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1 Introduction

An intriguing mechanism in proton-proton collisions at high energy is double parton scattering
(DPS), where two partons in each proton enter a hard-scattering process that produces a
part of the observed final state. This mechanism is generically suppressed compared with
single-parton scattering (SPS), where the observed particles in the final state originate from
a single hard scatter, but there are various final states and kinematical regions in which DPS
can be important or even dominant. A prominent example is the production of like-sign W
pairs (WTW™* or W~W ™), which was proposed for studying DPS in [1, 2] and experimentally
observed in Run II of the LHC [3, 4].

The theoretical description of DPS in QCD rests on pioneering work in the 1980s [5, 6],
followed by substantial new developments in the 2010s [7-18]. The inclusion of double (and
more generally multiple) parton interactions is also an integral part of general-purpose event
generators for proton-proton collisions [19-23]. A comprehensive overview of the field up to
2017 is given in the monograph [24], and for recent theoretical or phenomenological studies
we refer to [25-31]. Experimentally, double parton scattering has been observed both at
the Tevatron and the LHC, see [3, 4, 32-35] and references therein. In addition to like-sign
W pairs, observed final states in these studies are J/¥ pairs [34-37], W + J/¥ [38], four
jets [39, 40], W+ jets [41, 42], and several others.



The parton-level initial state in DPS is described by double parton distributions (DPDs),
which quantify the joint distribution of two partons with momentum fractions z; and xo
and a given transverse distance y from each other. These are genuinely non-perturbative
quantities and remain poorly known compared with single-parton distributions (PDFs), which
have by now entered the realm of precision physics. However, at small distance y between
the two partons, the dominant contribution to a DPD comes from graphs in which the two
observed partons originate from the perturbative splitting of a single parton. For ease of
language we refer to this as “parton splitting in DPDs” or “DPD splitting” henceforth.! This
mechanism has been studied long ago in the context of scale evolution [7, 43—46] and later
from more general points of view [8-14, 16, 17]. Depending on the parton combination and
kinematics (parton momentum fractions and hard scales), the importance of this splitting
contribution to the DPS cross section can be anything between negligible and dominant.
In cases where it is dominant, one has the remarkable situation that DPS can be largely
predicted in terms of ordinary PDFs and perturbatively calculable quantities. At leading
order (LO) in as, the kernels for parton splitting in DPDs have a simple connection to
the one-loop splitting functions in the DGLAP equation. This connection is lost at higher
orders, and the DPD splitting kernels at next-to-leading order (NLO) have been computed for
massless unpolarised partons in [47, 48]. The impact of heavy quark masses in the splitting
process was investigated in [49].

In physical cross sections, DPDs are evaluated at the characteristic scales p1 and po of
the two hard-scattering processes, whereas the splitting process just described should be
evaluated at its natural scale pinit ~ 1/y. Numerical studies in [49] have shown that the
dependence of the cross section on the specific choice of ui,i can be substantial if the splitting
is evaluated at LO, reaching an order of magnitude or more in certain kinematics. In such
situations one barely has a useful theoretical prediction. The first purpose of the present
study is to see how this changes when the splitting is evaluated at NLO.

Parton splitting in DPDs is also of primary importance because it gives rise to double
counting between DPS and certain higher-loop graphs for SPS [8, 50]. The scheme developed
in [17] avoids this double counting by imposing a lower cutoff ycyt on y in DPS and by writing
the overall cross section as a sum of contributions from SPS, DPS, and a subtraction term.
The second purpose of the present work is to revisit the construction of that subtraction
term and to study the sensitivity of predictions on the choice of y.,+ when DPD splitting
is evaluated at LO or NLO.

The paper is organised as follows. In section 2 we recall the basics of DPS and of
DPD splitting in the formalism of [8, 17, 18] that underlies our study. In section 3 we
recall our scheme for avoiding double counting between DPS and SPS, and we present a
new prescription for the subtraction term in that scheme. The quantitative impact of NLO
corrections to the DPD splitting kernels is studied in section 4 for the case where quark
masses are neglected and in section 5 for the case where they are included in an approximate
way. We summarise our results in section 6.

Note that “parton splitting” in this sense does not include additional splitting processes that are described
by DGLAP evolution.
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Figure 1. Graph corresponding to the factorisation formula for double parton scattering, given
by (2.1) and (2.2). Pairs of parton lines have their colour indices coupled to irreducible representations
R; of SU(3). The final-state cut would be a vertical line through the centre of the graph and is omitted
for clarity. The horizontal lines at the very left and the very right represent the incoming protons.

2 Double parton scattering basics

In this section we recall the theory description of double parton scattering developed
in [8, 18, 51], with an emphasis on the perturbative splitting mechanism for DPDs [17, 47, 48].

Consider the cross section for a process p +p — A1 + Ay + X, where A; denotes the
system of observed particles produced in the hard subprocess number i (i = 1,2), and X
denotes the unobserved part of the final state. If the hard subprocesses are computed at
LO, then the DPS cross section is given by

dopps 1 1
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Kinematic quantities appearing here are the c.m. energy /s of the proton-proton collision,
along with the invariant mass M; and the rapidity Y; of the observed system A;. Depending
on the process, the parton-level cross sections 6 and the physical cross section may depend
on further quantities, such as the transverse momentum in jet production.

Ry denotes the colour representation of the pair of quark or gluon lines associated with
the parton label a1, as indicated in figure 1, with corresponding associations of Ry <> ag,
R3 < by, and R4 < by. The relevant representations are R = 1 and R = 8 for quarks
and antiquarks, and R = 1, A, S,10,10,27 for gluons, where A and S respectively stand
for the antisymmetric and symmetric colour octet. By R; we denote the conjugate of the
representation R;, which is equal to R; for all cases except 10 and 10. More details about
colour non-singlet DPDs can be found in [18, 52].

The parton-level cross sections ¢ in (2.1) are multiplied by double parton luminosities
<, which are products of two DPDs integrated over the transverse distance y between the



two partons extracted from each proton:
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In full generality, the labels a1, as and by, by also specify the polarisation of the partons. For
transversely polarised quarks and for linearly polarised gluons, both DPDs and parton-level
cross sections carry transverse Lorentz indices, and the DPDs depend on the direction of
the transverse distance vector ¢ [8]. Our present study is restricted to unpolarised partons,
since NLO splitting effects have not yet been computed for the polarised cases. We therefore
have DPDs depending only on y = |7|, and the trivial integration over the azimuth of ¥
has been carried out in (2.2).
The DPDs in (2.2) are evaluated for longitudinal momentum fractions

My, i My,
T = e, xl—\/ge ,
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which are fixed by the process kinematics. If the parton-level cross sections are evaluated

i=1,2, (2.3)

beyond LO, then the factorisation formula (2.1) must be modified to contain convolution
integrals over the parton momentum fractions, in the same way as is done for single parton
scattering.

The DPDs and parton-level cross sections depend on factorisation scales p; and us,
and the dependence of the DPDs on these scales is given by DGLAP equations whose full
form can be found in section 2.2 of [53]. For colour singlet distributions (R; = Rs = 1)
these are straightforward generalisations of the DGLAP equations for PDFs and contain the
same DGLAP splitting functions. The evolution of colour non-singlet DPDs up to NLO
accuracy has been studied in [51, 53].

As will be reviewed in section 3, an important property of factorisation for DPS is that
the integral over y has a lower cutoff y.ut, which gives rise to a further momentum scale v:

Yeut = b()/l/, (24)
where
bg =2 "F x~ 1.12 (2.5)

and g is the Euler-Mascheroni constant. As explained in section 6 of [17], an appropriate
choice of v is

v =min(u1, p2) , (2.6)

which will be adopted as a default throughout this work. The rapidity parameters ¢ and
¢ on the r.h.s. of (2.2) will be explained in section 2.1.
We write the DPDs in terms of splitting and intrinsic contributions as

F = Fspl _’_Fintr’ (27)



where each contribution depends on the same labels and variables as F' in (2.2). This
separation is model independent at small ¢, where the two contributions can be defined via
an operator product expansion [17]. When evaluated at pu1 ~ pg ~ /¢ ~ 1/y, they have a
power behaviour F*P! ~ 42 and F™ ~ 40 and they can be evaluated by the convolution of
perturbative kernels with either PDFs (for F*P!) or twist-four distributions (for F™). For y
in the non-perturbative region, we retain the separation (2.7) in the sense of a model ansatz.

The separation (2.7) induces a separation of double parton luminosities into four parts:

glvl RN Fspl FSpl, gva PN Fspl Fintr’ 32‘/1 VRN Fintr FSpl, 32v2 o Fintr Fintr’ (28)

where “1” indicates that there is a single parton at the origin of the two partons that enter
the DPS process [10].
The perturbative splitting formula for DPDs has the form
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The splitting kernels RiRy Vaias,a0 have a perturbative expansion starting at order . The
masses of heavy quarks (¢, b, t) can be taken into account in the splitting, as we will
discuss in section 5.

2.1 Rapidity evolution

As explained in [18], colour non-singlet DPDs depend not only on the factorisation scales 1
and ps for the two partons, bit also on a rapidity parameter. In the double parton luminos-
ity (2.2), the rapidity parameters ¢ and ¢ of the two DPDs must satisfy the kinematic relation

()" =s, (2.11)

which is realised by the explicit choice

My M. - MM
- 2 (=212 (2.12)
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The reason for choosing rapidity parameters that depend on the parton momentum fractions
is explained in section 3.2 of [53].

The rapidity dependence of DPDs is described by a Collins-Soper equation

d
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in close analogy to the case of transverse-momentum dependent parton distributions
(TMDs) [54]. The Collins-Soper kernel %.J satisfies a renormalisation group equation in s

BJ(y; 1y p2) = = Ty (ua) (2.14)

dln g

and its analogue for the scale us. The kernel .J is zero for the colour singlet (R = 1)
and nonzero for all other colour representations. For the colour octet channels, one has
the exact relation [18, 55]

ST (ys oy 1) = ST (ys o 1) = 2T (ys 1) = Ky(y, ) (2.15)

where K, is the Collins-Soper kernel for the rapidity evolution of single-gluon TMDs.

The system (2.13) and (2.14) of differential equations is readily solved analytically. The
DGLAP equations for the p1 and puo dependence of DPDs depend on ¢ and v as well. Solving
the full system of evolution equations and using the condition (2.11), one finds that the
explicit dependence of the DPDs on ¢ or ¢ drops out in the double parton luminosity (2.2).
A detailed discussion is given in section 4.2 of [53]. The particular choice (2.12) is hence
not relevant for the value of the double parton luminosities, but it simplifies the discussion
of rapidity evolution effects in the DPDs.

In the present work we will only be concerned with colour singlet and colour octet
channels. We use (2.15) and assume Casimir scaling between the Collins-Soper kernels K
and K, for gluon and quark TMDs, which holds at small distances up to order a2 [56, 57).
This allows us to construct a model for 8J using input from phenomenological determinations
of K,. We follow the model construction laid out in section 3.1 of [53], which has the form

ST (y; a1, o)

= S )5 () () + 50T ) = [ L = [T 0 (2a6)
wy) H wy) K
with functions p*(y) and y*(y) specified in (2.17) and (2.19) below. The short-distance
part 8JP! is evaluated in fixed-order perturbation theory, and the long-distance part SAJ
is fixed such that the full kernel 8J is equal to C4 /CF times the kernel K, in the SV19
parametrisation [58].

The combinations of perturbative orders used for 8JPt, for the anomalous dimension 8+,
and for the QCD S function are discussed in section 4.3 of [53]. In the present work we use
the two combinations given in table 1. We note that the § function is taken at one order
less than what is required for NLL or NNLL accuracy in the nomenclature of resummation.
The reason for this is that we take the PDFs in the DPD splitting formula from global fits,
which use the same perturbative order for the DGLAP splitting functions and for 3/ag. For
further discussion, we refer to section 2.4 in [59] and to section 4 in [60].

2.2 Initial scales for DPD evolution

In DPS cross sections, DPDs are needed at the scales u; and po of the two parton-level
subprocesses. We obtain them by DGLAP evolution from a suitable starting scale pinit,
which is always taken equal for the two partons.
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Table 1. Combination of perturbative orders used in the present work for scale and rapidity evolution.
The entries for P refer to the DGLAP kernels for the evolution of the DPDs and of the PDFs in
the DPD splitting formula, those for 5/as to the running of ay, and those for J to the fixed-order
perturbative input 8JP* of the Collins-Soper kernel in (2.16).

To evaluate the initial condition for the splitting part F*P! using a fixed-order formula,
we take a y dependent initial scale uinit(y) so as to avoid large logarithms of ypnit that would
spoil the convergence of the perturbative series. Our default choice is pinit(y) = p*(y), where

1 (y) = bo/y*(y) (2.17)

with a function y*(y) that satisfies

Yy fory < 1/A,

2.18
Ymax  for y > 1/A, (219

y(y) =
where A represents a typical non-perturbative scale. As discussed in section 3.2 of [53], it is

natural to use pinit(y) as an initial scale also for the intrinsic part F ntr T our numerical
studies we take

% Y
V') = > (2.19)
V1491 Ymax
which ensures that p* is always greater than pimin = bo/Ymax. We set
fmin = 2 GeV (2.20)

as we did in our evolution study [53], mainly in order to avoid the gluon PDF in the DPD
splitting formula becoming negative at low x and low scales.
For later use, we note that the choice (2.19) implies

1 (Yeur) = v A/ 1+ pin /04
~ U for v > tmin - (2.21)

The corrections to the approximation in the second line are of order (fimin/v)* and thus tiny
in the range v > 10 GeV we will consider later in this work.

Again in the spirit of avoiding large logarithms in the fixed-order splitting formula, we
take the initial scale of rapidity evolution as

2 2
Hinit (y) = Hinit (y)
ini = —, ini = —" 2.22
Cinit () . Cinit (V) %1 T ( )
in the relevant DPD. To assess the dependence of our results on the choice of pinit(y), we
will vary that scale within the limits

min{ pimin, #*(y)/2} < prinit (y) < 207 (y) (2.23)



around our default choice pinit(y) = p*(y). This corresponds to the conventional variation by
a factor of 2 up and down when p*(y) > 2min, while avoiding scales below ppin at large y.
We regard any initial scale within these limits as a reasonable theoretical choice.

We will shortly show that splitting DPDs obtained with initial scales in the region (2.23)
differ by an amount that is of higher perturbative order than the order used in the splitting
formula. Variation of scales that are internal to perturbative calculations is often used
to estimate the uncertainty due to missing higher orders, but the limitations of such an
approach have long been known, and a detailed recent discussion may be found in section 2.3
of [61]. Nevertheless, the impact of varying puin;; within the limits (2.23) carries important
information. If this results in a large variation of double parton luminosities, higher-order
corrections are manifestly large. Conversely, a moderate or small impact of the scale variation
on double parton luminosities is a necessary although not a sufficient condition for having
a reliable theory result.

Let us assume that the DPD splitting kernels are evaluated up to order a]; ,with k=1
at LO, k£ = 2 at NLO, etc. We introduce the notation

FSPYR) (g o s pua, o, €0, Co) (2.24)

for a DPD that is initialised from the k-th order splitting formula at scale ug and rapidity
parameter (y and then evolved to the final scales 1, uo and the final rapidity parameter (.
For brevity, we omit parton and colour labels in (2.24) and the following equations.

We must of course require that gy is in the perturbative regime, where the splitting
formula for DPDs is applicable and where the Collins-Soper kernel £J can be expanded in
as. We also require that pug ~ /(o ~ 1/y, so that no large logarithms in the ratio of these
scales can spoil counting powers of ay in the following perturbative estimates.?

In terms of an evolution operator U, which is the Green’s function of the combined
system of DGLAP and Collins-Soper equations, we can write

1 dz L dzy
Fspl(k)($17x27y; M17N27C|M07C0) = / / - U 551,1727#1 M27<‘217227,U’07M07C0)
1 Rl Jxo 22

x FPYR) (21 20, s 1o, 0, Col 0, Co) (2.25)

where the DPD on the r.h.s. is given by the DPD splitting formula (2.9) at order o¥.

It is sufficient for the following results that the evolution of DPDs and of the PDFs in
the splitting formula is evaluated with DGLAP and Collins-Soper kernels of order alg_l. This
is consistent because the explicit logarithms of p or ¢ in the k-th order splitting formula are
accompanied by evolution kernels of at least one order less, given that the splitting DPD
itself starts at order a, [47, 48]. In practice one will typically take the evolution kernels at

k k+1 (

order ay, and s even at order of see also table 1).

2This statement holds up to possible large logarithms Inz; and Inz2, which are of dynamical origin and
beyond the scope of our analysis.



The splitting DPD evaluated up to order k satisfies the Collins-Soper equation up to
terms of order af*!

d

dIno

1

=5 JE D (y; o, o) FPE) (21, 22, 93 110, 1o, Co | 0Go) + 6 (o™ (o)) (2.26)

or higher, i.e.

FSPl(k)(xl,xg,y to; fo, Co | 1oCo)

where J® is the Collins-Soper kernel evaluated up to order a’. A corresponding statement
holds for the DGLAP equation. As a consequence, the dependence on g and (y does not
exactly cancel between U and F on the r.h.s. of (2.25), and one has

d
din o FPYE) (01 2o s pun, paas Clo, Co) = O (@ (1))
d
FPYE) (01 o s, paas Clo, Co) = O (@5 (1)) (2.27)
dlnCo

We emphasise that the orders on the r.h.s. are dictated by the truncation of the DPD
splitting kernel and not by the orders at which evolution is performed, as long as the latter
includes the order ozk L

Integrating the differential equations (2.27) between two scales p, and py, we obtain

2

2
) FSpl( )(IEl,anyaMlyN%C’W” )

FPl() (xl,xz,y; /muz,C‘ua, pye
2

T1T2
= 0(af™ (1a)) for i ~ iy~ 1/y. (2.28)

The dependence of an evolved splitting DPD on the initial scale is thus one order higher than
the perturbative accuracy at which the DPD is evaluated, as we claimed above.

3 Double counting subtraction

Since the two partons in a DPD can originate from the splitting of a single parton, there is an
overlap between DPS with two splitting DPDs and higher-loop corrections to single parton
scattering [8]. In different regions of the loop momenta, the same graph can be regarded as
either DPS or SPS, as shown in figure 2. A scheme to delineate the two mechanisms was
developed in [17]. In this scheme, double counting between SPS and DPS is avoided by a
subtraction term. It is the purpose of this section to revisit the construction of this term.

In the scheme of [17], the full cross section for a process to which DPS can contribute reads

o = opps(V) — osup (V) + osps - (3.1)

To understand this construction, we write all three terms in (3.1) as integrals over the
transverse distance between the two partons:

opps(v /dQ?JQ Y — Yeut) IpPs(v) 5
Usub /d2y ‘9 ycut) sub(y)

osps = 0gps,0 + /d y Isps(y), (3.2)
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Figure 2. (a): box graph for the production of two electroweak gauge bosons via SPS. All loop
momenta are routed such that they flow towards the gauge boson vertex. (b): the same graph,
interpreted as a contribution to DPS with two splitting DPDs. The final state cut would be a vertical
line through the centre of the graph and is omitted for clarity.

where we use yeut and v = bg/yeyut interchangeably. Throughout this section, it is understood
that v ~ min(pu, ).

The expression of Ippg in terms of DPDs and parton-level cross sections is readily obtained
from (2.1) and (2.2). In analogy to (2.8) it can be split into four contributions that involve the
splitting and intrinsic parts of the two DPDs in all combinations: Ippg = I1v1+11va+1ovi+1ova-
At small y this decomposition is model independent.

The full SPS cross section ogpg can be expressed by a standard factorisation formula
involving PDFs and parton-level cross sections. The part ospsg is due to graphs that do
not have any overlap with DPS, whereas Isps is obtained from the loop graphs that do
have a DPS region. In these graphs, a particular loop momentum A can be identified
such that its transverse component is Fourier conjugate to the transverse distance . An
example is given in figure 2(a).

The integrand of the double counting subtraction term og,, must satisfy the conditions

I (y) for Y ~ Yeut »

(3.3)
Isps(y)  for y > yeut,

Isub (y) —

in order to ensure that

1. for y ~ yeus the subtraction term cancels the 1v1 contribution to DPS in the sum (3.1),
such that one is left with the SPS term, which correctly describes the process in that
region of y,

2. the dependence on v cancels between the DPS and subtraction terms,

3. for y > ycut the subtraction term cancels the part of SPS that has overlap with DPS.
One is then left with the DPS term and with the part of SPS that has no overlap with
DPS.

In all three points, the cancellation is understood to be accurate up to remainder terms
that are beyond the accuracy of the calculation.

,10,



Our discussion so far is oversimplified in the sense that the double counting subtraction
in (3.1) only addresses the 1v1 part of the DPS cross section. The 1v2 and 2v1 parts of
opps also have an overlap, namely with contributions that involve a twist-four distribution
in one of the colliding protons and a PDF in the other proton. In principle one should
include these contributions, along with a further double counting subtraction term, but this
would be quite impractical, given the paucity of knowledge about twist-four distributions and
the fact that the corresponding hard-scattering cross sections have not been computed. As
explained in section 4.1 of [17], omitting these twist-four contributions while keeping the 1v2
and 2v1 parts of oppg, one retains the leading logarithmic part of graphs in which the hard
scattering is initiated by two partons in one proton and one parton in the other proton. The
v dependence of the 1v2 and 2v1 contributions to oppg goes like In v and is much weaker
than the quadratic v dependence of the 1v1 contribution.

Returning to the construction of Iy, we recall that the integrand Ipps is constructed
from DPDs

MM Pinit (¥), Mgmt(y)) (3-4)

F(m,xz,y; M1y 2,
Tr1T2 12

with F = FP! 1 F''™" Here we use again the notation introduced in (2.24) that specifies
both the initial and final scales of evolution. In the colour singlet sector, the construction
of Is,p is very simple if the two hard scales are equal, p1 = ps = p and if one takes up = p
as factorisation scale in the SPS cross section. In that case, Iy is obtained from Ippg by
replacing the DPDs in (3.4) by FP! evaluated with the splitting formula at the scale .

For unequal scales p1 # pa, section 6.3 of the original work [17] outlined a construction
in which the splitting DPDs in the subtraction term have y dependent initial and final scales
11, po, and po. In the present work we present an alternative that we find both simpler
and more flexible. We also include the case of colour non-singlet DPDs, which was not
considered in [17]. In our new scheme, Ig,, is constructed from two components Isp pps
and Iy, sps in the following manner.

e I pps(y) is constructed with DPDs

M, M, Hubini
P! (:cl, D2, Y3 H1s 12, —— | Hsubinit, — ’”“t) (3.5)
122 122
instead of those in (3.4), where
HMsub,init = Hinit (ycut) . (36>

By construction, Igp pps(y) and I1yv1(y) are equal at y = yey and gradually deviate
from each other as y increases. This holds for the default choices of pinit and v = bg/yeut
as well as for the cases where these scales are varied.

Note that for our central choice of initial scale one has

Hsub,init = M*(ycut) ~ U, (37)
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where the approximation is very accurate for the range of v in our numerical studies,
as mentioned after equation (2.21).

If we also take our default choice (2.6) for v, we get

Hsub,init ~ min(lu’lv N2) . (38)

For p11 < po the DPDs in Igy, pps(y) are then initialised with both scales equal to
w1, after which the second scale is evolved to puo. There is evolution in ¢ as well. An
analogous statement holds for gy > po. If g1 = po, then the DPDs are essentially not
evolved at all.

o Iu,sps(y) is constructed from DPDs

My M,
Fspl (xla Z2,Y; Khy Hh,
1

(3.9)

M1M2>

h>
T1T2

that are not evolved in either the scale or the rapidity parameter. Here the factorisation
scale up is the same as the one taken in the SPS factorisation formula. We take

ph = 5 (1 + p2) (3.10)

N | =

in our numerical studies; alternative choices such as pp = /1 pue would work as well.

e The full subtraction term interpolates between these two functions as

Lo (y) = [1 — p(¥)] Lsub,pPs(¥) + P(¥) Lsub,sps(y) (3.11)

where p is a function that smoothly interpolates between 0 and 1 in the interval
Y € [11Yp, r2y,] with r1 <72 and y, ~ Yeur. We chose

_(2y — (ra+ Tl)yp>
= 3.12
p(y) p( (2 =10 (3.12)
with
0 for x < —1,
plz) =< 5+ %sin(g sin(%x)) for —1<z<1, (3.13)
1 for x > 1.

p(x) has the feature that its first and second derivatives are continuous and zero at
|z| = 1. Alternatively, one may replace sin 5z with %z( - ézQ) for one or both sine

functions in (3.13).
For the results derived in section 3.1 it is required (7) that rpy, is in the perturbative

region and (i7) that the size of ro is limited by the condition a4(v) Inre < 1.

With this new scheme it is rather easy to assess the dependence of results on the
specific form of the interpolation function (3.13), because a change of that function does not
require re-computation of DPDs. This is not the case for the construction in [17], where
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the interpolation between the SPS and DPS regimes is achieved at the level of the initial
and final scales of the splitting DPDs.

In the case pu; = pp our default choice of v gives pisyb init & 1 = pp according to (3.8)
and (3.10). In the colour singlet sector, one then has Igyp =~ Isub,ppPs =~ Isub,sps to high
accuracy and recovers our simple original construction for equal scales. The same holds for
colour non-singlet channels if one additionally takes u; = M;. In these cases, the choice of
the interpolation function p(y) has no impact on the overall double counting subtraction. It
does, however, determine the individual terms in the sum (3.14) below.

As will be discussed in the following sections, the DPD splitting formula should be
evaluated for a number ny of active quark flavours that depends on y, possibly with the
inclusion of heavy quark masses. The logic of the subtraction mechanism then requires that

e Isub,pps should be evaluated with the flavour settings used for DPDs at y = ycut,

e the value of ny and the treatment of heavy quark masses in Iy, sps should be the same
as in the computation of the SPS cross section.

Since both the DPS cross section and the double counting subtraction involve products
of DPDs, their relative size and their combination can be discussed at the level of double
parton luminosities, which are independent of specific hard-scattering cross sections. The
counterpart of the double parton luminosity & that goes into oppsg is then the double
parton luminosity ZLq,p from which oy, is constructed. Separating the two terms in the
interpolation prescription (3.11), we can further write

Lsub (V) = Lsub,pps (V) + Leub sps (V) , (3.14)

where the first term corresponds to the y-integral of (1 — p) Isub pps and the second one to the
y-integral of p Iy sps. Both terms involve the product of two DPDs without hard-scattering
cross sections.

3.1 Dependence on the cutoff scale

Let us now show to which formal accuracy the v dependence cancels in the overall cross
section (3.1) with our new construction. As in section 2.2, we assume that splitting DPDs
are computed up to order o/s“ and that evolution is performed at order a];_l or higher. As
a compact notation let us write

My M- 2
P(y7 M) = 27Ty Fspl(k:) <$1,5U2,2/§ M1, 12, L 12 K )
12 12
M M: 2
X Fspl(k) (1_:17]_:27y; M1, 42, 717 2 ’ 7/‘67 ) ) (315)
12 12

where for brevity we suppress parton and colour labels, as well as the dependence of P on
all arguments that are left constant in the following derivation. We then have

Zivi(v) = b/ dy P(y; pinit (v))
o/v

ZLoub,pps(V) = / dy [1 = p(y)] P(y; tinit(bo/v)) - (3.16)

bo/v
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We now study the difference of subtracted 1v1 luminosities at two cutoff scales vy ~ vs.
We take the same interpolating function p(y) and require that the parameter y, in (3.12)
satisfies y, ~ 1/v1 ~ 1/v5 and 71y, > max(by/v1,bo/v2). The second condition ensures that
p(y) = 0 for y between by/v; and by/ve. We then have

(ZL1vi(n1) = Lsun(11)] = [L1vi(v2) — Lsub(12)]

= b:jyl dy {P(ynuinit(y)) - [1 - p(y)] P(y;ﬂinit(bo/yl))}
_ /b:V2 dy {P(yvﬂinit(y)) = [1—p(y)] P(y; Minit(bo/ug))}
bo/v2
= bo o dy {P(yvﬂinit(y)) - P(y; Minit(bo/V1)>}
' boj” At =ew) {P(y;mmt(bo/’/?)) - P(y?ﬂinit(bo/l/l))}- (3.17)

Note that the contribution from Zg,;, sps has dropped out because it is independent of the
cutoff parameter v. Because of the factor 1 — p(y), the last integral in (3.17) is limited to
y < ra2y,, and the integrand is strongly damped in the vicinity of its upper limit. Under
the conditions stated after equation (3.13), we can apply the result (2.28) to both integrals
on the r.h.s. of (3.17). This gives

[L1v1(1) — Laan (1)] — [L1v1(12) — L ()] = 6(aF 2 (1)), (3.18)

where the power of oy results from the fact that a splitting DPD starts at order a. The

2

product of two splitting DPDs computed at order k contains significant terms from order o

up to order a¥*!

as it should be.

, so that the difference in (3.18) is beyond the accuracy of the computation,

3.2 Summary of the subtraction formalism

At this point we can review the overall logic of our subtraction formalism.

e For y ~ yeus ~ 1/ min(pq, p2), the DPS formalism is not valid, and the correct de-
scription of the process is given by SPS alone. In the region y < r1y,, the subtraction
term we constructed removes the 1v1 part of DPS up to contributions that are at least
one order of as higher than the accuracy of the double parton luminosities. These
contributions may be regarded as an artefact of our procedure, and their size can be
estimated by varying yeut in 01y1 — 0sup around a suitably chosen central value.

e For y > ycut, the DPS formalism is valid. In the region where y is still perturbative,
the 1v1 contribution is fully calculable in terms of PDFs and DPD splitting kernels, and
it correctly resums large logarithms of yu; and yue (as well as large Sudakov double
logarithms in colour non-singlet channels) that are missed when SPS is evaluated at
fixed order. In the region y > r2y,, our subtraction term removes the contribution of
SPS graphs that have DPS topology, up to power corrections in ycu/y that are due to
applying the DPS approximation to the graphs.
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e In the region r1y, <y < r2y,, our subtraction term smoothly interpolates between the
two cases just described. As is typical of the interpolation between two regimes with
different approximations, there is no simple parametric estimate of the error incurred
by this procedure. This error can be estimated by varying the parameters of the
interpolating function (i.e. r; and 7y in our case) within appropriate limits.

We recall from the discussion above equation (3.4) that our master formula (3.1) misses
explicit contributions with a twist-four distribution in one proton and a PDF in the other,
but that the 1v2 and 2v1 parts of DPS include the part of these contributions that is
enhanced by In(v/A). The variation of the 1v2 and 2v1 parts of DPS with ycut around
an appropriate central value may hence be regarded as an estimate of the uncertainty of
this specific leading logarithmic approximation. The variation of the 2v2 part of DPS with
Yeut 18 negligible, because this contribution is dominated by a broad range of y values in
the non-perturbative region.

Overall, the variation of oppg — ogup Or Lpps — Lsub With yeut may thus be regarded
as a measure for the theoretical uncertainty of our scheme for handling the overlap between
DPS and other contributions to a given physical process.

4 Splitting with massless quarks

In this section, we study DPD splitting without heavy quark masses. We use the general
perturbative expansion (2.9) with splitting kernels up to NLO:

«
RlRQValaQ,ao (Zlv 22, QS(M)’ Lya LC) = ‘;S;u) ik Va(llgz,ag (Zlu 22)

2
avs (1)
+(2W) Baloy@) (21,20, Ly, L) + 6(ad) . (4.1)

The lowest-order splitting kernels are

RIRQV(D (Zla Z2) = Cayaz,ap (R1R2) 5(1 — R ZQ) P(O) (Zl) ) (4'2)

ai1az2,aQ alag

where Pé?()lo (2) is the leading-order DGLAP splitting function for PDFs without its distribu-
tional part at z = 1. The colour factors cq,qy,q,(R1R2) can for instance be found in section 4
of [48]. The NLO splitting kernels have the form

R1sz(2) (217227Ly7LC) — R1RQV[2,O} (21722) + Ly R1R2V[2,1] (Z1,22)

a162,a0 4183,a0 163,00
+ Rl;‘(fm (LyLC - Lj - g) ko) o(z1,22),  (4.3)

where
1,0 g, 80 = 530 A, 90, (4.4)

are the LO coeflicients of the anomalous dimension for rapidity evolution.
The number n; of active quark flavours for both the DPDs and the PDFs in the splitting
formula (2.9) is taken according to the characteristic scale

ty = bo/y (4.5)
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of the splitting process. We include a heavy quark @ in the active flavours if pu, > ymg
with a parameter 7 ~ 1. Specifically, we take

for p, < yme,

for yme < py < ymyp,

for ymy, < py < ymy,

S Ot e W

for ymy < py .

In the present section we set v = 1; different values will be explored in section 5.3. We follow
here the procedure of our earlier work [49] and take the scale p, as criterion for determining
ng. One could alternatively take the scale p1*(y) from (2.17), in which case the lowest number
of active flavours for DPDs would be ny = 4 because p*(y) > fimin = 2 GeV.

Starting from initial conditions with ns from (4.6), DPDs with additional active flavours
are obtained by matching, adding the heavy quark @ at ;11 = mg for the first parton and at
p2 = mgq for the second one. The matching proceeds in the same way as for PDFs and is
described in section 2.2 of [49] for DPDs in the colour singlet channel. The one-loop flavour
matching kernels for colour octet DPDs are related to their colour singlet analogues as

AA Q1) _ S5 4Q(1) _ 114Q(1 AS AQ(1) _ SA 4Q(1) _
Agg( )= Agg( )= Agg( )’ Agg( )= Agg( =0 (4.7)
for gluon-gluon transitions, where the relevant graphs are purely virtual, and as

SRAGY = gy (37) 1AZLY with = 4,5 9

for the transition from a gluon to a heavy quark, where the relevant graphs are purely real
and involve the same colour factors

N
2(NZ - 1)

N2 —4

Cqg(8A) = m

Cqg(85) = (4.9)

as the leading-order DGLAP kernels SRPq(S) 8, 51].

4.1 Parton kinematics and scales

In the following numerical studies we consider DPDs and DPD luminosities for x; and ;
evaluated from (2.3) with

Vs = 14TeV, Vi=-Yo=Y, (4.10)

where Y € [—4,4]. For the invariant masses of the produced systems, we take one of the
two combinations

M1 = M2 = 80 GeV (4.11)
or

My =80GeV,  M,=10GeV . (4.12)
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An invariant mass of 80 GeV is for instance relevant for the production of a W or a dijet. An
invariant mass of 10 GeV could be a typical scale for producing a pair of mini-jets, or for a
J/¥ with some transverse momentum. The corresponding parton momentum fractions are

- 71x107*  for M; = 10GeV .
r1 =1~ if Y1 =0 (413)
5.7x 1073  for M; = 80 GeV

and

3.9 x 1072 B 1.3x 1075 for M; = 10GeV _
T~ T~ ifyy, =4, (4.14)

3.1x 1071 1.0 x 107*  for M; = 80 GeV

with corresponding values for xo and Zs obtained by symmetry considerations.
The factorisation scales in the double parton luminosities are always taken as

pi = M; i=1,2 (4.15)

and the rapidity parameters as specified in (2.12). We will not vary the scales p;, which
would be more instructive when DPDs are multiplied by parton-level cross sections evaluated
at the same scales.

4.2 Splitting DPDs

The DPD splitting formula (2.9) is valid at small y, whereas DPD luminosities involve an
integral over y up to infinity. Clearly, DPDs at large y are outside the reach of perturbative
computations, and we need to model them. Following our strategy in earlier work [17, 62]
we use the decomposition F = F®P! 4 Ftr at all values of y, modelling both terms when
y is large. For the splitting part, we do so by multiplying the perturbative form FsPLP?
in (2.9) with a Gaussian factor:

R1 R spl 3
! 2F’a?ag (xh X2, Y; Hinit, Hinit Cinit)

.2
Y } Ri Rz pspl, pt

= exp [4h ards (1,22, Y3 Minits Hinit, Ginit) » (4.16)
alas

where (i, is given in (2.22) and the parameters are taken from section 9.2.1 of [17]:
hgy = 4.66 GeV ™2, hgq = hgg = 5.86 GeV 2 hgq = 7.06 GeV 2, (4.17)

with equal values for quarks and antiquarks.

For the PDFs in the splitting formula we use the default LO or NLO sets of the MSHT20
fit [63], depending on the order at which we evolve the DPDs. The strong coupling used
in these sets is

a{r=>) (mgz) =0.13 at LO (4.18)
and

o™= (my) = 0.118 at NLO. (4.19)
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Figure 3. Splitting DPDs for gg and ug at 1 = x5 =~ 5.7 x 1073, evolved to scales p1 = o = 80 GeV.
The first specification of “LO” or “NLO” in the plots refers to the DPD splitting kernels, and the
second one refers to the order of DGLAP evolution of the DPDs and of the PDFs in the splitting
formula.

The PDFs are initialised at pip = 1 GeV from the LHAPDF interface [64], where the respective
sets have the keys MSHT201o_as130 and MSHT20nlo_as118. The quark masses are

me =1.4GeV , myp = 4.75 GeV (4.20)

for both sets.

Comparison of different perturbative orders. In figures 3 and 4 we show DPDs for
the kinematic setting with My = My = 80 GeV and Y = 0, which gives 1 = x5 &= 5.7 X 1073
according to (4.13). Figure 5 is for DPDs at M; = My = 80 GeV and Y = 4, which gives
r1 ~ 0.31 and x3 ~ 10~ according to (4.14). All DPDs are evolved from g = p*(y) to
w; = M; and from (i in (2.22) to ¢ in (2.12).

The lowest y value in the plots is Ymin = bo/p1. At this point one has p*(y) ~ p1, so
that there is essentially no evolution of the DPD after its initialisation. As y becomes bigger
than ymin, the amount of evolution to higher scales increases. The DPDs in the figures
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Figure 4. As figure 3, but for ud and .

are multiplied with 32, so as to compensate the 1/y? behaviour of splitting DPDs at the
scale where they are initialised.

We observe that in the colour singlet channel, the scaled DPDs grow significantly with
y as a consequence of evolution, which was already observed in [17]. A notable exception
are qq distributions: we find strong evolution effects in the y dependence for asymmetric
momentum fractions (figure 5(a)) but only mild ones in our setting with 1 = xo (figure 4(c)).
With the global factor 1/y? included, ¢ colour singlet DPDs in this setting are hence more
strongly concentrated at y ~ y.u¢ than all other parton combinations. This has important
consequences for double parton luminosities at central rapidities, as we shall see.

Scaled colour octet DPDs behave very differently: at small y they are similar in magnitude
to their colour singlet counterparts, whilst at large y they are strongly suppressed due to
Collins-Soper evolution. Our study in [53] showed that this conclusion does not depend on
the specific model for the non-perturbative part of the Collins-Soper kernel. For gluons in the
decuplet or the 27 representation (not shown here), the suppression at large y is even stronger.

We now turn to the role of higher perturbative orders. The difference between the solid
red and dashed blue curves in the figures shows the impact of using DPD splitting kernels
at NLO instead of LO, with LO PDFs in the splitting formula in both cases:
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Figure 5. As the bottom row of figure 4, but for asymmetric momentum fractions z; =~ 0.31 and
To ~ 10—,

e We find large differences at intermediate or large y for colour singlet DPDs, with the
NLO result being bigger than the one at LO for all parton combinations considered.

e For colour octet distributions at y below 1 GeV !, the impact of NLO corrections to
the DPD splitting is clearly visible. At larger y these distributions are negligibly small.

The difference between the solid red and dotted green lines in the figures shows the
impact of switching from LO to NLO DGLAP evolution for DPDs and PDFs (along with
changing the PDF set). In most cases, this impact is significant but more moderate than
the change from LO to NLO in DPD splitting.

In the remainder of this paper we will focus on the impact of the NLO kernels for DPD
splitting. We will therefore always evolve DPDs and PDFs at LO, even when the DPD
splitting is computed at NLO. This may appear unusual, but we recall from section 2.2 that
the combination of NLO splitting and LO evolution kernels is theoretically consistent. We
also note that evolving DPDs at LO is adequate if one uses the DPS formula (2.1) with LO
hard-scattering cross sections 4. If the latter are evaluated at NLO, one gets convolution
integrals rather than a simple multiplication of & with double parton luminosities.

4.3 Double parton luminosities and subtraction terms

To investigate full double parton luminosities, we need not only the 1v1 but also the 1v2,
2v1, and 2v2 contributions and therefore require a model for the intrinsic part of the DPDs.
In the colour singlet case we adopt our previous choice from [53], which is

11F(ir11t(;1r2 (I’l, X2, Y; Hinit, Minit)
2 2
—Y (1 -z —z9)
- 5 Mini ; Wini 4.21
T s eXpLLhalaj (=2 )2 (1 = ag)? Jon (03 pinit) oo (723 ptiie) —— (4.21)
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with

0 ifCLl:G,Q:d—d,
Naras = 1/2 if aiy =az =u—u, (422)

1 otherwise.

Here the parton labels a; and as have been transformed to the valence-sea basis, i.e. to
the linear combinations ¢ — ¢ and ¢ for each quark flavour. The parameters hg,,, are the
same as in (4.17).

In [53] we also explored models for Fi,, in colour non-singlet channels. We found
that the resulting double parton luminosities for the 1v2, 2v1, and 2v2 combinations are
always considerably smaller than those for the pure splitting combination 1v1. This is easily
understood: rapidity evolution strongly suppresses large y in the luminosity integral, and in
the remaining region of small y the splitting part of DPDs is much larger than their intrinsic
part. We will hence not include the latter in the present study, also because modelling intrinsic
colour non-singlet DPDs is poorly constrained and thus affected by huge uncertainties.

In the colour singlet channel there is no Collins-Soper suppression at large y, and
depending on parton combinations and kinematic settings, both the intrinsic and the splitting
parts of DPDs can be important in the overall double parton luminosities. We will see
examples for this in the following.

Impact of the initial scale. Let us take a first look at double parton luminosities and
their dependence on the initial scale pinit at which DPDs are computed from the splitting
formula (4.16) or from the model (4.21) for the intrinsic part of DPDs.

In the remainder of this paper we use the following shorthand notation for colour
representations in double parton luminosities:

11,11% P , 88,88g N 883 ’ 8A,8Ag N SAg 7 AA,AAg N AAg ) (423)

Note in particular that we simply omit colour labels to designate the colour singlet.

In figures 6 and 7 we show luminosities for the parton combinations ug, dg and ud, du at
M = My = 80 GeV, which are respectively relevant for W+ dijet and for W+ W™ production.
Note that splitting DPDs for the ud, du channel are generated only by NLO corrections to
the splitting formula and by evolution from the initial to the final scale.

Comparing the 1v1, 1v2 + 2v1, and 2v2 contributions in the colour singlet (panels a,
¢, and d in both figures) we see that splitting and intrinsic contributions are comparable in
size for both parton combinations. The change from LO to NLO splitting kernels leads to
a noticeable upward shift of the central curves (except of course for the 2v2 contribution,
where splitting DPDs do not contribute).

Comparing panels a and b in both figures 6 and 7 we see that the 1v1 contribution in
the octet channels is of similar magnitude as for the singlet, and that the impact of including
NLO splitting is similar as well.

The bands in the two figures show the result of varying the initial scale uinix by a factor 2
up and down (with the restriction specified in (2.23)). For the intrinsic DPDs and hence for the
2v2 contribution this has almost no effect. This is expected for our ansatz (4.21): it is known
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Figure 6. Double parton luminosities for the product of DPDs F,, Fj, with parton kinematics and
scales set for My = My = 80 GeV as specified in section 4.1. The simplified notation (4.23) is used for
colour representations. Bands correspond to a variation of the initial scale piyix of the DPDs by a
factor 2 as specified in (2.23). Here and in all following plots, the labels “LO” and “NLO” indicate the
highest order of the DPD splitting kernels included in the calculation; with evolution being carried
out at LO.

that for small momentum fractions x; there is little difference between the scale evolution of
a single DPD and of the product of two PDFs [65]. For the splitting DPDs the situation is
very different. With LO splitting kernels, the dependence of double parton luminosities on
Minit 1S huge, covering an order of magnitude or more in several cases. With NLO kernels this
dependence is significantly reduced, although still visible in our logarithmic plots. We also
note that at NLO the maximum of the luminosities is typically acquired near our central
scale choice pinit = p*(y). We do not have an explanation for this quite remarkable finding.
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Figure 7. The same as figure 6, but for the product of DPDs F, g Fg,.

In order to see details on a linear rather than logarithmic scale, we switch to plotting
normalised double parton luminosities
RIRQ’R3R4%a1az,b1b2 (Mla Yia M2a YVZ; K1, p2, v, S)

RlRQ’R?’R‘l galag,blbg (M17 }/i7 M27 Y27 ,u’17 MQ; 1/7 S)

Jai (215 1) fan (225 p2) for (T15 11) foo (25 p12)

o /oo dyy R1R2Fa1a2(1§1,3}2, Ys 1, 42, C) R3R4Fb1b2(flvi‘2ay;/fbl7ﬂ2, E)
Yeut fal (xl; /‘1) fa2 (1’2; N2) fbl (i’l; ,U,l) be (i‘g; /,52)

. (4.24)

where the momentum fractions of the PDFs and DPDs are given in (2.3). This normalisation
actually carries interesting physics information. If one makes the simplistic ansatz

11Fa1a2 (.1‘1, x2,Y; 11, MZ) — fa (ml; Nl)fa2 (x% :uQ) G(y) (4'25>

with a function G(y) that varies over a typical hadronic scale, and if one neglects all colour
non-singlet and all polarised contributions, then one gets the so-called pocket formula for
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the DPS cross section

dopps 1 1 doa, do a,
2 2 - — 5 (4.26)
AM2dY, dMZ2dY, 1+ 04,4, 0o AMZdY, dMZ2dY,
with
O =2 / dyy G*(y), (4.27)
0

where 04, is the cross section for producing the system A; by single parton scattering.
In (4.27) we have taken 0 instead of ycy as lower integration boundary, which is a good
approximation for small y¢y. Under the same assumptions, the ratio in (4.24) becomes

11,11 -1
gzala2,b1b2 — Ueff . (428)

The amount of variation of & with kinematic variables or parton channels hence indicates
the extent to which the simple ansatz (4.25) works or fails. In turn, the size of & may
be compared with the range Je_ffl ~ 50...200b~! of values that have been extracted from
measurements using the above pocket formula (see e.g. [66, 67] for compilations of o).

Impact of the subtraction term. In the following plots we compare the 1v1 part of the
double parton luminosity with the full double counting subtraction term Zg,, and with
the partial contribution gy, gps in (3.14). We recall that the latter is concentrated in the
region y > ycuy, where it is designed to compensate contributions from SPS graphs that
have an overlap with DPS.

In figure 8 we show this comparison for equal scales M1 = Ms = 80 GeV and for parton
combinations that allow splitting already at LO. The total subtraction term is important in
all cases; for the parton combination ua, dd at central rapidities it is nearly equal to Ziv1.
We always find |Zsub sps| < |ZLsubl, 1-6. Lsub & LsubDps, which reflects that the product
of two splitting DPDs is most important at small y. In some cases &sup sps is comparable
in size to the difference &1y1 — Lsup and in this sense has an impact on the overall cross
section. This holds for wi, dd and also for the four-gluon case at NLO. In the other cases
shown in figure 8, &Ly, sps is of minor importance.

For parton combinations where splitting only starts at NLO, we find that the subtraction
term evaluated at NLO is generally of minor size, although not necessarily negligible as seen
for ud, du in figure 9. At LO (not shown here) the corresponding subtraction terms are very
close to zero, since the splitting DPDs vanish at the initial scale and there is essentially
no evolution in this case.

We now turn to the case of unequal scales with M; = 80 GeV and My = 10 GeV. The
difference between the integrands for the DPS and SPS subtraction now becomes important,
and we need to specify the interpolating function in (3.11). As a default we take y, = ycut and

7,‘1:27 7"2:4’ (429)

which corresponds to a rather quick changeover from Igu, pps(y) to Isubsps(y) as a function
of y. We make this choice in order to see how important £, sps can plausibly be, since
with larger values of ry that term will decrease even further. We also computed double
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Figure 8. Normalised double parton luminosities for selected parton combination, with parton
kinematics and scales set for M7 = Ms; = 80 GeV as specified in section 4.1. Shown are the 1v1
component £y of the luminosity for DPS, the luminosity &y, sps for the double counting subtraction
term, and its large-y part Lgup sps in the decomposition (3.14). All luminosities are normalised as
specified in (4.24).
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Figure 9. As figure 8, but for a parton combination where the DPDs splitting formula starts at
NLO.
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Figure 10. As the first row of figure 8, but for kinematics with M; = 80 GeV and M, = 10 GeV.

parton luminosities with the choices 71 = 2,79 = 6 and r; = 3,79 = 5 and find that &4, and
ZL1v1 — Lsub barely change for the parton combinations considered in our study.

Comparing figure 10 with the first row in figure 8, we see that in the four-gluon channel
the subtraction term with one small and one large scale is less important than with two large
scales. We find a similar situation for the combination ug, dg (not shown here).

Size of the subtracted 1v1 term. According to the master formula (3.1), the full cross
section of a process involves the subtracted luminosity &£1v1 —%sub plus the partial luminosities
for 1v2, 2v1, and 2v2. In figures 11 to 13 we compare these three terms for different kinematics
and parton combinations. Figure 11 shows that the relative importance of the different
contributions can change to some extent when going from LO to NLO splitting.

In almost all considered channels we find that the contributions with or without splitting
DPDs are of comparable magnitude and thus all play a role in the final result.
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Figure 11. Different contributions to normalised double parton luminosities in kinematics with
M; = My = 80 GeV. The sum of the three contributions gives Rpps — Rsub-

The only exception is the parton combination ua, dd in figure 12(a), where for central
rapidities |Y| < 2 the 1v1 contribution is completely dominant, even after double counting
subtraction. This is remarkable, because the subtracted 1v1l term in this case is already the
result of a substantial cancellation between &1,1 and ZLqup, as we saw in the bottom row of
figure 8. The same is observed for other channels with a ¢¢ pair in each DPD. An important
consequence is that at central rapidities these luminosities have very little uncertainty due to
modelling the intrinsic part of DPDs, which is not the case for the other channels in figures 11
to 13. Since the gq splitting DPDs are concentrated at small y, there is also less dependence
on how the perturbative splitting form is extended to the non-perturbative y region.

Comparing the plots for unequal scales M; = 80 GeV and My = 10 GeV in figure 13 with
their counterparts for My = My = 80 GeV in figures 11(b) and 12(b), we observe that the
subtracted 1v1 part is less important for unequal scales.
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Figure 12. As the right panels in figure 11, but for other parton combinations.
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Figure 13. Different contributions to normalised double parton luminosities in kinematics with
M; = 80GeV and M; = 10 GeV. The corresponding plots for equal scales are shown in figures 11(b)
and 12(b).
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4.4 Subtracted double parton luminosities and their scale dependence

Let us finally study the dependence of the subtracted luminosities £pps — Lsup on the choice
of the scales pinit(y) and v. This dependence propagates into the overall cross section, albeit
with possible cancellations in the sum over different parton and colour channels. Apart
from such cancellations, the uncertainty due to choosing a scale directly translates into an
uncertainty of cross section predictions.

The panels on the left of the following figures show bands resulting from varying pinit(y)
around the central choice p*(y) by a factor 2, with a lower bound pimin as specified in (2.23).
The value of v is fixed to its default choice min(uq, pu2) in this case.

The panels on the right of the same figures show bands resulting from varying the cutoff
parameter v by a factor 2 up and down while keeping the interpolation function p(y) fixed.
The initial scale for DPDs in £ pps is kept at its default pinit(y) = p*(y) in this case, but note
that the initial scale of DPDs in the subtraction term g, pps is always fisub,init = Hinit (Yeut)
and hence changes with y,t. If one prefers to keep pigup init fixed, one can vary yeut and
Minit simultaneously, or one can choose figup init = min (1, pu2) independent of yeu. We will
not pursue these possibilities here.

If follows from equation (2.28) that the pint dependence of subtracted double parton
luminosities decreases parametrically with the order at which the splitting DPDs are computed.
We have shown in section 3.1 that the dependence of subtracted luminosities on v is beyond
the perturbative order of the calculation and hence also decreases parametrically when that
order is raised. Note that the same is not true (and not meant to be true) for the v dependence
of Lppg without the double counting subtraction. In the following we investigate to which
extent the parametric decrease in powers of o shows up at the quantitative level.

Given the practical importance of subtracted luminosities and their p;,;; and v dependence,
the following plots will cover a larger number of channels than the examples shown so far.
Figures 14 to 17 are for equal scales M; = My = 80 GeV, and figures 18 to 19 are for unequal
scales M7 = 80GeV, My = 10GeV.

Subsequent pairs of figures show colour singlet and colour octet channels for the same
parton combinations. We typically find that the central values for octet channels are much
smaller than for the colour singlet, although not necessarily negligible. Only in the four-gluon
case at equal scales do we find colour octet contributions of size similar to the singlet, as
seen in the top panels of figures 16 and 17.

Not shown here are the colour combinations with symmetric instead of antisymmetric
octets. We generally find that the §5,55 luminosity for four gluons is very similar in
magnitude to AA, AA. The same holds for 85,8S compared with 8A4,8A for the ug,dg
combination. The mixed-symmetric AS, AS luminosity for four gluons is tiny compared
to AA, AA. At the starting scale p*(y), the smallness of AS splitting DPDs was already
noticed in [48].

For the central values of subtracted luminosities, we find in most cases that the NLO
corrections to DPD splitting are appreciable at the level of several 10%. In a few channels
they reach a factor around 2, notably for ua, dd at central rapidities in the colour singlet
and for gg,gg in the colour octet case.
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Figure 14. Subtracted double parton luminosities and their scale dependence in the colour singlet
for My = My = 80 GeV. Further parton combinations are shown in figure 16.
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Figure 15. As figure 14, but for colour octet channels. Further parton combinations are shown in
figure 17.
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Figure 16. Further subtracted double parton luminosities and their scale dependence in the colour
singlet for My = My = 80 GeV.
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Figure 17. As figure 16, but for colour octet channels.
For scale variations we see a clear difference between ui,dd and the other parton
combinations shown here. In the channels other than uu, dd, we find the following;:

e The variation with pinit significantly decreases from LO to NLO. At NLO, the scale
variation is highly asymmetric, with the central curve being close to the edge of the
band of variation.
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Figure 18. As figure 16, but for asymmetric scales M; = 80 GeV and My = 10 GeV.

Compared with the central value, the scale variation at NLO is moderate for the colour
singlet, whereas in the octet channels it is still large.

e The variation with v is typically much less than the one with pip;t-

In colour singlet channels, the v dependence either decreases from LO to NLO, or it is
very small at both orders. For colour octet channels there is no uniform picture, with
the variation decreasing from LO to NLO in some channels and increasing in others.

e With the exception of the four-gluon luminosity at equal scales, the variation with pinit
and v in the octet channel is moderate compared with the size of the colour singlet
result.

At high rapidity, the behaviour of the wi,dd luminosity is quite similar to the one just
discussed. By contrast, for central rapidities we find that

e in the colour singlet channel, the variation with pi,t and v is very similar at LO and
NLO. At Y = 0 we have a pjy¢ variation of 30 to 40% and a v variation by about a factor
of 2, with both variations being approximately symmetric around the central value.
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Figure 19. As figure 18, but for colour octet channels.

In the colour octet channel, the v variation is similar at both orders, whilst the pinit
variation is much larger at NLO than at LO. Compared with the central value of the
colour singlet, the variation of the colour octet luminosity remains moderate: at Y =0
it is at level of about 25%.

We recall that for central rapidities the cancellation between the 1v1 luminosity and its
subtraction term is by far the largest for ui, dd, see the bottom row in figure 8. This is
in line with our earlier observation that the DPDs for gg are most strongly concentrated
at y ~ yeut, where the difference between the DPDs in the 1v1 term and its subtraction
is small by design. Given this strong cancellation, a high sensitivity of the result to
scale variations is perhaps not too surprising.

Whilst the relative uncertainty due to scale choices is most pronounced for ¢g channels
at central rapidities, the uncertainty due to modelling the intrinsic DPDs is smallest in this
case, as we discussed in the context of figure 12(a).
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5 Splitting with massive quarks

So far we have neglected the masses of the heavy quarks ¢, b, in the computation of DPD
splitting kernels. For a given flavour @ this is adequate if the characteristic scale 1/y of the
splitting is much larger than the quark mass mq. Conversely, a heavy quark decouples from
the splitting process if its mass is much larger than 1/y. In the region where 1/y ~ mg,
the quark mass should be taken into account when computing the splitting process in the
DPD. For colour singlet DPDs we gave a detailed analysis of this in [49]. In the present
section we generalise the results from sections 3, 5.5, and 6.4 in [49] to colour non-singlet
channels, which is straightforward. We then proceed to a numerical analysis of evolved
splitting DPDs that include quark mass effects.

For each heavy flavour @), we keep the quark mass mg finite in the region amg < py, <
Bmg, where we write again p, = by/y. In that region we replace the massless splitting
formula (2.9) by

1
Ri1R 1 Ri1R ,
! QFUZIZ;F (.Tl,l’Q,y; M?M?C) = 7Ty2 § ! QVan(JZ{JGO % C?OF, (51)
ag

where F, (ﬁ@jl is a DPD with ny 41 active flavours (including the heavy one) and f7.F is a PDF
with ny active flavours. We omit the superscript “spl” on F' for brevity. The massive splitting
kernels V@"F are the analogues of the massless kernels in (2.9) and depend on the additional

dimensionless variable ymg. One should take 1/« and f sufficiently large, such that

1. at scales j, < amg the heavy quark approximately decouples in the splitting process.
DPDs including the flavour @ are generated by the usual matching procedure, as
discussed around equation (4.7).

2. at scales p, > fmg the quark () is well approximated as massless.

At the same time, 1/« and f should not be taken too large: the massive splitting kernels
contain terms with In(u,/mq) raised to a power that increases with the order in oy, and
when these logarithms become too large, the fixed-order truncation of the DPD splitting
kernels becomes a poor approximation.

At LO the only channel in which heavy partons are produced is ¢ — QQ@Q. The corre-
sponding kernel for unpolarized quarks reads

F1Rs Vc%g(zh 22,ymq)

= cag(R1R2) 3(1— 21 = 22) Tr (ymo)® (21 + 23) KP(yma) + K3 (yma)| . (5:2)

where K1 and K are modified Bessel functions of the second kind. Its polarised counterparts
are given in section 3.1 of [49]. Leading-order kernels with one observed heavy parton
are zero, and kernels f11%2 Va%?,ao for light partons a; and ag are equal to their massless
counterpart RIRQVa(llc)LQ,aO in (4.2).

The NLO kernels including mass effects have not been computed so far. Their behaviour

for puy, < mg and for p, > mg is however known, as is their scale dependence. Using
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these constraints, we can write

o = M e T )
+ go(ymq) (RIRQVJE: 2 - RlRQVa%Qa%])
+ g1(ymq) (RlRQVa’iij at - RlRQVaTiﬁfalo])
o L g B+ L (- T - T g0,

(5.3)

where V[20(z1 zp) and V™[21(2), 25) are the massless splitting kernels in the decomposi-
tion (4.3), evaluated for ny active flavours. The p dependent part of (5.3) involves the function

1(0 1(0 ! 1
RiRg np, RGE _ Z R, R{ pnr+1(0) ? 2%1% e Z Ry R} pnr+1(0) % R, Ryy,Q(1)

ajaz,aq a1by azbs a1b2,a9
b, R}
BnF 1
ZRIRQ ].lpnF(O) 2o R1szQ(1) (5 4)
a1a27bo boao 2 a1az,a0 :

with 30" = 11C4/3 — 2np/3. In addition to the convolution ®;2 introduced in (2.9), the
expression (5.4) involves convolution products

1d
PoV= [ ZP@ )v(xl,mg,...) (5.5)
z

1 R

for the first parton and its analogue ®- for the second parton. In the second and third
lines of (5.3) we have the functions

go(w) = WKy (w)?, g1(w) = —w?Ko(w) Ka(w), (5.6)

which have the limiting behaviour

2\ ¢
gi(w) w2y (ln 1;12) ) gi(w) =570 fori=0,1. (5.7)
Finally, the functions Vafm2 ay Satisfy
RiRoy /1 y—0 RiRav/ 1 y—0
Varas, ao(zl,zQ,me) =0, Viras, ao (21, 22,ymq) — 0 (5.8)

and specify the transition from small to large y. For specific parton combinations we have

RlR?VgIgg x 0(1 — 21 — 22) and RlR?VQqu 0.

Without a massive two loop calculation, the functions V' remain unknown. In our

the additional constraints

numerical studies we set them to zero for all parton and colour channels. This does not
yield a correct NLO prediction in all regions of y, but it provides a smooth interpolation
between the correct limiting behaviour for y < 1/mg and y > 1/mg, and it has the correct
dependence on the scales p and . In this sense we regard it as an improvement over using
the massless scheme at NLO, in which the region y ~ 1/mg is treated in a less realistic way,
with often large unphysical discontinuities of the DPDs at the transition point p, = ymg.
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Several heavy flavours. The masses of charm and bottom quarks are rather close to each
other, so that a region of scales p with m, < p < my is hard to identify. It is therefore useful
to consider a scheme in which w,d, s are treated as massless and both ¢ and b as heavy. The
matching of PDFs from ny = 3 to ny = 5 active flavours in one step has been worked out in [68]
at two loops, and three-loop calculations for the relevant parton transitions are ongoing [69].

Using the two-mass scheme for DPDs in the relevant region of y, we evaluate initial
conditions with mass effects in the splitting as follows:

ny =4, me # 0 for p, < amy,

ny =5, me#0, mp #0 for amy, < py < Bme,

ny =5, me =0, my#0 for Bme < py < Bmy (5.9)
and

ny =6, me=mp =0, my#0 for amy < py < Bmy,

ny =6, me=mp =0, my=20 for Bmy < py . (5.10)

Here we have assumed that am, < Sm,. and am; > Smy, which is the case for our parameter
choices in the following.

The DPD splitting kernels for the three regimes in (5.9) are V&3, V< and V%4, re-
spectively, where V¢ denotes the splitting kernels for 3 light flavours plus massive charm
and bottom.

The analogue of the general form (5.3) for V¢ at NLO is given for colour singlet DPDs
in equations (6.34) to (6.38) in [49]. To generalise those expressions to all colour channels,
one should add labels Ry, Ry to V¢ in the same way as in (5.3) and (5.4) here, and add
a double logarithmic term

R1,(0) 1.2 2
Yy ™
b (b= 5 - ) vt 610

with the massive LO kernels chf(%?ao for the colour singlet being specified in and below
equation (3.11) of [49].

5.1 Parton kinematics and scales

A comprehensive numerical study of mass effects in DPD splitting at LO was carried out
in [49], where several shortcomings of the LO approximation were identified. In the present
work we will see how the situation changes when NLO effects are included in the approximate
manner described below (5.8).

We consider the same kinematics as in [49] and evaluate DPDs and double parton
luminosities for

ng=>5, My = Ms = 25GeV, Vs =14TeV, (5.12)
ny=6, My =My =1TeV, Vs =100TeV . (5.13)
As in section 4 we take Y = Y7 = —Y5 in double parton luminosities.
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The scale of 25 GeV, which may for instance appear in dijet production, is a compromise
between being high enough to compute parton-level cross sections with ny = 5 massless
quarks and low enough to be sensitive to quark mass effects in the DPD splitting process.

Parton momentum fractions for the settings (5.12) and (5.13) are

_ 1.8 x 1073 if M} =25GeV and /s = 14 TeV
T =21~ (5.14)
1.0 x 1072 if My = 1TeV and /s = 100 TeV
for Y7 = 0 and
9.7 x 1072 _ 3.3x107° if My =25GeV and /s = 14 TeV (5.15)
r ~ r ~ .
5.5 x 107! 1.8 x 107* if My = 1 TeV and /s = 100 TeV

for Y7 = 4. The corresponding fractions xo and Z9 are obtained by symmetry considerations.

In the following studies, initial conditions of the DPDs are evaluated for the y dependent
number of active flavours in the chosen flavour scheme, given by (4.6) or by (5.9) and (5.10).
The DPDs are then evolved to the final scales p; = ps = M; and the rapidity parameter
¢ = M1 My /(z122), with appropriate flavour number matching at scales p = mg.

5.2 Splitting DPDs with or without mass effects

Both in the massless flavour scheme laid out in section 4 and in the massive scheme just
presented, the number of active flavours in the initial conditions of DPDs is changed at specific
values of y. This leads to discontinuities in the y dependence of the resulting DPDs, even after
they have been evolved to final scales and matched to final n; values. Such discontinuities can
be considered as artefacts of the approximations in a given scheme, so that the size of these
discontinuities can be regarded as an indicator for the quality of the scheme. Specifically,
we will chose the parameters a and /3 in (5.9) and (5.10) so as to minimise discontinuities
of evolved DPDs in y. Of course, small unphysical discontinuities are necessary but not
sufficient for having realistic results. We will shortly encounter examples for this statement.

In the following we speak of the “massless scheme” in the case where splitting DPDs are
initialised with massless splitting kernels for ny given by (4.6), and of the “massive scheme”
in the case where they are initialised with massless or massive kernels as specified in (5.9)
and (5.10). In the following discussion and plots, we use the scale j, = by/y that determines
the initial conditions of the splitting DPDs, rather than the distance y.

Not surprisingly, we find that in general the largest discontinuities occur for DPDs with
one or two heavy partons. In the following plots we therefore concentrate on such cases.
For DPDs with only light partons we find that discontinuities are often most pronounced
in the gg channel.

In figure 20 we show colour singlet DPDs in the massless scheme. Very large discontinuities
are seen for QQ distributions at p, = m¢, which reflects that the direct splitting g — QQ
does not contribute for p, < mg. The same holds in the colour octet channel, as seen in
figure 23(a). For all channels shown here, we find that discontinuities at NLO are somewhat
larger than at LO. This is an example in which smaller discontinuities do not indicate a
better approximation.
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Figure 20. Splitting DPDs for z; = 22 ~ 1.8 x 10~3. Distributions are initialised in the massless
scheme (4.6) with v = 1, followed by evolution and flavour matching to p1 = ps = 25GeV and ny = 5.
The specification of perturbative orders is the same as in figure 3.

The situation is very different in the massive scheme, as shown in figures 21 and 22.
The discontinuities for bb and cé distributions are significantly reduced compared with the
massless scheme. Moreover, discontinuities tend to be smaller at NLO than at LO. This
holds in particular for the discontinuity of the gb distribution at p, = 8m;, which is rather
pronounced at LO. The reason for this is discussed in detail in section 4.1.2 of [49]: if
one uses the massive scheme at LO, then for p, < $m; the sequential splitting processes
g — bb — gbb and g — gg — gbb require DGLAP evolution of the DPD, which is strongly
suppressed for p, close to the final scale 25 GeV. This leads to an underestimation of the
DPD at p, < fmp. To minimise this effect we took the rather small value 8 = 2 in [49].
At NLO, both splitting processes are taken into account in the DPD splitting kernels, and
the problem just described is absent. Consequently, there is no problem in setting 8 to 3
or 4, as is seen in the bottom row of figure 21.

We remark in passing that the colour octet bb distribution has a change of sign in
the massive scheme, which is absent in the massless one (see figure 23(b)). Since in the
corresponding y region the DPD is many orders of magnitude smaller than its maximal value,
we do not investigate this issue further here.
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Figure 21. The same DPDs as in figure 20(b) to 20(d), but initialised in the massive scheme (5.9)
with two different choices of 1/a = 3.
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Figure 23. Colour octet DPDs for bb with the same settings as in figure 20 (left) or 22 (right).

Examples for distributions involving top quarks are shown in figures 24 and 25. The

differences between the massless and massive schemes, and between LO and NLO splitting

are qualitatively similar to what we observed for charm and bottom quarks. We note that in

the massless scheme, the discontinuity of the ¢t distribution at p, = ym; spans two orders
of magnitude both at LO and at NLO.

For the channels shown here, both 1/ = 3 and 1/a = 8 = 4 yield reasonably small

discontinuities in y for NLO splitting DPDs. In the following we take the smaller value

3 as our default.

5.3 Double parton luminosities: scheme parameter dependence

We find that in the massive scheme the inclusion of NLO effects has qualitatively similar

effects on double parton luminosities as in the massless case, both for the central values and

for the size of scale variations. We will therefore not show corresponding plots here.
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Figure 24. Splitting DPDs with top quarks for 1 = x5 = 0.01. Distributions are initialised in the
massless scheme (4.6) with v = 1, followed by evolution and flavour matching to p; = pe2 = 1 TeV and
ny = 6.
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Figure 25. The same DPDs as in figure 24, but initialised in the massive scheme (5.9), (5.10) with
two different choices of 1/a = 3.

— 43 —



Instead we now revisit the dependence of double parton luminosities on the parameters
«, B or v in the massive or the massless scheme. We take

a0:1/3, Bo =3 at NLO,
ap = 1/47 50:2 at LO (516)

as baseline parameters in the massive scheme, where the choice for LO corresponds to our
analysis in [49]. In figures 26 to 28 we show the ratios

gmassive(l/a = B) &L massless (’Y)
gmassive(a = Qp, ,6 = /BO) ’ gmassive(a = «p, B = 50)

for selected parton combinations, either for the pure splitting contributions (1v1) or for the
mixed contributions (1v2 + 2v1). The intrinsic part of the DPDs is modelled as described
in section 4.3.

r(B) =

r(y) = (5.17)

The variation of the ratio 7(f), shown as solid lines in the figures, quantifies how
luminosities change within the massive scheme when the parameters a and § are varied. We
find that in general this variation is smaller at NLO than at LO (except for the combination
¢cb, gg in the colour octet channel). With the inclusion of NLO effects, the influence of the
scheme parameters on the luminosities is at the level of 5 to 15% in the colour singlet and
slightly larger in the octet case.

The ratio r(y), shown as dashed lines in the figures, quantifies to which extent the
massless scheme is able to reproduce the (more realistic) massive scheme at the level of double
parton luminosities. For ¢ and b quarks (figures 26 and 27) an agreement at the level of 15%
can be achieved with v = 1/2 at LO. At NLO the agreement is better with v = 1 than with
7 = 1/2 and again reaches about 15% in the cases considered here.

For t quarks (figure 28) the choice v = 1 is preferred at both LO and NLO, with
deviations from the massive results reaching 20% at LO and 40% at NLO. In this case, the
possibility to approximately reproduce the massive scheme with the massless one degrades
rather than improves when going from LO to NLO. This does, of course, not imply that
results are more accurate at LO than at NLO.

6 Summary

We have performed a detailed quantitative study of parton splitting in DPDs, i.e. of the
mechanism in which the two observed partons originate from the splitting of a single one. Our
study proceeds at the level of DPDs and of double parton luminosities, which are products of
DPDs integrated over the transverse distance y between the partons. We considered several
combinations of momentum fractions and scales that are relevant for double parton scattering
at the LHC, in particular for the production of combinations of W bosons, J/¥, and dijets.
In addition we considered kinematics in which quark mass effects in the splitting process
are important for DPDs with bottom or top quarks.

The “1v1” contributions to the DPS cross section, which involve parton splitting in
both DPDs, have an overlap with higher-loop corrections to single parton scattering. In
the formalism of [17] this is addressed by a double counting subtraction term in the overall
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Figure 26. Double parton luminosity ratios (5.17) in the kinematic setting (5.12). All plots refer to
the colour singlet channel. Note that at NLO the ratio () with 8 = 3 is equal to 1 per definition
and therefore not shown. We include 8 = 5 in the comparison instead.
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Figure 27. As figure 26, but for the colour octet channel.

cross section, along with a lower cutoff ..t on the integral over y. We have presented a
new construction of this subtraction term, which is both flexible and simple to implement
in practical calculations.

Calculations within our scheme depend on the initial scale uiix of DPD evolution, at
which the DPD splitting process is evaluated. We have shown that the variation of the overall
cross section with pigt and ye.y¢ within appropriate limits can be appreciable, although it
is formally beyond the accuracy of the computation. This can for instance happen when
contributions with an additional power of oy are initiated by partons with a higher density
than the partons initiating the lower-order contribution (e.g. by gluons instead of quarks
at small z, or by quarks instead of gluons at large x).

These are the main findings of our study for double parton luminosities that include
the double counting subtraction term:
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Figure 28. As figure 26, but for top quarks in the kinematic setting (5.13).
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1. In many cases, the scale dependence is huge when the splitting in DPDs is evaluated at
LO, whereas at NLO it is considerably reduced. The dependence on y.y is typically
smaller than the one on pinit, and it often decreases further when going from LO to
NLO.

2. The preceding statement holds in particular for parton combinations that contribute to
WTWT or W-W ™ pair production. We find comparable contributions from parton
splitting and from “intrinsic” parton pairs in the proton (which must be modelled).
This is remarkable because the parton splitting part only starts at NLO for this process.

3. A notable exception from statement (1) are parton combinations with a ¢g pair in
each proton, which contribute in particular to WTW ™~ and ZZ production. At central
rapidities of the produced bosons, the pinit variation is moderate and the yey variation
is large, both at LO and at NLO. The fact that the double parton luminosity is strongly
dominated by y close to yeut indicates that SPS contributions having an overlap with
DPS should be much more important than the subtracted DPS cross section opps — ogup
(see the discussion in [17]).

We therefore expect that, although the computation of oppg — ogup is affected by large
uncertainties at the presently available perturbative order, the same is not true for
the overall cross section. We note that SPS contributions overlapping with DPS start
at order o2 (NNLO) for WTW~ and ZZ production and are known, as well as their
corrections with an additional power of a; [70-77].

4. Colour non-singlet luminosities are most often smaller than their colour-singlet coun-
terparts, with the exception of the four-gluon channel. They are dominated by values
of y in the perturbative region, because larger values of y are strongly suppressed by
rapidity evolution.

The mass mg of a heavy quark should be taken into account when computing splitting
DPDs at y ~ 1/mg. The corresponding kernels are known at LO, whilst at NLO we currently
have only “approximate” kernels that have (i) the correct scale behaviour required by the
evolution equations and (i7) the correct limiting behaviour for y < 1/mg and y > 1/mq,
while interpolating smoothly between these two regimes in a model dependent way. Our
main findings in this “massive scheme” are the following;:

1. Unphysical discontinuities occur at y values where one switches between treating a
quark flavour as massless, massive, or absent in the splitting kernels. These are greatly
decreased when going from LO to approximate NLO.

2. In line with this, the dependence of double parton luminosities on the y values where
the above transitions occur is reduced when going from LO to approximate NLO.

3. Double parton luminosities in the massive scheme differ from those in the scheme where
only massless DPD splitting kernels are used. By adjusting the y values at which a
new flavour is included in the massless splitting DPDs, one can obtain an approrimate
global agreement between the two schemes, at the level of several 10% in the cases we
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considered. For top quarks, this agreement happens to be worse at approximate NLO
than at LO.

Overall, we find that the inclusion of NLO effects in splitting DPDs significantly improves
the stability of predictions for double parton scattering. It would be good to have NLO
splitting kernels also for polarised partons, and to include heavy quark masses in a more
accurate way than the one described here. We leave this to future work.

Acknowledgments

It is a pleasure to thank Frank Tackmann for useful discussions. The numerical results in this
work have been obtained with the CHILIPDF library [78, 79], which is under development.
We gratefully acknowledge the contributions of our collaborators Florian Fabry, Oskar
Grocholski, Riccardo Nagar, and Frank Tackmann to that project. The Feynman graphs
in this manuscript were produced with JaxoDraw [80, 81].

This work has been supported by the Deutsche Forschungsgemeinschaft (DFG, German
Research Foundation) — grant number 409651613 (Research Unit FOR 2926). This project
has received funding from the European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation programme (Grant agreement No. 101002090
COLORFREE).

Data Availability Statement. This article has no associated data or the data will not
be deposited.

Code Availability Statement. This article has no associated code or the code will not
be deposited.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.

References

[1] A. Kulesza and W.J. Stirling, Like sign W boson production at the LHC as a probe of double
parton scattering, Phys. Lett. B 475 (2000) 168 [hep-ph/9912232] [INSPIRE].

[2] J.R. Gaunt, C.-H. Kom, A. Kulesza and W.J. Stirling, Same-sign W pair production as a probe
of double parton scattering at the LHC, Eur. Phys. J. C' 69 (2010) 53 [arXiv:1003.3953]
[INSPIRE].

[3] CMS collaboration, Observation of same-sign WW production from double parton scattering in
proton-proton collisions at /s = 13 TeV, Phys. Rev. Lett. 131 (2023) 091803
[arXiv:2206.02681] [INSPIRE].

[4] ATLAS collaboration, Observation of double parton scattering in same-sign W boson pair
production in pp collisions at /s = 13 TeV with the ATLAS detector, Phys. Lett. B 870 (2025)
139892 [arXiv:2505.08313] [INSPIRE].

[6] N. Paver and D. Treleani, Multi-Quark Scattering and Large pr Jet Production in Hadronic
Collisions, Nuovo Cim. A 70 (1982) 215 [iInSPIRE].

— 49 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/S0370-2693(99)01512-9
https://doi.org/10.48550/arXiv.hep-ph/9912232
https://inspirehep.net/literature/511077
https://doi.org/10.1140/epjc/s10052-010-1362-y
https://doi.org/10.48550/arXiv.1003.3953
https://inspirehep.net/literature/849662
https://doi.org/10.1103/PhysRevLett.131.091803
https://doi.org/10.48550/arXiv.2206.02681
https://inspirehep.net/literature/2091619
https://doi.org/10.1016/j.physletb.2025.139892
https://doi.org/10.1016/j.physletb.2025.139892
https://doi.org/10.48550/arXiv.2505.08313
https://inspirehep.net/literature/2921000
https://doi.org/10.1007/BF02814035
https://inspirehep.net/literature/176630

[6]

[7]

[10]

[11]

[12]

[13]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

M. Mekhfi, Multiparton processes: an application to double Drell-Yan, Phys. Rev. D 32 (1985)
2371 [INSPIRE].

J.R. Gaunt and W.J. Stirling, Double Parton Distributions Incorporating Perturbative QCD
Evolution and Momentum and Quark Number Sum Rules, JHEP 03 (2010) 005
[arXiv:0910.4347] [INSPIRE].

M. Diehl, D. Ostermeier and A. Schafer, Elements of a theory for multiparton interactions in
QCD, JHEP 03 (2012) 089 [Erratum ibid. 03 (2016) 001] [arXiv:1111.0910] [INSPIRE].

J.R. Gaunt and W.J. Stirling, Double Parton Scattering Singularity in One-Loop Integrals,
JHEP 06 (2011) 048 [arXiv:1103.1888] [INSPIRE].

J.R. Gaunt, Single Perturbative Splitting Diagrams in Double Parton Scattering, JHEP 01
(2013) 042 [arXiv:1207.0480] [INSPIRE].

B. Blok, Y. Dokshitser, L. Frankfurt and M. Strikman, pQCD physics of multiparton
interactions, Eur. Phys. J. C' 72 (2012) 1963 [arXiv:1106.5533] [INSPIRE].

B. Blok, Y. Dokshitzer, L. Frankfurt and M. Strikman, Perturbative QCD correlations in
multi-parton collisions, Eur. Phys. J. C 74 (2014) 2926 [arXiv:1306.3763] INSPIRE].

M.G. Ryskin and A.M. Snigirev, A Fresh look at double parton scattering, Phys. Rev. D 83
(2011) 114047 [arXiv:1103.3495] [INSPIRE].

M.G. Ryskin and A.M. Snigirev, Double parton scattering in double logarithm approximation of
perturbative QCD, Phys. Rev. D 86 (2012) 014018 [arXiv:1203.2330] [INSPIRE].

A.V. Manohar and W.J. Waalewijn, A QCD Analysis of Double Parton Scattering: Color
Correlations, Interference Effects and Fvolution, Phys. Rev. D 85 (2012) 114009
[arXiv:1202.3794] [INSPIRE].

A.V. Manohar and W.J. Waalewijn, What is Double Parton Scattering?, Phys. Lett. B 713
(2012) 196 [arXiv:1202.5034] [INSPIRE].

M. Diehl, J.R. Gaunt and K. Schénwald, Double hard scattering without double counting, JHEP
06 (2017) 083 [arXiv:1702.06486] [INSPIRE].

M.G.A. Buffing, M. Diehl and T. Kasemets, Transverse momentum in double parton scattering:
factorisation, evolution and matching, JHEP 01 (2018) 044 [arXiv:1708.03528] [INSPIRE].

T. Sjostrand and P.Z. Skands, Multiple interactions and the structure of beam remnants, JHEP
03 (2004) 053 [hep-ph/0402078] [INSPIRE].

J. Bellm, S. Gieseke and P. Kirchgaesser, Improving the description of multiple interactions in
Herwig, Eur. Phys. J. C' 80 (2020) 469 [arXiv:1911.13149] [INSPIRE].

SHERPA collaboration, Event generation with Sherpa 3, JHEP 12 (2024) 156
[arXiv:2410.22148] [NSPIRE].

B. Cabouat and J.R. Gaunt, Combining single and double parton scatterings in a parton shower,
JHEP 10 (2020) 012 [arXiv:2008.01442] [INSPIRE].

O. Fedkevych, J.R. Gaunt and S. Smith, Improving on the PYTHIA modelling of equal-scale
multi-parton distribution functions, JHEP 04 (2026) 166 [arXiv:2510.04554] [INnSPIRE].

P. Bartalini and J.R. Gaunt eds., Multiple Parton Interactions at the LHC, World Scientific
Publishing (2019) [DOI:10.1142/10646] [INSPIRE].

— 50 —


https://doi.org/10.1103/PhysRevD.32.2371
https://doi.org/10.1103/PhysRevD.32.2371
https://inspirehep.net/literature/196490
https://doi.org/10.1007/JHEP03(2010)005
https://doi.org/10.48550/arXiv.0910.4347
https://inspirehep.net/literature/834903
https://doi.org/10.1007/JHEP03(2012)089
https://doi.org/10.48550/arXiv.1111.0910
https://inspirehep.net/literature/944460
https://doi.org/10.1007/JHEP06(2011)048
https://doi.org/10.48550/arXiv.1103.1888
https://inspirehep.net/literature/892070
https://doi.org/10.1007/JHEP01(2013)042
https://doi.org/10.1007/JHEP01(2013)042
https://doi.org/10.48550/arXiv.1207.0480
https://inspirehep.net/literature/1120779
https://doi.org/10.1140/epjc/s10052-012-1963-8
https://doi.org/10.48550/arXiv.1106.5533
https://inspirehep.net/literature/916103
https://doi.org/10.1140/epjc/s10052-014-2926-z
https://doi.org/10.48550/arXiv.1306.3763
https://inspirehep.net/literature/1238823
https://doi.org/10.1103/PhysRevD.83.114047
https://doi.org/10.1103/PhysRevD.83.114047
https://doi.org/10.48550/arXiv.1103.3495
https://inspirehep.net/literature/892964
https://doi.org/10.1103/PhysRevD.86.014018
https://doi.org/10.48550/arXiv.1203.2330
https://inspirehep.net/literature/1093538
https://doi.org/10.1103/PhysRevD.85.114009
https://doi.org/10.48550/arXiv.1202.3794
https://inspirehep.net/literature/1089398
https://doi.org/10.1016/j.physletb.2012.05.044
https://doi.org/10.1016/j.physletb.2012.05.044
https://doi.org/10.48550/arXiv.1202.5034
https://inspirehep.net/literature/1090169
https://doi.org/10.1007/JHEP06(2017)083
https://doi.org/10.1007/JHEP06(2017)083
https://doi.org/10.48550/arXiv.1702.06486
https://inspirehep.net/literature/1514562
https://doi.org/10.1007/JHEP01(2018)044
https://doi.org/10.48550/arXiv.1708.03528
https://inspirehep.net/literature/1615767
https://doi.org/10.1088/1126-6708/2004/03/053
https://doi.org/10.1088/1126-6708/2004/03/053
https://doi.org/10.48550/arXiv.hep-ph/0402078
https://inspirehep.net/literature/644134
https://doi.org/10.1140/epjc/s10052-020-8002-y
https://doi.org/10.48550/arXiv.1911.13149
https://inspirehep.net/literature/1767708
https://doi.org/10.1007/JHEP12(2024)156
https://doi.org/10.48550/arXiv.2410.22148
https://inspirehep.net/literature/2843469
https://doi.org/10.1007/JHEP10(2020)012
https://doi.org/10.48550/arXiv.2008.01442
https://inspirehep.net/literature/1810051
https://doi.org/10.1007/JHEP04(2026)166
https://doi.org/10.48550/arXiv.2510.04554
https://inspirehep.net/literature/3063331
https://doi.org/10.1142/10646
https://inspirehep.net/literature/1681541

[25] M. Jaarsma, R. Rahn and W.J. Waalewijn, Towards double parton distributions from first
principles using Large Momentum Effective Theory, JHEP 12 (2023) 014 [arXiv:2305.09716]
[INSPIRE].

[26] J.R. Andersen et al., Exploring High-Purity Multiparton Scattering at Hadron Colliders, Phys.
Rev. Lett. 132 (2024) 041901 [arXiv:2307.05693] [INSPIRE].

[27] BLFQ collaboration, Double parton distributions of the proton from basis light-front
quantization, Phys. Rev. D 112 (2025) 014018 [arXiv:2410.11574] [INSPIRE].

[28] A. Dumitru and E. Kolbusz, Quantum entanglement correlations in double quark PDFs, Phys.
Rev. D 111 (2025) 114033 [arXiv:2501.12312] [INSPIRE].

[29] B. Blok and R. Segev, Double parton interactions initiated by direct photons in yp and yA
collisions revisited, Phys. Rev. D 113 (2026) 014009 [arXiv:2503.14152] [INSPIRE].

[30] J.V.C. Lovato, E. Huayra and E.G. de Oliveira, Momentum fraction and hard scale dependence
of double parton scattering, JHEP 10 (2025) 163 [arXiv:2506.05337] [INSPIRE].

[31] F.A. Ceccopieri et al., Theoretical insights on nuclear double parton distributions, Eur. Phys. J.
C 85 (2025) 1265 [arXiv:2507.02495] [INSPIRE].

[32] CDF collaboration, Double parton scattering in pp collisions at /s = 1.8 TeV, Phys. Rev. D 56
(1997) 3811 [INSPIRE].

[33] DO collaboration, Study of double parton interactions in diphoton + dijet events in pp collisions
at /s =1.96 TeV, Phys. Rev. D 93 (2016) 052008 [arXiv:1512.05291] [INSPIRE].

[34] LHCB collaboration, Measurement of the J/v pair production cross-section in pp collisions at
Vs =13 TeV, JHEP 06 (2017) 047 [Erratum ibid. 10 (2017) 068] [arXiv:1612.07451] [INSPIRE].

[35] ALICE collaboration, Measurement of inclusive J/¢ pair production cross section in pp
collisions at /s = 13 TeV, Phys. Rev. C 108 (2023) 045203 [arXiv:2303.13431] [InSPIRE].

[36] DO collaboration, Observation and Studies of Double J/v Production at the Tevatron, Phys. Rev.
D 90 (2014) 111101 [arXiv:1406.2380] [INSPIRE].

[37) ATLAS collaboration, Measurement of the prompt J/v) pair production cross-section in pp
collisions at /s = 8 TeV with the ATLAS detector, Fur. Phys. J. C 77 (2017) 76
[arXiv:1612.02950] [INSPIRE].

[38] ATLAS collaboration, Measurement of J/ib production in association with a W+ boson with pp
data at 8 TeV, JHEP 01 (2020) 095 [arXiv:1909.13626] [INSPIRE].

[39] ATLAS collaboration, Study of hard double-parton scattering in four-jet events in pp collisions
at /s =7 TeV with the ATLAS experiment, JHEP 11 (2016) 110 [arXiv:1608.01857] [INSPIRE].

[40] CMS collaboration, Measurement of double-parton scattering in inclusive production of four jets
with low transverse momentum in proton-proton collisions at \/s = 13 TeV, JHEP 01 (2022) 177
[arXiv:2109.13822] [INSPIRE].

[41] ATLAS collaboration, Measurement of hard double-parton interactions in W (— lv) + 2 jet
events at /s = T TeV with the ATLAS detector, New J. Phys. 15 (2013) 033038
[arXiv:1301.6872] [INSPIRE].

[42] CMS collaboration, Study of Double Parton Scattering Using W + 2-Jet Events in
Proton-Proton Collisions at /s = 7 TeV, JHEP 03 (2014) 032 [arXiv:1312.5729] INSPIRE].

[43] R. Kirschner, Generalized Lipatov-Altarelli-Parisi Equations and Jet Calculus Rules, Phys. Lett.
B 84 (1979) 266 [INSPIRE].

— 51 —


https://doi.org/10.1007/JHEP12(2023)014
https://doi.org/10.48550/arXiv.2305.09716
https://inspirehep.net/literature/2660493
https://doi.org/10.1103/PhysRevLett.132.041901
https://doi.org/10.1103/PhysRevLett.132.041901
https://doi.org/10.48550/arXiv.2307.05693
https://inspirehep.net/literature/2676294
https://doi.org/10.1103/k1yx-2h5b
https://doi.org/10.48550/arXiv.2410.11574
https://inspirehep.net/literature/2840322
https://doi.org/10.1103/ngdx-pc85
https://doi.org/10.1103/ngdx-pc85
https://doi.org/10.48550/arXiv.2501.12312
https://inspirehep.net/literature/2871564
https://doi.org/10.1103/k4qk-z199
https://doi.org/10.48550/arXiv.2503.14152
https://inspirehep.net/literature/2901425
https://doi.org/10.1007/JHEP10(2025)163
https://doi.org/10.48550/arXiv.2506.05337
https://inspirehep.net/literature/2929986
https://doi.org/10.1140/epjc/s10052-025-14903-6
https://doi.org/10.1140/epjc/s10052-025-14903-6
https://doi.org/10.48550/arXiv.2507.02495
https://inspirehep.net/literature/2941948
https://doi.org/10.1103/PhysRevD.56.3811
https://doi.org/10.1103/PhysRevD.56.3811
https://inspirehep.net/literature/442259
https://doi.org/10.1103/PhysRevD.93.052008
https://doi.org/10.48550/arXiv.1512.05291
https://inspirehep.net/literature/1409922
https://doi.org/10.1007/JHEP06(2017)047
https://doi.org/10.48550/arXiv.1612.07451
https://inspirehep.net/literature/1505592
https://doi.org/10.1103/PhysRevC.108.045203
https://doi.org/10.48550/arXiv.2303.13431
https://inspirehep.net/literature/2648593
https://doi.org/10.1103/PhysRevD.90.111101
https://doi.org/10.1103/PhysRevD.90.111101
https://doi.org/10.48550/arXiv.1406.2380
https://inspirehep.net/literature/1299990
https://doi.org/10.1140/epjc/s10052-017-4644-9
https://doi.org/10.48550/arXiv.1612.02950
https://inspirehep.net/literature/1502618
https://doi.org/10.1007/JHEP01(2020)095
https://doi.org/10.48550/arXiv.1909.13626
https://inspirehep.net/literature/1756736
https://doi.org/10.1007/JHEP11(2016)110
https://doi.org/10.48550/arXiv.1608.01857
https://inspirehep.net/literature/1479760
https://doi.org/10.1007/JHEP01(2022)177
https://doi.org/10.48550/arXiv.2109.13822
https://inspirehep.net/literature/1932460
https://doi.org/10.1088/1367-2630/15/3/033038
https://doi.org/10.48550/arXiv.1301.6872
https://inspirehep.net/literature/1216670
https://doi.org/10.1007/JHEP03(2014)032
https://doi.org/10.48550/arXiv.1312.5729
https://inspirehep.net/literature/1272853
https://doi.org/10.1016/0370-2693(79)90300-9
https://doi.org/10.1016/0370-2693(79)90300-9
https://inspirehep.net/literature/7683

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[62]

[63]

V.P. Shelest, A.M. Snigirev and G.M. Zinovev, The Multiparton Distribution Equations in QCD,
Phys. Lett. B 113 (1982) 325 [INSPIRE].

A .M. Snigirev, Double parton distributions in the leading logarithm approzimation of perturbative
QCD, Phys. Rev. D 68 (2003) 114012 [hep-ph/0304172] [iINSPIRE].

F.A. Ceccopieri, An update on the evolution of double parton distributions, Phys. Lett. B 697
(2011) 482 [arXiv:1011.6586] [INSPIRE].

M. Diehl, J.R. Gaunt, P. P1681 and A. Schifer, Two-loop splitting in double parton distributions,
SciPost Phys. 7 (2019) 017 [arXiv:1902.08019] [INSPIRE].

M. Diehl, J.R. Gaunt and P. Ploessl, Two-loop splitting in double parton distributions: the colour
non-singlet case, JHEP 08 (2021) 040 [arXiv:2105.08425] [INSPIRE].

M. Diehl, R. Nagar and P. P1681, Quark mass effects in double parton distributions, JHEP 09
(2023) 100 [arXiv:2212.07736] INSPIRE].

M. Cacciari, G.P. Salam and S. Sapeta, On the characterisation of the underlying event, JHEP
04 (2010) 065 [arXiv:0912.4926] [INSPIRE].

M. Diehl, F. Fabry and A. Vladimirov, Two-loop evolution kernels for colour dependent double
parton distributions, JHEP 05 (2023) 067 [arXiv:2212.11843] [INSPIRE].

M. Diehl, J.R. Gaunt, P. Pichini and P. P1681, Double parton distributions out of bounds in
colour space, Eur. Phys. J. C' 81 (2021) 1033 [arXiv:2109.14304] [iNnSPIRE].

M. Diehl, F. Fabry and P. Ploessl, Evolution of colour correlated double parton distributions: a
quantitative study, JHEP 02 (2024) 229 [arXiv:2310.16432] InSPIRE].

J. Collins, Foundations of Perturbative QCD, Cambridge University Press (2011)
[DOI:10.1017/cbo9780511975592).

A. Vladimirov, Soft factors for double parton scattering at NNLO, JHEP 12 (2016) 038
[arXiv:1608.04920] [INSPIRE].

Y. Li and H.X. Zhu, Bootstrapping Rapidity Anomalous Dimensions for Transverse-Momentum
Resummation, Phys. Rev. Lett. 118 (2017) 022004 [arXiv:1604.01404] [nSPIRE].

M.G. Echevarria, I. Scimemi and A. Vladimirov, Unpolarized Transverse Momentum Dependent
Parton Distribution and Fragmentation Functions at next-to-next-to-leading order, JHEP 09
(2016) 004 [arXiv:1604.07869] [INSPIRE].

I. Scimemi and A. Vladimirov, Non-perturbative structure of semi-inclusive deep-inelastic and
Drell-Yan scattering at small transverse momentum, JHEP 06 (2020) 137 [arXiv:1912.06532]
[[NSPIRE].

A. Bacchetta et al., Transverse-momentum-dependent parton distributions up to N°LL from
Drell-Yan data, JHEP 07 (2020) 117 [arXiv:1912.07550] [INSPIRE].

I.W. Stewart, F.J. Tackmann and W.J. Waalewijn, The Quark Beam Function at NNLL, JHEP
09 (2010) 005 [arXiv:1002.2213] [InSPIRE].

F.J. Tackmann, Beyond scale variations: perturbative theory uncertainties from nuisance
parameters, JHEP 08 (2025) 098 [arXiv:2411.18606] [INSPIRE].

M. Diehl et al., Sum rule improved double parton distributions in position space, Eur. Phys. J. C
80 (2020) 468 [arXiv:2001.10428] [INSPIRE].

S. Bailey et al., Parton distributions from LHC, HERA, Tevatron and fized target data:
MSHT20 PDFs, Eur. Phys. J. C' 81 (2021) 341 [arXiv:2012.04684] [INSPIRE].

— 52 —


https://doi.org/10.1016/0370-2693(82)90049-1
https://inspirehep.net/literature/177670
https://doi.org/10.1103/PhysRevD.68.114012
https://doi.org/10.48550/arXiv.hep-ph/0304172
https://inspirehep.net/literature/617220
https://doi.org/10.1016/j.physletb.2011.02.047
https://doi.org/10.1016/j.physletb.2011.02.047
https://doi.org/10.48550/arXiv.1011.6586
https://inspirehep.net/literature/878529
https://doi.org/10.21468/SciPostPhys.7.2.017
https://doi.org/10.48550/arXiv.1902.08019
https://inspirehep.net/literature/1721105
https://doi.org/10.1007/JHEP08(2021)040
https://doi.org/10.48550/arXiv.2105.08425
https://inspirehep.net/literature/1863757
https://doi.org/10.1007/JHEP09(2023)100
https://doi.org/10.1007/JHEP09(2023)100
https://doi.org/10.48550/arXiv.2212.07736
https://inspirehep.net/literature/2614945
https://doi.org/10.1007/JHEP04(2010)065
https://doi.org/10.1007/JHEP04(2010)065
https://doi.org/10.48550/arXiv.0912.4926
https://inspirehep.net/literature/841228
https://doi.org/10.1007/JHEP05(2023)067
https://doi.org/10.48550/arXiv.2212.11843
https://inspirehep.net/literature/2617463
https://doi.org/10.1140/epjc/s10052-021-09822-1
https://doi.org/10.48550/arXiv.2109.14304
https://inspirehep.net/literature/1933927
https://doi.org/10.1007/JHEP02(2024)229
https://doi.org/10.48550/arXiv.2310.16432
https://inspirehep.net/literature/2714287
https://doi.org/10.1017/cbo9780511975592
https://doi.org/10.1007/JHEP12(2016)038
https://doi.org/10.48550/arXiv.1608.04920
https://inspirehep.net/literature/1481823
https://doi.org/10.1103/PhysRevLett.118.022004
https://doi.org/10.48550/arXiv.1604.01404
https://inspirehep.net/literature/1444349
https://doi.org/10.1007/JHEP09(2016)004
https://doi.org/10.1007/JHEP09(2016)004
https://doi.org/10.48550/arXiv.1604.07869
https://inspirehep.net/literature/1452696
https://doi.org/10.1007/JHEP06(2020)137
https://doi.org/10.48550/arXiv.1912.06532
https://inspirehep.net/literature/1770788
https://doi.org/10.1007/JHEP07(2020)117
https://doi.org/10.48550/arXiv.1912.07550
https://inspirehep.net/literature/1771006
https://doi.org/10.1007/JHEP09(2010)005
https://doi.org/10.1007/JHEP09(2010)005
https://doi.org/10.48550/arXiv.1002.2213
https://inspirehep.net/literature/845672
https://doi.org/10.1007/JHEP08(2025)098
https://doi.org/10.48550/arXiv.2411.18606
https://inspirehep.net/literature/2853385
https://doi.org/10.1140/epjc/s10052-020-8038-z
https://doi.org/10.1140/epjc/s10052-020-8038-z
https://doi.org/10.48550/arXiv.2001.10428
https://inspirehep.net/literature/1777643
https://doi.org/10.1140/epjc/s10052-021-09057-0
https://doi.org/10.48550/arXiv.2012.04684
https://inspirehep.net/literature/1835346

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

(78]

[79]

[80]

[81]

A. Buckley et al., LHAPDFG6: parton density access in the LHC precision era, Eur. Phys. J. C
75 (2015) 132 [arXiv:1412.7420] [NSPIRE].

M. Diehl, T. Kasemets and S. Keane, Correlations in double parton distributions: effects of
evolution, JHEP 05 (2014) 118 [arXiv:1401.1233] [INSPIRE].

ATLAS collaboration, Measurements of multiparton interactions at ATLAS, PoS DIS2019
(2019) 258 [INSPIRE].

CMS collaboration, Observation of triple J/v meson production in proton-proton collisions,
Nature Phys. 19 (2023) 338 [arXiv:2111.05370] [INSPIRE].

J. Bliimlein, A. De Freitas, C. Schneider and K. Schonwald, The Variable Flavor Number Scheme
at Next-to-Leading Order, Phys. Lett. B 782 (2018) 362 [arXiv:1804.03129] [INSPIRE].

J. Ablinger et al., The two-mass contributions to the three-loop massive operator matriz elements

~ ~(3
AS) and AA(Q;, JHEP 01 (2026) 111 [arXiv:2510.09403] [NSPIRE].

E.W.N. Glover and J.J. van der Bij, Z boson pair production via gluon fusion, Nucl. Phys. B 321
(1989) 561 [INSPIRE].

J.M. Campbell, R.K. Ellis, M. Czakon and S. Kirchner, Two loop correction to interference in
99 — ZZ, JHEP 08 (2016) 011 [arXiv:1605.01380] [INSPIRE].

F. Caola, K. Melnikov, R. Rontsch and L. Tancredi, QCD corrections to ZZ production in gluon
fusion at the LHC, Phys. Rev. D 92 (2015) 094028 [arXiv:1509.06734] [INSPIRE].

F. Caola et al., QCD corrections to vector boson pair production in gluon fusion including
interference effects with off-shell Higgs at the LHC, JHEP 07 (2016) 087 [arXiv:1605.04610]
[INSPIRE].

M. Grazzini, S. Kallweit, M. Wiesemann and J.Y. Yook, ZZ production at the LHC: NLO QCD
corrections to the loop-induced gluon fusion channel, JHEP 03 (2019) 070 [arXiv:1811.09593]
[INSPIRE].

F. Caola, K. Melnikov, R. Réntsch and L. Tancredi, QCD corrections to WTW = production
through gluon fusion, Phys. Lett. B 754 (2016) 275 [arXiv:1511.08617] [INSPIRE].

M. Grazzini, S. Kallweit, M. Wiesemann and J.Y. Yook, W+W ™ production at the LHC: NLO
QCD corrections to the loop-induced gluon fusion channel, Phys. Lett. B 804 (2020) 135399
[arXiv:2002.01877] [INSPIRE].

B. Agarwal, S. Jones, M. Kerner and A. von Manteuffel, Complete Next-to-Leading Order QCD
Corrections to ZZ Production in Gluon Fusion, Phys. Rev. Lett. 134 (2025) 031901
[arXiv:2404.05684] [INSPIRE].

M. Diehl, R. Nagar and F.J. Tackmann, ChiliPDF': Chebyshev interpolation for parton
distributions, Eur. Phys. J. C' 82 (2022) 257 [arXiv:2112.09703] [INSPIRE].

M. Diehl, R. Nagar, P. Ploessl and F.J. Tackmann, Evolution and interpolation of double parton
distributions using Chebyshev grids, Eur. Phys. J. C' 83 (2023) 536 [arXiv:2305.04845]
[[NSPIRE].

D. Binosi and L. Theufll, JaxoDraw: A Graphical user interface for drawing Feynman diagrams,
Comput. Phys. Commun. 161 (2004) 76 [hep-ph/0309015] [INSPIRE].

D. Binosi, J. Collins, C. Kaufhold and L. Theussl, JaxzoDraw: A Graphical user interface for
drawing Feynman diagrams. Version 2.0 release notes, Comput. Phys. Commun. 180 (2009) 1709
[arXiv:0811.4113] [INSPIRE].

— 53 —


https://doi.org/10.1140/epjc/s10052-015-3318-8
https://doi.org/10.1140/epjc/s10052-015-3318-8
https://doi.org/10.48550/arXiv.1412.7420
https://inspirehep.net/literature/1335438
https://doi.org/10.1007/JHEP05(2014)118
https://doi.org/10.48550/arXiv.1401.1233
https://inspirehep.net/literature/1276309
https://doi.org/10.22323/1.352.0258
https://doi.org/10.22323/1.352.0258
https://inspirehep.net/literature/1756477
https://doi.org/10.1038/s41567-022-01838-y
https://doi.org/10.48550/arXiv.2111.05370
https://inspirehep.net/literature/1965242
https://doi.org/10.1016/j.physletb.2018.05.054
https://doi.org/10.48550/arXiv.1804.03129
https://inspirehep.net/literature/1666827
https://doi.org/10.1007/JHEP01(2026)111
https://doi.org/10.48550/arXiv.2510.09403
https://inspirehep.net/literature/3066812
https://doi.org/10.1016/0550-3213(89)90262-9
https://doi.org/10.1016/0550-3213(89)90262-9
https://inspirehep.net/literature/268478
https://doi.org/10.1007/JHEP08(2016)011
https://doi.org/10.48550/arXiv.1605.01380
https://inspirehep.net/literature/1455802
https://doi.org/10.1103/PhysRevD.92.094028
https://doi.org/10.48550/arXiv.1509.06734
https://inspirehep.net/literature/1394395
https://doi.org/10.1007/JHEP07(2016)087
https://doi.org/10.48550/arXiv.1605.04610
https://inspirehep.net/literature/1459055
https://doi.org/10.1007/JHEP03(2019)070
https://doi.org/10.48550/arXiv.1811.09593
https://inspirehep.net/literature/1704724
https://doi.org/10.1016/j.physletb.2016.01.046
https://doi.org/10.48550/arXiv.1511.08617
https://inspirehep.net/literature/1406941
https://doi.org/10.1016/j.physletb.2020.135399
https://doi.org/10.48550/arXiv.2002.01877
https://inspirehep.net/literature/1778759
https://doi.org/10.1103/PhysRevLett.134.031901
https://doi.org/10.48550/arXiv.2404.05684
https://inspirehep.net/literature/2775476
https://doi.org/10.1140/epjc/s10052-022-10223-1
https://doi.org/10.48550/arXiv.2112.09703
https://inspirehep.net/literature/1994086
https://doi.org/10.1140/epjc/s10052-023-11692-8
https://doi.org/10.48550/arXiv.2305.04845
https://inspirehep.net/literature/2657743
https://doi.org/10.1016/j.cpc.2004.05.001
https://doi.org/10.48550/arXiv.hep-ph/0309015
https://inspirehep.net/literature/626979
https://doi.org/10.1016/j.cpc.2009.02.020
https://doi.org/10.48550/arXiv.0811.4113
https://inspirehep.net/literature/803505

	Introduction
	Double parton scattering basics
	Rapidity evolution
	Initial scales for DPD evolution

	Double counting subtraction
	Dependence on the cutoff scale
	Summary of the subtraction formalism

	Splitting with massless quarks
	Parton kinematics and scales
	Splitting DPDs
	Double parton luminosities and subtraction terms
	Subtracted double parton luminosities and their scale dependence

	Splitting with massive quarks
	Parton kinematics and scales
	Splitting DPDs with or without mass effects
	Double parton luminosities: scheme parameter dependence

	Summary

