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Relaxation effects in the photoionization time delay near the 3s Cooper minimum of Ar
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The discrepancy in the attosecond time delay between theory and experiment near the 3s Cooper minimum
(CM) of Ar is addressed. It is found that inclusion of the relaxation effects in the time delay difference between
Ar 3s and 3p photoionization near the 3s CM dramatically alters the 3s time delay and brings the theory into
substantial agreement with experiment using the relativistic-random-phase approximation with relaxation. The
key point is that 3s photoionization is dominated by interchannel coupling in this region and the interchannel
coupling matrix elements were found to be considerably altered by the inclusion of relaxation. This implies that
relaxation should be important for any atomic or molecular transition that is dominated by interchannel coupling.
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I. INTRODUCTION

With the advent and developments in the field of attosecond
physics, photoionization time delay can now be measured
[1–3]. The measurements have opened a pathway to address
electron dynamics from a new perspective—the temporal do-
main. Although the theoretical description of the time delay
was established more than half a century ago by Eisenbud
[4], Wigner [5], and Smith [6], the experimental realization of
the concept happened relatively recently. Subsequent studies
led to detailed investigations of the effects of shape reso-
nances [7], Cooper minima [8,9], autoionization resonances
[10], two-electron ionization-plus-excitation shake-up (SU)
processes [11], spin-orbit effects [12], etc., on the attosecond
time delay in the photoemission process.

From the perspective of temporal delay, the noble gas
atoms attracted considerable attention because they are
monoatomic gases and, thus, relatively easy to work with
experimentally; among them, argon has been particularly
widely studied. Photoionization studies of the inner and outer
subshells of atomic argon have been extensively reported in
the literature [13–18]. In addition, photoionization cross sec-
tions, angular distribution asymmetry parameter, branching
ratios, phase of the matrix elements, and the photoionization
Wigner time delay for argon have been reported using differ-
ent theoretical techniques [14,19–23]. From the experimental
perspective, using interferometric techniques, the attosecond
time delay difference in the photoemission from the 3s and 3p
subshells of argon has been measured [3,24,25]. In particular,
close to the 3s ionization Cooper minimum (CM), where
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strong interchannel coupling effects are prominent, the time
delay has been scrutinized experimentally [24], and further
experimental efforts confirmed this result, which differed sig-
nificantly from theoretical predictions. This underscored the
need for the inclusion of additional physical effects in the
photoionization calculation of argon to satisfactorily explain
the attosecond time delay difference between 3s and 3p pho-
toemission [26].

From a theoretical perspective, there have been numerous
attempts to calculate the photoionization time delay in argon
[27,28]. This increased interest in the photoionization time
delay difference of the 3s and 3p subshells is due in part to
the significance of the correlation effects, specifically near the
3s CM region. It is well known that within an approximation
like Hartree-Fock, which does not include the Coulomb cor-
relations, the 3s ionization channel does not possess a CM in
the continuum [14]; it is manifested only when interchannel
coupling with the 3p photoionization channels is included in
the calculation [29].

Most of the sophisticated theoretical methods agreed with
the delay difference in 3s-3p photoionization in the 3p CM
region [25]. Nevertheless, after several attempts employing
various theoretical techniques, the qualitative and quantitative
accuracy of τ3s-3p with the experiment was missing in the
region of 3s CM, and the discrepancy continued as a conun-
drum. It is very evident from several studies [22–25,27,30,31]
with different theoretical approaches that the time delay near
the 3s CM in argon is significantly influenced by the elec-
tron correlation; however, predicting the correct trend for the
phase and delay remained an open question. Results based
on the time-dependent local density approximation (TDLDA)
approach predict a negative delay for τ3s-3p over the whole 3s
CM region, whereas the other approaches suggest a gradual
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rise to a large positive value in the same energy region. Exper-
iments in the past [2,24], along with a recent one [25], support
the former trend. A new experiment, as yet unpublished, also
shows the negative time delay in the τ3s-3p around the 3s
Cooper minimum region [32], which supports the existing
experimental data.

A recent work [25] has reported experimental results of the
atomic delay difference between the 3s and 3p subshells of
argon in the region of 3s (38–45 eV) and 3p (45–60 eV) CM.
A discrepancy between the experimental data and the theory
calculated using what they call a 2P2C relativistic-random-
phase approximation with exchange (RPAE) technique [25]
is observed to be more significant in the region of the 3s
CM when compared to the region of the 3p CM. However, a
suggestive calculation indicated that the emission of electron
channels from strong shake-up (SU) processes could likely
be the reason for the unsatisfactory agreement [25]. Another
recent theoretical investigation also suggested the possible
importance of the inclusion of the SU channels [33].

In the present work, it is suggested that the discrepancy
between theory and experiment is primarily due to core re-
laxation of the target ion resulting from the photoemission
process. It has long been well known that such relaxation
affects the calculated photoionization results at all levels of
approximation, from the simple Hartree-Fock (HF) [14] to the
much more sophisticated approaches that include significant
correlation such as the relativistic-random-phase approxima-
tion (RRPA) [15]. Recently, however, it has been found in
a rather different context that relaxation effects are partic-
ularly significant for processes where interchannel coupling
is important [34]. Thus, since the very existence of the 3s
CM is the result of interchannel coupling, it is likely that
relaxation is important here. Accordingly, the present work
aims to calculate the photoionization time delay in this energy
range of argon including relaxation effects using RRPA with
relaxation (RRPA-R) [35], and contrasting RRPA and RRPA-
R can spotlight the effects of relaxation. Among other things,
relaxation causes a redistribution of the oscillator strength
in the continuum, changing it, especially near the threshold,
thereby affecting the photoelectron energy of the CM in the
case of Ar [36]. More importantly, the present investigation
aims to understand the impact of relaxation on τ3s-3p where,
from the above discussion, it is expected that the major effect
will involve the 3s subshell.

II. METHODOLOGY

The RRPA-R methodology, which takes core relaxation
into account, represents an improvement on the RRPA for-
malism that keeps the initial- and final-state discrete orbitals
the same. Since the details of RRPA are well known, along
with the nonrelativistic version, RPAE [13,37,38], the focus
here shall be only on the differences between RRPA and
RRPA-R. Both RRPA-R and RRPA start with orbitals for the
initial state of the photoionization process, resulting from a
Dirac-Hartree-Fock (DHF) calculation for the initial-state N-
electron system. The RRPA-R, however, uses discrete orbitals
for the ion core that result from a DHF calculation for the N-
1-electron ion core, i.e., relaxed orbitals, as opposed to RRPA
that uses the same orbitals as in the initial state—unrelaxed

FIG. 1. Probability density plotted with radial distance for (a)
εp3/2 from 3s photoionization in DHF methodology and (b) bound
3p3/2 wave function for neutral Ar and Ar+ (where a hole is present
in the 3s subshell).

orbitals. As an example, Fig. 1 shows the bound state 3p3/2

probability density in the final ionic Ar+ that the 3s photo-
electron “sees” in the RRPA and RRPA-R calculations; the
atomic 3p3/2 orbital in the RRPA case and the relaxed ionic
3p3/2 for RRPA-R is shown in the lower panel. The relaxed
charge density is seen to be shifted somewhat towards the
nucleus owing to the relaxation. In addition, Fig. 1 also shows
the final continuum orbital of the 3s photoionization process,
εp3/2, calculated in a single-channel DHF approach using
relaxed and unrelaxed bound orbitals, where it is evident that
relaxation shifts the continuum orbital towards the nucleus.

The continuum wave functions for the photoelectron are,
thus, calculated in the field of the relaxed orbitals in the
RRPA-R method. This takes into account the fact that, due
to the creation of the hole, the N-1 electrons rearrange
themselves, thereby changing the potential of the ionic core
that acts on the emerging photoelectron. Thus, two sets of
bound-state orbitals are employed in the RRPA-R method to
determine the photoionization dipole matrix elements [39]:
the unrelaxed set of orbitals for the N-electron initial state and
the set of relaxed orbitals, obtained in the presence of a hole
in the photoionized subshell, for the N-1-electron final state
ion core. Furthermore, the interchannel coupling matrix ele-
ments are determined using these modified continuum wave
functions and relaxed discrete orbitals in the RRPA-R.

The ionization thresholds in the RRPA-R methodology
are obtained from the difference between the total energies
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FIG. 2. Photoionization cross section of the argon 3s subshell.
Black line: RRPA (DHF threshold). Red line: RRPA-R (�ESCF

threshold). Experimental plot: open circles: Marr and West [40];
solid dots: Möbus et al. [41]; open triangles: Lynch et al. [42]; solid
squares: Houlgate et al. [19].

obtained self-consistently for the unrelaxed ground state of
the N-electron atom, and the relaxed ion with a hole, respec-
tively (�ESCF energies). A separate calculation is required
to obtain the ionization threshold energy for each channel,
and the Oxford-MCDF package [38] was used to obtain these
energies; RRPA uses DHF energies. The 3s DHF and �ESCF

energies are respectively 34.92 and 33.42 eV.
The use of the relaxed core potential removes the gauge

invariance between the length and velocity forms of the dipole
matrix elements that exist in the RRPA. This is not a critical
problem since our length and velocity results are quite similar,
certainly within about 10% and generally significantly better.

III. RESULTS AND DISCUSSION

The 3s photoionization cross section, obtained using the
RRPA and the RRPA-R methods, is shown in Fig. 2. Basi-
cally, the addition of relaxation moves the cross section to
lower energy by a few eV. In both cases, the CM lies a few
eV above the respective thresholds. The deviation from the
experiment in the RRPA-R is primarily due to the usage of
different thresholds in both calculations; the usage of different
thresholds is responsible for the shift in the CM. Additionally,
the consideration of instantaneous relaxation overestimates
further.

Since the time delay is essentially the energy derivative of
the phase of the photoionization matrix element, it is of inter-
est to look at these phases. When the matrix element exhibits
a CM, the phase of the complex matrix element also changes
by about π radians [8,9]. The phase of the 3p3/2 → εd5/2

transition for the RRPA and RRPA-R calculations is shown
in Fig. 3(a) where it is seen that, in both calculations, there
is a change of phase by about π radians around the CM. The
relaxation shifts the CM by about 5 eV; aside from this shift,
the phases are qualitatively the same. A similar shift occurs
for the 3p3/2 → εd3/2 and the 3p1/2 → εd3/2 transitions as

FIG. 3. Relativistic phases of the (a) 3p3/2 → εd5/2, (b) 3s →
εp3/2, and (c) 3p3/2 → εs1/2 matrix elements in RRPA (DHF thresh-
old) and RRPA-R (�ESCF threshold).

well. This is rather expected behavior as the shifts of the wave
functions, as seen in Fig. 1, are relatively small. Looking at
the 3s → εp3/2 phase in Fig. 3(b), it is seen that the relaxation
renders the RRPA-R phase qualitatively completely different
from the unrelaxed RRPA phase. Both phases exhibit a change
of π radians around the CM but the details are decidedly dif-
ferent. One may anticipate corresponding qualitative changes
in the time delay due to the relaxation effects in these transi-
tions. It is likewise interesting to see the effect of relaxation on
the phase and the time delay of the 3p j → εs1/2 transition as it
dominates over the 3p j → εd channels at the CM. Figure 3(c)
shows that the phase of the 3p3/2 → εs1/2 transition decreases
gradually at the CM of other channels and the effect due to
relaxation is not significant, as for the time delay.

The time delays of individual channels resulting from the
present calculations are shown in Fig. 4(a). Owing to the
dramatic difference in 3s transition phases with and without
relaxation, the resulting 3s time delays are also strikingly
different, while the 3p time delay is merely shifted by the
energy shift in the corresponding phase. Further, the time
delay differences along with experimental results are plotted
in Fig. 4(b). The 3s-3p time delay difference, τw

3s-3p, from the
RRPA-R calculation is completely different from the RRPA
result in the 3s CM region; τw

i− j stands for the Wigner time
delay difference in the transition from subshells i and j. The
RRPA result shows a rather large 3s time delay in the 3s CM
region, while the RRPA-R time delay is negative in the same
region. More importantly, the relaxation brings theory into
reasonably good agreement with experiment, as seen in Fig. 4.
Not only is the time delay difference inverted, but also the
minimum is displaced in energy, so that the agreement with
the experiment is better.

Using the framework presented in the electron interfer-
ometry technique [25], one can get direct access to τA

3s-3p ≈
τw

3s-3p + τ cc
3s-3p, where τ cc

3s-3p is the measurement-induced time
delay difference due to the electrons being probed by the
laser field in long-range Coulombic potential. Employing the
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FIG. 4. Photoionization time delay of argon: (a) 3s and 3p sub-
shells in RRPA (DHF threshold) and RRPA-R (�ESCF threshold); (b)
the time delay difference. The experiments reported in Ref. [25] were
performed independently at the ATTO Lab facility in Saclay, France
(blue dots for sidebands and orange squares for harmonics), and at
Lund University, Sweden (black dots).

estimate of the universal time delay for τ cc
3s-3p [3], the exper-

imentally measurable τA
3s-3p is approximately calculated and

presented (dash-dot-dot line) in a limited range in Fig. 4(b).
One can notice that the trend of τA

3s-3p is unchanged even
after adding τ cc

3s-3p, still rendering a good agreement between
RRPA-R and the experiment.

The question now is why relaxation has such a profound
qualitative effect upon the 3s time delay but only a small
quantitative effect on 3p. As mentioned earlier, interchannel
coupling plays a crucial role in 3s photoionization near the
CM, but the same is not true in the 3p case [15]. To understand
how interchannel coupling works in detail, and why the effects
of interchannel coupling are so complicated, we look at the
problem from a perturbation theory point of view. The fully
coupled (correlated) dipole matrix element, Di(E), of channel
i can be written in terms of the uncoupled (single-particle) ma-
trix elements, Mj(E), of the various photoionization channels
j as [43]

Di(E ) = Mi(E ) +
∑

j

∫
dE ′ 〈ψi(E )|H − H0|ψ j (E ′)〉

E − E ′

× Mj (E
′), (1)

where H − H0 is the perturbing Hamiltonian, and ψi(E) and
ψ j(E′) are, respectively, the unperturbed (uncoupled single-
particle) final continuum state wave functions of channels i
and j with energies E and E′; the second term on the right side
represents the interchannel coupling contribution to the dipole
matrix element. Clearly, this shows that the interchannel con-
tribution of a given channel j depends upon the magnitude
and sign of its dipole matrix element, Mj(E′), the interchan-
nel coupling matrix element, 〈ψi(E )|H − H0|ψ j (E ′)〉, and
whether or not channel j is open (energetically allowed) or

closed at the given energy. But most importantly, the influence
of the interchannel coupling term is generally largest when
channel j can occur at the same energy as channel i, i.e.,
they are degenerate so the denominator can vanish. It is also
evident that, at a given energy E, when a channel j with dipole
matrix element Mj(E) is significantly larger than the unper-
turbed matrix element Mi(E) in channel i, it is likely that the
second term, the interchannel coupling term, will dominate.
In other words, when a strong (large dipole matrix element)
channel is degenerate with a weak one, there is the likelihood
of the matrix element of the weak channel being significantly
altered by the interchannel coupling with the strong one [44].

A separate independent particle calculation on a DHF level
(not shown) makes it clear that the relaxation alone causes
only quantitative differences in the single-particle 3p and 3s
matrix elements, the Mi(E) of the above equation. Further-
more, since the 3p matrix elements (cross sections) dominate
this energy region, the second (interchannel coupling) term
in the equation is relatively unimportant for the Ar 3p chan-
nels, thereby leading to the observed phenomenology—just a
small quantitative change resulting from relaxation. On the
other hand, as mentioned earlier, the weaker 3s channels
are dramatically modified by the stronger 3p channels, i.e.,
the 3s dipole matrix elements are dominated by interchannel
coupling—the second term in the equation. This suggests
that the important effect of relaxation is not in the dipole
matrix elements directly, but rather in the effects upon the
interchannel coupling matrix elements. Thus, it follows that
the interchannel coupling is always present; we can get sig-
nificant relaxation-induced qualitative changes only when the
interchannel coupling dominates (like it does for the Ar 3s
photoionization). Therefore, the Ar photoionization is a clas-
sic example, which showcases qualitative changes in the time
delay due to the relaxation effects. This is entirely in keeping
with the earlier observation of the importance of the relation
to interchannel coupling in an entirely different context [34].

Despite the qualitative agreement, there exists a slight
quantitative mismatch between the RRPA-R and the experi-
ment. This might be due to the omission of the SU channels,
which could alter the results somewhat, as suggested earlier
[25,33]. While some of these effects cancel out in the time
delay difference, there still could be some effects.

IV. CONCLUSIONS

In summary, we have demonstrated that the relaxation
of atomic orbitals strongly affects the interchannel coupling
matrix element and, as a result, has a considerable effect on
the attosecond time delay for Ar 3s photoionization, which
is dominated by interchannel coupling; inclusion of the re-
laxation has brought theory into substantial agreement with
experiment in the region of the 3s CM and resolved a long-
standing difficulty.

Of importance is that the implications of these results
should be quite general. There likely will be significant ef-
fects of relaxation for any transition that is dominated by
interchannel coupling, and such processes abound in Atomic,
Molecular and Optical (AMO) physics [45].
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