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1 Introduction

An intriguing mechanism in proton-proton collisions at high energy is double parton scattering
(DPS), where two partons in each proton enter a hard-scattering process that produces a
part of the observed final state. This mechanism is generically suppressed compared with
single-parton scattering (SPS), where the observed particles in the final state originate from
a single hard scatter, but there are various final states and kinematical regions in which DPS
can be important or even dominant. A prominent example is the production of like-sign W

pairs (W+W+ or W−W−), which was proposed for studying DPS in [1, 2] and experimentally
observed in Run II of the LHC [3, 4].

The theoretical description of DPS in QCD rests on pioneering work in the 1980s [5, 6],
followed by substantial new developments in the 2010s [7–18]. The inclusion of double (and
more generally multiple) parton interactions is also an integral part of general-purpose event
generators for proton-proton collisions [19–23]. A comprehensive overview of the field up to
2017 is given in the monograph [24], and for recent theoretical or phenomenological studies
we refer to [25–31]. Experimentally, double parton scattering has been observed both at
the Tevatron and the LHC, see [3, 4, 32–35] and references therein. In addition to like-sign
W pairs, observed final states in these studies are J/Ψ pairs [34–37], W + J/Ψ [38], four
jets [39, 40], W+ jets [41, 42], and several others.
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The parton-level initial state in DPS is described by double parton distributions (DPDs),
which quantify the joint distribution of two partons with momentum fractions x1 and x2
and a given transverse distance y from each other. These are genuinely non-perturbative
quantities and remain poorly known compared with single-parton distributions (PDFs), which
have by now entered the realm of precision physics. However, at small distance y between
the two partons, the dominant contribution to a DPD comes from graphs in which the two
observed partons originate from the perturbative splitting of a single parton. For ease of
language we refer to this as “parton splitting in DPDs” or “DPD splitting” henceforth.1 This
mechanism has been studied long ago in the context of scale evolution [7, 43–46] and later
from more general points of view [8–14, 16, 17]. Depending on the parton combination and
kinematics (parton momentum fractions and hard scales), the importance of this splitting
contribution to the DPS cross section can be anything between negligible and dominant.
In cases where it is dominant, one has the remarkable situation that DPS can be largely
predicted in terms of ordinary PDFs and perturbatively calculable quantities. At leading
order (LO) in αs, the kernels for parton splitting in DPDs have a simple connection to
the one-loop splitting functions in the DGLAP equation. This connection is lost at higher
orders, and the DPD splitting kernels at next-to-leading order (NLO) have been computed for
massless unpolarised partons in [47, 48]. The impact of heavy quark masses in the splitting
process was investigated in [49].

In physical cross sections, DPDs are evaluated at the characteristic scales µ1 and µ2 of
the two hard-scattering processes, whereas the splitting process just described should be
evaluated at its natural scale µinit ∼ 1/y. Numerical studies in [49] have shown that the
dependence of the cross section on the specific choice of µinit can be substantial if the splitting
is evaluated at LO, reaching an order of magnitude or more in certain kinematics. In such
situations one barely has a useful theoretical prediction. The first purpose of the present
study is to see how this changes when the splitting is evaluated at NLO.

Parton splitting in DPDs is also of primary importance because it gives rise to double
counting between DPS and certain higher-loop graphs for SPS [8, 50]. The scheme developed
in [17] avoids this double counting by imposing a lower cutoff ycut on y in DPS and by writing
the overall cross section as a sum of contributions from SPS, DPS, and a subtraction term.
The second purpose of the present work is to revisit the construction of that subtraction
term and to study the sensitivity of predictions on the choice of ycut when DPD splitting
is evaluated at LO or NLO.

The paper is organised as follows. In section 2 we recall the basics of DPS and of
DPD splitting in the formalism of [8, 17, 18] that underlies our study. In section 3 we
recall our scheme for avoiding double counting between DPS and SPS, and we present a
new prescription for the subtraction term in that scheme. The quantitative impact of NLO
corrections to the DPD splitting kernels is studied in section 4 for the case where quark
masses are neglected and in section 5 for the case where they are included in an approximate
way. We summarise our results in section 6.

1Note that “parton splitting” in this sense does not include additional splitting processes that are described
by DGLAP evolution.
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Figure 1. Graph corresponding to the factorisation formula for double parton scattering, given
by (2.1) and (2.2). Pairs of parton lines have their colour indices coupled to irreducible representations
Ri of SU(3). The final-state cut would be a vertical line through the centre of the graph and is omitted
for clarity. The horizontal lines at the very left and the very right represent the incoming protons.

2 Double parton scattering basics

In this section we recall the theory description of double parton scattering developed
in [8, 18, 51], with an emphasis on the perturbative splitting mechanism for DPDs [17, 47, 48].

Consider the cross section for a process p + p → A1 + A2 + X, where Ai denotes the
system of observed particles produced in the hard subprocess number i (i = 1, 2), and X

denotes the unobserved part of the final state. If the hard subprocesses are computed at
LO, then the DPS cross section is given by

dσDPS
dM2

1 dY1 dM
2
2 dY2

= 1
s2

1
1 + δA1A2

∑
R1R2R3R4

∑
a1a2 b1b2

R1R3 σ̂a1b1(M1;µ1) R2R4 σ̂a2b2(M2;µ2)

× R1R2,R3R4ℒa1a2,b1b2(M1, Y1,M2, Y2;µ1, µ2, ν, s) . (2.1)

Kinematic quantities appearing here are the c.m. energy
√
s of the proton-proton collision,

along with the invariant mass Mi and the rapidity Yi of the observed system Ai. Depending
on the process, the parton-level cross sections σ̂ and the physical cross section may depend
on further quantities, such as the transverse momentum in jet production.

R1 denotes the colour representation of the pair of quark or gluon lines associated with
the parton label a1, as indicated in figure 1, with corresponding associations of R2 ↔ a2,
R3 ↔ b1, and R4 ↔ b2. The relevant representations are R = 1 and R = 8 for quarks
and antiquarks, and R = 1, A, S, 10, 10, 27 for gluons, where A and S respectively stand
for the antisymmetric and symmetric colour octet. By Ri we denote the conjugate of the
representation Ri, which is equal to Ri for all cases except 10 and 10. More details about
colour non-singlet DPDs can be found in [18, 52].

The parton-level cross sections σ̂ in (2.1) are multiplied by double parton luminosities
ℒ, which are products of two DPDs integrated over the transverse distance y between the
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two partons extracted from each proton:

R1R2,R3R4ℒa1a2,b1b2(M1, Y1,M2, Y2;µ1, µ2, ν, s)

= 2π
∫ ∞

ycut
dy y R1R2Fa1a2(x1, x2, y;µ1, µ2, ζ) R3R4Fb1b2(x̄1, x̄2, y;µ1, µ2, ζ̄) . (2.2)

In full generality, the labels a1, a2 and b1, b2 also specify the polarisation of the partons. For
transversely polarised quarks and for linearly polarised gluons, both DPDs and parton-level
cross sections carry transverse Lorentz indices, and the DPDs depend on the direction of
the transverse distance vector y⃗ [8]. Our present study is restricted to unpolarised partons,
since NLO splitting effects have not yet been computed for the polarised cases. We therefore
have DPDs depending only on y = |⃗y |, and the trivial integration over the azimuth of y⃗
has been carried out in (2.2).

The DPDs in (2.2) are evaluated for longitudinal momentum fractions

xi = Mi√
s
eYi , x̄i = Mi√

s
e−Yi , i = 1, 2, (2.3)

which are fixed by the process kinematics. If the parton-level cross sections are evaluated
beyond LO, then the factorisation formula (2.1) must be modified to contain convolution
integrals over the parton momentum fractions, in the same way as is done for single parton
scattering.

The DPDs and parton-level cross sections depend on factorisation scales µ1 and µ2,
and the dependence of the DPDs on these scales is given by DGLAP equations whose full
form can be found in section 2.2 of [53]. For colour singlet distributions (R1 = R2 = 1)
these are straightforward generalisations of the DGLAP equations for PDFs and contain the
same DGLAP splitting functions. The evolution of colour non-singlet DPDs up to NLO
accuracy has been studied in [51, 53].

As will be reviewed in section 3, an important property of factorisation for DPS is that
the integral over y has a lower cutoff ycut, which gives rise to a further momentum scale ν:

ycut = b0/ν , (2.4)

where

b0 = 2e−γE ≈ 1.12 (2.5)

and γE is the Euler-Mascheroni constant. As explained in section 6 of [17], an appropriate
choice of ν is

ν = min(µ1, µ2) , (2.6)

which will be adopted as a default throughout this work. The rapidity parameters ζ and
ζ̄ on the r.h.s. of (2.2) will be explained in section 2.1.

We write the DPDs in terms of splitting and intrinsic contributions as

F = F spl + F intr, (2.7)
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where each contribution depends on the same labels and variables as F in (2.2). This
separation is model independent at small y, where the two contributions can be defined via
an operator product expansion [17]. When evaluated at µ1 ∼ µ2 ∼

√
ζ ∼ 1/y, they have a

power behaviour F spl ∼ y−2 and F intr ∼ y0, and they can be evaluated by the convolution of
perturbative kernels with either PDFs (for F spl) or twist-four distributions (for F intr). For y
in the non-perturbative region, we retain the separation (2.7) in the sense of a model ansatz.

The separation (2.7) induces a separation of double parton luminosities into four parts:

ℒ1v1 ↔ F spl F spl , ℒ1v2 ↔ F spl F intr , ℒ2v1 ↔ F intr F spl , ℒ2v2 ↔ F intr F intr , (2.8)

where “1” indicates that there is a single parton at the origin of the two partons that enter
the DPS process [10].

The perturbative splitting formula for DPDs has the form

R1R2F spl
a1a2(x1, x2, y;µ, µ, ζ) = 1

πy2

∑
a0

1∫
x1+x2

dz

z2
R1R2Va1a2,a0

(
x1
z
,
x2
z
, αs(µ), Ly, Lζ

)
fa0(z;µ)

def= 1
πy2

∑
a0

R1R2Va1a2,a0 ⊗12
fa0 (2.9)

with logarithms

Ly = ln y
2µ2

b2
0
, Lζ = ln µ2

x1x2ζ
. (2.10)

The splitting kernels R1R2Va1a2,a0 have a perturbative expansion starting at order αs. The
masses of heavy quarks (c, b, t) can be taken into account in the splitting, as we will
discuss in section 5.

2.1 Rapidity evolution

As explained in [18], colour non-singlet DPDs depend not only on the factorisation scales µ1
and µ2 for the two partons, bit also on a rapidity parameter. In the double parton luminos-
ity (2.2), the rapidity parameters ζ and ζ̄ of the two DPDs must satisfy the kinematic relation(

ζζ̄
)1/2 = s , (2.11)

which is realised by the explicit choice

ζ = M1M2
x1x2

, ζ̄ = M1M2
x̄1x̄2

. (2.12)

The reason for choosing rapidity parameters that depend on the parton momentum fractions
is explained in section 3.2 of [53].

The rapidity dependence of DPDs is described by a Collins-Soper equation

d

d ln ζ ln R1R2Fa1a2(x1, x2, y;µ1, µ2, ζ) = 1
2

R1J(y;µ1, µ2) , (2.13)
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in close analogy to the case of transverse-momentum dependent parton distributions
(TMDs) [54]. The Collins-Soper kernel RJ satisfies a renormalisation group equation in µ1

d

d lnµ1
RJ(y;µ1, µ2) = − RγJ(µ1) (2.14)

and its analogue for the scale µ2. The kernel RJ is zero for the colour singlet (R = 1)
and nonzero for all other colour representations. For the colour octet channels, one has
the exact relation [18, 55]

8J(y;µ, µ) = SJ(y;µ, µ) = AJ(y;µ, µ) = Kg(y, µ) , (2.15)

where Kg is the Collins-Soper kernel for the rapidity evolution of single-gluon TMDs.
The system (2.13) and (2.14) of differential equations is readily solved analytically. The

DGLAP equations for the µ1 and µ2 dependence of DPDs depend on ζ and γJ as well. Solving
the full system of evolution equations and using the condition (2.11), one finds that the
explicit dependence of the DPDs on ζ or ζ̄ drops out in the double parton luminosity (2.2).
A detailed discussion is given in section 4.2 of [53]. The particular choice (2.12) is hence
not relevant for the value of the double parton luminosities, but it simplifies the discussion
of rapidity evolution effects in the DPDs.

In the present work we will only be concerned with colour singlet and colour octet
channels. We use (2.15) and assume Casimir scaling between the Collins-Soper kernels Kg

and Kq for gluon and quark TMDs, which holds at small distances up to order α3
s [56, 57].

This allows us to construct a model for 8J using input from phenomenological determinations
of Kq. We follow the model construction laid out in section 3.1 of [53], which has the form

8J(y;µ1, µ2)

= 8Jpt(y∗(y);µ∗(y), µ∗(y)
)

+ 8∆J(y) −
∫ µ1

µ∗(y)

dµ

µ
8γJ(µ) −

∫ µ2

µ∗(y)

dµ

µ
8γJ(µ) (2.16)

with functions µ∗(y) and y∗(y) specified in (2.17) and (2.19) below. The short-distance
part 8Jpt is evaluated in fixed-order perturbation theory, and the long-distance part 8∆J
is fixed such that the full kernel 8J is equal to CA/CF times the kernel Kq in the SV19
parametrisation [58].

The combinations of perturbative orders used for 8Jpt, for the anomalous dimension 8γJ ,
and for the QCD β function are discussed in section 4.3 of [53]. In the present work we use
the two combinations given in table 1. We note that the β function is taken at one order
less than what is required for NLL or NNLL accuracy in the nomenclature of resummation.
The reason for this is that we take the PDFs in the DPD splitting formula from global fits,
which use the same perturbative order for the DGLAP splitting functions and for β/αs. For
further discussion, we refer to section 2.4 in [59] and to section 4 in [60].

2.2 Initial scales for DPD evolution

In DPS cross sections, DPDs are needed at the scales µ1 and µ2 of the two parton-level
subprocesses. We obtain them by DGLAP evolution from a suitable starting scale µinit,
which is always taken equal for the two partons.

– 6 –
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P β/αs γJ J

αs αs α2
s αs

α2
s α2

s α3
s α2

s

Table 1. Combination of perturbative orders used in the present work for scale and rapidity evolution.
The entries for P refer to the DGLAP kernels for the evolution of the DPDs and of the PDFs in
the DPD splitting formula, those for β/αs to the running of αs, and those for J to the fixed-order
perturbative input 8Jpt of the Collins-Soper kernel in (2.16).

To evaluate the initial condition for the splitting part F spl using a fixed-order formula,
we take a y dependent initial scale µinit(y) so as to avoid large logarithms of yµinit that would
spoil the convergence of the perturbative series. Our default choice is µinit(y) = µ∗(y), where

µ∗(y) = b0/y
∗(y) (2.17)

with a function y∗(y) that satisfies

y∗(y) →

y for y ≪ 1/Λ ,
ymax for y ≫ 1/Λ ,

(2.18)

where Λ represents a typical non-perturbative scale. As discussed in section 3.2 of [53], it is
natural to use µinit(y) as an initial scale also for the intrinsic part F intr. In our numerical
studies we take

y∗(y) = y
4
√

1 + y4/y4
max

, (2.19)

which ensures that µ∗ is always greater than µmin = b0/ymax. We set

µmin = 2 GeV (2.20)

as we did in our evolution study [53], mainly in order to avoid the gluon PDF in the DPD
splitting formula becoming negative at low x and low scales.

For later use, we note that the choice (2.19) implies

µ∗(ycut) = ν 4
√

1 + µ4
min/ν

4

≈ ν for ν ≫ µmin . (2.21)

The corrections to the approximation in the second line are of order (µmin/ν)4 and thus tiny
in the range ν ≥ 10 GeV we will consider later in this work.

Again in the spirit of avoiding large logarithms in the fixed-order splitting formula, we
take the initial scale of rapidity evolution as

ζinit(y) = µ2
init(y)
x1x2

, ζ̄init(y) = µ2
init(y)
x̄1 x̄2

(2.22)

in the relevant DPD. To assess the dependence of our results on the choice of µinit(y), we
will vary that scale within the limits

min
{
µmin, µ

∗(y)
/
2
}
≤ µinit(y) ≤ 2µ∗(y) (2.23)
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around our default choice µinit(y) = µ∗(y). This corresponds to the conventional variation by
a factor of 2 up and down when µ∗(y) > 2µmin, while avoiding scales below µmin at large y.
We regard any initial scale within these limits as a reasonable theoretical choice.

We will shortly show that splitting DPDs obtained with initial scales in the region (2.23)
differ by an amount that is of higher perturbative order than the order used in the splitting
formula. Variation of scales that are internal to perturbative calculations is often used
to estimate the uncertainty due to missing higher orders, but the limitations of such an
approach have long been known, and a detailed recent discussion may be found in section 2.3
of [61]. Nevertheless, the impact of varying µinit within the limits (2.23) carries important
information. If this results in a large variation of double parton luminosities, higher-order
corrections are manifestly large. Conversely, a moderate or small impact of the scale variation
on double parton luminosities is a necessary although not a sufficient condition for having
a reliable theory result.

Let us assume that the DPD splitting kernels are evaluated up to order αk
s , with k = 1

at LO, k = 2 at NLO, etc. We introduce the notation

F spl(k)(x1, x2, y;µ1, µ2, ζ|µ0, ζ0) (2.24)

for a DPD that is initialised from the k-th order splitting formula at scale µ0 and rapidity
parameter ζ0 and then evolved to the final scales µ1, µ2 and the final rapidity parameter ζ.
For brevity, we omit parton and colour labels in (2.24) and the following equations.

We must of course require that y is in the perturbative regime, where the splitting
formula for DPDs is applicable and where the Collins-Soper kernel RJ can be expanded in
αs. We also require that µ0 ∼

√
ζ0 ∼ 1/y, so that no large logarithms in the ratio of these

scales can spoil counting powers of αs in the following perturbative estimates.2

In terms of an evolution operator U , which is the Green’s function of the combined
system of DGLAP and Collins-Soper equations, we can write

F spl(k)(x1, x2, y;µ1, µ2, ζ|µ0, ζ0) =
∫ 1

x1

dz1
z1

∫ 1

x2

dz2
z2

U(x1, x2, µ1, µ2, ζ|z1, z2, µ0, µ0, ζ0)

× F spl(k)(z1, z2, y;µ0, µ0, ζ0|µ0, ζ0) , (2.25)

where the DPD on the r.h.s. is given by the DPD splitting formula (2.9) at order αk
s .

It is sufficient for the following results that the evolution of DPDs and of the PDFs in
the splitting formula is evaluated with DGLAP and Collins-Soper kernels of order αk−1

s . This
is consistent because the explicit logarithms of µ or ζ in the k-th order splitting formula are
accompanied by evolution kernels of at least one order less, given that the splitting DPD
itself starts at order αs [47, 48]. In practice one will typically take the evolution kernels at
order αk

s , and γJ even at order αk+1
s (see also table 1).

2This statement holds up to possible large logarithms ln x1 and ln x2, which are of dynamical origin and
beyond the scope of our analysis.
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The splitting DPD evaluated up to order k satisfies the Collins-Soper equation up to
terms of order αk+1

s or higher, i.e.

d

d ln ζ0
F spl(k)(x1, x2, y;µ0, µ0, ζ0 |µ0ζ0)

= 1
2 J

(k−1)(y;µ0, µ0)F spl(k)(x1, x2, y;µ0, µ0, ζ0 |µ0ζ0) + 𝒪
(
αk+1

s (µ0)
)

(2.26)

where J (i) is the Collins-Soper kernel evaluated up to order αi
s. A corresponding statement

holds for the DGLAP equation. As a consequence, the dependence on µ0 and ζ0 does not
exactly cancel between U and F on the r.h.s. of (2.25), and one has

d

d lnµ0
F spl(k)(x1, x2, y;µ1, µ2, ζ|µ0, ζ0) = 𝒪

(
αk+1

s (µ0)
)

d

d ln ζ0
F spl(k)(x1, x2, y;µ1, µ2, ζ|µ0, ζ0) = 𝒪

(
αk+1

s (µ0)
)

(2.27)

We emphasise that the orders on the r.h.s. are dictated by the truncation of the DPD
splitting kernel and not by the orders at which evolution is performed, as long as the latter
includes the order αk−1

s .
Integrating the differential equations (2.27) between two scales µa and µb, we obtain

F spl(k)
(
x1, x2, y;µ1, µ2, ζ

∣∣∣∣µa,
µ2

a

x1x2

)
− F spl(k)

(
x1, x2, y;µ1, µ2, ζ

∣∣∣∣µb,
µ2

b

x1x2

)
= 𝒪

(
αk+1

s (µa)
)

for µa ∼ µb ∼ 1/y . (2.28)

The dependence of an evolved splitting DPD on the initial scale is thus one order higher than
the perturbative accuracy at which the DPD is evaluated, as we claimed above.

3 Double counting subtraction

Since the two partons in a DPD can originate from the splitting of a single parton, there is an
overlap between DPS with two splitting DPDs and higher-loop corrections to single parton
scattering [8]. In different regions of the loop momenta, the same graph can be regarded as
either DPS or SPS, as shown in figure 2. A scheme to delineate the two mechanisms was
developed in [17]. In this scheme, double counting between SPS and DPS is avoided by a
subtraction term. It is the purpose of this section to revisit the construction of this term.

In the scheme of [17], the full cross section for a process to which DPS can contribute reads

σ = σDPS(ν) − σsub(ν) + σSPS . (3.1)

To understand this construction, we write all three terms in (3.1) as integrals over the
transverse distance between the two partons:

σDPS(ν) =
∫
d2y θ(y − ycut) IDPS(y) ,

σsub(ν) =
∫
d2y θ(y − ycut) Isub(y) ,

σSPS = σSPS,0 +
∫
d2y ISPS(y) , (3.2)

– 9 –
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k1 − 1
2
∆ k2 +

1
2
∆ k2 − 1

2
∆ k1 +

1
2∆

k̄2 − 1
2∆ k̄2 +

1
2∆

k̄1 − 1
2∆k̄1 +

1
2∆

(a) SPS

Fb1b2

Fa1a2

(b) DPS

Figure 2. (a): box graph for the production of two electroweak gauge bosons via SPS. All loop
momenta are routed such that they flow towards the gauge boson vertex. (b): the same graph,
interpreted as a contribution to DPS with two splitting DPDs. The final state cut would be a vertical
line through the centre of the graph and is omitted for clarity.

where we use ycut and ν = b0/ycut interchangeably. Throughout this section, it is understood
that ν ∼ min(µ1, µ2).

The expression of IDPS in terms of DPDs and parton-level cross sections is readily obtained
from (2.1) and (2.2). In analogy to (2.8) it can be split into four contributions that involve the
splitting and intrinsic parts of the two DPDs in all combinations: IDPS = I1v1+I1v2+I2v1+I2v2.
At small y this decomposition is model independent.

The full SPS cross section σSPS can be expressed by a standard factorisation formula
involving PDFs and parton-level cross sections. The part σSPS,0 is due to graphs that do
not have any overlap with DPS, whereas ISPS is obtained from the loop graphs that do
have a DPS region. In these graphs, a particular loop momentum ∆ can be identified
such that its transverse component is Fourier conjugate to the transverse distance y⃗ . An
example is given in figure 2(a).

The integrand of the double counting subtraction term σsub must satisfy the conditions

Isub(y) →

I1v1(y) for y ∼ ycut ,

ISPS(y) for y ≫ ycut ,
(3.3)

in order to ensure that

1. for y ∼ ycut the subtraction term cancels the 1v1 contribution to DPS in the sum (3.1),
such that one is left with the SPS term, which correctly describes the process in that
region of y,

2. the dependence on ν cancels between the DPS and subtraction terms,

3. for y ≫ ycut the subtraction term cancels the part of SPS that has overlap with DPS.
One is then left with the DPS term and with the part of SPS that has no overlap with
DPS.

In all three points, the cancellation is understood to be accurate up to remainder terms
that are beyond the accuracy of the calculation.
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Our discussion so far is oversimplified in the sense that the double counting subtraction
in (3.1) only addresses the 1v1 part of the DPS cross section. The 1v2 and 2v1 parts of
σDPS also have an overlap, namely with contributions that involve a twist-four distribution
in one of the colliding protons and a PDF in the other proton. In principle one should
include these contributions, along with a further double counting subtraction term, but this
would be quite impractical, given the paucity of knowledge about twist-four distributions and
the fact that the corresponding hard-scattering cross sections have not been computed. As
explained in section 4.1 of [17], omitting these twist-four contributions while keeping the 1v2
and 2v1 parts of σDPS, one retains the leading logarithmic part of graphs in which the hard
scattering is initiated by two partons in one proton and one parton in the other proton. The
ν dependence of the 1v2 and 2v1 contributions to σDPS goes like ln ν and is much weaker
than the quadratic ν dependence of the 1v1 contribution.

Returning to the construction of Isub, we recall that the integrand IDPS is constructed
from DPDs

F

(
x1, x2, y;µ1, µ2,

M1M2
x1x2

∣∣∣∣µinit(y), µ
2
init(y)
x1x2

)
(3.4)

with F = F spl + F intr. Here we use again the notation introduced in (2.24) that specifies
both the initial and final scales of evolution. In the colour singlet sector, the construction
of Isub is very simple if the two hard scales are equal, µ1 = µ2 = µ and if one takes µh = µ

as factorisation scale in the SPS cross section. In that case, Isub is obtained from IDPS by
replacing the DPDs in (3.4) by F spl evaluated with the splitting formula at the scale µ.

For unequal scales µ1 ̸= µ2, section 6.3 of the original work [17] outlined a construction
in which the splitting DPDs in the subtraction term have y dependent initial and final scales
µ1, µ2, and µ0. In the present work we present an alternative that we find both simpler
and more flexible. We also include the case of colour non-singlet DPDs, which was not
considered in [17]. In our new scheme, Isub is constructed from two components Isub,DPS
and Isub,SPS in the following manner.

• Isub,DPS(y) is constructed with DPDs

F spl
(
x1, x2, y;µ1, µ2,

M1M2
x1x2

∣∣∣∣µsub,init,
µ2

sub,init
x1x2

)
(3.5)

instead of those in (3.4), where

µsub,init = µinit(ycut) . (3.6)

By construction, Isub,DPS(y) and I1v1(y) are equal at y = ycut and gradually deviate
from each other as y increases. This holds for the default choices of µinit and ν = b0/ycut
as well as for the cases where these scales are varied.

Note that for our central choice of initial scale one has

µsub,init = µ∗(ycut) ≈ ν , (3.7)
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where the approximation is very accurate for the range of ν in our numerical studies,
as mentioned after equation (2.21).

If we also take our default choice (2.6) for ν, we get

µsub,init ≈ min(µ1, µ2) . (3.8)

For µ1 < µ2 the DPDs in Isub,DPS(y) are then initialised with both scales equal to
µ1, after which the second scale is evolved to µ2. There is evolution in ζ as well. An
analogous statement holds for µ1 > µ2. If µ1 = µ2, then the DPDs are essentially not
evolved at all.

• Isub,SPS(y) is constructed from DPDs

F spl
(
x1, x2, y;µh, µh,

M1M2
x1x2

∣∣∣∣µh,
M1M2
x1x2

)
(3.9)

that are not evolved in either the scale or the rapidity parameter. Here the factorisation
scale µh is the same as the one taken in the SPS factorisation formula. We take

µh = 1
2 (µ1 + µ2) (3.10)

in our numerical studies; alternative choices such as µh =
√
µ1 µ2 would work as well.

• The full subtraction term interpolates between these two functions as

Isub(y) =
[
1 − ρ(y)

]
Isub,DPS(y) + ρ(y) Isub,SPS(y) (3.11)

where ρ is a function that smoothly interpolates between 0 and 1 in the interval
y ∈ [r1yρ, r2yρ] with r1 < r2 and yρ ∼ ycut. We chose

ρ(y) = ρ̃

(2y − (r2 + r1)yρ

(r2 − r1)yρ

)
(3.12)

with

ρ̃(x) =


0 for x ≤ −1,
1
2 + 1

2 sin
(

π
2 sin

(
π
2 x

))
for − 1 < x < 1,

1 for x ≥ 1.

(3.13)

ρ̃(x) has the feature that its first and second derivatives are continuous and zero at
|x| = 1. Alternatively, one may replace sin π

2 z with 3
2z

(
1 − 1

3z
2) for one or both sine

functions in (3.13).

For the results derived in section 3.1 it is required (i) that r2yρ is in the perturbative
region and (ii) that the size of r2 is limited by the condition αs(ν) ln r2 ≪ 1.

With this new scheme it is rather easy to assess the dependence of results on the
specific form of the interpolation function (3.13), because a change of that function does not
require re-computation of DPDs. This is not the case for the construction in [17], where
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the interpolation between the SPS and DPS regimes is achieved at the level of the initial
and final scales of the splitting DPDs.

In the case µ1 = µ2 our default choice of ν gives µsub,init ≈ µ1 = µh according to (3.8)
and (3.10). In the colour singlet sector, one then has Isub ≈ Isub,DPS ≈ Isub,SPS to high
accuracy and recovers our simple original construction for equal scales. The same holds for
colour non-singlet channels if one additionally takes µi = Mi. In these cases, the choice of
the interpolation function ρ(y) has no impact on the overall double counting subtraction. It
does, however, determine the individual terms in the sum (3.14) below.

As will be discussed in the following sections, the DPD splitting formula should be
evaluated for a number nf of active quark flavours that depends on y, possibly with the
inclusion of heavy quark masses. The logic of the subtraction mechanism then requires that

• Isub,DPS should be evaluated with the flavour settings used for DPDs at y = ycut,

• the value of nf and the treatment of heavy quark masses in Isub,SPS should be the same
as in the computation of the SPS cross section.

Since both the DPS cross section and the double counting subtraction involve products
of DPDs, their relative size and their combination can be discussed at the level of double
parton luminosities, which are independent of specific hard-scattering cross sections. The
counterpart of the double parton luminosity ℒ that goes into σDPS is then the double
parton luminosity ℒsub from which σsub is constructed. Separating the two terms in the
interpolation prescription (3.11), we can further write

ℒsub(ν) = ℒsub,DPS(ν) + ℒsub,SPS(ν) , (3.14)

where the first term corresponds to the y-integral of (1−ρ) Isub,DPS and the second one to the
y-integral of ρ Isub,SPS. Both terms involve the product of two DPDs without hard-scattering
cross sections.

3.1 Dependence on the cutoff scale

Let us now show to which formal accuracy the ν dependence cancels in the overall cross
section (3.1) with our new construction. As in section 2.2, we assume that splitting DPDs
are computed up to order αk

s and that evolution is performed at order αk−1
s or higher. As

a compact notation let us write

P (y;µ) = 2πy F spl(k)
(
x1, x2, y;µ1, µ2,

M1M2
x1x2

∣∣∣∣µ, µ2

x1x2

)
× F spl(k)

(
x̄1, x̄2, y;µ1, µ2,

M1M2
x̄1x̄2

∣∣∣∣µ, µ2

x̄1x̄2

)
, (3.15)

where for brevity we suppress parton and colour labels, as well as the dependence of P on
all arguments that are left constant in the following derivation. We then have

ℒ1v1(ν) =
∫ ∞

b0/ν
dy P

(
y;µinit(y)

)
,

ℒsub,DPS(ν) =
∫ ∞

b0/ν
dy

[
1 − ρ(y)

]
P
(
y;µinit(b0/ν)

)
. (3.16)
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We now study the difference of subtracted 1v1 luminosities at two cutoff scales ν1 ∼ ν2.
We take the same interpolating function ρ(y) and require that the parameter yρ in (3.12)
satisfies yρ ∼ 1/ν1 ∼ 1/ν2 and r1yρ ≥ max(b0/ν1, b0/ν2). The second condition ensures that
ρ(y) = 0 for y between b0/ν1 and b0/ν2. We then have[

ℒ1v1(ν1) −ℒsub(ν1)
]
−

[
ℒ1v1(ν2) −ℒsub(ν2)

]
=

∫ ∞

b0/ν1
dy

{
P (y, µinit(y)) −

[
1 − ρ(y)

]
P (y;µinit(b0/ν1)

)}
−

∫ ∞

b0/ν2
dy

{
P (y, µinit(y)) −

[
1 − ρ(y)

]
P (y;µinit(b0/ν2)

)}
=

∫ b0/ν2

b0/ν1
dy

{
P (y, µinit(y)) − P (y;µinit(b0/ν1)

)}
+

∫ ∞

b0/ν2
dy

[
1 − ρ(y)

] {
P (y;µinit(b0/ν2)

)
− P (y;µinit(b0/ν1)

)}
. (3.17)

Note that the contribution from ℒsub,SPS has dropped out because it is independent of the
cutoff parameter ν. Because of the factor 1 − ρ(y), the last integral in (3.17) is limited to
y ≤ r2yρ, and the integrand is strongly damped in the vicinity of its upper limit. Under
the conditions stated after equation (3.13), we can apply the result (2.28) to both integrals
on the r.h.s. of (3.17). This gives[

ℒ1v1(ν1) −ℒsub(ν1)
]
−

[
ℒ1v1(ν2) −ℒsub(ν2)

]
= 𝒪

(
αk+2

s (ν1)
)
, (3.18)

where the power of αs results from the fact that a splitting DPD starts at order αs. The
product of two splitting DPDs computed at order k contains significant terms from order α2

s

up to order αk+1
s , so that the difference in (3.18) is beyond the accuracy of the computation,

as it should be.

3.2 Summary of the subtraction formalism

At this point we can review the overall logic of our subtraction formalism.

• For y ∼ ycut ∼ 1/min(µ1, µ2), the DPS formalism is not valid, and the correct de-
scription of the process is given by SPS alone. In the region y ≤ r1yρ, the subtraction
term we constructed removes the 1v1 part of DPS up to contributions that are at least
one order of αs higher than the accuracy of the double parton luminosities. These
contributions may be regarded as an artefact of our procedure, and their size can be
estimated by varying ycut in σ1v1 − σsub around a suitably chosen central value.

• For y ≫ ycut, the DPS formalism is valid. In the region where y is still perturbative,
the 1v1 contribution is fully calculable in terms of PDFs and DPD splitting kernels, and
it correctly resums large logarithms of yµ1 and yµ2 (as well as large Sudakov double
logarithms in colour non-singlet channels) that are missed when SPS is evaluated at
fixed order. In the region y ≥ r2yρ, our subtraction term removes the contribution of
SPS graphs that have DPS topology, up to power corrections in ycut/y that are due to
applying the DPS approximation to the graphs.

– 14 –



J
H
E
P
0
5
(
2
0
2
6
)
1
5
8

• In the region r1yρ ≤ y ≤ r2yρ, our subtraction term smoothly interpolates between the
two cases just described. As is typical of the interpolation between two regimes with
different approximations, there is no simple parametric estimate of the error incurred
by this procedure. This error can be estimated by varying the parameters of the
interpolating function (i.e. r1 and r2 in our case) within appropriate limits.

We recall from the discussion above equation (3.4) that our master formula (3.1) misses
explicit contributions with a twist-four distribution in one proton and a PDF in the other,
but that the 1v2 and 2v1 parts of DPS include the part of these contributions that is
enhanced by ln(ν/Λ). The variation of the 1v2 and 2v1 parts of DPS with ycut around
an appropriate central value may hence be regarded as an estimate of the uncertainty of
this specific leading logarithmic approximation. The variation of the 2v2 part of DPS with
ycut is negligible, because this contribution is dominated by a broad range of y values in
the non-perturbative region.

Overall, the variation of σDPS − σsub or ℒDPS −ℒsub with ycut may thus be regarded
as a measure for the theoretical uncertainty of our scheme for handling the overlap between
DPS and other contributions to a given physical process.

4 Splitting with massless quarks

In this section, we study DPD splitting without heavy quark masses. We use the general
perturbative expansion (2.9) with splitting kernels up to NLO:

R1R2Va1a2,a0(z1, z2, αs(µ), Ly, Lζ) = αs(µ)
2π

R1R2V (1)
a1a2,a0(z1, z2)

+
(
αs(µ)

2π

)2
R1R2V (2)

a1a2,a0(z1, z2, Ly, Lζ) + 𝒪(α3
s) . (4.1)

The lowest-order splitting kernels are
R1R2V (1)

a1a2,a0(z1, z2) = ca1a2,a0(R1R2) δ(1 − z1 − z2)P (0)
a1a0(z1) , (4.2)

where P (0)
a1a0(z) is the leading-order DGLAP splitting function for PDFs without its distribu-

tional part at z = 1. The colour factors ca1a2,a0(R1R2) can for instance be found in section 4
of [48]. The NLO splitting kernels have the form

R1R2V (2)
a1a2,a0(z1, z2, Ly, Lζ) = R1R2V [2,0]

a1a2,a0(z1, z2) + Ly
R1R2V [2,1]

a1a2,a0(z1, z2)

+
R1γ

(0)
J

2

(
LyLζ −

L2
y

2 − π2

12

)
R1R2V (1)

a1a2,a0(z1, z2) , (4.3)

where
1γ

(0)
J = 0 , 8γ

(0)
J = Sγ

(0)
J = Aγ

(0)
J = 2CA (4.4)

are the LO coefficients of the anomalous dimension for rapidity evolution.
The number nf of active quark flavours for both the DPDs and the PDFs in the splitting

formula (2.9) is taken according to the characteristic scale

µy = b0/y (4.5)
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of the splitting process. We include a heavy quark Q in the active flavours if µy > γmQ

with a parameter γ ∼ 1. Specifically, we take

nf =



3 for µy < γmc ,

4 for γmc < µy < γmb ,

5 for γmb < µy < γmt ,

6 for γmt < µy .

(4.6)

In the present section we set γ = 1; different values will be explored in section 5.3. We follow
here the procedure of our earlier work [49] and take the scale µy as criterion for determining
nf . One could alternatively take the scale µ∗(y) from (2.17), in which case the lowest number
of active flavours for DPDs would be nf = 4 because µ∗(y) > µmin = 2 GeV.

Starting from initial conditions with nf from (4.6), DPDs with additional active flavours
are obtained by matching, adding the heavy quark Q at µ1 = mQ for the first parton and at
µ2 = mQ for the second one. The matching proceeds in the same way as for PDFs and is
described in section 2.2 of [49] for DPDs in the colour singlet channel. The one-loop flavour
matching kernels for colour octet DPDs are related to their colour singlet analogues as

AAAQ(1)
gg = SSAQ(1)

gg = 11AQ(1)
gg , ASAQ(1)

gg = SAAQ(1)
gg = 0 (4.7)

for gluon-gluon transitions, where the relevant graphs are purely virtual, and as

8RA
Q(1)
Qg = cqg(8R) 11A

Q(1)
Qg with R = A,S (4.8)

for the transition from a gluon to a heavy quark, where the relevant graphs are purely real
and involve the same colour factors

cqg(8A) =
√

N2
c

2(N2
c − 1) , cqg(8S) =

√
N2

c − 4
2(N2

c − 1) (4.9)

as the leading-order DGLAP kernels 8RP
(0)
qg [8, 51].

4.1 Parton kinematics and scales

In the following numerical studies we consider DPDs and DPD luminosities for xi and x̄i

evaluated from (2.3) with
√
s = 14 TeV , Y1 = −Y2 = Y , (4.10)

where Y ∈ [−4, 4]. For the invariant masses of the produced systems, we take one of the
two combinations

M1 = M2 = 80 GeV (4.11)

or

M1 = 80 GeV , M2 = 10 GeV . (4.12)
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An invariant mass of 80 GeV is for instance relevant for the production of a W or a dijet. An
invariant mass of 10 GeV could be a typical scale for producing a pair of mini-jets, or for a
J/Ψ with some transverse momentum. The corresponding parton momentum fractions are

x1 = x̄1 ≈

7.1 × 10−4 for M1 = 10 GeV
5.7 × 10−3 for M1 = 80 GeV

if Y1 = 0 (4.13)

and

x1 ≈

3.9 × 10−2

3.1 × 10−1
x̄1 ≈

1.3 × 10−5 for M1 = 10 GeV
1.0 × 10−4 for M1 = 80 GeV

if Y1 = 4 , (4.14)

with corresponding values for x2 and x̄2 obtained by symmetry considerations.
The factorisation scales in the double parton luminosities are always taken as

µi = Mi , i = 1, 2 (4.15)

and the rapidity parameters as specified in (2.12). We will not vary the scales µi, which
would be more instructive when DPDs are multiplied by parton-level cross sections evaluated
at the same scales.

4.2 Splitting DPDs

The DPD splitting formula (2.9) is valid at small y, whereas DPD luminosities involve an
integral over y up to infinity. Clearly, DPDs at large y are outside the reach of perturbative
computations, and we need to model them. Following our strategy in earlier work [17, 62]
we use the decomposition F = F spl + F intr at all values of y, modelling both terms when
y is large. For the splitting part, we do so by multiplying the perturbative form F spl, pt

in (2.9) with a Gaussian factor:

R1R2F spl
a1a2(x1, x2, y;µinit, µinit, ζinit)

= exp
[ −y2

4ha1a2

]
R1R2F spl, pt

a1a2 (x1, x2, y;µinit, µinit, ζinit) , (4.16)

where ζinit is given in (2.22) and the parameters are taken from section 9.2.1 of [17]:

hgg = 4.66 GeV−2 , hgq = hqg = 5.86 GeV−2 , hqq = 7.06 GeV−2 , (4.17)

with equal values for quarks and antiquarks.
For the PDFs in the splitting formula we use the default LO or NLO sets of the MSHT20

fit [63], depending on the order at which we evolve the DPDs. The strong coupling used
in these sets is

α
(nf =5)
s (mZ) = 0.13 at LO (4.18)

and

α
(nf =5)
s (mZ) = 0.118 at NLO. (4.19)
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Figure 3. Splitting DPDs for gg and ug at x1 = x2 ≈ 5.7×10−3, evolved to scales µ1 = µ2 = 80 GeV.
The first specification of “LO” or “NLO” in the plots refers to the DPD splitting kernels, and the
second one refers to the order of DGLAP evolution of the DPDs and of the PDFs in the splitting
formula.

The PDFs are initialised at µ0 = 1 GeV from the LHAPDF interface [64], where the respective
sets have the keys MSHT20lo_as130 and MSHT20nlo_as118. The quark masses are

mc = 1.4 GeV , mb = 4.75 GeV (4.20)

for both sets.

Comparison of different perturbative orders. In figures 3 and 4 we show DPDs for
the kinematic setting with M1 = M2 = 80 GeV and Y = 0, which gives x1 = x2 ≈ 5.7 × 10−3

according to (4.13). Figure 5 is for DPDs at M1 = M2 = 80 GeV and Y = 4, which gives
x1 ≈ 0.31 and x2 ≈ 10−4 according to (4.14). All DPDs are evolved from µinit = µ∗(y) to
µi = Mi and from ζinit in (2.22) to ζ in (2.12).

The lowest y value in the plots is ymin = b0/µ1. At this point one has µ∗(y) ≈ µ1, so
that there is essentially no evolution of the DPD after its initialisation. As y becomes bigger
than ymin, the amount of evolution to higher scales increases. The DPDs in the figures
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(d) uū, colour octet, x1 = x2

Figure 4. As figure 3, but for ud̄ and uū.

are multiplied with y2, so as to compensate the 1/y2 behaviour of splitting DPDs at the
scale where they are initialised.

We observe that in the colour singlet channel, the scaled DPDs grow significantly with
y as a consequence of evolution, which was already observed in [17]. A notable exception
are qq̄ distributions: we find strong evolution effects in the y dependence for asymmetric
momentum fractions (figure 5(a)) but only mild ones in our setting with x1 = x2 (figure 4(c)).
With the global factor 1/y2 included, qq̄ colour singlet DPDs in this setting are hence more
strongly concentrated at y ∼ ycut than all other parton combinations. This has important
consequences for double parton luminosities at central rapidities, as we shall see.

Scaled colour octet DPDs behave very differently: at small y they are similar in magnitude
to their colour singlet counterparts, whilst at large y they are strongly suppressed due to
Collins-Soper evolution. Our study in [53] showed that this conclusion does not depend on
the specific model for the non-perturbative part of the Collins-Soper kernel. For gluons in the
decuplet or the 27 representation (not shown here), the suppression at large y is even stronger.

We now turn to the role of higher perturbative orders. The difference between the solid
red and dashed blue curves in the figures shows the impact of using DPD splitting kernels
at NLO instead of LO, with LO PDFs in the splitting formula in both cases:

– 19 –



J
H
E
P
0
5
(
2
0
2
6
)
1
5
8

10-1 100 101
0

1

2

3

4

5

(a) uū, colour singlet, x1 ≫ x2
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Figure 5. As the bottom row of figure 4, but for asymmetric momentum fractions x1 ≈ 0.31 and
x2 ≈ 10−4.

• We find large differences at intermediate or large y for colour singlet DPDs, with the
NLO result being bigger than the one at LO for all parton combinations considered.

• For colour octet distributions at y below 1 GeV−1, the impact of NLO corrections to
the DPD splitting is clearly visible. At larger y these distributions are negligibly small.

The difference between the solid red and dotted green lines in the figures shows the
impact of switching from LO to NLO DGLAP evolution for DPDs and PDFs (along with
changing the PDF set). In most cases, this impact is significant but more moderate than
the change from LO to NLO in DPD splitting.

In the remainder of this paper we will focus on the impact of the NLO kernels for DPD
splitting. We will therefore always evolve DPDs and PDFs at LO, even when the DPD
splitting is computed at NLO. This may appear unusual, but we recall from section 2.2 that
the combination of NLO splitting and LO evolution kernels is theoretically consistent. We
also note that evolving DPDs at LO is adequate if one uses the DPS formula (2.1) with LO
hard-scattering cross sections σ̂. If the latter are evaluated at NLO, one gets convolution
integrals rather than a simple multiplication of σ̂ with double parton luminosities.

4.3 Double parton luminosities and subtraction terms

To investigate full double parton luminosities, we need not only the 1v1 but also the 1v2,
2v1, and 2v2 contributions and therefore require a model for the intrinsic part of the DPDs.
In the colour singlet case we adopt our previous choice from [53], which is

11F intr
a1a2(x1, x2, y;µinit, µinit)

= na1a2
1

4πha1a2
exp

[ −y2

4ha1a2

] (1 − x1 − x2)2

(1 − x1)2 (1 − x2)2 fa1(x1;µinit) fa2(x2;µinit) (4.21)
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with

na1a2 =


0 if a1 = a2 = d− d̄,

1/2 if a1 = a2 = u− ū,

1 otherwise.
(4.22)

Here the parton labels a1 and a2 have been transformed to the valence-sea basis, i.e. to
the linear combinations q − q̄ and q̄ for each quark flavour. The parameters ha1a2 are the
same as in (4.17).

In [53] we also explored models for Fintr in colour non-singlet channels. We found
that the resulting double parton luminosities for the 1v2, 2v1, and 2v2 combinations are
always considerably smaller than those for the pure splitting combination 1v1. This is easily
understood: rapidity evolution strongly suppresses large y in the luminosity integral, and in
the remaining region of small y the splitting part of DPDs is much larger than their intrinsic
part. We will hence not include the latter in the present study, also because modelling intrinsic
colour non-singlet DPDs is poorly constrained and thus affected by huge uncertainties.

In the colour singlet channel there is no Collins-Soper suppression at large y, and
depending on parton combinations and kinematic settings, both the intrinsic and the splitting
parts of DPDs can be important in the overall double parton luminosities. We will see
examples for this in the following.

Impact of the initial scale. Let us take a first look at double parton luminosities and
their dependence on the initial scale µinit at which DPDs are computed from the splitting
formula (4.16) or from the model (4.21) for the intrinsic part of DPDs.

In the remainder of this paper we use the following shorthand notation for colour
representations in double parton luminosities:

11,11ℒ → ℒ , 88,88ℒ → 88ℒ , 8A,8Aℒ → 8Aℒ , AA,AAℒ → AAℒ . (4.23)

Note in particular that we simply omit colour labels to designate the colour singlet.
In figures 6 and 7 we show luminosities for the parton combinations ug, d̄g and ud̄, d̄u at

M1 = M2 = 80 GeV, which are respectively relevant for W+ dijet and for W+W+ production.
Note that splitting DPDs for the ud̄, d̄u channel are generated only by NLO corrections to
the splitting formula and by evolution from the initial to the final scale.

Comparing the 1v1, 1v2 + 2v1, and 2v2 contributions in the colour singlet (panels a,
c, and d in both figures) we see that splitting and intrinsic contributions are comparable in
size for both parton combinations. The change from LO to NLO splitting kernels leads to
a noticeable upward shift of the central curves (except of course for the 2v2 contribution,
where splitting DPDs do not contribute).

Comparing panels a and b in both figures 6 and 7 we see that the 1v1 contribution in
the octet channels is of similar magnitude as for the singlet, and that the impact of including
NLO splitting is similar as well.

The bands in the two figures show the result of varying the initial scale µinit by a factor 2
up and down (with the restriction specified in (2.23)). For the intrinsic DPDs and hence for the
2v2 contribution this has almost no effect. This is expected for our ansatz (4.21): it is known
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Figure 6. Double parton luminosities for the product of DPDs Fug Fd̄g with parton kinematics and
scales set for M1 = M2 = 80 GeV as specified in section 4.1. The simplified notation (4.23) is used for
colour representations. Bands correspond to a variation of the initial scale µinit of the DPDs by a
factor 2 as specified in (2.23). Here and in all following plots, the labels “LO” and “NLO” indicate the
highest order of the DPD splitting kernels included in the calculation; with evolution being carried
out at LO.

that for small momentum fractions xi there is little difference between the scale evolution of
a single DPD and of the product of two PDFs [65]. For the splitting DPDs the situation is
very different. With LO splitting kernels, the dependence of double parton luminosities on
µinit is huge, covering an order of magnitude or more in several cases. With NLO kernels this
dependence is significantly reduced, although still visible in our logarithmic plots. We also
note that at NLO the maximum of the luminosities is typically acquired near our central
scale choice µinit = µ∗(y). We do not have an explanation for this quite remarkable finding.
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Figure 7. The same as figure 6, but for the product of DPDs Fud̄ Fd̄u.

In order to see details on a linear rather than logarithmic scale, we switch to plotting
normalised double parton luminosities

R1R2,R3R4ℛa1a2,b1b2(M1, Y1,M2, Y2;µ1, µ2, ν, s)

=
R1R2,R3R4ℒa1a2,b1b2(M1, Y1,M2, Y2;µ1, µ2, ν, s)
fa1(x1;µ1) fa2(x2;µ2) fb1(x̄1;µ1) fb2(x̄2;µ2)

= 2π
∫ ∞

ycut
dy y

R1R2Fa1a2(x1, x2, y;µ1, µ2, ζ)
fa1(x1;µ1) fa2(x2;µ2)

R3R4Fb1b2(x̄1, x̄2, y;µ1, µ2, ζ̄)
fb1(x̄1;µ1) fb2(x̄2;µ2) , (4.24)

where the momentum fractions of the PDFs and DPDs are given in (2.3). This normalisation
actually carries interesting physics information. If one makes the simplistic ansatz

11Fa1a2(x1, x2, y;µ1, µ2) → fa1(x1;µ1)fa2(x2;µ2)G(y) (4.25)

with a function G(y) that varies over a typical hadronic scale, and if one neglects all colour
non-singlet and all polarised contributions, then one gets the so-called pocket formula for
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the DPS cross section
dσDPS

dM2
1 dY1 dM

2
2 dY2

→ 1
1 + δA1A2

1
σeff

dσA1

dM2
1 dY1

dσA2

dM2
2 dY2

(4.26)

with

σ−1
eff = 2π

∫ ∞

0
dy y G2(y) , (4.27)

where σAi is the cross section for producing the system Ai by single parton scattering.
In (4.27) we have taken 0 instead of ycut as lower integration boundary, which is a good
approximation for small ycut. Under the same assumptions, the ratio in (4.24) becomes

11,11ℛa1a2,b1b2 → σ−1
eff . (4.28)

The amount of variation of ℛ with kinematic variables or parton channels hence indicates
the extent to which the simple ansatz (4.25) works or fails. In turn, the size of ℛ may
be compared with the range σ−1

eff ∼ 50 . . . 200 b−1 of values that have been extracted from
measurements using the above pocket formula (see e.g. [66, 67] for compilations of σeff).

Impact of the subtraction term. In the following plots we compare the 1v1 part of the
double parton luminosity with the full double counting subtraction term ℒsub and with
the partial contribution ℒsub,SPS in (3.14). We recall that the latter is concentrated in the
region y ≫ ycut, where it is designed to compensate contributions from SPS graphs that
have an overlap with DPS.

In figure 8 we show this comparison for equal scales M1 = M2 = 80 GeV and for parton
combinations that allow splitting already at LO. The total subtraction term is important in
all cases; for the parton combination uū, d̄d at central rapidities it is nearly equal to ℒ1v1.
We always find |ℒsub,SPS| ≪ |ℒsub|, i.e. ℒsub ≈ ℒsub,DPS, which reflects that the product
of two splitting DPDs is most important at small y. In some cases ℒsub,SPS is comparable
in size to the difference ℒ1v1 −ℒsub and in this sense has an impact on the overall cross
section. This holds for uū, d̄d and also for the four-gluon case at NLO. In the other cases
shown in figure 8, ℒsub,SPS is of minor importance.

For parton combinations where splitting only starts at NLO, we find that the subtraction
term evaluated at NLO is generally of minor size, although not necessarily negligible as seen
for ud̄, d̄u in figure 9. At LO (not shown here) the corresponding subtraction terms are very
close to zero, since the splitting DPDs vanish at the initial scale and there is essentially
no evolution in this case.

We now turn to the case of unequal scales with M1 = 80 GeV and M2 = 10 GeV. The
difference between the integrands for the DPS and SPS subtraction now becomes important,
and we need to specify the interpolating function in (3.11). As a default we take yρ = ycut and

r1 = 2 , r2 = 4 , (4.29)

which corresponds to a rather quick changeover from Isub,DPS(y) to Isub,SPS(y) as a function
of y. We make this choice in order to see how important ℒsub,SPS can plausibly be, since
with larger values of r2 that term will decrease even further. We also computed double
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Figure 8. Normalised double parton luminosities for selected parton combination, with parton
kinematics and scales set for M1 = M2 = 80 GeV as specified in section 4.1. Shown are the 1v1
component ℒ1v1 of the luminosity for DPS, the luminosity ℒsub,SPS for the double counting subtraction
term, and its large-y part ℒsub,SPS in the decomposition (3.14). All luminosities are normalised as
specified in (4.24).
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Figure 9. As figure 8, but for a parton combination where the DPDs splitting formula starts at
NLO.
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Figure 10. As the first row of figure 8, but for kinematics with M1 = 80 GeV and M2 = 10 GeV.

parton luminosities with the choices r1 = 2, r2 = 6 and r1 = 3, r2 = 5 and find that ℒsub and
ℒ1v1 −ℒsub barely change for the parton combinations considered in our study.

Comparing figure 10 with the first row in figure 8, we see that in the four-gluon channel
the subtraction term with one small and one large scale is less important than with two large
scales. We find a similar situation for the combination ug, d̄g (not shown here).

Size of the subtracted 1v1 term. According to the master formula (3.1), the full cross
section of a process involves the subtracted luminosity ℒ1v1−ℒsub plus the partial luminosities
for 1v2, 2v1, and 2v2. In figures 11 to 13 we compare these three terms for different kinematics
and parton combinations. Figure 11 shows that the relative importance of the different
contributions can change to some extent when going from LO to NLO splitting.

In almost all considered channels we find that the contributions with or without splitting
DPDs are of comparable magnitude and thus all play a role in the final result.
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Figure 11. Different contributions to normalised double parton luminosities in kinematics with
M1 = M2 = 80 GeV. The sum of the three contributions gives ℛDPS −ℛsub.

The only exception is the parton combination uū, d̄d in figure 12(a), where for central
rapidities |Y | ≲ 2 the 1v1 contribution is completely dominant, even after double counting
subtraction. This is remarkable, because the subtracted 1v1 term in this case is already the
result of a substantial cancellation between ℒ1v1 and ℒsub, as we saw in the bottom row of
figure 8. The same is observed for other channels with a qq̄ pair in each DPD. An important
consequence is that at central rapidities these luminosities have very little uncertainty due to
modelling the intrinsic part of DPDs, which is not the case for the other channels in figures 11
to 13. Since the qq̄ splitting DPDs are concentrated at small y, there is also less dependence
on how the perturbative splitting form is extended to the non-perturbative y region.

Comparing the plots for unequal scales M1 = 80 GeV and M2 = 10 GeV in figure 13 with
their counterparts for M1 = M2 = 80 GeV in figures 11(b) and 12(b), we observe that the
subtracted 1v1 part is less important for unequal scales.
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Figure 12. As the right panels in figure 11, but for other parton combinations.
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Figure 13. Different contributions to normalised double parton luminosities in kinematics with
M1 = 80 GeV and M1 = 10 GeV. The corresponding plots for equal scales are shown in figures 11(b)
and 12(b).
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4.4 Subtracted double parton luminosities and their scale dependence

Let us finally study the dependence of the subtracted luminosities ℒDPS −ℒsub on the choice
of the scales µinit(y) and ν. This dependence propagates into the overall cross section, albeit
with possible cancellations in the sum over different parton and colour channels. Apart
from such cancellations, the uncertainty due to choosing a scale directly translates into an
uncertainty of cross section predictions.

The panels on the left of the following figures show bands resulting from varying µinit(y)
around the central choice µ∗(y) by a factor 2, with a lower bound µmin as specified in (2.23).
The value of ν is fixed to its default choice min(µ1, µ2) in this case.

The panels on the right of the same figures show bands resulting from varying the cutoff
parameter ν by a factor 2 up and down while keeping the interpolation function ρ(y) fixed.
The initial scale for DPDs in ℒDPS is kept at its default µinit(y) = µ∗(y) in this case, but note
that the initial scale of DPDs in the subtraction term ℒsub,DPS is always µsub,init = µinit(ycut)
and hence changes with ycut. If one prefers to keep µsub,init fixed, one can vary ycut and
µinit simultaneously, or one can choose µsub,init = min(µ1, µ2) independent of ycut. We will
not pursue these possibilities here.

If follows from equation (2.28) that the µinit dependence of subtracted double parton
luminosities decreases parametrically with the order at which the splitting DPDs are computed.
We have shown in section 3.1 that the dependence of subtracted luminosities on ν is beyond
the perturbative order of the calculation and hence also decreases parametrically when that
order is raised. Note that the same is not true (and not meant to be true) for the ν dependence
of ℒDPS without the double counting subtraction. In the following we investigate to which
extent the parametric decrease in powers of αs shows up at the quantitative level.

Given the practical importance of subtracted luminosities and their µinit and ν dependence,
the following plots will cover a larger number of channels than the examples shown so far.
Figures 14 to 17 are for equal scales M1 = M2 = 80 GeV, and figures 18 to 19 are for unequal
scales M1 = 80 GeV, M2 = 10 GeV.

Subsequent pairs of figures show colour singlet and colour octet channels for the same
parton combinations. We typically find that the central values for octet channels are much
smaller than for the colour singlet, although not necessarily negligible. Only in the four-gluon
case at equal scales do we find colour octet contributions of size similar to the singlet, as
seen in the top panels of figures 16 and 17.

Not shown here are the colour combinations with symmetric instead of antisymmetric
octets. We generally find that the SS, SS luminosity for four gluons is very similar in
magnitude to AA,AA. The same holds for 8S, 8S compared with 8A, 8A for the ug, d̄g

combination. The mixed-symmetric AS,AS luminosity for four gluons is tiny compared
to AA,AA. At the starting scale µ∗(y), the smallness of AS splitting DPDs was already
noticed in [48].

For the central values of subtracted luminosities, we find in most cases that the NLO
corrections to DPD splitting are appreciable at the level of several 10%. In a few channels
they reach a factor around 2, notably for uū, d̄d at central rapidities in the colour singlet
and for gg, gg in the colour octet case.
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Figure 14. Subtracted double parton luminosities and their scale dependence in the colour singlet
for M1 = M2 = 80 GeV. Further parton combinations are shown in figure 16.
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Figure 15. As figure 14, but for colour octet channels. Further parton combinations are shown in
figure 17.

– 31 –



J
H
E
P
0
5
(
2
0
2
6
)
1
5
8

-4 -2 0 2 4
0

50

100

150

200

250

(a) µinit variation, gg, gg

-4 -2 0 2 4
0

50

100

150

200

250

(b) ν variation, gg, gg

-4 -2 0 2 4
0

20

40

60

80

100

(c) µinit variation, ug, d̄g

-4 -2 0 2 4
0

20

40

60

80

100

(d) ν variation, ug, d̄g

-4 -2 0 2 4
0

10

20

30

40

(e) µinit variation, uu, d̄d̄

-4 -2 0 2 4
0

10

20

30

40

(f) ν variation, uu, d̄d̄

Figure 16. Further subtracted double parton luminosities and their scale dependence in the colour
singlet for M1 = M2 = 80 GeV.
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Figure 17. As figure 16, but for colour octet channels.

For scale variations we see a clear difference between uū, d̄d and the other parton
combinations shown here. In the channels other than uū, d̄d, we find the following:

• The variation with µinit significantly decreases from LO to NLO. At NLO, the scale
variation is highly asymmetric, with the central curve being close to the edge of the
band of variation.
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Figure 18. As figure 16, but for asymmetric scales M1 = 80 GeV and M2 = 10 GeV.

Compared with the central value, the scale variation at NLO is moderate for the colour
singlet, whereas in the octet channels it is still large.

• The variation with ν is typically much less than the one with µinit.
In colour singlet channels, the ν dependence either decreases from LO to NLO, or it is
very small at both orders. For colour octet channels there is no uniform picture, with
the variation decreasing from LO to NLO in some channels and increasing in others.

• With the exception of the four-gluon luminosity at equal scales, the variation with µinit
and ν in the octet channel is moderate compared with the size of the colour singlet
result.

At high rapidity, the behaviour of the uū, d̄d luminosity is quite similar to the one just
discussed. By contrast, for central rapidities we find that

• in the colour singlet channel, the variation with µinit and ν is very similar at LO and
NLO. At Y = 0 we have a µinit variation of 30 to 40% and a ν variation by about a factor
of 2, with both variations being approximately symmetric around the central value.
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Figure 19. As figure 18, but for colour octet channels.

In the colour octet channel, the ν variation is similar at both orders, whilst the µinit
variation is much larger at NLO than at LO. Compared with the central value of the
colour singlet, the variation of the colour octet luminosity remains moderate: at Y = 0
it is at level of about 25%.

We recall that for central rapidities the cancellation between the 1v1 luminosity and its
subtraction term is by far the largest for uū, d̄d, see the bottom row in figure 8. This is
in line with our earlier observation that the DPDs for qq̄ are most strongly concentrated
at y ∼ ycut, where the difference between the DPDs in the 1v1 term and its subtraction
is small by design. Given this strong cancellation, a high sensitivity of the result to
scale variations is perhaps not too surprising.

Whilst the relative uncertainty due to scale choices is most pronounced for qq̄ channels
at central rapidities, the uncertainty due to modelling the intrinsic DPDs is smallest in this
case, as we discussed in the context of figure 12(a).
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5 Splitting with massive quarks

So far we have neglected the masses of the heavy quarks c, b, t in the computation of DPD
splitting kernels. For a given flavour Q this is adequate if the characteristic scale 1/y of the
splitting is much larger than the quark mass mQ. Conversely, a heavy quark decouples from
the splitting process if its mass is much larger than 1/y. In the region where 1/y ∼ mQ,
the quark mass should be taken into account when computing the splitting process in the
DPD. For colour singlet DPDs we gave a detailed analysis of this in [49]. In the present
section we generalise the results from sections 3, 5.5, and 6.4 in [49] to colour non-singlet
channels, which is straightforward. We then proceed to a numerical analysis of evolved
splitting DPDs that include quark mass effects.

For each heavy flavour Q, we keep the quark mass mQ finite in the region αmQ < µy <

βmQ, where we write again µy = b0/y. In that region we replace the massless splitting
formula (2.9) by

R1R2FnF +1
a1a2 (x1, x2, y;µ, µ, ζ) = 1

πy2

∑
a0

R1R2V Q,nF
a1a2,a0 ⊗12

fnF
a0 , (5.1)

where FnF +1
a1a2 is a DPD with nf +1 active flavours (including the heavy one) and fnF

a0 is a PDF
with nf active flavours. We omit the superscript “spl” on F for brevity. The massive splitting
kernels V Q,nF are the analogues of the massless kernels in (2.9) and depend on the additional
dimensionless variable ymQ. One should take 1/α and β sufficiently large, such that

1. at scales µy < αmQ the heavy quark approximately decouples in the splitting process.
DPDs including the flavour Q are generated by the usual matching procedure, as
discussed around equation (4.7).

2. at scales µy > βmQ the quark Q is well approximated as massless.

At the same time, 1/α and β should not be taken too large: the massive splitting kernels
contain terms with ln(µy/mQ) raised to a power that increases with the order in αs, and
when these logarithms become too large, the fixed-order truncation of the DPD splitting
kernels becomes a poor approximation.

At LO the only channel in which heavy partons are produced is g → QQ. The corre-
sponding kernel for unpolarized quarks reads

R1R2V
Q(1)

QQ,g
(z1, z2, ymQ)

= cqq̄,g(R1R2) δ(1 − z1 − z2)TF (ymQ)2
[
(z2

1 + z2
2)K2

1 (ymQ) +K2
0 (ymQ)

]
, (5.2)

where K1 and K0 are modified Bessel functions of the second kind. Its polarised counterparts
are given in section 3.1 of [49]. Leading-order kernels with one observed heavy parton
are zero, and kernels R1R2V

Q(1)
a1a2,a0 for light partons a1 and a2 are equal to their massless

counterpart R1R2V
(1)

a1a2,a0 in (4.2).
The NLO kernels including mass effects have not been computed so far. Their behaviour

for µy ≪ mQ and for µy ≫ mQ is however known, as is their scale dependence. Using
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these constraints, we can write

R1R2V Q,nF (2)
a1a2,a0 = R1R2V nF [2,0]

a1a2,a0 + R1R2V nF [2,1]
a1a2,a0 ln

y2m2
Q

b2
0

+ R1R2V I
a1a2,a0(z1, z2, ymQ)

+ g0(ymQ)
(

R1R2V nF +1[2,0]
a1a2,a0 − R1R2V nF [2,0]

a1a2,a0

)
+ g1(ymQ)

(
R1R2V nF +1[2,1]

a1a2,a0 − R1R2V nF [2,1]
a1a2,a0

)

+ ln µ2

m2
Q

R1R2vnF ,RGE
a1a2,a0 (z1, z2) +

R1γ
(0)
J

2

(
LyLζ −

L2
y

2 − π2

12

)
R1R2V Q(1)

a1a2,a0 ,

(5.3)

where V nf [2,0](z1, z2) and V nf [2,1](z1, z2) are the massless splitting kernels in the decomposi-
tion (4.3), evaluated for nf active flavours. The µ dependent part of (5.3) involves the function

R1R2vnF , RGE
a1a2,a0 =

∑
b1,R ′

1

R1R ′
1P

nF +1(0)
a1b1

⊗
1

R ′
1R2V

Q(1)
b1a2,a0

+
∑

b2,R ′
2

R2R ′
2P

nF +1(0)
a2b2

⊗
2

R1R ′
2V

Q(1)
a1b2,a0

−
∑
b0

R1R2V
Q(1)

a1a2,b0
⊗
12

11P
nF (0)
b0a0

+ βnF +1
0
2

R1R2V Q(1)
a1a2,a0 (5.4)

with βnF
0 = 11CA/3 − 2nF /3. In addition to the convolution ⊗12 introduced in (2.9), the

expression (5.4) involves convolution products

P ⊗
1
V =

∫ 1

x1

dz

z
P (z)V

(
x1
z
, x2, . . .

)
(5.5)

for the first parton and its analogue ⊗2 for the second parton. In the second and third
lines of (5.3) we have the functions

g0(w) = w2K1(w)2 , g1(w) = −w2K0(w)K2(w) , (5.6)

which have the limiting behaviour

gi(w) w→0−→
(

ln w
2

b2
0

)i

, gi(w) w→∞−→ 0 for i = 0, 1 . (5.7)

Finally, the functions V I
a1a2,a0 satisfy

R1R2V I
a1a2,a0(z1, z2, ymQ) y→0−→ 0 , R1R2V I

a1a2,a0(z1, z2, ymQ) y→∞−→ 0 (5.8)

and specify the transition from small to large y. For specific parton combinations we have
the additional constraints R1R2V I

gg,g ∝ δ(1 − z1 − z2) and R1R2V I
qq̄,g = 0.

Without a massive two loop calculation, the functions V I remain unknown. In our
numerical studies we set them to zero for all parton and colour channels. This does not
yield a correct NLO prediction in all regions of y, but it provides a smooth interpolation
between the correct limiting behaviour for y ≪ 1/mQ and y ≫ 1/mQ, and it has the correct
dependence on the scales µ and ζ. In this sense we regard it as an improvement over using
the massless scheme at NLO, in which the region y ∼ 1/mQ is treated in a less realistic way,
with often large unphysical discontinuities of the DPDs at the transition point µy = γmQ.
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Several heavy flavours. The masses of charm and bottom quarks are rather close to each
other, so that a region of scales µ with mc ≪ µ≪ mb is hard to identify. It is therefore useful
to consider a scheme in which u, d, s are treated as massless and both c and b as heavy. The
matching of PDFs from nf = 3 to nf = 5 active flavours in one step has been worked out in [68]
at two loops, and three-loop calculations for the relevant parton transitions are ongoing [69].

Using the two-mass scheme for DPDs in the relevant region of y, we evaluate initial
conditions with mass effects in the splitting as follows:

nf = 4, mc ̸= 0 for µy < αmb,

nf = 5, mc ̸= 0, mb ̸= 0 for αmb < µy < βmc,

nf = 5, mc = 0, mb ̸= 0 for βmc < µy < βmb (5.9)

and

nf = 6, mc = mb = 0, mt ̸= 0 for αmt < µy < βmt,

nf = 6, mc = mb = 0, mt = 0 for βmt < µy . (5.10)

Here we have assumed that αmb < βmc and αmt > βmb, which is the case for our parameter
choices in the following.

The DPD splitting kernels for the three regimes in (5.9) are V c,3, V cb, and V b,4, re-
spectively, where V cb denotes the splitting kernels for 3 light flavours plus massive charm
and bottom.

The analogue of the general form (5.3) for V cb at NLO is given for colour singlet DPDs
in equations (6.34) to (6.38) in [49]. To generalise those expressions to all colour channels,
one should add labels R1, R2 to V cb in the same way as in (5.3) and (5.4) here, and add
a double logarithmic term

R1γ
(0)
J

2

(
LyLζ −

L2
y

2 − π2

12

)
R1R2V cb(1)

a1a2,a0 (5.11)

with the massive LO kernels V cb(1)
a1a2,a0 for the colour singlet being specified in and below

equation (3.11) of [49].

5.1 Parton kinematics and scales

A comprehensive numerical study of mass effects in DPD splitting at LO was carried out
in [49], where several shortcomings of the LO approximation were identified. In the present
work we will see how the situation changes when NLO effects are included in the approximate
manner described below (5.8).

We consider the same kinematics as in [49] and evaluate DPDs and double parton
luminosities for

nf = 5 , M1 = M2 = 25 GeV ,
√
s = 14 TeV , (5.12)

nf = 6 , M1 = M2 = 1 TeV ,
√
s = 100 TeV . (5.13)

As in section 4 we take Y = Y1 = −Y2 in double parton luminosities.
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The scale of 25 GeV, which may for instance appear in dijet production, is a compromise
between being high enough to compute parton-level cross sections with nf = 5 massless
quarks and low enough to be sensitive to quark mass effects in the DPD splitting process.

Parton momentum fractions for the settings (5.12) and (5.13) are

x1 = x̄1 ≈

1.8 × 10−3 if M1 = 25 GeV and
√
s = 14 TeV

1.0 × 10−2 if M1 = 1 TeV and
√
s = 100 TeV

(5.14)

for Y1 = 0 and

x1 ≈

9.7 × 10−2

5.5 × 10−1
x̄1 ≈

3.3 × 10−5 if M1 = 25 GeV and
√
s = 14 TeV

1.8 × 10−4 if M1 = 1 TeV and
√
s = 100 TeV

(5.15)

for Y1 = 4. The corresponding fractions x2 and x̄2 are obtained by symmetry considerations.
In the following studies, initial conditions of the DPDs are evaluated for the y dependent

number of active flavours in the chosen flavour scheme, given by (4.6) or by (5.9) and (5.10).
The DPDs are then evolved to the final scales µ1 = µ2 = M1 and the rapidity parameter
ζ = M1M2/(x1x2), with appropriate flavour number matching at scales µ = mQ.

5.2 Splitting DPDs with or without mass effects

Both in the massless flavour scheme laid out in section 4 and in the massive scheme just
presented, the number of active flavours in the initial conditions of DPDs is changed at specific
values of y. This leads to discontinuities in the y dependence of the resulting DPDs, even after
they have been evolved to final scales and matched to final nf values. Such discontinuities can
be considered as artefacts of the approximations in a given scheme, so that the size of these
discontinuities can be regarded as an indicator for the quality of the scheme. Specifically,
we will chose the parameters α and β in (5.9) and (5.10) so as to minimise discontinuities
of evolved DPDs in y. Of course, small unphysical discontinuities are necessary but not
sufficient for having realistic results. We will shortly encounter examples for this statement.

In the following we speak of the “massless scheme” in the case where splitting DPDs are
initialised with massless splitting kernels for nf given by (4.6), and of the “massive scheme”
in the case where they are initialised with massless or massive kernels as specified in (5.9)
and (5.10). In the following discussion and plots, we use the scale µy = b0/y that determines
the initial conditions of the splitting DPDs, rather than the distance y.

Not surprisingly, we find that in general the largest discontinuities occur for DPDs with
one or two heavy partons. In the following plots we therefore concentrate on such cases.
For DPDs with only light partons we find that discontinuities are often most pronounced
in the gg channel.

In figure 20 we show colour singlet DPDs in the massless scheme. Very large discontinuities
are seen for QQ distributions at µy = mQ, which reflects that the direct splitting g → QQ

does not contribute for µy < mQ. The same holds in the colour octet channel, as seen in
figure 23(a). For all channels shown here, we find that discontinuities at NLO are somewhat
larger than at LO. This is an example in which smaller discontinuities do not indicate a
better approximation.
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(d) gb, γ = 1

Figure 20. Splitting DPDs for x1 = x2 ≈ 1.8 × 10−3. Distributions are initialised in the massless
scheme (4.6) with γ = 1, followed by evolution and flavour matching to µ1 = µ2 = 25 GeV and nf = 5.
The specification of perturbative orders is the same as in figure 3.

The situation is very different in the massive scheme, as shown in figures 21 and 22.
The discontinuities for bb̄ and cc̄ distributions are significantly reduced compared with the
massless scheme. Moreover, discontinuities tend to be smaller at NLO than at LO. This
holds in particular for the discontinuity of the gb distribution at µy = βmb, which is rather
pronounced at LO. The reason for this is discussed in detail in section 4.1.2 of [49]: if
one uses the massive scheme at LO, then for µy < βmb the sequential splitting processes
g → bb̄ → gbb̄ and g → gg → gbb̄ require DGLAP evolution of the DPD, which is strongly
suppressed for µy close to the final scale 25 GeV. This leads to an underestimation of the
DPD at µy < βmb. To minimise this effect we took the rather small value β = 2 in [49].
At NLO, both splitting processes are taken into account in the DPD splitting kernels, and
the problem just described is absent. Consequently, there is no problem in setting β to 3
or 4, as is seen in the bottom row of figure 21.

We remark in passing that the colour octet bb̄ distribution has a change of sign in
the massive scheme, which is absent in the massless one (see figure 23(b)). Since in the
corresponding y region the DPD is many orders of magnitude smaller than its maximal value,
we do not investigate this issue further here.
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(a) bb̄, 1/α = β = 3
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(b) bb̄, 1/α = β = 4
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(e) gb, 1/α = β = 3
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(f) gb, 1/α = β = 4

Figure 21. The same DPDs as in figure 20(b) to 20(d), but initialised in the massive scheme (5.9)
with two different choices of 1/α = β.
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(a) cc̄, 1/α = β = 3
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(b) gg, 1/α = β = 3

Figure 22. As the left panels of figure 21, but for further parton combinations.
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(a) bb̄, colour octet, massless γ = 1
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(b) bb̄, colour octet, massive 1/α = β = 3

Figure 23. Colour octet DPDs for bb̄ with the same settings as in figure 20 (left) or 22 (right).

Examples for distributions involving top quarks are shown in figures 24 and 25. The
differences between the massless and massive schemes, and between LO and NLO splitting
are qualitatively similar to what we observed for charm and bottom quarks. We note that in
the massless scheme, the discontinuity of the tt̄ distribution at µy = γmt spans two orders
of magnitude both at LO and at NLO.

For the channels shown here, both 1/α = 3 and 1/α = β = 4 yield reasonably small
discontinuities in y for NLO splitting DPDs. In the following we take the smaller value
3 as our default.

5.3 Double parton luminosities: scheme parameter dependence

We find that in the massive scheme the inclusion of NLO effects has qualitatively similar
effects on double parton luminosities as in the massless case, both for the central values and
for the size of scale variations. We will therefore not show corresponding plots here.
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Figure 24. Splitting DPDs with top quarks for x1 = x2 = 0.01. Distributions are initialised in the
massless scheme (4.6) with γ = 1, followed by evolution and flavour matching to µ1 = µ2 = 1 TeV and
nf = 6.
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(b) tt̄, 1/α = β = 4

101 102 103
100

101

102

103

104

(c) gt, 1/α = β = 3
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(d) gt, 1/α = β = 4

Figure 25. The same DPDs as in figure 24, but initialised in the massive scheme (5.9), (5.10) with
two different choices of 1/α = β.
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Instead we now revisit the dependence of double parton luminosities on the parameters
α, β or γ in the massive or the massless scheme. We take

α0 = 1/3 , β0 = 3 at NLO,
α0 = 1/4 , β0 = 2 at LO (5.16)

as baseline parameters in the massive scheme, where the choice for LO corresponds to our
analysis in [49]. In figures 26 to 28 we show the ratios

r(β) = ℒmassive(1/α = β)
ℒmassive(α = α0, β = β0) , r(γ) = ℒmassless(γ)

ℒmassive(α = α0, β = β0) (5.17)

for selected parton combinations, either for the pure splitting contributions (1v1) or for the
mixed contributions (1v2 + 2v1). The intrinsic part of the DPDs is modelled as described
in section 4.3.

The variation of the ratio r(β), shown as solid lines in the figures, quantifies how
luminosities change within the massive scheme when the parameters α and β are varied. We
find that in general this variation is smaller at NLO than at LO (except for the combination
cb, gg in the colour octet channel). With the inclusion of NLO effects, the influence of the
scheme parameters on the luminosities is at the level of 5 to 15% in the colour singlet and
slightly larger in the octet case.

The ratio r(γ), shown as dashed lines in the figures, quantifies to which extent the
massless scheme is able to reproduce the (more realistic) massive scheme at the level of double
parton luminosities. For c and b quarks (figures 26 and 27) an agreement at the level of 15%
can be achieved with γ = 1/2 at LO. At NLO the agreement is better with γ = 1 than with
γ = 1/2 and again reaches about 15% in the cases considered here.

For t quarks (figure 28) the choice γ = 1 is preferred at both LO and NLO, with
deviations from the massive results reaching 20% at LO and 40% at NLO. In this case, the
possibility to approximately reproduce the massive scheme with the massless one degrades
rather than improves when going from LO to NLO. This does, of course, not imply that
results are more accurate at LO than at NLO.

6 Summary

We have performed a detailed quantitative study of parton splitting in DPDs, i.e. of the
mechanism in which the two observed partons originate from the splitting of a single one. Our
study proceeds at the level of DPDs and of double parton luminosities, which are products of
DPDs integrated over the transverse distance y between the partons. We considered several
combinations of momentum fractions and scales that are relevant for double parton scattering
at the LHC, in particular for the production of combinations of W bosons, J/Ψ, and dijets.
In addition we considered kinematics in which quark mass effects in the splitting process
are important for DPDs with bottom or top quarks.

The “1v1” contributions to the DPS cross section, which involve parton splitting in
both DPDs, have an overlap with higher-loop corrections to single parton scattering. In
the formalism of [17] this is addressed by a double counting subtraction term in the overall
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(f) cb, gg, 1v1, NLO

Figure 26. Double parton luminosity ratios (5.17) in the kinematic setting (5.12). All plots refer to
the colour singlet channel. Note that at NLO the ratio r(β) with β = 3 is equal to 1 per definition
and therefore not shown. We include β = 5 in the comparison instead.

– 45 –



J
H
E
P
0
5
(
2
0
2
6
)
1
5
8

-4 -2 0 2 4
0.6

0.8

1.0

1.2

1.4

(a) cc̄, b̄b, colour octet, 1v1, LO
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(b) cc̄, b̄b, colour octet, 1v1, NLO
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(d) cb, gg, 1v1, colour octet, NLO

Figure 27. As figure 26, but for the colour octet channel.

cross section, along with a lower cutoff ycut on the integral over y. We have presented a
new construction of this subtraction term, which is both flexible and simple to implement
in practical calculations.

Calculations within our scheme depend on the initial scale µinit of DPD evolution, at
which the DPD splitting process is evaluated. We have shown that the variation of the overall
cross section with µinit and ycut within appropriate limits can be appreciable, although it
is formally beyond the accuracy of the computation. This can for instance happen when
contributions with an additional power of αs are initiated by partons with a higher density
than the partons initiating the lower-order contribution (e.g. by gluons instead of quarks
at small x, or by quarks instead of gluons at large x).

These are the main findings of our study for double parton luminosities that include
the double counting subtraction term:
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Figure 28. As figure 26, but for top quarks in the kinematic setting (5.13).
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1. In many cases, the scale dependence is huge when the splitting in DPDs is evaluated at
LO, whereas at NLO it is considerably reduced. The dependence on ycut is typically
smaller than the one on µinit, and it often decreases further when going from LO to
NLO.

2. The preceding statement holds in particular for parton combinations that contribute to
W+W+ or W−W− pair production. We find comparable contributions from parton
splitting and from “intrinsic” parton pairs in the proton (which must be modelled).
This is remarkable because the parton splitting part only starts at NLO for this process.

3. A notable exception from statement (1) are parton combinations with a qq̄ pair in
each proton, which contribute in particular to W+W− and ZZ production. At central
rapidities of the produced bosons, the µinit variation is moderate and the ycut variation
is large, both at LO and at NLO. The fact that the double parton luminosity is strongly
dominated by y close to ycut indicates that SPS contributions having an overlap with
DPS should be much more important than the subtracted DPS cross section σDPS−σsub
(see the discussion in [17]).

We therefore expect that, although the computation of σDPS − σsub is affected by large
uncertainties at the presently available perturbative order, the same is not true for
the overall cross section. We note that SPS contributions overlapping with DPS start
at order α2

s (NNLO) for W+W− and ZZ production and are known, as well as their
corrections with an additional power of αs [70–77].

4. Colour non-singlet luminosities are most often smaller than their colour-singlet coun-
terparts, with the exception of the four-gluon channel. They are dominated by values
of y in the perturbative region, because larger values of y are strongly suppressed by
rapidity evolution.

The mass mQ of a heavy quark should be taken into account when computing splitting
DPDs at y ∼ 1/mQ. The corresponding kernels are known at LO, whilst at NLO we currently
have only “approximate” kernels that have (i) the correct scale behaviour required by the
evolution equations and (ii) the correct limiting behaviour for y ≪ 1/mQ and y ≫ 1/mQ,
while interpolating smoothly between these two regimes in a model dependent way. Our
main findings in this “massive scheme” are the following:

1. Unphysical discontinuities occur at y values where one switches between treating a
quark flavour as massless, massive, or absent in the splitting kernels. These are greatly
decreased when going from LO to approximate NLO.

2. In line with this, the dependence of double parton luminosities on the y values where
the above transitions occur is reduced when going from LO to approximate NLO.

3. Double parton luminosities in the massive scheme differ from those in the scheme where
only massless DPD splitting kernels are used. By adjusting the y values at which a
new flavour is included in the massless splitting DPDs, one can obtain an approximate
global agreement between the two schemes, at the level of several 10% in the cases we
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considered. For top quarks, this agreement happens to be worse at approximate NLO
than at LO.

Overall, we find that the inclusion of NLO effects in splitting DPDs significantly improves
the stability of predictions for double parton scattering. It would be good to have NLO
splitting kernels also for polarised partons, and to include heavy quark masses in a more
accurate way than the one described here. We leave this to future work.
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