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Abstract: We perform a detailed study of the cosmological constraints on the decay of
a relic particle ϕ into neutrinos, ϕ → νν̄, in particular those arising from the observed
light-element abundances in the early Universe. Several processes are relevant, including final-
state radiation associated with the decay, as well as subsequent interactions of the injected
neutrinos with the thermal background neutrinos or between themselves. All processes
generically contribute to the production of electromagnetic and often also hadronic material
and may therefore induce late-time photodisintegration and hadrodisintegration reactions,
i.e. the destruction of light elements that have previously been formed during BBN. Here,
we examine this scenario with a Monte-Carlo inspired probabilistic approach rather than
Boltzmann techniques, taking into account all of these different reactions as well as their
interplay. We find the resulting constraints to be very significant, covering a broad range of
previously unexplored masses and lifetimes of the relic source particle.

Keywords: big bang nucleosynthesis, cosmological neutrinos, physics of the early universe

ArXiv ePrint: 2505.01492

© 2025 The Author(s). Published by IOP Publishing
Ltd on behalf of Sissa Medialab. Original content from

this work may be used under the terms of the Creative Commons
Attribution 4.0 licence. Any further distribution of this work must
maintain attribution to the author(s) and the title of the work,
journal citation and DOI.

https://doi.org/10.1088/1475-7516/2025/11/072

https://orcid.org/0009-0004-2859-5285
https://orcid.org/0000-0003-3868-0390
https://orcid.org/0000-0002-2778-3434
https://orcid.org/0000-0003-4381-3119
https://orcid.org/0000-0003-2669-260X
https://orcid.org/0000-0002-9851-9091
mailto:sara.bianco@desy.de
mailto:frederik.depta@mpi-hd.mpg.de
mailto:jonas.frerick@uniroma1.it
mailto:thomas.hambye@ulb.be
mailto:marco.hufnagel@ulb.be
mailto:kai.schmidt-hoberg@desy.de
https://doi.org/10.48550/arXiv.2505.01492
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1088/1475-7516/2025/11/072


J
C
A
P
1
1
(
2
0
2
5
)
0
7
2

Contents
1 Introduction 2

2 Basics of neutrino injections 3
2.1 Relevant processes 4
2.2 A first look at the resulting limits 6

3 Details of neutrino injections 9
3.1 Neutrino oscillations 10
3.2 Thermal scattering of the form ννth → e+e− 10
3.3 Thermal scattering of the form ννth → νν 15
3.4 Non-thermal scattering between two high-energy neutrinos 16
3.5 Interactions with other particles 19

4 A brief overview of thermal and non-thermal BBN 19
4.1 The light-element abundances 19
4.2 A quick look at photodisintegration 20
4.3 A quick look at hadrodisintegration 22
4.4 Interlude: the CMB Neff constraint 25

5 Overview of the numerical treatment 25
5.1 Introductory remarks 25
5.2 Algorithmic implementation of the neutrino cascade 28

6 Results and discussion 40
6.1 The τϕ − fϕ (mϕYϕ) parameter plane 40
6.2 The mϕ − τϕ parameter plane 43
6.3 The mϕ − fϕ parameter plane 44
6.4 Results for other neutrino flavours 45
6.5 Results for BRee ̸= 0 45
6.6 A note on model-building 47

7 Conclusion 49

A A simplified calculation of the CMB Neff limit 50

B On the relevance of neutrinodisintegration reactions 51

C A simplified analytical expression for the neutrino spectrum 52

D A more detailed look at the hadronic cascade 52
D.1 Parametrisation of the hadron spectrum 54
D.2 Electromagnetic energy loss 55
D.3 Hadronic scattering reactions 59
D.4 Extracting ξy

X 60

E Boosting between the cosmic rest frame and the centre-of-mass frame 62

F A collection of supplementary figures 64

– 1 –



J
C
A
P
1
1
(
2
0
2
5
)
0
7
2

1 Introduction

Many beyond the Standard Model (SM) scenarios suggest the existence of new unstable
particles that were present during the early Universe. This is, for example, the case in dark-
sector (DS) models, where in addition to dark matter (DM), other particles are present, often
mediating interactions between the DM and the SM or within the DS itself. Specific examples
include DM scenarios where communication with the SM proceeds via a portal interaction [1],
or where the exchange of a light mediator induces sizeable DM self-interactions [2–7].

These additional particles will in general significantly impact the cosmological evolution
and the associated observables. In particular, if they are unstable and decay with a lifetime
shorter than the age of the Universe, they will generally affect predictions for Big Bang
Nucleosynthesis (BBN) as well as for the Cosmic Microwave Background (CMB), resulting in
constraints on their abundance, mass and lifetime. The strongest constraints typically arise if
the decay proceeds into electromagnetic (EM) material (such as photons or charged leptons)
and/or hadronic material (such as quarks or gluons), see e.g. [8, 9]. Thus, to avoid too strong
constraints in various scenarios (see e.g. [6, 7]), one could assume that the decay instead
proceeds predominantly into neutrinos. However, this does not imply that the constraints
will become completely irrelevant, because a fraction of the neutrino energy will unavoidably
still be converted into electromagnetic and/or hadronic material. In fact, it is known that
heavy new particles decaying into neutrinos, inevitably produce additional on- or off-shell
EW gauge bosons on top of the primary neutrinos. The effects of the resulting shower have
been studied before, in particular for the EM case (see e.g. [10–15]). Other works that study
the direct or indirect injection of neutrinos into the primordial plasma, include [16–19].

In this work, we perform a detailed study of the decay of a relic particle ϕ into neutrinos,
ϕ → νν̄, carefully evaluating the limits arising from the observed light-element abundances,
while also including effects that have previously been neglected in the literature. We
concentrate on lifetimes larger than about 104 s, focusing in particular on the late-time
disintegration of the light elements previously synthesised during BBN. In addition to the
effect of the electroweak (EW) shower from final-state radiation (FSR) mentioned above, we
also properly take into account the effect of subsequent interactions of the injected neutrinos,
specifically for masses below or around the EW scale. Of particular relevance are interactions
with a cosmic background neutrino, which we refer to as thermal scattering (see [10, 16, 20] for
early work), as well as interactions among the injected neutrinos themselves, which we refer
to as non-thermal scattering. While thermal scatterings may readily induce electromagnetic
material, non-thermal scatterings typically have a larger energy available and therefore also
result in hadronic injections. All processes may therefore induce late-time photodisintegration
reactions, while FSR and non-thermal scatterings additionally result in hadrodisintegration
as well. Here, we carefully examine this scenario, using the most recent nuclear abundances
and rates, and taking into account all the different reactions as well as their interplay and
their impact on the cosmological parameters. In particular, we track the evolving phase-space
distribution of the injected neutrinos with a Monte-Carlo inspired probabilistic approach
and also take into account that for masses mϕ ≲ mW,Z , the primary decay and the emission
process in FSR no longer factorise. We point out that non-thermal scatterings, while being
computationally rather challenging and therefore largely ignored in the literature, can be
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very relevant and dominate the resulting limits in significant regions of parameter space. We
also stress that hadrodisintegration reactions induced by FSR often improve the resulting
limits by many orders of magnitude compared to those from photodisintegration largely
considered in the literature. Overall we find that, even for the case where neutrinos are
injected into the primordial plasma — which are after all electromagnetically and colour
neutral particles — the resulting constraints can be very stringent, covering a broad range
in mass and lifetime of the relic source particle.

This work is structured as follows: in section 2, we begin with an introductory discussion
of the various processes that are relevant for neutrino injections, and of the corresponding
physical effects. We then proceed in section 3 with a more detailed description of the thermal
and non-thermal scattering processes, both contributing to the neutrino cascade. The aim of
that section is to gain an intuitive understanding of the processes and scales at play during
the injection of neutrinos into the primordial plasma. In section 4, we briefly discuss some
BBN basics, including photo- and hadrodisintegration. The more technical aspects of our
work are covered in section 5. There, we describe our numerical framework and explain in
detail how we perform the actual calculations. We interface our code with the extended
version v2.0.0-dev (currently on a different branch on GitHub) of the publicly available code
ACROPOLIS [21], which not only enables the calculation of the evolution of the light-element
abundances resulting from photodisintegration reactions but also takes into account the
effects from hadrodisintegration (so far only for specific scenarios and certain assumptions).
We dedicate section 6 to the discussion of the resulting limits, showing several parameter
planes and the effect of a mixed branching ratio into e+e− before concluding in section 7.
For the interested reader, we provide several appendices with more details. Throughout
this work, we use natural units ℏ = c = kB = 1.

2 Basics of neutrino injections

In this work, we perform a detailed study of late-time neutrino injections into the primordial
plasma and evaluate the corresponding limits that arise from changes to the light-element
abundances produced during BBN. Specifically, we consider a relic particle ϕ with mass mϕ

that decays into neutrinos with a lifetime τϕ ≳ 104 s, meaning that — at the time of the decay
— the light-element abundances have already reached their asymptotic values as predicted
by standard, i.e. thermal, BBN. However, even for such lifetimes, the latter values may still
deviate from those in the SM, since the expansion history of the Universe is altered due to the
presence of the relic ϕ. Additionally, once thermal BBN has concluded at t < 104 s ≲ τϕ, the
subsequent decay of ϕ and the following neutrino cascade then induce additional photo- and
hadrodisintegration reactions, which lead to a second phase of non-thermal nucleosynthesis,
which may further alter the previously fixed abundances. We postpone a detailed discussion
of decays with shorter lifetimes, i.e. τϕ ≲ 104 s, to future work.1 Such early injections will

1The case of short lifetimes for the decay ϕ → νν̄ has been studied with some simplifying assumptions
in [22]. In particular, interconversions of protons into neutrons are considered, which alter the abundances of
the light nuclei already during thermal nucleosynthesis. However, for the relic masses considered in our work,
such interactions would be dominated by deep inelastic scattering between nucleons and neutrinos [23], adding
significant complications to the process. We are not aware of such a study.
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Figure 1. Graphical representation of a possible neutrino cascade, where a fraction of the energy
ends up in electromagnetic and hadronic material. We briefly describe the physics of the various
sub-processes in the text.

generically already change the reactions during thermal BBN, which adds an additional
complication to the calculation.

In this section, we present the basic processes that may lead to a change of the light-
element abundances, e.g. via the injection of electromagnetic and/or hadronic material, as
well as their implications.

2.1 Relevant processes

The processes that are relevant for our analysis are summarised in figure 1, where we show
a possible realisation of a neutrino cascade with different sub-processes. We will discuss
them one-by-one in the following:

a) Final-state radiation. As depicted in sub-process a) of figure 1, in order to produce
electromagnetic and/or hadronic material, a neutrino is not necessarily required to
interact with the medium. Instead, the decay of the source particle can produce a virtual
neutrino emitting a W - or Z-boson, which then leads to an EW shower that may produce
photons and electromagnetically charged particles, as well as hadrons such as pions,
protons, and neutrons. These radiative corrections, which are most relevant for larger
ϕ masses, are already well known and have previously been studied for electromagnetic
final states. Notably, the spectrum of final-state particles can be determined using
PYTHIA8.3 [24, 25] as presented in [15]. Here, we follow the latter work but also extract
the hadronic component of the shower using the same approach. Given the range of
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possible final states, this process can lead to both photo- and hadrodisintegration. For
smaller masses, FSR becomes suppressed and we find that thermal and/or non-thermal
scattering processes (see below) are more relevant. Note that in [10], the authors also
consider both components of the FSR. However, they treat the hadronic branching ratio
as a free parameter instead of using a robust SM prediction.

b) Thermal scattering. As depicted in sub-process b) of figure 1, each injected neutrino can
also interact with a neutrino of the cosmic neutrino background (CνB) to produce a
pair of light, charged SM particles, in particular e+e− pairs. For the lifetimes and thus
temperatures considered in this work, the production of heavier particles such as muons
or pions is kinematically suppressed for relic masses below the TeV-scale, meaning that
we do not consider them here. In addition, each injected neutrino may scatter elastically,
once or several times, with any CνB neutrino. As we argue below, these scatterings do
not typically affect the distribution of final-state electrons and positrons.

For most of the relevant parameter space, we find that the thermal interaction rate of the
injected neutrinos is well below the Hubble rate, in which case a fairly simple analytical
description of these reactions can be achieved (cf. section 3.2). In particular, one can
show that the injected neutrinos typically scatter at most once during their propagation
through the thermal background, which constitutes an important simplification for our
numerical treatment in section 5. Earlier works have already considered this effect in
various ways [10, 16, 20].

c) Non-thermal scattering. As depicted in sub-process c) of figure 1, two injected neutrinos
can also undergo interactions among each other, thereby producing a pair of SM particles.
In this case, both initial neutrinos have an energy much larger than the background
temperature, unlike in the case of thermal scattering. This implies that for injected
neutrinos with an energy of the order of the EW scale, all possible final states are
usually available. After their production, the produced SM particles may either decay
or hadronise, and the resulting shower can again be simulated using PYTHIA8.3. In
this work, we assume that all unstable particles except for neutrons decay immediately,
which we find to be a good approximation. After the shower, we therefore end up with
(i) electromagnetic material, which induces subsequent photodisintegration reactions,
(ii) secondary neutrinos, which are at much smaller energies than the initial ones and
can therefore be neglected, and (iii) protons and neutrons, which induce subsequent
hadrodisintegration reactions.

Let us stress that, when aiming for a conservative limit, it is generally important to take
into account both hadronic and EM final states. This is because hadrodisintegration
tends to overproduce deuterium via the destruction of helium-4, while photodisintegration
often leads to a direct destruction of deuterium. Consequently, both effects go in different
directions and therefore may cancel each other. Prior works [26–28] also discussed the
effect of non-thermal neutrino scatterings. However, they make use of a significantly
simplified setup while relying on long-outdated observations.
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ϕ → νν̄ Change in background cosmology

Scattering Final-state radiation

Thermal Non-thermal

EM shower Hadronic shower

Photodisintegration Hadrodisintegration

Figure 2. Flowchart of the processes considered in this work.

d) Background cosmology. As depicted in sub-process d) of figure 1, and in addition to the
previously discussed effects leading to photo- and hadrodisintegration, the extra energy
density associated with the long-lived relic ϕ and the injected neutrinos also leads to
a change of the cosmological evolution, which in turn affects BBN and the resulting
light-element abundances. On a similar note, this also leads to a change in the effective
number of relativistic degrees of freedom, generally parameterised by the effective number
of neutrinos Neff, which in turn can be constrained by CMB measurements.

2.2 A first look at the resulting limits

In figure 2, we provide a condensed visualisation of the procedure that we use to calculate the
limits on neutrino injections. As part of this flowchart, we emphasise the individual branches
that we discussed in the previous section, but also the fact that there is an interference between
the different effects as indicated by the convergence of the tree before the boxes labelled “EM
shower” and “Hadronic shower”. Before entering into the details of the analysis, it is useful to
qualitatively discuss the physical effects of the various processes. Here, we do so by showing
in advance the results obtained in this work for two fixed masses, i.e. mϕ = 100 GeV and
mϕ = 500 GeV. By fixing the mass to one of these values and scanning over the abundance
and the lifetime of ϕ, we obtain the limits presented in figure 3. These figures show the
total limits that we obtain by fully including all effects, as well as the partial limits that we
obtain by retaining only individual effects of the various processes above.2 In the process,
we also separate the effects of EM and hadronic injections. Note that this section heavily
relies on various concepts that are only explained briefly, but will be discussed in more

2This separation is somewhat artificial, since a true separation is basically impossible due to the rich
interplay between the different effects.
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detail later. However, whenever this is the case, we provide forward or literature references
to aid the reader.

We start by discussing the results for mϕ = 100 GeV. For this choice of mass, one of the
least important contributions comes from the EM component of the EW shower, originating
from final-state radiation during the decay process (cf. e.g. [15]) (dashed orange). This is
not surprising, as this contribution is suppressed for values of mϕ/2 below the EW scale,
i.e. when the emitted gauge boson is forced to be off-shell (cf. figure 4). These constraints
are particularly weak for short lifetimes, since any EM injections that happen too early will
additionally be shut off as all photons with energy E > m2

e/(22T ) get rapidly depleted due
to e+e− pair production on the background photons (cf. e.g. [29, 30] and eq. (4.9)). This
becomes particularly evident from the sharp decrease in sensitivity towards τϕ ∼ 104 s. Overall,
the resulting (photodisintegration) constraints are mainly driven by an underproduction of
deuterium (τϕ ≲ 3 × 106 s) or an overproduction of helium-3 (τϕ ≳ 3 × 106 s). In addition
to this, the hadrons produced in the shower may induce sufficient hadrodisintegration
reactions (dotted orange), which in-turn significantly effect the light-element abundances.
For small lifetimes, τϕ < 107 s, the corresponding limits turn out to be orders of magnitude
more stringent than the ones originating purely from EM material. This is due to efficient
hadrodisintegration induced by energetic neutrons. In fact, neutrons are completely stopped
by their interactions with the background photons only for injections at t ≲ 102 s [31], i.e.
much earlier than any lifetime considered in this work. Consequently, at the temperatures
we are interested in, neutrons experience only negligible energy loss compared to other
particles (cf. e.g. [31]). This allows them to disintegrate helium-4 at earlier times leading
to deuterium overproduction (cf. section 4.3 and appendix D), when other particles would
dissipate their energy too quickly and thus impose only very weak constraints. For large
lifetimes, τϕ > 107 s, the hadrodisintegration effects turn out to be comparable to the EM
ones. In both cases, the limits stem mainly from an overproduction of deuterium, and there
is no cancellation between both effects. In conclusion, the total FSR limit (solid orange)
is stronger than the individual ones. Note that for such large lifetimes, the effect of the
hadronic part is plateauing around τϕ ∼ 109 s.

When it comes to thermal scattering, hadronic injections are irrelevant, as the correspond-
ing final states are kinematically impossible due to the small energy of thermal neutrinos
(cf. section 3.2.1). However, the same is not true for EM injection (solid red). For large
lifetimes, the corresponding constraint rapidly gets much weaker than the one from FSR
(solid orange). This behaviour is expected, as scattering processes depend quadratically on
the number density of the initial-state particles and hence are suppressed quadratically due
to cosmic expansion, whereas FSR is only suppressed linearly. For τϕ ≲ 107 s, these injections
lead to similar constraints than the ones from hadrons injected via FSR (dotted orange).
Like in the case of FSR, the overall limits mainly stem from either an underproduction of
deuterium (τϕ ≲ 3 × 106 s) or an overproduction of helium-3 (τϕ ≳ 3 × 106 s).

Regarding non-thermal scattering, the corresponding bounds from photodisintegration
(dashed blue) are very similar to the ones from thermal scattering for τϕ < 107 s. For
longer lifetimes, however, they do not decouple as fast as the thermal ones and thus become
much stronger. While interactions between two non-thermal neutrinos also suffer from the
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Figure 3. Left: BBN limits for mϕ = 100 GeV in the τϕ − mϕYϕ parameter plane. Besides the overall
limit (solid black), we also show the individual contributions that arise from the effects of the EW
shower, i.e. FSR, (orange), thermal scattering (red), non-thermal scattering (blue), and the modified
background cosmology (grey). For comparison, we also indicate the CMB Neff limit (dashed black).
Right: same, but for mϕ = 500 GeV.

aforementioned dilution suppression, the non-relativistic relic which sources the neutrinos,
dilutes slower than the background neutrinos, giving a relative boost to the impact of the
non-thermal scattering. The same is true for the hadronic component (dotted blue) when
considering large lifetimes. Similar to FSR, the contributions from EM and hadronic injections
add up in this regime, thus leading to slightly stronger bounds (solid blue). For lifetimes
τϕ < 108 s, the hadrodisintegration limits from non-thermal scattering are significantly
stronger than any other limit. As a result, they dominate the overall limit over a large range
of parameter space and therefore are essentially identical to the combined limit (solid black).
For short lifetimes, τϕ ≲ 105 s, we further observe that the individual limit due to non-thermal
scattering is even stronger than the total limit. However, this effect is rather artificial and
stems from the (non-perfect) separation of the different effects: when thermal scatterings
are turned off, less neutrinos scatter thermally into e+e− or νν, which increases the pool
of potential particles that can undergo non-thermal scattering. Since the latter mechanism
is dominant in this regime, this leads to somewhat stronger limits.

Finally, the limits are also affected by the modified background cosmology, which can
manifest in the form of two different effects. On the one hand (dashed grey), a change in
Neff leads to a different best-fit value for the baryon-to-photon ratio η (cf. (4.5)), which has a
direct influence on the deuterium abundance, which decreases (increases) for larger (smaller)
values of η (cf. e.g. section 4.1). On the other hand (dotted grey), the additional energy
density of ϕ and the non-thermal neutrinos leads to a change of the Hubble rate H, which has
a direct effect on the BBN products (cf. e.g. [32]). For the lifetimes considered in this work,
i.e. those that lie sufficiently past the end of thermal BBN, the resulting bound can effectively
be interpreted as an Neff bound from BBN, since it probes the additional energy density (as
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encoded in H) that is present during this time. In general, this effect is comparatively weak,
and its inclusion changes the overall limit that originates from both cosmological effects (solid
grey) only below τϕ ∼ 106 s. Notably, the total limit becomes weaker in this region, due to a
cancellation between an η-driven deuterium underproduction and an H-driven deuterium
overproduction. Overall, the limits arising from the modified background cosmology are the
dominant BBN limits for very large lifetimes, τϕ > 2 × 109 s. Thus, the full BBN constraint
(solid black), which takes into account all effects simultaneously, goes from a regime where it
is dominated by the non-thermal hadrodisintegration effect at small lifetimes (see above) to a
regime where it is dominated by the cosmological BBN limit at large lifetimes. Interestingly,
in between these two regimes, the full BBN limit follows the one from non-thermal scattering
for almost one order of magnitude in lifetime at around τϕ ∼ 109 s. This is a prime example
of a cancellation between different contributions which would have been invisible when only
showing each contribution individually. In this region, the aforementioned underproduction
of deuterium due to the change in η is (over-)compensated for by the overproduction of
deuterium induced by non-thermal scattering reactions.

For comparison, we also show the CMB limit that arises due to the presence of an
additional radiation component during recombination, parameterised in terms of the effective
number of neutrinos Neff (dashed black). Numerically, we find that the resulting constraint is
well parameterised by fϕ(τϕ/104 s) ≃ 680 (also cf. appendix A). Deviations from this naive
formula only arise for large masses, when the non-thermal neutrinos lose a significant amount
of their energy due to the injection of EM/hadronic material. Overall, we find that the CMB
limits are stronger than the one from BBN only for lifetime above 108 s. By also considering
BBN constraints, it is therefore possible to exclude much larger parts of parameter space.

So far we have discussed the resulting constraints for mϕ = 100 GeV. For smaller
masses, the behaviour is qualitatively similar. In particular, the total BBN constraint
displays the same general behaviour, dominated by the same two regimes just discussed above
with a similar cancellation feature in between (cf. figure 10). However, for larger masses,
important differences arise, as illustrated in right panel of figure 3 for mϕ = 500 GeV. Most
importantly, both constraints arising from EM and hadronic FSR injections become much
more stringent. While the qualitative behaviour remains similar to the one for mϕ = 100 GeV,
the strength of the limit increases by as much as three orders of magnitude. As a result,
the limits from FSR injections come to dominate all other constraints. In particular, the
hadronic contribution (dotted orange) dominates for lifetime below ∼ 107 s, while becoming
comparable to the EM one (dashed orange) above. Notably, taking into account the effects
from hadrodisintegration improves the constraints by several orders of magnitude for small
lifetimes. Overall, the combined constraint (solid black) depends only mildly on the lifetime.
Finally, most other limits do not change qualitatively. While the bounds arising from the
background cosmology (solid grey) remain very similar, the ones from thermal scattering
(solid red) increase significantly but, as before, are never dominant.

3 Details of neutrino injections

In this section, we provide a more rigorous description of the simplified picture given in
section 2.1. This includes, among other aspects, discussions of neutrino oscillations, kinematic
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thresholds, and details on the various scattering processes. We want to provide, as far as
possible, some analytical intuition for the processes and some of the interesting effects we
found, before we introduce our numerical framework in section 5. Note that in this section,
we do not give an explicit discussion of FSR, details of which can be found in [15].

3.1 Neutrino oscillations

Once produced, and potentially before undergoing further interactions, the injected neutrinos
may oscillate. Depending on the temperature at the time of injection, the timescale for a
neutrino to oscillate can be much shorter than the one for scattering. Indeed, for the range
of lifetimes considered in this work, the oscillation time (see e.g. [33])

tosc ∼ T

∆m2 ∼ 10−5 s
(

T

MeV

)
(3.1)

is much shorter than both the Hubble time and the interaction time (also cf. eqs. (3.6) and (3.7)
below). The only timescale smaller than this, is the one for FSR. For the present discussion,
the important conclusion is that neutrino oscillations are basically instantaneous, so that all
flavours will be present basically immediately after injection / FSR, even if the initial decay
produces only one flavour. We therefore utilise the following prescription: if a neutrino of a
given flavor α ∈ {e, µ, τ} is injected into the plasma, it is instead treated as a superposition
of all three flavor eigenstates β ∈ {e, µ, τ} weighted by the oscillation probabilities encoded
in the PMNS matrix (a more detailed description can be found in section 5)

(Mosc)αβ =
3∑

i=1
|Uαi|2|Uβi|2 ≈

0.55 0.17 0.28
0.17 0.45 0.37
0.28 0.37 0.35

 . (3.2)

This matrix can be applied to the spectrum of decay products for arbitrary branching
ratios, but also to the spectrum resulting from elastic scattering reactions to determine the
distribution of outgoing neutrinos in each case. In this work, we largely concentrate on
injections of the form ϕ → ν̄eνe for concreteness (cf. figure 3 above), noting that other choices
will hardly affect the final results (cf. section 6).

3.2 Thermal scattering of the form ννth → e+e−

3.2.1 Thresholds and timescales

We begin the discussion of thermal interactions with an investigation of the kinematic
thresholds and the interaction rates, before providing a more rigorous analytical treatment.

The threshold energy of injected neutrinos Eee, required to produce an electron-positron
pair while scattering off a background neutrino at temperature T , is approximately given
by (here, we use that Tν ∼ O(1)T )

Eee ∼ m2
e

T
≳ 26 MeV

(10 keV
T

)
, (3.3)

with me being the electron mass. Consequently, since we focus on neutrino injections at
T ≲ 10 keV, the injected neutrinos must have a kinetic energy well above the one of the
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Process Cross-section coefficient Σ(s)
νiν̄i → νj ν̄j 1
νiνi → νiνi 6
νiνj → νiνj 3
νiν̄j → νiν̄j 1
νj ν̄j → νj ν̄j 4

νeν̄e → eē
[(

1 + 2m2
e

s

) (
1 + 4s2

w + 8s4
w

)
− 3m2

e
s

]√
1 − 4m2

e
s

νµν̄µ → eē
[(

1 + 2m2
e

s

) (
1 − 4s2

w + 8s4
w

)
− 3m2

e
s

]√
1 − 4m2

e
s

ντ ν̄τ → eē
[(

1 + 2m2
e

s

) (
1 − 4s2

w + 8s4
w

)
− 3m2

e
s

]√
1 − 4m2

e
s

Table 1. Cross-section coefficients Σ(s) (cf. eq. (3.5)) for all available processes in the small energy
regime (Fermi theory). These expressions have been adapted and generalised from table 1 in [22].
Here, i, j ∈ {e, µ, τ} with i ≠ j, and we use the shorthand notation sin θw ≡ sw for the sine of the
Weinberg angle.

background neutrinos in order for this production to be feasible. For smaller energies, non-
thermal neutrinos can no longer annihilate into electron-positron pairs, meaning that they
no longer need to be tracked for the neutrino cascade. However, they do still contribute to
Neff. For the production of heavier particles, e.g. µ+µ− or π+π−, the respective threshold
energies Eµµ and Eππ must instead be significantly larger

Eµµ/ππ ∼
m2

µ/π

T
≳ (1.1/1.8) TeV

(10 keV
T

)
, (3.4)

with similar values (up to factors of O(1)) being obtained also for the mixed production of,
e.g. e+µ−. For such high energies, the overall limit is dominated by FSR (cf. sub-process
(a) in figure 1), meaning that these processes are not relevant to determine the overall limit.
We will therefore not consider them further in the following.

For the purpose of this work, any neutrino that undergoes scattering with the neutrino
background can therefore either produce an electron-positron pair or a pair of (potentially
different) non-thermal neutrinos (cf. section 3.3). In general, we find that — for T ≲ 10 keV

— the corresponding centre-of-mass energy s is always small compared to the EW scale as
described by the Z-boson mass mZ , i.e. s ≪ m2

Z . This implies that the various processes
can be described well within the effective Fermi theory without the need to invoke the full
EW theory. Within this approximation, the cross-section for any of the available scattering
reactions can be parameterised as

σ(s) = Σ(s)G2
F s

6π
. (3.5)

Here, GF is the Fermi constant and Σ(s) is a numerical coefficient, which differs by process
(cf. table 1). For s ≫ m2

e, which is true for most parts of parameter space, Σ(s) ≃ const.
holds, meaning that all cross-sections are approximately linear in s.

– 11 –



J
C
A
P
1
1
(
2
0
2
5
)
0
7
2

Depending on the energy of the injected neutrino, the interaction time tth corresponding
to thermal scattering can be either faster or slower than the Hubble time tH . In general,
these times can be approximated as

tH ∼ 1
H(T ) ∼ mP

T 2 ∼ 1 s

(
T

MeV

)−2
, (3.6)

tth ∼ 1
G2

F T 4E
∼ 10−3 s

(
T

MeV

)−4 ( E

10 GeV

)−1
, (3.7)

with the Planck mass mP . For the last expression, we used that roughly tth ∼ 1/(σthn̄ν) with
the number density n̄ν ∼ T 3 of thermal neutrinos and the thermal scattering cross-section
σth ∝ G2

F s ∝ G2
F ETν with Tν ∝ T within effective Fermi theory (also cf. eqs. (3.9)–(3.11)

below for a more detailed calculation). Notably, the interaction time tth depends on the
energy E of the non-thermal neutrino, meaning that for certain choices of E, the interaction
time can be much shorter than the Hubble time. Specifically, tth < tH is true for

E ≳ 100 GeV
(10 keV

T

)2
. (3.8)

Consequently, a significant amount of scatterings per Hubble time only occurs for heavy ϕ

with lifetimes τϕ ∼ 104 s corresponding to a neutrino injection at T ∼ 10 keV. In this case,
the injected neutrinos basically scatter instantaneously, i.e. as soon as they are produced.
However, this does not imply that the neutrinos efficiently thermalise, since each scattering
reaction reduces the energy of the final-state neutrino, making thermal scattering progressively
less efficient and potentially spoiling eq. (3.8) before thermal equilibrium can be established.

For most of the relic masses and lifetimes of interest, the thermal interaction rate is
below the Hubble rate and interactions will generally not take place instantaneously (if at
all), which is why we concentrate on this regime in the analytical discussion below.

3.2.2 A simplified analytical approach

In this subsection, we expand on the previous discussion by providing a simplified analytical
approach for handling EM injection due to reactions of the form ννth → e+e−, with a
non-thermal (i.e. injected) neutrino ν and a thermal neutrino νth. In the process, we
provide a simplified analytical treatment to gain some intuition for this process and its
implications. Afterwards, we discuss the shortcomings of this treatment, thus motivating the
more sophisticated treatment outlined in section 5, which is used for the final analysis.

Let us start by considering a single neutrino injected at time tinj corresponding to the
temperature Tinj.3 Assuming a reaction X + Y → Z among massless initial-state particles,
the interaction rate ΓZ describing the number of reactions happening per time, is given
by (this expression is obtained by simplifying the corresponding collision operator in the
Boltzmann equation)

ΓZ(T, E) = gY

16π2E2

∫ ∞

0
dϵ fY (ϵ)

∫ 4Eϵ

0
ds s · σZ(s) . (3.9)

3For simplicity, we neglect neutrino oscillations in the following (simplified) analytical discussion.
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Here, σZ(s) is the cross-section of the reaction, E is the energy of X and ϵ is the energy
of Y , with the latter particles featuring a phase-space distribution fY and gY degrees of
freedom. Consequently, the corresponding rate Γee(T, E) for the process νν̄th → e+e− with
X = ν, Y = ν̄th and Z = e+e− is given by

Γee(T, E) = gν

16π2E2

∫ ∞

0
dϵ fν,th(ϵ)

∫ 4Eϵ

0
ds s · σee(s) , (3.10)

where σee(s) is the cross-section defined in eq. (3.5) with the correct expression for Σ(s)
from table 1. Assuming for simplicity that me = 0, in which case Σ(s) = const. ≡ Σ∞, we
have σee(s) ≡ Σ∞G2

F s/(6π) and consequently

Γee(T, E) me=0≃ gν

16π2E2

∫ ∞

0
dϵ fν,th(ϵ)

∫ 4Eϵ

0
ds

Σ∞G2
F s2

6π
= 7π

90 Σ∞G2
F ET 4

ν . (3.11)

Note that in this expression, Σ∞ assumes different values depending on the flavours of the
initial-state neutrinos participating in the reaction (cf. table 1).

As already stated above — in order to gain a simplified analytical understanding —,
we consider the case where the Hubble rate defines the shortest timescale of the problem
(when ignoring FSR and neutrino oscillations). Under these assumptions, the energy of each
injected neutrino is modified mainly by redshift, meaning that at a given redshift z, the
remaining energy of the neutrino is given by E(z) = Einj(z/zinj), where Einj and zinj refer
to the neutrino energy and the redshift at the time of injection. By enforcing the condition
E(z)T ≲ m2

e, we therefore find that a neutrino can no longer produce electron-positron pairs
at temperatures T ≲ (m2

e/Einj)(zinj/z). This is also the point at which
√

s ∼ 2 me, meaning
that our assumption in eq. (3.11), i.e. Σ(s) ∼ const., breaks down. However, we find that

— for sufficiently heavy relics — this problem is of little relevance, since the corresponding
temperatures are small enough to no longer allow for efficient energy injection anyway,
e.g. because of dilution effects or because the relic has already fully decayed. Nevertheless,
it is worth noting that the analytical treatment of this subsection technically only applies
to sufficiently heavy relics.

To calculate the total fraction of energy ζem(tinj) that is transferred into the plasma by a
neutrino injected at time tinj, let us consider an infinitesimal time step dt. In this case, the
differential energy fraction dζem injected during the interval dt is given by

dζem ≃ E(t)
Einj

Γee(t)dt . (3.12)

Here, Γee(t)dt is the probability for a non-thermal neutrino with energy E(t) to scatter into
e+e− during the interval t → t+dt, in which case it transfers a fraction E(t)/Einj of its original
energy Einj into EM material. Using the time-temperature relation dT/dt = −H(T )T , we
then find

dζem
dT

= dζem
dt

× dt

dT
= −E(T )

Einj
Γee(T ) × 1

H(T )T = −
(Γee

H

)
inj

T 3

T 4
inj

. (3.13)

In the last step, we have used Γee(T ) ∝ E(T )T 4 according to eq. (3.11), H(T ) ∝ T 2 and
E(T ) = Einj(z/zinj) = Einj(T/Tinj). By integrating this expression from T = Tinj to T → 0,
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ζ e
m

φ→ νeν̄e

no oscillations

EW shower from FSR
Thermal neutrino cascade for Tinj = 10 keV

Thermal neutrino cascade for Tinj = 1 keV

Thermal neutrino cascade for Tinj = 100 eV

Kinematic breakdown
Perturbative breakdown

Figure 4. Comparison of the fraction ζem of energy that is injected in the form of EM material as
a function of the relic mass mϕ within (i) the context of a relic ϕ that decays into two neutrinos,
which subsequently cause an EW shower due to FSR (red, cf. [15]), and (ii) our simplified analytical
description of the neutrino cascade after injection with Tinj = 10 keV, 1 keV, 100 eV (green, purple,
orange). We further indicate the values of mϕ = 2Einj for which electron-positron production becomes
kinematically inaccessible (lower circle), muons become kinematically available (upper circle), or the
annihilation rate approaches the Hubble rate (star). In all of these cases, our simplified analytical
description breaks down.

we therefore find

ζem(Tinj) =
∫ 0

Tinj
dT

dζem
dT

≃
∫ Tinj

0
dT

(Γee

H

)
inj

T 3

T 4
inj

= 1
4

(Γee

H

)
inj

. (3.14)

Notably, this result demonstrates that the total fraction of the injected energy in eq. (3.14) is
smaller than the naive estimate (Γee/H)inj by a factor 4, courtesy to the energy loss due to
redshifting before scattering. Additionally, given that the scattering reactions of the neutrinos
usually happen on timescales larger than the Hubble time (see above), the explicit polynomial
dependence on T in eq. (3.13) — contrary to an expression ∝ δ(T − Tinj) —, shows that the
energy transfer into EM material is not instantaneous, but rather happens over a prolonged
period of time; a key feature that is unique to neutrinos. In contrast, particles that are
either electromagnetically or colour charged, would dump their energy instantaneously, thus
leading to an immediate change of the light-element abundances. Non-thermal neutrinos,
on the other hand, can still be around until well-after the lifetime of the relic to induce
disintegration processes.

In figure 4, we visualise these results by showing the energy fraction ζem that was
derived within this framework using the electron-neutrino annihilation cross-section of table 1
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in the me = 0 limit. We find that ζem scales linearly with the mass of the relic ϕ as
expected from eq. (3.14). For comparison, we also indicate the values of ζem that are
obtained when considering only the EW shower from FSR as calculated in [15]. Notably,
for small masses or early injections, thermal scattering dominates and therefore is expected
to lead to a strengthening of the resulting constraints. Additionally, we also indicate
the kinematic threshold (lower circle) below which electron-positron production becomes
inaccessible according to eq. (3.3). While we did not take into account the kinematic
suppression just above the threshold, we find that this would have an effect only for low-
energy, late-time injections as shown in the figure for Tinj = 100 eV. However, there also
exists a second kinematic breakdown (upper circle), which is driven by the production of
particles heavier than electrons, specifically muons. As outlined in eq. (3.4), this effect only
plays a role for very heavy particles or very early injections. Therefore, this effective cut-off
never becomes dominant in our work.

In addition to the kinematic breakdowns, there also exists a perturbative breakdown for
our description (star), which we estimate by solving Γee(Tinj)/H(Tinj) = 1 for Tinj. Beyond
this threshold, eq. (3.14) is no longer valid, as it does not account for multi-scatterings.
However, we find that for masses beyond 1 TeV, the limits are always dominated by the EW
shower from FSR, meaning that neither the perturbative nor the upper kinematic threshold
play any significant role.

Note that — besides the shortcomings already discussed above and the fact that we only
consider a single neutrino species — for the purpose of describing the non-thermal interactions
(see below), we need information on the full energy distribution of the high-energy neutrinos,
which is impossible to obtain within this simplified approach. Thus, we will ultimately need
to abandon this analytical description for a more rigorous numerical treatment. A thorough
discussion of this approach can be found in section 5.

3.3 Thermal scattering of the form ννth → νν

So far, we have assumed that — before scattering into e+e−, the non-thermal neutrinos only
lose energy due to redshift. However, they may also scatter with a CνB to produce a pair of
(potentially different) secondary neutrinos instead. In this case, both neutrinos redistribute
their initial energy between each other, meaning that the thermal background neutrino
becomes non-thermal. At first sight, it seems that such reactions could have a large effect on
the subsequent production of e+e− pairs, since table 1 shows that scattering into neutrinos
is about 5 to 10 times faster than scattering into e+e−. However, a closer look reveals that
this is not the case. In fact, the annihilation rate only depends linearly on the energy of
the individual particles, which implies that — at a given temperature — the annihilation
rate of both final-state, non-thermal neutrinos is the same as the annihilation rate that the
single initial-state neutrino would have had, if it did not scatter before, i.e. (cf. eq. (3.11)
with Σ = const. ≡ Σ∞ from table 1)

Γee(T, E1) + Γee(T, E2) = 7π

90 Σ∞G2
F T 4

ν (E1 + E2) = Γee(T, E1 + E2) . (3.15)
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Consequently, for thermal scattering, the total energy that is injected in the form of e+e−

pairs does not depend on how that energy is distributed among the different neutrinos.4
Since we assume that interactions of the form ννth → νν do not significantly alter the
thermal neutrino abundance, it is reasonable to disregard these interactions. In other words,
it is justified to consider the energy injection induced by a single neutrino, as discussed in
section 3.2. However, the introduction of non-thermal collisions will void this argument due
to the breakdown of Fermi theory, as discussed in the next section.

3.4 Non-thermal scattering between two high-energy neutrinos

Naively, one could expect that scattering reactions between two injected, high-energy neutrinos
are negligible due to their comparatively small number density (this has been assumed
e.g. in [10, 16, 20]). However, as already emphasised in section 2, in the context of this work,
we instead find that such interactions are highly relevant over large parts of parameter space
due to their larger centre-of-mass energy, thus leading to scattering that occurs on resonance
with much higher cross-section. In this work, we therefore utilise a rather complete treatment
of non-thermal neutrino scattering to calculate the resulting constraints.

While the small number density of high-energy neutrinos suppresses interactions among
them, this suppression can be compensated for by a significant increase in the scattering
cross-section, since the larger centre-of-mass energy (compared to thermal scattering) makes
the Z-resonance in the s-channel diagrams of the annihilation processes kinematically available
for large parts of parameter space. The larger centre-of-mass energy also implies the existence
of additional final-states (as opposed to only νν and e+e−), leading, in particular, to hadronic
particles, which have a strong influence on the resulting limits. To the best of our knowledge,
the inevitable injection of high-energy hadrons from non-thermal scatterings has not yet been
considered in the literature, but still provides the leading constraints for relatively small
lifetimes and masses below ∼ 100 GeV (see above). In figure 5, we plot the total cross-sections
(including all possible two-body final states) as a function of the centre-of-mass energy

√
s for

various initial-state neutrino flavours. As expected, the resulting curves approach the sum of
all cross-sections in table 1 asymptotically for small

√
s.5 In the figure, we further indicate

the mass thresholds for the charged lepton, as well as the Z-boson mass, thus highlighting
the sharp transitions at threshold, e.g. at

√
s = 2me and

√
s = mZ . In fact, for each lepton

li, there exist two thresholds, i.e. the standard annihilation threshold from νiν̄i → li l̄i at√
s = 2mli and the mixed threshold(s) from νiν̄j → li l̄j at

√
s = (mli + mlj ).

To quantify the effect of the non-thermal interactions, in figure 6, we additionally show
the average fraction ⟨ζn-th

em ⟩ of EM energy that is injected into the plasma due to one reaction
happening at a centre-of-mass energy

√
s. These results have been obtained by utilising

PYTHIA8.3 to simulate the particles shower induced by the final-state particles (see section 5
below for more information).6 We find that in the low-energy regime, ⟨ζn-th

em ⟩ reaches a plateau
4As discussed in the previous section, this result is only valid well above the e+e− production threshold.
5Note that the given cross-sections have been calculated at leading order, which is why processes with

charge conjugated initial states, like e.g. νeνe and ν̄eν̄e, feature the same cross-section. Also, again at leading
order, the cross-sections for νeνµ, νeντ and νµντ are identical. We therefore do not show all combinations.

6Note that this fraction is the same in the cosmic rest frame and the centre-of-mass frame due to the
isotropic distribution of the injected particles.
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Figure 5. The total cross-section for different initial-states and all possible two-body final states.
Note that only interactions between neutrinos and anti-neutrinos can go on resonance, while the
remaining processes consistently drop below the naive Fermi scaling at high energies. All data has
been extracted by running MadGraph5 [34]. Note that the contributions for νeν̄τ (blue) and νµν̄τ

(green), while strictly speaking slightly different, are virtually indistinguishable in the plot.

in agreement with our discussion on thermal scattering (cf. table 1).7 Overall, we find that
once kinematically allowed, the amount of EM material injected by neutrino collisions of
different flavour (red, blue, green), does not vary much with energy and ultimately converges
to a constant value at very high energies. This result is expected, since such combinations
of neutrinos only undergo t-channel scattering and hence do not feel the Z-resonance. For
interactions with identical flavours in the initial state, there instead exist small variations
with energy. Interestingly, all corresponding lines (orange, purple, pink) converge around the
resonance, at which point the final states are dominated by Z-boson decay, irrespective of
the initial-state configuration. For higher energies, the lines diverge again, since the large
phase-space favours non-resonant interactions over the kinematically suppressed resonance.

For centre-of-mass energies around the Z-pole, the resonance provides the dominant
contribution for non-thermal scattering. In particular, for a collision of two high-energy
neutrinos, the resonance effectively selects the scattering angle in such a way to put the
interaction on resonance (as the probabilities for other configurations are much smaller).
However, in this work, we still take into account the full energy distribution (which we
assume to be isotropic) and the exact cross-sections, without relying on a narrow-width

7We have interpolated between the PYTHIA8.3 results and those from Fermi theory for
√

s < 1 GeV.
Moreover, in the plot, we only consider combinations that can have non-neutrino final states at leading order.
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Figure 6. The average fraction of energy injected in the form of EM material from collisions
of two high-energy neutrinos, as calculated via PYTHIA8.3. We only show neutrino-antineutrino
combinations, since — at leading order — only those combinations feature non-neutrino final states
due to lepton-number conservation.

approximation. In particular, this means that scattering is also allowed, albeit suppressed, in
the energy range below the resonance (cf. section 5 for more details).

Regarding the injection of hadronic material, the distribution of final states obtained by
PYTHIA8.3 reveals that non-thermal interactions on average inject less than one nucleon per
scattering, with an average kinetic energy of a few percent of the sum of the initial neutrino
energies. At first glance, this seems to be a negligible contribution. However, in section 4.3
we will emphasise that hadronic injections should still be handled with care. In fact, we
find that this contribution yields the dominant constraints for significant parts of parameter
space. We provide more details on this contribution in section 5.

At this point, it is worth noting that the inclusion of non-thermal scattering reactions
significantly complicates the calculation. Many of the arguments that were used for the
simplified approach in section 3.2.2 rely on the linearity of the underlying processes, among
other assumptions. However, many of these simplifications are no longer justified for non-
thermal scattering, since (i) non-thermal, high-energy collisions inject both EM and hadronic
material, (ii) the corresponding interaction rate is inherently quadratic in the amount of
non-thermal neutrinos, and (iii) Fermi theory breaks down for high-energy collisions at and
beyond the resonance. As a result, the amount of injected EM (and hadronic) material is no
longer independent of whether the neutrinos underwent ννth → νν scatterings before, as no
equivalent of eq. (3.15) exists for non-thermal scattering. Therefore, it is crucial to take into
account the temporal evolution of the energy distribution of non-thermal neutrinos. However,
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for the parameter space considered in this work, we find that H ≫ Γννth→νν , meaning that
two injected neutrinos usually only scatter once and therefore are not much affected by
previous (non-existent) scattering reactions. However, scatterings of the form ννth → νν will
still deplete the number of high-energy neutrinos. In practice, we remove each neutrino from
the spectrum that scatters in this way, as a second scattering of the final-state particles is
unlikely. This approximation, which considerably simplifies the simulation, is justified as long
as the aforementioned relation between interaction rate and Hubble rate is true.

3.5 Interactions with other particles

Collisions between the injected neutrinos and the relic ϕ (such as νϕ → νϕ) are highly
suppressed due to the small coupling corresponding to lifetimes τϕ > 104 s and can therefore
be neglected in our calculation. Additionally, neutrinos do not interact directly with the
background photons (apart from loop-corrections), and their interaction with the background
electrons/positrons, like e.g. νe± → νe±, is suppressed by the small baryon-to-photon
ratio. The same argument applies to direct interactions between neutrinos and any light
nuclei N , i.e. neutrinodisintegration of the form νN → . . . (cf. appendix B for a numerical
demonstration). However, the neutrino-induced interconversion between neutrons and protons
during and shortly after thermal BBN, e.g. νp → ne+, can play an important role [22].
Nevertheless, we find that for the relatively long-lived relics considered in this work, the
limits presented in [22] are subdominant, meaning that the inclusion of this effect would
not change our results.

4 A brief overview of thermal and non-thermal BBN

In this section, we provide a concise review of the standard approach for deriving bounds on
BSM models using BBN results. We begin by introducing the observational light-element
abundances and by briefly discussing the correlation between Neff and η. Next, we summarise
the main features of photodisintegration and present the basic framework in which ACROPOLIS
operates. Finally, we describe the hadrodisintegration formalism, which we have incorporated
into v2.0.0-dev of ACROPOLIS for the purpose of this study.

4.1 The light-element abundances

In this work, we use the latest recommended values for the observed light-element abundances
for Yp, D/1H as reported in [35] and for 3He/D (only as an upper limit) as reported in [36]:

Yp = (2.45 ± 0.03) × 10−1 , (4.1)
D/1H = (2.547 ± 0.029) × 10−5 , (4.2)

3He/D = (8.3 ± 1.5) × 10−1 . (4.3)

Following the usual convention for the light-elements abundance, we use N/N ′ ≡ YN /YN ′

with N, N ′ ∈ {1H, D, 3He, 7Li}, YN ≡ nN /nb, and nb being the baryon number density. For
4He, we instead use the common parameterisation Yp ≡ 4Y4He. In addition to the elements
mentioned above, the primordial lithium abundance is inferred to be [35]

7Li/1H = (1.6 ± 0.3) × 10−10 . (4.4)
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However, this measurement is known to be in contradiction with the value predicted by
standard BBN, a discrepancy commonly referred to as the (cosmological) lithium problem.8
In this work, we do not try to resolve this tension and therefore (conservatively) take into
account only the limits from the other abundances.

To calculate the evolution of the different abundances theoretically during thermal
BBN (potentially with a modified background cosmology), we utilise a modified version of
AlterBBN [39, 40], denoted as AlterAlterBBN in the following,9 which can handle arbitrary
background cosmologies and further incorporates the most recent set of nuclear reaction
rates [41–45]. As part of the calculation, we utilise the value of the baryon-to-photon ratio
η obtained by the latest Planck measurements [46]. Notably, it is well known that η has a
strong correlation with Neff, which we incorporate by following the prescription presented
in [47]. More precisely, the latest Planck data, i.e. the 95% confidence region ellipse (Planck
TT, TE, EE+lowE+lensing+BAO) in the Ωbh

2 − Neff plane in figure 26 of [46], implies that
for a given value of Neff, the best-fit value of η is given by

ηNeff = η + rση
Neff − N eff

σNeff

, (4.5)

with

η = 6.128 × 10−10 , ση = 4.9 × 10−12 , N eff = 2.991 , σNeff = 0.169 , r = 0.677 . (4.6)

Since D/1H exhibits a rather strong dependence on η, the above uncertainty further introduces
an additional error on the deuterium abundance, and consequently the total experimental
uncertainty σexp

D/1H becomes

ση
D/1H =

∣∣∣∣∣d(D/1H)
dη

ση

√
1 − r2

∣∣∣∣∣
η=ηNeff

≈ 0.024 × 10−5 , (4.7)

⇒ σexp
D/1H =

√(
σobs

D/1H

)2
+
(
ση

D/1H

)2
≈ 0.035 × 10−5 , (4.8)

with σobs
D/1H = 0.029 × 10−5 from eq. (4.2) above. For the other elements, the uncertainty

induced by η is much smaller and thus negligibly compared to the one from observations.
In this work, we use these measurements to calculate constraints at 95% C.L., identical to
the procedure used in [48] (also cf. this paper for more information).

4.2 A quick look at photodisintegration

The particles originating from neutrino collisions, e.g. among others the e+e− pairs discussed
in section 3.2, feature an energy E0 that is much larger than the one of thermal species,
i.e. E0 ≫ T . If the injected particles are electromagnetic, i.e. electrons, positrons and photons,
they can efficiently scatter on the background photons, thus inducing an EM cascade, which
ultimately produces a spectrum of non-thermal photons. If the energy of the particles initiating
this cascade is above the electron pair-creation threshold, i.e. E0 > Eth

ee ≃ m2
e/(22T ), any

8Currently, an astrophysical solution to this discrepancy appears most likely [37, 38].
9For the corresponding source code, see https://github.com/hep-mh/alteralterbbn.
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photon produced during this cascade with an energy above this threshold is rapidly depleted.
In this case, it is well known that the cascade produces a universal spectrum of non-thermal
photons, which is well approximated by [29]10

fγ,univ(T, E) ≃ Sem(T )
Γγ(T, E) ×


K0(E/EX)−3/2 , E < EX ,

K0(E/EX)−2 , EX < E < Eth
ee ,

0 , E > Eth
ee .

(4.9)

Here, K0 = E0E−2
X

[
2 + ln(Eth

ee/EX)
]−1

, EX = m2
e/(80T ), Γγ is the total scattering rate

of non-thermal photons with the background, and Sem is the source-term describing the
total amount of injected EM material.

Note that in the context of photodisintegration, the distribution function fγ is usually
defined to be differential in energy instead of momentum fγ , with both of them being related via

fγ(T, E) = gγ
Ep

2π2 fγ(T, p) . (4.10)

Here, gγ = 2 is the number of photon degrees of freedom.
To evaluate eq. (4.9) for our scenario, we have to compute the source term Sem originating

from the neutrino cascade. If all particles are injected with the same energy E0,

Sem(T ) =
∑

x=e±,γ

dninj
x

dt
=

∑
x=e±,γ

1
E0

dρinj
x

dt
, (4.11)

where the different dninj
x /dt (dρinj

x /dt) denote the number (energy) densities of injected
particles per time interval originating from the neutrino cascade. Notably, the first expression
for Sem in eq. (4.11) is indeed only true if all particles are injected with the same energy E0;
however, the second expression remains valid even if particles of different energies E′

0 < E0
contribute to the same universal spectrum with maximal injection energy E0, which is the case
for our scenario with E0 = mϕ/2. A more detailed calculation of this quantity is presented
in section 5 below. At this point, let us note that Sem receives independent contributions
from all relevant processes, meaning that in our case

Sem(T ) = Sdcy
em (T ) + Sfsr

em(T ) + Sth
em(T ) + Sn-th

em (T ) . (4.12)

Here, Sfsr
em(T ), Sth

em(T ), and Sn-th
em (T ) are the source terms originating solely from FSR, thermal,

and non-thermal scattering, respectively (a detailed calculation of the different source terms
is provided in section 5 below). Finally, Sdcy

em (T ) encodes potential direct contributions from
the decay of the relic, e.g. if the latter also decays into electron-positron pairs with a certain
branching ratio BRee. We explore this possibility in more detail below.

10We made sure that the universal spectrum is always a good approximation for the parameters considered
in this work. Therefore, we do not have to explicitly solve the equations governing the EM cascade to obtain
the spectrum (cf. e.g. [49, 50]).
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After the EM cascade, the non-thermal photons originating from the EM cascade, i.e. the
ones encoded in fγ,univ, will initiate photodisintegration reactions, e.g. γD → np among
others. The Boltzmann equations governing these reactions can be written as [21] (dropping
the t/T dependence for convenience)
[dnX

dt

]
photo

=
∑

j

njNjγ→X

∫ ∞

0
dE fγ(E)σjγ→X(E) − nX

∑
j′

∫ ∞

0
dE fγ(E)σXγ→j′(E) .

(4.13)

Here, fγ = fγ,univ, X is any of the light nuclei under consideration, Njγ→X is the number of X

nuclei that is produced in the reaction jγ → X, and σjγ→X (σXγ→j′) are the cross-sections
for the different reactions creating (destroying) X, which can be found in [21]. Given an
expression for Sem(T ), we could in principle use the most recent stable version v1.3.2 or
the updated version v2.0.0-dev of ACROPOLIS to calculate fγ,univ and to solve eq. (4.13)
in order to obtain the final light-element abundances after photodisintegration. However,
the neutrino cascade also injects hadronic material and the hadrodisintegration reactions
usually happen at similar timescales as the photodisintegration reactions. Consequently, both
effects are generally intertwined and eq. (4.13) must be extended by additional reactions
in order to handle both effects simultaneously.

4.3 A quick look at hadrodisintegration

Overall, the hadrons produced in the neutrino cascade lead to significant effects, even though
their production is generically subject to a stronger kinematic suppression.

As already mentioned above, non-thermal scattering reactions (but also final-state
radiation) usually produce less than one nucleon per interaction, with kinetic energies at the
GeV-scale, i.e. large enough to destroy 4He in a nucleon-nucleus interaction. This usually
leads to a production of deuterium. However, since photodisintegration mainly causes a
destruction of deuterium, there might be cancellations between both effects, which is why
it is imperative to consider both of them simultaneously.

In fact, despite the smaller number of injected hadrons (compared to EM material),
hadrodisintegration is still important due to the following two reasons:

1. The cross-section for the destruction of 4He via a proton or neutron (p/n+4He → D+. . . )
is about two orders of magnitude bigger than the one for the destruction of D via a
photon (γ + D → . . . )

2. 4He is more than three orders of magnitude more abundant than D, which further
boosts the relative importance of the hadrodisintegration rate.

Therefore, even if the ratio between injected hadrons and photons is O(10−5), hadrodisin-
tegration effects can still be as significant as photodisintegration effects. In addition, for
small lifetimes, τϕ ≲ 104 s, high-energy photons are efficiently depleted before undergoing
any disintegration reactions, which is not true for neutrons.
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The effect of injecting hadrons during or after thermal BBN has already been extensively
discussed in [31, 51], and more recently in [52, 53]. However, since there does not exist any
public code, in this work, we perform an independent calculation based on these publications.
Further details on our implementation can be found in appendix D, where we present a
concise overview of the most important calculational steps. In this appendix, we also point
out slight discrepancies between our calculation and the one in the literature, as well as
how this changes the final disintegration processes.

While the details of our calculation are delegated to the appendix, let us point out
how eq. (4.13) is modified in the presence of hadrodisintegration reactions. To this end,
we introduce two parameters ξ

n/p
X [nj ](T, K) for each element X ∈ {p, n, D, T, 3He, 4He}

(cf. appendix D for details on how to calculate these parameters). This quantity encodes the
amount of X particles that are produced (or destroyed if negative) due to the injection of a
single neutron/proton with kinetic energy K at a given temperature T . Moreover, it depends
explicitly on the abundance of the present light elements, as indicated by the argument nj .
Given this quantity, the Boltzmann equation governing hadrodisintegration can be written
as (again dropping the t/T dependence for convenience)[dnX

dt

]
hadro

=
∑

y=n,p

∫ ∞

0
dK ξy

X [nj ](K)
d2ninj

y

dtdK
(K) . (4.14)

Here, d2ninj
n/p/(dtdK) is the number density of neutrons/protons that are injected per time

and kinetic-energy interval. Combining this equation with eq. (4.13), the total Boltzmann
equation governing non-thermal BBN (NBBN) is consequently given by[dnX

dt

]
NBBN

=
[dnX

dt

]
photo

+
[dnX

dt

]
hadro

. (4.15)

At this point, let us note that in order to solve this equation, we further make the following
two simplifications:

1. Both processes that inject hadrons, i.e. non-thermal scattering and FSR, inject an equal
amount of protons and neutrons. We checked that this statement holds true within our
setup to a reasonable accuracy.

2. Both processes inject hadrons of a single, average kinetic energy, which however still
depends on the initial energy and the time of injection (cf. figure 9 below for details).
This is in line with other simplifications we make in section 5.

Under these assumptions, eq. (4.14) simplifies to[dnX

dt

]
hadro

≃
∑

y=n,p

(
ξy

X [nj ](K fsr
hd)dnfsr

hd
dt

+ ξy
X [nj ](Kn-th

hd )dnn-th
hd

dt

)
. (4.16)

Here, dnn-th
hd /dt (dnfsr

hd/dt) is the number density of injected hadrons per time interval that
are produced with an average kinetic energy Kn-th

hd (K fsr
hd) due to non-thermal scattering

(FSR). A detailed calculation of these quantities is presented in section 5 below. Note again,
that the right-hand side of this equation explicitly depends on the light-element abundances
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nj via the parameters ξy
X . Finally, let us note that similar to eq. (4.12), we can also define

a hadronic source term

Shd(T ) = Sfsr
hd(T ) + Sn-th

hd (T ) , (4.17)

which receives contributions from FSR and non-thermal scattering reactions. While not
directly entering the corresponding Boltzmann equation, this quantity is still relevant for
the handling of the neutrino cascade below (cf. eq. (5.34)).

For the parameters considered in this work, eq. (4.15) for NBBN decouples from the
Boltzmann equation for thermal, i.e. standard, BBN (SBBN). In practice, we therefore (i)
track the neutrino cascade to calculate the modified Hubble rates as well as the quantities
Sem, K fsr

hd , etc. (see section 5 below for more information), (ii) use the modified background
cosmology as an input to solve the equations for SBBN with the help of AlterAlterBBN, and
(iii) use the resulting abundances as initial conditions for our updated version of ACROPOLIS,
which then solves eq. (4.15) with the expressions from eqs. (4.13) and (4.14), the latter of
which has been simplified specifically for our scenario.

At this point, let us also briefly comment on how we handle the theoretical errors
entering eq. (4.15). Specifically, we consider (i) the errors on the nuclear reaction rates
used in AlterAlterBBN, and (ii) the errors on our calculation of ξy

X , which amount to
∼ 20% ≡ ϵξ (cf. appendix D). Regarding (i), we run AlterAlterBBN three times with the
high, mean and low values of the nuclear reaction rates, thus obtaining three sets of final
SBBN abundances Y Γ high,0

X , Y Γ mean,0
X , and Y Γ low,0

X , respectively. We then solve eq. (4.15)
once for each set of these initial abundances, leading to the final abundances Y Γ high

X , Y Γ mean
X ,

and Y Γ low
X . Regarding (ii), we solve eq. (4.15) with the initial condition Y Γ mean,0

X and
ξy

X{(1 + ϵξ), 1, (1 − ϵξ)} to obtain three sets of final abundances Y ξ high
X , Y ξ mean

X , and Y ξ low
X .

We then calculate the theoretical error on the different abundances YX as the minimal
difference between all six values presented above. Finally, we combine the theoretical error
calculated in this way with the observational error on the abundances presented in section 4.1
to obtain the overall exclusion limits.

A note on anti-nucleons. In our analysis, we do not include the effect of anti-baryons,
which are subleading. Hadrodisintegration reactions caused by anti-nucleons have been
studied in [52] (henceforth KKMT18). Using figure 6 of KKMT18, we find that the effect of
anti-neutrons (denoted by “ξHi,n”) becomes bigger than the effect of protons (denoted by
“ξHi,p”) only at very high energies, which are not relevant for the parameters considered in
this work. Since all of our interactions conserve baryon number, high-energy anti-baryons
and baryons are always produced in equal numbers. In this work, we explicitly take into
account the fact that the non-thermal collisions respect baryon-number conservation. In
practice, we subtract the injected baryons from the final abundance of hydrogen to make
sure that it does not bias the baryon-to-photon ratio.

A note on proton-neutron conversions. Protons and neutrons are not the only hadrons
injected via the cascade. As shown in [31] (henceforth KKM05), injected pions also contribute
to a change in the light-element abundances. However, this happens more indirectly via
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the interconversion of protons and neutrons during SBBN, i.e. for T ≳ 0.1 MeV or t ≲ 100 s,
which is below the lifetimes we consider in this work.

4.4 Interlude: the CMB Neff constraint

In the literature, constraints from BBN are often compared to the one originating from
Neff at the time of recombination. In the context of this work, the contribution of the
additional non-thermal neutrinos to the effective number of neutrinos at the time trec of
recombination can be written as

Neff = ρth
ν (trec) + ρn-th

ν (trec)

27
8

π2

30

(
4
11

)4/3
T (trec)4

≡ [3 + ∆Neff(trec)]
(11

4

)4/3 (Tν(trec)
T (trec)

)4
. (4.18)

In this expression, which defines ∆Neff, we have split the energy density of the neutrinos
ρν into a thermal and a non-thermal part, with the former one being sourced by standard
cosmology while the latter one arises solely from the decay of the dark-sector particles.11

Like the one for BBN from H and η, the limits considered in this section also derive from
a change in the background cosmology, with the Planck mission [46] constraining ∆Neff to
∆Neff(trec) < 0.29. In appendix A, we provide a simplified parameterisation of the resulting
constraint in the context of this work.

5 Overview of the numerical treatment

5.1 Introductory remarks

This section is dedicated to a thorough discussion of the computational approach that is used
to track the neutrino cascade, as well as the resulting injections of EM and hadronic material.
As already mentioned above, since we only consider lifetimes sufficiently beyond the end of
thermal BBN, we can effectively “factorise” the calculation into three different steps:

• Neutrino cascade. In a first step, we track the evolution and decay of the relic ϕ, as
well as the secondary production of EM and hadronic material due to the injected
neutrinos. Here, we use the properties of the relic, e.g. its mass mϕ and its lifetime
τϕ, as input, while returning as an output (i) the parameters describing the modified
background cosmology, e.g. H, dT/dt etc., and (ii) the parameters quantifying the
EM and hadronic injections, e.g. Sem, K fsr

hd , etc. A summary of the different input and
output parameters can be found in table 2.

• Thermal nucleosynthesis (SBBN). In a second step, the modified cosmological history,
specifically H and dT/dt, is used as an input for AlterAlterBBN, which solves the
Boltzmann equations for SBBN and returns the resulting light-element abundances.

11Naively, additional relativistic neutrinos will always increase Neff, provided that interactions with the
thermal bath (or even with other non-thermal neutrinos) do not substantially deplete their energy density.
However, this is not necessarily the case, as shown in [54], where interactions of neutrinos with the thermal
neutrino background were considered. These interactions result in the reheating of the neutrino bath, which,
in turn, partially rethermalises with the electromagnetic (EM) sector, leading to a decrease in Neff. However,
in our work this effect does not play a role.
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• Non-thermal nucleosynthesis (NBBN). In a final step, the modified background cos-
mology, the parameters describing the EM and hadronic injections, as well as the
abundances obtained from AlterAlterBBN, are used as an input for our modified
version of ACROPOLIS, which calculates the late-time modification of the previously
produced light elements due to photo- and hadrodisintegration reactions. Note that,
in order to use ACROPOLIS (cf. [21]), it is required to implement a model encoding
the desired setup. As to not unnecessarily clutter the codebase of ACROPOLIS, we
implement this model as part of an independent code called Xena,12 which can be used
in conjunction with v.2.0.0-dev of ACROPOLIS.

In this section, we mainly focus on the first step of the calculation, i.e. the neutrino cascade,
since details on the other steps can be found in the literature. Specifically, (i) [39] discusses
the equations governing SBBN, as well as details on their solution within AlterBBN, which
is used as the basis for AlterAlterBBN, (ii) [21] discusses the inner workings of ACROPOLIS,
including details on how to handle the process of photodisintegration, and (iii) appendix D

— which is largely based on [31, 52] — thoroughly discusses the hadronic cascade leading
to hadrodisintegration as implemented in the modified version v.2.0.0-dev of ACROPOLIS,
further including several references to the literature.

To determine the modified background cosmology as well as the parameters describing the
EM/hadronic injections, we need to track the temporal evolution of both the relic particles ϕ

and the injected neutrinos. Usually, this is done by solving the appropriate set of coupled
Boltzmann equations. In simple scenarios or under simplifying assumptions, this set of
equations can be solved semi-analytically. However, in more general cases, this task may be
difficult to achieve even numerically. This is also true for the scenario at hand, which features
coupled integro-differential equations. We therefore refrain from using the usual Boltzmann
approach. Instead, we employ a probability-based ansatz for tracking the evolution of the
particles participating in the neutrino cascade. Regarding the handling of thermal scattering
processes, we find that a regular Monte-Carlo approach works well, since the target particles
feature a predefined thermal distribution (also cf. [17, 55] for a Monte Carlo approach focusing
on smaller lifetimes and smaller masses, i.e. τϕ ≲ 1 s and mϕ ≲ 2 GeV). However, when also
considering non-thermal scattering reactions, which are not considered in [17, 55], we find
that a full Monte-Carlo approach is computationally unfeasible. Therefore, we instead opt
for the procedure described in this section, which is still inspired by a Monte-Carlo solution,
but instead utilises averages over the distributions of certain quantities in order to reduce the
computationally expensive task of drawing each quantity from a full distribution.

In a nutshell, we therefore proceed as follows: we discretise the time evolution over
small individual time steps dt, which are calculated based on the most relevant time-scales
of the problem, i.e. the Hubble scale and the time-scales for (non-)thermal scattering. In
every step, we calculate the probability for the relic to decay as well as the probabilities
for (non-)thermal scattering to occur. Based on these probabilities, we then handle the EW
shower from FSR as well as the various scattering reactions in order to calculate the amount
of injected EM/hadronic material using averaged quantities, while redshifting the abundance

12For the corresponding source code, see https://github.com/hep-mh/xena.
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Variable Description Unit
Input parameters

Yϕ Abundance of ϕ —
mϕ Mass of ϕ MeV
τϕ Lifetime of ϕ s

BRee Branching ratio into e+e− -
One-dimensional output parameters

fϕ Fractional abundance of ϕ, Ωϕ

ΩDM
—

Neff Effective number of neutrinos —
η Baryon-to-photon ratio —

Two-dimensional output parameters
t Time s
T Temperature MeV
dT
dt Time-temperature relation MeV2

Tν Neutrino temperature MeV
H Hubble rate MeV
nγ Photon number density MeV3

Sem Electromagnetic source term, eq. (4.11) MeV4

Shd Hadronic source term MeV4

dnn-th
hd
dt Injected hadrons per time from non-th. scattering, eq. (4.14) MeV4

Kn-th
hd Avg. kinetic energy of hadrons from non-th. scattering, eq. (4.14) MeV

dnfsr
hd

dt Injected hadrons per time interval from FSR, eq. (4.14) MeV4

K fsr
hd Avg. kinetic energy of hadrons from FSR, eq. (4.14) MeV

Table 2. Description of the input/output parameters used for our numerical treatment. Some of the
output quantities are also shown for a specific benchmark point in figure 9.

and energy of all neutrinos that have not scattered within the given time step.13 This way,
we also track the temporal evolution of the relic particles and the non-thermal neutrinos,
thus quantifying their influence on the background cosmology.

As shown in table 2, the input for the simulation comprises the mass mϕ, the lifetime
τϕ, and the abundance Yϕ = nϕ/s of the relic, with the latter quantity featuring the total
entropy density s, which is approximately equal to the one of the SM ssm. Additionally, we
may also parameterise the abundance of ϕ via the parameter fϕ ≡ Ω0

ϕ/Ω0
DM. Here, Ω0

ϕ is
the fraction of energy relative to the critical energy density that ϕ would have today if it
would not decay, and Ω0

DM = 0.26. In the case of negligible entropy production, there exists
a linear, one-to-one relation between mϕYϕ and fϕ. This is the case for all relevant parts of
parameter space, which is why in the following, we often use mϕYϕ and fϕ interchangeably.

13As a conservative assumption, we neglect rescattered particles. See also the discussion in section 3.4.
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Using the above quantities, the number of ϕ particles per unit volume is given by

nϕ ≃ Yϕssm = ñϕe−t/τϕ =
Ω0

ϕρ0
crit

(mϕR3)e−t/τϕ . (5.1)

Here, ñϕ is the ‘would-be’ number density of ϕ if it was not decaying, R is the scale factor
(we fix the scale factor to be equal to 1 today), and ρ0

crit is the critical energy density.
Additionally, we also consider the case of a non-vanishing branching ratio of ϕ directly into
electron-positron pairs, which introduces an additional input parameter BRee. We discuss
the impact of this parameter in more detail in section 6.5. Finally, let us note that for the
evaluation of other cosmological quantities, we assume no additional dark-sector contributions
beyond ϕ. Regarding the different input parameters, in the following, we present a concise
summary of the parameter space covered in this work:

• mϕ. We restrict our calculation to mϕ ∈ [1 GeV, 10 TeV]. The lower boundary is
motivated by the fact that the limits weaken significantly with mass and for mϕ < 1 GeV
are only determined by the modified cosmology. Specifically, the kinematic threshold
for the thermal production of electrons (ET ≳ m2

e) is usually not met for sub-GeV
relics.

• τϕ. We focus on lifetimes τϕ ∈ [104, 1011] s. Most notably, the lower limit is moti-
vated by the breakdown of our simplifying assumptions, i.e. neutrinos may also scatter
on background electrons or into muons, SBBN and NBBN no longer factorise, etc.
Instead, the upper limit is motivated by the fact that for larger lifetimes, other mea-
surements provide more powerful bounds, e.g. those from CMB anisotropies or spectral
distortions [8, 9, 15].

• fϕ | Yϕ. The upper limit of values to consider for fϕ depends on τϕ as it is determined
by the Neff constraints, which gives the dominant limit for sufficiently large values of fϕ,
thus making other constraints irrelevant. In this context, we have confirmed that our
numerical results, i.e. specifically the resulting light-element abundances, are calculated
consistently well above the Neff limit.

• BRee. While we consider the full range BRee ∈ [0, 1], our main focus remains on pure
neutrino injections, i.e. BRee = 0.

5.2 Algorithmic implementation of the neutrino cascade

To aid the reader, in figure 7 we provide a visual representation of the algorithmic imple-
mentation discussed on this section. It is instructive to consult this figure while reading
through this section.

For the purpose of this section, we describe the abundance of any particle x at a given
time t via the parameter ax(t) ≡ Nx(t)/N tot

ϕ , where Nx(t) is the number of x particles at time
t inside a comoving volume element, and N tot

ϕ is the total number of ϕ particles prior to any
decay processes, again within a comoving volume element. This definition is convenient, since
ax(t) is not affected by Hubble expansion. By choosing some reference time t0 ≪ τϕ — see the
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Input quantities
mϕ, τϕ, Yϕ, BRee

Initial conditions
Start computing at t0 = τϕ/Λ, with Λ ≫ 1

and evaluate background cosmology.

Decay of the relic
Handle ϕ decay into νν and e+e−, cf. eqs. (5.7)–(5.9).

FSR and neutrino oscillations
Compute EM and HD injections, cf. eqs. (5.10)–(5.13).

Apply neutrino oscillations, cf. eq. (5.14).
Compute the ν spectra, cf. eq. (5.15).

Define time step ∆t, cf. eq. (5.6).

Thermal scattering
Compute EM injections, cf. eqs. (5.16)–(5.20).

Non-thermal scattering
Compute EM and HD injections, cf. eqs. (5.21)–(5.30).

Redshift
Adjust the ν spectra, cf. eq. (5.33).

Output quantities
H, Sem, etc. (cf. table 2)

and ACROPOLIS [21] / Xena

Update background quantities for next iteration.

Input for AlterAlterBBN

EM injections

HD injections

BRee ̸= 0

Remove secondary ν’s, cf. paragraph below eq. (5.20)
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Figure 7. Flowchart of the code developed in the context of this study to determine the injection of
EM and hadronic material from the (neutrino) cascade induced by the decay of a relic particle.
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initial conditions below — with the scale factor R0 ≡ R(t0) and nϕ,0 ≡ nϕ(t0), the number
density nx(t) of x at any other time t ≠ t0 can then be calculated from ax(t) via the relation

nx(t) = ax(t)nϕ,0[R0/R(t)]3 . (5.2)

For the neutrinos, we therefore end up with six different quantities, which we conveniently
write in vector notation (here and in the following, a bar under a quantity denotes a vector
in neutrino space)

aν(t) ≡ (aνe , aνµ , aντ , aν̄e , aν̄µ , aν̄τ )T (t) . (5.3)

Using eq. (5.2), we therefore find nν(t) = aν(t)nϕ,0[R0/R(t)]3. At this point, let us note that
we ultimately want to quantify the effects of the different neutrino interactions. Regarding
the non-thermal scattering processes specifically (cf. eq. (3.9) with fY = fν),14 this requires
the knowledge of the neutrino spectra f

ν
(t, E) at any given time t. As part of the code, we

encode said spectrum in terms of a list Dν(t), which — for a given time t — stores discrete
pairs of the form [E : aν(t, E)]. Consequently, Dν(t) can usually be represented as15

Dν(t) =
{[

E1 : aν(t, E1)
]
,
[
E2 : aν(t, E2)

]
, · · ·

}
. (5.4)

Such a list encodes a spectrum of particles with discrete energies Ei and associated abundances
aν(t, Ei), i.e.

f
ν
(t, E) = 2π2∑

i

aν(t, Ei)nϕ,0[R0/R(t)]3︸ ︷︷ ︸
≡nν(t,Ei)

δ(E − Ei)
E2

i

. (5.5)

Here, nν(t, Ei) are the individual number densities of neutrinos with fixed energy ∼ Ei

at time t, which, when summed over Ei, yield the total number densities of neutrinos
nν(t) =

∫
f

ν
(t, E)d3p/(2π)3 = ∑

Ei
nν(t, Ei). In order to reduce visual clutter, we drop the

time dependence of most quantities in the following.
For visualisation, in the left panel of figure 8 (left) we show the time evolution of the

neutrino spectrum for a benchmark point close to the exclusion limit, i.e. mϕ = 100 GeV,
τϕ = 105 s and mϕYϕ = 10−7 GeV. Here, we focus on the temporal evolution close to the
lifetime of ϕ, i.e. at times t/τϕ ∈ {0.1, 0.5, 1, 5, 10}, in order to capture the most interesting
effects. Specifically, we compare the full numerical evolution (“full”, solid line) with the
spectrum that is obtained from only ϕ decay and redshifting (“RS only”, dashed line).
Moreover, we compare the latter result with a corresponding analytical calculation, which has
been obtained under the assumption of a vanishing scattering rate (dotted line, cf. appendix C).
Overall, we find that the analytical calculation captures the full evolution very well, as long
as neutrino interactions can be neglected. However, we also find that the neutrino spectrum
is depleted for those particles that have been injected at an early time (left part of the

14Some interactions such as FSR and neutrino oscillations are independent of the spectrum.
15For performance reasons, we assume that two energies E and E′ are equal if |E′ − E|/E ≪ 1. In this case,

we only add one element with energy E ∼ E′ and an abundance vector that is the sum of the two individual
vectors.
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Figure 8. Left: phase-space distribution function of the injected neutrinos from ϕ → νeν̄e for different
ratios t/τϕ ∈ {0.1, 0.5, 1, 5, 10}, taking into account all effects (solid), or only the redshift (dashed).
For comparison, the latter case is also compared to the corresponding analytical approximation from
appendix C (dotted). Here, we conservatively only show those particles that have never undergone
any scattering reactions up to the given time. Right: time evolution of a selection of rates. Note that
all scattering rates are taken for νe and we use their maximum values as introduced in eq. (5.6).

curve). Note that in our approximation, we remove all neutrinos from the spectrum that
have previously scattered. However, in reality these neutrinos would not vanish completely,
but their energy would be moved to lower energy bins (cf. section 3.3). Numerically, we find
that for t = τϕ/10, roughly 40% of all injected neutrinos did scatter before. Considering later
times, the depletion is less efficient, e.g. for t = 10τϕ almost 90% of all injected neutrinos
did not yet scatter and hence are still present in the spectrum. Note that the cutoff in
the spectrum towards small energies comes from the fact that we only track the spectrum
starting from some initial time t0, which is discussed in the next section. However, due to
the suppression of the spectrum for such energies, this approach is fully justified.

Initial conditions. Ultimately, we want to start our calculation at some time t0 = τϕ/Λ
with Λ ≫ 1, i.e. before the heavy relic starts to decay in significant amounts. Given a value
of Λ, we therefore have to first determine the corresponding temperatures T0 ≡ T (t0) and
Tν,0 ≡ Tν(t0). To this end, let us note that ρϕ ∝ R−3 and ρsm ∝ R−4, meaning that for large
temperatures, say T ≫ Teq with Teq being the temperature at which ρsm = ρϕ, the energy
density of the relic becomes negligible compared to the one of the SM. Consequently, above
some temperature Ti > max{mt, Teq} with the mass mt of the top quark, the Hubble rate
obeys H(T ) ∝

√
ρsm(T ) ∝ T 2. For the parameters considered in this work, we find that

Ti = 104 GeV is a valid choice. At this temperature, T = Tν , H ∝ T 2 and dT/dt = −HT ,
which implies ti = t(Ti) = [2H(Ti)]−1 as well as Tν,i = Tν(Ti) = Ti. Finally, to go from ti to
t0, we implement the following procedure, starting from the temperature T = Ti:

(i) Calculate the energy density of the relic.

(ii) Calculate the Hubble rate H(T ) =
√

ρϕ(T ) + ρsm(T )/(
√

3Mpl).

(iii) Define a small time step ∆t = ε̃/H with ε̃ ≪ 1 (we find that ε̃ = 10−4 gives a good
compromise between speed and accuracy).

– 31 –



J
C
A
P
1
1
(
2
0
2
5
)
0
7
2

(iv) Calculate the respective time-temperature relations dT/dt and dTν/dt with the previ-
ously determined Hubble rate and use them to update the time t → t + ∆t, the temper-
ature T → T + (dT/dt)∆t, as well as the neutrino temperature Tν → Tν + (dTν/dt)∆t.

(v) Repeat until t ≥ t0.

By following this procedure, we obtain a consistent set of initial conditions (t0, T0, Tν,0)
with t0 ≃ τϕ/Λ. In this work, we specifically set Λ = 400, noting that larger values do not
significantly change our results but are computationally much more expensive. The value of
t0 is then used as the reference value for nϕ,0 and R0 from the previous paragraph, which
implies aϕ(t0) ≃ 1 and Dν(t0) = ∅. Setting aϕ(t0) ≃ 1 again insinuates that we neglect all
potential decays until this time, which we find to be a good approximation, since the fraction
of particles that decay before, e.g. |1 − e1/Λ| ∼ 0.3% for Λ = 400, is sufficiently small.

Interlude. As part of the following steps, we calculate the relevant parameters describing
the EM and hadronic injections, i.e. Sem in eq. (4.9), K fsr

hd in eq. (4.14), etc. To provide the
reader with a graphical representation of these parameters, in figure 9, we show the resulting
quantities (top, bottom left) for a single benchmark point with mϕ = 100 GeV, τϕ = 105 s and
mϕYϕ = 10−7 GeV. Note that the initial increase of the different quantities close to the initial
condition at t = t0 = τϕ/400 (black line) is not physical, but instead stems from the fact that
we do not calculate these quantities for earlier times, i.e. Sem(t < t0) ≡ 0, etc. Therefore, each
of them first needs to initialise to their correct physical value for t > t0. However, we checked
that this artefact has no influence on our results, since the light-element abundances during
NBBN only start to significantly change at t ∼ τϕ when 1/(2t) ≃ H ≃ Γϕ = 1/τϕ, at which
point all quantities have already assumed their actual values. In fact, for t < τϕ, the terms on
the right-hand sides of eqs. (4.13) and (4.14) are suppressed by a factor Γϕ/H ∼ t/τϕ. In the
same figure, we also show several quantities describing the modified background cosmology
(bottom right). To complement these plots, in the right panel of figure 8, we further show
a compilation of the relevant rates for the same benchmark point.

Decay of the relic. Starting from the initial conditions determined in the last paragraph,
we now track the decay of the relic ϕ, as well as the subsequent neutrino cascade. Like before,
we do this by following the evolution of the individual particles over small time steps ∆t.
Consequently, each step of the iteration can be assigned a unique set of values T , Tν , t, aϕ

and Dν = Dν(t), while we track the neutrinos that will be present in the next step, i.e. at
t + ∆t, in a separate list Dν(t + ∆t) (with Dν(t + ∆t) = ∅ at the start of each step). To
determine ∆t for a given temperature T , however, it is no longer sufficient to only consider
the Hubble rate H(T ), since potentially relevant scattering reactions add another timescale
to the problem. Therefore, we also calculate the maximal thermal scattering rate Γmax

th (T )
and the maximal non-thermal scattering rate Γmax

n-th(T ),16 and define

∆t = ε

max (Γmax
th + Γmax

n-th, H) (5.6)

16More precisely, referencing eqs. (5.17) and (5.22) below, we use Γmax
th = max Γth

ν→ν and Γmax
n-th = max Γn-th

ν→X .
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with ε ≪ 1. In this work, we find that ε = 10−2 gives a good compromise between speed
and accuracy. While errors on the individual quantities can be ∼ 1%–10% for this choice —
specifically for small lifetimes τϕ ∼ 104 s when many scatterings happen per Hubble time —,
such differences are barely noticeable in the final plots, which span many orders of magnitude.
Given a relic abundance aϕ, the number ∆aϕ of ϕ particles that decay during the time
step ∆t is then given by

∆aϕ = aϕ

∣∣∣1 − e−∆t/τϕ

∣∣∣ . (5.7)

These decays lead to the two-body injection of electrons/positrons and neutrinos with energy
E0 = mϕ/2 according to the branching ratios BRee and BRνν ≡ 1 − BRee, respectively. The
injected electron-positron pairs directly contribute to the amount of injected electromagnetic
material and therefore change Sem(t) in eq. (4.12) by (cf. eq. (4.11) with E0 = mϕ/2 and
ρ̇inj

e± ≃ −BReeρ̇ϕ = BReemϕ|ṅϕ|)

Sem(t) ⊃ BRee × 2 × ∆nϕ

∆t
= Sdcy

em (5.8)

with ∆nϕ = ∆aϕnϕ,0R3/R3
0 > 0. The injected neutrinos, however, will undergo additional

interactions (see below). As discussed above, to handle some of these reactions, we need to
know the different neutrino spectra, meaning that all injected neutrinos must be tracked as
part of Dν(t + ∆t). At face value, and assuming for simplicity that the relic only decays into
(anti-)electron neutrinos, this would imply that for the next step we have to add

Dν(t + ∆t) ⊃
[
mϕ/2 : ∆aν

]
with ∆aν ≡ BRνν × (∆aϕ, 0, 0, ∆aϕ, 0, 0)T . (5.9)

However, since both neutrino oscillations and the EW shower due to FSR can change the
composition and energy of the injected neutrinos before any scattering reactions become
important, it is instructive to first handle these effects, before adding any decay products
to the spectrum.

Final-state radiation. Immediately after getting injected, i.e. on time-scales much smaller
than those of the proceeding scattering reactions and even oscillations, the neutrinos lose
some of their energy via FSR, which further leads to the injection of both EM and hadronic
material. In this work, we quantify this process via the average fractions ζ fsr

em(mϕ) and
ζ fsr

hd(mϕ) of the original neutrino energy that ends up in the form of EM and hadronic
material, respectively. Using these quantities, the average energy of each injected neutrino
after the shower is then given by

Epost-fsr
0 (mϕ) = mϕ

2
[
1 − ζ fsr

em(mϕ) − ζ fsr
hd(mϕ)

]
. (5.10)

The dissipated energy, in turn, gets distributed between Sem(t) in eq. (4.12) and Shd(t)
in eq. (4.17), i.e.

Sem(t) ⊃ BRνν × ζ fsr
em(mϕ) × 2∆nϕ

∆t
= Sfsr

em (5.11)

Shd(t) ⊃ BRνν × ζ fsr
hd(mϕ) × 2∆nϕ

∆t
= Sfsr

hd . (5.12)

– 33 –



J
C
A
P
1
1
(
2
0
2
5
)
0
7
2

For correctly handling the hadronic injections, we further need to know the amount of
hadrons that this process injects per time interval, i.e. dnfsr

hd/dt in eq. (4.14), as well as the
corresponding distribution of kinetic energies (cf. section 4.3). As stated above, we quantify
this contribution via the simplifying assumption that all hadrons are injected with the average
kinetic energy K fsr

hd(mϕ) from eq. (4.14), while setting

dnfsr
hd

dt
(t) = BRνν × N fsr

hd (mϕ) × ∆nϕ

∆t
, (5.13)

where N fsr
hd (mϕ) is the average number of protons/neutrons that get injected by FSR following

a single decay. Conceptually, the four relevant functions ζ fsr
em(mϕ), ζ fsr

hd(mϕ), N fsr
hd (mϕ), and

K fsr
hd(mϕ) are obtained by sampling O(106) νeν̄e events, which are then used as an input

for the simulation of the EW shower via the VINCIA module of PYTHIA8.3 [24, 25]. All
quantities are then determined as the respective averages over all simulated events.17 This
procedure is analogous to the one described in section 2.1 of [15], with the only difference
being that we additionally extract information on the hadronic fragments of the shower (for
more information, please consult the aforementioned paper).18 For reference, the three latter
quantities are presented in figure 19 of appendix F, while ζ fsr

em(mϕ) has already been shown in
figure 4. Finally, let us note that the EW shower can also produce secondary neutrinos, which
in principle need to be added to Dν(t+∆t). However, we find that their contribution is usually
much smaller than the one of the primary neutrinos, meaning that they do not lead to a
significant injection of EM or hadronic energy. Consequently, we neglect them in the following.

Neutrino oscillations. After the EW shower from FSR, but still before any scattering
reactions, the injected neutrinos further undergo oscillations. Extending the neutrino-
oscillation matrix Mosc from eq. (3.2) to six dimensions (Mosc acts in the same way on
neutrinos and anti-neutrinos), this process changes the flavour-composition of the original
injection with associated abundance ∆aν according to the relation

∆aosc
ν = Mosc∆aν . (5.14)

Consequently, to incorporate the effects of the FSR and neutrino oscillations, we replace
eq. (5.9) by

Dν(t + ∆t) ⊃
[
Epost-fsr

0 (mϕ) : ∆aosc
ν

]
. (5.15)

Thermal scattering. Given a neutrino spectrum Dν(t), any neutrino with energy Ei ∈ Dν(t)
can participate in thermal scattering reactions with the background neutrinos. At this point,
let us stress again that for the values of mϕ and τϕ considered in this work with Ei ≤ mϕ/2,
the maximally available centre-of-mass energy sth

max ∼ mϕTν(τϕ) from thermal scattering
off a background neutrino with temperature Tν , is always well below the Z-resonance and

17As already indicated above, for both protons and neutrons, the quantities N fsr
hd and Kfsr

hd are equal at the
O(0.1%) level, which is why it is justified to use identical values for both nucleons.

18In practice, we also need to fix the nature of the relic to run the shower. Following the cited paper, we
have decided on a vector particle. For a scalar particle, we have checked that both EM and hadronic injection
vary on the level of O(1) which leads to mildly different bounds.
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even the eµ threshold. Consequently, given a neutrino νj with energy Ei that scatters off
any thermal background (anti-)neutrino νth, the only available channels are νjνth → νν and
νjνth → e+e−.19 Using Γth

0 (Ei, Tν) = (7π/90)G2
F EiT

4
ν (cf. eq. (3.11) without the process-

dependent factor Σ∞), the corresponding rates are given by

Γth
νj→ν(Ei, Tν) ≡ 10/3Γth

0 (Ei, Tν) and Γth
νj→e(Ei, Tν) = Fj(Ei)Γth

0 (Ei, Tν) . (5.16)

Here, Fj(Ei) is the analogue of Σ∞ in eq. (3.11), but it has been obtained by performing
the integral

∫
ds s · σee(s) for a non-vanishing electron-mass. Consequently, Fj ̸= const. and

Fj(Ei ≪ me) = 0. Also, the index j indicates that Fj differs depending on the initial-state
flavour (cf. table 1). In vector notation (cf. eq. (5.3)), we can therefore write

Γth
ν→ν ≡ 10/3Γth

0 (1, 1, 1, 1, 1, 1)T and Γth
ν→e ≡ Γth

0 (Fe, Fµ, Fτ , Fe, Fµ, Fτ )T . (5.17)

Given a neutrino with energy Ei, the probability for a thermal scattering reaction to happen
within a time interval ∆t therefore is

∆P th
ν→ν/e(Ei) = Γth

ν→ν/e(Ei)∆t . (5.18)

Consequently, the total number ∆nth
ν→ν/e of neutrinos with energy Ei that scatter into other

neutrinos / electron-positron pairs is given by

∆nth
ν→ν/e(Ei) = ∆P th

ν→ν/e(Ei) · nν(Ei) . (5.19)

On the one hand, any neutrino that scatters into e+e− transfers all of its energy Ei into the
electromagnetic sector, which implies that the corresponding S-factor Sem(t) in eq. (4.12)
receives a contribution of the form

Sem(t) ⊃ Ei

E0

∆nth
ν→e(Ei)
∆t

= Ei

E0

[
Γth

ν→e(Ei) · nν(Ei)
]

≡ ∆Sth
em(Ei) ∀Ei ∈ Dν(t) . (5.20)

Notably, such a contribution exists for each Ei ∈ Dν(t), meaning that the total change of
Sem(t) is equal to the sum of each individual contribution, i.e. Sth

em = ∑
Ei

∆Sth
em(Ei). On

the other hand, any neutrino with energy Ei that scatters into νν effectively leads to the
conversion into two, i.e. one additional, non-thermal neutrinos with average energy Ei/2 and
abundance ∆P th

ν→ν(Ei) ⊙ aν(Ei),20 which — in the next time step — can themselves interact
with the thermal neutrino background. Therefore, a full treatment would imply that the
final-state particles be added to Dν(t + ∆t). However, we find that the contribution of these
secondary neutrinos is negligible for most lifetimes considered in this work. This is because
their abundance ∝ ∆P th

ν→ν ≪ 1 is sufficiently small compared to the one of neutrinos that do
not scatter at all and instead undergo redshift (cf. eq. (5.33) below). In the following, we
therefore neglect such neutrinos by not adding them to Dν(t + ∆t).21

19Thermal reactions therefore do not inject hadrons, meaning that Shd and dnhd/dt remain unaltered.
However, if we were to consider τϕ < 104 s, additional channels like ννth → eµ and ννth → ππ would eventually
open up, which would lead to the injection of hadronic material and thus to a change of Shd and dnhd/dt.

20Here, the operator ⊙ denotes the Hadamard product, i.e. the different entries of the two vectors are
multiplied element-wise to form a new vector of the same dimension.

21Technically, this is only true for large lifetimes, when the number of scattering reactions per Hubble time
is always ≪ 1. However, this assumption breaks down for τϕ ≲ 105 s, and we make small errors for τϕ → 104 s.
Nevertheless, even in this case, we are conservative, since additional particles would only lead to an increase of
injected material. We postpone a rigorous treatment of this additional regime to future work.
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Figure 9. Time dependence of the main quantities resulting from the neutrino cascade. This includes
(i) the injection rate of hadrons dnhd

dt (upper left) and the average kinetic energy of these particles Khd
(upper right) from non-thermal scattering (red) and FSR (blue), and (ii) the EM (green) and hadronic
(orange) source terms Sem/hd (lower left). Additionally, we show several quantities Q describing the mod-
ified background cosmology (lower right), specifically by comparing them to their values QSM in the SM.

Non-thermal scattering. In addition to the thermal background neutrinos, each neutrino
with energy Ei ∈ Dν(t) can also scatter non-thermally with any other neutrinos with energy
Ej ∈ Dν(t). As already stressed above, while reactions of this form are suppressed by the
abundance of non-thermal neutrinos, they can still be relevant if not dominant, due to the
fact that the maximal centre-of-mass energy sn-th

max = 4EiEj can be much larger than sth
max.

In particular, the scattering can be resonantly enhanced. To calculate this effect, let us
consider the scattering of two neutrinos p, q ∈ {νe, νµ, ντ , ν̄e, ν̄µ, ν̄τ } with energies Ei and Ej ,
respectively. By inserting the spectrum from eq. (5.5) for q into eq. (3.9), we find that — in
our framework — the scattering rate for any combinations p, q is given by

Γn-th
pq (Ei, Ej) = nq(Ej)

8E2
i E2

j

∫ 4EiEj

0
ds s · σpq(s)︸ ︷︷ ︸

≡γn-th
pq (Ei,Ej)

, (5.21)

– 36 –



J
C
A
P
1
1
(
2
0
2
5
)
0
7
2

which can be interpreted as a 6x6 matrix in neutrino space. Consequently, as long as
4EiEj > m2

Z and the scattering proceeds via an s-channel diagram, the corresponding rate
is resonantly enhanced. As a result, Fermi theory is no longer applicable to determine the
cross-section, which is why we use MadGraph5 [34] instead for this task (cf. figure 5). Using
eq. (5.21), we can calculate the rate Γn-th

ν→X(Ei) for a given neutrino with energy Ei to scatter
off any other available non-thermal neutrino. In vector notation, we find[

Γn-th
ν→X(Ei)

]
p

=
∑

q

∑
Ej

Γn-th
pq (Ei, Ej) . (5.22)

Consequently, the scattering probability (analogues to eq. (5.18)) is given by

∆P n-th
ν→X(Ei) = Γn-th

ν→X(Ei)∆t . (5.23)

To employ a treatment similar to the one used for the EW shower from FSR, we further need
to calculate the average energy fractions ζn-th

em (s) and ζn-th
hd (s) of injected EM and hadronic

material, the average number Nn-th
hd (s) of injected protons/neutrons, as well as the average

kinetic energy Kn-th
hd (s) of the injected nucleons, all of which now explicitly depend on the

centre-of-mass energy s for which the scattering happens. Similar to the procedure described
before, we determine these quantities by using MadGraph5 to sample O(106) events of the form
pq → X with any two-particle final-state X for a range of different centre-of-mass energies
s. Afterwards, we use the resulting events as an input for PYTHIA8.3 in order to further
simulate the subsequent particle shower.22 The different quantities ζn-th

em (s) etc., are then
again determined as the respective averages over all simulated events for a given value of s.23

Notably, the average kinetic energy K̃n-th
hd (s) obtained this way, is given in the centre-of-mass

frame. However, we are interested in the value of this quantity in the co-moving reference
frame, which we can obtain by means of the relation (cf. appendix E)

Kn-th
hd (s) = K̃n-th

hd (s) + my√
s

(Ei + Ej) − my ≡ yn-th
hd (s)(Ei + Ej) − my (5.24)

with the mass my of the nucleon y ∈ {p, n}.
At this point, it is important to note that two neutrinos with energy Ei and Ej can

scatter with any centre-of-mass energy 0 < s < 4EiEj , depending on the angle under which
the collision happens. To account for this effect, we further average all quantities over all
possible values of s. To this end, we define the operator24

⟨Q⟩pq(Ei, Ej) = 1
γn-th

pq (Ei, Ej)

∫ 4EiEj

0
ds s · Qpq(s) · σpq(s) , (5.25)

which determines the average value of any quantity Q(s), weighted by the probability for
the scattering reaction to happens with any possible centre-of-mass energy 0 < s < 4EiEj .

22We assume that all unstable particles except neutrons decay during the shower, i.e. we neglect any potential
energy loss of these particles due to scatterings with the background plasma prior to their decay. We checked
that this does not lead to a sizeable error.

23Since we simulate events with all possible two-body final states, this average is also an average over all
possible values of X.

24Each quantity is therefore averaged twice: once over their distribution originating from the shower for a
given value of s and once over all possible values of s for which the particles can scatter in the first place.
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The resulting function ⟨ζn-th
em ⟩ has already been presented in figure 6. We refer the reader to

figure 19 of appendix F for a visualisation of the remaining quantities. Using the definition
above, we approximate the contributions to the individual S-factors from non-thermal
scattering via the relations25 (cf. eq. (5.20))

Sem(t) ⊃ Ei + Ej

E0

∑
p,q

⟨ζn-th
em ⟩pq(Ei, Ej)Γn-th

pq (Ei, Ej)np(Ei) ≡ ∆Sn-th
em (Ei, Ej) (5.26)

∀Ei, Ej ∈ Dν(t) with Ej ≤ Ei

and

Shd(t) ⊃ Ei + Ej

E0

∑
p,q

⟨ζn-th
hd ⟩pq(Ei, Ej)Γn-th

pq (Ei, Ej)np(Ei) ≡ ∆Sn-th
hd (Ei, Ej) (5.27)

∀Ei, Ej ∈ Dν(t) with Ej ≤ Ei .

Here, we sum over all possible initial states pq, but only consider energy combinations with
Ej ≤ Ei in order to avoid double-counting. Overall, the total change of Sem/hd(t) is equal
to the sum of each individual contribution, i.e. Sn-th

em/hd = ∑
Ei,Ej≤Ei

∆Sn-th
em/hd(Ei, Ej). In a

similar way, the different contributions to dnn-th
hd /dt can be approximated as26

dnn-th
hd

dt
(t) ⊃

∑
p,q

⟨Nn-th
hd ⟩pq(Ei, Ej)Γn-th

pq (Ei, Ej)np(Ei) ≡ ∆dnn-th
hd

dt
(Ei, Ej)

∀Ei, Ej ∈ Dν(t) with Ej ≤ Ei . (5.28)

At this point, it is important to note that each contribution ∆dnn-th
hd /dt(Ei, Ej) fundamentally

has a slightly different average kinetic energy according to eq. (5.24), i.e.

Kn-th
hd,pq(Ei, Ej) = ⟨yn-th

hd ⟩pq(Ei, Ej)(Ei + Ej) − mp . (5.29)

However, instead of handling each contribution separately, we combine them all into one
contribution dnn-th

hd /dt = ∑
Ei,Ej≤Ei

∆dnn-th
hd /dt(Ei, Ej) with the corresponding averaged

kinetic energy

Kn-th
hd =

∑
Ei,Ej≤Ei

∑
p,q Kn-th

hd,pq(Ei, Ej)∆dnn-th
hd /dt(Ei, Ej)

dnn-th
hd /dt

. (5.30)

Finally, let us note that non-thermal scattering reactions can also inject secondary neutrinos,
which may undergo additional scattering reactions in the next time step. However, as before,
we find that their contribution is not relevant, which is why we do not add them to Dν(t+∆t).
We can observe this in particular from figure 8 (right panel): we see that even for this
benchmark point which is already robustly excluded (cf. figure 3) the maximum non-thermal
scattering rate is below the Hubble rate. Thus, any neutrino injection from a non-thermal

25For each reaction, a fraction ⟨ζn-th
em/hd⟩pq(Ei, Ej) of the total energy Ei +Ej is transformed into EM/hadronic

material, while the number of reactions happening per time and comoving volume element is given by
Γn-th

pq (Ei, Ej)np(Ei).
26We handle this quantity separately from dnfsr

hd/dt, since both have different average kinetic energies.
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scattering process is very unlikely to undergo further interactions. We therefore estimate
the uncertainty of neglecting secondary neutrinos from non-thermal interactions to be small
relative to the large effect of EM and hadronic injections in these collisions. Should the
mass of the relic be so high that secondary neutrinos would experience significant FSR, we
are in a regime where the initial EW shower is dominant anyways so that the impact of
non-thermal scattering is irrelevant.

Redshift. Any particle that does not scatter within the time interval ∆t, will simply redshift.
The probability for this to happen is given by

∆P rs
ν→ν(Ei) = 1 − ∆P th

ν→e(Ei) − ∆P th
ν→ν(Ei) − ∆P n-th

ν→X(Ei) . (5.31)

To incorporate this process, each particle with initial energy Ei is assigned a new energy

Ers
i (Ei) = Ei × R(t)

R(t + ∆t) . (5.32)

Finally, we add each new energy with the corresponding abundance P rs
ν→ν(Ei) ⊙ aν(Ei) to

the spectrum Dν(t + ∆t),

Dν(t + ∆t) ⊃
[
Ers

i (Ei) : ∆P rs
ν→ν(Ei) ⊙ aν(Ei)

]
∀Ei ∈ Dν(t) . (5.33)

Consequently, all of these particles will be processed again in the next time step, albeit with
a slightly smaller energy. As a reminder, let us note that we do not take into account the
energy redistribution of neutrino-to-neutrino scatterings, and consequently the redshift is
the only mechanism to populate different energies in the spectrum.

The next iteration step. After handling all processes, we update all relevant quantities
in order to prepare the next iteration step. For this, we set t → t + ∆t with

• T (t + ∆t) ≃ T (t) + dT
dt (t)∆t

• Tν(t + ∆t) ≃ Tν(t) + dTν
dt (t)∆t

• aϕ(t + ∆t) ≃ max{aϕ(t) − ∆aϕ(t), 0}

In the last step, we made sure that aϕ < 0 never happens numerically. Moreover, we
replace Dν(t) → Dν(t + ∆t) and update the energy density of neutrinos by means of the
following relation

ρν(t + ∆t) ≃ ρν(t)
[

R(t)
R(t + ∆t)

]4

︸ ︷︷ ︸
Redshift

+mϕ∆aϕ(t)︸ ︷︷ ︸
ϕ decay

−E0Sem(t)∆t︸ ︷︷ ︸
EM inj.

−E0Shd(t)∆t︸ ︷︷ ︸
hadronic inj.

. (5.34)

Afterwards we repeat the procedure with the new set of quantities t, T , Tν , aϕ, ρν , and
Dν . Finally, we stop the iteration once T < Tf ≡ 10−2T (τϕ), i.e. long after the decay of
the relic particle has concluded.
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Post-processing. At the end of the iterative procedure, we still have to calculate some
derived quantities. Assuming that we stop at a temperature Tf , we first calculate the effective
number of additional neutrino species via the equation

∆Neff = ρν(Tf )
ρref(Tf ) (5.35)

with ρref(Tf ) = 2 · 7/8 · π2/30 · (4/11)4/3 · T 4
f . Afterwards, we use this result to determine the

best-fit value for the baryon-to-photon ratio η according to eq. (4.5).
Finally, let us note that we technically also calculate the parameter fϕ only at the end

of the cascade, since there might not be a one-to-one relation between fϕ and mϕYϕ due
to significant entropy injection. In this case

fϕ = mϕYϕssm(Tcmb)/ρdm(Tcmb) , (5.36)

with the SM entropy density ssm at the CMB temperature Tcmb and the corresponding energy
density of DM ρdm(Tcmb) = 8.095895 × 10−47 × Ωdmh2. However, for all parameter points
considered in this work, we find that ssm(Tcmb)/ρdm(Tcmb) = const. ≈ 2.306 × 109, meaning
that fϕ ∝ mϕYϕ and consequently fϕ is already known from the start for a given value of
mϕYϕ. Based on this observation, in the following, we will therefore often use fϕ and mϕYϕ

interchangeably to parameterise the pre-decay abundance of the decaying relic, noting that
Yϕ generally is a more fundamental input parameter.

6 Results and discussion

In this section, we present the limits derived from our numerical framework discussed above.
Here, we mainly consider the case ϕ → ν̄eνe with BRee = 0; however, we will later also
comment on other flavours as well as cases with BRee ̸= 0. Consequently, the relevant
parameter space is three-dimensional, featuring fϕ, or equivalently mϕYϕ, mϕ, and τϕ. To
provide maximal coverage of the parameter space, our discussion below is split into three
sections covering the three possible combinations of two parameters each.

6.1 The τϕ − fϕ (mϕYϕ) parameter plane

Let us first discuss the resulting limits in the τϕ − fϕ parameter plane for a selection of
fixed masses mϕ. Since we already discussed the two particular choices mϕ = 100 GeV
and mϕ = 500 GeV at the end of section 2 (cf. figure 3), we will refrain from a redundant
discussion of the individual contributions to the total limits, and instead focus on the general
trend of how the limits change with mϕ.

In figure 10, we show the resulting constraints for different relic masses between 2 GeV and
10 TeV (solid, different colours). For smaller masses, i.e. mϕ ≲ 2 GeV, we find that the limits
become subleading to the ones from Neff and are therefore irrelevant. This is due to the fact
that (i) protons and neutrons become kinematically unavailable, and (ii) photodisintegration
becomes less efficient. In fact, the threshold for the production of nucleons — which induce
the leading constraints for large parts of parameter space — is roughly mϕ ∼ 2 GeV. Moreover,
when it comes to the efficiency of photodisintegration, we find that the EW shower from FSR

– 40 –



J
C
A
P
1
1
(
2
0
2
5
)
0
7
2

104 105 106 107 108 109 1010 1011

τφ [s]

10−15

10−14

10−13

10−12

10−11

10−10

10−9

10−8

10−7

10−6

m
φ
Y φ

[G
eV

]

Neff, CMB

mφ = 2 GeV

mφ = 5 GeV

mφ = 10 GeV

mφ = 20 GeV

mφ = 50 GeV

mφ = 100 GeV

mφ = 200 GeV

mφ = 500 GeV

mφ = 1000 GeV

mφ = 10000 GeV 10−5

10−4

10−3

10−2

10−1

100

101

102

103

f φ

Figure 10. Overall BBN constraints originating from the decay ϕ → νeν̄e for different masses mϕ

(solid, different colours). In addition, we also show the corresponding Neff constraint for mϕ = 10 TeV
(pink dashed), noting that this constraint only deviates from the simple power law from eq. (A.5)
described in appendix A (black dashed) for large masses and small lifetimes.

is suppressed below the EW scale, while thermal collisions at the GeV-scale only produce
very few electron-positron pairs, even for high temperatures (cf. figure 4). Additionally, even
though the fraction of injected EM material (cf. figure 6) due to non-thermal collisions is
still relatively high for

√
s = O(GeV), the corresponding cross-section (cf. figure 5) is already

deep within the effective Fermi regime and therefore quickly decouples for small neutrino
energies and thus relic masses. Consequently, for such small masses, we find an absence
of efficient disintegration reactions, meaning that the light-element abundances are mainly
changed by the modified cosmology, i.e. due to the change in the baryon-to-photon ratio.
We therefore refrain from considering masses below mϕ = 2 GeV.

At this point, let us quickly note that all bounds that are driven by scattering reactions,
decouple for sufficiently large lifetimes due to dilution effects, which implies that the modified
background cosmology inevitable takes over the total limit at some point. In particular, this
becomes apparent by the fact that the constraints for all masses mϕ ≤ 200 GeV asymptotically
approach a line parallel to the one from the CMB Neff limit (dashed), albeit weaker by a
factor ∼ 2. Regarding the Neff constraint, we show two different lines: one for the “naive”
expectation (dashed black), assuming that all neutrinos end up in the form of additional
radiation, as well as the consistently-calculated one for mϕ = 10 TeV (dashed pink), in
which case a relevant portion of the neutrino energy ends up in the form of EM or hadronic
radiation, thus leading to a slightly smaller energy density of neutrinos at recombination and
therefore to weaker limits. The Neff constraints for all other masses lie between these two
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cases. In general, we find that for larger values of mϕ, the resulting constraints outperform
the ones from Neff for a larger range of lifetimes. Also, in the transition region, where the
bounds transition from being dominated by the background cosmology to being dominated
by disintegration reactions (e.g. at τϕ ∼ 109 s for mϕ = 100 GeV), we find a weakening of the
limits due to a generic cancellation of both effects, as already discussed in section 2.

Starting at small masses, as soon as kinematically available, the hadronic injections
from non-thermal scattering come to rapidly dominate the bounds for small lifetimes, thus
pushing them beyond the ones from Neff. This effect becomes apparent from the massive
jump between mϕ = 2 GeV (light blue) and mϕ = 5 GeV (gold). However, beyond this
boost, a further increase in mass up to mϕ ∼ 50 GeV (green) only leads to a mild further
strengthening of the limits, as the energy E < mϕ/2 of the injected neutrinos remains below
the Z-resonance. However, when going past the resonance, i.e. from mϕ = 50 GeV (green)
to mϕ = 100 GeV (blue), the limits strengthen by another factor ∼ 10, showcasing the fact
that the hadronic injections from non-thermal scattering receive a massive resonance boost.
However, beyond this threshold, the rate for non-thermal interactions is no longer expected
to increase drastically, since the corresponding cross-section (cf. figure 5) saturates. This
effect can also be observed when comparing the left and right panels of figure 3 in section 2.
Let us further stress that the bounds from hadrodisintegration do not become constant for
τϕ < 104 s, but are expected to vanish for τϕ ≲ 102 s, when all injected hadrons are efficiently
stopped before initiating a hadronic cascade.27

Notably, pushing the mass beyond the EW scale, further enables efficient EM/hadronic
injection due to FSR (also cf. figure 4), which causes another jump between mϕ = 100 GeV
(blue) and mϕ = 200 GeV (purple) (also cf. figure 17 for the individual contributions for
mϕ = 200 GeV, similar to figure 3). In fact, for sufficiently large masses, mϕ > 200 GeV
(purple), the limits originating from FSR outperform the ones from Neff for the full range
of lifetimes considered in this work. For even larger masses, the constraints still slightly
strengthen with mass, but also start to slowly saturate towards the TeV-scale. For such masses,
the limits become slightly stronger for intermediate lifetimes, τϕ ∼ 108 s–1010 s, causing a small
bump in an otherwise fairly flat limit. This can be understood from the fact that — in this
regime — the EM contribution outperforms the (only mildly lifetime-dependent) hadronic one.

For the remainder of this section, let us discuss the asymptotic behaviour of the different
limits. To this end, let us first fix the mass and the abundance of ϕ, thus quantifying the
asymptotic behaviour for large lifetimes. In this case, when increasing the lifetime — at
some point — the hadronic injections will consist solely of protons, since the neutrons with
lifetime τn ≈ 880 s ≪ τϕ effectively decay immediately. In addition, for sufficiently large
lifetimes, the energy-loss mechanism of protons becomes inefficient due to the low energy of
the background particles, meaning that all protons enter the hadrodisintegration processes
with their (potentially high) initial injection energy. As long as the hadrodisintegration
rate is still above the Hubble rate, the hadronic cascade will therefore proceed until all
protons (as well as other fragments) are scattered down to energies beyond which they can
no longer disintegrate 4He. As a result, the different parameters ξp

X , i.e. the numbers of

27Note that for τϕ < 102 s, other effects like the pion-induced interconversion of protons and neutrons
become important.
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additional nuclei produced due to the injection of a single proton, become independent of
the injection time. Moreover, the number of injected protons only depends on the initial
abundance ϕ, i.e. — for a fixed abundance — there is no dilution effect and the same amount
of nucleons is injected for each individual decay, independent of the time. Therefore, the
limits arising from hadronic injections are expected to approximately reach a plateau at large
lifetimes. Considering EM injections instead, photodisintegration is well parameterised by
the universal spectrum (cf. eq. (4.9)), which is always temperature dependent. Therefore,
the asymptotic behaviour is non-trivial, and numerically we find that the limits from EM
injections weaken for sufficiently large lifetimes.

Additionally, we can also quantify the asymptotic behaviour for large masses — for
which FSR again dominates — by fixing the lifetime and the abundance of ϕ. Increasing
mϕ for fixed τϕ and fϕ ∝ mϕYϕ, leads to a linear reduction of the “no-decay” number
density ñϕ ∝ fϕ/mϕ of ϕ (cf. eq. (5.1)). For the terms on the right-hand side of eq. (4.13)
describing photodisintegration, this loss in number density is compensated for by an increase
of fγ,univ with E0 ∼ mϕ (cf. eq. (4.9)), such that fγ,univ ∝ SemE0 ∼ ñϕζ fsr

em(mϕ)E0 ∼
fϕm−1

ϕ ζ fsr
em(mϕ)mϕ ∼ fϕζ fsr

em(mϕ). Hence, for large masses, the limits still increase but only
slowly according to the (mild) increase of ζ fsr

em with mass (cf. figure 4). Specifically, this
behaviour is relevant for τϕ ≳ 107 s, for which the EM component of FSR dominates the
limits for large masses. However, for the terms on the right-hand side of eq. (4.14) describing
hadrodisintegration, such a compensation does not exist for large mϕ. In fact, both N fsr

hd
and thus dnfsr

hd/dt (cf. figure 19) as well as ξy
X (cf. figure 16) only mildly (but not linearly)

depend on
√

s ∼ E ∼ mϕ, i.e. not enough to counteract the loss of abundance. Once the loss
in sensitivity due to the smaller abundance overtakes the increase in sensitivity due to the
slightly larger values of N fsr

hd and ξy
X , the limits therefore undergo a turn-around, i.e. they

start to weaken with mass after an initial phase of strengthening. Indeed, this behaviour is
relevant for τϕ ≲ 107 s, in which case the limits are dominated by the hadronic component of
FSR. Specifically, the results obtained above are well represented in the figure (cf. the change
between mϕ = 1 TeV and mϕ = 10 TeV) and also in agreement with the results of [52].

Based on the discussion above, we naturally find that the EM contribution from FSR
slowly grows towards an asymptotic value (cf. figure 4). In particular, this contribution is
a good proxy for the full limits, as shown in figure 18 of appendix F.

6.2 The mϕ − τϕ parameter plane

We now turn to the discussion of the mϕ − τϕ parameter plane for a selection of fixed
abundances. In figure 11, we show the corresponding results for six different choices of fϕ

(different colours). As already discussed above, the Neff bound is effectively independent of the
particle mass and therefore manifests itself as a horizontal line, becoming stronger for a larger
abundance. We show this bound as a dashed line, whereas the ones stemming from BBN are
shown as solid lines. Moreover, the intersection of both constraints is marked by a star and
the excluded region is shaded for clarity. We see that abundances above fϕ = 102 are largely
excluded for mϕ ≳ 1 GeV, except for a small region, for which EM and hadronic injections are
suppressed. Overall, reducing the initial abundances of ϕ relaxes the resulting limits. We find
that for every abundance, there exists a value of τϕ beyond which the Neff constraints start
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Figure 11. Overall BBN constraints originating from the decay ϕ → νeν̄e for different initial
abundances fϕ (solid, different colours). In addition, we also show the corresponding Neff constraints
(dashed, different colours), as well as the point beyond which the latter ones become dominant (star).
For clarity, we further shade the excluded part of parameter space.

to dominate, which is due to the different redshift behaviour of matter (ϕ) and radiation (ν).
The parameter space above this line is fully excluded. For smaller lifetimes, the constraints
are dominated by NBBN. Moreover, we find that small abundances are excluded only for
large masses and intermediate lifetimes, as expected from the results in figure 10.

6.3 The mϕ − fϕ parameter plane

Let us now discuss the mϕ − fϕ parameter plane for a selection of fixed lifetimes. In figure 12,
we show the resulting constraints for eight different choices of τϕ (different colours). Here, the
total BBN bounds obtained in this work are shown as solid lines, while the ones originating
from Neff are shown with dashed lines. Again, the transition points between the two are
marked by a star. Note that we do not show mϕ < 1 GeV, since all bounds are weaker than
the one from Neff below this threshold, in accordance with our previous discussion. We find
that particles with larger lifetimes require larger masses in order to outperform the Neff
limits. Moreover, there exist two points beyond which the limits strengthen substantially.
The first one is at mϕ ∼ 2 GeV when hadronic final states becomes kinematically available.
The second one is for masses close to the EW scale, at which point (i) the Z-resonance can
be hit during non-thermal scattering and (ii) injection due to FSR becomes efficient. We
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Figure 12. Overall BBN constraints originating from the decay ϕ → νeν̄e for different lifetimes
τϕ (solid, different colours). In addition, we also show the corresponding Neff constraints (dashed,
different colours), as well as the point beyond which the latter ones become dominant (star).

observe that for mϕ ≳ 500 GeV and τϕ ≳ 108 s, the limits are generically well-described by
effectively only considering the EM component of the EW shower from FSR (cf. figure 18
and appendix F for a more detailed discussion). However, for smaller lifetimes, the hadronic
component of the EW shower from FSR is dominant for heavy relics, which explains the
different asymptotic behaviour.

6.4 Results for other neutrino flavours

Let us now briefly discuss how the limits change when other neutrino flavours are initially
injected in the ϕ decay. In figure 13, we show the resulting constraints in the τϕ − fϕ plane
for mϕ = 100 GeV, and (i) the three cases of single-flavour injections ϕ → ν̄eνe (dark blue),
ϕ → ν̄µνµ (green), ϕ → ν̄τ ντ (orange), as well as (ii) the “democratic case” in which all
neutrino-flavours are injected with equal branching ratios. We find that deviations among
the different cases are very small, meaning that the bounds for ϕ → ν̄eνe (which we mostly
show throughout this paper) are also valid for the other cases to a very good approximation.

6.5 Results for BRee ̸= 0

Up to this point, we have tried to keep this work as model-agnostic as possible. However, one
may wonder how the resulting limits for ϕ → νν compare to those for ϕϕ → e+e−, specifically
since SU(2) invariance in the SM naively enables both channels with equal branching ratios.
In figure 14, we therefore present the resulting limits for mϕ ∈ {10, 100} GeV (red, blue)
and different choices of BRee ̸= 0. Specifically, we show the case of pure neutrino injection
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Figure 13. Absolute and relative comparison of the total BBN limits for mϕ = 100GeV, assuming
different initial neutrino flavours in the decay. For the relative comparison, we leave out a narrow
region where there is no one-to-one correspondence between τϕ and mϕYϕ.
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Figure 14. Comparison of the resulting BBN limits for mϕ ∈ {10, 100} GeV (red, blue) and different
values of BRee (different linestyles). Specifically, we show the three cases BRee = 0 (solid), BRee = 0.5
(dashed), and BRee = 1 (dotted).
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with BRee = 0 (solid), pure EM injection with BRee = 1 (dotted), and mixed injections
with BRee = 0.5 (dashed). As expected, pure EM injection yield stronger limits for most
lifetimes, since the direct injection of EM material (dotted) leads to much more efficient
photodisintegration.

However, for small lifetimes, electromagnetic injection ceases to be effective and (even
suppressed) hadronic injections become relevant. In this regime pure neutrino injections
(solid) lead to comparably strong constraints, mainly due to the presence of hadronic injections
arising from non-thermal scatterings. In addition, neutrinos also profit from the delayed
injection of EM/hadronic material during the neutrino cascade, meaning that a relic with
τϕ = 104 s still injects a significant amount of material at t ≫ τϕ due to the fact that scattering
is rare in large regions of the parameter space. Therefore, neutrinos can push beyond the
usual cutoff at τϕ ∼ 104 s (τϕ ∼ 102 s) below which the constraints from photodisintegration
(hadrodisintegration) vanish. For the case of electrons it turns out that contributions from
hadronic FSR are still relevant even for these rather small masses due to the emission of virtual
photons — a contribution which is not present for the neutrinos.28 Note that there now also
exists a transition region between τϕ = 104 s and τϕ = 105 s, for which a cancellation between
the deuterium production due to the hadronic injection and the deuterium destruction due
to the EM injection weakens the limits from electron injections significantly.

When considering the SU(2) symmetric case (dashed), the limits are typically weaker
than the ones for pure injections by a factor 2. Again there is a cancellation among the EM
and hadronic contributions. Note however that the cancellation is displaced significantly
w.r.t. the case of BRee = 1 for mϕ = 100 GeV as the cancellation is very sensitive to the
relative strength of hadronic and EM contributions. Note that for much larger masses,
mϕ ≫ 100 GeV, and for large lifetimes, the limits for pure neutrino and pure EM injections
are expected to exhibit a very similar behaviour, since — in this case — also the limits for
BRee = 0 are dominated by EM injections, specifically from FSR. Consequently, the ratio of
both limits is then equal to the ratio of the injected EM energy. Since for BRee = 1 basically
100% of the energy is released in the form of EM material, this ratio is given by the red
line in figure 4. Consequently, the ratio approaches a value close to unity asymptotically
for large masses, implying that the bounds for pure neutrino injections are only marginally
weaker in this regime. For smaller lifetimes, the same statement is not true, since hadronic
injections complicate the matter. In conclusion, we therefore find that neutrinos still lead to
important constraints, even if the relic can also directly decay into electron-positron pairs.
However, there also exist well-motivated models for which BRee is naturally either small or
zero, some of which are discussed in the following section.

6.6 A note on model-building

While the previous section discusses a valid point, injected neutrinos do not necessarily
imply an equal amount or even any primary charged leptons. Let us briefly discuss some
potential scenarios, for which a relic ϕ can dominantly decay into two neutrinos. A well
known example of such a scenario is the Majoron framework. In its standard minimal
version, the key interaction is of the form yN ϕN cN with a sterile neutrino N and ϕ = seiθ,

28We thank the anonymous referee for pointing out the relevance of this contribution.
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where θ is the pseudoscalar Majoron field, a pseudo-Goldstone boson resulting from the
breaking of a global Abelian B − L symmetry by the vacuum expectation value of the field s

(see [56, 57] and e.g. [58, 59]). The decay into light neutrinos proceeds through seesaw mixing
between the heavy sterile neutrino and ordinary neutrinos at a rate Γϕ ∼ mθy2

N m2
ν/(16πm2

N ),
with mν being the neutrino mass scale. In this scenario, a suppressed decay into e+e− is
also induced at one loop, with an extra relative factor ∼ (m2

em2
N /m4

W )/(4π2)2 in the decay
width. Specifically, this decay channel is relatively enhanced by the mass of the seesaw-state,
but involves extra chirality flip and loop suppression factors, so that it is suppressed for
mN ≲ 109 GeV. The range of lifetimes considered in this work, τϕ = (104 − 1012) s, typically
requires a seesaw scale mN ∼ (104 − 108 GeV) · yN . Obviously, in this case the Majoron is
not the DM particle, as often considered, but instead corresponds to the unstable relic ϕ

assumed in this work. Overall, we see that for such a model, the BBN bounds on the neutrino
channel are stronger than the BBN ones on the charged lepton channel in a significant
part of the parameter space.

Another option is to consider the coupling of a gauge boson to two sterile neutrinos,
also followed by seesaw neutrino mixings into ordinary neutrinos [60]. In this case, both the
decay into light neutrinos and into e+e− are suppressed by four powers of the heavy sterile
neutrino, with an extra loop suppression for the charged lepton channel, so that here too
the primary decay channel is into light neutrinos.

Yet another straightforward example of a scenario leading to a decay into neutrinos,
without — in this case — any production of primary charged leptons, is to consider the source
particle as the neutral component of a scalar triplet of hypercharge 2, ∆ = (δ++, δ+, δ0). In
this case, the two charged scalar triplet components, which are heavier due to EW symmetry
breaking, disappear quickly from the thermal bath by decaying into the neutral component.
The remaining neutral component decays into νν from a ∆LL Yukawa interaction. The
relic density of such triplets, prior to their decay, is the one of a hypercharge 2 scalar triplet
DM candidate, see [61, 62], that is to say of a typical WIMP. From the EW annihilations,
the relic density is below (above) the observed DM relic density for masses below (above)
2.1 TeV [63] (and can also be below it around the Higgs boson resonance). Scalar quartic
couplings can further increase the annihilation, i.e. suppress the relic density [62]. In this
framework, there is no decay into charged leptons due to lepton-number conservation.

Phenomenologically very similar to the decays of a relic into two neutrinos as studied
in this work are decays into one neutrino and one dark-sector state. In the latter case, it
is natural that no associated charged leptons are produced. An example of such a setup
would be a supersymmetric sneutrino, which decays into one neutrino and one gravitino, a
scenario previously studied in [10]. Another option is to consider the decay of a scalar or
a gauge boson into two not so heavy sterile neutrinos νs. In this case, the leading decay, if
kinematically allowed, would be ϕ → ν̄sνs, but mixing with SM neutrinos would also induce
e.g. ϕ → ν̄sν, which is much less suppressed than the decay into charged leptons. In this case,
there would be a strong limit from Neff considerations, but for sufficiently large mixings, the
limits derived in this work may also be relevant. If the sterile neutrino mass is close to the
mass of ϕ, the decay ϕ → ν̄sν could also be the leading decay channel.
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7 Conclusion

In this work, we have performed a detailed study of the decay of a relic particle ϕ into
neutrinos, ϕ → νν̄, concentrating on lifetimes larger than about 104 seconds. At this time,
primordial nucleosynthesis has basically completed, but late-time injections of EM or hadronic
material may still disintegrate the light elements previously synthesised. The case of neutrino
injections is of particular interest, as it is expected to be less constrained compared to injection
of other SM particles. We have shown that, although these constraints are generically weaker,
they are still much stronger than naively expected, covering large parts of the parameter
space defined by the mass mϕ, the lifetime τϕ, and the abundance fϕ of the relic particle ϕ.

Once produced, the neutrinos interact very little with the abundant photons, baryons,
and electrons that are present at the time. However, they can still interact significantly
with the numerous background neutrinos that are present in the primordial plasma (thermal
scattering). Moreover, two injected neutrinos can also interact among each other (non-thermal
scattering). While the injection of electron-positron pairs due to thermal scattering can lead
to relevant limits, we find that non-thermal scattering further results in hadronic injections,
which we show to be very important, as they dominate the resulting limits by several orders
of magnitude in significant regions of parameter space. Specifically, this effect dominates
the constraints for masses up to ∼ 150 GeV and (depending on the mass) lifetimes up to
107–109 s (cf. figures 3 and 10). In fact, hadronic injections from non-thermal scattering
are dominant in this region for three main reasons:

a) non-thermal scatterings, unlike thermal ones, profit from the fact that they involve two
energetic neutrinos in the initial state, leading to a larger centre-of-mass energy, thus
allowing the production of heavier particles due to a larger cross-section from resonant
scattering close to the Z-pole;

b) the nucleons produced via non-thermal scattering feature a hadrodisintegration cross-
section for destroying helium-4 (and producing deuterium) that is two orders of magni-
tude larger than the one for photodisintegration of deuterium;

c) helium-4 is more than three orders of magnitude more abundant than deuterium.

Instead, for masses up to ∼ 100 GeV and larger lifetimes, the dominant constraint on the light-
element abundances stems from the modification of the baryon-to-photon ratio η. However,
in this regime, the CMB Neff bounds dominate over the ones from BBN. In between these two
regimes, there is a cancellation of both effects, which leads to weaker constraints. Interestingly,
for small lifetimes, the constraints coming from neutrino injections can be more stringent
than the ones coming from electron-positron injection, as the effects of a pure EM cascade
is suppressed at early times.

For masses beyond the EW scale, the effects of the EW shower from FSR quickly become
dominant. In this region, we further find that — for lifetimes that are not too large — the
induced hadrons lead to an improvement of the constraints by several orders of magnitude
compared to the injection of only EM material. In fact, hadrons dominate the limits for
lifetimes up to 107 s. For larger lifetimes, photodisintegration from EM material due to
FSR dominates. Both EM and hadronic contributions from FSR lead to an upper bound
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on the source-particle abundance, which is relatively independent of the lifetime and mass,
namely fϕ ≤ 10−2–10−3.

The derivation of our results was made possible by a new, Monte-Carlo inspired proba-
bilistic approach, which can be used to track the relevant part of the evolving phase-space
distribution of the injected neutrinos. This is essential in order to faithfully evaluate the
effects of non-thermal scattering, which previously had been largely ignored in the literature
due to its computationally challenging nature. In this context, an important, simplifying
insight is that any neutrino that scatters once, no longer has to be tracked as part of the
spectrum. This is particularly true in case the corresponding interaction rates are smaller
than the Hubble rate, so that neutrinos typically scatter only once (if at all).

In this work, we have concentrated on a “model-agnostic” approach regarding the late-
time injection of energetic neutrinos and included generic effects which had previously been
neglected in the literature. We have briefly commented on a number of different particle-
physics scenarios, which result in a predominant injection of neutrinos (possibly in addition to
truly decoupled states) and therefore are expected to lead to constraints that are very similar
to the ones presented in this work. Overall, we found that, even for this seemingly innocent
case, the resulting constraints from photo- and hadrodisintegration can be very stringent,
much stronger than the indirect ones from a new radiation component parameterised by Neff.

Acknowledgments

We would like to thank the authors of [22] for communications early in the project, and
N. Grimbaum-Yamamoto for discussions. This work is funded by the Deutsche Forschungsge-
meinschaft (DFG) through Germany’s Excellence Strategy — EXC 2121 “Quantum Universe”

— 390833306. JF is supported by an ERC StG grant (“AstroDarkLS”, Grant No. 101117510).
The work of TH and MH is supported by the Belgian IISN convention 4.4503.15 as well as
by the Brussels laboratory of the Universe - BLU-ULB.

A A simplified calculation of the CMB Neff limit

In this appendix, we present a simplified calculation of the CMB Neff constraint within our
scenario. In the main text and specifically for eq. (4.18), we assumed that ϕ had already
decayed fully into neutrinos. However, to track the cosmological evolution and to estimate
the resulting limit, it is useful to also take into account the energy density in ϕ prior to its
decay. Using both the energy density ρn-th

ν (t) of the ultra-relativistic non-thermal neutrinos,
as well as the energy density ρϕ(t) of the non-relativistic relic, we can define a combined
DM energy density ρDM(t) by means of the simplified relation

ρn-th
ν (t) + ρϕ(t) ≡

fϕρDM(t) for t ≤ τϕ

fϕρDM(t)
(

R(τϕ)
R(t)

)
for t > τϕ

. (A.1)

Taking into account the transition from radiation to matter domination at the time teq of
matter-radiation equality, we find at the time trec of recombination

ρn-th
ν (trec) ≃ fϕρDM(trec)

(
R(τϕ)
R(teq)

)(
R(teq)
R(trec)

)
≃ fϕρDM(trec)

τ
1/2
ϕ t

1/6
eq

t
2/3
rec

. (A.2)
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Using this relation, we can derive an approximate limit on the combination fϕτ
1/2
ϕ , assuming

that none of the neutrinos dissipate any of their energy in the form of EM/hadronic material.29

Taking for simplicity Neff,sm = 3, since the difference to the actual value is much smaller than
what is allowed by the limit on ∆Neff, and by approximating Tν = (4/11)1/3T , we find

∆Neff ≃ ρn-th
ν (trec)

27
8

π2

30 T 4
ν,rec

< 0.29 (A.3)

⇒ fϕτ
1/2
ϕ ≲ 1.4 · 106 s1/2 ρth

ν

3ρDM

∣∣∣
t=trec

= 1.4 · 106 s1/2 Ωth
ν h2

3ΩDMh2

∣∣∣∣∣
t=ttoday

zrec ≃ 7 · 104 s1/2

⇒ fϕ

(
τϕ

104 s

)1/2
≃ 700 . (A.4)

Here, teq ≈ 50000 yrs, trec ≈ 380000 yrs, and zrec ≈ 1100. Moreover, we used the fact that
27

8
π2

30 T 4
ν,rec ≃ ρth

ν (trec)/3 which can then be related to Ωth
ν h2 [46]. In fact, this approximation

is very close to what is obtained by a full numerical treatment, i.e.

fϕ

(
τϕ

104 s

)1/2
≃ 680 , (A.5)

which we use e.g. for the black line in figure 10.
Finally, let us note that as part of our numerical analysis, we calculate a more consistent

value of Neff, taking into account also the fact that the non-thermal neutrinos lose some
of their energy in the form of EM/hadronic material. Eq. (A.5) is therefore used only for
comparison and reference.

B On the relevance of neutrinodisintegration reactions

In this appendix, we show that the abundance of injected neutrinos is not significantly
impacted by deep inelastic scattering (DIS) between the neutrinos and the background
nucleons.30 To this end, we compare the interaction rate of this process ∼ ⟨σnv⟩nn with the
one for scattering off thermal background neutrinos ∼ ⟨σνv⟩nν , i.e.

⟨σnv⟩nn

⟨σνv⟩nν
∼

10−38 cm2 E
GeVηT 3

G2
F ET 4 ∼ 10−11η

10−10 T
GeV

∼ 102η
MeV

T
∼ 10−8 MeV

T
. (B.1)

Here, we utilised the DIS cross-section from [23, 64] as well as nn ∼ ηT 3. In conclusion, we
find that — for all relevant temperatures T ≲ 10−2 MeV —, it is indeed safe to ignore the
scattering reactions between non-thermal neutrinos and the background nuclei. However, we
note that similar to the quasi-elastic scattering studied in [22], sizeable neutrino injections
during thermal BBN could change this conclusion. Nevertheless, this problem is irrelevant
for this work specifically, since we focus on τϕ ≥ 104 s.

29In our numerical analysis, we take into account that a fraction of the energy ends up in the form of
EM/hadronic material.

30For neutrino energies beyond a few GeV, DIS scattering dominates over elastic scattering.
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C A simplified analytical expression for the neutrino spectrum

In this appendix, we briefly discuss a simplified analytical expression for the neutrino
spectrum that we found during the early stages of the project. After developing a numerical
implementation which is both efficient and more precise, we refrained from using this
expression in more detail. However, we still find that this expression can give some instructive
insights, specifically in the context of showcasing the agreement between the numerical and
the analytical result in figure 8.

In the following, we sketch the different steps that are required to derive this simplified
analytical approximation, thereby highlighting all important approximations. Assuming that
all scattering rates are negligible w.r.t. the Hubble expansion, and by using H ≃ 1/2t, the
evolution of the neutrino spectrum is determined by the following simplified Boltzmann
equation

∂fν

∂t
− E

2t

∂fν

∂E
≃ 4π2

E2
nϕ

τϕ
δ(E − E0) . (C.1)

Here, we used the fact that the initial particle ϕ is non-relativistic and features a lifetime τϕ

as well as an abundance nϕ, the latter of which is defined in eq. (5.1). Moreover, E0 = mϕ/2.
This equation can be solved analytically, which yields

fν(t, E) ≃ 8π2

E5
0

nϕ

(
tE2/E2

0
)

τϕ
tE2Θ(E0 − E)Θ

(
E − E0

√
t0/t

)
. (C.2)

In this expression, the upper limit in energy, as indicated by the first Heaviside function,
is determined by the maximally possible neutrino energy E0 = mϕ/2. The lower limit, as
indicated by the second Heaviside function, is less trivial and accounts for the “starting
time” t0 of the neutrino injection. Technically, such a starting time is in fact artificial, since
decays always happen in some capacity, even well before t = τϕ. Here, and specifically for
figure 8, we set t0 = τϕ/Λ as in section 5 for consistency. However, let us note that even in a
more realistic scenario, the interactions of the neutrinos with the background will eventually
deplete the spectrum, thus leading to an effective cutoff, a feature that can e.g. be observed in
the full numerical result in figure 8. Finally, let us note that the spectrum further depends on
the number density nϕ evaluated at t(E/E0)2. This factor naturally shuts off the injections
due to the exponential suppression of the relic abundance beyond its lifetime. Additionally,
the redshift factor in the argument ensures that only those neutrinos injected at a later time
suffer from this suppression, while neutrinos injected at earlier times have already lost some
of their energy E due to redshift, i.e. E ≪ E0, and therefore are not suppressed.

D A more detailed look at the hadronic cascade

We provide a concise summary of the physical processes driving the hadronic cascade in this
appendix. In combination with the Boltzmann equation in eq. (4.15), the numerical framework
presented in this section forms the basis for the implementation of the hadrodisintegration
reactions in v2.0.0-dev of ACROPOLIS. In particular, we focus on the calculation of the
parameters ξy

X [nj ](T, K) for y ∈ {p, n} and X ∈ {p, n, D, T, 3He, 4He}.
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In a nutshell, energetic hadrons injected into the thermal plasma can scatter off the
background particles, thus initiating a hadronic cascade. In this context, the most important
processes are

1. EM scattering with background particles, i.e. primarily electrons e− and photons γ,
which leads to continuous energy loss,

2. decay of the unstable hadrons, i.e. primarily neutrons in our case,

3. hadronic scattering with background nuclei, i.e. primarily protons pBG and helium-4
nuclei αBG.

Notably, when describing these processes, we can safely neglect the expansion of the Universe,
since the Hubble rate is always much smaller than the rates of any of the processes above.31

Before delving into a detailed description of the various processes, let us first point out
some important approximations that we employ as part of our calculation. In KKM05, one
of the main goals was to derive strictly conservative constraints originating solely from the
destruction of 4He and the subsequent production of D, T and 3He. Since we follow this
publication closely, many of the following simplifications are also based on this principle.
However, it is worth noting that — in the larger context of this work — the injection of
energetic nucleons is only one of the important effects, and the final light-element abundances
are also impacted by a modified background cosmology and EM injections. As discussed
already in the main text, hadronic and EM injections can have opposite effects and thus
lead to cancellation effects, which can make some exclusion bounds overly optimistic and no
longer conservative. However, in practise, we find that such cancellations are only relevant
for very small parts of parameter space, meaning that the following approximations can
still largely be considered conservative:

Target particles. As shown in KKM05, the nuclear cross-sections are of similar orders-of-
magnitude for all light elements, meaning that the corresponding scattering probabilities
differ only due to the different abundances of the targets. Therefore, we consider only
the two most abundant nuclei as targets, i.e. pBG and αBG. The impact of any other
element is generically suppressed by their small abundance.

Projectile particles. The most important hadrons that are injected by non-thermal scatter-
ing of the neutrinos are p and n, with additional (high-energy) nucleons being produced
during the various steps of the hadronic cascade. Heavier final-state nuclei resulting
from the cascade often have a smaller kinetic energy based on the prescription used for
the energy transfer (also cf. appendix C of KKM05). Their impact on the subsequent
evolution of the cascade is therefore subleading compared to the one of neutrons and
protons. As a result, we assume that only protons and neutrons act as projectile
particles. However, in accordance with KKM05, we do use a simplified treatment to
estimate if the produced nuclei survive or are disintegrated by either a CMB photon or

31We estimate this by comparing the Hubble rate H ∼ 1 s−1(T/MeV)2 with a typical nuclear interaction
rate Γ ∼ npσnuc ∼ 108 s−1(T/MeV)3 ≫ H. Consequently, for any temperature before recombination, the
hadronic cascade is well approximated as instantaneous w.r.t. to cosmic expansion.
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a background proton (see discussion below). If the survival condition is not met, we
assume that the particle is broken up into its separate nucleons with equal momenta,
e.g. pBG + T → p + 2n, with the latter ones being reinjected into the cascade if their
kinetic energy is above 20 MeV.

Energy range. Experimental measurements for the cross-sections of hadronic processes
where the kinetic energy of the projectile is higher than ∼ 20 GeV are not available,
except for some data on pp and np scatterings.32 However, based on the available data,
KKM05 estimates the cross-sections for high-energy hadronic scattering to become
approximately constant beyond 20 GeV, an approximation that we also employ in this
work. Nevertheless, we note that the energy of nucleons injected from FSR and/or
non-thermal scattering is usually only a few % of the initial energy and thus — for the
parameters considered in this work — rarely much above the extrapolation threshold.

Isospin symmetry. Even below ∼ 20 GeV, some relevant experimental data is not available.
Therefore, we invoke isospin symmetry to approximate the missing cross-sections
whenever necessary and possible.33 More precisely, we consider all processes shown in
table 3,34 but use separate cross-sections for protons and neutrons only for the reactions
in the upper part of the table, while using the same (isospin-symmetric) cross-section
for protons and neutrons in the lower part. Although a comprehensive analysis of the
full nuclear interaction network would yield more precise predictions for the effects of
hadrodisintegration, we still expect that all dominant effects are captured well within
this approximation. In particular, since we anyway assume a 20% uncertainty on the
nuclear reaction rates.

D.1 Parametrisation of the hadron spectrum

In this section, we introduce the scheme that we use to track the spectrum/amount of the
individual nuclei that are present during the cascade. Here, the numerical framework is
inspired by the discussion in appendix D of KKM05. First, we introduce a vector A of the form

A =



Np

Nn

∆Np

∆Nn

∆ND
∆NT

∆N3He
∆N4He


. (D.1)

In this expression, Np and Nn are N -dimensional vectors describing the distribution of protons
and neutrons over N energy bins that are equidistant in log-space, e.g. Np,i is the number of

32In general, we use the nuclear cross-sections presented in KKM05.
33EM corrections are typically subleading in the energy range of interest.
34Note that we denote charged pions, neutral pions, and multiple pions in the final state all by π for

simplicity.
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protons in the ith energy bin. Here, the minimal kinetic energy Kmin ≈ 20 MeV equals the
threshold energy for the disintegration of helium-4, and the maximal kinetic energy Kmax
corresponds to the highest possible injection energy of the hadrons. Moreover, the six different
values ∆NX count the relative number of X particles that have been produced/destroyed
due to the hadronic injection. Consequently, A is a 2N + 6 dimensional vector. Note that
∆Np and ∆Nn must be considered in addition to the spectra Np and Nn, as they also track
nucleons with kinetic energy K < Kmin. In the following, we label the different entries
starting at an index 0 as this directly maps to the numerical implementation, and we use the
same convention for the indices of any of the matrices discussed below.

The evolution of A throughout the cascade is then handled by two evolution matrices,
i.e. one matrix Meloss describing the energy loss of the available hadrons up until their
next scattering reaction, and one matrix Mscat describing one of those proceeding hadronic
scattering reactions. After one step of the cascade, we thus have A0 → MscatMelossA0 for
some initial vector A0. As an example, let us assume that a single proton with kinetic energy
K is injected into the plasma. The initial vector A0 would then only have two non-zero
entries, namely ∆Np = 1 and Np,j = 1, where j denotes the energy bin to which K belongs
to. During the cascade, i.e. by applying MscatMeloss repeatedly, many other entries of A,
including ∆ND etc., will assume non-zero values. Ultimately, the calculation converges,
leading to a final vector Af = limn→∞(MscatMeloss)nA0, which can be used to extract ξy

X .
We discuss the calculation of the two transition matrices in the respective sections below.

D.2 Electromagnetic energy loss

For the calculation of the hadronic cascade, it is of particular importance to perform a careful
analysis of the energy loss of the injected hadrons due to EM interactions (point 1 above): if
the hadrons lose much of their energy before scattering hadronically, they might no longer
have enough energy to initiate any disintegration reactions. However, if their energy loss is
small, they can instead scatter energetically with the background nuclei, thus potentially
destroying them in the process. In this subsection, we therefore first discuss the relevant
processes leading to such EM energy loss. An injected hadron Hi can interact with the
background electrons and photons, mainly via:

• Coulomb/magnetic moment scattering Hi + e± → Hi + e±;

• Compton scattering Hi + γ → Hi + γ;

• Bethe-Heitler (BH) scattering Hi + γ → Hi + e+ + e−;

• Photo-pion process Hi + γ → H ′
i + π.

Here, H ′
i is a potentially different hadron. For charged hadrons, e.g. protons, EM energy loss

is dominated by Coulomb scattering, whereas for neutral hadrons, e.g. neutrons, magnetic-
moment interactions are most relevant. In general, we can express the energy-loss rate as
(cf. appendix B of KKM05 for a collection of the individual expressions)

dEHi

dt
=
(dEHi

dt

)
Coulomb

+
(dEHi

dt

)
Compton

+
(dEHi

dt

)
BH

+
(dEHi

dt

)
photo-pion

. (D.2)
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Process i = n i = p Reaction Type
(i, pBG; 1) n + pBG → n + p p + pBG → p + p elastic
(i, pBG; 2) n + pBG → n + p + π p + pBG → p + p + π inelastic
(i, pBG; 3) n + pBG → n + n + π p + pBG → p + n + π inelastic
(i, pBG; 4) n + pBG → p + p + π p + pBG → n + p + π inelastic
(i, pBG; 5) n + pBG → p + p + π p + pBG → n + n + π inelastic

Process i = n i = p Reaction Type
(i, α; 1) n + αBG → n + α p + αBG → p + α elastic
(i, α; 2) n + αBG → D + T p + αBG → D + 3He inelastic
(i, α; 3) n + αBG → 2n + 3He p + αBG → p + n + 3He inelastic
(i, α; 4) n + αBG → p + n + T p + αBG → 2p + T inelastic
(i, α; 5) n + αBG → n + 2D p + αBG → p + 2D inelastic
(i, α; 6) n + αBG → p + 2n + D p + αBG → 2p + n + D inelastic
(i, α; 7) n + αBG → 2p + 3n p + αBG → 3p + 2n inelastic
(i, α; 8) n + αBG → n + α + π p + αBG → p + α + π inelastic

Table 3. Top: hadronic processes involving a background proton pBG. Bottom: hadronic processes
involving a background helium-4 nuclei αBG. Both tables are taken from KKM05; however, following
KKMT18, we added additional inelastic processes in the upper part.

Following KKM05, we then define the quantity

RHi+Aj→Ak

(
E

(in)
Hi

, E′
Hi

; T
)

≡
∫ E′

Hi

E
(in)
Hi

ΓHi+Aj→Ak

(dEHi

dt

)−1
dEHi , (D.3)

which can be interpreted as the number of hadronic interactions from table 3 of the type
Hi + Aj → Ak that happen during the time it takes for Hi to electromagnetically downscatter
from the initial energy E

(in)
Hi

to the final energy E′
Hi

. Here, Aj/k are generic initial and final
states of the hadronic interactions in table 3, and ΓHi+Aj→Ak

are the corresponding interaction
rates. Since we only consider pBG and αBG to be relevant targets, we have Aj ∈ {pBG, αBG}.
Moreover, for the hadronic cascade Hi ∈ {p, n}, whereas Hi ∈ {p, n, D, T, 3He, 4He} for the
calculation of the survival probability (see below). Finally, a list of all possible (multi-particle)
states Ak is encoded in table 3, which labels interactions as (i, j; k). Note that the notation
used in eq. (D.3) is somewhat simplified, since only T is specified as an external parameter.
However, in reality, the hadronic cascade also depends on the primordial helium-4 abundance
Yp and the baryon-to-photon ratio η via the interaction rates ΓHi+Aj→Ak

∝ nAj .35 We keep
this dependence implicit in our notation to avoid visual clutter.

35In terms of final quantities ξy
X [nj ](T, K), this manifests in terms of the dependence on [nj ], i.e. Yj = nj/nb

with the baryon number density nb ∼ ηnγ .
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Using eq. (D.3), we estimate the total energy loss by summing over all hadronic pro-
cesses, i.e.

RHi

(
E

(in)
Hi

, E′
Hi

; T
)

≡
∑
j,k

RHi+Aj→Ak

(
E

(in)
Hi

, E′
Hi

; T
)

. (D.4)

Here, the quantity RHi(E(in)
Hi

, E′
Hi

; T ) parameterises the total number of hadronic scattering
reactions that occur before the initial energy E

(in)
Hi

of the hadron Hi is reduced to the
final energy E′

Hi
due to EM interactions with the thermal plasma. This parameter allows

determining whether an energetic hadron is stopped before engaging in hadronic interactions.
On the one hand, if RHi(E(in)

Hi
, Eth

Hi
; T ) ≲ 1 with the smallest threshold energy Eth

Hi
of any

disintegration reaction involving Hi, the hadron Hi is stopped before being able to induce any
hadrodisintegration reaction. On the other hand, if RHi(E(in)

Hi
, Eth

Hi
; T ) > 1,36 the hadrons

are not fully stopped and can therefore alter the primordial light-element abundances. Using
RHi , we can therefore determine the energy Ẽ

(R=1)
Hi

of the energetic hadron Hi before it
engages in disintegration reactions, i.e. by solving

RHi

(
E

(in)
Hi

, Ẽ
(R=1)
Hi

; T
)

= 1 . (D.5)

For stable hadrons, the interaction rate coincides with the scattering rate, ΓHi+Aj→Ak
=

nAj σHi+Aj→Ak
βHi . However, for unstable hadrons like neutrons, there exists an additional

contribution from the decay rate, e.g. Γn→p = (γnτn)−1 with γn = En/mn for neutrons.37

Finally, the equations presented above can be used to construct the matrix Meloss by
implementing the following procedure: for any given entry j < N (N ≤ j < 2N) of A, we
set Hi = p (Hi = n) and E

(in)
Hi

= Kj , where Kj is the central value of the kinetic energy
bin corresponding to the entry j.38 Afterwards, we solve eq. (D.5) to obtain Ẽ

(R=1)
Hi

≡ Kk,
corresponding to a different energy bin k(j), which explicitly depends on j, i.e. the energy
and identity of the incoming particle, but also other parameters like the temperature T

(cf. eq. (D.5)). Based on this result, the corresponding entries of the transfer matrix are
then given by

(Meloss)ij = δi,k(j) for j < 2N if Kk > Kmin . (D.6)

In addition, since the EM energy loss does not lead to the production or destruction of
any nuclei, we have

(Meloss)ij = δi,j for 2N ≤ j < 2N + 6 . (D.7)

Note that the so-defined matrix is strictly triangular, since the energy-loss mechanism never
increases the energy of the initial particle.

36In this case, the interpretation as the number of interactions starts to break down, since hadronic scattering
will also contribute to the energy loss.

37In KKM05, the neutron decay is incorporated into the energy loss instead; however, we checked that this
leads to only small numerical deviations in the final result.

38Note that for j′ < N both j = j′ and j = j′ + N share the same value Kj′ = Kj′+N , with Aj′ (Aj′+N )
counting the number of protons (neutrons) with this energy.
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Figure 15. Left: the energy-loss term in eq. (D.2) as obtained from our implementation based on
KKM05 (dash-dotted). For comparison, we also show the results from figure 1 of [51] (dashed), which
we are able to reproduce with good precision. For higher energies, the agreement gets spoiled, since
the Bethe-Heitler process becomes dominant, which has been ignored in [51] (see the solid line). Right:
reproduction of figure 15 in KKM05. The discrepancy is more pronounced for smaller energies and
higher temperatures.

A note on [31]. As it turns out, we do not seem to be able to reproduce the stopping
power of charged particles shown in figures 15–20 of KKM05. This is despite the fact
that the corresponding expressions used to calculate the stopping power in KKM05 are in
agreement with other literature results, e.g. in [51]. In figure 15 (right), we illustrate this
difference by showing the analogue of figure 15 in KKM05, i.e. the contours of constant
Ẽ

(R=1)
p from eq. (D.5) for protons as a function of the temperature T and the injection

energy Eini = E
(in)
p . Most notably, we find that the minimum starting energy a particle can

have in order to interact before dropping below the disintegration threshold for helium-4
is significantly higher in our calculation.

To analyse and understand this discrepancy, we have cross-checked our own implementa-
tion of dEp/dt from eq. (D.2) with the findings of [51], in particular figure 1 of that work.
To this end, in figure 15 (left), we show a comparison between our results and those from [51]
for the quantity Γp,totEp(dEp/dt)−1 where Γp,tot is the total scattering rate of protons. We
find that our implementation, which after all is based on KKM05, accurately matches the
results of [51], except for the high-energy regime, for which the authors of [51] do not take
into account the contribution from Bethe-Heitler scattering. However, artificially removing
this terms from our calculation, again leads to a good match between the two results.39

Overall, we therefore conclude that our implementation is sound, while the discrepancy most
likely comes from a difference in the Coulomb terms, as this would explain why our results
coincide with those of KKM05 in the case of neutron. However, since our results for dEp/dt

agree with those in [51] — while KKM05 does not show a similar plot — we trust our own
implementation and therefore use it for this work.

39Note the visible (but numerically irrelevant) bump in the curves around 1 GeV, which comes from transition
between the ultra- and non-relativistic regime in the expressions of KKM05.
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D.3 Hadronic scattering reactions

As already discussed earlier, if RHi(E(in)
Hi

, Eth
Hi

; T ) > 1, hadronic scattering reactions become
relevant. In this case, the αBG targets can get destroyed (cf. table 3), thus producing additional
D, T and/or 3He nuclei, as well as additional protons and neutrons, which are potentially
able to destroy further elements in the next cascade step. To fully consider this effect, it is
imperative to follow the different daughter particles throughout the hadronic cascade. In this
section, we provide a brief description of the numerical treatment that we employ for this task.
For more details, we again refer the reader to the reference papers KKM05 and KKMT18.

Ultimately, the full treatment of the hadronic cascade proceeds in two distinct steps. At
first, protons and neutrons lose part of the energy due to EM interactions until RHi = 1.40

Afterwards, the different projectile particles with energy Ei undergo scattering reactions with
the possible target particles, whereby the probabilities P(i,j;k)(Ei; T ) for each of the processes
(i, j, k) in table 3 to happen is proportional to the corresponding interaction rate, i.e.

P(i,j;k) (Ei; T ) ≡
ΓHi+Aj→Ak

(Ei; T )∑
Aj=pBG,αBG

∑
Ak

ΓHi+Aj→Ak
(Ei; T ) + ΓHi→...(Ei; T ) . (D.8)

Here, k labels the set of final-state particles, while i and j label the initial-state projectile
and target particle, respectively. Note that we also include the decay rate ΓHi→... in the
denominator, which, however, is only non-zero for unstable particles, i.e. neutrons. The
nuclear cross-sections driving these rates can be found in KKM05.

For describing the redistribution of energy due to these processes, which is imperative
for calculating Mscat, we track the spectra of all final-state particle Ak,l, where the index
l differentiates the different nuclei in the multi-particle state Ak. To this end, for a given
initial state, we calculate the energies of the resulting final-states particles according to
the prescription used in appendix C of KKM05. Notably, if Ak,l is neither a proton nor a
neutron, it is important to check if the produced nucleus survives. To this end, we perform
a simplified test by evaluating the equations

E
(R=1)
Ak,l

≤ Eth,p
Ak,l

and
√

3TEAk,l
≤ QAk,l

. (D.9)

Here, EAk,l
is the energy of the particle Ak,l, QAk,l

is the threshold energy for photodisintegra-
tion of Ak,l due to a CMB photon and Eth,p

Ak,l
is the threshold energy for hadrodisintegration

of Ak,l due to a background proton. If at least one of these conditions is violated, we assume
that the nucleus is fully destroyed and we re-inject its nucleons into the cascade assuming
equipartition of their momentum. Consequently, the survival probability of Ak,l is given by

P surv
Aj,k

(EAj,k
; T ) =

0 , if eq. (D.9) is violated
1 , otherwise

. (D.10)

As a result, even if the final-state particles in table 3 do not contain neutrons or protons,
the reinjection of nucleons due to the destruction of heavier nuclei can still give rise to
additional projectile particles.

40Notably, some particles are slowed down below threshold without ever starting a cascade.
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Based on this setup, we calculate the different entries (Mscat)ij of the transition matrix
in the following way

1. Split the transition matrix into different components for the different nuclear reactions,
weighted by their respective scattering probability, i.e.

Mscat =
∑
i,j,k

P(i,j;k)M
(i,j;k)
scat . (D.11)

2. For a given process (i, j; k), consider each energy bin α with central kinetic energy Kα

for the projectile particle and calculate the spectra fp(K; Kα) and fn(K; Kα) of the
outgoing protons and neutrons according to appendix C of KKM05. Afterwards, set the
different entries (M(i,j;k)

scat )βα with Kmin < Kβ < Kα such that the entries Np and Nn of
A′ = M(i,j;k)

scat A — with A encoding the state directly after the injection of a single proton
or neutron with energy Kα — are distributed according to the spectra fp(Kβ ; Kα) and
fn(Kβ ; Kα). Additionally, set the entries (M(i,j;k)

scat )βα with 2N ≤ β < 2N + 2 such that
∆Np and ∆Nn of A′ represent the change in the number of protons and neutrons.

3. For each process (i, j; k), also calculate the energies of the outgoing D, T, 3He, and 4He.
For each nucleus that survives (cf. eq. (D.9)), set the entries of (M(i,j;k)

scat )βα with 2N +2 ≤
β < 2N + 6 such that ∆ND etc. reflect the change in nuclei (including the destruction
of a potential αBG in the initial state). Instead, if the nucleus does not survive, ensure
that the individual nucleon fragments are represented in the different entries of A′.

Notably, this is only a sketch for the calculation of Mscat. For more details on the exact
implementation, we also refer the reader to the publicly-available source code of v2.0.0-dev
of ACROPOLIS.

D.4 Extracting ξy
X

Following the previous discussion, we are interested in extracting the parameters ξy
X for

the Boltzmann equation (4.14).
As already mentioned before, we can use Meloss and Mscat to calculate the final vector

Af at the end of the cascade, i.e.

Af = lim
n→∞

(MscatMeloss)n A0 ≡ TA0 . (D.12)

Here, n denotes the number of cascade steps and A0 is the initial vector describing the
injection (cf. section D.1). Since both Meloss and Mscat, are strictly triangular, the same is
true also for the final transfer matrix T. For n → ∞, the matrix T is mostly zero, except
for the entries Tij with i ∈ [2N, . . . , (2N + 6) − 1] and j ∈ [1, . . . , 2N − 1] (remember that
we start indexing at 0 ). In practice, we set n to a sufficiently large number, such that all
other entries might not be zero but negligible. In fact, since the matrix multiplication is
very fast, we can easily ensure convergence.41

41For best performance, note that

(MscatMeloss)2n

=
[
(MscatMeloss)2]n

,

meaning that n multiplications are sufficient to simulate 2n cascade steps.
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Given the transfer matrix T, we can then extract the different parameters ξy
X from

eq. (4.14). More precisely, we can identify (omitting the T dependence)

ξp
p(Ki) = T2N+0,2i , ξn

p (Ki) = T2N+0,2i+N (D.13)
ξp

n(Ki) = T2N+1,2i , ξn
n(Ki) = T2N+1,2i+N (D.14)

ξp
D(Ki) = T2N+2,2i , ξn

D(Ki) = T2N+2,2i+N (D.15)
ξp

T(Ki) = T2N+3,2i , ξn
T(Ki) = T2N+3,2i+N (D.16)

ξp
3He(Ki) = T2N+4,2i , ξn

3He(Ki) = T2N+4,2i+N (D.17)
ξp

4He(Ki) = T2N+5,2i , ξn
4He(Ki) = T2N+5,2i+N . (D.18)

Here, i ∈ [0, . . . , N − 1] runs over the different energy bins with central energy Ki. Using
this identification, we can implement the hadronic cascade into ACROPOLIS by means of
eq. (4.15). For consistency, we further explicitly check that baryon number is conserved.
More precisely, we demand ∑

X

BXξy
X = 1 , (D.19)

with the baryon number BX of the nucleus X and y ∈ {n, p}, since the relation must be
fulfilled for both nucleons separately. This equation is based on the interpretation of ξy

X as
the number of produced/destroyed nuclei X per single injection of the initial nucleon y.

To conclude this part of the appendix, let us briefly discuss the results we obtain for one
benchmark value of KKMT18, i.e. for T = 4 keV, η = 6.1·10−10, and Yp = 0.25. Here, we focus
on the production of D and the destruction of 4He, since we expect these contributions to have
the largest impact on our final results. In the left part of figure 16, we show the deuterium
yield (blue-green) per injected hadron for both neutrons (solid) and protons (dashed), and
compare it to the corresponding results in KKMT18 (red). We find excellent agreement for
the case of injected neutrons in the low-energy regime. For neutrons of higher energies as well
as for injected protons in general, we instead observe small deviations, due to the discrepancy
we find in the handling of the energy loss (cf. figure 15). This discrepancy becomes especially
clear for the case of injected protons, for which the aforementioned difference in the Coulomb
term yields a much stronger stopping power in the context of our own calculation. Therefore,
injected protons are significantly less efficient in causing hadrodisintegration reactions and
higher energies are required to cause a non-zero impact on the nuclear abundances. For
neutrons of small energy, the discrepancy in the energy-loss terms only plays a sub-leading
role, as they mainly interact via magnetic-moment scattering. Consequently, the (otherwise
leading) Coulomb term is irrelevant. However, at higher energies, conversions from protons
into neutrons (also cf. the upper part of table 3) become important (as also analysed in
KKMT18), thus leading again to deviations in the results. Specifically, the protons produced
by these conversion processes will experience the same increased stopping power that already
caused the deviations in the case of injected protons. Therefore, the efficiency of neutron
injection also decreases for higher energies, for which the inelastic (conversion) processes
become more pronounced as shown in figures 11 and 12 of KKM05. This argument is fairly
general and therefore directly applies also to the destruction of 4He, as shown in the right
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Figure 16. Left: deuterium yield (blue-green) per injected baryon for fixed temperature compared to
the literature results (red). Right: the same on the left but for 4He. Note that in this panel, we have
flipped the sign of ξy

4He in order for it to be positive.

part of figure 16. For better comparability, we have flipped the sign of our ξy
4He in this plot,

since it is negative for our convention while KKMT18 defines it as positive.
Finally, let us note that we employ one last approximation as part of the numerical

implementation. In general, ξy
X [nj ] depends non-linearly on the number density of the available

background nuclei nj . However, we have confirmed that to a reasonable approximation, some
combinations ξy

X [nj ]/nA are basically constant. In fact, this statement is true specifically
for A = p in case X ∈ {p, n} and A = 4He if X ∈ {D, T, 3He, 4He}. Therefore, we can
approximate

ξy
X [nj ](T, K) ≃

ξy
X [n0

j ](T, K)
n0

A(X)
× nA(X)(T ) , (D.20)

with A(X) = p if X ∈ {p, n} and A(X) = 4He otherwise, which transforms eq. (4.14) from
a non-linear to a linear differential equation. Here, n0

j/A(X) are the corresponding initial
abundances at the start of NBBN. Using this approximation, within ACROPOLIS eq. (4.14)
can therefore be solved in the same manner as eq. (4.13) (see the ACROPOLIS manual for
more information).

E Boosting between the cosmic rest frame and the centre-of-mass frame

In this appendix, we derive the formula used in eq. (5.24). To this end, we introduce two
4-momenta for the two initial-state neutrinos of the interaction, which we parametrise by the
corresponding scattering angle θ between both neutrinos in the cosmic rest frame, i.e.

p1 =


E1
0
0

E1

 and p2 =


E2
0

E2 sin θ

E2 cos θ

 . (E.1)
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Here, E1 and E2 are the energies of the initial-state neutrinos. At this point, it is useful
to introduce the Mandelstam variable

s = (p1 + p2)2 = 2E1E2 (1 − cos θ) ⇔ cos θ = 1 − s

2E1E2
, (E.2)

for mν = 0, which is independent of the reference frame.42 Given the 4-momenta from above,
the total 4-momentum of the system in the cosmic rest frame is given by

p1 + p2 =


E1 + E2

0
E2 sin θ

E1 + E2 cos θ

 . (E.3)

Since we handle non-thermal scattering in the centre-of-mass (CM) frame, we have to boost
p1 + p2 into this exact frame in order to use the results of PYTHIA8.3. To this end, we
first determine the corresponding Lorentz transformation Λz in z-direction. Specifically, the
boost velocity βz in this direction is given by

βz = E1 + E2 cos θ

E1 + E2
, (E.4)

which yields

Λz(p1 + p2) =


√

(1 − cos θ) E2 (2E1 + E2 (1 + cos θ))
0

E2 sin θ

0

 . (E.5)

Similarly, for the Lorentz transformation Λy in y-direction the boost is given by

βy =
√

(1 + cos θ)E2
2E1 + E2(1 + cos θ) , (E.6)

as it leads to the desired result

ΛyΛz(p1 + p2) =


√

2E1E2 (1 − cos θ)
0
0
0

 . (E.7)

We now consider the 4-momentum of a generic baryon in the centre-of-mass frame resulting
from non-thermal scattering, i.e.

pb,cm =


Eb

pb sin θb cos ϕb

pb sin θb sin ϕb

pb cos θb

 . (E.8)

42In our convention, scattering with θ = 0 is impossible and therefore not considered in the following.
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Here, Eb and pb are the energy and momentum of the baryon, while θb and ϕb are two angles
describing its traversal direction. By applying the inverse transformation Λ−1

z Λ−1
y , we obtain

the corresponding 4-momentum in the cosmic rest frame,

pb,lab = Λ−1
z Λ−1

y pb,cm , (E.9)

which still depends on the angles defined in the CM frame. Assuming an isotropic distribution
of injected baryons, we perform the average

⟨pb,lab⟩ = 1
4π

∫ 1

−1

∫ 2π

0
d cos θbdϕb Λ−1

z Λ−1
y pb,cm

=
Λ−1

z Λ−1
y

4π

∫ 1

−1

∫ 2π

0
d cos θbdϕb pb,cm

= Λ−1
z Λ−1

y


Eb

0
0
0

 , (E.10)

where we have used the linearity of the Lorentz transformation. Ultimately, we are only
interested in the temporal component of this vector,

Eb,lab = E1 + E2√
s

Eb , (E.11)

which is the exact expression used in eq. (5.24).

F A collection of supplementary figures

In this appendix, we collect some figures that supplement our selection of plots in the main
text. While we briefly comment on each of them here, we refrain from a complete discussion
due to the auxiliary nature of these figures.

In figure 17, we show the analogue of figure 3 but for intermediate case mϕ = 200 GeV.
For this mass, the resulting constraints are just at the transition between being dominated by
non-thermal scattering for smaller masses and FSR for higher masses. Qualitatively, we find it
to be very similar to the cases that have already been discussed in greater detail in section 2.2.

In figure 18, we compare in the mϕ − fϕ plane (i) the numerical results obtained in
this work (full lines), and (ii) the resulting EM limits by assuming only FSR (dotted lines).
We find that for particles heavier than the EW scale that are sufficiently long-lived, case
(ii) provides an excellent approximation, as all other effects are subleading.43 Moreover, we
extend the line from case (ii) to masses beyond the ones considered in this work, in order
to provide a projection for even heavier long-lived particles.

Finally, in figure 19, we show some of the auxiliary quantities that have been used in
section 5. More precisely, we visualise ζhd (upper left), Nhd (upper right), and Khd (lower

43This statement is mildly lifetime-dependent, because the EM part of the EW shower from FSR has a
maximum contribution at around τϕ ∼ 108-109 s and for values close to this peak, the dominance of the limits
happens at even smaller masses. This becomes apparent by comparing the lines of τϕ = 109 s and τϕ = 1011 s.
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Figure 17. Similar to figure 3, but for mϕ = 200 GeV.
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Figure 18. Comparison between the full numerical result for different (large) lifetimes with the one
for direct e+e− injections from FSR, i.e. suppressed by a factor ζ fsr
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Figure 19. Additional quantities describing the hadronic injection (cf. section 5), i.e. ζhd (upper
left), Nhd (upper right), and Khd (lower centre), for non-thermal scattering (red, x =

√
s) and FSR

(blue, x = mϕ). In the case of non-thermal scattering, the y-axis for a given quantity Qhd technically
shows the averaged quantity ⟨Qn-th

hd ⟩. We shade the regions of energy/mass where a given effect is
dominant with the corresponding colour, with the grey band indicating the transition region where
both effects can be equally important. Note that for Khd from non-thermal scattering, we show the
value in the centre-of-mass frame, since the corresponding value in the cosmic rest frame explicitly
depends on the energies of the initial-state particles (cf. eq. (5.24)).

centre) originating from both non-thermal scattering (red, x =
√

s) and FSR (blue, x = mϕ).
In general, we find that ζ fsr

hd and N fsr
hd behave qualitatively similar to ζ fsr

em from figure 4. In
addition, the average kinetic energies K fsr

hd and ⟨Kn-th
hd ⟩ grow roughly linearly beyond the

nucleon threshold. Instead, for the quantities ⟨ζn-th
hd ⟩ and ⟨Nn-th

hd ⟩ from non-thermal scattering,
we observe larger contributions around the EW scale with a strong decline beyond it.
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