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Abstract
We consider time-dependent inverse problems in a mathematical setting using Lebesgue–Bochner
spaces. Such problems arise when one aims to recover a function from given observations where
the function or the data depend on time. Lebesgue–Bochner spaces allow to easily incorporate the
different nature of time and space.

In this manuscript, we present two different regularization methods in Lebesgue–Bochner
spaces:

1. classical Tikhonov regularization in Banach spaces,
2. temporal variational regularization by penalizing the time-derivative.

In the first case, we additionally investigate geometrical properties of Lebesgue–Bochner spaces.
This particularly includes the calculation of the duality mapping and it is shown that these spaces
are smooth of power type. The resulting Tikhononv regularization in Lebesgue–Bochner spaces is
implemented using different regularities for time and space. Both methods are tested and evalu-
ated for dynamic computerized tomography.

1. Introduction

Time-dependent or dynamic inverse problems (DIPs) have become an important research interest in
recent years. The applications range from dynamic imaging to the identification of time-dependent para-
meters in partial differential equations for material characterization.

A linear dynamic inverse problem can be expressed by the operator equation

A(ϑ) = ψ, A : X→ Y,

where the linear forward operator A, the target ϑ or the data ψ can depend on time. This time-
dependence can, e.g. be expressed by an appropriate choice of the function spaces X and Y. Lebesgue–
Bochner spaces (see definition 2.1) allow to incorporate the different nature of time and space in a nat-
ural way, as discussed in, e.g. [50, chapter 23].

There are two different approaches in DIPs: either reconstructing the object of interest for only one
time-point, or reconstructing a time series of the moving object. In the first case, the data is inconsist-
ent due to the time-dependence of the object. In the latter case, the problem is heavily under-sampled
since in general there are only a few measurements per time step available. In this article, we examine
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the second case by considering Lebesgue–Bochner spaces Lp(0,T;Lr(Ω)) for a bounded spatial domain
Ω⊂ Rn,n ∈ N and 1< p, r<∞ as function spaces X and Y. By consequence, we have time-dependent
data of dimension n+ 1. Similarly, we have a time-dependent target and forward operator.

Research on DIPs is often linked to a concrete application, see [29, 31], such as dynamic computer-
ized tomography (CT) [8, 19, 20], magnetic resonance imaging [22], emission tomography [24], mag-
netic particle imaging [2, 5, 28, 32], or structural health monitoring [31, 33].

Alfred K Louis, together with some of his students and collaborators, has played a pioneering role
in the development of variational regularization techniques for DIPs, including their efficient solution
and applications to real-world problems. In particular, [44, 45] present a systematic approach in a time-
discrete setting, which can be interpreted as a time-discretized version of the methods we aim to explore
in this paper. Naturally, extending such variational regularization techniques to time-continuous settings
involving time derivatives leads to the consideration of regularization in Lebesgue–Bochner spaces. In [7]
the authors consider a variational regularization approach in a Lebesgue–Bochner space setting using
cylindrical shearlets in the penalty term.

Many methods for solving general DIPs include additional information on the motion into the regu-
larization scheme, e.g. some kind of motion model or a fixed state of the object serving as a template [8,
17–19]. It is also possible to consider the dynamic model an inexact version of the static model [6, 16,
37, 42]. An overview of variational approaches to solve DIPs in a semi-discretized setting for image
reconstruction with a main focus on methods including parameterized motion models is given in [25].
Since the motion is often not known, we aim to include the time-dependence only implicitly without the
explicit use of a motion model. [3] considers reconstruction techniques for fully discretized inverse prob-
lems that take the different nature of time and space into account without assuming an explicit motion
model.

In contrast, in [9] the authors develop a continuous theory for DIPs in Lebesgue–Bochner spaces in
accordance with the classical inverse problems theory. In particular, they extend the classical definition
of ill-posedness and regularization for inverse problems in Banach spaces to DIPs in Lebesgue–Bochner
spaces. To underline this, time-dependent regularization methods are analyzed theoretically but a prac-
tical application is still missing. In this article, we support the research of [9] by presenting concrete reg-
ularization methods with practical applications.

In particular, we aim to include the nature of time into regularization methods for general linear
DIPs mainly by using Lebesgue–Bochner spaces. We propose two different approaches:

1. Tikhonov regularization in Lebesgue–Bochner spaces where the difference of the temporal and spatial
variable can be expressed by using different exponents for time and space in the Lebesgue–Bochner
space,

2. adding the time-derivative as a penalty term to the Tikhonov functional leading to a regularized
solution that favors small changes in time.

The aim of the first approach is to adapt a classical Tikhonov regularization algorithm in general
Banach spaces to Lebesgue–Bochner spaces. This includes the nature of time only in the function space
setting and does not require any conditions or previous knowledge on the movement. Thus, we do
not expect great improvement of this regularization method compared to a static setting. However, it
is interesting to examine how the different choices of exponents for time and space in the Lebesgue–
Bochner setting influence the reconstructions.

To implement this approach, we make use of the dual method [46, section 5.3.2] that minimizes
the Tikhonov functional by gradient descent in the dual space for Banach spaces that are smooth of
power type, i.e. they fulfill certain geometric smoothness conditions. To adapt this method for Lebesgue–
Bochner spaces, we first investigate the geometrical properties of these spaces. In particular, we show that
Lebesgue–Bochner spaces are smooth of power type and derive their duality mappings.

The second approach aims to include the nature of time not only by the choice of function spaces
but additionally by penalizing the norm of the time derivative. For this, we assume that the object
behaves ‘smoothly’ in time and postulate a certain regularity of the time derivative. In contrast to the
first approach, we do not consider a Banach space setting, but a Hilbert space setting. This allows the
use of more efficient algorithms compared to the Banach space setting.

For this approach, we derive a scheme that minimizes a variational problem penalizing the time
derivative. We solve this problem by gradient descent using a two-step method where the first step is
a Landweber step in Lebesgue–Bochner spaces minimizing the data discrepancy. The second step is
responsible for the penalty terms and is only given implicitly by an (n+ 1)−dimensional PDE which
we solve in Fourier space using the eigenfunctions of the underlying operator.
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To evaluate these approaches in practice, we apply them both to dynamic CT.
Outline. The article is structured as follows. The first part (section 2) covers the geometry of

Lebesgue and Lebesgue–Bochner spaces. After the basics of Lebesgue–Bochner spaces are introduced in
section 2.1, we derive the duality mappings in Lebesgue–Bochner spaces (section 2.2). Then we con-
sider convexity and smoothness of Banach spaces in section 2.3 where our main result (lemma 2.18) is
the proof of a consequence of the Xu–Roach inequalities. Finally, we apply these results to show that
Lebesgue and Lebesgue–Bochner spaces are smooth of power type (section 2.3.3). With the theoretical
findings of section 2, we derive two regularization algorithms in the context of time-dependent inverse
problems: classical Tikhonov regularization in Lebesgue–Bochner spaces (section 3.1) and a regular-
ization method penalizing the time derivative (section 3.2). The last part, section 4, contains various
numerical experiments with an application in dynamic CT.

Notation. In the following, let X be a Banach space, X∗ its dual space, Ω⊂ Rn a bounded domain
and (S,A,µ) a finite measure space. In this article, we will omit the index indicating the space of norms
if it is clear from the context which space is meant, i.e. we will write ‖x‖ instead of ‖x‖X for x ∈ X. The
unit sphere in X will be denoted by SX, i.e. SX = {x ∈ X : ‖x‖= 1}. For an exponent p with 1< p<∞,
its conjugate exponent p∗ is defined by 1

p +
1
p∗ = 1. Functions from Lebesgue–Bochner spaces will be

denoted by ϑ,ψ, other functions or functionals by f,g and elements from a general Banach space X by x
and y.

2. Geometry of Lebesgue and Lebesgue–Bochner spaces

We are interested in minimizing a linear Tikhonov functional in Banach spaces. One algorithm to do
this is the dual method presented in [46, section 5.3.2]. In the next sections, we are interested in adapt-
ing this method for Lebesgue and Lebesgue–Bochner spaces.

To implement the dual method, see section 3.1, we need to determine the duality map and a con-
stant GX

s from the definition 2.10 of smoothness of power-type for Lebesgue–Bochner spaces. We start
with some definitions.

2.1. Bochner spaces
Definition 2.1. The Lebesgue–Bochner space Lp(S;X) for 1⩽ p<∞ is the linear space of all strongly µ-
measurable functions ϑ : S→ X with

´
S‖ϑ‖

p
X dµ <∞. See [26] for a definition and discussion of strong

measurability. The space Lp(S;X) is a Banach space equipped with the norm

‖ϑ‖Lp(S;X) =
(ˆ

S
‖ϑ‖pX dµ

) 1
p

1⩽ p<∞.

A function ϑ : S→ X is an element of Lp(S;X) if and only if ‖ϑ(·)‖X : S→ R is an element of Lp(S).
For the convergence of regularization algorithms in Banach spaces, it is helpful if the Banach space be
reflexive. Thus we are interested in what way the duality results for Lebesgue spaces transfer to Bochner
spaces.

Theorem 2.2. If X is reflexive or X∗ is separable, it holds (Lp(S;X))∗ = Lp∗(S;X∗) for adjoint exponents, i.e.
1
p +

1
p∗ = 1 and 1< p<∞.

A proof can be found in [26, corollary 1.3.13]. In the following, we only consider reflexive spaces X
and can therefore use the duality result from theorem 2.2. We finish this section by stating an embed-
ding result for Lebesgue–Bochner spaces.

Lemma 2.3. For 1< p⩽ q⩽∞ and 1< r⩽ s⩽∞ we have the continuous embedding Lq(S;X)⊆ Lp(S;X)
and Lq(S;Ls(Ω))⊆ Lp(S;Lr(Ω)) where Ω⊂ Rn, n ∈ N is finite.

Proof. We use≲ for relations up to multiplicative constants independent of ϑ.
Let ϑ ∈ Lq(S;Ls(Ω)). Then we have

‖ϑ‖Lp(S;Lr(Ω)) =

(ˆ
S
‖ϑ(t)‖pLr(Ω) dt

) 1
p

≲
(ˆ

S
‖ϑ(t)‖pLs(Ω) dt

) 1
p

≲
(ˆ

S
‖ϑ(t)‖qLs(Ω) dt

) 1
q

= ‖ϑ‖Lq(S;Ls(Ω))

where the first inequality follows by the Rellich–Kondrachov embedding theorem for Lebesgue spaces,
see, e.g. [1, chapter 6], and the second inequality follows by this embedding theorem applied to the norm
‖ϑ(t)‖Ls(Ω) which is a function in Lq(S).

The first embedding follows analogously by only using the embedding theorem for Lebesgue spaces
once.
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2.2. Duality map
In this section, we derive the duality map in Lebesgue–Bochner spaces, which is an important tool in
regularization in Banach spaces, see also [46]. To this end, we shortly recap a few necessary definitions
and statements for general Banach spaces.

Definition 2.4 (duality map). Let X be a normed space. Then the set-valued duality map JXq : X⇒ X∗ of the
space X with respect to the function h 7→ hq−1 for q⩾ 1 is defined as

JXq (x) :=
{
x∗ ∈ X∗ : 〈x,x∗〉= ‖x‖‖x∗‖,‖x∗‖= ‖x‖q−1

}
. (1)

For q= 2 the duality map JX2 is called the normalized duality map. A single-valued selection of the duality
map is denoted by jXq .

To compute the duality map JXq , we can use the subdifferential which is defined for convex function-
als. For more details on geometric properties of Banach spaces we refer to [26, chapter II] or [10].

Definition 2.5 (subgradient, subdifferential). Let f : X→ R∪{∞} be a convex functional. Then a func-
tional from the dual space x∗ ∈ X∗ is called a subgradient of f in x if

f(y)⩾ f(x)+ 〈x∗,y− x〉

for all y ∈ X. The set of all subgradients is denoted by ∂f(x) and is called the subdifferential.

Asplund’s theorem combines the subdifferential with the duality map:

Theorem 2.6 (Asplund’s theorem). For a normed space X and q⩾ 1, the duality map JXq can be computed by

JXq = ∂
(

1
q‖·‖

q
)
.

A proof can be found, e.g. in [4, 43].
If the functional f is Gateaux-differentiable, the subdifferential is single-valued and coincides with the

gradient, i.e. ∂f = {∇f}, see [11, chapter 1, $2]. In the following if not specified otherwise we will only
consider smooth norms, such that jXq is unique.

It is easy to determine jXq if jXp is already known:

Lemma 2.7. 1. For p,q> 1 and x ∈ X it holds jXq (x) = ‖x‖q−pjXp (x).
2. For a scalar a, x ∈ X and s⩾ 1 we have jXs (ax) = as−1jXs (x).

Proof. The proof of 1. can be found in [11, proposition 4.7.(f), chapter 1]. From the definition of the dual-
ity map (1) we get the equation

〈ax, jXs (ax)〉= ‖ax‖X‖jXs (ax)‖X∗ = a‖x‖‖ax‖s−1 = as‖x‖s.

Since we also have

〈ax,as−1jXs (x)〉= a‖x‖as−1‖x‖s−1 = as‖x‖s,

by the definition of the duality map we get the equality as−1jXs (x) = jXs (ax) since x and a were arbitrary.

The duality map for Lr(Ω) spaces is single-valued and given by

〈jp ( f) ,g〉=
ˆ
Ω

(
‖f‖p−r

Lr(Ω)|f(x) |
r−1 sign( f(x))

)
g(x) dx, (2)

for f,g ∈ Lr(Ω), 1< r<∞ and p⩾ 1. A proof for the normalized duality map can be found in [10,
section 3.2]. The general duality map then follows with lemma 2.7.

Now, we can compute the duality map of Lp(0,T;X) with respect to the duality map of the space X.

Theorem 2.8 (duality map of Lp(0,T;X)). Let X be a normed space and q⩾ 1. Let further either X be reflexive

or X∗ be separable. Then the duality map JL
p(0,T;X)

q ϑ⊂ Lp∗(0,T;X∗) is given by(
JL

p(0,T;X)
q ϑ

)
(t) = ‖ϑ‖q−p

Lp(0,T;X)J
X
pϑ(t)

for ϑ ∈ Lp(0,T;X), t ∈ [0,T], where we define
(
JL

p(0,T;X)
q ϑ

)
(t) :=

{
ψ(t)

∣∣∣ψ ∈ JL
p(0,T;X)

q ϑ
}
⊂ X∗.

4
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Proof. Each single-valued selection jL
p(0,T;X)

q ϑ is an element of the dual space [Lp(0,T;X)]∗, i.e. it is a func-
tional Lp(0,T;X)→ R. Let now ψ ∈ Lp(0,T;X). With Asplund’s theorem 2.6 and the chain rule we get

(
JL

p(0,T;X)
q ϑ

)
(ψ) = ∂

(
1

q
‖ϑ‖qLp(0,T;X)

)
(ψ) = ∂

1

q

(ˆ T

0
‖ϑ(t)‖pX dt

) q
p

(ψ)

= ‖ϑ‖q−p
Lp(0,T;X)

ˆ T

0
〈∂ 1

p
‖ϑ(t)‖pX,ψ (t)〉X∗,X dt

= ‖ϑ‖q−p
Lp(0,T;X)

ˆ T

0
〈JXpϑ(t) ,ψ (t)〉X∗,X dt.

Since Lp
∗
(0,T;X∗) can be identified with the dual space [Lp(0,T;X)]∗, see theorem 2.2, we can also express

the duality map by
(
JL

p(0,T;X)
q ϑ

)
(t) = ‖ϑ‖q−p

Lp(0,T;X)J
X
pϑ(t) for t ∈ [0,T].

2.3. Convexity and smoothness of Banach spaces
We want to show that Lebesgue–Bochner spaces are smooth of power-type since this is a prerequisite to
use Tikhonov regularization in these spaces. First, we introduce the concepts of convexity and smooth-
ness in Banach spaces and derive a consequence of the Xu–Roach inequalities for s-smooth spaces.

Definition 2.9 (convexity). For a Banach space X we define themodulus of convexity δX : [0,2]→ [0,1] as
δX(ε) := inf

{
1−‖ 1

2 (x+ y)‖ : ‖x‖= ‖y‖= 1,‖x− y‖⩾ ε
}
.

The space X is called

• uniformly convex if δX(ε)> 0 for all ε with 0< ε⩽ 2.
• convex of power-type s or s-convex if there exists a constant cXs > 0 such that for all x,y ∈ X

‖x− y‖s ⩾ ‖x‖s − s〈jXs (x) ,y〉+ cs‖y‖s.

Definition 2.10 (smoothness). For a Banach space X we define themodulus of smoothness ρX(ε) :
[0,∞)→ [0,∞) as ρX(ε) :=

1
2 sup

{
‖x+ y‖+ ‖x− y‖− 2 : ‖x‖= 1,‖y‖⩽ ε

}
. The space X is called

• smooth if for every x ∈ X \ {0} there exists a unique x∗ ∈ X∗ with ‖x∗‖= 1 and 〈x∗,x〉= ‖x‖.
• uniformly smooth if limε→0

ρX(ε)
ε = 0.

• smooth of power-type s or s-smooth if there exists a constant GX
s > 0 such that for all x,y ∈ X

‖x− y‖s ⩽ ‖x‖s − s〈jXs (x) ,y〉+GX
s ‖y‖s. (3)

Remark 2.11. The constants cXs and GX
s from definition 2.9 and 2.10 cannot depend on x,y ∈ X. In the fol-

lowing, this assumption will hold for all appearing constants.

Due to statement 4 in the following lemma 2.12, smoothness and convexity can be seen as dual con-
cepts. Therefore it is easy to see that each property of a smooth Banach space has an equivalent in a
convex Banach space. Here, we focus only on smooth Banach spaces since we are interested in comput-
ing the constant GX

s from the definition of smoothness of power-type in section 2.3.3. Next, we summar-
ize a few properties of smooth Banach spaces.

Lemma 2.12. In a Banach space X the following statements hold:

1. If X is q-smooth, it is also uniformly smooth and q⩽ 2.
2. If X is uniformly smooth, X is reflexive and smooth.
3. X is smooth if and only if every duality map JXp is single-valued.
4. X is s-smooth/ uniformly smooth if and only if X∗ is s∗-convex/ uniformly convex.
5. If and only if X is s-smooth, it holds ρX(ε)⩽ Cεs for a constant C.

The statements and proofs can be found in [46, chapter 2.3.1] and the therein cited references.

Remark 2.13. In 5. of lemma 2.12 it suffices to consider the behavior close to 0 since we can bound the
modulus of smoothness by

ρX (ε) =
1

2
sup{∥x+ y∥+ ∥x− y∥− 2 : ∥x∥= 1,∥y∥⩽ ε}⩽ 1

2
sup{2∥x∥+ 2∥y∥− 2 : ∥x∥= 1,∥y∥⩽ ε}⩽ ε⩽ εq

for ε⩾ 1 and q> 1. If we have ρX(ε)⩽ Cεq for ε < d< 1, we can also find a constant C for d⩽ ε < 1 since ρ
is continuous and non-decreasing, see e.g. [34, 1.e.].

5
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2.3.1. Xu–Roach inequalities
Xu and Roach proved the following inequalities for uniformly smooth Banach spaces in 1991 [49].

Lemma 2.14 (Xu–Roach inequality). For any 1< p<∞ and a Banach space X, the following statements are
equivalent:

1. X is uniformly smooth with modulus of smoothness ρX .
2. JXp is single-valued and it holds

‖jXp (x)− jXp (y)‖X∗ ⩽ G ′
pmax(‖x‖X,‖y‖X)p ‖x− y‖−1

X ρX

(
‖x− y‖X

max(‖x‖X,‖y‖X)

)
∀x,y ∈ X. (4)

3.

For all x,y ∈ X it holds ‖x− y‖p ⩽ ‖x‖p − p〈jXp (x) ,y〉+ σ̃p (x,y) (5)

with σ̃p (x,y) = pG ′
p

ˆ 1

0

max(‖x− hy‖,‖x‖)p

h
ρX

(
h‖y‖

max(‖x− hy‖,‖x‖)

)
dh. (6)

The proof and a possible choice for G ′
p is given in [49].

To extend the Xu–Roach inequalities to s-smooth spaces, we need the following results of
Sprung [47] which allow another characterization of s-smoothness of power-type:

Lemma 2.15. A Banach space X is s-smooth iff

1

p
‖x− y‖p − 1

p
‖x‖p + 〈jXp (x) ,y〉⩽ C‖y‖s (7)

for 1< p<∞, a constant C> 0, x,y ∈ X with ‖x‖= 1 and ‖y‖⩽ d for d> 0.

This characterization extends definition 2.10 where s-smoothness was defined by ‖x− y‖s ⩽ ‖x‖s −
s〈jXs (x),y〉+GX

s ‖y‖s. It is a direct consequence of theorem 4.1(2) and corollary 4.5 from [47]:

Lemma 2.16 (Sprung, 2019). Let X be a Banach space and 1< p<∞. If, for d> 0, ε⩽ d and all x ∈ SX, we
have

sup
∥y∥=ε

∣∣∣∣1p‖x− y‖p − 1

p
‖x‖p + 〈jXp (x) ,y〉

∣∣∣∣⩽ εs, (8)

we obtain the estimate ρX(ε)⩽ p1/p−1εs +Cε2 for the modulus of smoothness ρX(ε) for ε⩽ d, i.e. X is s-smooth
according to remark 2.13.

Lemma 2.17 (Sprung, 2019). If the space X is s-smooth, then there exist constants Cd > 0 for all d> 0, such
that 1

p‖x− y‖p − 1
p‖x‖

p + 〈jXp (x),y〉⩽ Cd‖y‖s holds for all x,y ∈ X with ‖x‖= 1 and ‖y‖⩽ d.

Lemma 2.15 allows us to prove the equivalence of several statements for s-smooth Banach spaces as
a consequence of the Xu–Roach inequalities as formulated in lemma 2.18. This statement has already
been published in the literature without proof, see, e.g. [30, 46]. It was stated that the respective proof
was already given by Xu and Roach in their original paper [49]. However, [49] only contains a part of
the proof of this consequence. In particular, the direction (4.⇒ 1.) for p 6= s is missing, which we prove
using the characterization of power-type from lemma 2.15.

Lemma 2.18. Let X be uniformly smooth. Then the following are equivalent for generic constants C> 0:

1. X is s-smooth.
2. The duality map JXp is single-valued for some p with 1< p<∞ and for all x,y ∈ X it holds

‖jXp (x)− jXp (y)‖X∗ ⩽ Cmax(‖x‖X,‖y‖X)p−s ‖x− y‖s−1
X . (9)

3. Statement (2.) holds for all p with 1< p<∞.
4. For some p with 1< p<∞ we have

‖x− y‖p ⩽ ‖x‖p − p〈jXp (x) ,y〉+ σ̃p (x,y)

6
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for all x,y ∈ X. Furthermore, we can bound σ̃p from (6) by σ̃p(x,y)⩽ Cp
´ 1
0 h

s−1max
(‖x− hy‖,‖x‖)p−s‖y‖s dh.

5. Statement (4.) holds for all p with 1< p<∞.

Remark 2.19. If we know the constant C in inequality (9) for p= s, we can choose GX
s = C in the definition

of power-type (3).

Proof of lemma 2.18. Step 1:We start by showing the equivalence 1.⇔ 5.
If X is s-smooth, it is also uniformly smooth and each duality map is single-valued. By combining the

Xu–Roach inequality (5) with the property 5. from lemma 2.12, we obtain

‖x− y‖p ⩽ ‖x‖p − p〈jXp (x) ,y〉+ pC

ˆ 1

0

max(‖x− hy‖,‖x‖)p

h

hs‖y‖s

max(‖x− hy‖,‖x‖)s
dh

= ‖x‖p − p〈jXp (x) ,y〉+ pC‖y‖s
ˆ 1

0
hs−1max(‖x− hy‖,‖x‖)p−s dt

for any p with 1< p<∞ which shows that inequality (3) holds.
If we assume 5., we get 1. by choosing p= s which yields

‖x− y‖s ⩽ ‖x‖s − s〈jXs (x) ,y〉+ sC

ˆ 1

0

max(‖x− hy‖,‖x‖)s

h

hs‖y‖s

max(‖x− hy‖,‖x‖)s
dh

= ‖x‖s − s〈jXs (x) ,y〉+ sC‖y‖s
ˆ 1

0
hs−1 dh= ‖x‖s − s〈jXs (x) ,y〉+C‖y‖s,

and X is s-smooth by definition.

Step 2: Next, we show the equivalence of 1,3,2 and 4.
The implication 1.⇒ 3. follows analogously to the implication 1.⇒ 5. by applying inequality (4) and 5.
from lemma 2.12. The implication 3.⇒ 2. is obvious.

The implication 2.⇒ 4. can be shown analogously as in the proof of lemma 2.14 [49]: Since X is uni-
formly smooth, jXp is continuous from the norm topology of X into the weak-∗ topology of X∗ [13]. Then
the function Φ(h) = ‖x− hy‖p with 1< p<∞ is continuously differentiable and has the derivative Φ ′(h) =
−p〈jXp (x− hy),y〉. Then we get

∥x− y∥p −∥x∥p + p⟨jXp (x) ,y⟩=Φ(1)−Φ(0)−Φ ′ (0) =

ˆ 1

0

Φ ′ (h) dh−Φ ′ (0) = p

ˆ 1

0

⟨−jXp (x− hy)+ jXp (x) ,y⟩dh

⩽ p

ˆ 1

0

∥jXp (x− hy)− jXp (x)∥∥y∥dh⩽ pC

ˆ 1

0

max(∥x− hy∥,∥x∥)p−s ∥hy∥s−1∥y∥dh

= pC

ˆ 1

0

hs−1max(∥x− hy∥,∥x∥)p−s ∥y∥s dh

It remains to show the implication 4.⇒ 1. This is trivial if p= s. Let us now assume p 6= s. We then have

1

p
‖x− y‖p − 1

p
‖x‖p + 〈jXp (x) ,y〉⩽ C

ˆ 1

0
hs−1max(‖x− hy‖,1)p−s ‖y‖s dh

⩽ C

ˆ 1

0
hs−1 (1+ hd)p−s ‖y‖s dh⩽ Cmax

(
(1+ d)p−s

,1
) 1
s
‖y‖s,

for ‖x‖= 1, and ‖y‖⩽ d for d> 0, which shows the characterization of s-smoothness from lemma 2.15.

2.3.2. A specification of smoothness of power-type for Banach spaces
Lemma 2.18 characterizes s-smoothness in different ways. However, we only obtain the constant GX

s from
the definition of power-type 2.10 from the equivalent inequality (9) for p= s, see remark 2.19.

In section 2.3.3 we show that Lebesgue–Bochner spaces are smooth of power-type. To determine the
corresponding constant GX

s , we need to determine GX
s also for p 6= s in (9) which we will derive in this

section.

Theorem 2.20. If the Banach space X is s-smooth with constant GX
s as in definition 2.10, it is also q-smooth for

all 1< q< s. For the q-smoothness we can choose the constant GX
q as GX

q = 2s−qmax(2s,GX
s +K2s−2) where K

is the Lipschitz constant of the function f : [ 12 ,1]→ R with h 7→ hq−s.

7
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To prove theorem 2.20 we need an auxiliary Lemma, the proof of which can be found in the
appendix.

Lemma 2.21. Let s,q ∈ (1,∞) and X be a smooth Banach space. Then the following statements are equivalent:

(A) The duality map is Hölder continuous, i.e. ∃L> 0 ∀x,y ∈ X : ‖js(x)− js(y)‖X∗ ⩽ L‖x− y‖s−1
X .

(B) For all x,y ∈ X exists D> 0 such that ‖jq(x)− jq(y)‖X∗ ⩽ Dmax(‖x‖X,‖y‖X)q−s‖x− y‖s−1
X .

If L is given, D can be chosen as D=max(2s,L+K2s−2) where K is the Lipschitz constant of the function
f : [ 12 ,1]→ R with h 7→ hq−s. On the other hand, if D is given, L can be chosen as L=max(2s,D+K ′2s−2)
where K′ is the Lipschitz constant of the function f : [ 12 ,1]→ R with h 7→ hs−q.

Remark 2.22. We can easily compute the Lipschitz constants K and K′ since the function f : [ 12 ,1]→ R
with h 7→ ha for a ∈ R is continuous and differentiable. Thus, since the derivative is bounded on [ 12 ,1], the
Lipschitz constant Ka is given by suph∈[ 12 ,1]

f ′(h). This means

Ka = |a21−a| for a< 1, Ka = a for a⩾ 1.

Proof of theorem 2.20. The proof without the constant can be found in [46, corollary 2.43]. Since X is s-
smooth and q> 1 we get with 3. from lemma 2.18 the inequality

‖jXp (x)− jXp (y)‖X∗ ⩽ Cmax(‖x‖X,‖y‖X)p−s ‖x− y‖s−1
X (10)

for arbitrary p> 1. Since we can choose C= GX
s = L for p= s according to remark 2.19, we obtain

C=max
(
2s,L+K2s−2

)
=max

(
2s,GX

s +K2s−2
)

for p= q 6= s with lemma 2.21. Since s− q> 0, we can estimate the right-hand side of (10) for p= q by

max(‖x‖,‖y‖)q−s ‖x− y‖s−1 =

(
‖x− y‖

max(‖x‖,‖y‖)

)s−q

‖x− y‖q−1

⩽
(

‖x‖+ ‖y‖
max(‖x‖,‖y‖)

)s−q

‖x− y‖q−1 ⩽ 2s−q‖x− y‖q−1.

Accordingly, we set GX
q := 2s−qmax(2s,GX

s +K2s−2).

2.3.3. Smoothness results for Lebesgue spaces
The Lebesgue spaces Lr(Ω) for a domain Ω⊂ Rn and 1< r<∞ are min(2, r)-smooth and max(2, r)-
convex, see e.g. [10, 23, 34, 49]. Now, we consider Lp(Ω) with a bounded domain Ω and 1< p<∞.

Lemma 2.23 (constantGLp(Ω)
p for Lebesgue spaces). The constant GLp(Ω)

p from the definition of smoothness of
power-type for the space Lp(Ω) can be chosen as

GLp(Ω)
p = 22−p, if 1< p⩽ 2, GLp(Ω)

2 = p− 1, if p> 2

For p> 2 this is proven in [48, corollary 2] and for 1< p⩽ 2 it is simple to show (9) for p= s and

GLp(Ω)
p = 22−p.

2.3.4. Smoothness results for Lebesgue–Bochner spaces
With the theoretical results of the previous Sections 2.3.1 and 2.3.2 we can now apply the theory to
Lebesgue–Bochner spaces. Uniform convexity and smoothness of Bochner spaces have already been con-
sidered in the literature:

Lemma 2.24. Let X be reflexive. Then the Lebesgue–Bochner space Lp(0,T;X) is uniformly convex/smooth if
and only if X is uniformly convex/smooth.

Proof. The proof for uniform convexity can be found in Theorem 2 in [12]. Let now X be uniformly
smooth. Due to 5. in lemma 2.12, X∗ is uniformly convex and so is Lp

∗
(0,T;X∗). Applying lemma 2.12 again

shows that Lp(0,T;X) is uniformly smooth. Since all implications are equalities, the statement is true also for
‘if and only if ’.

8
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Remark 2.25. It is already known that there exists an equivalent norm in Lq(0,T;X) where X is p-smooth
such that the space Lq(0,T;X) is min(p,q)-smooth [26, section 3.7] (which is based on [38] and [39, chapter
10]). This approach involves martingales in Banach spaces. In the next Lemma we will prove that the space
Lq(0,T;X) is min(p,q)-smooth already with the standard norm.

Lemma 2.26. Let X be p-smooth with known constant GX
p and 1< q<∞. Then Lq(0,T;X) is

min(p,q)-smooth with constant

GLq(0,T;X)
q = 2p−qmax

(
2p,GX

p +K2p−2
)
, if q=min(p,q)

GLq(0,T;X)
p =max

(
2q,2q−pGX

p +K2q−2
)
+K ′2p−2 if p=min(p,q) ,

where K and K′ are the Lipschitz constants of the functions f : [ 12 ,1]→ R with h 7→ hq−p and g : [ 12 ,1]→ R with
h 7→ hp−q respectively, see remark 2.22.

Proof. The case of Lebesgue–Bochner spaces is similar to the case of Besov spaces, which has been con-
sidered in [30].

Step 1:We show 2. from lemma 2.18 and start with the case q=min(p,q). Due to lemma 2.20, the space X
is also q-smooth. Let ϑ,ψ ∈ Lq(0,T;X). We apply 2. from lemma 2.18 with remark 2.19 to the space X such
that

‖jXq (ϑ(t))− jXq (ψ (t))‖X∗ ⩽ GX
q ‖ϑ(t)−ψ (t)‖q−1

X

for all t ∈ [0,T]. Now with the duality map for Lebesgue–Bochner spaces from theorem 2.8 we have(
jL

q(0,T;X)
q ϑ

)
(t) = jXq (ϑ(t)) and thus

∥jL
q(0,T;X)

q (ϑ)− jL
q(0,T;X)

q (ψ )∥q
∗

[Lq(0,T;X)]∗ =

ˆ T

0

∥jXq (ϑ(t))− jXq (ψ (t))∥q
∗

X∗ dt ⩽
(
GX

q

)q∗ ˆ T

0

∥ϑ(t)−ψ (t)∥q
∗(q−1)
X dt

=
(
GX

q

)q∗ ∥ϑ−ψ∥q
Lq(0,T;X)

using q∗(q− 1) = q. Now by taking the q∗-th root we arrive at

‖jL
q(0,T;x)

q (ϑ)− jL
q(0,T;X)

q (ψ )‖[Lq(0,T;X)]∗ ⩽ GX
q ‖ϑ−ψ‖q−1

Lq(0,T;X)

which shows that Lp(0,T;X) is q-smooth. With lemma 2.18 we can choose GLp(0,T;X)
q = GX

q . With
theorem 2.20 we have GX

q = 2p−qmax(2p,GX
p +K2p−2).

Step 2: Next, we consider the case p=min(p,q). We apply lemma 2.21 and arrive at

‖jXq (x)− jXq (y)‖X∗⩽max
(
2p,GX

p +K2p−2
)︸ ︷︷ ︸

=:D

max(‖x‖X,‖y‖X)q−p ‖x− y‖p−1
X

for all x,y ∈ X. Then we get

∥jL
q(0,T;X)

q (ϑ)− jL
q(0,T;X)

q (ψ )∥q
∗

Lq
∗
(0,T;X∗)

=

ˆ T

0

∥jXq (ϑ(t))− jXq (ψ (t))∥q
∗

X∗ dt

⩽ Dq∗
ˆ T

0

max{∥ϑ(t)∥X,∥ψ (t)∥X}(q−p)q∗ ∥ϑ(t)−ψ (t)∥(p−1)q∗

X dt

⩽ Dq∗
(ˆ T

0

max{∥ϑ(t)∥X,∥ψ (t)∥X}q dt
) (q−p)q∗

q
(ˆ T

0

∥ϑ(t)−ψ (t)∥qX dt
) (p−1)q∗

q

,

where we used Hölders inequality with exponents r= q
q∗(q−p) and r∗ = q

q∗(p−1) =
q−1
p−1 > 1. Now we take the

q∗-th root and arrive at

‖jL
q(0,T;X)

q (ϑ)− jL
q(0,T;X)

q (ψ )‖Lq∗ (0,T;X∗) ⩽ D

(ˆ T

0
max{‖ϑ(t)‖X,‖ψ (t)‖X}q dt

) q−p
q

‖ϑ−ψ‖p−1
Lq(0,T;X)

⩽ D

(ˆ T

0
‖ϑ(t)‖qX + ‖ψ (t)‖qX dt

) q−p
q

‖ϑ−ψ‖p−1
Lq(0,T;X)

= D
(
‖ϑ‖qLq(0,T;X) + ‖ψ‖qLq(0,T;X)

) q−p
q ‖ϑ−ψ‖p−1

Lq(0,T;X)

9
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⩽ D
([
‖ϑ‖Lq(0,T;X) + ‖ψ‖Lq(0,T;X)

]q) q−p
q ‖ϑ−ψ‖p−1

Lq(0,T;X)

= D2q−pmax
{
‖ϑ‖Lq(0,T;X),‖ψ‖Lq(0,T;X)

}q−p ‖ϑ−ψ‖p−1
Lq(0,T;X),

where we used the inequality aq + bq ⩽ (a+ b)q for q> 1 and a,b⩾ 0. Thus Lp(0,T;X) is p-smooth. By
applying lemma 2.21 again and with lemma 2.18, we get

GLq(0,T;X)
p =max

[
2p,D2q−p +K ′2p−2

]
=max

[
2p,2q−pmax

(
2p,GX

p +K2p−2
)
+K ′2p−2

]
=max

[
2p,max

(
2q,2q−pGX

p +K2q−2
)
+K ′2p−2

]
=max

(
2q,2q−pGX

p +K2q−2
)
+K ′2p−2

since p⩽ q and K ′2p−2 > 0.

Remark 2.27. The space Lp(0,T;Lq(Ω)) is max(p,q,2)-convex, since its dual space Lp
∗
(0,T;Lq

∗
(Ω)) is s∗ =

min(p∗,q∗,2)-smooth. Thus, with lemma 2.12 the space Lp(0,T;Lq(Ω)) is s-convex where s=max(p,q,2).
By combining lemmas 2.23 and 2.26 with remark 2.22, we can now compute the explicit constants for

the Bochner space Lp(0,T;Lq(Ω)).

3. Application to regularization algorithms

After developing the geometry of Lebesgue–Bochner spaces, we now want to apply our findings to reg-
ularization algorithms. In particular, the theoretical results allow us to use Tikhonov regularization in
Lebesgue–Bochner spaces with different exponents (section 3.1).

As another approach to include the time-dependency of the problem to the regularization scheme,
we develop a regularization algorithm in section 3.2 that penalizes the time derivative.

3.1. Linear Tikhonov regularization in Banach spaces: A dual method
In this section we are interested in adapting the dual method [46, section 5.3.2] for minimizing a lin-
ear Tikhonov functional in Banach spaces to Lebesgue and Lebesgue–Bochner spaces. We minimize the
Tikhonov functional

Tα (θ) :=
1

u
‖Aθ−ψ‖uY +α

1

v
‖θ‖vX (11)

for a linear operator A : X→ Y, u,v> 1, a convex and smooth of power-type Banach space X and an
arbitrary Banach space Y. As explained in [46, chapter 5.3] the minimizer ϑregα of the Tikhonov func-
tional is well-defined and provides a regularized solution.

With jXv the single-valued selection of the duality mapping JXv (definition 2.4), the subgradient ∂Tα

(definition 2.5), and the Bregman distance DjXv
defined by DjXv

(x,y) := 1
v‖x‖

v − 1
v‖y‖

v −〈jXv (y),x− y〉 for
x,y ∈ X (see, e.g. [46] for details), the dual method is given by algorithm 3.1.

The convergence rates of the dual method depend on the additional geometric properties of the
spaces X and Y, see table 1. This is interesting for our purposes since by varying the exponents of the
Lebesgue or Lebesgue–Bochner spaces we get different convergence rates.

Remark 3.2. If we choose X and Y as Lebesgue or Lebesgue–Bochner spaces Lp(0,T;X) and Lq(0,T;Y) for
suitable Banach spaces X and Y, the following statements hold:

• Since the duality mappings of X and Y are single-valued, c f (2) and theorem 2.8, the Tikhonov func-
tional (11) is Gâteaux differentiable with derivative ∂Tα(ϑ) = {∇Tα(ϑ)}= {A∗jYu (Aϑ−ψ)+αjXv (ϑ)}.

• Since X and Y are convex of power-type or even 2-convex, see section 2.3.3, we get the convergence rates
of the second or third row of table 1 if we choose the spaces and the exponents of the Tikhonov functional
u and v appropriately.

3.2. Temporal variational regularization
3.2.1. Variational model for smooth motion
So far, we have purely exploited geometric properties of the function spaces. Now, we assume that
the object moves continuously in time such that we can add penalization of the time derivative to the
Tikhonov functional, obtaining a distinct temporal regularization.

10
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Algorithm 3.1. dual method.

Input: ϑ0 ∈ X initial point, ϑ∗
0 = jXv (ϑ0) dual initial point,

GX∗
v∗ constant from the definition 2.10 of smoothness of powertype,

R0 with DjXv
(ϑ0,ϑ

reg
α )⩽ R0

k← 0
while 0 /∈ ∂Tα(ϑk) do

Choose θk ∈ ∂Tα(ϑk)

µk←min

{(
α

GX∗
v∗

Rk

∥θk∥v∗

) 1
v∗−1

, 1
α

}
Rk+1← (1−µkα)Rk +µv∗

k
GX∗
v∗
v∗ ∥θk∥

v∗

ϑ∗
k+1← ϑ∗

k −µkθk
ϑk+1← jX

∗
v∗ (ϑ∗

k+1)
Output: ϑk+1

Table 1. Convergence rates for the dual method. The constant C is generic and can be different for every case. The proof of the results
can be found in [46, section 5.3.2].

X Y convergence rate

v-convex arbitrary ∥ϑk−ϑ
reg
α ∥⩽ Ck

− 1
v(v−1)

v-convex u-convex ∥ϑk−ϑ
reg
α ∥⩽ Ck

− M−1
[(M−1)(v−1)−1]v ifM :=max(u,v)> 2

2-convex 2-convex ∥ϑk−ϑ
reg
α ∥⩽ Cexp−

k
C

3.2.1.1. Function space setting
We stay in a Hilbert space setting and consider the spaces

X= L2
(
0,T;L2 (Ω)

)
∩H1

(
0,T;H−1

0 (Ω)
)
, Y= L2

(
0,T;L2 (Ω ′)

)
,

for rectangular bounded domains Ω,Ω ′ ⊂ Rn, i.e. ϑ ∈ L2(0,T;L2(Ω)) and ∂tϑ ∈ L2(0,T;H−1
0 (Ω)) if

ϑ ∈ X. Additionally, we assume homogeneous Neumann boundary conditions in time and space, i.e.
∂tϑ(0,x) = ∂tϑ(T,x) = 0 for all x ∈ Ω and ∇ϑ(t,x) = 0 for x ∈ ∂Ω and all t ∈ [0,T].

To obtain some flexibility in the weighting of the H1-norm, we introduce the equivalent norm

‖f‖2H1(Ω) = γ‖f‖2L2(Ω) + ‖∇f‖2L2(Ω) (12)

for f ∈H1(Ω), γ > 0 on H1(Ω) and define H−1
0 (Ω) as the dual space of H1(Ω) with respect to the

norm (12).

3.2.1.2. Motion models and time derivative
The choice of the space X includes many time-dependent functions since the assumption ∂tϑ ∈
L2(0,T;H−1

0 (Ω)) is fulfilled for a wide class of movements. Let Φ : [0,T]×Rn → Rn be a diffeomorph-
ism that maps a point in Rn to a point in Rn for each t ∈ [0,T]. Then Γ(t, ·) = Φ−1(t, ·) can be inter-
preted as a motion function. The velocity V of the motion Γ is given by V= ∂tΦ. Let further ξ : Rn →
R be a function representing a static object. We consider two types of motion models:

(a) For a mass preserving motion, we can generate a time-dependent function ϑ, representing the
object ξ undergoing the motion Γ, by ϑ(t,x) = ξ(Γ(t,x))|det(∇Γ(t,x))| which fulfills the continuity
equation

∂tϑ=−div(ϑV) . (13)

(b) For an intensity preserving motion, i.e. each particle preserves its intensity over time, the
time-dependent function is given by ϑ(t,x) = ξ(Γ(t,x)) which fulfills the optical flow constraint

∂tϑ=−V∇ϑ. (14)

11
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Further details on motion models can, e.g. be found in [21, section 2.1] or [14, chapter 4]. Since we
consider a bounded domain Ω⊂ Rn, we chose Ω such that the investigated object does not leave Ω at
any time t ∈ [0,T].

Lemma 3.3. Let ϑ be a time-dependent function that either conserves mass or intensity. If the velocity V of the
movement fulfills V ∈ L∞(0,T;L∞(Ω)), it holds ∂tϑ ∈ L2(0,T;H−1

0 (Ω)).

If the mass is conserved, then the continuity equation ∂tϑ=−div(ϑV) is fulfilled and ∂tϑ ∈
L2(0,T;H−1

0 (Ω)) holds if ϑV ∈ L2(0,T;L2(Ω)). Since ϑ ∈ L2(0,T;L2(Ω)), it suffices that V ∈
L∞(0,T;L∞(Ω)). This holds analogously for intensity preserving movements.

3.2.1.3. Minimization problem of temporal variational regularization
We aim at solving the minimization problem

min
ϑ∈X

E(ϑ) =min
ϑ∈X


1

2
‖Aϑ−ψ‖2L2(0,T;L2(Ω))︸ ︷︷ ︸

=F(ϑ)

+
α

2
‖ϑ‖2L2(0,T;L2(Ω)) +

β

2
‖∂tϑ‖2L2(0,T;H−1

0 (Ω))︸ ︷︷ ︸
=G(ϑ)


=min

ϑ∈X

{
1

2

ˆ T

0

(
‖(Aϑ)(t)−ψ (t)‖2L2(Ω) +

α

2
‖ϑ(t)‖2L2(Ω) +

β

2
‖∂tϑ(t)‖2H−1

0 (Ω)

)
dt

}
,

(15)

for the data ψ and regularization parameters α,β > 0. The following lemma yields a computationally
convenient representation of the H−1

0 -norm:

Lemma 3.4 (H−1
0 -norm). The H

−1
0 -norm on the space H−1

0 (Ω) with homogeneous Neumann boundary
conditions can be understood as

‖ϕ‖2
H−1

0 (Ω)
= ‖∇(−∆N + γI)−1

ϕ‖2L2(Ω) + γ‖(−∆N + γI)−1
ϕ‖2L2(Ω),

where∆N is the Neumann Laplace operator, ϕ ∈H−1
0 (Ω) and γ > 0.

Proof. Let ϕ ∈H−1
0 (Ω). Then by the Riesz representation theorem there is a unique function

f ∈H1(Ω), s.t.

ϕ(g) = 〈f,g〉H1(Ω) =

ˆ
Ω

∇f∇gdx+ γ

ˆ
Ω

f gdx=

ˆ
Ω

g(−∆N + γI) f dx= 〈(−∆N + γI) f,g〉L2(Ω) ∀g ∈H1 (Ω) ,

where the second equality follows with Green’s first identity and the Neumann boundary conditions. This
shows that (−∆N + γI)f ∈H−1

0 (Ω). We set ϕ = (−∆N + γI)f and thus f = (−∆N + γI)−1ϕ. By con-
sequence, we obtain the representation of the H−1

0 -norm as

‖ϕ‖2
H−1

0 (Ω)
= ‖f‖2H1(Ω) = ‖(−∆N + γI)−1

ϕ‖2H1(Ω)

= ‖∇(−∆N + γI)−1
ϕ‖2L2(Ω) + γ‖(−∆N + γI)−1

ϕ‖2L2(Ω).

Lemma 3.5 (existence and uniqueness of the minimizer). The minimizer ϑ of problem (15) exists, is unique
and fulfills the first order optimality condition for the Fréchet derivative E′ of E:

0= E ′ (ϑ) = A∗ (Aϑ−ψ)+αϑ−β (−∆N + γI)−1
(∂ttϑ) . (16)

Proof. It is clear that E, as a sum of convex and Fréchet differentiable norms, is again convex and Fréchet
differentiable. Due to the strict convexity of ‖ · ‖L2(0,T;L2(Ω)) it is even strictly convex. Hence, a unique min-
imizer exists and fulfills the first order optimality condition (16).

To compute E′, we compute the first variation for λ ∈ R and ψ ∈ X and evaluate it for λ= 0. We restrict
ourselves to calculating the derivative of G2(ϑ) :=

β
2 ‖∂tϑ‖

2
L2(0,T;H−1

0 (Ω))
.

G ′
2 (ϑ)ψ =

∂

∂λ

[
β

2
‖∂t (ϑ+λψ)‖2

L2(0,T;H−1
0 (Ω))

]
λ=0

=
∂

∂λ

[
β

2

(
∇(−∆N + γI)−1

(∂tϑ+λ∂tψ) ,∇(−∆N + γI)−1
(∂tϑ+λ∂tψ)

)
L2(0,T;L2(Ω))

12
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+
βγ

2

(
(−∆N + γI)−1

(∂tϑ+λ∂tψ) ,(−∆N + γI)−1
(∂tϑ+λ∂tψ)

)
L2(0,T;L2(Ω))

]
λ=0

= β
(
∇(−∆N + γI)−1

∂tϑ,∇(−∆N + γI)−1
∂tψ
)
L2(0,T;L2(Ω))

+βγ
(
(−∆N + γI)−1

∂tϑ,(−∆N + γI)−1∂tψ
)
L2(0,T;L2(Ω))

.

By applying Green’s first identity to the spatial domain and using the spatial Neumann boundary conditions
we obtain

G ′
2 (ϑ)ψ = β

(
∇(−∆N + γI)−1

∂tϑ,∇(−∆N + γI)−1
∂tψ
)
L2(0,T;L2(Ω))

+β
(
(−∆N + γI)−1

∂tϑ,γI(−∆N + γI)−1
∂tψ
)
L2(0,T;L2(Ω))

= β
(
(−∆N + γI)−1

∂tϑ,(−∆N + γI)(−∆N + γI)−1
∂tψ
)
L2(0,T;L2(Ω))

= β
(
(−∆N + γI)−1

∂tϑ,∂tψ
)
L2(0,T;L2(Ω))

.

Now, we apply partial integration to the time domain and get

G ′
2 (ϑ)ψ = β

(
(−∆N + γI)−1 ∂tϑ,∂tψ

)
L2(0,T;L2(Ω))

= β
(
−∂t (−∆N + γI)−1 ∂tϑ,ψ

)
L2(0,T;L2(Ω))

+ψ (T)(−∆N + γI)−1 ∂tϑ(T)−ψ (0)(−∆N + γI)−1 ∂tϑ(0) .

Assuming Neumann boundary conditions in time we obtain G ′
2(ϑ) =−β(−∆N + γI)−1∂ttϑ.

3.2.2. Minimization and algorithm
The first order optimality condition (16) is fulfilled if the minimizer is the solution of the PDE

β∂ttϑ= α(−∆N + γI)ϑ+(−∆N + γI)A∗ (Aϑ−ψ) .

This (n+ 1)-dimensional PDE is too large for solving the resulting linear system directly if the spatial
dimension n> 1 or the resolution is high. Instead, we determine the minimizer of (16) by solving the
equivalent fixed point equation

0= F ′ (ϑ)+G ′ (ϑ) ⇔ ϑ− τF ′ (ϑ) = ϑ+ τG ′ (ϑ)

with a suitable step size τ > 0.
To solve this fixed point equation, we use the implicit scheme

ϑk+ 1
2
= ϑk − τF ′ (ϑk) = ϑk − τA∗ (Aϑk −ψ) (17)

ϑk+1 + τ G ′ (ϑk+1) = ϑk+ 1
2
. (18)

The first step is a simple gradient descent step equivalent to the standard Landweber iteration. In the
second step (18) the next iterate ϑk+1 is the solution of the PDE

(1+ τα)(−∆N + γI)ϑk+1 − τβ∂ttϑk+1 = (−∆N + γI)ϑk+ 1
2
. (19)

We solve (19) in Fourier space. Instead of using the full Fourier series, we only use cosine functions
since they can incorporate Neumann boundary conditions and are the eigenfunctions of the operator
given by the left side of (19). In particular, we have the eigenfunctions uwi and us for s,wi ∈ N for each
dimension given by

uωi (xi) = cos

(
ωiπ

xi + bi
2bi

)
, us (t) = cos

(
sπ

t

T

)
,

for the spatial variables xi ∈ [−bi,bi], bi > 0 for i = 1, . . . ,n and the temporal variable t ∈ [0,T].
It is straight forward to see that

(1+ τα)(−∆N + γI)usuω1 · · ·uωn − τβ∂tt (usuω1 · · ·uωn)

=

(
(1+ τα)

(
γ+

n∑
i=1

(
ωiπ

2bi

)2
)
+ τβ

( sπ
T

)2)
usuω1 · · ·uωn ,

13
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which shows that the product of these functions is indeed an eigenfunction.
Furthermore, they fulfill the Neumann boundary conditions, since we have

∂xiuwi (bi) = ∂xiuwi (−bi) = 0,and ∂tus (0) = ∂tus (T) = 0.

Thus, we want to solve

(1+ τα)C(s,ω) ((−∆N + γI)ϑk+1)− τβC(s,ω) (∂ttϑk+1) = C(s,ω)

(
(−∆N + γI)ϑk+ 1

2

)
,

where C(s,ω) are the coefficients of the (n+ 1)-dimensional cosine series with time variable s and space
variable ω, i.e.

ϑ(t,x)≈
∑
s∈N

∑
ω1∈N

· · ·
∑
ωn∈N

C(s,ω) (ϑ)usuω1 · · ·uωn (20)

with the spatial domain Ω= [−b1,b1]× . . .× [−bn,bn], bi > 0. The coefficients are then given by

C(s,ω) (ϑ) =
1

2j−1T
∏n

i=1 bi

ˆ T

0

ˆ b1

−b1

· · ·
ˆ bn

−bn

ϑ(t,x)usuω1 · · ·uωn dxdt,

where 0⩽ j ⩽ n+ 1 is the number of zero entries in (s,ω1, . . . ,ωn). Using the property of the coefficients
of the cosine series

C(s,ω) (D
aϑ) = (−1)

∑n+1
i=1 ai/2

(
π

2b1
ω1

)a1

· · ·
(
π

2bn
ωn

)an (π s
T

)an+1

C(s,ω) (ϑ)

where ai is even for i = 1, . . . ,n+ 1, we obtain

(1+ τα)
(
|ω ′|2 + γ

)
C(s,ω) (ϑk+1)+ τβ (s ′)

2
C(s,ω) (ϑk+1) =

(
|ω ′|2 + γ

)
C(s,ω)

(
ϑk+ 1

2

)
, (21)

where ω ′ is given by ω ′
i = π

2bi
ωi for i = 1, . . . ,n, |ω ′|2 =

∑n
i=1ω

′2
i and s ′ = πs

T .
This means, we can compute the coefficients of the cosine series of ϑk+1 by

C(s,ω) (ϑk+1) =
1

(1+ τα)+ τβ (s ′)2

|ω ′|2+γ

C(s,ω)

(
ϑk+ 1

2

)
. (22)

All in all, we arrive at the scheme:

Algorithm 3.6. For a given iterate ϑk the next iterate can be computed by

ϑk+ 1
2
= ϑk − τA∗ (Aϑk −ψ) , (23)

C(s,ω) (ϑk+1) =
1

(1+ τα)+ τβ (s ′)2

|ω ′|2+γ

C(s,ω)

(
ϑk+ 1

2

)
for all ωi,s ∈ N, (24)

ϑk+1is given by (20), (25)

where τ is chosen as τ = 1
∥A∗A∥ to guarantee convergence as in the standard Landweber iteration scheme

[15, 41].
For noisy measurement data ψδ with noise level δ fulfilling ‖ψ −ψδ‖⩽ δ, the iteration is stopped when

either the discrepancy ‖Aϑk −ψ‖ does not decrease further and starts increasing or when a threshold is reached,
i.e.

‖Aϑk −ψ‖⩽ ρδ, (26)

with a fixed ρ> 1.

Remark 3.7. For the numerical implementation we can use the discrete cosine transform (DCT) Cd to
compute C(s,ω)(ϑk+ 1

2
) for some fixed ω and s in the second step in (24). After dividing by the factor

(1+ τα)+ τβ (s ′)2

|ω ′|2+γ as in (24), we get the solution using the inverse discrete Fourier transform by ϑk+1 =

C−1
d (Cd(ϑk+1)) .

14
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4. Numerical application to dynamic CT

As an example we consider dynamic CT. We apply the dual method 3.1, i.e. Tikhonov regularization in
Banach spaces, as well as algorithm 3.6, which penalizes the time derivative in Hilbert spaces.

First, we introduce the mathematical model of dynamic CT in a similar way as in [8] and compute
the static and dynamic adjoint operators in the Banach space setting, which can be derived from the
Hilbert space case considered, e.g. in [36]. In section 4.2, we introduce the different test cases, two sim-
ulated phantoms and one measured data set. The Sections 4.3 and 4.4 contain different experiments for
the dual method 3.1 and algorithm 3.6, respectively, which is followed by a discussion of the results.

4.1. Dynamic CT
The static Radon transform R : Lr(B)→W is defined by (Rf)(φ,σ) = g(φ,σ) =´ 1
−1 f
(
σθ(φ)+wθ(φ)⊥

)
dw for 1< r<∞, φ ∈ [0,π), σ ∈ [−1,1], the unit circle B⊂ R2 with

θ(φ) = (cos(φ), sin(φ)) and θ(φ)⊥ = (− sin(φ),cos(φ)). This is not a constraint since each bounded

domain in R2 can be scaled to the unit circle. The space W := Ls([−1,1]× [0,π),(1−σ2)−
s−1
2 ) is the

space of all functions g on [−1,1]× [0,π) with

‖g‖sW :=

ˆ π

0

ˆ 1

−1
|g(φ,σ)|s

(
1−σ2

)− s−1
2 dσdφ <∞. (27)

Lemma 4.1. If s⩽ r, R : Lr(B)→W is linear and bounded and its adjoint R∗ :W∗ → Lr
∗
(B) is given by

(R∗g∗)(x) =

ˆ π

0
g∗ (x · θ (φ) ,φ)

(
1− (x · θ (φ))2

)− s−1
2
dφ.

The proof is analogous to the case r= s= 2 that can be found e.g. in [36, chapter 2].
Now, we consider the dynamic Radon transform defined by (Rϑ)(t) = ψ(t) := R(ϑ(t)) for each

t ∈ [0,T]. In the following we denote the Lebesgue–Bochner spaces by Lp(0,T;Lr(B)) =: X and
Lq(0,T;W) =: Y.

Lemma 4.2. For s⩽ r and q⩽ p the dynamic operatorR : X→ Y is linear and bounded and its adjoint
R∗ : Y∗ → X∗ is given by

(R∗ψ∗)(t) =

ˆ π

0
ψ∗ (t)(x · θ (φ))

(
1− (x · θ (φ))2

)− s−1
2
dφ.

Proof. As in the static case, the dynamic Radon operatorR is clearly linear. We start by showing the
boundedness of the operator. For ϑ ∈ X we have

‖Rϑ‖Y =

(ˆ T

0
‖Rϑ(t)‖qW dt

) 1
q

≲
(ˆ T

0
‖ϑ(t)‖qLr(B) dt

) 1
q

= ‖ϑ‖Lq(0,T;Lr(B)) ≲ ‖ϑ‖X

where the first inequality follows due to the boundedness of the static Radon operator 4.1 and the last equal-
ity is an application of lemma 2.3.

Now, we compute the adjoint operator for ϑ ∈ X and ψ∗ ∈ Y∗ by

〈Rϑ,ψ∗〉Y,Y∗ =

ˆ T

0
〈Rϑ(t) ,ψ∗ (t)〉W,W∗ dt=

ˆ T

0
〈ϑ(t) ,R∗ψ∗ (t)〉Lr(B),Lr∗ (B) dt= 〈ϑ,R∗ψ∗〉X,X∗

using the adjoint static operator from lemma 4.1.

4.1.1. Discretization of the operator
The continuous Radon transform can be discretized for different measurement geometries. Here, we
consider two cases for later applications. In the first case, the object is scanned for each time step from
the same angles, meaning that the tomograph is not rotating and we only have projections from a small
set of angles. In the second case, the tomograph is rotated such that the projection angles are different
in each time step, but still equidistantly spaced. In both cases, we discretize the norm of W, see (27), for
g ∈ RN×M, which we denote by ‖ · ‖W̄ with

‖g‖sW̄ := 2πhσhθ

N∑
i=1

M∑
j=1

|gi,j|s
(
1−σ2i

)− s−1
2
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Figure 1. time steps 0,5,10,15,19 for the ground truth of the intensity preserving phantom.

for N equidistantly measured offset values σi discretizing the sensor with distance hs and M
equidistantly measured angles with distance hθ.

Since in the second case the measurement geometry changes for each time step, the indices j of
the data gi,j denote different angles. This does not make a difference for the computation of the norm,
but for the computation of the forward and adjoint operator we need to take into account from which
angles the object was measured at which time steps.

Of course it would also be possible to use angles that are not equidistantly spaced. However, then
we would need to choose a different discretization that approximates the integral for non-equidistant
support points.

In the following, we consider the second case for the simulated phantoms: If the first time-step is
measured from angles 1,21,41, . . ., the second time-step is measured from angles 2,22,42, . . . and so on
which means that the object is scanned from each angle only once. In this case we have 20 time-steps in
total. The total number of angles is equidistantly spaced between 0 and π.

For the emoji data set, we consider the first case, where the measurement angles do not change.

4.2. Test data
4.2.1. Simulated phantom: intensity preserving
We start by applying our methods to a simulated intensity preserving phantom with values in [0,1]. The
phantom consists of two rectangles and a circle, which are stretched vertically by the factor 1.5 with con-
stant speed, see figure 1. With the notation of section 3.2.1.2 the object at time t= 0 can be seen as the
function ξ(x) which is undergoing the motion Γ(t, ·) = Φ−1(t, ·) with Φ(t,x1,x2) = (x1,(1+

t
2 )x2)

⊤

for t ∈ [0,1]. Thus the time-dependent function ϑ is given by ϑ(t,x) = ξ(Γ(t,x)) and the velocity is
V(t,x) = ∂tΦ(t,x) = (0, x22 )

⊤ for t ∈ (0,1).
To apply algorithm 3.6, we have to verify that the time-dependent function ϑ we are considering lies

in the space X= L2(0,T;L2(Ω))∩H1(0,T;H−1
0 (Ω)).

We note that V is constant in time and in the horizontal component and linear in the vertical com-
ponent. Clearly it holds V ∈ L∞(0,T;L∞(Ω)) and the movement preserves intensity. Thus we get with
lemma 3.3 that ϑ ∈ X. The phantom consists of 20 equidistant time steps in [0,1] with a spatial resolu-
tion of 41× 41 pixels.

After computing the sinogram as described in section 4.1.1 for 7 angles per time-step and 40 offset
values equidistantly spaced in [−1,1], we add Gaussian noise with a mean of 0 and a standard deviation
of 0.05. To prevent committing an inverse crime, we compute our reconstruction with a spatial resolu-
tion of 33× 33 pixels. We use a low resolution to allow running a large number of experiments for the
dual method 3.1. The total computation time was around three days. For comparison, we use the same
resolution for our proposed method 3.6 which considers the time-derivative even if the computation
time is faster.

4.2.2. Simulated phantom: mass preserving
The second phantom we are considering preserves mass. It consists of a static circle and a moving rect-
angle that changes size and intensity, see figure 2. The phantom consists of 20 equidistant time steps in
[0,1] with a spatial resolution of 83× 83 pixels. After computing the sinogram as described above for 7
angles per time-step and 160 offset values equidistantly spaced in [−1,1], we add Gaussian noise with a
mean of 0 and a standard deviation of 0.05. To prevent committing an inverse crime, we compute our
reconstruction with a spatial resolution of 61× 61 pixels. Here, we choose a higher resolution since the
phantom is indistinguishable in the small resolution we used for the intensity preserving phantom above.
Since we only apply method 3.6 to this phantom, the higher resolution poses no problem.
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Figure 2. time steps 0,5,10,15,19 for the ground truth of the mass preserving phantom.

4.2.3. Emoji data set
Next, we apply our method to measured data consisting of an emoji evolving over time [35, 40]. To use
the measured data for our method, we first convert the fan-beam sinograms to parallel-beam sinograms
using the inbuilt MATLAB rebinning algorithm fan2para where D is the distance from the fan-beam
vertex to the center of rotation (origin) in image pixels. This can be chosen as D= Dfo/deff, where Dfo

is the focus-to-origin distance and deff = d/M is the effective pixel size, taking into account the geo-
metric magnification M of the fan-beam and the detector pixel size d. The magnification is given by
M= Dfd/Dfo, where Dfd is the focus-to-detector distance. From [35] we know that Dfo is 540mm and
Dfd is 630mm. The size of one physical detector pixel in the custom-made measurement device at the
University of Helsinki is 0.05mm. We assume that first some of the pixels have been cut off in order to
compensate for a misaligned center of rotation, and then the resulting sinogram was binned with factor
10, resulting in a detector pixel size d of 0.5mm in the emoji data. This results in an effective pixel size
of Dfo

Dfd
· 0.5mm= 540

630 · 0.5 mm≈ 0.429mm. Note that although Dfo technically cancels out when comput-
ing D, it must still be known to attach a physical meaning to the pixel size in the reconstruction.

For each of the 15 different emoji faces we get one time step. For each time-step we use measure-
ments from the same 5 equidistantly spaced angles. We estimate the noise of the measured data by aver-
aging over a part of the sinogram with very small values. To get values that are smaller than 1 in the
reconstruction, we scale the sinogram by 1/7.5.

4.3. Tikhonov regularization with power-type penalties in Banach spaces
First, we consider Tikhonov regularization in Banach spaces where we compare two solution approaches
and apply them to the intensity preserving phantom, see section 4.2.1: First, solving the dynamic min-
imization problem in Lebesgue–Bochner spaces, which we will refer to as ‘dynamic setting’, and second,
solving the minimization problems in Lebesgue spaces for each measured time-point separately, which
we will refer to as ‘static setting’. In both cases we do not assume any knowledge about the motion.

By comparing these two approaches, we want to examine how the inclusion of time into the function
space setting impacts the regularized solution.

We aim at minimizing the Tikhonov functional

Tα (ϑ) :=
1

u
‖Aϑ−ψ‖uY +α

1

v
‖ϑ‖vX.

Since the inverse problem of (dynamic) CT is linear, the minimizers of the Tikhonov functional are well-
defined and thus provide a regularization method, see section 3.1.

For noisy measurement data ψδ with noise level δ, such that ‖ψ −ψδ‖⩽ δ, we cannot expect that
the stopping criterion 0 ∈ ∂Tα(ϑn) in algorithm 3.1 for exact data will be fulfilled. Therefore we need a
different stopping criterion. Here, the iterations are stopped when either the data discrepancy ‖Aϑk −ψ‖
does not decrease further and starts increasing or when a fixed tolerance is reached, i.e.

‖Aϑk −ψ‖⩽ ρδ, (28)

with a fixed ρ> 1. In this section, we chose ρ= 1.05. Furthermore, for computational reasons we only
consider reconstructions that stop with these criteria after a maximum of 1000 iterations.

4.3.1. Dynamic setting
In the dynamic setting we choose

X= Lp(0,T;Lr(B)), Y= Lq
(
0,T;Ls

(
[−1,1]× [0,π),(1−σ2)−

s−1
2

))
(29)
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Figure 3. Experiment description: Tikhonov regularization for different dynamic Banach space settings. The regularization para-
meter is chosen such that for each setting the discrepancy is minimized, see also figure 4.

and execute the algorithm for different choices of the exponents p,q, r, s> 1. In accordance with the con-
vergence rates from section 3.1, we choose v=max(2,p, r) and u=max(2,q, s).

Each Banach space setting is considered for different regularization parameters. Figure 3 shows, for
each setting, a reconstruction obtained using the regularization parameter that yields the smallest dis-
crepancy. In figure 4 the number of iterations, the error and the discrepancy in the respective norm
depending on the regularization parameter for the different Banach space settings are displayed.
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Figure 4. Experiment description: Tikhonov regularization for different dynamic Banach space settings. The relative error
w.r.t. the groundtruth in the respective norm and in the L2-norm, the discrepancy and the number of iterations are displayed
depending on the regularization parameter. 1000 iterations take approximately 30min computing time on a regular laptop. The
iteration is stopped as described in section 4.3.1. Only those results are displayed where the iteration is stopped before 1000 iter-
ation. In the setting p= q= 3.5 and r= s= 1.5 the algorithm converges only with the last regularization parameter in less than
1000 iterations. This is indicated with the dot for the error in the respective norm, the discrepancy and the iterations. The cross
indicates the L2-error.

4.3.2. Static setting
In the static setting, we reconstruct each time-step separately and choose the spaces

X= Lr(B), Y= Ls
(
[−1,1]× [0,π),(1−σ2)−

s−1
2

)
(30)

for different choices of r and s. As above, we choose v=max(2, r) and u=max(2, s) in accordance with
the convergence rates from section 3.1.

We chose the same regularization parameter for all time steps. In figure 5(a) reconstruction for
each setting can be seen where the regularization parameter that yields the smallest discrepancy is
chosen. Here we compute the dynamic discrepancy, i.e. the discrepancy for the dynamic operator in the
Lebesgue–Bochner L2-norm. Additionally, the dynamic error, dynamic discrepancy and the mean of the
number of static iterations are shown depending on the regularization parameters.

4.4. Temporal variational regularization
Next, we apply algorithm 3.6 that penalizes the time derivative to the two simulated phantoms from
sections 4.2.1 and 4.2.2 and the emoji data set from section 4.2.3. For the discretization of the cosine
transform we use the fast DCT.

4.4.1. Intensity preserving phantom
We chose the best regularization parameters α and β by doing a grid search and comparing the L2-error.
For each set of parameters, the iteration is stopped as soon as the discrepancy gets larger. However, we
note that the error is lowest when choosing α= 0. In figure 6, the minimal reached discrepancy and
error for different choices of β and three different H−1

0 -norms (12) determined by γ ∈ {0.1,1,10} are
displayed. Table 2 and figure 6 show error, discrepancy, and iteration counts for reconstructions with the
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Figure 5. Experiment description: Tikhonov regularization for different static Banach space settings. The regularization para-
meter has the same value for all time steps and is chosen such that for each setting the discrepancy is minimized. Reconstructions
for different settings (top); Relative error in L2-norm, discrepancy, and mean number of iterations depending on the regulariz-
ation parameter (bottom). Results are shown only if the iteration stops before reaching 1000 steps which take approximately 30
minutes computing time on a regular laptop, see section 4.3.2 for stopping criteria.
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Figure 6. Experiment description: Top: Minimal reached discrepancy (right) and corresponding error (left) for different choices
of regularization parameters β and H−1

0 -norm determined by γ for the intensity preserving phantom. Bottom: Reconstructions
for the intensity preserving phantom using FBP, Landweber and algorithm 3.6 with γ= 0.1 and β= 825, γ= 1 and β= 825 and
γ= 10 and β= 681, at time points t= 0,5,10,15,19 for 7 equidistantly spaced rotating angles per time step.
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Table 2. Error and discrepancy for the different methods applied to the intensity preserving phantom. For each γ the regularization
parameter with the smallest error was chosen. The regularization method with the best results is highlighted in bold. α is always 0.

FBP Landweber γ= 0.1 γ= 1 γ = 10

L2-error 75.63% 42.71% 37.52% 37.25% 35.72%
mean SSIM 0.3852 0.5068 0.5738 0.5739 0.5803
mean PSNR 12.85 17.66 19.02 19.07 19.37
discrepancy 2.497 1.265 1.445 1.412 1.277
iterations — 11 21 21 19
β — 0 825.4 681.3 464.2

Table 3. L2-error for the different methods applied to the mass preserving phantom. For each γ the regularization parameter with the
smallest error was chosen. The regularization method with the best results is highlighted in bold. α is always 0.

FBP Landweber γ= 0.1 γ= 1 γ = 10

L2-error 365.86% 42.78% 41.87% 41.8% 41.39%
mean SSIM 0.0426 0.3701 0.3859 0.3881 0.4064
mean PSNR 3.405 22.08 22.27 22.29 22.38
iterations — 6 7 7 7
β — 0 133.4 133.4 177.8

best regularization parameter for each γ, compared to FBP and Landweber, i.e. α= β = 0. Penalizing the
time derivative leads to a reduction of noise compared to the Landweber iteration. However, the differ-
ent choices of the H−1

0 -norm do not make a large impact on the image quality since the best regulariz-
ation parameter is similar in all three cases. For γ= 10 the reconstruction error is slightly lower with a
smaller regularization parameter.

4.4.2. Mass preserving phantom
For the mass preserving phantom, we stop the iteration according to the discrepancy principle (26) with
ρ= 1.1 or if the discrepancy starts to get larger. Since this threshold is reached for several regularization
parameters, the graph describing the discrepancy in figure 7 is non-smooth and we do not state the val-
ues of the discrepancy in table 3. As in the intensity preserving case, the spatial regularization parameter
α has no positive effect on the reconstruction. The reconstructions can be seen in figure 7.

4.4.3. Emoji data
Finally, we apply our method to the emoji data set. Since the reconstruction contained many negative
values, we added a non-negativity constraint to the reconstruction algorithm 3.6, i.e. after step (25) we
set negative values to 0. The results are shown in figure 8 where we observe a similar reconstruction
quality of Landweber iteration and algorithm 3.6.

4.5. Discussion of results
For the dual method 3.1 in the static setting, i.e. reconstructing each time-step separately, we observe
sparse but noisy reconstructions for X= Lr(B) with r< 2. The choice of the exponent for the space Y
seems to have less impact on the reconstruction quality. For r> 2 we observe smoother reconstructions.
However, here we used higher regularization parameters since the method does not converge in reason-
able time (1000 iterations).

The reconstructions obtained in the dynamic setting look quite similar, but we get more variety by
choosing different exponents for time and space. We observe that the method does not converge for
smaller regularization parameters if a value larger than 2 is used in the space X= Lp(0,T;Lr(B)) for p
or r. Even for smaller exponents the method takes longer to converge than in the static setting. A reason
for this could be the different computation of the data discrepancy. In the static setting, the algorithm
is stopped as soon as the data discrepancy for a single time point is not getting smaller. In the dynamic
setting, however, the iteration is only stopped when the data discrepancy for all time points computed in
the Lebesgue–Bochner norm is not getting smaller. This explains the different behavior even for Hilbert
spaces which leads to the same minimization problem.

We further observe that it is hard to compare the different reconstructions in quality since they are
so different. The dynamic reconstruction with p= q= 3.5 and r= s= 1.5 uses a high exponent for the
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Figure 7. Experiment description: Temporal variational regularization for the mass preserving phantom for 7 equidistantly
spaced rotating angles per time step. Top: L2-error and discrepancy for different choices of regularization parameters β and
H−1

0 -norm determined by γ. Bottom: Reconstructions using FBP, Landweber and algorithm 3.6 with γ= 10 and β= 133 at
time points t= 0,5,10,15,19.

regularity in time and a small one for the spatial regularity. We observe little noise which might result
from the high regularity in time and some sparsity in the spatial domain. If we compare this with the
reconstruction for p= q= 1.5 and r= s= 1.5 where we incorporate sparsity both in time and space, we
observe more noise but only slightly sparser reconstructions in time.

For algorithm 3.6 we observe a different level of improvement for the intensity- and mass-preserving
phantoms. While in the intensity preserving case, penalizing the time derivative improves the Landweber
reconstruction noticeably, in the mass preserving case we only observe a small improvement in the rel-
ative error. The emoji data set is also mass preserving. Here we do not know the error due to a miss-
ing ground truth and do not observe noticeable improvements in the reconstruction compared to
Landweber.

Compared to Tikhonov regularization, algorithm 3.6 is much faster and yields better results. This
is not surprising since Hilbert space algorithms are faster in each time step and we use a regularization
term that incorporates the time-dependence of the phantom.
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Figure 8. Experiment description: Comparison of FBP, Landweber and algorithm 3.6 for γ= 10 and different regularization
parameters β for the emoji data at time points t= 0,5,10,14 for the same 5 equidistantly spaced angles per time step. We added
the non-negativity constraint for all methods.

5. Conclusion and outlook

In this article we show geometric properties of Lebesgue–Bochner spaces and discuss two possibilities
to include Lebesgue–Bochner spaces in the function space setting of regularization methods for time-
dependent inverse problems. First, we adapt Tikhonov regularization in Banach spaces to Lebesgue–
Bochner spaces and second, we solve a variational problem penalizing the time derivative. To support
our findings, we apply these algorithms to dynamic CT which serves as an example problem.

Further research objectives include the analysis of different stopping criteria to obtain convergence
for both algorithms and investigations of choices of the exponents of the Lebesgue–Bochner space in
the dual method 3.1 solving the Tikhonov functional. Furthermore, the methods could be extended to
nonlinear or parameter identification problems.

By combining the penalization of the time derivative with the abstract framework for parabolic
parameter identification problems [27], we could extend our method 3.6 to this class of problems and
Sobolev–Bochner spaces, a natural extension of classical Sobolev spaces to time-dependent functions.

Data availability statement

The data that support the findings of this study are openly available on GRO.data [51] and at the fol-
lowing URL/DOI: https://doi.org/10.25625/0RNNXC.
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Appendix. Proof for lemma 2.21

Step 1: (A) is equivalent to

(a) ∃L ′ > 0 such that ∀x,y ∈ X with ‖y‖⩽ ‖x‖= 1, ‖x− y‖⩽ 1
2 holds ‖js(x)− js(y)‖X∗ ⩽ L ′‖x− y‖s−1

X .

We have (A)⇒ (a) with L ′ = L. To prove (a)⇒ (A) it suffices to consider the case ‖x‖⩾ ‖y‖ due to
symmetry. Furthermore, we can express x and y by ax′ and ay′ for ‖x ′‖= 1,a> 0. With lemma 2.7, we
get

as−1‖js (x ′)− js (y
′)‖⩽ L ′as−1‖x ′ − y ′‖s−1

and can consider without loss of generality ‖y‖⩽ ‖x‖= 1. If ‖x− y‖> 1
2 , we get

‖js (x)− js (y)‖⩽ ‖js (x)‖︸ ︷︷ ︸
=∥x∥s−1

+‖js (y)‖︸ ︷︷ ︸
=∥y∥s−1

⩽ 1+ 1= 2s
(
1

2

)s−1

< 2s‖x− y‖s−1.

Step 2: The proof is analogous to Step 1: (B) is equivalent to

(b) ∀x,y ∈ X with ‖y‖⩽ ‖x‖= 1 ‖x− y‖⩽ 1
2 we find D ′ > 0 such that ‖jq(x)− jq(y)‖⩽ D ′‖x− y‖s−1.

Step 3: We show (a)⇔ (b). Let ‖y‖⩽ ‖x‖= 1 and ‖x− y‖⩽ 1
2 and we start by showing (a)⇒ (b). With

lemma 2.7 and the definition of the duality mapping we have

‖jq (x)− jq (y)‖=
∥∥∥‖x‖q−s︸ ︷︷ ︸

=1

js (x)−‖y‖q−sjs (y)+ js (y)− js (y)
∥∥∥⩽ ‖js (x)− js (y)‖+ ‖js (y)‖

∣∣∣‖x‖q−s −‖y‖q−s
∣∣∣

⩽ L ′‖x− y‖s−1 + ‖y‖s−1︸ ︷︷ ︸
⩽1

K‖x− y‖⩽ L ′‖x− y‖s−1 +K‖x− y‖2−s‖x− y‖s−1

⩽ L ′‖x− y‖s−1 +K

(
1

2

)2−s

‖x− y‖s−1 =

(
L ′ +K

(
1

2

)2−s
)
‖x− y‖s−1,

which is inequality (b) with D ′ = L ′ +K2s−2 where K is the Lipschitz constant of the function
f : [ 12 ,1]→ R with h 7→ hq−s. This function can be used since 1−‖y‖= ‖x‖−‖y‖⩽ ‖x− y‖⩽ 1

2 and
thus 1

2 ⩽ ‖y‖⩽ ‖x‖= 1.
Now, we show (b)⇒ (a). Using again lemma 2.7 we get as above

‖js (x)− js (y)‖= ‖‖x‖s−qjq (x)−‖y‖s−qjq (y)‖⩽ ‖jq (x)− jq (y)‖+ ‖jq (y)‖
∣∣‖x‖s−q −‖y‖s−q

∣∣
⩽
(
D ′ +K ′

(
1

2

)2−s
)
‖x− y‖s−1,

which is inequality (a) with L ′ = D ′ +K ′2s−2 where K′ is the Lipschitz constant of the function
f : [ 12 ,1]→ R with h 7→ hs−q.
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