
p

∗ †,‡

p

p

p

Lp

L∞

Ωn = {xi}
n
i=1 n Ω ⊂ R

d

Gn = (Vn, En,Wn) Vn = Ωn En

Wn ei,j ∈ En xi xj

Wi,j ∈ Wn ei,j

p

1

n2εpn

n
∑

i,j=1

Wi,j |u(xi)− u(xj)|
p, 1 ≤ p < ∞,

u : Ωn → R
1

n2εpn
εn

Gn p = 2
p

p = 1

p > d

∗

†

‡

p



p

∆Gn
u(xi) =

1

nε2n

n
∑

j=1

Wi,j(u(xj)− u(xi)), xi ∈ Ωn,

1

pn

n
∑

i=1

|∆Gn
u(xi)|

p
+

λ

2

n
∑

i=1

|u(xi)− f(xi)|
2,

p = 2 λ = 0 ∆Gn

p > 1 λ > 0
f

p

−∆Gn

(

|∆Gn
u|p−2∆Gn

u
)

(xi) + λ(f(xi)− u(xi)) = 0, xi ∈ Ωn,

Gn n → ∞ Ωn

µ ρ 1 < p < ∞

TLp

Lp

L∞

−∆η
ρ,ε

(

|∆η
ρ,εu|

p−2∆η
ρ,εu

)

(x) + λ(f(x)− u(x)) = 0, x ∈ Ω,

∆η
ρ,εu(x) =

1

ε2

∫

Ω

ηε(|x− y|)(u(y)− u(x))ρ(y)dy, ε > 0,

ηε(s) =
1
εd
η(s/ε)

p

−∆ρ

(

|∆ρu|
p−2∆ρu

)

(x) + λ(f(x)− u(x)) = 0, x ∈ Ω,

∆ρu(x) =
ση

2ρ
(ρ2∇u),



ση

p = 2 ρ ≡ 1

p

Lp L∞

p

ε
ε

H = (V,A) V A
a ∈ A

a = (aout, ain),

aout ain V

f, g : V → R

(f, g)V =
∑

v∈V

f(v) · g(v).

F,G : A → R

(F,G)A =
∑

a∈A

F (a) ·G(a).

f : V → R a ∈ A

∇Hf(a) =
∑

v∈ain

f(v)−
|ain|

|aout|

∑

v∈aout

f(v).



G : A → R v ∈ V

∇∗
HG(v) =

∑

{a:v∈ain}

G(a)−
∑

{a:v∈aout}

|ain|

|aout|
G(a).

(∇Hf,G)A = (f,∇∗
HG)V ,

∇∗
H ∇H

H = −∇∗
H

∆Hf = H(∇Hf),

f : V → R

Hn = (Vn, An) Vn = Ωn =
{xi}

n
i=1 An = {ai}

n
i=1

ai = (aouti , aini ),

aouti = {xi} aini = {xj ∈ Ωn\{xi}, (xi, xj) < εn} εn
Gn xi

ai aouti

Hn

f : Ωn → R ai ∈ An

∇Hn
f(ai) =

∑

xj∈ain
i

f(xj)− |aini |f(xi) =

n
∑

j=1

W ′
i,j(f(xj)− f(xi)),

W ′
i,j =

{

1, (xi, xj) < εn,

0, ,

G : An → R xi ∈ Vn

∇∗
Hn

G(xi) =
∑

{aj :xi∈ain
j }

G(aj)− |aini |G(ai) =

n
∑

j=1

W ′
i,j(G(aj)−G(ai)).

p Hn

Hn
(|∇Hn

f |p−2∇Hn
f)(xi) = −∆G′

n
(|∆G′

n
f |p−2∆G′

n
f)(xi), xi ∈ Ωn,

1
nε2n

∆G′

n

G′
n = (Vn, En,W

′
n := {W ′

i,j}) Gn = (Vn, En,Wn)

p
p

p
εn



Ωn = {x1, x2, · · · , xn}
Ω ⊂ R

d

Gn = (Vn, En,Wn) Vn = Ωn En Wn

εn ei,j ∈ En xi

xj (xi, xj) < εn εn > 0 n
ei,j xi xj

Wi,j = ηεn(|xi − xj |),

ηεn(s) =
1
εdn
η(s/εn) η

p Gn

−∆Gn
(|∆Gn

u|p−2∆Gn
u)(xi) + λ(f(xi)− u(xi)) = 0, xi ∈ Ωn,

1 < p < ∞

∆Gn
u(xi) =

1

nε2n

n
∑

j=1

ηεn(|xi − xj |)(u(xj)− u(xi))

u : Ωn → R xi ∈ Ωn

n → ∞

Ω ⊂ R
d (d ≥ 2)

∂Ω
f Ω
η : [0,∞) → [0,∞)

η(1) ≥ 1
η(2) = 0

εn → 0 n → ∞

εn ≫
√

δn,

δn =
(lnn)1/d

n1/d
.

{xi}
n
i=1

µ Ω
ρ µ C1(Ω)

0 < infx∈Ω ρ(x) ≤ supx∈Ω ρ(x) < ∞

εn ≫ δn p



p

µ µn = 1
n

∑n
i=1 δxi

Tn µ µn

Tn♯µ = µn Tn♯µ µ Tn

Tn♯µ(A) = µ
(

T−1
n (A)

)

, A ∈ B(Ω),

B(Ω) σ

1

n

n
∑

i=1

ϕ(xi) =

∫

Ω

ϕ(x)dµn(x) =

∫

Ω

ϕ(Tn(x))dµ(x) =

∫

Ω

ϕ(Tn(x))ρ(x)dx,

ϕ : Ωn → R

Tn

Id

d ≥ 3 {Xi}
∞
i=1

µ Ω
{Tn}

∞
n=1 µ µn

c ≤ lim inf
n→∞

‖Id− Tn‖L∞(Ω)

δn
≤ lim sup

n→∞

‖Id− Tn‖L∞(Ω)

δn
≤ C,

δn

lim
n→∞

‖Id− Tn‖L∞(Ω)

ε2n
= 0.

d = 2 {µ̃n}
∞
n=1

µ

{T̃n}
∞
n=1 µ̃n µn ‖Id− T̃n‖L∞(Ω) ≪ ε2n

dµ̃n

dµ → 1 n → ∞ Ω

d = 3
d = 2

{Xi}
∞
i=1

Gn n → ∞
Gn Ω TLp

TLp(Ω) = {(ν, g) : ν ∈ P(Ω), g ∈ Lp(ν)},

P(Ω)

dpTLp((ν1, g1), (ν2, g2)) = inf
π∈Π(ν1,ν2)

{
∫∫

Ω×Ω

|x− y|p + |g1(x)− g2(y)|
pdπ(x, y)

}

,



Π(ν1, ν2) ν1

dpTLp((ν1, g1), (ν2, g2)) = inf
T♯ν1=ν2

{
∫∫

Ω×Ω

|x− T (x)|p + |g1(x)− g2(T (x))|
pdν1(x)

}

.

TLp Lp |x −
T (x)|p ν1 ν2

TLp(Ω)

(ν, g) ∈ TLp(Ω) {(νn, gn)}
∞
n=1 ⊂ TLp(Ω) ν

(νn, gn) → (ν, g)
TLp(Ω) n → ∞ νn → ν n → ∞

{Tn}
∞
n=1 ν νn

lim
n→∞

∫

Ω

|x− Tn(x)|
pdν(x) = 0,

lim
n→∞

∫

Ω

|g(x)− gn(Tn(x))|
pdν(x) = 0.

µ µn

(µn, gn) (µ, g) TLp(Ω)
gn ◦ Tn g Lp(Ω)

g {gn}
∞
n=1 Lp(Ω) gn ⇀ g Lp(Ω)

1

ǫpn

∫

Ω

∫

Ω

ηǫn(|x− y|)|gn(y)− gn(x)|
pdydx ≤ C,

{ǫn}
∞
n=1 0 n → ∞ g ∈ W 1,p(Ω)

(η(z))1/pχΩ(x+ ǫnz)
gn(x+ ǫnz)− gn(x)

ǫn
⇀ (η(z))1/pz · ∇g(x), Lp(Ω)× Lp(Rd).

{gnk
}∞k=1

gnk
→ g, Lp(Ω).

{gn}
∞
n=1 Lp(Ω)

∫

Ω

|gn − gn|
pdx ≤

C

ǫpn

∫

Ω

∫

Ω

ηǫn(|x− y|)|gn(y)− gn(x)|
pdydx,

gn = 1
|Ω|

∫

Ω
gndx

C p d Ω

gn gn = 0 gn
gn − gn

Cn → ∞
∫

Ω

|gn|
pdx > Cn

1

ǫpn

∫

Ω

∫

Ω

ηǫn(|x− y|)|gn(y)− gn(x)|
pdydx.



hn =
gn

‖gn‖Lp(Ω)
.

∫

Ω

hndx = 0, ‖hn‖Lp(Ω) = 1,

lim
n→∞

1

ǫpn

∫

Ω

∫

Ω

ηǫn(|x− y|)|hn(y)− hn(x)|
pdydx = 0.

Lp hn h ∈ Lp(Ω)

hn ⇀ h, Lp(Ω).

h ∈ W 1,p(Ω)

(η(z))1/pχΩ(x+ ǫnz)
hn(x+ ǫnz)− hn(x)

ǫn
⇀ (η(z))1/pz · ∇h(x), Lp(Ω)× Lp(Rd).

Lp

ση

∫

Ω

|∇h|pdx =

∫

Ω

∫

Rd

η(z)|z · ∇h(x)|pdzdx

≤ lim inf
n→∞

1

ǫpn

∫

Ω

∫

Ω

ηǫn(|x− y|)|hn(y)− hn(x)|
pdydx = 0,

ση =
∫

Rd η(z)|z1|
pdz > 0 z1 z

∫

Ω
|h|pdx = 0

‖hn‖Lp(Ω) = 1 �

p

Tn

∆η
ρ,εϕ(x) =

1

ε2

∫

Ω

ηε(|x− y|)(ϕ(y)− ϕ(x))ρ(y)dy, ε > 0,

∆ρϕ =
ση

2ρ
(ρ2∇ϕ),

ϕ : Ω → R ση =
∫

Rd η(|z|)|z1|
2dz

∆η
ρ,ε ∆ρ ε → 0

ϕ ∈ C2(Rd) ∂ϕ
∂~n = 0 ∂Ω

lim
ε→0

∥

∥∆η
ρ,εϕ−∆ρϕ

∥

∥

L∞(Ω)
= 0.



x ∈ Ω

∆η
ρ,εϕ(x) =

1

ε2

∫

Rd

ηε(|x− y|)(ϕ(y)− ϕ(x))ρ(y)dy

−
1

ε2

∫

Rd\Ω

ηε(|x− y|)(ϕ(y)− ϕ(x))ρ(y)dy =: I1 + I2.

y = x+ εz

I1 =
1

ε2

∫

Rd

ηε(|x− y|)(ϕ(y)− ϕ(x))(ρ(y)− ρ(x))dy

+
1

ε2

∫

Rd

ηε(|x− y|)(ϕ(y)− ϕ(x))ρ(x)dy

=

∫

Rd

η(|z|)(∇ϕ(x) · z)(∇ρ(x) · z)dz +
1

2

∫

Rd

η(|z|)
d
∑

i,j=1

zizjϕxixj
(x)ρ(x)dz + o(1)

=: I3 + I4 + o(1).

i 6= j
∫

Rd

η(|z|) (ϕxi
(x)zi)

(

ρxj
(x)zj

)

dz = 0,

I3 =

∫

Rd

η(|z|)

(

d
∑

i=1

ϕxi
(x)zi

)(

d
∑

i=1

ρxi
(x)zi

)

dz =

∫

Rd

η(|z|)
d
∑

i=1

ϕxi
(x)ρxi

(x)|zi|
2dz

= ση∇ϕ(x) · ∇ρ(x).

I4 =
1

2

∫

Rd

η(|z|)

d
∑

i=1

|zi|
2ϕxixi

(x)ρ(x)dz =
1

2
σηρ(x)∆ϕ(x).

I3 I4 I1

I1 = ση∇ϕ(x) · ∇ρ(x) +
1

2
σηρ(x)∆ϕ(x) + o(1) = ∆ρϕ(x) + o(1).

I2 x ∈ {z ∈
Ω : (z, ∂Ω) ≤ 2ε} ε

1

ε2

∫

Rd\Ω

ηε(|x− y|)(ϕ(y)− ϕ(x))dy

=
1

ε

∫

Rd\Ω

ηε(|x− y|)~n(x̄) ·
(y − x)

ε

∂ϕ

∂~n
(x̄)dy

+

∫

Rd\Ω

ηε(|x− y|)
∑

|β|=2

Dβϕ

2
(x̄)

[

(

y − x̄

2

)β

−

(

x− x̄

2

)β
]

dy + o(1),

x̄ x ∂Ω
ϕ

|I2| ≤ Cε2
∫

Rd\Ω

ηε(|x− y|)dy + o(1).

ε → 0 �



Tn

ϕ̃(x) = ϕ(Tn(x)), x ∈ Ω,

ϕ : Ωn → R

η̃εn(x, y) = ηεn(|Tn(x)− Tn(y)|), x, y ∈ Ω.

ϕ

∆Gn
ϕ(Tn(x)) =

1

nε2n

n
∑

j=1

ηεn(|Tn(x)− xj |)(ϕ(xj)− ϕ(Tn(x)))

=
1

ε2n

∫

Ω

η̃εn(x, y)(ϕ̃(y)− ϕ̃(x))ρ(y)dy

= ∆η̃
ρ,εn ϕ̃(x),

x ∈ Ω

ϕ ∈ C2(Rd) ∂ϕ
∂~n = 0 ∂Ω

lim
n→∞

‖∆η̃
ρ,εn ϕ̃−∆ρϕ‖L∞(Ω) = 0.

‖∆η̃
ρ,εn ϕ̃−∆ρϕ‖L∞(Ω) ≤

∥

∥∆η̃
ρ,εn ϕ̃−∆η̃

ρ,εnϕ
∥

∥

L∞(Ω)

+
∥

∥∆η̃
ρ,εnϕ−∆η

ρ,εnϕ
∥

∥

L∞(Ω)
+
∥

∥∆η
ρ,εnϕ−∆ρϕ

∥

∥

L∞(Ω)

=:I1 + I2 + I3.

I1 I2 n → ∞
x, y ∈ Ω

|Tn(x)− Tn(y)|

εn
≤ 2 =⇒

|x− y|

ε̃n
≤ 2,

ε̃n = εn + ‖Id− Tn‖L∞(Ω)

∫

Ω

η̃εn(x, y)dy ≤ C

(

ε̃n
εn

)d

≤ C,

x ∈ Ω n

|∆η̃
ρ,εn ϕ̃(x)−∆η̃

ρ,εnϕ(x)|

=

∣

∣

∣

∣

1

ε2n

∫

Ω

η̃εn(x, y)(ϕ(Tn(y))− ϕ(Tn(x)))− ((ϕ(y)− ϕ(x)))ρ(y)dy

∣

∣

∣

∣

≤
C

ε2n

(

ess sup
y∈Ω

|Tn(y)− y|+ ess sup
x∈Ω

|Tn(x)− x|

)

≤
C‖Id− Tn‖L∞(Ω)

ε2n
,

I1 → 0



I2 η

|∆η̃
ρ,εnϕ(x)−∆η

ρ,εnϕ(x)|

=

∣

∣

∣

∣

1

ε2n

∫

Ω

(η̃εn(x, y)− ηεn(|x− y|)) (ϕ(y)− ϕ(x))ρ(y)dy

∣

∣

∣

∣

≤
C

εd+2
n

∫

Ω∩B(x,2ε̃n)

∣

∣

∣

∣

|Tn(x)− Tn(y)|

εn
−

|x− y|

εn

∣

∣

∣

∣

|ϕ(y)− ϕ(x)|dy

≤
C‖Id− Tn‖L∞(Ω)

ε2n
,

I2 → 0
η α > 0 x ∈ Ω

ε̂n = εn −
2

α
‖Id− Tn‖L∞(Ω), ε̃n = εn +

2

α
‖Id− Tn‖L∞(Ω).

|x− y| < αε̂n =⇒
|x− y|

εn
< α,

|Tn(x)− Tn(y)|

εn
< α,

|x− y| > αε̃n =⇒
|x− y|

εn
> α,

|Tn(x)− Tn(y)|

εn
> α,

∫

Ω

=

∫

|x−y|<αε̂n

+

∫

|x−y|>αε̃n

+

∫

αε̂n≤|x−y|≤αε̃n

.

η [0, α) (α,∞)

∣

∣

∣

∣

∣

1

ε2n

∫

αε̂n≤|x−y|≤αε̃n

(η̃εn(x, y)− ηεn(|x− y|)) (ϕ(y)− ϕ(x))ρ(y)dy

∣

∣

∣

∣

∣

≤
C

εd+1
n

∫

αε̂n≤|x−y|≤αε̃n

dy ≤
C(ε̃dn − ε̂dn)

εd+1
n

≤
C‖Id− Tn‖L∞(Ω)

ε2n
.

I2 → 0
η

�

Ω = [− 1
2 ,

1
2 ] Ωn = {· · · ,− 3

2n ,−
1
2n , 0,

1
n ,

2
n , · · · }

lim sup
n→∞

‖Id− Tn‖L∞(Ω)

1/n
≤ C.

η(s) = χ[0,1](s) u(x) = x xi = 0

∆Gn
u(xi) =

1

nε3n

∑

{j:|xj |≤εn}

xj ≈
1

nε3n

nεn
2n

=
1

2nε2n



0 = ∆u(xi) n → ∞ 1
nε2n

→ 0

W 2,p

Lp

h ∈ Lq(Ω) 1 < q ≤ ∞ u ∈ L1(Ω)

−∆η
ρ,εu(x) = h(x), x ∈ Ω,

u ∈ Lq(Ω)
∫

Ω

|u|qdx+

∫

Ω

∫

Ω

ηε(|x−y|)

∣

∣

∣

∣

u(y)− u(x)

ε

∣

∣

∣

∣

q

dydx ≤ C

(
∫

Ω

|u|dx

)q

+C

∫

Ω

|h|qdx+C,

1 < q < 2
∫

Ω

|u|qdx+

∫

Ω

∫

Ω

ηε(|x− y|)

∣

∣

∣

∣

(|u|(q−2)/2u)(y)− (|u|(q−2)/2u)(x)

ε

∣

∣

∣

∣

2

dydx

≤ C

(
∫

Ω

|uq/2|dx

)2

+ C

∫

Ω

|h|qdx,

q ≥ 2

‖u‖L∞(Ω) ≤ C‖u‖L1(Ω) + C‖h‖L∞(Ω),

q = ∞ C ε

ρ
dµ(x) = ρ(x)dx

∆η
ε := ∆η

ρ≡1,ε

1

ε2

∫

Ω

ηε(|x− y|)dyu(x) =
1

ε2

∫

Ω

ηε(|x− y|)u(y)dy + h(x), x ∈ Ω.

u ∈ Lq(Ω) u ∈ L1(Ω) h ∈ Lq(Ω)
2|u|q−2u ∈ Lq/(q−1)(Ω)

1

ε2

∫

Ω

∫

Ω

ηε(|x− y|)(u(y)− u(x))
(

(|u|q−2u)(y)− (|u|q−2u)(x)
)

dydx

= −2

∫

Ω

∆η
εu · |u|q−2udx = 2

∫

Ω

h|u|q−2udx ≤ δ

∫

Ω

|u|qdx+
C

δq−1

∫

Ω

|h|qdx,

δ > 0
1 < q < 2 q ≥ 2 q = ∞

|s|q−2s
1 < q < 2

(b− a)(|b|q−2b− |a|q−2a) ≥ (q − 1)(b− a)2
(

1 + |a|2 + |b|2
)(q−2)/2

, 1 < q ≤ 2,



a, b ∈ R |0|q−20 = 0

≥
q − 1

ε2

∫

Ω

∫

Ω

ηε(|x− y|)(u(y)− u(x))2
(

1 + |u(x)|2 + |u(y)|2
)(q−2)/2

dydx

≥ Cδ
2−q
2

∫

Ω

∫

Ω

ηε(|x− y|)

∣

∣

∣

∣

u(y)− u(x)

ε

∣

∣

∣

∣

q

dydx

− Cδ

∫

Ω

∫

Ω

ηε(|x− y|)
(

1 + |u(x)|2 + |u(y)|2
)q/2

dydx

≥ Cδ
2−q
2

∫

Ω

|u− u|qdx− Cδ

∫

Ω

|u|qdx− Cδ

≥ Cδ
2−q
2

∫

Ω

|u|qdx− Cδ
2−q
2

(
∫

Ω

|u|dx

)q

− Cδ

∫

Ω

|u|qdx− Cδ,

δ > 0 Cδ
2−q
2 >

Cδ Lq u

q ≥ 2

(b− a)(|b|q−2b− |a|q−2a) ≥
4

q2

∣

∣

∣
|b|(q−2)/2b− |a|(q−2)/2a

∣

∣

∣

2

, a, b ∈ R, q ≥ 2,

≥
4

q2ε2

∫

Ω

∫

Ω

ηε(|x− y|)
∣

∣

∣
(|u|(q−2)/2u)(y)− (|u|(q−2)/2u)(x)

∣

∣

∣

2

dydx

≥ C

∫

Ω

∣

∣

∣
|u|(q−2)/2u− |u|(q−2)/2u

∣

∣

∣

2

dx ≥ C

∫

Ω

|u|qdx− C

(
∫

Ω

|uq/2|dx

)2

.

δ > 0
h ≡ 0 q = 2k+1

(
∫

Ω

|u|2
k+1

dx

)
1

2k+1

≤ C
1

2k

(
∫

Ω

|u|2
k

dx

)
1

2k

.

(
∫

Ω

|u|2
k+1

dx

)
1

2k+1

≤ Cα

∫

Ω

|u|dx,

α =
∑∞

k=0
1
2k

= 2 k → ∞
h

φ
{

∆φ = 2, Ω,
∂φ
∂~n = 0, ∂Ω.

φ Ω

lim
ε→0

∆η
εφ(x) = ∆φ(x) = 2,

x ∈ Ω



w = u+ ‖h‖L∞(Ω)φ

−∆η
εw = −∆η

εu− ‖h‖L∞(Ω)∆
η
εφ = h− ‖h‖L∞(Ω)∆

η
εφ ≤ 0,

ε w
w+ = max{0, w} w(x) ≥ 0

1

ε2

∫

Ω

ηε(|x− y|)w+(y)dy ≥
1

ε2

∫

Ω

ηε(|x− y|)w(y)dy

≥
1

ε2

∫

Ω

ηε(|x− y|)w(x)dy =
1

ε2

∫

Ω

ηε(|x− y|)w+(x)dy.

w(x) < 0

1

ε2

∫

Ω

ηε(|x− y|)w+(y)dy ≥ 0 =
1

ε2

∫

Ω

ηε(|x− y|)w+(x)dy.

−∆η
εw+(x) = −

1

ε2

∫

Ω

ηε(|x− y|)(w+(y)− w+(x))dy ≤ 0,

x ∈ Ω w+

2wq−1
+ = 2|w+|

q−2w+

Ω

1

ε2

∫

Ω

∫

Ω

ηε(|x− y|)(w+(y)− w+(x))
(

(|w+|
q−2w+)(y)− (|w+|

q−2w+)(x)
)

dydx

= −2

∫

Ω

∆η
εw+ · |w+|

q−2w+dx ≤ 0.

ess sup
x∈Ω

w+ ≤ C

∫

Ω

|w+|dx,

ess sup
x∈Ω

u ≤ C

∫

Ω

|u|dx+ C‖h‖L∞(Ω).

u w = u − ‖h‖L∞(Ω)φ w− =
min{0, w} w−

2wq−1
− = 2|w−|

q−2w−

ess sup
x∈Ω

−u ≤ C

∫

Ω

|u|dx+ C‖h‖L∞(Ω).

�

un

−∆Gn
un(xi) = hn(xi), xi ∈ Ωn.



ζ : [0,∞) → [0,∞)

∫

Ω

|ũn|
qdx+

∫

Ω

∫

Ω

ζεn(|x− y|)

∣

∣

∣

∣

ũn(y)− ũn(x)

εn

∣

∣

∣

∣

q

dydx ≤ C

(
∫

Ω

|ũn|dx

)q

+C

∫

Ω

|h̃n|
qdx+ C,

1 < q < 2
∫

Ω

|ũn|
qdx+

∫

Ω

∫

Ω

ζεn(|x− y|)

∣

∣

∣

∣

(|ũn|
(q−2)/2ũn)(y)− (|ũn|

(q−2)/2ũn)(x)

εn

∣

∣

∣

∣

2

dydx

≤ C

(
∫

Ω

|ũq/2
n |dx

)2

+ C

∫

Ω

|h̃n|
qdx,

q ≥ 2

‖ũn‖L∞(Ω) ≤ C‖ũn‖L1(Ω) + C‖h̃n‖L∞(Ω),

q = ∞ ζεn(s) =
1
εdn
ζ(s/εn) ũn = u ◦Tn C

n εn

η(1) ≥ 1 η(2) = 0 ζ : [0,∞) → [0,∞)
ζ(0) < 1 ζ( 12 ) = 0

x, y ∈ Ω

|x− y|

εn
≤

1

2
=⇒

|Tn(x)− Tn(y)|

εn
≤

|x− y|+ 2‖Id− Tn‖L∞(Ω)

εn
≤ 1,

n

ζεn(|x− y|) =
1

εdn
ζ

(

|x− y|

εn

)

≤
1

εdn
η

(

|Tn(x)− Tn(y)|

εn

)

=: η̃εn(x, y), x, y ∈ Ω.

2|un(xi)|
q−2un(xi)

−2
1

n

n
∑

i=1

∆Gn
un(xi)|un(xi)|

q−2un(xi) = 2
1

n

n
∑

i=1

hn(xi)|un(xi)|
q−2un(xi).

= −2

∫

Ω

∆η̃
ρ,εn ũn · |ũn|

q−2ũnρdx

=
1

ε2n

∫

Ω

∫

Ω

η̃εn(x, y)(ũn(y)− ũn(x))

·
(

(|ũn|
q−2ũn)(y)− (|ũn|

q−2ũn)(x)
)

ρ(y)ρ(x)dydx

≥
1

ε2n

∫

Ω

∫

Ω

ζεn(|x− y|)(ũn(y)− ũn(x))

·
(

(|ũn|
q−2ũn)(y)− (|ũn|

q−2ũn)(x)
)

ρ(y)ρ(x)dydx,

= 2

∫

Ω

h̃n|ũn|
q−2ũnρdx.

�



Gn

n > 0 εn > 0
un

1

n

n
∑

i=1

|∆Gn
un(xi)|

p +
λ

2n

n
∑

i=1

|un(xi)|
2 ≤ C.

λ > 0

max
xi∈Ωn

|un(xi)|+ max
xi∈Ωn

|∆Gn
un(xi)| ≤ C.

n εn

En(u) =
1

p

n
∑

i=1

|∆Gn
u(xi)|

p +
λ

2

n
∑

i=1

|u(xi)− f(xi)|
2,

V := {v : Ωn → R}

ℓp

‖v‖ =

(

n
∑

i=1

|v(xi)|
p

)1/p

.

En(u)
V un

|s|p−2s

un(xi)/n i = 1, · · · , n

1

n

n
∑

i=1

∆Gn
(|∆Gn

un|
p−2∆Gn

un)(xi) · un(xi)

+
λ

n

n
∑

i=1

(un(xi)− f(xi)) · un(xi) = 0.

u, ϕ : Ωn → R

n
∑

i=1

∆Gn
u(xi)ϕ(xi) =

n
∑

i=1

u(xi)∆Gn
ϕ(xi),

1

n

n
∑

i=1

|∆Gn
un(xi)|

p +
λ

2n

n
∑

i=1

|un(xi)|
2 ≤

λ

2n

n
∑

i=1

|f(xi)|
2.



vn(xi) = |∆Gn
un(xi)|

p−2∆Gn
un(xi), xi ∈ Ωn,

−∆Gn
vn(xi) + λ(f(xi)− un(xi)) = 0, xi ∈ Ωn.

max
xi∈Ωn

|∆Gn
un(xi)|

p−1 = max
xi∈Ωn

|vn(xi)| ≤ C
1

n

n
∑

i=1

|vn(xi)|+Cλ max
xi∈Ωn

|f(xi)−un(xi)|.

max
xi∈Ωn

|un(xi)|
p−1 ≤ C

(

1

n

n
∑

i=1

|un(xi)|

)p−1

+ C max
xi∈Ωn

|∆Gn
un(xi)|

p−1

≤ C

(

1

n

n
∑

i=1

|un(xi)|

)p−1

+
C

n

n
∑

i=1

|∆Gn
un(xi)|

p−1 + Cλ max
xi∈Ωn

|f(xi)− un(xi)|.

λ > 0

max
xi∈Ωn

|un(xi)|
p−1 > Cλ max

xi∈Ωn

|un(xi)|,

�

n → ∞ un

p










−∆ρ(|∆ρu|
p−2∆ρu) + λ(f − u) = 0, Ω,

∂(|∆ρu|
p−2∆ρu)
∂~n = 0, ∂Ω,

∂u
∂~n = 0, ∂Ω.

u ∈ W

W = {v ∈ W 2,p(Ω),
∂v

∂~n
= 0 ∂Ω},

−

∫

Ω

|∆ρu|
p−2∆ρu∆ρϕρdx+ λ

∫

Ω

(f − u)ϕρdx = 0,

ϕ ∈ W

1

p

∫

Ω

|∆ρu|
pρdx+

λ

2

∫

Ω

|u− f |2ρdx

u ∈ W

un p Gn

u

lim
n→∞

(µn, un) = (µ, u), TLp(Ω),



{Tn}
∞
n=1 µ µn

lim
n→∞

∫

Ω

|ũn(x)− u(x)|pdx = 0.

ũn = un ◦ Tn

Tn

∫

Ω

∣

∣∆η̃
ρ,εn ũn(x)

∣

∣

p
ρ(x)dx+

λ

2

∫

Ω

|ũn(x)|
2ρ(x)dx ≤ C

∫

Ω

|ũn|
pdx+

∫

Ω

∫

Ω

ζεn(|x− y|)

∣

∣

∣

∣

ũn(y)− ũn(x)

εn

∣

∣

∣

∣

p

dydx ≤ C,

1 < p < 2

∫

Ω

|ũn|
pdx+

∫

Ω

∫

Ω

ζεn(|x− y|)

∣

∣

∣

∣

ũn(y)− ũn(x)

εn

∣

∣

∣

∣

2

dydx

+

∫

Ω

∫

Ω

ζεn(|x− y|)

∣

∣

∣

∣

(|ũn|
(p−2)/2ũn)(y)− (|ũn|

(p−2)/2ũn)(x)

εn

∣

∣

∣

∣

2

dydx ≤ C,

p ≥ 2
Lp ∆η̃

ρ,εn ũn

∫

Ω

∣

∣|∆η̃
ρ,εn ũn|

p−2∆η̃
ρ,εn ũn

∣

∣

p
p−1 dx =

∫

Ω

∣

∣∆η̃
ρ,εn ũn(x)

∣

∣

p
dx ≤ C

{ũn} u ∈
L2(Ω) ∩ Lp(Ω) θ ∈ Lp(Ω) ϑ ∈ Lp/(p−1)(Ω)

ũn ⇀ u, L2(Ω) ∩ Lp(Ω),

∆η̃
ρ,εn ũn + ũn ⇀ θ, Lp(Ω),

|∆η̃
ρ,εn ũn|

p−2∆η̃
ρ,εn ũn ⇀ ϑ, Lp/(p−1)(Ω).

u ∈ W 1,min{p,2}(Ω)

ũn → u, Lp(Ω).

u ∈ W 1,min{p,2}(Ω) ũn → u
Lmin{p,2}(Ω) p > 2

ũn → u Ω
∫

Ω

∣

∣

∣
|ũn|

(p−2)/2ũn

∣

∣

∣

2

dx =

∫

Ω

|ũn|
pdx ≤ C.

|ũn|
(p−2)/2ũn ⇀ |u|(p−2)/2u, L2(Ω).

|ũn|
(p−2)/2ũn

|ũn|
(p−2)/2ũn → |u|(p−2)/2u, L2(Ω).



0 = lim
n→∞

∫

Ω

∣

∣

∣
|ũn|

(p−2)/2ũn − |u|(p−2)/2u
∣

∣

∣

2

dx

= lim
n→∞

∫

Ω

|ũn|
pdx+

∫

Ω

|u|pdx− 2 lim
n→∞

∫

Ω

|ũn|
(p−2)/2ũn|u|

(p−2)/2udx

= lim
n→∞

∫

Ω

|ũn|
pdx−

∫

Ω

|u|pdx.

{ũn}
u

u ∈ W u

u ∈ W θ ϕ ∈ C∞(Ω) ∂ϕ
∂~n = 0

∂Ω
∫

Ω

(

∆η̃
ρ,εn ũn + ũn

)

· ϕρdx =

∫

Ω

ũnρ ·∆
η̃
ρ,εnϕdx+

∫

Ω

ũnϕρdx

→

∫

Ω

uρ ·∆ρϕdx+

∫

Ω

uϕρdx

= −
ση

2

∫

Ω

ρ2∇u · ∇ϕdx+

∫

Ω

uϕρdx =

∫

Ω

θϕρdx.

u
{

∆ρu+ u = θ, Ω,
∂u
∂~n = 0, ∂Ω.

Lp

u ∈ W θ = ∆ρu+ u Ω
n → ∞ u
Tn

−∆η̃
ρ,εn(|∆

η̃
ρ,εn ũn|

p−2∆η̃
ρ,εn ũn)(x) + λ(f̃n(x)− ũn(x)) = 0, x ∈ Ω.

ϕρ ϕ ∈ W

−

∫

Ω

∆η̃
ρ,εn(|∆

η̃
ρ,εn ũn|

p−2∆η̃
ρ,εn ũn)ϕρdx+ λ

∫

Ω

(f̃n − ũn)ϕρdx = 0,

−

∫

Ω

|∆η̃
ρ,εn ũn|

p−2∆η̃
ρ,εn ũn ·∆η̃

ρ,εnϕρdx+ λ

∫

Ω

(f̃n − ũn)ϕρdx = 0.

−

∫

Ω

ϑ∆ρϕρdx+ λ

∫

Ω

(f − u)ϕρdx = 0.

∫

Ω

ϑ∆ρϕρdx =

∫

Ω

|∆ρu|
p−2∆ρu∆ρϕρdx.

|s|p−2s
∫

Ω

(

|∆η̃
ρ,εn ũn|

p−2∆η̃
ρ,εn ũn − |∆ρv|

p−2∆ρv
)

(∆η̃
ρ,εn ũn −∆ρv)ρdx ≥ 0,



v ∈ W ϕ = ũn
∫

Ω

(

|∆η̃
ρ,εn ũn|

p−2∆η̃
ρ,εn ũn

)

∆ρvρdx+

∫

Ω

(

|∆ρv|
p−2∆ρv

)

(∆η̃
ρ,εn ũn −∆ρv)ρdx

−λ

∫

Ω

(f̃n − ũn)ũnρdx ≤ 0.

n → ∞
∫

Ω

ϑ∆ρvρdx+

∫

Ω

|∆ρv|
p−2∆ρv∆ρ(u− v)ρdx− λ

∫

Ω

(f − u)uρdx ≤ 0.

ϕ = u
∫

Ω

(|∆ρv|
p−2∆ρv − ϑ)∆ρ(u− v)ρdx ≤ 0.

v = u− αϕ α > 0 α → 0+
∫

Ω

(|∆ρu|
p−2∆ρu− ϑ)∆ρϕρdx ≤ 0.

α < 0 α → 0−

u �

p

Hn
(|∇Hn

u|p−2∇Hn
u)(xi) + λ(f(xi)− u(xi)) = 0, xi ∈ Ωn,

p G′
n

∇Hn Hn

1
nε2n

G′
n

Gn G′
n η = χ[0,1]

\




