) are very close to each other. The
results obtained using model I (circles) are roughly 5%
smaller for the both form factors as compared to models 1II,
III. Model IV differs from the remaining ones by a much
stronger SU(3) violation, which apparently leads to a
decrease of the |F,//F,| ratio. In this model (squares)
the n form factor comes out 17% larger (compared to
models II, II), but for #/ the increase turns out to be
3% only.

In Fig. 3 we compare the predictions for the form factors
for timelike g*> > 0 (solid curves) and spacelike g* < 0
(dashed) photon virtualities. As seen already from Table III,
the timelike form factors acquire large phases. Their
absolute values are, nevertherless, close to the spacelike
ones in a broad region of virtualities, provided the gluon
LCDA is small. If the gluon LCDA is large, the difference
between the timelike and spacelike #' form factors can
become very large as well. This difference may thus turn
out to be a sensitive probe of the gluon contribution,
provided the spacelike form factors can be measured at
sufficiently large |¢?| to suppress power corrections.

The subject of power corrections is complicated and a
detailed discussion goes beyond the task of this paper. Such
corrections can be estimated using dispersion relations and
duality, see Refs. [10,58] and references therein. Power
corrections turn out to be, in general, large and negative,
with the main effect being a suppression of the contribution
of the end-point momentum fraction regions, u — 0 and
1 —u — 0. A qualitatively similar suppression is expected
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FIG. 3. Absolute values of the form factors |¢>F, (¢*)| (left panel) and |¢*F,/ (¢?)] (right panel) for timelike ¢* > 0 (solid curves) and
spacelike g*> < 0 (dashed) photon virtualities. The three pairs of curves correspond to the different choices of the gluon LCDA:

by(pg) = 0 (black), b, (ug) = —0.2 (red), and b, (uy) = 0.2 (blue).

also in the kp-factorization approach going back to
Ref. [59]. We are not aware of any solid approach to
power-suppressed contributions in the timelike region, but,
naively, the leading 1/¢> correction can be expected to be
of opposite sign (i.e., positive).

The analysis in Ref. [10] is done to the NLO accuracy. It
cannot be complemented by the NNLO contributions
calculated to this work in any straightforward way, as
higher-order perturbative corrections to transition form
factors are increasingly sensitive to the end-point integra-
tion regions due to Sudakov-type logarithms [16,60,61],
and thus are expected to be affected even more strongly by
nonperturbative effects. To illustrate this point, consider
typical integrals contributing at the three consequent orders

1
2 / duT (), (1) = 6.922 + 0.400 + 0.005,
1
2
1
2/ dua, T ()%, (1) = —1.104 + 0.310 + 0.101,
2

1
2
2 / dud®T 3 (), (u) = —=0.972 + 0.275 + 0.197,
2
(77)

where the three numbers come from the integration regions
1/2 <u <099, 099 <u <0999, and 0.999 < u < 1,
respectively, and we used the second LCDA model from
Table II as an example, ¢7,(u) = ®f, .1 (u)/F4,. Since
the virtuality of the hard quark propagator in the Feynman
diagrams for the CFs is ~(1 — u)Q?, the last two regions
are in fact beyond the applicability domain of the collinear
expansion. Such end-point contributions are enhanced for
the LCDAs with large higher-order Gegenbauer coeffi-
cients and become dramatic for models with nonstandard
~u(1 — u) end-point behavior. For example, using a power-
law ansatz in Eq. (72) as it stands, without the truncation at
n = 8, one obtains

1
2 / AuaTiQ (1), _q 53 (1) = —0.967 + 0.495 + 1.953.

2

(78)

Note that the contribution from the u < 0.99 region is
almost the same as in the last line in Eq. (77), which means
that the n = 8 truncation has indeed high accuracy in the
bulk of the momentum fraction region, but the end-point
contributions become unphysically large.

These issues require a detailed study. Having them in
mind, in this work we do not attempt the comparison of the
results with the (existing) spacelike-data at Q% < 35 GeV?
and refer the reader to Refs. [4,10] for the state-of-the-art
NLO analysis. An extension of these results to NNLO
requires a calculation of the two-loop CFs with two
different photon virtualities, cf. Ref. [62], which can be
a separate large project.

V. SUMMARY

We have carried out a NNLO calculation of the timelike
v = 'y and y* — 5y form factors at the energy of the
Y (4S) resonance, s = g*> ~ 112 GeV?2. The same accuracy
was achieved recently for the pion transition form factors
[17,18], but the present case is more complicated because
of flavor-singlet contributions. In this work we have
provided the last missing element for this calculation—
the three-loop anomalous dimension matrix for flavor-
singlet axial-vector operators. Explicit expressions are
given in the Appendix and also in Supplemental
Material [33] (in Mathematica format). Another new
element in our analysis is the implementation of an
NLO variable flavor number scheme for the charm quark
contributions.

The results are presented in a model-independent form in
Table II, and also in Fig. 2 for several models of the light
quark LCDA based on lattice QCD inputs. We find that the
y* = n'y form factor is sensitive to a possible admixture of

056026-12



v* = ny AND 7* — i’y FORM FACTORS TO NNLO...

PHYS. REV. D 113, 056026 (2026)

gluons at a low scale, and the F,//F, ratio is also sensitive
to the SU(3) violations in the shape of the light quark
LCDAs. The existing experimental data [11] on y* — 7'y
favor a small gluon LCDA, whereas there is some tension
for y* — ny calculated using quark LCDAs based on the
existing lattice inputs [4,52,53].

The accuracy of the NNLO calculation estimated by the
remaining factorization scale dependence is very good, at a
1% level, and the main remaining uncertainty is due to
power-suppressed 1/g* contributions. A NNLO analysis of
such corrections following the approach of Ref. [10]
requires a calculation of the two-loop CFs with two
different photon virtualities. This calculation is complicated
but technically possible, cf. Ref. [62].
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APPENDIX: FLAVOR-SINGLET ANOMALOUS
DIMENSIONS

In this appendix, we present explicit expressions for the
three-loop flavor-singlet AD matrix for QCD, N, = 3, in
the form (41) and (50). The 7y, element is a number [37],

944
3

32

9

Foo = az16n; + a < ny n%) (A1)

The diagonal blocks 7,,,, n > 2, are 2 x 2 matrices,

100 1y, 34450 0 _ 745 43
5 —g 9 3N +a? 243 +n 81 324
T2 =45\ 4 18+‘—‘n s 14590 447 I\ 200 1748
9 f 243 2 81 81
2200C1 | 64486199 0 _ 440045 _ 1874755 256045 _ 1620961 _ 326 8869
3 26244 27 8748 27 17496 2 81 1458
+ a; +n + n; A2
§ _ 16004“3 _ 5535050 28369 ! 3200{3 4 14155 _ 1402005 _ 1460153 F\ 1330 _ 12305 ’ ( )
81 6561 8 2187 27 17496 243 729
728 24, 662846 0 _ 151852 22127
5 —a 45 15" T 3375 T, 10125 20250
Yaa = ds| oy g ne+ m s 2307368 126976 S\ 10528 375152
45 f 30375 375 2025 10125
1131245 - 559048023977 0 _30016¢5 _ 821093327 64765 _ 9414495251
NI 405 164025000 +n 135 2733750 135 218700000
§ _ 210565 _ 43385387017 51647279 f 3584¢5 _ 104182414 _ 189765 _ 11563525657
405 41006250 9375 27 6834375 27 54675000
_ 743386 2944457
b 151875 1518750 A
+ el 135016 _ 17837983 ? ( 3)
30375 911250
2054 _ L L n 718751707 0 _ 103792931 210737
5 —g 105 f T a2 3087000 Tn 5556600 211680
Yoo = ds| 36 1378 + n s 36739 71321289 ! _ 1766 127437
7 f 420 171500 245 2744
18548243 59388575317957639 0
N 6615 14702763600000
§ 3672@2 1286698543033 11481783359213
1089093600 1680700000
116644& __ 344630882967529 423785 _ 3330825303467 _ 19429628359 27203147669
441 980184240000 147 130691232000 2 3500658000 32672808000 (A4)
9606@ __ 28588205419 _ 11975385 _ 1587171468293 / 286481 _ 549102703 ’
7907578000 147 5227649280 102900 25930800
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4180 2, 293323294583 0 287106517 1797557
G — g 189 31y a2 1125211500 tn 13395375 2187000
Y88 = s\ g4 4763 +4p s _ 3901134908 6600064319 S\ 1119712 101892886
35 105 "3 40186125 13891500 127575 1913625
501287603 | 24226018396923088741 0
e 178605 5359157332200000
§ _ 29471245 _ 12257491838900099  28836204088571687
25515 76559390460000 3675690900000
_ 252771245 _ 24860621334119521 3286645 _ 705201132190069 306389943931 2502299986513
in 8505 63799492050000 1701 40831674912000 42 50634517500 6076142100000 (AS)
f 14085 _ 50854035270599 _ 15238485 1375186504728767 f 10522567 __ 161230169591
81 9114213150000 1701 3645685260000 80372250 7233502500

The 7, entries for n£0 are vectors,

260 16 49024 _ 22175 65
- ) 9 9 3 81 243 2 9
= n a n n
Y20 = i 1400 Ty 80 + a; 235030 Tl sgi0 | T 220 ’
9 81 243 27
_ 56 3911 _ 1216714 9388
. 5 I 3 27 , 30375 5> [ 3375
Y40 = ds 11312 +ny 448 +a; _ 186096232 Tl gposess | T\ 2576 ’
45 30375 30375 675
2054 2488 281851388261 24453243641 66779521
~ ) ~ 14175 2835 3 7501410000 1000188000 5 [ 50009400
=da a ns
760 s 4724 +ny 7 T ds 125803784333 oy 429338921 +ny 649 ’
7 13891500 1543500 735
7 _6l4 28739341349 65664119611 427531
-, 1323 945 3 39382402500 3750705000 > [ 595350 A
T80 = a5\ _i7i0s00 | T vaos T _eesonanrosions | T\ azosmizoas | T souse (A6)
4725 135 5626057500 93767625 12525
The remaining nondiagonal entries are again 2 X 2 matrices,
8512 _1036 49
500 = a2 243 +n, 405 45
T = d; _ 33712 2156 F\ 1568 392
405 15 405 405
23599891 0 _ 19974941 8893087 62258 _ 83279
L T36450 tn 182250 364500 42| 3097 ToL125
s 1043383901 3601157 F\ 385038 63922607 I\ 28616 7154 ’
820125 1500 3375 182250 6075 6075
AR
= 2 . 45 5400
Ye2 = di 1316 18309 + 1y 4 -1
5 125
208052194247 0 48465845261 30434567717 4993943 _ 4391567
g 714420000 - 857304000 2857680000 a2 [ 4762800 57153600
s 1552505147 6469961437 f 34499593 321089627 f\ 163 163 ’
992250 2450000 330750 882000 70 280
47072 0 54 _ 749
o — g2 5103 in 405 6075
Ye2 = @\ | _izeuiss sa2113 F\ 4928 1232
18225 3150 1215 1215
4068118032481 0 _ 83347630159 165674357677 642487 49253
e 25317258750 . 2411167500 19289340000 | | o [ TH48I75 918540
s _13600382918837 1879385623621 F\ 11016032456  _ 259972344731 I\ 40808 12452 ’
7233502500 555660000 120558375 602791875 54675 54675
2208998 _ 2992 12859
s g 70875 n 1575 13500
Yoa = ds _ 28732 93291 F\ _ss _ a4
375 815 35 175
21898269506047 0 6712204620473 188005248607 131277949 _ 155192939
e 37507050000 n 75014100000 16669800000 2 [ 83349000 312558750
s _ 464483888297 1493390417 4 2195028209 3227274787 14927 14927 ’
347287500 857500 23152500 12862500 3675 36750
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80220734 0 _ 102476 1050401 547136173376507 0
o 4465125 tn, 70875 2976750 e 1772208112500
V84 = d 43984952 26809123 S\ 15488 7744 s _89274580744877  382689123131843

637875 308700 6075 30375 63293146875 272273400000
878219057771 6612995092253 203845367 _ 751254031
- 16878172500 2362944150000 2 [ 200930625 8037225000
T\ 1617306158842 4391083811213 | 4063664 2031832 ’
21097715625 21097715625 1913625 9568125

7876480500 518616000

2552663 0 _ 1985 79913 58135173181189 0
o — 2 92610 n 1323 123480 T 110270727000
V86 = ds _ 3447268 154253 \ _3 44 s _ 10975089254723 779605161401

46305 1715 189 41
_22482165445907 510346526357
i 294055272000 84015792000 n2
! 8858934271 _30767605351571 f
105019740 147027636000

2190169  __ 10108073

1666980 38896200

229636 57409 ’ (A7)
59535 277830

These expressions present our main result. The corresponding flavor-nonsinglet AD matrices are available from
Refs. [35,38]. They are collected, for completeness, in the provided Supplemental Material [33].
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