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1 Introduction

The lack of direct evidence for new physics beyond the Standard Model (BSM), especially
at the high-energy frontier explored by the Large Hadron Collider (LHC), is puzzling given
the apparent shortfalls of the SM to explain a range of experimentally observed phenomena,
ranging from dark matter, over baryogenesis, to fine-tuning. The experimental observations
at the LHC have put significant pressure on well-motivated candidate theories beyond the
Standard Model. This has refocused phenomenological efforts toward model-independent
techniques that present themselves through the application of, e.g., Standard Model Effective
Field Theory (SMEFT) [1-4]. A working assumption of SMEFT is that the Higgs mecha-
nism is well-approximated by the Standard Model (SM). This is motivated by minimalism,
addressing observed electroweak correlations, such as the smallness of the p parameter. By
construction, most theories that contain the SM as a low-energy limit can be approached via
SMEFT, potentially requiring operators of higher dimension than six to match the expected
experimental precision phenomenologically [5-20].

It is worth highlighting, however, that the emergence of custodial isospin in the SM is
an accidental consequence of the Higgs field’s quantum numbers and the requirement of
renormalisability. Similar to the baryon number as an accidental symmetry of the SM, it
therefore deserves appropriate scrutiny. In other words, whilst electroweak physics seems
to be surprisingly accurately modelled by an effective theory based on the SM, a more
general vacuum structure of the SM’s embedding into BSM theories [21-23] could indeed
pinpoint phenomenological avenues towards BSM discovery that do not present themselves
when assuming SMEFT [24-27].

A theoretical framework capable of accommodating such possibilities is Higgs Effective
Field Theory (HEFT) [28]. At the cost of an abundance of new parameters, HEFT offers



a coarse-grained description of the electroweak vacuum structure, employing the Callan-
Coleman-Wess-Zumino (CCWZ) formalism [29, 30] to address electroweak-scale phenomena.
Within this approach, the physical Higgs boson emerges as a custodial singlet, treated
independently from the Goldstone sector. Technically reminiscent of technicolour models
extended by a techni-X state, HEFT can consistently incorporate loop corrections for scenarios
in which the Higgs boson arises only partially from an elementary sector, extending also
to, e.g., pseudo-dilaton theories.

The link between the geometry of electroweak vacuum manifolds and their expected
phenomenological results has been analysed in great detail in recent years [21, 22, 24, 31, 32].
This also includes EFT convergence of SMEFT-like theories from a HEFT perspective, high-
lighting field redefinitions as redundant parameters in a QFT. Here arises a practical problem
very familiar from precision calculations in the SM itself. When viewed as a parametrising
framework for SM deviations, SMEFT and HEFT (the latter with its various scales typically
identified with the vacuum expectation value by convenience, see also section 3.3) introduce
additional theoretical uncertainties by working at a given order in a characteristic expansion.
In SMEFT, highlighting its relation to a UV theory containing the SM in the infrared, this is
the inverse cut-off (or BSM mass scale) of the theory that is also used to construct bases of
given dimensionality [33—40]. In HEFT, we typically consider loop-order expansions [41-44],
or equivalently, an expansion in chiral dimension [45, 46].

In the SM, there are motivated, yet arbitrary, choices regarding the specific parameterisa-
tion one can choose for the field operators and masses. Masses, in general, are highlighted via
Nielsen identities [47, 48] as appropriate input parameters of a renormalisation programme
when they can be observed (this excludes the light quark masses, which for practical purposes
are chosen as zero in the parton model). On-shell renormalised canonical field operators are
then an obvious choice, in particular as the on-shell scheme resums mass-related effects.! Yet,
any other choice of field could be considered, which would lead to an identical phenomenology
when we supply the appropriate LSZ factor and sum over a sufficient number of loops in the
theory. Given that this is technically not feasible, in the SM, this argument is usually reversed:
the numerical impact of different renormalisation schemes (and changes of renormalisation
scales for minimal-subtracted quantities) is considered a proxy for theoretical systematics.

When we consider this within effective, non-renormalisable extensions of the SM, we
are drawn to the importance of power counting schemes that are sometimes adopted to
establish hierarchies between different interactions [49, 52]. A field redefinition, truncated
for instance at a given order in the SMEFT expansion in a bottom-up approach, leads to
different theoretical expectations. Yet again, purely on technical grounds, we are forced to
consider a particular parametrisation in the expansion of new physics effects.

Differences between parameterisations are only relevant when contrasted with the ex-
perimental precision available for an interpretation in the effective theory. It is not new
that the precision of a reference measurement determines the accuracy of a higher-order
programme of predicting correlations. However, when viewed in the context of EFTs, this is
qualitatively different from SM interpretations. For the latter, input data are typically much

LOf course, there are known pitfalls and the gauge-dependence of renormalised masses can provide technical
obstacles. It is worthwhile mentioning that such technical issues are largely absent in HEFT, by construction.



more precisely known from processes other than those we seek to analyse. In the bottom-up
EFT, uncertainties in EF'T parameters are typically directly linked to the process that is
used to obtain the QFT input itself (see, e.g., [53]).

It is the purpose of this work to clarify such uncertainties in the Higgs sector. Especially
when viewed from a HEFT perspective, this enables an experimentally-driven approach
to understanding theoretical limitations, not based on theoretical prejudice, but on the
‘quality’ of the observed data or measurement. This work is organised as follows: in section 2,
we discuss with a concrete example how different parameterisations of Lagrangians lead
to (non)identical amplitude predictions. Particular emphasis is given to manipulations of
Lagrangians using perturbative field redefinitions and equation-of-motion (EoM) relations.
Their use is ubiquitous in the literature, but known to lead to physically different results at
higher order [54]. Such differences can then be understood as a new source of theoretical
uncertainty relevant for the experimental EFT interpretation at present and future colliders.
We perform a representative case study for a specific Higgs boson-related HEFT interaction in
section 3, which enables us to clarify the size of this theoretical uncertainty in relation to the
expected experimental precision. The relation of such uncertainties with theoretical power
counting arguments and unitarity is clarified in passing. We offer conclusions in section 4.

2 Field redefinitions vs. equations of motion

Our approach is best illustrated initially with a simple example. Consider a scalar h coupled
to an external source J

L= %%h@“h + A(h/v)J, AQ) =(1+0)%+e?, (2.1)

where we will use ( = h/v with v = 246 GeV. The parameter ¢ is taken to be small, and
it modifies the coupling of two h-fields to the source. Let us remove such a term in the
Lagrangian while keeping the same theory. This can be done by virtue of the invariance of
physical observables with respect to field redefinitions. The current case field redefinition
(FR) or change of scalar coordinate is

h=h-— %eﬁ2/v, (2.2)
which takes us to the new Lagrangian
L(h) = 5(OhO" D)1~ €0 + JA(/v), (23
with
AQ = (1407~ (e+ g+ EEDE (2.4

This is a Lagrangian that, despite apparent differences, will lead to the very same amplitudes
as the one in eq. (2.1).

One might also remove the € term in a seemingly different way, using the equation of
motion (EoM) as an algebraic relation. This procedure is widely used for the definition of



operator bases. It follows, S = [d*z L,

6S A'(Q)
ha) —0Oh(x) + ”

J(z) =0, J:gmh— (1+ )¢, (2.5)

now substitution of J as given above in the very term we want to remove, i.e. the e(2J
term in the Lagrangian in eq. (2.1), leads to

Lot = %(auhaﬂh)@ — )+ T Agon(h /) | (2.6)
with
Apom(€) = (1+¢)? — (e+ )¢, (2.7)

This is yet another Lagrangian which now, however, is only guaranteed to provide the same
amplitudes to order e. To understand why this is the case, we can rewrite the Lagrangian as

Ehz(l’) ) _ 6h2 /
B )M(w)“(h”(—zv) ~Oh+ 4] (28)

LEoM = ,C(h(ﬂf)) + <

hence using the EoM is equivalent to the first order modification in a field redefinition
¢ — ¢+ €dp (cf. eq. (2.2)) as highlighted in [54]. The difference between the two is therefore
the second variation of the action

528
6¢(x)d9(x)

and higher orders. This example shows the interpretation of the use of the EoM ‘once’ to

2
Saru = [ dlad'y S so(y) 56(y) (2.9

remove a given operator; one can make multiple uses of the EoM on the same operator, which
is related to iterated field redefinitions. Appendix A shows how one can use the EoM ‘twice’
and how the error would still take the form of eq. (2.9).

Such a definition of a theory error is still a few steps away from a ready-to-use form,
but the road to get there is clear: compute your observable with and without the term in
the action above and take the theory error as the difference between the two. Let us be
a bit more explicit. We define (a strictly positive)

ATH = (2.10)

0 — OEoM

A few comments are in order.

e Firstly, note there is no opgr. This is because a field redefinition truly leads to the same
theory and opr = . In practice, we will compute opr and compare with o as a cross
check in section 3.

e Secondly, the difference in the numerator stems from eq. (2.9) and is of order €? while
the leading term in the numerator is of order € so the expressions has a well-defined
limit as e — 0 and o, ogoM — OSM-



e Lastly, this is a dimensionless and relative error, due to the balance of € orders just
described. It captures the goodness of the convergence in the EFT and ATH ~ 1
signals LO ~ NLO and the breakdown of the EFT expansion.

While computing this theory error now appears straightforward, it can be technically
involved. So, for the example here, let us choose a simple limit in which the amplitudes
are known. Take the source J to be the kinetic term for the Goldstone bosons of the SM
electroweak sector,

2
J = %Tr(@uUa“U) , (2.11)

where the unitary matrix U contains the three Goldstone Bosons (7®) of the SM and
transforms as a bi-doublet under the global SU(2)z x SU(2)r symmetry:
a a
U(z) - LU(z) R, U(x) =exp (z”(x)) . (2.12)
v
The last equation is an explicit parametrisation, the exponential; other representations are
available and just as valid. One can capture all three cases above in a Lagrangian

,U2

L= -K?*)0,ho"h + FQ(C)Zﬁ(auUaMU) —V(h), (2.13)

N | —

where the kinetic term defines a metric with line element
dg? = v? |[K(Q)dc? + F*(¢)d0?] , (2.14)

with dQ? being the inner line element in S® since U ~ S3.

The high energy amplitudes for this un-gauged theory do approximate the longitudinal
boson scattering of the gauged case through the equivalence theorem [55-57], but furthermore
they can be written in terms of the Riemann curvature tensor that follows from the metric
as (gap = €heig) [22, 31, 58, 59

s
~A7T2‘7T]'*>2h = ﬁ 6?65”656%1)23(1@»@ ’ (215>
N 1 dR
Arin; 30 = S€), eheere@ VaRagye = — md—hh ) 505, (2.16)
=0
where
enelel el Rapo = Ridij (2.17)
2p _ VO (L&F 1 dFAKY 1 (1d°F 1 dFdK
CE TR \Fa T KFdndn ), - KP\FdZ  KFd( 4 o

(2.18)

The form of egs. (2.15), (2.16) is that of a tensor contracted with vierbiens T, e® and is, hence,
invariant under field-coordinate transformations; there lies the usefulness of these expressions.

The matter of computing the amplitude is then reduced to identifying the Higgs-functions
K, F for each Lagrangian and obtaining the curvature via the expressions above. The results



L L LEoMm

K2(¢) 1 ;— 2¢¢ + €2¢? 1—2¢e
F2¢0) (140 +e® (1407 —(e4+)P+0(¢") 1+ —(e+€)*+0(¢H
v’ Ry, —c —€ —€
3
%dd% 4e 4e de — 2

Table 1. Metric and curvature elements for the original, field-redefined and EoM-transformed
Lagrangians. The curvature terms give the high-energy leading terms in amplitudes and signal
physical differences between theories.

are collected in table 1. Coincidentally, the 2 — 2 scattering terms happen to have only
linear € corrections, which means all three Lagrangians give the same prediction. The 2 — 3
case, however, does display both the equivalence of the original and field-redefined case and
the fact that EoM lead to a different prediction at order €.

For the mm — 3h case, we can further identify the ratio between LO prediction and NLO
theory error as €2/4e = ¢/4. If a hypothetical experiment would only set limits in the range
€ ~ 4, e.g. when statistical control is not (yet) good enough, no reliable information can be
gained from this measurement when it is interpreted in a truncated EFT approach. Our
example, therefore, clearly highlights the tension between data quality and EFT expansion
parametrised by the theory error of eq. (2.10).

Generalising this example requires examining two issues: firstly, the general case will not
be the high-energy limit of a scalar theory or have simple geometry-based formulae to connect
the Lagrangian with observables. And secondly, there is the issue of determining our expansion
parameter €, either via theoretical input or directly via measurements as indicated above.

The first point is no obstacle; we simply have to specify our theory in full and the operator
whose removal will lead to the O(e?) error. The full theory we choose as HEFT, which
requires gauging SU(2)r, x U(1)y, so that

.g .
DU =09,U + Z§W501U —igUB, Ty, (2.19)

where Ty is the generator of U(1)y in scalar space, explicitly Ty = o3/2.

The part of the HEFT Lagrangian (considering an expansion in chiral dimensions) that
has been tested experimentally is contained in

4
EHEFT - ﬁbosonic + Efermion + ['Yukawa + E%{])E)FT ) (22())



were £§%FT refers to the chiral dimension four (next-to-leading order) Lagrangian. The

leading order parts of the HEFT Lagrangian are given by

1 2 1 1
Ebosonic = ia,uhauh + %fC(h) Tr[(DﬂU)TDMU} - V(h) - ZW/?VW(WV - ZBMVB/Wa

(2.21)

Lvukawa = —% zf: (QELU yf(h) YR + h.C.) , (2.22)

['fermion = Z'&wa . (223>
P

The function F¢(h) describes possible modifications of the Higgs boson couplings to gauge
bosons and can be expanded as a polynomial in h:

h h? h3

v?
while the Higgs-dependent Yukawa couplings take the form

V() =y (L4 e + 002 102)) (2.25)

where the sum runs over fermion species. The scalar potential is also kept general,

V(h) = lmziﬁ - ﬁgmih?’ - mmih‘* +O(R?). (2.26)
2 20 8v?2

To be specific, when we say that this Lagrangian has been tested, we mean that the
coefficients of the h-functions have been measured up to linear order (except for the lightest
generations’ Yukawa couplings), while for the potential, we have an upper bound on the cubic
term. The Lagrangian is grouped into such operators because Lorentz and gauge invariance
restrict its possible terms to this form. In particular, arbitrary functions of h are allowed,
since h does not transform under the gauge group.

We now come back to the second point, the question of determining the theory’s expansion
parameter. Finding operators invariant under Lorentz and gauge symmetry has a known
solution expressed through Hilbert series [33-40, 60-62]. An issue that is less straightforward
and more subject to discussion is how to ‘order’ these operators, i.e. finding our €. A limit
with unambiguous expansion is SMEFT, in which the assembly of U and h into a doublet
H provides all operators beyond the SM with a mass scale A, by assumption greater than
the electroweak vacuum expectation value v ~ 246 GeV. One therefore has an expansion
parameter € ~ A~2 and an error captured by a dimension eight operator. The connection
with analyses of SMEFT such as [63, 64] can be made explicit matching to the operators
that would yield the curvature of table 1. The curvature-operator relation was worked out
in [24] and the dimension eight operator in the case at hand would be a combination of
HYH[O(HTH)]? and (HTH)?D,H'D"*H.

In HEFT, no such simple identification of € is possible; although the SM limit is straight-
forward to take, this is not achieved by sending mass-dimension > 4 operators to 0. This



can be understood as HEFT can interpolate between technicolour-like theories, where the
cut-off is of order 47v, and SMEFT-like theories. To fix this uncertainty, one can choose a
set of operators that are taken as the leading order (LO) Lagrangian and determine the rest
of the series by the loop order at which they are generated. This line of thought is to be
found in [45]. One can also use Naive Dimensional Analysis (NDA) as a guide to normalise
operators which have a scale A and 47 factors and coeflicients ¢; such that the perturbative
loop expansion breaks down at ¢; ~ 1, as done in [49-51].

Our approach, detailed above, offers another way to define the limit of validity, in which
the error becomes comparable with the prediction. This is, in spirit, the same procedure as
changing the renormalisation scale to assess theory uncertainties. Following this, we discuss
how one can quantify such a truncation error with an explicit example in the remainder
of this work.

3 A O case study

We now turn to a concrete example in the Higgs sector that upgrades the instructive case
study of the previous section to a distinctive HEFT operator whose impact at colliders can
be examined. The operator we focus on is

Ooo =0R0OA, (3.1)

which is known to prove characteristic in HEFT vs. SMEFT comparisons [65, 66]. Such
non-canonical two-point-function contributions arise naturally in HEFT, e.g. through loop
corrections (see [67]) and they modify the Higgs boson’s propagation, with measurable effects
in scattering experiments. Opg also lends itself to field and EoM re-definitions as detailed in
the previous section (including the application of EoMs more than once). It is therefore a well-
motivated test case to understand associated theoretical uncertainties when contrasted with
existing and future Higgs property measurements. Independent of the theoretical uncertainty
motivated in the previous section, any EFT interaction (including the momentum-dependent
one we consider in the following) is subject to unitarity bounds. We will return to this for
O in relation to the processes we consider further below.

We set the stage by splitting the Lagrangian into two pieces, which will be particularly
useful for the study of the considered interaction

L=Lh+Lh, (3.2)
where O will be included in E’let.

3.1 Lagrangians and amplitudes
3.1.1 The ‘standard’ HEFT framework

We now turn our attention to the specific role of the operator Opg within a ‘vanilla” HEFT
framework as a representative example to discuss theoretical uncertainties when confronted
with data. Following the approach of ref. [67], Ogg appears in the chiral dimension four
Lagrangian as

Q,
Eé‘pt D) _%ODD- (3.3)



(4)

This aligns our sign convention. In eq. (2.20), it is contained in the last term, Lyppp. The
Lagrangian term that produces the two-point function in this theory then reads

2
ch, = (auha#h A —u] Dh> (3.4)
The Higgs propagator can then be calculated from the EoM of the free Higgs field, which is
solved perturbatively by the associated Green’s function (Gj) in momentum space,

o 2a00
Gyt (p?) = p* —mj — > Pt (3.5)

2

This modification changes the location of the pole Higgs mass® as can be seen by rewriting

v ago
thl(pQ) = <1 —2— {p2 + mf)hD (p2 — mgh) , (3.6)
v
which is the same as eq. (3.5) to order O(a?;), and where
m? m} m?
m12)h = m%L <1 + 2(1[”:’7; + SG%DTI y m% = mgh 1-— 2(1[”:’7211 . (37)

Additionally, the pole-residue is now non-canonical, so we renormalise our field as

m2, mi,
h=2ZY2hg, Z=1+ 4aDDU—§ + 16aémv—§ (3.8)
In this basis, we have the renormalised Higgs propagator
2 i a?, o 2 \2
GRr(p”) = m 1+ 2 (p + m n) + 4?(77 + mph) . (3.9)
P

The interaction Lagrangian is then modified as

2 4

oLk (0 m,
LU (1 + 2a[||:| " 4 6a? a0 —0r ) hR—I-O(hR) (3.10)

[‘hR = £1nt(Z1/2h‘R> ‘Cmt( ) Bh

int —

which implies a rescaling of all Higgs couplings with respect to the SM case. To be more
explicit, and in anticipation of the processes discussed further below, we can select the
Higgs-mediated fermion-fermion scattering process f(py) f(p f) —h — f'(pg) f'(p Jz/) we have

f f
} h < ~ Aqvanilla
f f

—q ) a?
:yfyl;/<1+2aDD( +m n) +4 DD(S+m )>Aff” (3.11)
§— Mgy v?

20Qur discussion is limited to the leading order. It is nonetheless interesting to point out that the location
of unstable particles like the Higgs boson resides in the second Riemann sheet of the S-matrix: the complex
nature of the pole is critical beyond leading order to maintaining gauge-invariance [68, 69] of the Higgs
resonance as a definition of a signal in the SM [70] and, hence, all its extensions. On the contrary, in HEFT,
with the physical Higgs arising as an iso-singlet state, no such reservations apply.



where
Aggr = [0(p7) Pru(py)] [alps) Pro(py)] (3.12)

contains all the spinors, Pr, g = (1 F 75)/2 are the left and right-chiral projection operators,
yy,p are the corresponding Yukawa couplings of the Higgs to f, f/, and s = (py + pf-)2 =
(pp + pf,)2 the squared centre-of-mass energy. Note in particular that for an on-shell Higgs
kinematics

Mvanilla

p on-shell (3.13)

4a 16a
= (1 + —= ph + DDm4h> x MM
on-shell 2

3.1.2 The field-redefined HEFT Lagrangian

We now perform a perturbative field redefinition of the Higgs field to remove the higher-
derivative operator Ogg from the chiral dimension four Lagrangian. The original Higgs
‘coordinate’ reads, in terms of the new one,

ago
h=h— — —-0n'. (3.14)

This cancels the Ogg operator, yet it also generates other interactions as

2 aEIEI

2 3 a2
2 DD 0o 2
E?pt 8 h 8Mh/ 2m h/ h Dh/ — 5 ’04 Dh,Dh/ =+ iﬁmhlm h/ . (315)

The resulting inverse Green function is

o 2a00 a? 3a?
1,2 2 2 2.2 oo, 2.4 00, 6
PG (p?) =p° —my, — RCRLL i w7 i (3.16)

The procedure to obtain a canonical field is the same as above; one rewrites
a
Gt = (1 — 25 5mi, — 9502 (32 4mph>> (P* = mipn) (3.17)
where the mass relation is the same as in eq. (3.7). The field renormalisation is
2
amg a
W= (Z"\"?n)y, Z'=1+ 27m§h + 11%7@1 : (3.18)
and the renormalised propagator takes the form
i

a2
GlR(p2) = p2 — m2 (1 + 54D (3p4 =+ 4p2m}2)h - 7m;4)h) . (319)
ph

The couplings of the renormalised field are

cil = ch | (1 - “FO)@) 0y )|
oLy, mpy, — O 5m?2, — O
= L1,0(0) + 8;} ) (1 +omn—s— aéumgh"T B+ O(RE).  (3.20)

In momentum representation, the [J operator will return —p,%, giving again a rescaled set of
couplings for the Higgs but now they depend on the Higgs boson’s kinematics.

,10,



The amplitude for the same process of eq. (3.11) now reads

MFR . a a?
MU = 0o JUF) = 127 o ) 4 R i), (3:21)

that is, exactly the same as the original one, thus providing an independent check of our
derivation.

3.1.3 Equation of motion substitution
Let us write the EoM as

5 (3.22)

we shall use it to substitute one of the A terms in Ogg. The new two-point Lagrangian
with this use of the EoM reads

Oh = —m2h — 2@5% ot

o 1 1 202
L£5oM = 5 Ouhd"h — §m%h2 m3hOh + DD SOOpE2h, (3.23)

where we note that the difference of eq. (3.15) and eq. (3.23) is

1
~ 0 Op(—m2 — D)“Emh (3.24)
2 2

This is the form of eq. (2.9) when restricted to two Higgs terms, as is the case here. The

inverse propagator in the EoM theory is

. _ 2a00 4a?
HGEM) T 07 = = mf = = ptmi — = P (3.25)

which in factorised form equals

i (G~ (1—2“DD 2, —4 DUDP (v?+m? )) (02— m2) (3.26)

and requires renormalisation

h=2/2hg, Zront =1 + 2 UDD may +16- DD méy . (3.27)

One then has all the pieces to put together perturbative computations, and the propagator is

" 7 4&2
Gp = 1+ —H (p* +p?m?, —2md) |, 3.28
R™p2 mgh ( vh ( ph ph> (3.28)

while the couplings of the Higgs boson are now

8Elnt ( ]}3{)%\/1 h’R)
oh

LEMh — ph (Z32 hR) — ano(OZhr)

int

oL -0 11m2, — 20
= £l (0) + aﬁ)(1+wmf;+ﬁmmm§;h3+om@,

(3.29)

— 11 —



with a kinematic-dependent rescaling of couplings as in the field-redefinition case. Turning
finally to our amplitude of choice, we find

2

MEM = a da a?
(fF—=h—f7)= (1 + 27 (s ) + = 2 (s + m§h>2> +oost (330)

MSM

in the EoM theory. For on-shell Higgs kinematics (relevant for Higgs particle production
and decay), this becomes

MEOM.
MSM

4a 17a2
=1+ %mgh + g, (3.31)

on-shell

The EoM case has the same linear dependence but a different a2 term as expected. Inciden-
tally, the on-shell difference is small, 16 vs 17, whereas off-shell, we have an additional additive
factor proportional to s?. In processes that probe precisely the momentum-dependence of
interactions, one of the key targets of effective field theory measurements, the reliance on
EoMs to construct minimal operator sets can introduce a serious flaw in obtaining robust
constraints. This crucially depends on the measurement’s experimental precision, and we
will clarify this interplay in the next section.

3.2 Measurements, constraints, uncertainties

We are now equipped to compare the form of the physical amplitude in the three cases: the
vanilla HEFT, the field-redefined HEFT, and the EoM-substituted scenario. For processes
that are sensitive to the on-shell Higgs propagator and vertex corrections at the 10% level or
below, the resulting constraints are expected to be similar across all formulations.

We approach our application to phenomenology strategically. The discussion of the previ-
ous section demonstrated that uncertainties can impact on- and off-shell regions differently.
This is particularly relevant when the processes on which we rely to set constraints on a
particular HEFT parameter are predominantly probed in, e.g., off-shell Higgs production.
Hence, we put the discussion of the previous section into the context of two concrete exam-
ples. Firstly, we consider a agg fit to combined on-shell Higgs data. These processes have
been measured to very good precision already, and we can expect the high luminosity (HL)
LHC data set to achieve considerable additional sensitivity [71], especially when differential
information can be further exploited [72]. Secondly, we consider the production of 4 top
quarks that shows great sensitivity its electroweak production contribution [73-76] which
can be exploited to set constraints on non-standard Higgs momentum dependencies [77].
Albeit we can expect to increase the sensitivity to this process considerably beyond early
extrapolations [72], the uncertainty of the measurement will remain statistically challenging.
This example, therefore, provides an avenue to analyse the above error in an environment
where the data uncertainty is large and the sensitivity arises from off-shell Higgs kinematics.

3.2.1 Higgs signal strength data fit

First, we consider signal strength and cross-section measurements of the Higgs boson. As a first
step, we examine the constraints on the operator Ogg from the process gg — h — . This
channel is straightforward to evaluate using FeynArts 78], FormCalc [79], and Package-X [80],
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Figure 1. Ratio of the BSM-modified to SM cross section for gg — h — yy at /s = 13 TeV, as a
function of apm/v?. Theoretical variations corresponding to the vanilla HEFT model, field redefinition,
and EoM reduction are shown. Shaded bands indicate current (LHC, integrated luminosity of
139 fb~! [81]) and projected (HL-LHC, integrated luminosity of 3 ab™' [71]) experimental sensitivities
at 95% CL. The lower panel shows the theory error calculated using eq. (2.10).

applied to the different HEFT Lagrangians discussed earlier. The results are shown in
figure 1, together with the 95% confidence level constraints from Higgs signal strength
measurements [71, 81].

As expected, the relatively tight experimental bounds on this process translate into strong
(data-informed) constraints on apm. While the quadratic contributions in ap lead to minor
differences between the EoM-substituted and field-redefined (or vanilla) cases, the linear
approximation already captures the dominant effect. All three formulations, therefore, yield
comparable constraints at the same order of magnitude, indicating that the field redefinition
and EoM substitution are equivalent for this observable at leading order. The theoretical
uncertainty, shown in the lower panel of figure 1, exhibits an almost linear behaviour in
the vicinity of the origin, as anticipated in our earlier discussion, but not trivially so, given
the processing that the theory has undergone to arrive at these predictions. The error is
therefore well controlled within the experimentally allowed region, reinforcing the robustness
of the linear approximation for this process.

Going further, we extract constraints on agg/v? by performing a global fit across all
relevant Higgs production and decay channels in single Higgs processes at the LHC, and at
a future HL-LHC. To this end, we construct a y? statistic incorporating the experimental
correlation matrix from ref. [81]. The resulting bounds on agg are shown in figure 2, further
illustrating that all three approaches lead to consistent results when computing physical
observables at leading order.
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Figure 2. The 2 fit to app from Higgs signal strength data [81] (left), and the resulting extrapolation
to the High Luminosity (HL-LHC) frontier (right, assuming a SM outcome) for the different HEFT
Lagrangians described in the text. The 68% and 95% constraints are shown by the dotted and dashed
black lines on the plots, respectively.

3.2.2 Off-shell effects in four-top production

We turn to our second example, the production of four top quarks at hadron colliders,
pp — tttt. (3.32)

This is a rare but highly informative process. Although the SM predicts a small cross
section of about 13fb at /s = 13 TeV [82, 83], this channel is sensitive to a wide range of
potential new physics effects and has attracted increasing interest in recent years. Among
the subleading contributions to this process, Higgs-mediated diagrams play a distinctive
role. While QCD dominates the total cross section, also electroweak effects enter at the
amplitude level, and are significant. Diagrams featuring a virtual Higgs exchanged between
top-quark lines offer direct sensitivity to the structure of the Higgs sector [84, 85|, particularly
at high energies where such exchanges are far from resonance and sensitive to the detailed
form of the propagator. The non-resonant nature of this process makes it well-suited to
probing deviations from the SM, especially those that alter the high-energy behaviour of
the Higgs exchange. Within the HEFT framework, this makes four-top production an ideal
probe of higher-derivative operators such as Oog = OhJh, which modify the Higgs boson’s
kinetic structure and affect its propagation in a momentum-dependent way. The effects of
kinematic enhancement can be further amplified by the multiple operator insertions. In fact,
it turns out that the linearised amplitude is relatively suppressed relative to its quadratic
dependence ~ a?. In parallel to quantifying the HEFT error, we will also contextualise its
size for quadratic insertions, i.e. the amplitude is expanded up to terms ~ a? and analysed
according to the discussion of the previous section.

To quantify the impact of Ogg on this channel, we evaluated both linear and quadratic
contributions to the amplitude. Cross sections were generated using MadGraph5__aMC@NLO [86],
with the modified propagator structures from egs. (3.11) and (3.21) implemented directly via
manual edits to the Helas routines [87]. This ensured a consistent treatment of interference
and squared terms originating from Higgs-mediated contributions. The resulting changes in
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Figure 3. Cross section dependence of pp — tttt at /s = 13 TeV with agy for the vanilla and field
redefined case for linear and quadratic truncations in the amplitudes. The light and dark bands in
blue present the 95% confidence limits in the current (at an integrated luminosity of 139 fb_l) and
HL-LHC projected (at 3 ab_l) sensitivities to the 4-top signal strength. The lower panel on the right
plot illustrates the theory errors associated with the different parameterisations described previously.
The plot on the left provides a zoomed-in version of the cross section scaling on the right, in the
regime where the theory error scales linearly.

the total cross section are shown in figure 3, where a clear distinction between the linear
and quadratic effects of Ogg can be seen. Figure 3 also illustrates the dependence of the
total cross section on the HEFT coefficient agg for both truncation schemes. The light and
dark blue bands represent projected 95% confidence level sensitivities at the LHC [83] and
HL-LHC [88], respectively. The quadratic truncation yields tighter constraints, owing to
the enhancement from squared terms at larger values of agg. This contrasts with the Higgs
signal strength fits discussed earlier, where both truncations gave nearly identical bounds,
due to the stronger experimental constraints and the on-shell nature of the Higgs boson in
those channels. The qualitative difference in four top quark final states is that the latter is
rare, and the experimental sensitivity is comparably loose. Under such conditions, limits
are susceptible to multiple BSM insertions, which can then also be used as a measure of
uncertainty. In line with the lower experimental sensitivity to four top quark production,
this theoretical uncertainty, which is also included in figure 3, is large. The sensitivity to
multiple operator insertions highlights the importance of accounting for non-linear effects in
off-shell processes, such as four-top production. From the perspective of Monte Carlo event
simulation, which is particularly relevant for the experimental collaborations, the linearisation
of cross sections is also a non-trivial task for the present case of propagator modifications.

For larger values of amg in figure 3, the difference between the EoM-substituted and vanilla
amplitudes becomes so pronounced that the theory error becomes greater than 50%. The
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Figure 4. The four top invariant mass differential distributions for two benchmark points, including
the SM, the linear and quadratic contributions from aqp.

apparent saturation of this uncertainty at large agg is a numerical consequence of truncating
the amplitude expansion at quadratic order and of the adopted uncertainty prescription, with
the estimate being controlled by the highest retained powers of ag rather than signalling
a physically stable regime. The error does not reflect a comparison between subsequent
orders in apg, which becomes large when the deviation from the SM is large. The latter is
not reflected in the uncertainty associated with EoM vs. field redefinitions and should be
considered as a separate and relevant quantity to establish perturbativity (we will briefly
address this in the next section). Closer to the origin, a linear scaling in app is still present
but hidden beneath the sizeable uncertainties. Zooming in on small agg values reveals
this linear regime, but for phenomenologically relevant values, the non-linear contributions
dominate, highlighting the importance of accounting for higher-order effects in off-shell and
rare processes such as four top quark production.

To establish context with the kinematic features on which these constraints are built, and
to quantify relations of constraints with power counting and perturbative unitarity, figure 4
illustrates the four-top invariant mass (my;) distribution for two benchmark values of amp.
These benchmark points were chosen as a rough estimate of the exclusion limits on agg from
the LHC, and the HL-LHC bands shown in figure 3. At low masses and small values of
aog, both truncations behave similarly. However, for larger values of agg, the high-mass
tail exhibits pronounced deviations when the full quadratic structure is included. These
enhancements are expected and arise from the growing contribution of higher-derivative
interactions at large momentum transfers. Such kinematic distortions offer a complementary
handle on effective operators beyond total rate measurements, reinforcing the role of four-top
production as a precision probe of extended Higgs dynamics, e.g. in differential analyses
beyond total rate measurements. This, of course, depends on the limit of the coefficient, which
a priori may violate power-counting or unitarity constraints. These warrant independent
consideration, and we turn to these questions in the next section.

,16,



0.025

amp/v? =8 x 1077 GeV 2

0.0201 amp/v? =5 x 1077 GeV 2
%‘ SNI (aDD = O)
% 0.0151
=
£ 0.0101
~
o)
3

0.005 1

0.000 y . _

1000 2000 3000 4000
My [GCV]
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3.3 Notes on perturbative unitarity and power counting

Theoretical consistency limits can be placed on the size of coefficients in any QFT, and these
provide information complementary to theoretical uncertainty estimates. For completeness,
we discuss them briefly here. We highlight that they provide, importantly, an upper bound
rather than a quantitative assessment of error. We will specifically discuss constraints from
power counting and perturbative unitarity.

Perturbative unitarity. Perturbative unitarity [89-91] provides a key consistency check
for effective field theories, ensuring that scattering amplitudes respect S-matrix unitarity at
high energies. Any experimental analysis relies on a perturbative workflow, which is only
self-consistent if it eventually yields a perturbative constraint. For higher-derivative operators
such as O, which generate amplitudes that grow with energy, this requirement sets an
upper limit on the energy scale where the effective description remains valid. Using the partial-
wave arguments outlined in appendix B, we find that for our benchmark HEFT coefficient
arp/v? =5 x 1077 GeV ™2, the theory remains perturbative up to /s < 4.2 TeV. Increasing
the coefficient to agn/v? = 8 x 1077 GeV 2 lowers the unitarity bound to /s < 3.3 TeV.
These scales define the technical validity range of the effective theory; the coefficient
needs to be small enough so that the scales probed in the experiment stay within the range
of validity.® To ensure that our predictions remain within this unitarity-safe regime, we
examine the invariant mass distribution of the ¢t system reconstructed from the four-top
final state. Since the off-shell Higgs decays into t¢, this invariant mass effectively traces the
internal Higgs momentum in the dominant diagrams. As shown in figure 5, for the aqg
values considered, the bulk of the events lies well below the corresponding unitarity bounds,
indicating a high probability that the EFT remains perturbatively valid with a unitary

3 Alternative approaches, such as ‘data clipping’, have been proposed in the literature. We consider the
deliberate exclusion of measured data for the sake of theoretical interpretability to be an unjustifiable practice.
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tree-level S-matrix. The maximally probed energy scale, however, requires confirmation
and dissemination by the experiments.

Power counting. We note that when applied to HEFT, V,, = (D, U)U t ~ 9 is a non-linear
field with a known expansion in 7 /v, yet the generic Higgs-dependent functions are assumed
to depend on h/f where v # f. The scale of new physics, meaning the mass scale of new
resonances, is A, and in the application of the power counting formula to our case study.
Further details are given in the appendix C, in particular table 2 there. Following the
NDA convention, we have

e aoo amo
— — . 3.33
v2 A2 (47 f)? (3:33)

A given choice of ann/v? gives A2 = aon(v?/apn) and given aon < 1 we obtain an upper
bound on the cut-off for perturbative UV dynamics. The values chosen in figure 5, this
returns A < O(TeV) in line with the estimate from unitarity bounds. Note that, as opposed
to the unitarity bound, the ‘~’ here follows from the order one factors that are obtained from
explicit computation of loop corrections that power-counting cannot predict.

4 Conclusions

Tracing the importance of field redefinitions is a standard approach in perturbative collider
phenomenology for quantifying theoretical uncertainties arising from neglecting higher-order
contributions. This is not a rigorous measure, but it enjoys broad community support.

When going beyond renormalisable interactions, as in effective field theory approaches
such as SMEFT or HEFT, redundant field redefinitions are necessarily intertwined with the
effective operator expansion, which typically also introduces new momentum dependencies
into scattering processes. The uncertainty in the EFT parameter interpretation crucially
depends on the accuracy of the measurement, just like in any perturbative Quantum Field
Theory. But non-linear momentum dependencies, e.g., in the Higgs sector, can inflate these
uncertainties well above the naive expectations from renormalisable field theories.

In this work, we have systematically surveyed the uncertainties arising from truncating
the EFT expansion of the HEFT Lagrangian. The starting point for our assessment of
uncertainties is the difference in the use of equations of motion and field redefinitions. Only
the latter does lead to the same theory and can be used without loss of generality [54]. While
they do agree at leading order in the EFT expansion (in fact, a reduction of an operator
basis is most commonly achieved with equations of motion), their difference at higher orders
is the source of our proposed theory error.

Focusing on non-linear momentum dependencies in the Higgs sector, which are tell-
tale signatures of HEFT, we provide numerical estimates of the uncertainty of the HEFT
interpretation of data, highlighting different phenomenological circumstances. On the one
hand, for inclusive Higgs observables, the anticipated HL-LHC precision is sufficient for the
HEFT truncation error to play a subdominant role. On the other hand, for processes that
fingerprint Higgs momentum dependencies through off-shell effects in rare final states, such
as the production of four top quarks, the combined impact of momentum-dependent field
redefinitions and projected measurement accuracy yields sizeable interpretation uncertainties.
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For our case study, unitarity bounds and power-counting arguments provided an estimate
for an upper bound on coefficients which overlapped order-of-magnitude-wise with the
parameter region in which the theory error grows close to O(1). In this instance, these theory
considerations could have been equivalently used to estimate the breakdown of the expansion.
However, what our method does beyond these is to provide a quantitative error, defined over
the entire perturbativity range, which is readily comparable to experimental uncertainties.
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A Use of the EoM twice as two field redefinitions

The use of the EoM twice in a given operator can be cast into two subsequent field redefinitions.
One obtains, with superscripts marking order in aqg and dhy, dhy ~ O(agn) and z, y labelling
spacetime and summed with Einstein’s convention

S =504 g0 (A.1)
S =8O 4+ 5 4 5hy 68 + 6hy 05 + %5h1,w52sgy5h1,y , (A.2)

5" =8O 4 SN 4 (6h1492)65 4 6hyy0,050 + %5h1+2,x52s§3y5h1+2@
+ 0h, 208062y 4y (A.3)

where dh112 = dhy + dho. The last term is proportional to the EoM and can be removed
with a higher order transformation 6h3 = —dh20?h; ~ O(a?;) while only modifying order
a%D terms. The error, or difference between EoM-application and field redefinition, takes
again the form of eq. (2.9) with 0h = 6hy + dhe. Finally, we note that one could have used
the EoM twice in O with

_aoog _aog 2 8£ﬁ1t
(Shl = —FD}L, (Shz = 7 (mhh — W N (A4)
to obtain at the linear level in agg a term in the Lagrangian
amo oLk 2
2 int

Keeping the O(a?) terms in the field-redefinition of eq. (A.3) does lead to the same
predictions as the original theory, e.g. the amplitude of eq. (3.11).
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Figure 6. Feynman diagram topologies representing ¢-channel Higgs-mediated t W*/Z — t W*/Z
scattering. Not shown are non-Higgs electroweak Feynman diagram topologies that contribute to the
scattering amplitude at the considered order.

B Perturbative unitarity

To determine the unitarity-violating scale in four top production associated with Ogn, we
consider high-energy 2 — 2 scattering processes that are directly sensitive to the momentum-
dependent modifications introduced by this operator in this process. We focus on the processes
tW — tW, and tZ — tZ, which receive contributions from ¢-channel diagrams involving an
off-shell Higgs exchanged between fermion and gauge boson lines (cf. figure 6).

The standard approach involves computing the helicity amplitudes My, x,—sx50, (S, 6),
where \; denote the helicities of the external particles in the initial and final states. These
amplitudes are decomposed into partial waves. The partial wave coefficients for total angular
momentum .J and helicity difference A = A\; — Ay, X = A3 — A4, in the so-called Jacob-Wick
formalism [90] are given by

1 1
CL{/\/(S) = 397 )‘}(/4(57 m%) mgl))‘}(/4(57 m%? m%) [1 dcost d{)\/(@) M)\lx\2—>>\3/\4 (87 9)7 (Bl)

where A\g(a, 8,7) = a® + %2 + % — 2a8 — 287 — 2y« is the Killén-\ function, and d{x (0)
is the Wigner-d function.

For the processes tW* — tW* and tZ — tZ, the dominant contributions at high energies
arise from the scattering of a top quark and a longitudinally polarised gauge boson [92].
We focus on a representative helicity configuration where the gauge boson is longitudinal
(helicity 0) and the top quark carries helicity +%. This corresponds to helicity differences
A=\ = +%. In this case, the leading contribution to the partial wave amplitude stems from
J = % To derive the unitarity bounds, we numerically evaluate the amplitude M(s, ) for
the relevant helicity configuration, project onto the J = % partial wave using the expression
above, and enforce the unitarity condition

1/2 1
[Reay)s, o(s)] < 5 (B.2)
This requirement ensures that the effective theory remains perturbative and predictive up to
a given centre-of-mass energy +/s. To enable a self-consistent comparison with experimental
data, the maximum energy scale probed by a given measurement should respect the criterion

of eq. (B.2), ensuring that radiative corrections do not strongly distort the resulting limits.
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Operator mass dim d, NDA normalisation

V2 2 2 %VQ or v2V?2
(Oh)? 4 2 (Oh)?
m%h2 4 2 m%h2

v4 4 4 @W
(Oh)? 6 4 = (Oh)?

Table 2. HEFT operators and their power counting. The rightmost column represents the appropriate
normalisation factors from NDA. The column labelled d,, displays the chiral dimension for the operators.

C Power counting

Graph-theory results can be applied to the loop expansion to count factors of 47 for an
arbitrary diagram. Combining this with dimensional analysis, one arrives at an estimate for
the contribution of an operator to any other operator, up to order one coefficients.* This
result suggests a normalisation for coefficients a — @ such that @ ~ 1 signals the breakdown of
the loop expansion [93]. To be precise, with this normalisation an operator 1 with coefficient
a; would produce a loop contribution to another operator 2 as ag g ~ d2 + O(1) x a; and
the same for aq ¢f. The limit @ ~ 1 is therefore the limit of strong dynamics. This, however,
does not mean that one has to give up the EFT, in fact, the most prominent use of power
counting is the EFT of chiral perturbation theory, e.g. [94-97].

When applied to HEF'T, this procedure is not as straightforward to implement and has led
to some discussion [45, 49, 52]. Here let us simply borrow the formula of [49] for comparison.
The NDA master formula in d dimensions for an arbitrary EFT operator involving derivative
(9), scalar (¢), gauge boson (A), and fermion (¢) fields and gauge (g), Yukawa (y), and
quartic scalar (\) coupling constants can be written as

A(d—2)/2

A(d—2)/2

A(d—=1)/2

Al [8]Np [(47T)d/4¢1N¢ [(47T)d/4A]NA [(47T)d/4w‘|Nw
A

(47)4/2 A

g Ng Y Ny /\ N C 1
{<4ﬂ->d/4A(4—d)/2} [(47r)d/4A(4—d)/2} {(4@(1/21\(4_(1)] , (C.1)

where

d

A= (4m)TaD f, (C.2)

This further generalises if we include the mass term (m;) or the trilinear coupling of scalar (k):

N g
mi [ m’l/) wa k Nrnd) (C 3)
A2 A (47T)d/4A(6fd)/2 ’ ’

The combination of egs. (C.3) and (C.1) provides the complete NDA master formula.

4These could, however, be sizeably smaller than order one, with notable reasons for it being symmetry or
holomorphy /helicity sum rules.
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