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We report the local-in-time conservative dynamics of nonspinning binary systems at fifth post-
Minkowskian (SPM) and first self-force (1SF) orders. This follows from an explicit calculation of the
SPM/1SF nonlocal-in-time tail-type contribution to the deflection angle via worldline effective field theory
techniques. Proceeding as in Dlapa et al. [Phys. Rev. Lett. 132, 221401 (2024)], we subtract the nonlocal
tail terms from the result in Driesse et al. [Phys. Rev. Lett. 132, 241402 (2024)] and reconstruct a local-in-
time Hamiltonian in isotropic gauge—valid for generic orbits. For completeness, we reinstate the nonlocal
terms relevant for ellipticlike motion up to 6PN/ISF in a small-eccentricity expansion. Via the connection
between the (source) energy flux in Dlapa et al. [Phys. Rev. Lett. 130, 101401 (2023)] and tail effects, we
also derive the SF-exact logarithmic-dependent part of the full 5SPM bound Hamiltonian. Our results
provide the most accurate description to date of the dynamics of bound compact objects within the

framework of relativistic scattering computations.

DOI: 10.1103/215k-27sj

Introduction—Driven by advancing our understanding
of the dynamics of binary systems in general relativity in
the era of gravitational-wave (GW) astronomy [1-3],
perturbative frameworks to the two-body problem such
as the post-Newtonian (PN) expansion—organized as a
simultaneous series in the relative velocity and Newton’s
constant G, linked through the virial theorem—and the
post-Minkowskian (PM) approximation, which resums all
orders in the velocity at a fixed order in G, have attracted
renewed interest; see, e.g., [4—66]. Recent advances in the
field can be attributed, in part, to a combination of world-
line effective field theory (EFT) methodologies [67-71]
with modern integration techniques from collider physics;
see, e.g., [58—060]. The synergy has led to a rapidly evolving
state of the art, which includes, on the one hand, complete
results to fourth order in the PN expansion [7-11,16,17], as
well as potential and hereditary effects at fifth order
[13-15,23,24] and partial knowledge at higher orders
[19-21]; and on the other hand, in the realm of scattering
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calculations, the total spacetime impulse up to 4PM
order [6,50], including also spin effects [55,56]. More
recently, due to the increasing complexity of PM compu-
tations, the impulse at O(G’) (akin of a four-loop
calculation in collider physics) was tackled in combination
with a self-force (SF) expansion in the mass ratio, reach-
ing the 5PM/ISF level of accuracy for nonspinning
bodies [5,65].

Despite these notable achievements, the PM derivations
in [5,6,50,65] all face a major challenge when extrapolating
observables from scattering to bound states. For example,
the binding energy for quasicircular orbits, obtained
through the “boundary-to-bound” (B2B) analytic continu-
ation [35,36], fails (other than logarithms) to match the
known PN value [22,37]. The discrepancy is due to
nonlocal-in-time hereditary contributions [7,8], such as
tail effects arising from the scattering of the emitted
radiation off of the binary’s own gravitational field, which
prevent the straightforward use of unbound results to
describe arbitrary ellipticlike motion.

This issue was addressed in [4], where a decomposition
into local- and nonlocal-in-time effects of the full result
in [6] was successfully achieved for the first time. Following
the same strategy, we present the explicit computation of
nonlocal-in-time contributions to the scattering angle at
SPM/ISF order. The derivation of nonlocal tail terms
involves an integral over the (source) energy spectrum times
the logarithm of the center-of-mass GW frequency [21,37].
As discussed in [4], the integrand depends on the velocity
and mass ratio. However, we restrict ourselves here to the
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ISF order in the mass expansion, thus reducing the inte-
gration back to a one-scale problem. (We will return to the
computation of higher order terms elsewhere.) As in
previous derivations [4,58], we employ the methodology
of differential equations. The nonlocal part of the SPM/1SF
deflection angle features multiple polylogarithms (MPLs)
up to weight three. We find agreement in the overlap with the
PN values reported in [21].

In principle, conservative nonlocal-in-time tail-of-tail
effects that are odd in the velocity also need to be
considered [19]. However, these were not computed by
the authors of [5], who focused exclusively on even-in-
velocity terms. Accordingly, we extract the universal
local-in-time contribution by simply removing nonlocal
tail effects from the even-in-velocity scattering angle. The
corresponding center-of-mass momentum and Hamiltonian
(in isotropic gauge) then follow from the framework
developed in [35-37]. By leveraging the structure of the
tail integrand [4,37] we derive the logarithmic-dependent
part of the full 5SPM Hamiltonian using the value of the
(source) energy flux obtained in [6]. For completeness, we
incorporate the remaining (nonlogarithmic) nonlocal tail
terms in a small-eccentricity approximation by adapting the
calculations in [21] to the isotropic gauge. The combined
bound Hamiltonian is fully consistent in the overlap
with the state-of-the-art knowledge in the PN expansion
[20-22], while simultaneously resumming an infinite
number of (local-in-time) velocity corrections.

Nonlocal-in-time tail effects—We follow the analysis
in [4] and identify nonlocal-in-time tail effects in S,, the
(unbound) radial action, through its universal (gauge-
invariant) structure [7,8,37]

GE [+~ dwdE,,

S(nloc) _ YL
2 ) 27 dw

o) = log (2e"=GMw)?. (1)
We abide by the conventions in [4,7], with E the total
energy, (dE./dw) the (odd-in-velocity) source GW spec-
trum in the center-of-mass frame, M = m, + m, the total
mass, and yg is Euler’s constant. The scattering angle is
given by (y/27) = —0,S,, where J is the total angular
momentum. We write the local and nonlocal coefficients of
the conservative deflection angle in a PM expansion as

n=>5 7
X ) . (g, D\z_n
2= Z (Zb + X 10gf>b ; (2)

n=1

to leading order in the tail (logarithmic) terms, where
b = b/GM, with b the impact parameter, y = u; - u,, in the
mostly negative metric convention, u, (a =1, 2) are
the particle’s incoming velocities, and I'=E/M =

1+ 2u(y — 1), with v = m;m,/M? the symmetric mass
ratio. We should stress that, although as is well known the
total value for )(E)") /T truncates in the v expansion [35,38],
its nonlocal-in-time contribution exhibits a much more

intricate dependence on the mass ratio through the con-
nection with the center-of-mass frame in (1) [4]. In this
Letter we provide an explicit derivation of the leading term
in the SF expansion at SPM order. In contrast, using the
connection between the radial action and radiated
energy [6,8,37], we are able to derive the SF-exact result
for the logarithmic-dependent part.

Integrand construction—QOur problem requires the
evaluation of the integral in (1) to O(G*). Due to the
dependence on the GW spectrum, we find a similar set of
three-loop integrals as those introduced in [6,58] for the
derivation of the radiated energy to 4PM, involving linear
and square propagators [40]. The integrand features the 112
combination, with delta functions in &) - u; and 3 - uy,
and linear propagators for the remaining ¢y - u, and
¢5 - uy, with #; , 5 the (three) independent loop momenta,
whereas for the quadratic propagators we find it conven-
ient, by means of a partial fraction decomposition, to
reduce them to only one set [see the top row of
Eq. (4.9) in [58] ],

-4, -6 -6 -6, - 0P (62— 4P =65 - 0
—( —52)2,—(52—&)2’—(51—53)2}, (3)

with ¢ the momentum transfer, obeying ¢ - u, = 0. We
consider either retarded or advanced choices for the i0*-
prescription, for which only two of the propagators may be
going on shell, i.e., k§ = 75 — £% or k§ = £ — ¢%. In each
region, we multiply by a factor of (2e72k;(y) - tteom)* the
integrand for (dE./dw), with uoy, = [(myu; + myuy)/E]
the center-of-mass velocity. The logarithm in (1) follows
after expanding in & which we distinguish from the
standard D = 4 — 2¢ in dimensional regularization. This
logarithmic piece is responsible for the nontrivial mass
dependence of the full answer [4]. We will, however,
perform a mass-ratio expansion, m;/m, < 1, and retain
only the leading order in v, accounting for the 1SF terms.
At the end of the day, the relevant integrals are analogous to
the ones in [6,58], but with linear propagators that have é-
dependent powers. Using integration-by-parts (IBP) reduc-
tion techniques implemented in Kira [72,73], we find 343
master integrals for the two independent “1 rad” region(s)
contributing to the source radiated energy, where each of
the k() momenta go on shell, thus isolating the relevant
part of the computation [74].

Integration—To solve for the master integrals, we derive
differential equations in x, given by y =1 [x + (1/x)]. To
deal with the additional & dependence, it is useful to
(temporarily) set € = 5e, and derive canonical differential
equations factorized in e. For this purpose, we employ
standard algorithms in public packages [75-78], as well as
various (private) implementations which are able to deal
with the extra n parameter. Similarly to [5], we find that
elliptic integrals do not feature in the final answer (since the
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latter appear only in the direction of the impact parameter at
4PM) and the solution depends on MPLs up to weight
three, defined through the relation

with (a,.z) a set of complex numbers. We choose the
variable z = 1 — x, which has a direct connection with the
PN expansion, such that the result may be written in terms
of a five letter alphabet (0,1,2,1 £ i).

@ odt Scattering angle—The derivation of the nonlocal part of
G(ay,...,a,;2) = G(ay,...,a,;t), . . .
(ar @3 2) /0 t—a (a2 @i 1) the scattering angle is straightforward from the knowledge
1 of the unbound radial action. On the one hand, for the
G(sz) =1, G(0,....0;z) = Elog”z, (4) logarithmic correction, we find
|
1 oo G (x) 1 (x) G3(x) o (x) R ZICLAC))
[ blnloc) 90(x — 1)°x*(x + 1)%(x* +1)7 * 30(x — 1)7x 3(x + ) ( 2+ 1)P 4 - 1P (x+1)°
6 (x)ha(x) Gr(x)hs(x)
(x=18x(x+1)8  2(x—=1)x(x+ 1) 4(x—1 5 2 x+ 1)°
L G, (x)1n() . Gs (x) s () L G
44100(x — 153 (x + 1)6(x2 + 13 210(x = 1)’ (x + 1) (x> +1)° * 4(x = 1)3x*(x + 1)
o Gs)ho(x) Gr(0)h11 (x) s (x)h1a (x) )

(x=13%(x+1)%  4(x =10 x%(x+1)°

4(x —1)x%(x +1)°

which we upgraded to its SF-exact expression, as we mentioned, thanks to the relationship between tail terms and radiated
energy [6,58]. For the remaining non-logarithmic terms, on the other hand, we have

(5)(1SF)

Xfloc) Gy (x)hy3(x) G (x)hy4(x) G ()5 (x)
Ty 25200(x — 1)°x%(x + 1)°(x> 4+ 1)7 * 90(x — 1)°x3(x + 1)°(x> + 1)7 ~ 12600(x — 1)7x3(x + 1)7(x*> + 1)®
Ga(x)hye(x) Gs(x)hy7(x) Go(x)h1s(x)
1680(x — 1)7x°(x +1)7 * 30(x = 1)"x3(x +1)7 (x> + 1)8  420(x — 1)8%3(x + 1)8
G (x)9(x) G (x) hyo(x) Gio(x)hy; (x) Gi1 (%) hy (x)
336(x — 1) (x + 1)° (x> +1)%  1680(x — 1)7X°(x + 1)7  4(x—1)°x*(x+1)>  2(x—1)°x(x+1)°
G2 (x)ha3(x) G13(x) 4 (x) Gra(x)hos(x) Gis5(x)hos ()
Ax—1Px2(x+1)P  4x-182(x+1)8  (x=18x+1)8  (x=1)8x(x+1)3
Gi6(x) hay (x) Gi7(x) hog(x) G1g(x) oo (x) Gao(x)hs(x)
(x=1Px(x+ 1) 4x=18(x+1)% 2(x=1Px(x+1)°  2(x—=11x(x+1)°
G2 (x)h3o(x) Ga3(x)hs; (x) Gay (x) hpa (x) (6)
4x— 1P (x+1)5  4x—1)05x(x+1)°  2(x—1)x(x+1)°"
[
In both these equations the /4;’s are polynomials in x, up to 5)5(2((;)51’) _ 25(232116?11;) _ )(5}5(31100)’ )(57 (;ig;g _ _Xﬁlizcg) (7)

degree 38, whereas the G;’s are products of the MPLs
introduced in (4) up to weight 3 [79].

As emphasized in [4], the definition of nonlocal-in-time
terms in [20,21] includes in addition to (1) (W, in [21]) an
extra term involving an integral over the GW flux times
log (7). Since the latter is coordinate dependent, and
generated by (quasi-instantaneous) potential-only inter-
actions, we keep it instead as part of the local-in-time side
of the dynamics. We have checked that the results in (5) and
(6) nicely agree with the W;-only PN values of the
scattering angle at O(G>) computed in [21].

Upon subtracting nonlocal terms from the even-in-
velocity scattering angle in [5], )(1(7 )elvzﬁ) we arrive at

for the local-in-time contribution at SPM/1SF order. (As
expected, the log b terms cancel out in the total answer.)
The result in (7) can now be used to describe generic bound
orbits as we discuss momentarily.

Local-in-time dynamics—The (gauge-invariant) local-in-
time bound radial action follows directly from the scatter-
ing angle [35,36]. However, the B2B map implies that odd
PM orders of the angle cancel out upon analytic continu-
ation. Nevertheless, from the knowledge of the local-in-
time angle we can readily obtain the center-of-mass
momentum (p = p/(Mv)) in isotropic gauge,
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1
P = Fz( +D = fn+fifglogr)) (8)

n=1

where v% = y? — 1, and a Hamiltonian [H = H/(Mv)],

N 1
H=E,+ an (&, + &t log 7), (9)
n=1

with 7= (r/GM), Ey=(1/Mv)Y_ E,,and E, = \/p* +m?2.
Notice that, although the Hamiltonian (or center-of-mass
momentum) is itself also truncated in a G expansion, it allows
us to resum an infinite tower of PM contributions to
gravitational observables—such as the periastron advance
and binding energy.

Universal logarithms—The coefficient of the log r term
in the total bound Hamiltonian at O(G") is related to the
|

(source) energy flux at O(G*~1). This follows from the
optical theorem in conjunction with the cancellation of
ultraviolet and infrared divergences (alongside factors of
log b) from local- and nonlocal-in-time effects within
dimensional regularization [4,8,37,49]. This implies, for
the logarithmic coefficient of the SPM Hamiltonian for
ellipticlike motion, the relationship

dE
Aelll src
cshr =6

— (L ). o
r dl G4

The source energy flux was given in [4,49] at O(G?),
whereas the 4PM component (including only the “1 rad”
piece of the radiated energy) reads [6,37],

G4
E dEsrc
G3 0 dt

L A [log@)dl (), da(¥)log*(x) | ds()Lin(x) , di()Lin(=x)
dr g P T A2 [ 25678 T (R - 1) 256(2—1) | 2562 — 1)
ds(x)log(x + 1) | dy(0)log?(* +1)  d(WLib(y) | #dy(x)
25607 x*&2 1024(x% — 1) 512(x2—1) ' 2048(x2 — 1)
dy(x) ds(x)log(1 —x)  dy(x)log(x+1)
+ 150528001 x 5( 92 _ 1)2()62 4 1)852 + log(x)< 3256()62 _ 1) 4256()62 _ 1)
ds(x)

T 1680 (2 — 1) (2

where ¢é=[E\E,/(E,+ E»)?*, x=y—+/y*—1, and
vy = (E\E, +p*)/mm,. The d;’s are polynomials in x
up to degree 38, that also depend on I' and v [79].

Assembling the pieces—Collecting all the ingredients,
the bound Hamiltonian to SPM order takes the form

?
(i-1)PM tog <92?> 12)

after absorbing the e?# from (1) into the logarithm. The
Cijp3)(0c) are the (exact) PM coefficients up to O(G?)
computed in [32,34,40,41], the 64(10C) was first obtained
in [4], to all orders in the mass ratio, while the (flux-
dependent) SF-exact coefficient of the logarithm follows
from the results in [6]. The value for ¢5) is reported here
at 1SF order for the first time.

The remaining [non-log (7/e%#)]é Cinloc) terms for ellip-
ticlike motion, however, are not known in a PM scheme.
Nevertheless, similar coefficients (in another gauge) have
been computed within the framework of the PN

)

|
approximation in a small-eccentricity expansion. Adapting
the results in [21] to our isotropic gauge, we include their
values at O(G?) up to 6PN order [79]. After incorporating the
results in [4], the expression in (12) is perfectly consistent in
the overlap with the state-of-the-art Hamiltonian inferred
from the PN results in [20,21], truncated to 1SF order.
Conclusions—Recent developments in integration tech-
niques, combined with the worldline EFT framework, have
substantially advanced our understanding of scattering
processes in general relativity—capturing both conservative
and dissipative effects [5,6,50,65]. However, as shown
in [22,37], although local-in-time components and logarith-
mic terms are universal, the full hyperbolic results fail to
accurately describe binaries in low-eccentricity orbits due to
(orbit-dependent) nonlocal-in-time effects. This limitation
was successfully addressed in [4], where a separation
between local and nonlocal tail effects in the confines of
the PM expansion was first established at O(G*).
Following the strategy in [4], in this Letter we computed
the tail-type nonlocal-in-time contribution to the
conservative scattering angle at 5PM/1SF order, and
subtracted it from the result in [5] thus isolating its
local-in-time component. Using the framework developed
in [35,36], we derived expressions for the local-in-time
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center-of-mass momentum and Hamiltonian in isotropic
gauge, including the SF-exact logarithmic contribution, all
valid for arbitrary bound orbits. By incorporating nonlocal-
in-time (nonlogarithmic) tail effects for ellipticlike trajec-
tories in the PN expansion [21], we constructed a hybrid
Hamiltonian that presently provides the most accurate
description of binary compact objects derived from PM/
PN data. Ready-to-use expressions for all relevant quan-
tities, including also PN-expanded values to 30th order, are
collected in Supplemental Material [79].

Beyond its natural relevance for GW physics, the results
presented here illustrate the remarkable power of the
worldline EFT approach [67-71] combined with modern
tools, such as differential equations and IBP techniques, to
tackle the integration problem [58-60]. These methods
offer a robust framework for addressing the full two-body
dynamics in General Relativity within a perturbative
scheme. We are currently exploring the extension of these
results to higher PM/SF orders and the direct implementa-
tion of nonlocal-in-time effects for bound systems in the
PM expansion.
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