


∗

∗

(ϑ) = ψ, : X→ Y,

ϑ ψ
X Y



( , ; (Ω))
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∗ Ω⊂ R

( ,A,µ)
‖ ‖ ‖ ‖ ∈

= { ∈ : ‖ ‖= } < <∞
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∗
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ϑ,ψ ,

( ; ) 6 <∞ µ
ϑ : →

´

‖ϑ‖ µ <∞
( ; )

‖ϑ‖ ( ; ) =

(
ˆ

‖ϑ‖ µ

)

6 <∞.

ϑ : → ( ; ) ‖ϑ(·)‖ : → R ( )

∗ ( ( ; ))
∗
= ∗( ; ∗)

+
∗
= < <∞

< 6 6∞ < 6 6∞ ( ; )⊆ ( ; )
( ; (Ω))⊆ ( ; (Ω)) Ω⊂ R ∈ N

. ϑ
ϑ ∈ ( ; (Ω))

‖ϑ‖ ( ; (Ω)) =

(
ˆ

‖ϑ( )‖ (Ω)

)

.

(
ˆ

‖ϑ( )‖ (Ω)

)

.

(
ˆ

‖ϑ( )‖ (Ω)

)

= ‖ϑ‖ ( ; (Ω))

‖ϑ( )‖ (Ω) ( )



: ⇒ ∗

7→ − >

( ) :=
{

∗ ∈ ∗ : 〈 , ∗〉= ‖ ‖‖ ∗‖,‖ ∗‖= ‖ ‖ −
}
.

=

: → R∪{∞}
∗ ∈ ∗

( )> ( )+ 〈 ∗, − 〉

∈ ∂ ( )

>

= ∂
(

‖·‖
)

.

∂ = {∇ }

, > ∈ ( ) = ‖ ‖ − ( )
∈ > ( ) = − ( )

〈 , ( )〉= ‖ ‖ ‖ ( )‖ ∗ = ‖ ‖‖ ‖ − = ‖ ‖ .

〈 , − ( )〉= ‖ ‖ − ‖ ‖ − = ‖ ‖ ,

− ( ) = ( )

(Ω)

〈 ( ) , 〉=

ˆ

Ω

(

‖ ‖
−
(Ω)| ( ) | − ( ( ))

)

( ) ,

, ∈ (Ω) < <∞ >

( , ; )

( , ; ) >
∗ ( , ; )

ϑ⊂ ∗( , ; ∗)

(
( , ; )ϑ

)

( ) = ‖ϑ‖
−
( , ; ) ϑ( )

ϑ ∈ ( , ; ) ∈ [ , ]
(

( , ; )
ϑ
)

( ) :=
{

ψ( )
∣
∣
∣ψ ∈

( , ; )
ϑ
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⊂ ∗



( , ; )
ϑ [ ( , ; )]∗

( , ; )→ R ψ ∈ ( , ; )

(
( , ; )ϑ

)

(ψ) = ∂

(

‖ϑ‖ ( , ; )

)

(ψ) = ∂





(
ˆ

‖ϑ( )‖

) 

(ψ)

= ‖ϑ‖
−
( , ; )

ˆ

〈∂ ‖ϑ( )‖ ,ψ ( )〉 ∗,

= ‖ϑ‖
−
( , ; )

ˆ

〈 ϑ( ) ,ψ ( )〉 ∗, .

∗

( , ; ∗) [ ( , ; )]∗
(

( , ; )
ϑ
)

( ) = ‖ϑ‖
−
( , ; ) ϑ( ) ∈ [ , ]

δ : [ , ]→ [ , ]
δ (ε) :=

{
−‖ ( + )‖ : ‖ ‖= ‖ ‖= ,‖ − ‖> ε

}
.

• δ (ε)> ε < ε6
• > , ∈

‖ − ‖ > ‖ ‖ − 〈 ( ) , 〉+ ‖ ‖ .

ρ (ε) :
[ ,∞)→ [ ,∞) ρ (ε) :=

{
‖ + ‖+ ‖ − ‖− : ‖ ‖= ,‖ ‖6 ε

}
.

• ∈ \ { } ∗ ∈ ∗ ‖ ∗‖= 〈 ∗, 〉= ‖ ‖

• ε→
ρ (ε)

ε =
• > , ∈

‖ − ‖ 6 ‖ ‖ − 〈 ( ) , 〉+ ‖ ‖ .

, ∈

6

∗ ∗

ρ (ε)6 ε

ρ (ε) = {‖ + ‖+ ‖ − ‖− : ‖ ‖= ,‖ ‖6 ε}6 { ‖ ‖+ ‖ ‖− : ‖ ‖= ,‖ ‖6 ε}6 ε6 ε

ε> > ρ (ε)6 ε ε < < 6 ε < ρ
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‖ − ‖

(‖ ‖ ,‖ ‖ )
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∀ , ∈ .

, ∈ ‖ − ‖ 6 ‖ ‖ − 〈 ( ) , 〉+ σ̃ ( , )

σ̃ ( , ) = ′

ˆ

(‖ − ‖,‖ ‖)
ρ

(
‖ ‖

(‖ − ‖,‖ ‖)

)

.

′

‖ − ‖ − ‖ ‖ + 〈 ( ) , 〉6 ‖ ‖

< <∞ > , ∈ ‖ ‖= ‖ ‖6 >

‖ − ‖ 6 ‖ ‖ −
〈 ( ), 〉+ ‖ ‖ .
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‖ ‖=ε

∣
∣
∣
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‖ − ‖ − ‖ ‖ + 〈 ( ) , 〉

∣
∣
∣
∣
6 ε ,

ρ (ε)6 / − ε + ε ρ (ε) ε6

> >
‖ − ‖ − ‖ ‖ + 〈 ( ), 〉6 ‖ ‖ , ∈ ‖ ‖= ‖ ‖6

.⇒ . 6=

>

< <∞ , ∈
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−
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< <∞
< <∞

‖ − ‖ 6 ‖ ‖ − 〈 ( ) , 〉+ σ̃ ( , )



, ∈ σ̃ σ̃ ( , )6
´

−

(‖ − ‖,‖ ‖) − ‖ ‖ .
< <∞

= =

.⇔ .

‖ − ‖ 6 ‖ ‖ − 〈 ( ) , 〉+

ˆ

(‖ − ‖,‖ ‖) ‖ ‖
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= ‖ ‖ − 〈 ( ) , 〉+ ‖ ‖

ˆ

− (‖ − ‖,‖ ‖)
−
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=

‖ − ‖ 6 ‖ ‖ − 〈 ( ) , 〉+

ˆ

(‖ − ‖,‖ ‖) ‖ ‖

(‖ − ‖,‖ ‖)

= ‖ ‖ − 〈 ( ) , 〉+ ‖ ‖

ˆ

− = ‖ ‖ − 〈 ( ) , 〉+ ‖ ‖ ,
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.⇒ . .⇒ .

.⇒ .
.⇒ .

∗ ∗

Φ( ) = ‖ − ‖ < <∞ Φ ′( ) =
− 〈 ( − ), 〉

‖ − ‖ −‖ ‖ + 〈 ( ) , 〉=Φ( )−Φ( )−Φ ′ ( ) =

ˆ

Φ ′ ( ) −Φ ′ ( ) =

ˆ

〈− ( − )+ ( ) , 〉

6

ˆ

‖ ( − )− ( )‖‖ ‖ 6

ˆ

(‖ − ‖,‖ ‖) − ‖ ‖ − ‖ ‖

=

ˆ

− (‖ − ‖,‖ ‖) − ‖ ‖

.⇒ . = 6=
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‖ ‖
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, ∈ ( ,∞)

∃ > ∀ , ∈ : ‖ ( )− ( )‖ ∗ 6 ‖ − ‖ − .
, ∈ > ‖ ( )− ( )‖ ∗ 6 (‖ ‖ ,‖ ‖ ) − ‖ − ‖ − .
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′ : [ , ]→ R 7→ −

′ : [ , ]→ R
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=
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︸ ︷︷ ︸
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‖
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∗

(
ˆ
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)
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(
ˆ
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,

=
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∗ =
∗( − ) =

−
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∗
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(
ˆ

{‖ϑ( )‖ ,‖ψ ( )‖ }
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‖ϑ−ψ‖
−
( , ; )

6

(
ˆ

‖ϑ( )‖ + ‖ψ ( )‖
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‖ϑ−ψ‖
−
( , ; )

=
(

‖ϑ‖ ( , ; ) + ‖ψ‖ ( , ; )

) −

‖ϑ−ψ‖
−
( , ; )



6
([
‖ϑ‖ ( , ; ) + ‖ψ‖ ( , ; )

] ) −

‖ϑ−ψ‖
−
( , ; )

= −
{
‖ϑ‖ ( , ; ),‖ψ‖ ( , ; )

} −
‖ϑ−ψ‖

−
( , ; ),

+ 6 ( + ) > , > ( , ; )

( , ; )
=

[
, − + ′ −

]
=

[
, −

(
, + −

)
+ ′ −

]

=
[
,
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, − + −
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+ ′ −
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=

(
, − + −
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+ ′ −
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∗

( , ;
∗

(Ω)) ∗ =
( ∗, ∗, ) ( , ; (Ω)) = ( , , )

( , ; (Ω))

α (θ) := ‖ θ−ψ‖Y +α ‖θ‖X

: X→ Y , > X

Y ϑα

X X ∂ α

X X( , ) := ‖ ‖ − ‖ ‖ − 〈 X( ), − 〉
, ∈ X

X Y

X Y ( , ; ) ( , ; )

• X Y

ˆ ∂ α(ϑ) = {∇ α(ϑ)}= { ∗ Y( ϑ−ψ)+α X(ϑ)}.
• X Y



ϑ ∈ X ϑ∗ = X(ϑ )
X∗
∗

X(ϑ ,ϑα )6

←
/∈ ∂ α(ϑ )

θ ∈ ∂ α(ϑ )

µ ←

{

(

α
X∗

∗
‖θ ‖

∗

)

∗
−

,
α

}

+ ← ( −µ α) +µ
∗

X
∗

∗

∗ ‖θ ‖
∗

ϑ∗
+ ← ϑ∗−µ θ

ϑ + ←
X
∗

∗ (ϑ∗
+ )

ϑ +

X Y

‖ϑ −ϑα ‖6
−

( − )

‖ϑ −ϑα ‖6
− −

[( − )( − )− ] := ( , )>

‖ϑ −ϑα ‖6
−

X=
(
, ; (Ω)

)
∩

(
, ; − (Ω)

)
, Y=

(
, ; (Ω ′)

)
,

Ω,Ω ′ ⊂ R ϑ ∈ ( , ; (Ω)) ∂ ϑ ∈ ( , ; − (Ω))
ϑ ∈ X

∂ ϑ( , ) = ∂ ϑ( , ) = ∈ Ω ∇ϑ( , ) = ∈ ∂Ω ∈ [ , ]

‖ ‖ (Ω) = γ‖ ‖ (Ω) + ‖∇ ‖ (Ω)

∈ (Ω) γ > (Ω) − (Ω) (Ω)

X ∂ ϑ ∈
( , ; − (Ω)) Φ : [ , ]×R → R

R R ∈ [ , ] Γ( , ·) = Φ− ( , ·)
Γ = ∂ Φ ξ : R →

R

ϑ
ξ Γ ϑ( , ) = ξ(Γ( , ))| (∇Γ( , ))|

∂ ϑ=− (ϑ ) .

ϑ( , ) = ξ(Γ( , ))

∂ ϑ=− ∇ϑ.



Ω⊂ R Ω Ω
∈ [ , ]

ϑ
∈ ∞( , ; ∞(Ω)) ∂ ϑ ∈ ( , ; − (Ω))

∂ ϑ=− (ϑ ) ∂ ϑ ∈
( , ; − (Ω)) ϑ ∈ ( , ; (Ω)) ϑ ∈ ( , ; (Ω)) ∈

∞( , ; ∞(Ω))

ϑ∈X

(ϑ) =
ϑ∈X







‖ ϑ−ψ‖ ( , ; (Ω))
︸ ︷︷ ︸

= (ϑ)

+
α
‖ϑ‖ ( , ; (Ω)) +

β
‖∂ ϑ‖ ( , ; − (Ω))

︸ ︷︷ ︸

= (ϑ)







=
ϑ∈X

{
ˆ

(

‖( ϑ)( )−ψ ( )‖ (Ω) +
α
‖ϑ( )‖ (Ω) +

β
‖∂ ϑ( )‖ − (Ω)

) }

,

ψ α,β >
−

− − − (Ω)

‖φ‖ − (Ω)
= ‖∇(−∆ + γ )

−
φ‖ (Ω) + γ‖(−∆ + γ )

−
φ‖ (Ω),

∆ φ ∈ − (Ω) γ >

φ ∈ − (Ω)
∈ (Ω)

φ( ) = 〈 , 〉 (Ω) =

ˆ

Ω

∇ ∇ + γ

ˆ

Ω

=

ˆ

Ω

(−∆ + γ ) = 〈(−∆ + γ ) , 〉 (Ω) ∀ ∈ (Ω) ,

(−∆ + γ ) ∈ − (Ω) φ = (−∆ + γ ) = (−∆ + γ )− φ
−

‖φ‖ − (Ω)
= ‖ ‖ (Ω) = ‖(−∆ + γ )

−
φ‖ (Ω)

= ‖∇(−∆ + γ )
−
φ‖ (Ω) + γ‖(−∆ + γ )

−
φ‖ (Ω).

ϑ
′

= ′ (ϑ) = ∗ ( ϑ−ψ)+αϑ−β (−∆ + γ )
−

(∂ ϑ) .

‖ · ‖ ( , ; (Ω))

′ λ ∈ R ψ ∈ X λ=
(ϑ) := β ‖∂ ϑ‖

( , ; − (Ω))

′ (ϑ)ψ =
∂

∂λ

[
β
‖∂ (ϑ+λψ)‖ ( , ; − (Ω))

]

λ=

=
∂

∂λ

[
β (

∇(−∆ + γ )
−

(∂ ϑ+λ∂ ψ) ,∇(−∆ + γ )
−

(∂ ϑ+λ∂ ψ)
)

( , ; (Ω))



+
βγ (

(−∆ + γ )
−

(∂ ϑ+λ∂ ψ) ,(−∆ + γ )
−

(∂ ϑ+λ∂ ψ)
)

( , ; (Ω))

]

λ=

= β
(

∇(−∆ + γ )
−
∂ ϑ,∇(−∆ + γ )

−
∂ ψ
)

( , ; (Ω))

+βγ
(

(−∆ + γ )
−
∂ ϑ,(−∆ + γ )− ∂ ψ

)

( , ; (Ω))
.

′ (ϑ)ψ = β
(

∇(−∆ + γ )
−
∂ ϑ,∇(−∆ + γ )

−
∂ ψ
)

( , ; (Ω))

+β
(

(−∆ + γ )
−
∂ ϑ,γ (−∆ + γ )

−
∂ ψ
)

( , ; (Ω))

= β
(

(−∆ + γ )
−
∂ ϑ,(−∆ + γ )(−∆ + γ )

−
∂ ψ
)

( , ; (Ω))

= β
(

(−∆ + γ )
−
∂ ϑ,∂ ψ

)

( , ; (Ω))
.

′ (ϑ)ψ = β
(

(−∆ + γ )− ∂ ϑ,∂ ψ
)

( , ; (Ω))

= β
(

−∂ (−∆ + γ )− ∂ ϑ,ψ
)

( , ; (Ω))
+ψ ( )(−∆ + γ )− ∂ ϑ( )−ψ ( )(−∆ + γ )− ∂ ϑ( ) .

′(ϑ) =−β(−∆ + γ )− ∂ ϑ.

β∂ ϑ= α(−∆ + γ )ϑ+(−∆ + γ ) ∗ ( ϑ−ψ) .

( + )
>

= ′ (ϑ)+ ′ (ϑ) ⇔ ϑ− τ ′ (ϑ) = ϑ+ τ ′ (ϑ)

τ >

ϑ + = ϑ − τ ′ (ϑ ) = ϑ − τ ∗ ( ϑ −ψ)

ϑ + + τ ′ (ϑ + ) = ϑ + .

ϑ +

( + τα)(−∆ + γ )ϑ + − τβ∂ ϑ + = (−∆ + γ )ϑ + .

s s, ∈ N

ω ( ) =

(

ω π
+

)

, s ( ) =
(

sπ
)

,

∈ [− , ] > = , . . . , ∈ [ , ]

( + τα)(−∆ + γ ) s ω · · · ω − τβ∂ ( s ω · · · ω )

=

(

( + τα)

(

γ+
∑

=

(
ω π

) )

+ τβ
( π)

)

s ω · · · ω ,



∂ ( ) = ∂ (− ) = , ∂ s ( ) = ∂ s ( ) = .

( + τα)C(s,ω) ((−∆ + γ )ϑ + )− τβC(s,ω) (∂ ϑ + ) = C(s,ω)

(

(−∆ + γ )ϑ +

)

,

C(s,ω) ( + ) s

ω

ϑ( , )≈
∑

s∈N

∑

ω ∈N

· · ·
∑

ω ∈N

C(s,ω) (ϑ) s ω · · · ω

Ω= [− , ]× . . .× [− , ] >

C(s,ω) (ϑ) = −
∏

=

ˆ ˆ

−

· · ·

ˆ

−

ϑ( , ) s ω · · · ω ,

6 6 + (s,ω , . . . ,ω )

C(s,ω) ( ϑ) = (− )
∑ +

= /

(
π
ω

)

· · ·

(
π
ω

) (π s) +

C(s,ω) (ϑ)

= , . . . , +

( + τα)
(
|ω ′| + γ

)
C(s,ω) (ϑ + )+ τβ (s ′) C(s,ω) (ϑ + ) =

(
|ω ′| + γ

)
C(s,ω)

(

ϑ +

)

,

ω ′ ω ′ = π ω = , . . . , |ω ′| =
∑

= ω ′
s
′ = πs

ϑ +

C(s,ω) (ϑ + ) =
( + τα)+ τβ (s ′)

|ω ′| +γ

C(s,ω)

(

ϑ +

)

.

ϑ

ϑ + = ϑ − τ ∗ ( ϑ −ψ) ,

C(s,ω) (ϑ + ) =
( + τα)+ τβ (s ′)

|ω ′| +γ

C(s,ω)

(

ϑ +

)

ω ,s ∈ N,

ϑ + ( ),

τ τ = ‖ ∗ ‖

ψδ δ ‖ψ −ψδ‖6 δ
‖ ϑ −ψ‖

‖ ϑ −ψ‖6 ρδ,

ρ>

C

C(s,ω)(ϑ + ) ω s

( + τα)+ τβ (s ′)
|ω ′| +γ ϑ + =

C
− (C (ϑ + )) .



: ( )→ ( )(ϕ,σ) = (ϕ,σ) =
´

−

(
σθ(ϕ)+ θ(ϕ)⊥

)
< <∞ ϕ ∈ [ ,π) σ ∈ [− , ] ⊂ R

θ(ϕ) = ( (ϕ), (ϕ)) θ(ϕ)⊥ = (− (ϕ), (ϕ))

R := ([− , ]× [ ,π),( −σ )−
−

)
[− , ]× [ ,π)

‖ ‖ :=

ˆ π ˆ

−

| (ϕ,σ)|
(

−σ
)− −

σ ϕ <∞.

6 : ( )→ ∗ : ∗ →
∗

( )

( ∗ ∗)( ) =

ˆ π
∗ ( · θ (ϕ) ,ϕ)

(

− ( · θ (ϕ))
)− −

ϕ.

= =

(Rϑ)( ) = ψ( ) := (ϑ( ))
∈ [ , ] ( , ; ( )) =: X
( , ; ) =: Y

6 6 R : X→ Y

R
∗ : Y∗ → X

∗

(R∗ψ∗)( ) =

ˆ π

ψ∗ ( )( · θ (ϕ))
(

− ( · θ (ϕ))
)− −

ϕ.

R

ϑ ∈ X

‖Rϑ‖Y =

(
ˆ

‖ ϑ( )‖

)

.

(
ˆ

‖ϑ( )‖ ( )

)

= ‖ϑ‖ ( , ; ( )) . ‖ϑ‖X

ϑ ∈ X ψ∗ ∈ Y
∗

〈Rϑ,ψ∗〉Y,Y∗ =

ˆ

〈 ϑ( ) ,ψ∗ ( )〉 , ∗ =

ˆ

〈ϑ( ) , ∗ψ∗ ( )〉 ( ), ∗ ( ) = 〈ϑ,R∗ψ∗〉X,X∗

∈ R
× ‖ · ‖ ¯

‖ ‖¯ := π σ θ

∑

=

∑

=

| , |
(

−σ
)− −



, , , ,

σ

θ

,

, , , . . . , , , . . .

π

[ , ]

=
ξ( ) Γ( , ·) = Φ− ( , ·) Φ( , , ) = ( ,( + ) )⊤

∈ [ , ] ϑ ϑ( , ) = ξ(Γ( , ))
( , ) = ∂ Φ( , ) = ( , )⊤ ∈ ( , )

ϑ
X= ( , ; (Ω))∩ ( , ; − (Ω))

∈ ∞( , ; ∞(Ω))
ϑ ∈ X [ , ]

×

[− , ]

×

[ , ] ×
[− , ]

×



, , , ,

= /
= /

= /

· . = · . ≈ .

/ .

α (ϑ) := ‖ ϑ−ψ‖Y +α ‖ϑ‖X.
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‖ ‖6 ‖ ‖= ‖ − ‖>

‖ ( )− ( )‖6 ‖ ( )‖
︸ ︷︷ ︸

=‖ ‖ −

+‖ ( )‖
︸ ︷︷ ︸

=‖ ‖ −

6 + =

( ) −

< ‖ − ‖ − .

∀ , ∈ ‖ ‖6 ‖ ‖= ‖ − ‖6 ′ > ‖ ( )− ( )‖6 ′‖ − ‖ −

( )⇔ ( ) ‖ ‖6 ‖ ‖= ‖ − ‖6 ( )⇒ ( )

‖ ( )− ( )‖=
∥
∥
∥‖ ‖ −

︸ ︷︷ ︸
=

( )−‖ ‖ − ( )+ ( )− ( )
∥
∥
∥6 ‖ ( )− ( )‖+ ‖ ( )‖

∣
∣
∣‖ ‖ − −‖ ‖ −

∣
∣
∣

6 ′‖ − ‖ − + ‖ ‖ −

︸ ︷︷ ︸

6

‖ − ‖6 ′‖ − ‖ − + ‖ − ‖ − ‖ − ‖ −

6 ′‖ − ‖ − +

( ) −

‖ − ‖ − =

(

′ +

( ) −
)

‖ − ‖ − ,

′ = ′ + −

: [ , ]→ R 7→ − −‖ ‖= ‖ ‖−‖ ‖6 ‖ − ‖6
6 ‖ ‖6 ‖ ‖=

( )⇒ ( )

‖ ( )− ( )‖= ‖‖ ‖ − ( )−‖ ‖ − ( )‖6 ‖ ( )− ( )‖+ ‖ ( )‖
∣
∣‖ ‖ − −‖ ‖ −

∣
∣

6

(

′ + ′

( ) −
)

‖ − ‖ − ,

′ = ′ + ′ − ′

: [ , ]→ R 7→ −





+


