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ABSTRACT

Context. The origin of the astrophysical neutrino flux discovered by IceCube remains largely unknown. Several individual neutrino
source candidates were observed. Among them is the gamma-ray flaring blazar TXS 0506+056. A similar coincidence of a high-
energy neutrino and a gamma-ray flare was found in blazar PKS 0735+178.
Aims. By modeling the spectral energy distributions of PKS 0735+178, we expect to investigate the physical conditions for neutrino
production during different stages of the source activity.
Methods. We analyze the multi-wavelength data during the selected periods of time. Using numerical simulations of radiation pro-
cesses in the source, we study the parameter space of one-zone leptonic and leptohadronic models and find the best-fit solutions that
explain the observed photon fluxes.
Results. We show the impact of model parameter degeneracy on the prediction of the neutrino spectra. We show that the available
mutli-wavelength data are not sufficient to predict the neutrino spectrum unambiguously. Still, under the condition of maximal neutrino
flux, we propose a scenario in which 0.1 neutrino events are produced during the 50 days flare.

Key words. Galaxies: BL Lacertae objects: individual – Neutrinos – Methods: numerical – Radiation mechanisms: nonthermal

1. Introduction

The detection of a diffuse high-energy astrophysical neutrino
flux (IceCube Collaboration 2013) started a new era of neutrino
astronomy. However, the nature of the extragalactic neutrino flux
remains unclear.

Blazars are a subclass of active galactic nuclei (AGNs) with
a relativistic jet pointing close to the observer’s line of sight.
The relativistic boosting of the jet radiation and the overall high
power of the jet emission make them prominent neutrino source
candidates (see, e.g., review by Giommi & Padovani 2021). The
multi-wavelength spectral energy distribution (SED) of blazars
typically shows a two-bump structure. While the low-energy
bump likely originates from synchrotron radiation of relativistic
electrons in the blazar jets, the origin of the high-energy bump
is still debated, as contributions from both leptonic and hadronic
processes are possible.

Blazars can be probed as high-energy neutrino emitters in
searches for temporal and spatial associations of blazar flares
with high-energy neutrino events. The most promising neutrino
blazar candidate is the blazar TXS 0506+056, which was in a
gamma-ray flaring state during the arrival of a 300 TeV neu-

⋆ e-mail: omeliukh@astro.rub.de

trino detected by IceCube, resulting in a significance at the 3σ
level (IceCube Collaboration et al. 2018a). An additional flare of
TeV neutrinos at the 3.5σ level was found from the direction of
TXS 0506+056 during a gamma-ray quiet state (IceCube Col-
laboration et al. 2018b).

In addition to TXS 0506+056, IceCube has also detected
high-energy events in spatial coincidence with other individual
blazars of different classes, among which are PKS 1424-418
(Kadler et al. 2016; Gao et al. 2017), GB6 J1040+0617 (Gar-
rappa et al. 2019), PKS 1502+106 (Franckowiak et al. 2020; Ro-
drigues et al. 2021), and PKS 0735+178 (Sahakyan et al. 2022).
No statistical correlation between gamma-ray blazars and neu-
trinos was found in the IceCube analysis (Aartsen et al. 2017;
Abbasi et al. 2023). The correlations of neutrino events with
blazar positions were claimed by Buson et al. (2022, 2023) but
disfavored by Bellenghi et al. (2023). Additionally, a statistical
correlation between neutrinos and radio blazars was claimed by
Plavin et al. (2021, 2023) but was not confirmed by Abbasi et al.
(2023).

In early December 2021, multiple neutrino events de-
tected by IceCube (IceCube Collaboration 2021), Baikal-GVD
(Dzhilkibaev et al. 2021), the Baksan Underground Scintillation
Telescope (Petkov et al. 2021), and KM3NeT (Filippini et al.
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Table 1: Selected time periods used for the SED generation.

Blazar state Date MJD

Quiescent Jan. 23 – Feb. 2, 2010 55219 – 55233
Neutrino arrival Dec. 8 – 11, 2021 59556 – 59559
flare peak Dec. 17 – 19, 2021 59565 – 59567
Post flare Dec. 25, 2021 – Jan. 6,

2022
59573 – 59600

flare peak, and end of the flare. The dates of the selected time pe-
riods are shown in Table 1. The corresponding SEDs were com-
posed based on the observations made within those periods.

2.3.1. Gamma rays

We use the gamma-ray observations of PKS 0735+178 from the
Large Area Telescope (LAT) on board of the Fermi satellite col-
lected between August 2008 and May 2022 presented by Gar-
rappa et al. (2024). The bottom panel of Figure 2 shows the
adaptively binned light curve of the gamma-ray flux integrated
between 100 MeV and 1 TeV. The continuous all-sky coverage
of Fermi-LAT shows a detailed picture of the temporal activity
of the source in the 14 years, with the flaring activity tempo-
rally coincident with the arrival of IC211208A being by far the
brightest activity observed in gamma rays. During this period,
from the Bayesian Blocks (Scargle et al. 2013) representation of
the light curve in Garrappa et al. (2024), the shortest significant
(≥ 2σ) variability timescale can be derived as the minimum of
the quantity (e.g., Meyer et al. 2019)

tvar,i j =
Fi + F j

2

∥

∥

∥

∥

∥

∥

ti − t j

Fi − F j

∥

∥

∥

∥

∥

∥

, (1)

where Fi and F j are the fluxes in the bins at the times before
(ti) and after (t j) each block edge that denotes a significant vari-
ation. We find the shortest variability timescale at ∼ 14.4 days.
This timescale will be considered to constrain the radius of the
emission region in Sec. 3.

In addition, we use the gamma-ray SEDs from Garrappa
et al. 2024 calculated in different time windows selected from
the Fermi-LAT light curve. Three periods have been chosen with
respect to the bright gamma-ray flaring activity of the source:
the first time window is simultaneous with the IceCube neutrino
arrival (MJD 59556–59559), the second one includes the peak
of the gamma-ray flare (MJD 59565–59567), and the third one
is during part of the decaying phase of the flare (MJD 59573–
59600). As comparison to the period of flaring activity, we con-
sider also the quiescent state SED from MJD 55219-55233 (see
also Table 1).

VERITAS and H.E.S.S. observations shortly after the Ice-
Cube neutrino detection put upper limits on the very-high-energy
gamma-ray emission from PKS 0735+178 (Acharyya et al.
2023).

2.3.2. X-rays

The X-ray Telescope (XRT; Burrows et al. 2004) onboard the
Neil Gehrels Swift Observatory (Swift) observed the source 24
times between 20 December 2009 and 6 January 2022 in photon-
counting (PC) mode. The multi-epoch event lists were down-

loaded from the publicly available SWIFTXRLOG (Swift-XRT
Instrument Log)1. Following the standard Swift-XRT analysis
procedure described by Evans et al. (2009), the data were pro-
cessed using the configuration described by Fallah Ramazani
et al. (2017) for blazars and assuming a Galactic column den-
sity of hydrogen of 4.42 × 1020 cm−2 reported by Willingale
et al. (2013). The spectra of each observation were fitted using
the maximum-likelihood-based statistic for Poisson data (Cash
statistics; Cash 1979). The X-ray integral fluxes between 0.3 and
10 keV of these observations are shown in Fig. 2.

No spectral variability was observed within the Swift-XRT
data between 31 January 2010 and 17 February 2010 (obser-
vation ID 00090099001 and 00090099002). These two obser-
vations were combined to produce an average X-ray spectrum
of the source during the quiescent state. Similarly, no spec-
tral variability was observed between 25 December 2021 and
6 January 2022 (observation ID 00036372023, 00036372024,
and 00036372025). These three observations were combined
to produce an average X-ray spectrum of the source after the
flaring state. In order to produce the X-ray spectra for the pe-
riods of the neutrino arrival and the gamma-ray peak (as de-
fined above), the Swift-XRT data on 10 December 2021 (obser-
vation ID 00036372014) and 17 December 2021 (observation ID
00036372021) were used.

The X-ray spectrum above 2 keV from NuSTAR observation
on December 11, 2021 was taken from Acharyya et al. (2023).

2.3.3. Ultraviolet and Optical

Simultaneously with Swift-XRT observations, PKS 0735+178
was observed with the UVOT instrument (Roming et al. 2005)
onboard Swift. The source was observed in the W1 band on 31
January 2010, and in the U, B, W1, M2, and W2 bands on 10,
17, 25, 30 December 2021 and 6 January 2022. In addition, it
was observed with the V filter on 6 January 2022. The data were
reduced using the analysis pipeline from the Space Science Data
Center (SSDC2).

PKS 0735+178 has been monitored in the optical R band
as part of the Tuorla blazar monitoring program3 since 2005.
The monitoring observations were performed using a 35 cm Ce-
lestron telescope coupled to the KVA (Kunglinga Vetenskap-
sakademi) telescope located on the Canary Island of La Palma,
Spain. Data analysis was performed using standard procedures
with the semi-automatic pipeline developed in Tuorla (Nilsson
et al. 2018).

The optical light curve is complemented by data obtained
with the 76 cm Katzman Automatic Imaging Telescope (KAIT)
as part of the Lick Observatory Supernova Search (LOSS; Fil-
ippenko et al. 2001) in the Clear (open) band (close to the R
band; see Li et al. 2003). All images were reduced using a cus-
tom pipeline4 detailed by Stahl et al. (2019). Several nearby stars
were chosen from the Pan-STARRS15 catalog for calibration;
their magnitudes were transformed into Landolt magnitudes us-
ing the empirical prescription presented by Equation 6 of Tonry
et al. (2012). The light curve is shown in Figure 2.

For the quiescent state SED, we used the average R-band flux
on MJD 55231, 55232, and 55233 where no significant variabil-

1 https://heasarc.gsfc.nasa.gov/W3Browse/swift/

swiftxrlog.html
2 https://www.ssdc.asi.it/
3 http://users.utu.fi/kani/1m
4 https://github.com/benstahl92/LOSSPhotPypeline
5 http://archive.stsci.edu/panstarrs/search.php
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3.2. Search for the best solutions

Self-consistent modeling of the radiation processes in one-zone
models utilizes a high number of free parameters (usually be-
tween seven and fourteen). Some of the parameters can be ten-
tatively constrained from the observables, such as an upper limit
on the size of the emission region (from the gamma-ray vari-
ability timescale) or the blob Lorentz factor (from radio observa-
tions). The radiation power of the jet is fundamentally limited by
the Eddington luminosity. Still, in most cases, those constraints
leave large regions of possible parameter values and the problem
of finding the best-fit values arises.

The radiation processes are highly sensitive to the values of
the model parameters. A small change in a parameter value can
result in an SED whose fluxes differ by orders of magnitude
or has a drastically different shape due to a different radiation
process starting to contribute significantly. Thus, the goodness-
of-fit is not a smooth function of the model parameters, which
introduces challenges to numerical differentiation. Additionally,
common algorithms based on gradient descent methods en-
counter performance problems in high-dimensional parameter
spaces (Han & Neumann 2006).

We propose here a simple and effective two-step algorithm
for searching for the best-fit solutions. As a first step, we gener-
ate a large number of different SEDs with values of the model
parameters that are equally spaced between their boundary val-
ues. When choosing an equal number of points for each parame-
ter, we get Nm different models, where m is the number of model
parameters (dependent on the model) and N is the number of
points per dimension (dependent on the available computational
resources). This gives a rough localization of the best solutions.
As a second step, we locally minimize the goodness-of-fit value
within a narrow region in the parameter space. Since we know
that all neighbor points of the current best-fit solution have a
lower goodness-of-fit value, we adopt their parameter values as
new boundaries for searching of the new best fit. We apply the
migrad and symplex algorithms from Minuit (James & Roos
1975; Dembinski et al. 2020) for this local minimization because
the parameter space is now better constrained, ensuring the con-
vergence of the algorithms.

A search of the parameters with algorithms like Markov
Chain Monte Carlo (MCMC) or genetic algorithm typically re-
quires simulating 106–107 SEDs for finding one best-fit solution.
The proposed grid scan requires only a single generation of a
set of SEDs (in the source frame) which can be reused for dif-
ferent sources, thus using the computational resources only to
recalculate the goodness-of-fit. The local minimization is com-
putationally effective as well, requiring only ∼ 200–300 SED
generations. The disadvantage of the method is an exponential
increase in the required computational resources when the num-
ber of model parameters increases.

3.3. Leptonic models

We start with the simplest models, which assume that all radia-
tion from the NIR to gamma rays originates solely from leptonic
processes.

We assume that electrons are pre-accelerated to a sim-
ple power-law spectrum6 dN/dγ′e = N0γ

′−αe
e with spectral

index αe, spanning a range of Lorentz factors from γ′min
e

to γ′max
e . The energy spectrum of the electrons is normal-

6 Parameters with or without prime refer to the values in the jet or
observer’s frame, respectively.

ized to the total electron luminosity parameter L′e as L′e =

4/3πR3mec2
∫ γ′e

max

γ′min
e

γ′edN/dγ′edγ. These particles are then in-

jected into a single spherical blob of size R′
b

(in the comoving
frame of the jet) moving along the jet with Lorentz factor Γ,
where they encounter a homogeneous and isotropic magnetic
field of strength B′. As electrons are continuously injected into
the radiation zone, they lose energy via synchrotron cooling be-
fore leaving the blob, thus a break in the spectral index of elec-
trons occurs self-consistently. The gamma-ray emission is pro-
duced in the inverse Compton scattering with the synchrotron
photons being a target photon field. We assume the jet is ob-
served at an angle θobs = 1/Γb relative to its axis, resulting in a
Doppler factor of δD = Γb.

To explore the seven-dimensional parameter space of the lep-
tonic models, we do a simple grid scan probing 10 points per
dimension resulting in 10 million simulated models. The param-
eters of the leptonic models and the boundaries of the parameter
space are given in Table A.1.

We find the best-fit parameters in two steps. First, for each
of the four SEDs (each corresponding to a different period of
blazar activity) we evaluate the reduced χ2 using the 10 million
simulated models. It is calculated as

χ2 =
1

N − Npar + 1

∑

i

(Fdata
i
− Fmodel

i
)2

σ2
i

, (2)

where N is the number of data points, Npar the number of free pa-

rameters in the model, Fdata are the observed fluxes, Fmodel are
the predicted fluxes by the model, σ is the observed flux mea-
surement error, and i is the summation index which corresponds
to the observed frequency values. The models that predict higher
flux values than Fermi-LAT sensitivity-based upper limits are re-
jected because the model fluxes are expected to significantly de-
crease in the corresponding energy range.

For the blazar states during the 2021 flare, an additional con-
straint on the radius of the emission region applies:

R′b ≤
δD c tvar

1 + z
. (3)

We use the value of tvar = 14.4 days for the 2021 flare from Sect.
2.3.1, and the values of R′

b
and δD are free model parameters.

We select the best-fitting model for a particular SED based
on the value of its reduced χ2. Afterward, we locally minimize
the reduced χ2 with the parameter boundaries corresponding to
the neighbor parameter values on the grid to obtain a final solu-
tion. If the values of R′

b
and δD do not satisfy Eq. 3, the model is

rejected.

3.4. Leptohadronic models

In an alternative scenario, we assume that both electrons and
protons are pre-accelerated in the source to power-law spectra

dN/dγ′e,p = N0e,p
γ′
−αe,p

e,p with spectral indices αe,p, spanning a

range of Lorentz factors from γ′min
e,p to γ′max

e,p . The energy spectra
of the electrons and protons are normalized to the correspond-
ing total electron and proton luminosities, L′e and L′p defined as

as L′e,p = 4/3πR3me,pc2
∫ γ′max

e,p

γ′min
e,p

γ′e,pdN/dγ′e,pdγ. Similarly to the

leptonic case, electrons and protons undergo interactions and ra-
diate inside of the spherical blob of size R′ with a homogeneous
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and isotropic magnetic field of strength B′ moving along the jet
with Lorentz factor Γ.

The application of the same two-step algorithm (grid scan
followed by a local minimization) described in Section 3.3
would now require significantly more computational resources,
since the number of model parameters increased from seven to
ten.

To circumvent this issue, we follow the approach adopted by
Rodrigues et al. (2024b,a) in which IR, optical, UV, and gamma-
ray fluxes are first fit with a purely leptonic model followed by
the selection of hadronic parameters to fit the X-rays. Most of
the contribution to optical and GeV gamma-ray emission typ-
ically originates from leptons, even in the models where pro-
tons are added to the emission zone, as shown by leptohadronic
models for several neutrino candidate blazars (e.g., Cerruti et al.
2019; Rodrigues et al. 2021; Sahakyan et al. 2022). We fit first
IR, optical, UV, and gamma rays via the grid scan method (us-
ing the same boundaries as in Table A.1) and locally minimize
them using Minuit. X-ray fluxes at this step are treated as up-
per limits. Afterward, we add protons to the AM3 simulation.
All leptonic parameters are fixed to the previously found values,
while the four hadronic parameters are varied according to the
grid probing 104 combinations. The boundaries of parameters in
the hadronic parameter space used for the grid scan are shown
in Table A.2. Adding Lp = 0 to the parameter space ensures a
possible convergence to the purely leptonic solutions. As a final
step, all ten parameters of the leptohadronic models are locally
minimized with Minuit allowing for slight variations (with the
boundaries being parameter value ±20%) in each of them.

4. Results

We apply the above described method of the analysis of the
parameter space of a one-zone model to the SEDs of PKS
0735+178 during the selected periods of observations.

4.1. Purely leptonic fits

When analyzing the reduced χ2 values resulting from the grid
scan, we conclude that many different combinations of parame-
ters yield similar goodness-of-fit values for a particular dataset.
We select two physically different solutions for each SED and
explore the parameter space around them to illustrate model pa-
rameter degeneracy. The number of solutions that provide a sim-
ilarly good fit to the observed data can be higher, especially if
the boundaries of the parameters are expanded beyond what was
selected for this study.

The results of the leptonic modeling are shown in Fig.3.
The corresponding parameter values are presented in Table 2.
We show two best-fit results that correspond to distant regions
in the parameter space also implying physically different solu-
tions. For each epoch, we refer to the two different solutions as
“slow” and “fast” based on their Lorentz factors. The slow solu-
tions have Lorentz factor values between two and six, while for
the fast solution those values span between twelve and eighteen.
The different values of the magnetic field, electron luminosities,
and Lorentz factors lead to the different shapes of the SED peaks.
Still, both slow and fast solutions explain the observed data well,
with the values of reduced χ2 being 1.4 and 1.1, respectively.
In the period of neutrino arrival, the fast solution is character-
ized by a substantially higher magnetic field (4 G compared to
0.7 G for the slow model), a softer electron energy spectrum,
a smaller emission-region size, and a lower electron luminos-
ity. Despite the fact that model parameters lie in the different

regions of the parameter space, both models explain well the ob-
served photon fluxes (the major contribution to the large value
of χ2/n.d.f. comes from the five UV data points with ∼ 1% error
bars). Similar differences between slow and fast solutions are ob-
served for the gamma flare peak SED. For the post-flare SED, on
the contrary, our method failed to explain the gamma-ray fluxes.
Both slow and fast solutions fit optical, UV, and X-rays. While
the slow solution produces a significantly lower gamma-ray flux
than observed, the fast solution matches the flux level but fails to
reproduce the correct shape.

Small deviations in values of certain model parameters can
still keep the model valid. To explore how the change of each
pair of parameters influences the goodness of fit (the rest of the
parameters are fixed to their best-fit values), we build contour
maps of the projections of the parameter space. Fig. 4 shows the
contour maps constraining the parameters of the neutrino arrival
SED fast solution. Similar plots for the remaining leptonic mod-
els can be found in Appendix B. Since our original grid resolu-
tion (ten points per dimension) is insufficient to draw the con-
tours, we perform additional scans in which all parameters but
two are fixed to their best-fit values, probing 100 points per di-
mension. The color bar corresponds to the values of reduced χ2

with values over 100 being saturated.
The best-fit fast solution for the period of neutrino arrival

suggest that the sychrotron emission is produced by a popula-
tion of electrons with a soft spectrum (with a power-law index of
2.7). Therefore, the spectrum is dominated by low-energy elec-
trons and the high-energy end of the spectrum is not well con-
strained, which can be seen in the third row of plots in Fig. 4.
Since the peak of the synchronton emission cannot be estimated
from the SED (which was also noticed by Acharyya et al. 2023),
the minimum electron energy also has a wide range of possible
values. The Lorentz factor, magnetic field, and electron luminos-
ity, on the contrary, produce good fits only in narrow regions of
the parameter space.

4.2. Leptohadronic fits

Since the leptonic grid scan revealed the existence of multi-
ple solutions with close χ2/n.d.f value, we modeled the lepto-
hadronic SEDs according to the grid-scan-based procedure de-
scribed in Section 3.4 also for the slow and fast solutions.

Before the local minimization, we selected the models with
the lowest reduced χ2 value for each SED and each solution type
(slow or fast). In the leptonic case, the slow and fast solutions
had similar values of reduced χ2. When adding protons to the ra-
diation zone, the values of reduced χ2 for the slow leptohadronic
solutions became more than twice worse than that for the fast
leptohadronic solutions. We also notice that among the best-fit
slow leptohadronic solutions, the hadronic contribution was ei-
ther zero or heavily suppressed owing to favoring the lowest pro-
ton energies or the lowest proton luminosities. When searching
for the leptohadronic solutions, we started with the assumption
that hadrons mostly contribute to the observed X-ray fluxes as
described in Sec. 3. Generally, higher values of Lorentz factors
produce a deeper gap in the X-rays, which can be filled with
the emission from hadronic processes. Therefore, the slow so-
lutions naturally suggest a leptonic origin of the X-rays, with
any additional contribution from hadronic processes leading to
overshooting the observed X-ray fluxes. The slow leptohadronic
models converge to purely leptonic models with the lowest pro-
ton energies or luminosities producing a better fit than any other
combination of the hadronic parameters. Since we are interested
in the leptohadronic models, all the following steps were carried
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Table 4: Best-fit leptohadronic model parameters with neutrino
event rate maximization condition

Parameters quiescent neutrino arrival γ flare peak post flare

log10R’b[cm] 16.17 15.57 15.54 16.3
B′ [G] 0.1 2.28 0.965 0.08
Γb 24.0 15.0 17.0 21.0

log10 γ
′min
e 3.0 3.5 3.00 3.44

log10 γ
′max
e 4.17 4.3 4.11 4.21

αe 2.8 2.42 1.26 2.9
log10 L′e[erg/s] 42.51 42.65 42.67 42.63

log10 γ
′min
p 2.0 5.0 3.0 3.6

log10 γ
′max
p 7.0 6.0 4.2 6.4

αp 2.0 1.5 1.25 1.0
log10 L′p[erg/s] 46.9 46.0 48.33 46.98

χ2/n.d.f. 4.4 13.6 4.3 5.3
Nν/ time interval 0.04/yr 0.03/15d 0.07/8d 0.004/27d

Notes. Parameter description: R′
b

is the radius of the blob, B′ is the
magnetic field strength in the emission region, Γb is blob Lorentz factor;
γ′min

e(p)
and γ′max

e(p)
are the minimum and maximum Lorentz factor of the

electrons (protons) respectively, αe(p) is the spectral index of electrons
(protons), L′

e(p)
is electron (proton) luminosity, χ2/n.d.f. is a value of

the reduced χ2 function, and Nν/time interval is a number of expected
neutrino events during the selected exposure time (for the flaring state
corresponds to the duration of observed state).

data for other sources associated with neutrino emission such
as TXS 0506+056 or PKS 1502+106. The results of our model-
ing show that the SED alone is not sufficient to unambiguously
predict the neutrino spectrum.

Among the solutions with various hadronic contributions, we
search for the one that predicts the highest number of detected
neutrinos in IceCube. We do this by calculating the number of
detected neutrino events as

Nν =
1

3
T

∫

Φν(E)Aeff(E, θ)dE, (4)

where Aeff(E, θ) is the effective area of the neutrino detector
which depends on the neutrino energy and source declination,
Φν(E) is the all-flavor neutrino flux, and T is the exposure time.
A coefficient 1/3 is introduced to account for neutrino mixing
during the propagation, while we only consider IceCube’s muon
track channel. We calculate the muon neutrino event rates in Ice-
Cube using the experiment’s effective area (IceCube Collabo-
ration 2017). For the exposure time, we use the different flare
periods as follows: beginning of the flare (neutrino arrival SED)
– 15 days, gamma flare peak – 8 days, and post flare – 27 days.

The expected number of neutrino events is calculated for all
models with δ(χ2/n.d.f.) = χ2

model
/n.d.f. − χ2

best
/n.d.f. < 1 corre-

sponding to the various hadronic contributions. One model re-
sulting in the maximum number of neutrino events is selected.
Those maximal neutrino models for all analyzed periods of ac-
tivity of PKS 0735+178 are shown in Figure 6. The correspond-
ing parameters of the leptohadronic models are shown in Table
4.

Under the condition of maximization of the neutrino fluxes
in IceCube, we predict at most 0.04 muon neutrino event per year
during the quiescent state and 0.1 muon neutrinos during the 50
days 2020–2021 flare.

5. Discussion

Leptonic models successfully reproduce the SEDs not only for
the quiescent state but also during periods of high activity.
These models are based on the premise that an initial electron
population upscatters their own synchrotron photons, generat-
ing gamma-ray emission through the synchrotron self-Compton
mechanism (SSC). Initially, we applied this model to fit all the
observed SEDs and achieved good agreement for three out of
four blazar activity states with multiple equally good solutions
found for each of them. However, purely leptonic models cannot
account for neutrino emission. Neutrino production in a different
region remains possible, yet requires additional assumptions on
the geometry, physical conditions, and target photon fields thus
increasing the number of free parameters. To avoid this complex-
ity, we tested a simpler scenario of adding protons into the same
region as the electrons. The addition of the protons to the blob
does not impact the leading gamma-ray production mechanism
which is SSC but suggests a significant hadronic contribution
to X-ray fluxes and explains neutrino emission. This approach
yielded a good fit for most of the epochs and eliminated the need
for more complicated models.

Within a one-zone framework, we could not explain the ob-
served gamma-ray fluxes in the post-flare SED. The fact that our
algorithm failed to find any leptonic fit (and subsequently lep-
tohadronic fit as well) that could simultaneously explain optical
and gamma-ray data may be an indication of a need for a dif-
ferent kind of model. The hard shape of the gamma-ray spec-
trum, also observed in other sources, may be explained by syn-
chrotron self-Compton and external Compton interactions with
photons from the broad-line region (Fichet de Clairfontaine et al.
2023). Such a model requires the presence of external photon
fields emitted by the broad-line region (BLR). It adds the least
number of free parameters and is therefore preferred over multi-
zone models in cases where leptohadronic models without ex-
ternal fields cannot explain the observed data. We do not con-
sider an external photon field model in this work. In our mod-
els, introducing external photon fields created by the BLR adds
an additional parameter (the disk temperature) and increases the
complexity of numerical modeling with more interactions. This
creates a computational challenge and is left for future work.
However, if the explanation of after-flare SED requires an exter-
nal photon field, this may be an indication of the emission region
evolution. The emission zone could be located between the su-
permassive black hole (SMBH) and the broad-line region (BLR)
at the moment of the neutrino detection and during the peak of
the gamma-ray flare. With the blob moving along the jet in the
post-flare period, the emission zone can enter the BLR.

The model presented for the neutrino arrival SED in Fig. 6
predicts a slightly higher number of neutrino events than the hy-
brid model of Sahakyan et al. (2022) which has a similar phys-
ical setup. Meanwhile, the proton luminosity in our model is
four orders of magnitude lower. This is explained by the fact
that the maximum proton energy in our models is not fixed. Pro-
tons of higher energy produce more neutrinos through photo-
pion production, and the resulting cascades contribute mostly to
the gamma-ray emission and thus are not limited by the X-ray
emission. This compensates for the fact that the neutrino peak
is shifted toward high energies in comparison with the IceCube
maximum sensitivity which is around 100 TeV (Aartsen et al.
2019).

Our best fit for the gamma-ray flare peak SED, on the con-
trary, produces almost three times more neutrino events in Ice-
Cube than the external field model of Sahakyan et al. (2022). In
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ton spectral index is also harder during periods of high activity
than it is during the quiescent state. This can be interpreted as
the same emission region dominating during the flaring states
which agrees with our previous suggestions. However, the val-
ues of blob Lorentz factors differ for all four SEDs with the
highest best-fit value for the quiescent state. This effect can be
caused by independent fitting procedures for all states and when
taking into account degeneracies a similarly good solution with
the same Lorentz factor could be found. Alternatively, the differ-
ence could be caused by small changes in viewing angle (∼0.5◦

between consequent states). In our modeling, we approximate
the Doppler factor as δD ≈ Γb, therefore changes in the view-
ing angle could explain the variation in both the Doppler factor
and the Lorentz factor. Britzen et al. (2010) suggest that the ef-
fects of long-term radio variability for PKS 0735+178 can be ex-
plained by jet precession due to a binary supermassive black hole
(best-fit precession speed Ω̇ = 15 deg/year or 1.25 deg/month)
which supports the viewing angle change hypothesis. During
the one-month flare, the change of Lorentz factor from 15 to
21 would require a change in the viewing angle of 1.1◦ which
roughly agrees with the estimate from Britzen et al. (2010). Al-
ternatively, if the dominating emission region during the flare is
located closer to the jet base, the blob might accelerate while
moving further down the jet. At the same time, the dominating
emission region during the quiescent state might be a fully accel-
erated blob which could explain the evolution of Lorentz factors.
Additionally, the jet with structures like banding and wobbling
would also cause the regions where the blob movements would
appear as accelerating or decelerating. The different Lorentz fac-
tors could also indicate that the emission comes from different
blobs.

We also note that γ′min
e ≫ 1 and γ′min

p ≫ 1 in all our mod-
els. The high values of Lorentz factors are required to explain
SEDs of extreme blazars (Zech & Lemoine 2021). Still, elec-
trons and protons of lower energies can exist in the jet. For elec-
trons, the lowering of the minimal Lorentz factor to one would
lead to an incorrect shape of the synchrotron peak and failure
of the SED fit even for hard spectral indices. Protons, in turn,
can not produce any radiation since their energies are below the
threshold for all hadronic processes. Such particles do not pro-
duce any observable signature in the SED but impact the energy
budget. If the minimum proton Lorentz factor is set to one, the
photons of hadronic origin peak at lower energies and are limited
by the observed X-ray fluxes producing an order of magnitude
lower neutrino rates than ones derived from the models shown
in Fig. 6. We set high values γ′min

e and γ′min
p to ensure the effi-

cient interaction and radiation processes in the emission region
and to estimate maximum neutrino rates. In addition to previ-
ously shown poor constraints on the γ′min

e,p , γ′max
e,p and αe,p from

the parameter space search, the possible presence of the parti-
cles with lower energies makes the uncertainty of γ′min

e,p and αe,p

even worse. Lower values of γ′min
e,p and αe,p also imply that the

required corresponding luminosities may be higher and may ex-
ceed the Eddington luminosity. Sub-Eddington luminosities can
be achieved either by increasing the minimal proton energy or
by hardening the spectral index, thus introducing a scenario in
which the number of protons in the emission zone reduces as
protons carry more energy leaving the energy density conserved.

We analyze the multi-messenger behavior of the source dur-
ing the different activity states. For the purely leptonic models,
the existence of multiple solutions does not allow us to trace the
exact evolution of the radiation zone since the causal relation be-
tween different solutions at any epoch is not clear. However, we

still see that for any solution the flare is characterized by higher
values of the magnetic field strength and electron luminosity, si-
multaneous increase of which suggests energy equipartition.

Under the condition of neutrino rates maximization, the dif-
ferent periods during the flare have enhanced magnetic field
strength and more compact emission-zone regions. The neutrino
flare could be linked to the increase of minimum proton energy
and hardening of the proton spectrum leading to increased pγ in-
teraction rates. The production of ∼100 TeV neutrinos requires
a pre-acceleration of protons to high energies. This can be inter-
preted as the transfer of a significant part of jet energy to protons
followed by the neutrino arrival and flare which can have impor-
tant implications regarding jet composition and dynamics.

6. Summary and conclusions

In this work, we modeled the multi-epoch emission of
PKS 0735+178 including different stages of flare evolution. The
grid-scan-based approach showed the degeneracy of leptonic and
leptohadronic model parameters. Under the condition of maxi-
mization of the neutrino detection rates, we find leptohadronic
solutions for different stages of the flare that produce 0.1 neu-
trino events during the 50 day flare, a higher number of neu-
trino events than any of the previously proposed models. We
also show that in the quiescent state the maximum neutrino rate,
which in our model is limited by the X-ray emission, is two or-
ders of magnitude lower than during the flare. Still, the post-flare
SED cannot be reproduced with a simple one-zone leptohadronic
model and likely requires external field photons for the explana-
tion of the gamma rays, which may be a sign of spatial evolution
of the emission zone.

The demonstrated degeneracy of the hadronic parameters in
the one-zone leptohadronic models creates a significant chal-
lenge for understanding potential neutrino sources. The prop-
erties of the proton spectrum cannot be constrained by the ob-
served photon fluxes, leading to great uncertainty in the sub-
sequent neutrino emission. To break this degeneracy, next-
generation neutrino telescopes such as IceCube-Gen2 (Aartsen
et al. 2021), KM3NeT (Adrián-Martínez et al. 2016), or P-ONE
(Malecki 2024) are needed. Additionally, multi-wavelength po-
larization can potentially constrain the hadronic component
(Zhang et al. 2024), thus highlighting the importance of future
X-ray and MeV polarimeters such as eXTP (Zhang et al. 2016),
COSI (Tomsick et al. 2019), and AMEGO-X (Caputo et al.
2022).
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