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In this work, we demonstrate a remarkable field-induced ferroquadrupolar phase emanating from the
magnetoelastic coupling. Using synchrotron x-ray and neutron diffraction, heat capacity measurements, as
well as mean-field modeling, we show that above the critical magnetic field, ferroquadrupolar O−2

2 order is
stabilized as the main order parameter, in competition with the field-induced magnetic polarization. This is
revealed by a severe lattice distortion and the suppression of antiferromagnetic ordering of the dipole
moments. Even in zero magnetic field, the previously reported antiferromagnetic order is a mixed
quadrupolar-dipolar phase, further highlighting the crucial role of spin-lattice interactions. This complete
understanding of the magnetoelastic phase diagram establishes TbPO4 as a model system for studying
nematic-antiferromagnetic transitions and provides key Hamiltonian parameters for its description.

DOI: 10.1103/bhgt-jkj7 Subject Areas: Condensed Matter Physics, Magnetism

I. INTRODUCTION

The unquenched orbital electronic angular moment in
magnetic f-electron systems occasionally gives rise to
ordering of higher-order moments [1–4]. This is often
referred to as hidden order due to the difficulty of detecting
such a phase by conventional methods, which are usually
sensitive to dipolar moments. Yet, hidden order can
produce a plethora of exotic phenomena. Atomic multi-
poles in a crystal lattice can be strongly correlated and give
rise to exotic phases such as quantum octupole liquids in
the pyrochlore lattice of Ce2Sn2O7 [5]. Quadrupolar
fluctuations have even been suggested as a pairing mecha-
nism for superconductivity, as in the case of PrOs4Sb12 [6]
or PrTi2Al20 [7].

The higher-order magnetic moment is associated with a
nonspherical distribution of unpaired f-shell electrons and
as a result, the multipole order parameter is often coupled to
the crystal lattice. This interplay between electronic,
magnetic, and lattice degrees of freedom can give rise to
nematic ferroquadrupolar (FQ) phase transition, driven by
the local electronic interactions that break the rotational
symmetry of the lattice, as in the case of intermetallic
compounds such as TmAg2 [8], and in the rare-earth
zircons [9].
In the rare-earth zircons, the RX O4 family, where R is a

rare-earth element and X is V, As, or P, the quadrupole-
quadrupole coupling is a phonon mediated indirect inter-
action and the quadrupolar order is accompanied by a
uniform strain [10,11]. Here, the symmetry breaking of the
strain reveals the symmetry of the coupled quadrupoles, as
in the case of DyVO4 [12] or TmVO4 [9,13]. These
compounds have been studied because of their magnetoe-
lastic coupling and tunable quadrupolar interactions.
Increasing interest in these systems has recently been
driven by the realization that they can host quantum critical
points, where the suppression of quadrupolar order leads to
nontrivial electronic and structural fluctuations [9,14,15].
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TbPO4 is a unique member of the rare-earth zirconium
family, displaying a magnetoelectric coupling between the
applied magnetic field and the electric polarization (and
vice versa) that is among the strongest known in bulk
magnetic materials, with a magnitude of 730 ps=m [16].
This strong coupling develops in the low-temperature
antiferromagnetically ordered phase and is mediated by
strain in the lattice [17]. As a consequence, a comprehen-
sive understanding of the magnetoelastic Hamiltonian and
the response of the lattice when an external field is applied
is crucial to investigate the origin of the extraordinary
magnetoelectric effect in TbPO4 and the recently observed
magnetoelectric fluctuations near the phase boundary [18].
The magnetic Hamiltonian of TbPO4 [19] exhibits several
magnetoelastic terms leading to unconventional magneto-
structural phase diagrams and multiple low-energy crystal
electric field (CEF) excitations at 0.4, 1.2, and
3.0 meV [20]. The importance of several excited CEF
states, even at low temperatures, combined with a complex
magnetoelastic Hamiltonian, makes TbPO4 a modeling
challenge.
TbPO4 has a tetragonal zirconic structure with space

group 141, I41=amd. Upon cooling, two transitions very
close in temperature are encountered [21]. Below
TN ¼ 2.28 K, TbPO4 orders antiferromagnetically
(AFM), with dipole moments along the crystallographic
c axis, while at TS ¼ 2.13 K, a collinear tilt of the ordered
moments is accompanied by a lattice distortion. When a
magnetic field is applied along the easy axis c, at B1 ≃
0.6 T (for T ≃ 1 K) a phase transition—previously con-
jectured to be a spin-flop (SF) phase [22]—is identified.
For fields B2 ≃ 1.1 T, TbPO4 becomes a polarized
paramagnet.
Here, we study the phase diagram of TbPO4 directly

using synchrotron x-ray diffraction on single crystals.
Neutron diffraction techniques, along with heat capacity
and magnetization measurements, are also employed to
explore the interplay between elastic and magnetic
properties.
We investigate the lattice strains as evidence for quadru-

pole-quadrupole couplings in TbPO4 in both zero and
magnetic field applied along the c axis, hence determining
the parameters of the magnetoelastic Hamiltonian. We
present a new magnetoelastic phase diagram, shown in
Fig. 1. In the zero-field antiferromagnetic phase below TS,
we detect two distinct strain components, which in turn
reveal two distinct symmetries of quadrupolar ordering
coexisting with the tilted antiferromagnetic (TAFM) dipole
order. When the magnetic field is applied along the c axis,
this striking complexity is replaced by a single FQ order
parameter at a first-order phase transition, in competition
with the field-induced magnetic polarization. This study
highlights the crucial interplay between magnetic order and
lattice distortions in TbPO4, demonstrating how comple-
mentary techniques can indirectly reveal hidden order

through strain-mediated interactions between quadrupole
moments.

II. QUADRUPOLE INTERACTIONS

We develop a mean-field model which confirms the
existence of a pure FQ ordered phase above the magnetic
field B1. In order to relate the observed deformation
domains to quadrupole contributions, the x-ray diffraction
data are interpreted using a magnetoelastic (ME)
Hamiltonian. The model Hamiltonian for the 4f magnetic
Tb ion in TbPO4 can be written as

H ¼ HCEF þHM þHME þHE þHQ: ð1Þ

The term HCEF describes the crystal electric field and HM
the combined effect of magnetic dipole interactions and
the Zeeman interaction. The details are provided in
Appendix A 2.
In the mean-field approximation, the ME term HME

describes the direct coupling between the lattice deforma-
tion, represented as symmetrized strains eμ (μ ¼ α, δ, γ, ε,
see Appendix A 1), and the 4f orbital moments, expressed
using Stevens operators. These are combined based on the
point group symmetry of Tb ions, resulting in a series of

FIG. 1. Magnetic phase diagram for field in the c direction. The
phase boundaries are drawn interpolating experimental values
from neutron diffraction, heat capacity, and magnetization.
Schematic illustrations of the magnetic ordering and the lattice
plane deformations within the diagram are shown for each phase.
In the TAFM phase, a collinear antiferromagnetic arrangement
with magnetic moments tilted away from the c axis is depicted.
Both the ac and ab lattice planes exhibit shear deformations,
associated with the ε and δ strain components, respectively. In the
FQ phase, quadrupolar order is accompanied by an enhanced
distortion of the ab plane, while the ac plane distortion
disappears. For each type of deformation, only one of the four
symmetry-allowed domains is illustrated.
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invariants, each associated with a magnetoelastic coeffi-
cient Bμ. Two deformations are particularly relevant for this
study. The δ strain corresponds to shear deformations in the
xy plane and has B2g symmetry, associated with the Stevens
operatorO−2

2 ¼JxJyþJyJx. Similarly, the ε strain describes
shear deformations in the yz and xz planes, with E
symmetry, associated with O1

2 ¼ ðJxJz þ JzJxÞ=2 and
O−1

2 ¼ ðJyJz þ JzJyÞ=2 (a detailed description of the
Stevens operators may be found in [23,24]). These con-
tributions to the ME Hamiltonian for a single Tb ion are

Hδ;ε
ME ¼ −BδeδO−2

2 − Bεðeε1O1
2 þ eε2O

−1
2 Þ: ð2Þ

The complete ME Hamiltonian is presented in (A4). The
term HE in Eq. (1), is the elastic energy derived from the
deformations, and HQ includes the terms due to two-site
quadrupole-quadrupole interactions.
The minimization of the free energy with respect to the

strains leads to equilibrium strains expressed in terms of the
quadrupolar operators, eμ ¼ BμhOμi=cμ, where hOμi
denotes the thermal expectation value of Oμ averaged over
all sites, and cμ is the symmetrized elastic constant per Tb
ions. The result is

Hδ;ε
ME ¼ −GδhO−2

2 iO−2
2 −Gε½hO1

2iO1
2 þ hO−1

2 iO−1
2 �; ð3Þ

withGμ¼ðBμÞ2=cμ and an elastic energyHδ;ε
E ¼−hHδ;ε

MEi=2
due to the deformations. As such, the magnetoelastic
interactions give rise to indirect quadrupole-quadrupole
interactions between different sites mediated by the strains.
The quadrupole-quadrupole interaction HQ is the sum of
electric two-site interactions and the more important
quadrupole interactions mediated by acoustic and optical
phonons. Within the mean-field approximation, HQ may
contribute with the same terms as HME þHE. This implies
that the uniform components of the quadrupole-quadrupole
interactions in HQ are accounted for by replacing the
quadrupolar couplings in the magnetoelastic part Eq. (3) by
effective ones, i.e.,

Gμ ¼ ðBμÞ2
cμ

þ Kμ ðμ ¼ α; γ; δ; εÞ; ð4Þ

where Kμ is the contribution of the quadrupole-quadrupole
interactions in HQ.

III. EXPERIMENTAL METHODS

Needle-shaped TbPO4 single crystals were grown in a
flux of Pb2P2O7 at EPFL, following the method described
in Appendix B 1. The samples were characterized by heat
capacity and x-ray measurements.
To study the deformation of the crystal structure as a

function of magnetic field and temperature, we performed
an x-ray diffraction experiment at the P09 beamline at

PETRA III using a He-3 insert [25] and a 14 T vertical field
cryomagnet to investigate the desired ðμ0H; TÞ region of
the phase diagram. A 5.3 mg TbPO4 single crystal
(2.1 × 1.3 × 0.5 mm3) was polished with 0.25 μm dia-
mond paste and mounted on a copper oxygen free holder
using GE varnish and silver paint to improve thermal
contact. It was oriented with the crystallographic c axis
vertical, along the magnetic field direction andQ ¼ ðHK0Þ
in the scattering plane. As verified with a Laue camera, the
vertical angle offset was less than 1°. The incident x-ray
beam had a fixed energy of 27 keV. Beam attenuation was
required to avoid sample heating. The experiment was
performed in reflection geometry. A Pilatus area detector
with a pixel resolution of 0.015°/pixel was used to collect
the integrated intensity of photons diffracted from the
sample as a function of sample rotation around the
horizontal (ω) axis. We monitored four Bragg reflections:
(20, 0, 0), (20, 2, 0), (14, 6, 0), (16, 8, 0), and (13, 8, 1).
Neutron diffraction data were collected on the ZEBRA

diffractometer at PSI using a 6 T vertical field cryomagnet
with a dilution insert. A TbPO4 single crystal with mass of
39.4 mg was mounted on an aluminum oxygen free plate
using low temperature epoxy, with Q ¼ ðHK0Þ in the
horizontal plane and the c axis vertical. The wavelength
of the incident neutrons were selected by Ge(311)
(λ ¼ 1.177 Å) or PG(002) (λ ¼ 2.317 Å) monochroma-
tors. Slits were used to limit the beam divergence. The
scattered neutrons were recorded using a 2D detector for
efficient reciprocal space mapping or a 1D detector for
higher resolution data.
In addition, we investigated macroscopic quantities such

as magnetization and heat capacity. The field dependence
of the magnetization was measured at EPFL (LQM
laboratory) using a Cryogenic SQUID with a He3 insert.
The TbPO4 crystal was 3 mg, mounted on a quartz holder
using GE varnish. Heat capacity measurements were
performed using a PPMS with a He3 insert at
Helmholtz-Zentrum Berlin on a 2 mg TbPO4 single crystal,
with a dimension of approximately 1.5 × 0.8 × 0.4 mm3.

IV. RESULTS

A. Measurement of uniform strain symmetry

Using x-ray diffraction, we identify the structural dis-
tortions associated with the symmetry of the observed peak
splittings.
The combination of a 2D detector and sample rotation

through the Bragg peak allows us to measure a 3D map of
reciprocal space in its vicinity, enabling a comprehensive
analysis of the peak splitting. To study the strains in the
zero field AFM phase, we study the behavior of (14, 6, 0)
and (20, 0, 0) Bragg peaks as a function of temperature.
Concerning the basal plane, Fig. 2(a) (I) shows 2D intensity
distribution in HK reciprocal plane of the (14, 6, 0) Bragg
peak. The peak splits into four distinct domains in the
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low-temperature phase, below TS. By simulating the
structural distortion, shown by markers in Fig. 2(a)(I),
we uniquely identify the deformation to be a δ strain of
symmetry B2g. Details of the simulation methodology are
provided in Appendix B 3. The ME Hamiltonian (2)
implies that the observation of the δ strain deformation
in the zero-field AFM phase at 0.3 K has the consequence
that the δ quadrupole moments are uniformly ordered,

hO−2
2 i ¼ eδcδ=Bδ.
The out-of-plane deformation is detected by examining

the (20, 0, 0) Bragg peak in the HL plane. The inset (I) in
Fig. 2(b) compares the peak profile at 0.3 K with the one at
5 K as a function of the vertical scattering detector angle ν.
The scattering profile at 0.3 K, below TS, is significantly
broader than the one at 5 K indicating an additional
distortion. Based on the symmetrized strains allowed in
the tetragonal structure, we identify this deformation to be
an ε strain, that is a shear distortion of the ac lattice plane
(see Appendix A 1, Table I). The ε strains being nonzero

imply that the hO�1
2 i quadrupole moments are nonzero and

establish an additional quadrupole ordering in the AFM
dipolar phase.
To investigate the strains in the field-induced phase, we

track the evolution of the strains ε and δ. The ε strain can be
examined based on the evolution of the broadening of the
(20, 0, 0) peak in the vertical plane, defining ΔFWHM as
the difference between the peak width at low temperature
and the width of the undeformed peak at high temperature.
Figure 2(b) shows that the peak broadening disappears

when entering the intermediate field phase at 0.6 T,
determining the complete disappearance of the ε strain
in this phase. This indicates that the lattice angle β is
restored to the 90°—the value in the tetragonal structure—
by the application of a magnetic field, and, therefore, that

the two quadrupolar order parameters hO�1
2 i are zero both

in the intermediate field phase and in the phase appearing
above B2.
In the basal plane on the other hand, the effect of the

magnetic field is more significant. The x-ray results in
Fig. 2(a)(II) show that the separation between the domains
at 0.3 K is increased drastically at 0.6 T compared to the
zero field case. The simulation confirms that the B2g
symmetry is retained at 0.6 T, establishing the presence
of the δ strain and a large contribution of the O−2

2

quadrupoles at this field. At 1.35 T, Fig. 2(a)(III), only a
single scattering peak remains as in the paramagnetic case
at 5 K.
Given the crucial contribution of the δ strain in the

intermediate field-induced phase, we propose that the
symmetry lowering of the crystal lattice defines a new
orthorhombic unit cell, shown in red in the sketch in Fig. 1

FIG. 2. (a) (14,6,0) Bragg peak at 0.3 K for an external field of
0 T (I), 0.6 T (II), and 1.35 T (III). The markers represent the
simulated position of the different domains deriving from the δ
strain. (b) Field dependence of ΔFWHM of (20, 0, 0) Bragg peak
at 0.3 K. Inset: peak shape as a function of vertical scattering
angle ν at 0.3 K for external field of 0 T (I), 0.8 T (II), 1.35 T (III).
Solid lines are Gaussian fit. The peak at 5 K is shown as a
reference for the undeformed case. (c) Integrated intensity of the
ð14; 6; 0ÞT peak versus applied magnetic field. White dots
represent the field dependence of the lattice parameters aO
and bO. Dashed white lines highlight the region of coexistence.
(d) Neutron diffraction data. Left y axis: Lorentz corrected
integrated intensities (magnetic contribution only) for AFM
(1, 1, 0) and FM (2, 2, 0) Bragg peaks as a function of the
applied magnetic field. The solid lines serve to aid visualization.
Right y axis: red markers show the square of the magnetization
measurement at T ¼ 30 mK.
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with lattice parameters aO and bO. Figure 2(c) shows
the field dependence of these lattice parameters and the
integrated intensity of the reflection ð14; 6; 0ÞT . At the
phase boundary at B1, the co-existence of the phases
indicates a first-order phase transition, resulting in a
symmetry lowering to the Fddd space group. The δ
quadrupolar ordering decreases gradually as the field is
increased further above 0.6 T and vanishes at the transition
(probably of second order) to a phase at 1.1 T with no
quadrupole order, i.e., the paramagnetic phase. Having
established the strain and therefore the quadrupolar com-
ponents in the ðH; TÞ phase diagram, we proceed to
investigate the magnetic order parameter.

B. Absence of antiferromagnetic order in the
intermediate field region

We measure the (1, 1, 0) and (2, 2, 0) Bragg reflections
using neutron diffraction. Evaluation of the nuclear and
magnetic structure factors for the (1, 1, 0) and (2, 2, 0)
Bragg peaks show that the former only reflect the anti-
ferromagnetic order, while the latter has a weak nuclear
contribution in addition to a signal deriving from the
ferromagnetic order. To isolate the ferromagnetic contri-
bution to (2, 2, 0), the nuclear component measured at
T > TN was fitted and subtracted from the data obtained in
the ordered state. Figure 2(d) shows the field dependence of
the integrated intensities after correction for the Lorentz
factor, considering only their magnetic components.
The AFM (1, 1, 0) reflection is characteristic of the zero-

field AFM order and rapidly decreases to zero as the
magnetic field value crosses the phase boundary at B1. This
behavior is consistent across all observed AFM Bragg
peaks. Parallel to the disappearance of the AFM signal, we
detect a progressive increase in the FM contribution,
revealed by the increase of the integrated intensity of the
(2, 2, 0) reflection with increasing magnetic field. This
growth is consistent with the square of the bulk magneti-
zation M2, as measured by SQUID magnetization, see
Fig. 2(d). Therefore, the FM neutron cross section
scales with the square of the field, and thus the peak
intensity increase derives solely from the field-induced FM
components.
Using a 2D neutron detector we probe an h, k range up to

2 r.l.u. and l range of �1 r.l.u.. No sign of multiple-k order
or incommensurate order were found above B1 and no
additional AFM Bragg peak was discovered (see
Appendix B 2). Hence, the absence of any magnetic
scattering beyond the established magnetic peaks in this
intermediate phase suggests that a spin-flop transition is
unlikely.
From neutron and x-ray data, we identify the intermedi-

ate phase as being dominated by theO−2
2 quadrupolar term,

leading to the emergence of ferroquadrupolar order. To
further explore this phase, we measure the heat capacity
(HC) within the FQ region.

C. Heat capacity of the ferroquadrupolar phase

Figure 3(a) shows the temperature dependence of the
heat capacity HC between 0.4 and 3.8 K in the zero-field
phase and the intermediate field region.
At zero field, two sharp peaks in the HC curve indicate

consecutive second-order phase transitions. At 0.8 T there is
only the one transition to the intermediate phase detected at
2.1 K, and in this phase, the HC exhibits an approximately
linear decrease below the critical temperature, contrasting
with the low-field behavior (B < B1). Although a conven-
tional spin-flop transition would typically produce a lambda
anomaly associated with the AFM ordering, the observed
HC behavior deviates from this expectation. Instead, the
gradual, quasilinear decrease is reported to be a character-
istic feature of the cooperative Jahn-Teller-like FQ phases in
TmVO4 [9] and TmAg2 [8].
The calculated curves based on the mean-field approxi-

mation [see Fig. 3(b)] are in qualitative agreement with the
experimental data. The model does not contradict the
experimental observation that the heat capacity decreases
relatively slower in the quadrupolar-ordered phase than in
the antiferromagnetic case.

V. DISCUSSION

Our neutron and synchrotron x-ray diffraction data show
only one strain above B1 and no dipolar magnetic order,
besides the field-induced magnetization. This is extraordi-
narily consistent with the mean-field results, shown in
Fig. 4, where only Oδ is the nontrivial order parameter.
In zero field, however, the nature of the magnetic order in

the model is exceedingly complex, which is indeed
observed experimentally, where we establish two distinct
strains via direct observation: the basal plane δ strain (also
determined by Nägele et al. [26]) and the monoclinic ε
strain. Since these strains are directly coupled to the
expectation values of quadrupolar operators [Eqs. (2)
and (3)], we have identified a remarkably complex

FIG. 3. (a) Heat capacity curves as a function of temperature at
0 and 0.8 T, displaying the different temperature dependence of
the curves in the two distinct phases. (b) Heat capacity curves at 0
and 0.8 T calculated from the mean-field model.
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magnetic ground state, involving tilted AFM coexisting
with two distinct quadrupolar orderings (O−2

2 and O�1
2 ).

In particular, our detection of the out-of-plane mono-
clinic distortion shows the ε strain to be exz ¼ 0.52 × 10−3

at zero field at 0.3 K, a factor of 2 higher than previously
reported [19], corresponding to a tilting of the c axis by an
angle Δβ ¼ 2exz ¼ 0.06°. Using cε ≃ 6.7 × 104 meV per
Tb-ion [19], the magnetoelastic contribution Gε

ME is found
to be ≃1.0 μeV, one-quarter of the effective value of Gε

derived in Appendix A 2. In the mean-field model, the
transition to the tilted antiferromagnet at TS is exclusively
driven by the ε quadrupole interaction, and we expect that
our mean-field analysis gives a quite precise determination
of Gε. Being proportional to the square of the strain the
uncertainty of the estimate of the magnetoelastic contribu-
tion to Gε is rather large, nevertheless the quadrupolar
interaction, Kε, is found to be the dominating term in Gε.
The application of an external magnetic field suppresses

the complexities of the zero-field AFM phase, inducing a
transition to the FQ ordered phase at B1 ¼ 0.6 T. A tilting
of the ordered magnetic moment away from the c axis will
always be accompanied by a nonzero ε strain, and the
absence of an ε strain in the intermediate phase indicates

that hO−2
2 i is the only order parameter left in this phase. Our

neutron diffraction investigations lead to the same con-
clusion, which is further substantiated by the result of our
heat capacity measurements. Hence our x-ray and neutron
diffraction results rule out the previously proposed spin-
flop scenario [27,28].
The results in Fig. 2(b) show that the maximum δ

strain is exy¼ðaO−bOÞ=ðaOþbOÞ¼2.1×10−3 at 0.6 T.

The TbPO4 crystal is soft with respect to a δ strain
deformation, and the elastic constant is estimated to be
cδ ≃ 1.8 × 104 meV [19], nearly a factor of 4 smaller than
cε. The magnetoelastic contribution to Gδ determined by
these results is Gδ

ME ¼ 1.3 μeV, which is just the value of
Gδ derived in the mean-field analysis. From their studies of
the paramagnetic strains Morin et al. [19] determine the
effective δ contribution to be Gδ ¼ 1.5 μeV. This value is
close to the present result and only slightly smaller than the
critical value—estimated to be about 1.65 μeV in the mean
field calculations—above which the FQ-ordered phase
dominates and effectively prevents any antiferromagnetic
ordering of the moments.
The surprising observation of a field-induced ferroqua-

drupolar order therefore reflects the fact that TbPO4 is on
the verge of being fully dominated by quadrupolar cou-
plings: increasing the coupling constant Gδ by about 25%
would entirely suppress the dipolar antiferromagnetic
order, leaving a phase diagram with quadrupolar order
below the critical field of 1.5 T. In TbPO4, the magnetic
interactions remain large enough to produce a complex
spontaneous AFM ground state, which is suppressed by a
critical c-axis field of 0.6 T. This critical field is not much
affected by the Gδ coupling, as long as it is smaller than the
critical value. Note that the role of the magnetic field is not
to create a magnetoelastic coupling leading to quadrupolar
order (it is already present at zero field, as seen in Fig. 4),
but rather to suppress antiferromagnetic order, leaving only
the δ-type ferroquadrupolar order above 0.6 T. The ten-
dency of the system to ferroquadrupolar order is a combi-
nation of a very soft ab plane [17], combined with a crystal
field level scheme susceptible to the creation of quadrupole
moments O−2

2 .
The estimate of the interaction parameter Gδ

ME indicates
that this magnetoelastic contribution is the dominating one,
Kδ ≃ 0, in strong contrast to the behavior of the ε quadru-
pole-quadrupole interaction. Moreover, the CEF level
scheme of the Tb ions has a doublet as ground state with
a moment hJzi=J ≃ 0.69. The mean-field model predicts,
see Fig. 4, that the antiferromagnetic moment at zero field
is close to the ground-state saturation value.
The field-induced δ strain is equivalent to an electrical

quadrupolar shift of the charge distribution around the Tb3þ
ions, giving rise to the magnetic quadrupolar moment
JxJy þ JyJx ¼ O−2

2 , and thus establishes a collective mag-
netostructural order parameter. The FQ order is a unique
form of electronic nematicity that in the 4f system realizes
an Ising nematic order, where rotational symmetry—in this
case the C4 rotational symmetry—is broken, while trans-
lational symmetry is preserved. Systems exhibiting nematic
order often share universal scaling behavior and play a key
role in the study of quantum critical phenomena [29]. In
general, the tunability of FQ order via external fields allows
detailed investigations of the critical nematic fluctuations

FIG. 4. The calculated normalized dipole and quadrupole mo-
ments at 0.3 K as a function of applied magnetic field along the c
axis. Jk½ðAÞF� and J⊥½ðAÞF� are the components of the (anti)
ferromagnetic angular moment, divided by J ¼ 6, respectively
parallel and perpendicular to the c axis. Oδ shows the calculated

result of hO−2
2 i=33, and Oε is ½hO1

2i2 þ hO−1
2 i2�1=2=16.5. The

model used in the mean-field calculations is presented in
Appendix A 2.
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near a quantum critical point, as exemplified by the case of
TmVO4 in Ref [9].
Deepening our understanding of the nematic phase tran-

sition in model systems can bring insight into more complex
materials, where nematicity is only one of several nearly
degenerate order parameters. For example, the coexistence
and interplay of nematicity and antiferromagnetic order is
realized in the iron pnictides, where an electronic nematic
instability, driven by anisotropic spin fluctuations or orbital
polarization modifies and often precedes antiferromagnet-
ism, and this interaction is linked to the superconducting
coupling mechanism [30,31]. Examples include BaFe2As2
and its K-doped derivatives Ba1−xKxFe2As2 [32,33], as well
as FeSe1−xTex [34], which together highlight the coupled
nature of nematicity, magnetism, and unconventional super-
conductivity. Similarly, quadrupolar order is relatively
common in rare-earth heavy-fermion systems and has been
shown to precede or coexist with superconductivity as in
YbAs [35,36] and PrV2Al20 [37,38].
As model systems for pure nematic phase transitions,

TmVO4 [9] and YbRu2Ge2 [39] have been extensively
studied, due to the simple ferroquadrupolar phase dia-
grams, resulting from the dominance of the quadrupole-
quadrupole interaction over any exchange terms. In TbPO4,
on the other hand, the ferroquadrupolar and antiferromag-
netic states are energetically nearly degenerate, and the
order parameters coexist in the ground state. Thus, TbPO4

offers a more versatile testing ground for phase transitions
involving nematicity, as a weak first order transition
between nematic and magnetic phases can be studied in
addition to the second order quantum critical point that
separates the FQ and paramagnetic phases, in the same
material. In particular, investigating soft mode behavior and
domain wall physics at the magnetic-nematic transition are
promising next steps. Within the rare earth zircon family,
field induced ferroquadrupolar order has been predicted to
occur between 10 and 60 T in TmPO4 [40], between 50 and
250 T in YbVO4 [41] and above 150 T in YbPO4 [42].
Among these other members of the rare earth zircon family,
TbPO4 stands out by having full access to the nematic-
ferroquadrupolar and antiferromagnetic phase diagram
within experimentally accessible magnetic fields.
Experimentally, the presented methodology uses direct

measurements of the full domain-induced peak splitting
with high-resolution position-sensitive x-ray detectors to
uniquely identify the symmetrized strain and, consequently,
the symmetry of the ordered quadrupole moment. This
approach can be widely utilized to resolve magnetoelastic
Hamiltonians in other compounds. The unambiguous
determination of the magnetoelastic Hamiltonian is crucial
in modeling the phonon-mediated coupling between
quadrupoles, enabling a better understanding of related
complex phenomena, such as piezomagnetism in uranium
dioxide [43] and ferroquadrupolar domain switching in
PbðTiOÞCu4ðPO4Þ4 [44].

Regarding the magnetoelectric effect, Bluck et al. [17]
linked the magnetoelectric coupling in TbPO4 to polar
distortions of the crystal field, driven by the cooperative
Jahn-Teller effect. However, the lack of experimentally tuned
parameters for the mean-field Hamiltonian led to discrep-
ancies with observations. Many other members of the rare-
earth zircon phosphates and vanadates are magnetoelectric
[45], but with 1–2 orders of magnitude weaker couplings,
and the underlying cause for the extremely strong ME
coupling in TbPO4 specifically has yet be understood.
The understanding of the full magnetoelastic Hamiltonian
presented here is essential for modeling the softening of the
low-energy magnetoelastic dynamics, potentially enhancing
the magnetoelectric response.

VI. CONCLUSION

We have revealed the existence of field-induced hidden
order in magnetoelectric TbPO4. Using synchrotron x-ray
diffraction, neutron diffraction, heat capacity, and mean-
field modeling, we have, via the measurement of uniform
strain, identified the specific symmetry of the ordered
quadrupoles to be O−2

2 . The footprints of the field-induced
FQ order are seen consistently across the various tech-
niques. Additionally, our x-ray diffraction measurements
identify a complex ground state, with tilted dipolar anti-
ferromagnetism co-existing with two distinct ferroquadru-
polar orders (O�1

2 and O−2
2 , respectively). This complex

magnetoelastic phase diagram has enabled a comprehen-
sive understanding of the magnetoelastic Hamiltonian,
providing a robust framework for modeling the intricate
interplay of magnetoelastic and magnetoelectric couplings
within this family of rare-earth zircon magnets.
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APPENDIX A: THE MEAN-FIELD MODEL

1. The symmetrized strains

The theory describing the uniform strains in the crystal is
based on the symmetrized strains [47]. These are linear
combinations of the infinitesimal strains that account for the
D4h point group symmetry of TbPO4 and they are reported in
Table I. The δ strain refers to a exy shear deformation of the
basal plane while ε strain represents a exz=yz shear deforma-
tion of the ac=bc lattice plane. As reported in the table, each
strain is associated with an irreducible representation of the
crystallographic point group.

2. The magnetic Hamiltonian

The mean-field Hamiltonian applied in the present
analysis of the magnetic properties of TbPO4 is qualita-
tively close to the one presented by Morin et al. [19]. Like
in this article the x, y, and z axes are chosen to be along the
a, b, and c axes, respectively. The crystal electric field
(CEF) Hamiltonian of a single Tb ion is

HCEF ¼
X

l¼2;4;6

B0
l O

0
l þ

X

l¼4;6

B4
l O

4
l : ðA1Þ

The parameters are derived by a least-square fitting of the
experimental CEF level scheme determined by Bohm
et al. [48] at 4.2 K, and are [in units of meV]:

B0
2¼−0.225; B0

4¼ 0.387×10−3; B0
6¼ 0.494×10−5;

B4
4¼ 0.135×10−1; B4

6¼−0.67×10−5: ðA2Þ

When including the magnetoelastic α contribution (see
below) the effective B0

2 is −0.231 meV at 4.2 K. These
crystal-field parameters are nearly the same as presented in
Table II (Set 2) of Ref. [19].
The total magnetic Hamiltonian, HMðiÞ in Eq. (1), is the

Zeeman term −gμBJ ·H plus the two-ion interactions
− 1

2

P
j

P
αβ J

αβði; jÞJαi Jβj , which are considered to be
the sum of an isotropic Heisenberg exchange and the
classical dipole-dipole interaction. A basic assumption is
that the ordered structures may all be described in terms
of two sublattices, the body-centered tetragonal lattices
centered at (0, 0, 0) and at ða=2; 0; c=4Þ. This means that
we only need to specify the Fourier components of the
total two-ion interactions at the reciprocal lattice vectors 0
and Q ¼ ð0; 0; 2Þ, and that only the diagonal components,
αβ ¼ aa or cc, are nonzero. By fitting the Néel temper-
ature TN ¼ 2.28 K and the paramagnetic susceptibility
components [19] we get [in units of meV]:

J ccðQÞ¼ 0.0115; J aaðQÞ¼J ccðQÞ−0.0047;

J ccð0Þ¼−0.018; J aað0Þ¼J ccð0Þþ0.0043; ðA3Þ

where the anisotropy is a consequence of the classical
dipole-dipole interaction.
The magnetoelastic interactions appear because any

deformation of the lattice is going to change the crystal
field acting on the 4f orbitals of the Tb ions. The terms
allowed by symmetry are the products of the different
symmetrized strains eμ in Table I and the Stevens operators,
which both transform according to the same irreducible
representation of the D4h point group. Each invariant is
associated with a ME coefficient Bμ and the single-ion ME
term is

HME ¼ −ðBα1eα1 þ Bα2eα2ÞO0
2 − BγeγO2

2 − BδeδO−2
2

− Bεðeε1O1
2 þ eε2O

−1
2 Þ: ðA4Þ

If it is energetically favorable, the crystal may deform
without applying an external stress. This may occur

TABLE I. Symmetrized strains and elastic constants for each representation (Repr.) of theD4h crystal point group,
adapted from [19].

Repr. Strains Elastic constants

A1 eα1 ¼ 1ffiffi
3

p ðexx þ eyy þ ezzÞ cα1 ¼ 1
3
ð2c11 þ 2c12 þ 4c13 þ c33Þ

A1 eα2 ¼
ffiffi
2
3

q
½ezz − exxþeyy

2
� cα12 ¼ −

ffiffi
2

p
3
ðc11 þ c12 − c13 − c33Þ

cα2 ¼ 1
3
ðc11 þ c12 − 4c13 þ 2c33Þ

B1g eγ ¼ ðexx − eyyÞ=
ffiffiffi
2

p
cγ ¼ c11 − c12

B2g eδ ¼ ffiffiffi
2

p
exy cδ ¼ 2c66

E eε1 ¼
ffiffiffi
2

p
ezx cε ¼ 2c44

eε2 ¼
ffiffiffi
2

p
eyz
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spontaneously or as a response to a magnetic field, and the
equilibrium strains minimizing the free energy are straight-
forwardly determined to be eμ ¼ BμhOμi=cμ (μ ¼ γ, δ, ε),
for details see Refs. [11,24]. The result in the case of μ ¼ α
may be found in Ref. [19]. Introducing the equilibrium
strains in the mean-field Hamiltonian we get

HME þHE ¼ −GαhO0
2iO0

2 − GγhO2
2iO2

2 − GδhO−2
2 iO−2

2

− Gε½hO1
2iO1

2 þ hO−1
2 iO−1

2 �

þ 1

2
GαhO0

2i2 þ
1

2
GγhO2

2i2 þ
1

2
GδhO−2

2 i2

þ 1

2
Gε½hO1

2i2 þ hO−1
2 i2�: ðA5Þ

The magnetoelastic strain contributions appear effectively
in the Hamiltonian like those deriving from the uniform
quadrupole-quadrupole interactions. Consequently, the uni-
form contributions of HQ are accounted for by adding the
quadrupole-quadrupole contribution, Kμ, to the strain
dependent part of Gμ, see Eq. (4). The quadrupole
moments on the two sublattices differ from each other,
hOm

2 iðiÞ ≠ hOm
2 i, only when the c-axis field is nonzero but

smaller than B1. The results derived in this field interval are
found to depend only weakly on whether the δ and ε
contributions originate from the strains or from nearest
neighbor quadrupole-quadrupole interactions. In the latter
case, the transition field B1 is reduced from 0.54 to 0.45 T.
This difference is exclusively due to the δ contribution,
which is most likely a pure strain term. Hence, the
nonuniform parts of hOm

2 iðiÞ are of no importance for
the ground state properties, but might lead to dispersion
effects on the excitations.
The last parameters in the mean-field model are the

effective values of the four coupling parameters Gμ, and
they are [in units of μeV]:

Gα¼0.215; Gγ ¼0.9; Gδ¼1.28; Gε¼4.15: ðA6Þ

Gε is responsible for the tilting of the antiferromagnetic
moments away from the c axis below TS and is determined
by requiring TS ¼ 2.13 K. The other important parameter
Gδ is adjusted so as to get agreement with the transitions
observed in the c-axis field at 0.3 K. The two remaining
parameters have some influences on the calculated results,
but in these two cases we have simply used the values
estimated by Morin et al. [19].

3. Results from the mean-field model

The results of the mean-field model shown in Fig. 4 are
in good agreement with our experiments in an applied
c-axis field up to 1.5 T at 0.3 K. The only significant
discrepancy is that the X-ray experiment shows exy ≃ 0.9 ×
10−3 at zero field, see Fig. 2(b), whereas the model predicts

that the δ strain becomes very small and nearly vanishes in
the zero field limit. Extending the calculations to higher
fields we get the results shown in Fig. 5. The mean-field
model predicts the unusual behavior that the simple para-
magnet appearing above 1.1 T is going to be interrupted by
a new ordered phase between about 2 and 10 T. In this
phase the paramagnetic moment along the c axis has a
ferromagnetic ordered component perpendicular to the field
and both the ε and the δ strains are nonzero. The presence
of a magnetic moment along the z axis affects the O�1

2

quadrupoles so that they effectively contribute to the dipole
interactions between the ðx; xÞ and ðy; yÞ components. This
mechanism is responsible for the appearance of the
simultaneous ordering of the moments in the ðxyÞ plane
and the ε quadrupoles at a temperature TS below TN, where
the c-axis moments have grown to be sufficiently large. The
dominance of the δ quadrupole interactions within the ðxyÞ
plane then makes h1; 1; 0i the preferred directions for the
tilted moments. These same observations explain the
appearance of the extra field-induced phase, and, clearly,
further investigations at the higher magnetic field needs to
be conducted to confirm this surprising possibility.

APPENDIX B: SUPPLEMENTAL MATERIAL
ON THE EXPERIMENTAL DATA

1. Growth of TbPO4 single crystals

TbPO4 single crystals were grown using a Pb2P2O7

flux [49–51]. The first step was the synthesis of TbPO4

powder. TbCl3 powder was added to a dilute H3PO4

solution while the mixture was rapidly stirred to dissolve
the TbCl3. The solution was kept in a fume hood for three
days, during which a white powder of TbPO4nH2O
gradually precipitated. This powder was collected using
filter paper, washed with distilled water, and then calcined
in a furnace at 1100 °C for 6 h. X-ray diffraction measure-
ments confirmed the formation of pure TbPO4.

FIG. 5. Normalized dipole and quadrupole moments at 0.3 K as
a function of applied field along the c axis. The symbols used are
defined in Fig. 4.
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The Pb2P2O7 flux was synthesized by heating a mixture
of PbCO3 and ðNH4ÞH2PO4 at 700°C for 12 h. The
resulting flux was then mixed with the TbPO4 powder at
a 1∶19 molar ratio in a platinum (Pt) crucible. The crucible
was heated to 1350 °C, held at that temperature for 12 h,
and then slowly cooled down to 800 °C at a rate of 2 °C=h.
Needlelike single crystals formed during this cooling
process.
To separate the crystals from the flux, the Pt crucible was

immersed in a diluted HNO3 solution and heated to 80 °C.
After 24 h, the needlelike single crystals were successfully
separated, as shown in Fig. 6.

2. Investigation of the magnetic phase

The neutron diffraction data collected at ZEBRA (PSI)
demonstrate the absence of a full dipole magnetic signal in
the intermediate field range between 0.6 and 1.1 T. In
addition to the magnetic Bragg peak shown in Fig. 2(c), we
measured other reflections. These have non-zero nuclear
and (anti)ferromagnetic structure factors. Figure 7 shows
the magnetic field dependence of the integrated intensity,

decreasing at B1 for all Bragg peaks. At μ0H ¼ 0.8 T, the
intensity value is consistent with the nuclear structure factor
as listed in Table II, where the observed data are compared
with calculations. For accurate intensity comparisons, the
Lorentz factor, ½sinð2θÞ�, was applied to each sample
rotation scan (ω scan). Consequently, there is no indication
of any antiferromagnetic (AFM) contribution for the
propagation vector q ¼ ð0; 0; 0Þ.
The absence of a dipole magnetic moment is further

confirmed by our examination using a two-dimensional
position-sensitive detector, which enabled the investigation
of Bragg peaks across a broader region of reciprocal space.
This analysis leads to the conclusion that there are no
discernible AFM peaks, whether commensurate or incom-
mensurate in the intermediate field region. Specifically, the
absence of the (2, 2, 1), (2, 1, 0), and (1, 1, 1) peaks
excludes the possibility of a magnetic commensurate
structure different from that observed at zero field. The
incommensurate signal was studied through hkl scans at
various positions in Q space, covering a range of q ¼
ðh; k; lÞ values. Here, h and k were varied from 0 to 2
reciprocal lattice units in steps of 0.5 r.l.u., while l ranged
from 0 to 1 r.l.u. in steps of 0.25 r.l.u.

3. Strain simulation

The strain characterizing the field-induced phase tran-
sition resembles a δ-type distortion, manifesting as an
amplification of the zero-field case. To verify this hypoth-
esis, we simulate the effect of this distortion on the peak
positions. These simulations are performed using
ISODISTORT [52], which allows us to generate the
distorted structure starting from the tetragonal space group
I41=amd. During the generation of the distorted structure,
we vary the amplitude of the strain to regulate its impact on
the parent structure. Once the distorted structure is deter-
mined, we use the Single Crystal module in Crystal Maker
software [53] to compare the parent structure with the
distorted one in reciprocal space.
The δ strain distorts the structure into an orthorhombic

unit cell, with the new lattice parameters aO and bO rotated
by 45° with respect to the tetragonal a and b axes.
Consequently, the Miller indices identifying the peaks
differ between the tetragonal and distorted structures,
requiring a change of basis for comparison in reciprocal
space. The distorted structure generated by ISODISTORT

FIG. 6. The needlelike TbPO4 single crystals grown from the
Pb2P2O7 flux.

FIG. 7. Magnetic field dependence of the integrated intensities
for relevant Bragg peaks. The solid lines serve as guides to the
eye. Lorentz correction is considered. Dashed vertical lines
highlight the intermediate field region.

TABLE II. Comparison between experimentally observed
(Obs) and calculated (Calc) values of the structural intensities
at 0.8 T.

Obs Calc

I121=I231 0.45� 0.12 0.43
I011=I231 0.13� 0.07 0.15
I031=I231 1.44� 0.23 1.27
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allows four possible domains, with the following basis sets
expressed in terms of the tetragonal basis:

(i) fð1; 1; 0Þ; ð−1; 1; 0Þ; ð0; 0;−1Þg
(ii) fð1;−1; 0Þ; ð−1;−1; 0Þ; ð0; 0; 1Þg
(iii) fð−1; 1; 0Þ; ð1; 1; 0Þ; ð0; 0;−1Þg
(iv) fð−1;−1; 0Þ; ð1;−1; 0Þ; ð0; 0; 1Þg

The simulation results are presented in Fig. 1(a), where we
plot the peak positions in the HK plane at 0 Tand 0.6 T. The
evolution from 0 T to 0.6 T includes a change in the unit
cell volume, referred to as a eα1=α2 strain. Since the α1=α2
strain does not modify the symmetry, its presence is always
allowed. The Single Crystal software supports changes in
lattice parameters, angles, and the volume of the distorted
unit cell. By combining these tools, we achieve a good
match with the experimental data. The symmetry lowering
caused by the δ strain impacts the space group. Based on
the group-subgroup relations the eδ strain lowers the
symmetry from I41=amd to Fddd.
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