CONTINUUM LIMIT OF p-BIHARMONIC EQUATIONS ON
GRAPHS
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ABSTRACT. This paper studies the p-biharmonic equation on graphs, which
arises in point cloud processing and can be interpreted as a natural extension
of the graph p-Laplacian from the perspective of hypergraphs. The asymptotic
behavior of the solution is investigated for the random geometric graph when
the number of data points goes to infinity. We show that the continuum
limit is an appropriately weighted p-biharmonic equation with homogeneous
Neumann boundary conditions. The result relies on the uniform LP estimates
for solutions and gradients of nonlocal and graph Poisson equations. The L
estimates of solutions are also obtained as a byproduct.

1. INTRODUCTION

In many problems in machine learning and data processing, we are given a dis-
crete data set 0, = {z;}"_, with n data points drawn from a bounded set 2 C R¢
and required to achieve tasks such as clustering, label spreading, or denoising of
the data set. It is generally assumed that the data set and its geometric structure
are represented by a graph G,, = (V,,, E,,, W,,) with vertices V,, = ,,, edges E,,
and weights W,,. An edge e; ; € E, connecting two vertices x; and z; exists if their
distance is sufficiently small. The weight W; ; € W,, for edge e; ; is a nonincreasing
function of the distance.

Notions and algorithms in the continuum setting have been generalized to the
graph setting for such problems. A typical one is the graph p-Laplacian regulariza-

tion [1, 2]
1 n
n2eh, Z Wii

4,j=1

w(z;) —u(z;)|?, 1<p<oo, (1)
for a function u : Q, — R, where ﬁ is the rescaling parameter and ¢, denotes
the connection radius of graph G,. When p = 2, it is the well-known Laplacian
regularization and has attracted a lot of attention [3, 4, 5]. Different p are preferred
for different applications. For example, if p = 1, it becomes the total variation on
graphs, which is the generalization of the graph cut and is particularly suitable for
clustering [6]. While in semi-supervised learning, p > d is suggested to prevent the
occurrence of spikes [7, 8]. The asymptotic behavior of functional (1) as the number
of data points goes to infinity has been studied in [6, 8] to reveal its connection with
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the classical p-Laplacian regularization. Since the property of the latter is clear, it
gives us an insight into functional (1) and is crucial in applications.

Recently, higher-order regularization on graphs has been proposed. In [9], the
authors suggested to utilize the graph Laplacian

A, ule) = g Z Woy(u(ay) - ulw), i € D, (2)
in the regularizer and interpreted it as an approximation of the curvature regular-
ization on the manifold. It is a special case of minimizing

—Z |Ag, u(z)” + Z lu(w;) — f(2:)]?, (3)

when p = 2 and A = 0. Here the graph Laplac1an Ag, is negative semi-definite,
whereas in the machine learning community it is usually defined as positive semi-
definite. Functional (3) with general p > 1 and A > 0 was considered in [10] for
point cloud denoising, where f denotes the observed point cloud data with noise.
One benefit of utilizing the higher-order regularization in the continuum setting is
that it gains more smoothness than the first-order regularization [11, 12]. The same
property is expected in the graph setting. To verify it we need to show rigorously
that functional (3) is an approximation of a continuum higher-order model.

The goal of this paper is to study the asymptotic behavior for the solution of
the p-biharmonic equation

—Ag, (|Ac,ulP72Ag,u) () + A(f(2:) = ula;)) =0, w; € D, (4)

on a random geometric graph G,, as n — oo, where the data (2, are drawn from
a given measure u with density p and 1 < p < oco. Although the continuum limit
of PDEs on graphs is considered, the tools we use follow from [6, 8], in which the
continuum limit of functional (1) was studied in the T'LP metric via optimal trans-
portation. The reason we study equation (4) instead of the associated variational
model (3) is that we can treat it as an elliptic system and utilize results for elliptic
equations on graphs. It also inspires us to study more general PDE systems on
graphs for data analysis in the future. The L a priori estimates for solutions and
gradients of graph Poisson equations play a key role. The uniform L estimate for
the solution is also established as a corollary.

PDEs on graphs can be rewritten as nonlocal equations via the transportation
map. The latter have been widely used as the approximation of classical PDEs [13].
The nonlocal version of equation (4) reads

—A7 . (|AZ’Eu|p_2AZ’€u) (@) + A(f(z) —u(z)) =0, x€Q, (5)
where

Aputw) = % [ nelle =) (uto) = uta)plo)d. <> 0.

denotes the weighted nonlocal Laplacian and 7. (s) = Z;7(s/e) is a rescaled nonlocal
kernel. Equation (5) acts as a bridge between equation (4) and its continuum
analogue, i.e., the classical p-biharmonic equation

—A, (|ApuP2A ) (2) + M () — u(z)) =0, zeQ, (6)

where

Ayu(z) = ;—;div(pzvm,



is the weighted Laplacian and o, is a constant. In fact, we first establish a priori
estimates for solutions of nonlocal Poisson equations and equation (5), then gen-
eralize the results to graph Poisson equations and equation (4). We mention that
the nonlocal biharmonic equation (i.e., equation (6) with p = 2 and p = 1) has
been considered for image processing [14]. The asymptotic behavior for solutions
of nonlocal Dirichlet and Navier boundary value problems have been studied in
[15, 16]. No boundary condition is explicitly posed for equation (5), which means
that equation (6) is with homogeneous Neumann boundary conditions.

This paper is organized as follows. In the rest of this section, we give a new model
explanation for equation (4) from the perspective of hypergraph p-Laplacians. Sec-
tion 2 presents assumptions and mathematical tools needed for the study. Section 3
proves the consistency of the nonlocal/graph Laplacian and the classical Laplacian
for sufficiently smooth functions with homogeneous Neumann boundary conditions.
In Section 4, we establish LP and L™ a priori estimates for nonlocal and graph Pois-
son equations. The main result is given in Section 5. We show the continuum limit
of equation (4) when the number of data points goes to infinity.

The p-Laplacian equation on hypergraphs. A hypergraph is a natural ex-
tension of a graph in which an edge (also known as hyperedge in the unoriented
hypergraph or hyperarc in the oriented hypergraph) can connect to a subset of
vertices. It allows us to represent higher-order relationships in data. Generaliz-
ing graph-based methods to hypergraphs has led to improvements in applications
[17, 18]. Besides, it is possible to define differential operators on hypergraphs in a
similar way to the graph case and study their properties [19, 20].

The construction of a hypergraph from a given data set is nontrivial and affects
the performance in applications. A brief review can be found in [21]. We shall utilize
the distance-based e-neighborhood method in which each hyperedge or hyperarc is
a subset consisting of a vertex and its neighbors in the e-ball.

Let H = (V, A) be an oriented hypergraph with vertices V' and hyperarcs A.
Each hyperarc a € A is a pair of elements of the form

a = (aout’ain)’

where a°"! and a’™ are nonempty and disjoint subsets of V that represent the output

and input vertices of the hyperarc. Scalar products for functions defined on vertices
and for functions defined on hyperarcs are given as follows.

Definition 1.1. For f,g: V — R, let
(f,9)v = f(v)-g(v).

veV
For F,G: A — R, let

(F,G)a =Y F(a)-Gla).

a€cA

Similar to the oriented graph, we define the gradient operator and its adjoint
operator on hypergraphs.

Definition 1.2. For f:V — R and a € A, let

N OEDY f(v)—m S f).

vEa@I™ vEgout
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For G:A—RandveV,let
; ain
ViEGw) = Z G(a) — Z Louth(a).

{a:veain} {a:v€acut}

Here we presented one possible definition for the hypergraph gradient for our
purposes. Other definitions are also valid and may be of interest in specific problems
[19, 20].

It follows from Definition 1.1-1.2 that

(va7 G)A = (fv V*HG)Va
i.e., V}; is the adjoint operator of V. Then the divergence operator is given as
diVH = —VB
and the hypergraph Laplacian
AHf = diVH(VHf),
for a function f: V — R.

Now let us construct a hypergraph H,, = (V,, A,) by choosing V,, = Q, =

{z;}"; and A4,, = {a;}1,, where

ai = (", ai"),
and a¢"' = {z;} and ai® = {z; € Q,\{z;}, dist(x;, z;) < e,}. We recall that e, is
the connection radius of graph G,, that appears in functional (1). Every vertex x;
corresponds to a hyperarc a; through its output a?** and vice versa.

i
The aforementioned differential operators on hypergraph H,, are as follows. For
f:Q, - Randa; € A,,

Va, fla) = Y flay) = lai"[fe:) = > W] (f(z5) = f(a:),
z;j€al" i=1
where
W = 1, if dist(z;, ;) < en,
J 0, otherwise,

is symmetric. And for G: A, —» R and z; € V,,,

VinGa)= S Glay) —[a"Gla) = S W, (Glay) - Glan)).
{aJ:ziEa;‘."} j=1
By direct calculation, we have the p-Laplacian on H,
diver, IV, fI77°Va, (@) = —Ac;, ([Ac, fIP* Ay, f)(i),  zi € Dy (T)
where we ignore the rescaling parameter -1y in Ag: (defined in (2)) and graph
Gy, = (Vo, E, W, := {W] ;}) is a simplified version of graph G,, = (V,,, En, W,,)
with weight one being given to every edge.

Equality (7) establishes the connection between the p-biharmonic operator on
graphs and the p-Laplacian operator on hypergraphs. This provides a new model
explanation for equation (4). Meanwhile, the asymptotic behavior we obtain for
equation (4) is also valid for the hypergraph p-Laplacian equation. It should be
noticed that the conclusion applies only to hypergraphs constructed by the e,-
neighborhood method. For a general hypergraph, hyperedges can be generated by



different methods and differential operators on it may have different definitions.
This brings difficulties for studying the asymptotic behavior of PDEs on general
hypergraphs.

2. PRELIMINARIES

2.1. Settings. Let Q, = {z1,22, -+ ,2,} be a point cloud in a bounded domain
Q) C R? The graph-based approach for data processing constructs a weighted
graph G,, = (V,,, E,, W,,) with vertices V,, = Q,,, edges E,,, and weights W,,. We
consider the ,-neighborhood graph, in which an edge e; ; € E),, connecting z; and
x; exists if dist(x;,2;) < e,. Here €, > 0 is the connection radius depending on n.
The weight for edge e; ; is determined by the distance between x; and x; and is set
as

Wij = e, (

where 7., (s) = 6%77(8 /en) and 7 is a nonincreasing kernel with compact support.

z; — ;)

Let us consider the p-biharmonic equation on graph G,,
~Ag, (|Ag,ulP "2 A, u)(zi) + M(f(x:) —u(zi)) =0, @; € Qu, (3)

where 1 < p < co and
1 n
Ag,u(zi) = neZ Znan(lxi = zj|)(u(z;) — u(;))

denotes the graph Laplacian of u : 2, — R at x; € ,.
In this paper, we let the number of data points n — oo and study the asymptotic
behavior for the solution of equation (8). The assumptions are listed as follows.

(A1) Q CR? (d > 2) is a connected and bounded open domain with sufficiently
smooth boundary 9f.

(A2) f is a bounded and continuous function on €.

(A3) n : [0,00) — [0,00) is a nonincreasing piecewise Lipschitz function with
compact support. Without loss of generality, we assume that n(1) > 1 and
n(2) =0.

(A4) The connection radius €, — 0 as n — oo and has the lower bound

En >\ 0n,
where
(Inn)/d
n =i 9)

(A5) The data points {x;}} , are independent random samples of a probability
measure u on 2.

(A6) The density p of u (with respective to the Lebesgue measure) is C'!(Q) with
positive lower and upper bounds 0 < inf e p(z) < sup,cq p(x) < 0.

Throughout this paper, we always assume that (A1)—(A6) hold. A weaker lower
bound ¢, > 4,, of the connection radius is required for the study of the graph p-
Laplaian regularization [8]. As we shall see in Lemma 3.2, assumption (A4) ensures
the consistency of the graph Laplacian and the classical Laplacian and is necessary
for our problem.



2.2. Mathematical tools. The main idea of studying the continuum limit of the
p-biharmonic equation on graphs is to rewrite it as a nonlocal equation and es-
tablish a priori estimates for the nonlocal equation. The connection between the
probability measure p and the associated empirical measure p,, = %2?21 0z, 1is
required. In fact, there exists a transportation map 7, from p to u,, denoted by
Thgpt = pir. More precisely, T4 is the push-forward measure of 1 by T}, and

Togu(A) = 1 (T 1(A)), A€ BQ),
where B(Q) is the Borel o-algebra. By a change of variables,

iiﬂW:AWWM@Z/

Q

AT 2)dn(e) = [ AT, @)l
for any function ¢ : 2, — R.

The following result states the convergence and the convergence rate of T,, to
the identity operator I'd when the graph becomes denser [22].

Lemma 2.1. Letd > 3 and {X;}32, be a sequence of independent random variables
with distribution pu on Q. Then there exists a sequence of transportation maps
{T,}22, from p to the associated empirical measure p,, such that

Id —T,||p Id —T,||p
c§liminf—” nllz=@ Slimsup—” nllz ()

n—00 On n—00 On

<C, (10)

almost surely, where 8, is given by (9).
Assumption (A4) and (10) imply
Id —T,| 5=
M- T

n—00 g%

=0. (11)

This is what we need in the following.

Remark 2.2. When d = 2, there exist a sequence of probability measures { i, }>2 ;
(which are absolutely continuous with respect to the measure 1) and a sequence of
transportation maps {Tn}%o:l from fi,, to p,, such that ||[Id — Tn”Loo(Q) < €2 and
% — 1 as n — oo uniformly on Q. See [23, Lemma 3.1]. In view of this, in the
following we are only concerned with the case d = 3. All the proofs apply, with

minor modifications, to the case d = 2.

Lemma 2.1 is stated in the random setting. As in [6], we regard the data points
as the realization of the random variables {X;}5°; and consider our problem in the
deterministic setting.

We shall consider the limit of PDEs defined on graph G,, when n — oo. It
requires comparing functions defined on G,, and functions defined on 2. The TL?
topology, which was first introduced in [6], has become an important tool for this
purpose. It is defined as

TLP(Q) ={(v,9) : v € P(Q),g € LP(v)},

where P(€Q) is the space of probability measures. It is a metric space with

(1,91, (v2rg2)) = in {/AMJm—mp+mmm—gxmmmuw@,

m€ell(vy,v2)
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where II(vq, 1) is the set of transportation plans. In our case when vy satisfies
assumption (A6), it has an equivalent form

B0 0m,0) = ot L[] o= @l + o) — (T @) P )}

The TLP metric is a generalization of the LP metric with an additional term |z —
T'(z)|P that accounts for the transportation distance between measures v1 and vo.

A simple characterization of the convergence of sequences in TL?(Q) [6] is given
as follows.

Lemma 2.3. Let (v,g) € TLP(Q) and {(vn,9,)}52, C TLP(Q), where v is abso-
lutely continuous with respective to the Lebesque measure. Then (Vpn,gn) — (V,9)
in TLP(Q) as n — oo if and only if v, — v weakly as n — oo and there exists a
sequence of transportation maps {T,}; from v to v, such that

lim |z — T (x)Pdv(z) =0,

and

lim / 19(2) — gn (T (@) Pdi(z) = 0.

Remark 2.4. Since u satisfies assumption (A6) and u,, is the associated empirical
measure, to conclude the convergence of (py,, g,) to (i, g) in TLP(Q) one only needs
to verify the convergence of g, o T}, to g in LP(Q).

We recall a compactness result for nonlocal functionals [24].

Lemma 2.5. Let g and {g,}52; be functions in LP(Q?). If g, — g in LP() and

1
1 / / e ([ — Y9 (y) — gn (@) Pdydz < C,
€n JoJQ

for a sequence {€,}°; converging to 0 as n — oo, then g € W1P(Q2) and

In (T + €,2) — gn(T)
€n

()P xa(z + €nz) = (0(2))"/?2- Vg(x), in LP(Q) x LP(RY).

Moreover, there exists a subsequence {gn, }72,, such that
In, — ¢, in LP(Q).

The nonlocal Poincaré’s inequality follows from Lemma 2.5. Inequalities of this
type have been studied in [24, 15].

Lemma 2.6. Let {g,}52, be functions in LP(2). Then

_ C
/ lgn — GnlPdz < S / / ten (12— y)lgn(y) — gu(@)Pdydz,  (12)
Q €n Jo Jo

holds whenever the right-hand side is bounded. Here g, = ﬁfﬂ gndx and the
constant C' depends only on p, d, and 2.

Proof. Tt suffices to prove (12) for g, with g,, = 0. Otherwise, we replace g, with
The proof is by contradiction. Were (12) false, there would exist a sequence of
constants C,, — oo with

[ lonPas > ump [ [ es(le = ulonts) - gu(o)P g



Let

h, = _Gn
lgnllLe (o)
Then
/ hndz =0, |l oey = 1.
Q
and

Jim % [ [ o= () = o)y =0

By the L? boundedness of h,, we find a function h € LP(£2) such that
ho — h, in LP(S).

We apply Lemma 2.5 to see that h € W1P(Q) and

hn(x 4 €,2) — hp(x)

€n

(1(2)Pxa(@ + €az) = (n(2))"/?z - Vh(z), in LP(Q) x LP(R).

By the weak lower semi-continuity of the LP norm,

0,,/|Vh|pdm—// z)|z - Vh(z)|Pdzdx

<timinf 5 [ [ (o = ylhn(o) = b o)y = 0

n— oo En

where 0, = [pan(z)|z1|Pdz > 0 and 2 is the first coordinate of z. The clas-
sical Poincaré inequality implies [, |h[Pdz = 0, which contradicts the fact that
hnllzr@) = 1. O

3. CONSISTENCY FOR THE NONLOCAL AND GRAPH LAPLACIAN

The graph p-biharmonic operator has the graph Laplacian as its ingredient. An
analysis of the consistency for the latter is in order. We start with the nonlocal
Laplacian since by the transportation map T;, the graph Laplacian can be rewritten
as a nonlocal one.

Let us introduce the weighted nonlocal Laplacian

1
Appla) = 5 [ nella = s)(e(0) — plaolo)ds, < >0,
and the associated weighted continuous Laplacian
On .
App = ﬁdW(pZVw),

for a function ¢ : © — R, where the constant oy, = [, n(|2])|z1|*dz.

The following lemma states the consistency of A7 _and A, as ¢ — 0 for suffi-

ciently smooth functions with homogeneous Neumann boundary conditions.
Lemma 3.1. Let ¢ € C*(RY) with g—g =0 on 0N). Then

lim |70 = 20| oo () = O-



Proof. For any x € (),

Apple) = [ nelle ~ ylely) ~ ela))ol)dy
3 Rd (13)
=5 [ nelle = o))~ o)pw)dy = I + I
RI\Q

By a change of variables y = x 4+ £z and Taylor’s expansion,

n=s /. el — y)(e(y) - #(@))(ply) — pla))dy
+ ;2 o ne(lz =y (e(y) — ¢(z))p(z)dy
= [ mD(Teta) - 2)(Vola) - )iz + 5 [ (=) Z %% Paia; (2)p(x)dz + o(1)
=: I3+ Iy + o(1). i
If i # j,

[ 102D (2,920 (o, 02) = =

which leads to

d
I3 :/ (z]) <Z@m1 ) (prl(x)zz> dZZ/ (I21) Zipxl T)pa; (T ‘ZZ| dz
i=1

=0, Ve(z) - Vp(z).
Similarly, we have
1 d 1
I =5 [ 10D Yo P @pla)dz = 5op(@)Ap(o)
i=1
Substituting I3 and I into I to find

%”nﬂ(x)&p( ) +o(1) = A,p(x) +o(1).

To estimate I, we recall a lemma from [25], which states that for any = € {z €
Q : dist(z,00) < 2¢} and small ¢,

1 /]Rd\Q n(Jz =y (0(y) — o(2))dy

82
1 _oy (y—=x)0p
e /Rd\ﬂ ez = yl)n(@) - € 8ﬁ( z)dy

+/Rd\9776(|x—yl) > DT%(@ l(y;xy_ (x;$>ﬁ

18|=2
where Z is the orthogonal projection of z on 9. The homogeneous Neumann
boundary condition of ¢ implies

L] < e / ne (2 — y)dy + o(1).
RI\Q

I = 0,Vo(z) - Vp(z) +

dy + o(1),

The proof is finished by substituting it into (13) and passing to the limit e — 0. O
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In the following, we generalize Lemma 3.1 to the graph case. Let T, be the
transportation map given in Lemma 2.1. Denote

P(x) = p(Ta(x)), =€,
for ¢ : Q,, — R, and

ﬁEn(xay):nsn(|Tn(‘r)_Tn(y)Da x,yGQ.

Now the graph Laplacian of ¢ can be rewritten as a nonlocal Laplacian. Namely,

Be, oIy ﬁiy%m ) = 2i)((e;) - $(Ta(2))
:g/ﬁﬁmm@mf¢wmww
n JQ
= AZ,EW,QZ(I)v

for any z € .

Lemma 3.2. Let ¢ € C?(R?) with % =0 on 0. Then
Jim [JAD . &= Appllre(a) =0
Proof. Notice that
HAﬁ,an¢ - A,0%0||L°"(Q) < ||Aﬁ75n<)5 - Az,en@HLoo(Q)
18— AL Pl oy 1AL Bl
:le + IQ + I3.

By Lemma 3.1 we only need to show that both I3 and Is go to zero as n — oc.
For any z,y € Q,

To(@) = Tu@)l oy _, |2~
En gn

<2,

where &, = &, + |[Id — Ty|| oo (). Assumption (A3) and (11) yield

~ d
/ e, (z,y)dy < C (5”> <
Q En

for any x € Q and large n. It follows from (11) that

|An,en ~( ) - AZEHQD(I')‘

—| % [ s DT ) = STa@) = (210) = ol))ol)dy
n JQ
S% (esysesup Tn(y) - y|+eSf:ngn(x)—f|>
=Ty 1o
€2 ’

and hence I; — 0.
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To estimate I, we first assume that 7 is Lipschitz. Then

(AL e, p(2) = Af - o(@)]

. / (7. (2,9) — 1o, (17 — 31) (go(y)—so(x))p(y)dy\
Q

€2

et JonB(z,28,) En
<C||Id—TnHL°o(Q)
< 2

(14)

. \ o(y) — p(@)ldy

)

from which we have I, — 0.
Now we assume that n has only one discontinuity point a > 0. Let x € 2 and

2 2
En =En — aHId_Tn”L“’(Q)v En =€En + a”ld_Tn”Lo"(Q)

Then

- To(x)—1T,
el g D@ Tl
En En (15)

- Tn _Tn
=0l ang @) =T

En En

|z —y| < aé,, =

|z —y| > aé, =

We repeat (14) and split the integral in the second line into three parts, i.e.,

Q lz—y|<aén lz—y|>aé, aé, <|z—y|<aé,

Owning to (15) and the Lipschitz continuous of 1 on [0, «) and (o, c0), we can
handle the first and the second integral on the right-hand side in the same way as
(14). For the third integral, we have

1

2 ) () () ~ )y

zd _ pd ClId - Ty,||r
En aé,<|z—y|<aé, En En

Then I; — 0 and the conclusion holds. Clearly, the above proof works for finite
many discontinuity points, i.e., for piecewise Lipschitz 7. This completes the proof.
O

Remark 3.3. We used (11) in the proof of Lemma 3.2 to control the error caused
by the transportation map. The necessity of it can be illustrated by the following
example.

Let Q= [-% 1and Q, ={--, -, —5-,0,
the transportation distance

%, -+ }. We have the bound on

1
no

Id—T,]||;
tim sup 14~ Tullz=@

(16)
Let n(s) = x[0,1(s), u(x) = z, and x; = 0. Then

1 1 ne, 1
AG”U(IL'Z') = ’ni?’ Z Tj =~ —_— =

3 - 2
nes 2n 2ne
" {j:|Zj|§En} " "
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converges to 0 = Au(z;) as n — oo if and only if - — 0. This and (16) imply

(11).
4. A PRIORI ESTIMATES FOR NONLOCAL AND GRAPH POISSON EQUATIONS

It is well-known that the classical Poisson equation admits a W2P solution for
a given LP datum. We cannot expect the same property for nonlocal Poisson
equations, since the lack of regularizing effect [26, 15]. Alternatively, we present
here a priori estimates of the solution and its nonlocal gradient.

Theorem 4.1. Let h € Li(Q), 1 < q < co. Ifu € L' () is a solution of the
nonlocal Poisson equation

—Afcu(x) = h(z), =€,

then u € L1(QY). Furthermore,
a a
dyda < c(/ |u|d:£> +o/ Ih|9de+C,
Q Q

Lutvazs [ [ oy 1221

(17)

forl<q<2,
(4-2)/2 — (Jula=2)/2 2
J R A e K
Q QJa
2 (18)
<C </ |uq/2dx) Jrc/ \h|%dz,
Q Q

for g > 2, and

[ oo () < Cllull ) + ClIAl Lo @) (19)

for ¢ = oco. Here the constant C in (17)—(19) does not depend on ¢.

Since the weight p has positive lower and upper bounds, we can replace the
Lebesgue measure with du(x) = p(z)dz in the proof and simply consider the un-

weighted nonlocal Laplacian A7 := AJ_, _.

Proof. 1. We rewrite the nonlocal Poisson equation as
1 1
[ etle = ydyate) = 5 [ nella = sutw)dy -+ hia), €.

€2
The conclusion u € L?(£2) follows from u € L*(Q) and h € L(Q).
Let 2|u|?~2u € L9/(4=1(Q) be the test function for the nonlocal Poisson equation.
By nonlocal integration by parts and Young’s inequality,

5 [ nele =t = ule) (" 20)0) = (ul'0)(a)) dydo

= _2/ Al - |u\q_2udx:2/ h|u|??udx < 5/ |u|9dx + 551 / |h]9dz,
Q Q Q Q

where § > 0 is a constant.

In the following, we consider the cases 1 < ¢ < 2, ¢ > 2, and ¢ = oo separately.
It relies on inequalities involving |s|9~2s.

2. Let 1 < ¢ < 2. We recall the following inequality [27, Section 10, VII]

(20)

(b—a)([b*"2b— |a]*%a) > (¢ — D(b—a)® (1 +|a]> + p2) 2%, 1<q¢<2,
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for any a,b € R. In both here and (20) we use the notation |0|9=20 = 0. By reverse
Young’s inequality and nonlocal Poincaré’s inequality (12), the left-hand side of
(20)

> 20 [ e = ) (al) = u))? (14 ) + fu()2) " dy

2

2052;/9/9%(?6-2;0‘1@)_1@

3

q
dydzx

=00 [ [ nelle ) (1 1)+ ) )" dy

zca¥/ |u7ﬂ|qu705/ |u|%dz — C§
Q Q

2—¢q 2—¢ g
>Co = / |u|fdx — Cd = </ |u|d:c) - Cé/ lu|dx — C',
Q Q Q

Substituting it into (20) and choosing a sufficiently small § > 0 such that C'§ = s
C6§ we obtain the L? boundedness of u. The estimate of the nonlocal gradient in
(17) is contained in the above proof.
3. Assume that ¢ > 2. It follows from the inequality [27, Section 10, V]
4 2
b= a) (b= faf'a) > 5 [IB0 D2~ a2 | abeR, g2

and nonlocal Poincaré’s inequality (12) that the left-hand side of (20)

> oz [ et = [ (el 20 ) = (ul 200 )|y

2 2
> C’/ ‘|u|(q_2)/2u - |u|(q—2)/2u‘ dzr > C/ lul?dz — C (/ |uq/2|d$c> :
Q Q Q

Again, (18) is derived from the above estimate and (20) with a small 6 > 0.
4. If h =0, (19) follows from (18) directly. In fact, by choosing ¢ = 2**1 in (18)
and neglecting the nonlocal gradient term, we have

1 1
SRFT ok
</ |u|2k+ldx> 2 S C# (/ |U|2kdx> 2
Q Q

Iterating repeatedly leads to

1

1 oRT
</ \u|2kJr da:) < C’O‘/ |u|de,
Q Q

where o = }"77; 55 = 2. Then (19) is obtained by letting k — oc.

5. For a general h, we rewrite the nonlocal Poisson equation such that we can
use the conclusion of step 4.

Let ¢ be a classical solution of

Ap =2, in Q,
21
{g:i:,: , on 0f). 1)

Then ¢ is uniformly bounded in 2 and by Lemma 3.1,
1 n — frng
lim AZ6(x) = Ag(r) =2

for any = € Q.
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Define w = u + ||h|| o ()¢, we have
—Alw = =AM — ||h]| Lo () ALD = h — ||h| o () AZ¢ <0,
for a small e. Namely, w is a subsolution of the nonlocal Laplace equation. For
wy = max{0,w}, if w(z) >0,
1 1
= [ ne(lz —yDwi(y)dy > = [ ne(lz —yhw(y)dy
e Ja € Ja
1 1
> 5 [ nelle = oy = 5 [ nelle — yhws (2)dy,
€ Ja & Ja

On the other hand, if w(z) < 0,
1

g2 g2

/ ne( — ylyws (y)dy > 0 = — / el — yl)we (2)dy.
Q Q

This means that

~Amu (@) = = [ e = yDws () = wi @)y <0,

for any = € Q2 and w4 is also a subsolution.
Now we multiply both sides of the above inequality by 2wi_1 = 2w, |7 2w,
and integrate over ) to obtain an inequality similar to (20), i.e.,

5 [ e =D () = w0 @) (sl 20,)0) = (o 12w @) dyda
= —Z/QAngr w7 2wy dr < 0.
Repeating step 3-4 for it leads to
esssupwy < C’/ |wy |de,
zeQ Q

which implies

esssupu < C/ |uldz + C||R|| Lo ()
€N Q

To estimate the lower bound of u, we define w = u — ||h||p= )¢ and w_ =
min{0, w}. Then w_ is a supersolution of the nonlocal Laplace equation. Choosing
2wt = 2|w_|972w_ as the test function and repeating step 3-4 to find

esssup —u < C' [ |u|dz + C||h| 1)
€N Q

This completes the proof of (19). d
Similar results hold for the graph Poisson equation.
Corollary 4.2. Let u, be a solution of the graph Poisson equation
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Then there exists a monincreasing and smooth kernel ¢ : [0,00) — [0,00) with

compact support, such that
~ o~ q q
un(y)un(x)‘ dydz < C (/ |an|dx>
Q

Jiwtoae s [ [ 6oy |22

(22)
+c/ I |%dz + C,
Q
forl<qg<?2,
i 1(a=2)/2 (i [a=2)/25 2
/ |1y, | +/ / G|z —y)) ‘ (] iy ) (y) — (|tn] i) (2) dydz
Q QJo En
2 ~
<C (/ ag/2|dx> +C/ | |9dz,
Q Q
(23)
forq>2, and -
tn|| oo () < Clltn 1) + Cllhnll Lo (o), (24)

for ¢ =oo. Here (., (s) = x((s/en), Un = uoTy,, and the constant C in (22)—(24)
does not depend on n and €,,.
Proof. By assumption (A3), we have n(1) > 1 and n(2) = 0. Let ¢ : [0,00) — [0, 00)
be a nonincreasing and smooth function with ¢(0) < 1 and ¢((3) = 0. For any
z,y € Q,
eyl 1 1Ta@) - Ta@)l  Jr oyl 2 = Tl
En 2 En B En -

for large n. Consequently,
@JW—y)=yﬁ(|U<:n<|()(ﬂ

=:7. (x,y), z,y €.
En €7dz E€n > Ner ( ’ y) Y
Let 2|u, (7;)|9 2w, (2;) be the test function for the graph Poisson equation, namely

1« Lo
—2— A ) N\g—2 V9t ‘ a2 N
n ; G tn () [t ()| " "un (21) = 2 ;hn(xzﬂun(xz)l U ()

Then the left-hand side

o
= —2/ AT |t |7~ “ Uy pdx
Q

1 ~ - N
=544%mwww—w@>
: ((\ﬂn|q_2ﬂn)(y) - (|ﬂn|q_2ﬂn)(x)) p(y)p(x)dydz
1
2%44%(

and the right-hand side

(@) (y) = (1an]""?0n) (2)) p(y)p(x)dydz,

:2/ P i |7 20 pdc.
Q

Combining both we arrive at an inequality similar to (20). The conclusions are
obtained by repeating the proof of Theorem 4.1. O
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5. DISCRETE TO CONTINUUM CONVERGENCE

In this section, we combine the results established in Section 3 and Section 4
to study the continuum limit of Equation (8). Before that, we state the unique
solvability of it on a fixed graph G,.

Lemma 5.1. Letn > 0 and &,, > 0 be fized. Equation (8) admits a unique solution

Uy, With
I A o
- A n\4q P o n\4q 2 <C. 2
DILCRMCIES IS (25)
If X > 0 is small, we further have
max |u,(z;)] + max |Ag, un(z;)] < C. (26)
;€0 z,€0n

Here both constants on the right-hand side do not depend on n and €,,.

The existence of a unique minimizer for the variational model associated to
equation (8) has been shown in [10]. We give a sketched proof here.

Proof. 1. Let us consider the functional

Z |Ag, u(z:)” + Z u(z;) Z)‘g’

and introduce the vector space
Vi={v:Q, >R}

n 1/p
vl = <Z|v(zi)|p> :

It is straightforward to verify that E, (u) is coercive, lower semi-continuous, and
strictly convex on V and admits a unique minimizer w,,, which is also a solution

of equation (8). The uniqueness of the solution follows from the monotonicity of
|s|P=2s.

equipped with the /P-norm

2. To obtain the uniform estimate (25), we multiply both sides of equation (8)
by un(z;)/n and sum over i = 1,--- ,n to find

1 n
=386, (186, unlP A, un) (@) - (@)

=1

>/

- Z U (24) x;)) - up(x;) = 0.

3

Since for any functions u, ¢ : 0, = R,

iAGnu(mZ zn:u (x)Aq, o(x;),
i=1 i=1

we see from Young’s inequality that

n

- A
%Z|Agnun(xz)|p+%2|un ()] Z'f ()]
=1

i=1
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3. To prove (26), we introduce
vn(2:) = |Ag, un(2:)|P 2 Ag, un (), o €
and rewrite equation (8) as
—Ac,vn (@) + A(f (@) — un(xi)) =0, ; € Q.
By the virtue of (24),

n

1
max |AG, un (x|~ = max Jua ()] < C- ; [on () [+CA miax | (i) =t ()]

We utilize (24) again to obtain

) p—1

1 n

NP1 - . [Pl

max Jup(z)["7 < C <n > 1 Iun(ﬂ%)> +C max |Ag, un ()]
1=

p—1
1 C _
<C <n ; |un(Ii)|> + ; A, un(z:) P~ + CA max | (i) — un(24)]-
Estimate (25) indicates the boundedness of the first term and the second term on
the right-hand side. If A > 0 is small such that

NPl S ox )
mé}i | ()] > zrlne%i | ()],

i

we have the conclusion (26). O

Let us now discuss the asymptotic behavior for the solution of equation (8) as
n — oo. We shall see that the solution u, converges to a weak solution of the
weighted p-biharmonic equation

—A,(JA uP72Au) + AN(f —u) =0, in Q,

%?»u) =0, on 99, (27)
% =0, on 0.

A function u € W, where
ov

W = {v e W*P(Q), i 0 on 00},
is called a weak solution of (27) if it satisfies
7/ |A,ulP~2A jul ,ppda + )\/(f —u)ppdr = 0, (28)
Q Q

for any ¢ € W. It can be verified by the direct method in the calculus of variations,
as did in the proof of Lemma 5.1, that

1 A
> [ 18uppdt 5 [ = fRpds
pJa 2 Ja

admits a unique minimizer v € W, which is also the unique weak solution of
equation (27).

Theorem 5.2. Let u, be a solution of the p-biharmonic equation (8) on graph G,
and u be a weak solution of equation (27). Then

Hm (pn, un) = (u,u), in TLP(QY), (29)

n—oQ

almost surely.
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Proof. Lemma 2.1 indicates that there exists a sequence of transportation maps
{T,}5, from u to p,. By Remark 2.4, conclusion (29) is equivalent to

n—o0

lim /Q i () — u(z)[Pdz = 0. (30)

where u,, = u, o T},.
1. The transportation map T}, allows us to rewrite the estimate (25) as

o » A 3 )
[ 182, @) ployde+ 5 [ fin(@)pade < € (31)

It follows from Corollary 4.2 that

~ - P
[t [ [ gm0 =20 g <o e
ifl1<p<2 and
_ - 2
[tanpae+ [ [ ety | =220 g,
Q aJa En (33)
i, |(P=2)/2g — (la,|P=2/2g 2
[l | 2200~ Gl )
QJQ n
if p>2.
We conclude from estimates (31)—(33) and the L? boundedness of A,’Z@nan, ie.,

R

/IIAﬁ,gnﬁn\p‘QM i |77 dx:/ |AT_ iy (2)|" de < C
Q Q

that there exists a subsequence of {@,} (still denoted by itself), functions u €
L*(Q)NLP(Q), 6 € LP(R), and ¥ € LP/(P~1)(Q), such that

Uy —u, in L*(Q)NLP(Q), (34)
7l iy — 0, in LP(S), (35)
AT G |PTEAT G, — 9, in LP/P7D(Q). (36)

Moreover, we claim that v € Wh™in{r:2}(Q) and
Up — u, in LP(Q2). (37)

In fact, Lemma 2.5, (32)-(33), and (34) imply that v € Whir{r:2}(Q) and 4, — u
in L™*{P.2}(Q) (up to a subsequence). To prove (37) for p > 2, we further extract
a subsequence (still denoted by itself) such that @, — u a.e. in Q. Notice that

2
/ i 22, = / i |Pdz < C.
Q Q
It follows from [28, Chapter II, Lemma 2.3] that
mn‘(pﬂ)/?ﬁn N |u‘(p,2)/2u, in L2(Q).
We utilize (33) and apply Lemma 2.5 once again for |i,|?~2)/24, to obtain that

‘an‘(p72)/2ﬂn%|u‘(p72)/2u, in L2(Q).
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Namely,

2
0= lim / “an‘(p—2)/2an_|u‘(p—2)/2u‘ dx
Q

n—oo

= lim / |ﬂn\pdx+/|u\pdx—2 lim/|ﬁn|(p_2)/2ﬁn|u\(p_2)/2udm
Q Q Q

n—oo n— oo

= lim / |ﬂn\pdx—/|u\pdx.

This together with (34) imply (37).

Since equation (27) admits a unique solution, the whole sequence {@,,} (not only
a subsequence) converges to u. This verifies (30). To finish the proof, we only need
to show that u € W and u satisfies (28).

2. Let us now prove v € W and identify 6. For any ¢ € C°°(Q) with % =0on
09, Lemma 3.2 and (35) yield

/Q (AZ,Enﬂn + i) - ppdr = /Qanp . Aﬁ,an odx + /Q Unppd

—)/up-A,,(pdx—i—/wppd:v
Q Q

:7@/p2Vu~V<pdx+/u<ppdx:/Wpdx-
2 Q Q Q

This means that u is a weak solution of
{Apu+u =460, inQ,

% =0, on 0f).

Under assumption (A6), the LP theory for elliptic equations [29, Theorem 2.4.2.7]
implies that w € W and = A, u + v a.e. in .

3. Now we pass to the limit n — oo for equation (8) to prove that u satisfies
(28). By the transportation map T, it can be rewritten as

Y (lAﬁ an|p72AZ,anﬂn)(x) + A(fn(x) —in(z)) =0, x€Q.

PrEn PEn

Let ¢p, where ¢ € W, be the test function. We have
— [ A7 87 P AL wepde 4 A [ (F =)o =0,
which is equivalent to, by nonlocal integration by parts,
—/Q \Aﬁ enan|p72AZ,anf‘n . Aﬁ,an wpdr + A /Q(fn — Uy )ppdx = 0. (38)

We utilize (36), Lemma 3.2, and assumption (A2) to pass to the limit to find

—/ VA ppdx + /\/(f —u)ppdr = 0. (39)
Q Q
We are left to show that
/ VA ppdr = / |A ulP 2 A jul yopda. (40)
Q Q

By the monotonicity of |s[P~2s,

/Q (|A7~”Enﬂn\p_2AZ€nﬁn — [ALu[PT?A L) (A;”Enﬂn — Apv)pdx >0,
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holds for any v € W. Combining it with (38) for ¢ = @, leads us to

/(|Aﬁ’€nﬁn|p QAggnan) Apvpdw—i—/ (|A,vP72A ) (Apgnﬂ — A,v)pdx
Q

—)\/(fn — @iyl pdz < 0.
Let n — oo, we obtain ’
/QﬁApvpdm —1—/9 1A, 0[P2A wA (v — v)pds — )\/Q(f —u)updxr < 0.
Substituting it into (39) with ¢ = u to obtain
/Q(|Apv|p_2Apv — A, (u—v)pdx <O0.
Taking v = u — a in the above with o > 0 and letting o — 0T, we have
/Q(|Apu|p*2Apu — A ppdx < 0.

An opposite inequality is obtained by choosing o < 0 and letting o — 0~. Conse-
quently, (40) holds and u satisfies (28). O

Remark 5.3. According to (7), the hypergraph p-Laplacian equation
diver, (|Va, ulP >V g, u) (i) + A f(2:) = u(z:)) =0, @5 € Qu, (41)

is equivalent to the p-biharmonic equation (8) on graph G!,. Here we rescale both
Va, and divy, with the constant —. Recall that G}, has the same structure as

G, except that all weights in G, are set to one. This corresponds to n = x[o,1]-
Consequently, the conclusion (29) also holds for equation (41).
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