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Abstract

The SU(2)−gauged custodial two-Higgs-doublet model, which shares the same global-symmetry properties with the
standard model, is studied non-perturbatively on the lattice. The additional Higgs doublet enlarges the scalar spec-
trum and opens the possibility for spontaneous breaking of the global symmetry. In this work we start by showing
the occurrence of spontaneous breaking of the custodial symmetry in a region of the parameter space of the model.
Following this, both the spectrum and the running of the gauge coupling of are examined at weak quartic couplings
in the presence of the custodial symmetry. The calculations are performed with energy cutoffs ranging from 300 to
600 GeV on a line of constant standard model physics, obtained by tuning bare couplings to fix the ratio between
the masses of the Higgs and the W bosons, as well as the value of the renormalized gauge coupling at the scale of
the W boson mass. The realizable masses for the additional scalar states are explored. For the choice of bare quartic
couplings in this work, the estimated lower bound of these masses is found to be well below the W boson mass, and
independent of the cutoff. We also study the finite temperature electroweak transition along this line of constant
standard model physics, revealing properties of a smooth crossover behavior.
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I. INTRODUCTION

The standard model (SM) has been very successful in describing experimental results at the Large Hadron Collider
(LHC) and other facilities. Nevertheless, physics beyond the SM (BSM) is needed in order to account for many
phenomena. For instance, there are no dark-matter candidates in the theory. Another prominent problem is the lack
of explanation for the excess of matter over antimatter in the universe. As suggested by Sakharov [1], to explain
electroweak baryogenesis CP violation and a strong first-order electroweak phase transition (EWPT) is needed. The
amount of CP violation present in the SM is not enough for this purpose. In addition, it is well established that
the SM does not contain a first-order electroweak phase transition at the measured Higgs boson mass, mh ≈ 125
GeV [2–6]. Such issues have been driving the search for BSM physics.

One natural scenario of BSM physics is the existence of extra scalar fields. While the Higgs sector of the SM is the
minimal structure for realising electroweak symmetry breaking, there are no compelling reasons for the absence of
additional Higgs doublets. Indeed, a structure analogous to fermion families can be introduced in the scalar sector.
Such an extension of the SM can, arguably, result in enough CP violation, and it can also alter the character of the
electroweak phase transition. These features motivate the search of BSM Higgs doublets. Taking into account the
phenomenological constraints imposed by the measurement of the ρ parameter [7], a viable and simple extension of
the SM is the addition of a second SU(2) doublet of scalar fields. This is known as the two-Higgs-doublet model
(2HDM).

In the continuum, we denote the fields of the two scalar doublets by (i = 1, 2)

Φc
i =





φ1
i + iφ2

i

φ3
i + iφ4

i



 . (1)

The Lagrangian of the 2HDM, coupled to SU(2) gauge fields is

L =

2
∑

i=1

(DµΦ
c
n)

†
(DµΦc

n)−
1

4
Ga

µνG
a,µν − V2HDM(Φc

1,Φ
c
2) , (2)

where Dµ = ∂µ − igAa
µσ

a/2 is the covariant derivative, with Aa
µ the real components of the SU(2) algebra-valued

gauge field, σa the Pauli matrices, g the gauge coupling constant, and Ga
µν = ∂µA

a
ν − ∂νA

a
µ + gεabcAb

µA
c
ν the field

strength tensor. The most general gauge-invariant scalar potential, V2HDM(Φc
1,Φ

c
2), can be written in terms of the

products Φc,†
i Φc

j , i, j = 1, 2. Since we are interested in the lattice application, we consider from now on the case of
real couplings only. This is the CP-conserving 2HDM [8, 9]. With this choice, the most general renormalizable scalar
potential of the 2HDM has 10 real parameters, and reads

V2HDM = µ2
11Φ

c,†
1 Φc

1 + µ2
22Φ

c,†
2 Φc

2 + µ2
12 Re(Φ

c,†
1 Φc

2) + λ1(Φ
c,†
1 Φc

1)
2 + λ2(Φ

c,†
2 Φc

2)

+ λ3(Φ
c,†
1 Φc

1)(Φ
c,†
2 Φc

2) + λ4(Φ
c,†
1 Φc

2)(Φ
c,†
2 Φc

1) + λ5 Re(Φ
c,†
1 Φc

2)
2

+Re(Φc,†
1 Φc

2)
[

λ6(Φ
c,†
1 Φc

1) + λ7(Φ
c,†
2 Φc

2)
]

.

(3)

The above model yields an enlarged spectrum compared to the SM Higgs sector. Its details depend crucially on the
region of the parameter space. In the perturbative treatment of the SU(2)−gauged scalar theory with the potential in
eq. (3), the relevant parameter regions are those with the Higgs mechanism active, where the spectrum is expected to
contain five scalar states, h,H,A,H±. In the Higgs-basis, where only one of the fields acquires a vacuum expectation
value, v —φ2 in the case at hand—, the analysis of the mass matrices reveals the following tree-level relations [10],

m2
H± = µ2

11 +
1

2
λ3v

2 , (4)

m2
A = m2

H± +
1

2
[λ4 − λ5]v

2 , (5)

M = v2
(

µ2
22/v

2 λ6

λ6 µ2
11/v

2 + 1
2 [λ3 + λ4 + λ5]

)

. (6)
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The ‘charged’ scalar states labelled by H± and the pseudo-scalar state, A, have well defined masses. On the other
hand, the remaining two CP-even scalars require the diagonalization of M. However, in the Z2-symmetric limit with
µ12 = λ6 = λ7 = 0, it is straightforward to obtain m2

h = v2µ2
22 and m2

H = µ2
11/v

2 + 1
2 [λ3 + λ4 + λ5].

Other than the enlarged spectrum, this extension can have a rich phenomenology, including, as we have mentioned,
extra CP violation and possibly a first order electroweak phase transition. Additionally, these models can also have
other phenomenological applications. In the class of models discussed in refs. [11–13] the extra states in the spectrum
are used as dark matter candidates, and are modeled to not interact with the quarks and leptons.

While the augmented parameter space of the extended theory is a desirable feature due to the rich phenomenology it
can provide, the parameters of the potential cannot be chosen in a completely arbitrary way since, for instance, there
are requirements of stability and boundedness of the potential [14, 15]. Furthermore, any proposed 2HDM model
should comply with current experimental evidence for SM quantities. In particular, it should suppress the flavour-
changing neutral current (FCNC) processes, as constrained by experiments. On the other hand, various studies have
shown that the phenomenology of the theory is dictated by the symmetries of the scalar potential [16–20], particularly,
in ref. [21] the symmetries were related to physical parameters. One of the earliest symmetry-related proposals [22, 23]
to eliminate tree-level FCNC takes the Lagrangian to be Z2-symmetric under the change of sign of one of the scalar
doublets. In ref. [24], however, it was claimed that the Z2-symmetry may not be required to suppress the FCNC
processes, if certain mass-mixing hierarchies are found in the fermion flavour sector, with an additional alignment
of the CP-even Higgs mass eigenstates [25]. This in turn may correspond to O(1) quartic couplings, that are also
thought to be required for a first-order electroweak phase transition [26].

The amount of literature on the 2HDM is vast and ongoing (a general review can be found in ref. [27]). There are
analyses of the parameter space, stability and boundedness of the potential [14, 15, 28], phenomenological implica-
tions [16–20], and group theoretical aspect of the global symmetries [21]. Most of these studies are performed at
tree-level, and while the scalar sector of the SM is weakly coupled, recent investigations suggest that large scalar-field
quartic couplings in the BSM sector may be needed to have a strong first order EWPT [26, 29–31]. The large values
of quartic coupling in itself puts in doubt the perturbative approach to consider these questions (cf. [32]). Moreover,
scalar field theories are expected to be trivial [33–37]. They must be understood as effective theories, only valid in
the weakly coupled regime. In summary, the large quadratic couplings needed in many phenomenological models and
the triviality of scalar field theories requires a study beyond perturbation theory.

Lattice techniques allow a fully non-perturbative study of scalar models. In this work we consider a simplified version
of the Higgs theories without the photon and the fermions, namely a SU(2)-Higgs model. This theory describes
the interaction of the two complex doublets in the fundamental representation with the SU(2) gauge fields. Unlike
perturbative investigations, there have not been many lattice studies of 2HDM. In refs. [38, 39] the phase structure
and the presence of spontaneous symmetry breaking on the 2HDM was studied, while [40] presented exploratory
results on the running of the gauge coupling in different sectors of the parameter space. Furthermore, among other
BSM theories, the case of the addition of an extra singlet to the Lagrangian has been explored also on the lattice
[41]. Nevertheless, there has not been any lattice computation for the spectrum of the 2HDM. Additionally, the only
existing finite temperature investigations of the model were carried out using a 3-dimensional effective field theory
[32, 42]. In this work we tackle both of these questions in the weakly coupled 2HDM in four dimensions. Our calculaion
is the first lattice study of the 2HDM on a line of constant SM physics. This line is obtained by tuning the bare
couplings to reproduce the physical values of the ratio between the SM Higgs and the W boson masses, mh/mW ,
as well as the renormalized gauge coupling at the scale of mW . We investigate the BSM scalar spectrum and the
finite temperature transition at different values of the lattice spacing, corresponding to the cutoff scale in the range
of 300 to 600 GeV. We also examine the pattern of spontaneous breaking of the global symmetries. Similar to the
finding from the lattice study of the SU(2) × SU(2)-symmetric 2HDM in ref. [39], we confirm the occurrence of the
spontaneous breaking of the custodial SU(2) symmetry in 2HDM.

Although the calculation described in this paper is carried out at weak quartic couplings, it is an important first step
of our lattice exploration of 2HDM. In particular, it sets the ground for future work at large renormalized quartic
couplings on lines of constant SM physics, which are highly relevant to the phenomenology of strong first-order EWPT.
The preliminary results of this work can be found in our contributions to the annual conferences on lattice field theory
[43–45].
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II. STANDARD MODEL PHYSICS WITHIN THE LATTICE 2HDM

One of the main objectives of this work is to build a line of constant standard model physics within the lattice 2HDM
at various values of lattice spacing, corresponding to different momentum cutoffs. In order to do so we need to
understand the phase structure of the model, namely, the regions of parameter space where the theory is in the Higgs
phase, and where and whether spontaneous breaking of the global symmetries occurs.

In the following we introduce the lattice model, summarize the predictions about the phase structure, and outline the
strategy for tuning a line of constant SM physics.

A. Lattice Formulation

It is convenient to employ the quaternion formalism for lattice simulations of scalar fields in the fundamental repre-
sentation. In this approach, the two scalar doublets are represented by 2× 2 matrices (i = 1, 2),

Φi(x) =
4

∑

α=1

θαφ̂
α
i (x) , (7)

where θ4 = 1
212×2 and θk = i

2σ
k for k = 1, 2, 3 with σk being the Pauli matrices. The real scalar fields on the lattice

are related to those in eq. (1) through (a is the lattice spacing)

φ̂α
i =

a√
κi

φα
i , (8)

with κi related to the couplings in the continuum 2HDM potential in eq. (3) through

a2µ2
ii =

1− 8κi − λiκ
2
i

κi
. (9)

While the symmetry structure of the single Higgs model is simple1, the global symmetries of the 2HDM can be more
complicated due to the enlarged parameter space. In order to understand the latter, it is worth starting from the
simplest non-interacting scalar theory without gauge fields. This model is invariant under two independent O(4)
transformations, one for each Higgs doublet. Since O(4) ∼ SU(2) × SU(2), when gauging the theory, two of the
SU(2) (one from each O(4)) are identified with each other. After this step there remains a local gauge symmetry,
SU(2)L, and two independent global SU(2) symmetries. that the scalar fields Φi are in the fundamental representation
of O(4) ∼ SU(2) × SU(2), of which one of the subgroups is gauged, SU(2)L, while the other remains as a global
symmetry of the theory. This local and global symmetry structure is well understood in the matrix formulation,
since the fields Φi transform under the SU(2)L gauge group by a left multiplication, and under the global SU(2) by
right multiplication, Φi → L(x)ΦiRi, where both L(x) and Ri belong to the fundamental representations of SU(2)L
and SU(2), respectively. While gauge symmetry forces both SU(2)L subgroups to be the same, the remaining global
symmetry structure depends on the choice of terms in the action.

Previous lattice studies [38–40] have considered an enlarged global symmetry, namely SU(2) × SU(2), where both
scalars can be transformed independently, R1 6= R2. In this work we take the Z2-breaking terms in eq. (3) to vanish,
µ12 = λ6 = λ7 = 0, defining the so-called inert models. Moreover, by imposing the condition λ4 = λ5 we obtain
the custodial limit of the 2HDM, where the model shares the same global symmetry with the SM. That is, its action
is invariant under global custodial SU(2) transformations where both scalar doublets transform simultaneously and
identically, R1 = R2.

Contrary to the single Higgs case, where no spontaneous symmetry breaking can occur (the gauge symmetry, including
its global part, as well as the custodial SU(2) are never broken), the enlarged parameter space of the 2HDM allows

1 In the scalar sector of the SM, the scalar potential is invariant under a single O(4) ≃ SU(2)×SU(2). Part of this group is gauged, with
the remaining SU(2) being the only global custodial symmetry.
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for the breaking of the global symmetries. In this work we study the occurrence of spontaneous symmetry breaking of
the custodial symmetry in the 2HDM. This study is relevant for characterizing the different regions of the parameter
space, and in particular for finding which of these are suitable for reproducing low energy SM physics.

The lattice action for the custodial 2HDM used in this work can then be written as (Uµ(x) is the link variable that
is an element of the SU(2) gauge group)

S2HDM =
∑

x

[ 2
∑

i=1

{ 4
∑

µ=1

−2κi Tr
(

Φ†
iUµΦi(x+ µ̂)

)

+Tr
(

Φ†
iΦi

)

+ ηi

[

Tr
(

Φ†
iΦi

)

− 1
]2

}

+ η3 Tr
(

Φ†
1Φ1

)

Tr
(

Φ†
2Φ2

)

+ 2η4 Tr
(

Φ†
1Φ2

)2
]

+ SYM , (10)

where fields without argument are evaluated at the lattice point x, and SYM is the standard Wilson plaquette action

SYM = β
∑

x

∑

µ>ν

[

1− 1

2
ReTrUµν(x)

]

, (11)

with Uµν the plaquette on the (µ, ν) plane and β = 4/g2. The bare lattice quartic couplings in eq. (10) are related to
their continuum counterparts by

ηi = λiκ
2
i for i = 1, 2 ,

ηi = λiκ1κ2 for i = 3, 4, 5 . (12)

For the numerical simulations, the scalar and gauge field configurations were generated using the Hybrid Monte Carlo
(HMC) algorithm (details in section A). The code implementation for NVIDIA GPUs in the Julia programming
language can be found in [46] (documentation can be found in [47]). All error analysis were done using the Γ-method
[48], using the free implementation available in [49] (see also [50]).

B. Phase structure, Order Parameters & Symmetry breaking

While the single-Higgs-doublet model, governed by three bare couplings, has a simple phase structure2, the enlarged
parameter space of the 2HDM, as well as the additional symmetries of the system, give rise to a more complicated
structure.

In the case of the inert models, it is possible to divide the parameter space in four different regions where none, one,
or both scalar doublets are in the Higgs phase [27]. In the perturbative formulation, using the vacuum expectation
values, vi, for each Higgs field this corresponds to:

(H0) : v1 = v2 = 0,

(H2) : v1 = 0, v2 6= 0,

(H1) : v1 6= 0, v2 = 0,

(H12) : v1 6= 0, v2 6= 0

(13)

These sectors divide the κ1, κ2 plane into four sectors defined by the critical values, κc
i .
3 Note, however, that not all

four can be seen as separate phases since some of these transitions are crossovers for certain regimes of the couplings.
The global symmetries, predicted particle content, and qualitative aspects of each of the phases are summarized in
fig. 1. The tree-level bounds for these regions are defined in ref. [51], and in refs. [38, 39] these sectors were studied
for the SU(2)× SU(2)-symmetric inert potential non-perturbatively on the lattice.

2 In fact, only a single phase exists in the Higgs-gauge theory. The confinement and Higgs sectors are analytically connected.
3 Notice that the value of κc

i depends on the remaining couplings of the theory.
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κc
2

κ2

(H0)

(H2)

κc
1

κ1

(H1)

(H12)

SU(2)× (Z2)
2

SU(2)× (Z2)
2SU(2)× (Z2)

2

- QCD-like ‘confinement’

- m1− > m0+

- Degenerate W -boson

- SM Higgs, mh

- BSM scalar, mH

- 3 degenerate BSM
scalars, mA = mH±

(similar to H2)

- 3 non-degenerate 1−

- 3 Goldstone Bosons

- 2 scalar states,
mh, mH

FIG. 1. Summary of the cutodial 2HDM parameter space with the global symmetries and spectrum content for each of the
sectors H0, H1, H2, H12. 1

−, and 0+ represent a vector and a scalar state, respectively.

Sectors (H1), (H2), and (H12) have the Higgs mechanism (or the Frohlich-Morchio-Strocchi (FMS) mechanism [52, 53])
active. However, as will be shown in section IIIA, the global custodial SU(2) symmetry is spontaneously broken in
(H12). The absence of the custodial symmetry, and the presence of massless Goldstone bosons in the spectrum exclude
this phase from phenomenological considerations if one is interested in embedding SM physics in the 2HDM.4

Sectors (H1) and (H2) are equivalent, and for definitiveness we will work with the latter. This is defined by κ2 > κc
2,

κ1 < κc
1, with the field Φ2 reproducing the SM-like Higgs. At tree-level this model predicts the existence of three

degenerate scalar particles, m2
A = m2

H± = µ2
11 + λ3v

2/2 (see eqs. (4) and (5)). Additionally, since the mass matrix,
eq. (6), is diagonal in the inert limit, we identify the SM Higgs with m2

h = µ2
22v

2, and an additional scalar with mass
m2

H = m2
H± + λ4v

2.

The study of the phase structure on the lattice, namely the identification of the different sectors from fig. 1, requires a
proxy for an order parameter. The different regions are easily identified by monitoring global observables, i.e., volume
averaged operators, such as the average plaquette,

P =
1

V

∑

x,µ,ν

TrUµν , (14)

the squared Higgs-field length,

ρ2i =
1

V

∑

x

det(Φi(x)) , (15)

or the gauge-invariant links

La
Φij

=
1

8V

∑

x,µ

Tr
{

Φ†
i (x)Uµ(x)Φj(x+ µ̂)θa

}

, (16)

La
αij

=
1

8V

∑

x,µ

Tr
{

α†
i (x)Uµ(x)αj(x+ µ̂)θa

}

, (17)

4 In fact, in order to reproduce the experimentally observed measurements of the SM, the alignment limit of the 2HDM (where one of
the scalars reproduces the SM Higgs) seems to be favoured [31].
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where αi is the ‘angular’ part of the quaternion Higgs field, Φi = ρiαi, ρi ∈ R, αi ∈ SU(2). In order to detect the
transitions between the sectors in eq. (13) we mostly look at Lαi

≡ L4
αii

since it is a bounded quantity for all values

of the couplings [38], and it is the most sensitive to the transitions [54].5

Other than finding the regions where the Higgs effect is active, we are also interested in probing the existence of
spontaneous symmetry breaking (SSB) of the additional global symmetries in the 2HDM. In order to confirm the
occurrence of SSB we modify the partition function by adding an extra term εB to the action,

Zε =

∫

Dφ(x) exp(−S[φ] + εB), (18)

where B is a term that explicitly breaks the symmetry in question. In the modified theory there is a preferred direction
in the group space, such that we get a non-zero value, 〈O〉ε 6= 0, for any quantity O that is not invariant under this
symmetry. The occurrence of spontaneous symmetry breaking can then be probed by the order parameter 〈O〉 defined
by the limiting procedure

〈O〉 = lim
ε→0

〈O〉ε =
{

0, symmetry intact

v, spontaneous breaking.
(19)

In practice, due to the finite volume of the lattice, the definition of the order parameter must be altered to

〈O〉 = lim
ε→0

lim
V→∞

〈O〉ε , (20)

where the thermodynamic limit is taken before the ε → 0 limit.

In section IIIA this procedure is considered for studying the spontaneous symmetry breaking of the custodial SU(2)
by studying the quantity L3

α12
with

B = Tr
[

Φ†
1(x)Φ2(x)θ

3
]

. (21)

C. Standard Model physics on the lattice 2HDM

In this work, we examine carefully the spectrum of the BSM scalar states in the 2HDM described in secs. IIA and
IIB, i.e., the model that shares the same custodial symmetry with the SM. We are particularly interested in exploring
how the spectrum of these BSM states depends on the cutoff scale. In this procedure, one must embed the SM in
this model by tuning the bare parameters to reproduce SM physics. This introduces the notion of a line of partially
constant physics (LPCP), on which we fix the values of two dimensionless, renormalized SM quantities, namely, the
ratio of the Higgs to the W boson6,

R ≡ mh

mW
, (22)

and the renormalized running gauge coupling g2R(µ). The ratio, R, can also be related at tree-level to the renormalized
quartic coupling of the corresponding ‘broken’ scalar, R2 ∝ λR/g

2
R [55]. In the following, we fix the R-ratio to be

close to the SM value, R = 1.5, while the renormalized gauge coupling is set to its physical value at the scale of the W
boson mass, g2R(µ = mW ) ≡ 4παW (µ = mW ) ∼ 0.5. In other words, we scan the space of bare couplings in eqs. (10)
and (11) to study possible values of the BSM scalar masses while keeping R and g2R(µ = mW ) constant. Since no

5 The quantity ρ2i can be related to the number of scalar states, while the gauge-invariant link can be understood as the energy density
of the gauge-Higgs interaction,

L4
Φii

=
1

8V

∂

∂κi

logZ.

In the Higgs phase, the gauge interaction is screened by the ‘condensation’ of the scalar field, making the gauge field configurations
smoother, and thus increasing the average gauge-invariant link. Heuristically, using the usual symmetry breaking perspective the
‘symmetric’ phase can be understood as a random state of the SU(2) part of the scalar field, α, while it is in an ordered state in the
‘broken’ region. This explains why Lα increases across the two regions.

6 What we call the W bosons in this work are the physical gauge invariant vector states that transform as a triplet under the global SU(2)
custodial symmetry group. Their masses can be determined by spectroscopy studies on the lattice. While this is not to be confused
with the usual W boson from gauge-fixed perturbation theory (a triplet under gauge symmetry), assuming the validity of the FMS
mechanism allows to identify the perturbative states with the physical states.
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BSM particles have been found experimentally, it is not of interest to perform tune a complete line of constant physics
for the 2HDM by also keeping the masses of the BSM states fixed.

To implement the above strategy involving the LPCP, a scheme for extracting the renormalized gauge coupling has
to be specified. For this purpose, we resort to the gradient-flow scheme [56]. In this approach, the renormalized gauge
coupling is defined through the action density,

〈E(x, t)〉 = −1

4

〈

Ga
µν(x, t)G

a
µν(x, t)

〉

, (23)

where Gµν(x, t) is the flowed gauge field strength tensor,

Gµν(x, t) = ∂µBν(x, t)− ∂νBµ(x, t) + [Bν(x, t), Bµ(x, t)] , (24)

with the flowed gauge potential, Bµ(x, t) satisfying the equation,

dBµ(x, t)

dt
= DνGνµ(x, t) , (25)

with the initial condition Bµ(x, 0) = Aµ(x). The effect of the gradient flow is to smear the gauge fields over a region

of radius
√
8t. In this work, we use the Clover discretization of the field strength tensor, and the Wilson plaquette

action for the implementation of the lattice version of eq. (25). For more details, see ref. [57] and references therein.

The action density, eq. (23), at the scale µ = 1/
√
8t is a renormalized quantity at finite flow times. It has been

computed in perturbation theory [58] in terms of the renormalized coupling g,

t2 〈E(t)〉
∣

∣

∣

∣

t=1/(8µ2)

=
3(N2 − 1)g2(µ)

128π2

(

1 + c1g
2(µ) +O

(

g2
))

, (26)

with the c1 being a finite, scheme dependent coefficient, and N = 2. Using this relation we define the gradient-flow
renormalized gauge coupling, and specify its physical value at the scale of the W boson mass by,

g2GF (µ) ≡
128π2

9
t2 〈E(t)〉

∣

∣

∣

∣

t=1/8µ2

, g2GF (µ = mW ) = 0.5 , (27)

where 〈E(t)〉 is obtained from the Euclidean spacetime average of 〈E(x, t)〉. In our lattice calculation, this is obtained
by tuning the bare parameters to reproduce the condition,

S ≡
√
8t0mW = 1.0 , (28)

where the t0/a
2 is the flow time at which g2GF (µ) takes the value of 0.5.

Adjusting the bare parameters to satisfy the condition R = 1.5 and S = 1 at different lattice spacings, a LPCP is
mapped out. The interest is then to explore the realizable spectrum of the BSM scalar sector along this LPCP.

D. Physical spectrum & interpolators

In order to study the spectrum of the theory, and also to obtain the first condition for SM physics within the lattice
2HDM, eq. (22), we consider zero momentum, gauge-invariant composite operators at Euclidean time x4,

Sa
ij(x4) =

∑

~x

Tr
[

Φ†
i (x)Φj(x)θ

α
]

, (29)

W a
ij,µ(x4) =

∑

~x

Tr
[

Φ†
i (x)Uµ(x)Φj(x+ µ̂)θα

]

, (30)

that can be classified according to the representations of the global symmetry group [59] as well as of the lattice H(4)
hypercubic symmetry group. While at any finite lattice spacing it is possible to establish a correspondence between
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the H(4) representations and the continuum angular momentum and parity quantum numbers, JP , in this work we
did not try to resolve the different lattice representations, assuming small modifications for the low-lying spectrum.
See refs. [60, 61] for a dedicated analysis in the Higgs theory.

At leading order in the lattice spacing Sα
ij couples to a JP = 0+ state for any combination of i, j, and α (with the

exception Sk
ii = 0 due to the properties Φ†

iΦi ∝ 12×2 and Trσk = 0). On the other hand, the interpolators Wα
ij,µ can

be understood in terms of continuum fields by performing a classical expansion in the lattice spacing7

Wα
ij,µ =

∑

~x

1

2
Tr

[

θα
(

Φ†
i (x)Φj(x) + Φ†

i (x)Φj(x) + a(DµΦi)
†Φj − aΦ†

iDµΦj

)

+O
(

a2
)

]

. (31)

This interpolator sources states with different quantum numbers, depending on the indices i, j, and α. For i = j and
α = 4 (recall that θ4 = 12×2), the O

(

a0
)

component of W 4
ii,µ couples to a scalar state JP = 0+, and is the leading

contribution. With i = j and α = 1, 2, 3, the O
(

a0
)

terms on the right-hand side of eq. (31) vanish because Trσk = 0,

and Wα=k=1,2,3
ii,µ overlaps with a JP = 1− state. In this case, µ = 1, 2, 3 correspond to the J = 1 spin components,

and k = 1, 2, 3 to the SU(2) triplet representation. Finally, when i 6= j, the O
(

a0
)

component in Wα
i 6=j,µ is always

non-zero, and this interpolator primarily couples to four scalar states labelled by α. From the above discussion, we
can assign the JP quantum numbers in the following way,

S4
ii , W 4

ii → 0+ , Wα
ij → 0+ (i 6= j) , W k

ii → 1− . (32)

Additionally, since the J = 1 spin components have the same mass, in the simulations we average over the µ = 1, 2, 3
directions when computing two-point functions.

While the classification of the operators according to the angular momentum representations is straightforward, the
connection to the physical spectrum is more involved. The reason is that the spectrum depends not only on the sector
of the theory but also on the symmetries of the scalar potential, which can give rise to degenerate or non-degenerate
scalar multiplets in the broken phase, and even Goldstone bosons.8 In this work, we are mostly interested in studying
the spectrum in sector (H2), where both S4

22 and W 4
22 yield the mass of the SM Higgs, mh, while the vector operator

W k
22 sources the degenerate SU(2)−triplet states that represent the W bosons. The remaining four BSM scalar states

are sourced by Sa
12 or W a

12.

In the (H2) sector of the custodial 2HDM, the mixing amongst scalar states is absent. This allows us to extract the
ground-state energies by computing the effective mass, meff , from the large Euclidean time behavior of the correlators

CO(x4) = 〈O(x4)O(0)〉 =
∑

n

∣

∣

∣〈nÔ|0〉
∣

∣

∣

2

e−x4∆En , (33)

where ∆En are the energies relative to the vacuum, and O one of the local interpolators defined in eqs. (29) and (30).
The correlation functions are computed with smeared interpolators. For this we consider gradient (Wilson) flow
smearing on the gauge links.9 Additionally, we perform smearing for the scalar fields using the Laplacian operator
[62]

φ(n+1)(x) = (1 + r∇2)φ(n)(x) (34)

= φ(n)(x) + r
3

∑

µ=1

(

Ũµ(x)φ
(n)(x+ µ̂)− 2φ(n)(x) + Ũ†

µ(x− µ̂)φ(n)(x− µ̂)
)

,

where Ũ is the smeared link and r controls the smearing radius. This step is iterated N times, φ(1) = φ −→ φ(N),
corresponding to a smearing radius σx ∼

√
2Nr.

7 Uµ(x) = exp(iaAb
µσ

b/2) = 1 + iaAb
µσ

b/2 +O
(

a2
)

and Φ(x± µ̂) = Φ(x)± a∂µΦ(x).
8 Notice that in the most general 2HDM there is mixing in the scalar sector, such that a variational method would be required to extract
the complete spectrum. This is not the case in the inert limit. On the other hand, mixing always occurs in the sector (H12).

9 Gradient flow smearing includes smearing in the time direction, which breaks locality in time and may introduce contamination from
excited states in the mass extraction. For this reason, the smearing radius was always taken to be very small,

√
8tsmear ≪ tm, where

tm is the minimal time in lattice units to measure the effective mass.
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III. RESULTS AND DISCUSSION

In this section, we present the results from our numerical study. We start by investigating the spontaneous breaking
of the custodial symmetry in phase (H12) in sec. III A. The absence of custodial symmetry in the spectrum in this
phase makes it uninteresting for high-energy physics phenomenology. This leaves sectors (H1) and (H2) available for
constructing BSM models that embed SM physics. We then consider the tuning for the line of constant SM physics,
the LPCP described in sec. II C, in the (H2) sector. The results of this tuning are shown in sec. III B. Section III C
gives details of our exploration for the running behaviour of the renormalized gauge coupling along this LPCP. In
sec. IIID we report our study of the BSM scalar-state spectrum. Finally the finite temperature transition is discussed
in sec. III E.

Except for sec. IIIA, all of the numerical results shown are obtained in sector (H2). The qualitative structure of the
space of parameters, fig. 1, is common for all inert models, as known from our previous works [45, 63]. A detailed
study of the phase strucure, the spectrum, and the dependence on the bare couplings, can be found in [44]. For the
purpose of this investigation it suffices to monitor the order parameters defined in sec. II B, as well as the mass ratio
of the lightest scalar and vector states associated with the SM Higgs and the W bosons, to guarantee that we are
working in the desired sector.

A. Spontaneous breaking of custodial symmetry

In this subsection we consider the breaking of the SU(2) global custodial symmetry. In principle, such an investigation
can be carried out by identifying massless Goldstone bosons in the sector (H12). This, however, requires a dedicated
study of the spectrum in the thermodynamic limit, and is resource-demanding. In this work, we employ a different
approach to examine this symmetry breaking pattern by investigating the observable, Lj

α12
, j = 1, 2, 3, defined in

eq. (17). This observable is not invariant under the custodial SU(2) transformation. As reported below, through the
study of 〈Lj

α12
〉 across the boundary between (H2) and (H12) sectors, we are able to confirm the spontaneous breaking

of the custodial symmetry in the latter.

Similarly to what was found10 in ref. [39], 〈Lj
α12

〉 shows large fluctuations with respect to the change of κ1 when

crossing into (H12). An example of 〈L3
12〉 is demonstrated in the left plot of fig. 2. This means that care has to be

taken when using 〈Lj
α12

〉 as an order parameter. As a result, conventional methods (susceptibility, Binder’s cummulant,
etc.) may not be straightforwardly applicable for the investigation of this potential phase transition. In fact, from
this plot, it is not possible to draw any reliable conclusion regarding the symmetry breaking pattern. On the other
hand, as exhibited on the right-hand side of fig. 2, the plotted quantity, 〈Lα1

〉 ≡ 〈L4
α11

〉, signals non-trivial changes

of the system in the passage from (H2) to (H12)
11. In order to probe the possible occurrence of the SSB of custodial

symmetry, we follow the procedure introduced at the end of sec. II B. That is, we perform simulations with an added
SU(2)-breaking term, εB (eq. (21)) in the action, and extrapolate ε to zero in the thermodynamic limit.

The strategy is to then perform simulations at differentvalues of κ1 straddling the boundary between sectors (H2)
and (H12) with multiple choices of ε and the lattice volume, L (L = 32, 44, 64). The study is carried out at relatively
high lattice cutoff, with β = 8.56 in eq. (11). For other bare couplings that appear in S2HDM in eq. (10), we set their
values to be those in the β = 8.56 column in tab. I. Results of 〈L3

α12
〉 from these simulations are shown in fig. 3 for

L = 32 and L = 64. Since at any finite ε the system is forced into a unique ground state chosen by the inclusion
of the B-term, eq. (21), the expectation value now shows a smooth dependence on κ1. From the plots in fig. 3, it is
evidenced that 〈L3

α12
〉 will extrapolate to a non-zero value in the limit L → ∞ and ε → 0 when κ1 is above a certain

critical value, κc
1, while it may vanish in the regime κ1 < κc

1. It is noted that at large enough κ1, finite-volume effects
are less significant, where it is also seen that the extrapolation in ε is less pronounced at large volume.

The above observations indicate that
〈

L3
α12

〉

in the L → ∞ and ε → 0 limits can be employed as an order parameter for
investigating spontaneous breaking of the global SU(2) symmetry in sector (H12). Following the procedure described

10 A similar approach was used in this reference to confirm the spontaneous symmetry breaking of the SU(2)× SU(2)-symmetric 2HDM.
11 This quantity, 〈Lα1

〉, is not an order parameter for the custodial SU(2) since it is invariant under this symmetry transformation.
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β 8.2 8.3 8.4 8.56 8.64
κ2 0.13175 0.13104 0.1306 0.1301 0.129985
η2 0.00338 0.003 0.00285 0.00275 0.002737

R 1.509(94) 1.527(80) 1.494(65) 1.504(39) 1.462(53)
S 1.0055(98) 0.9956(65) 0.994(14) 0.994(20) 0.9958(94)

amh 0.402(28) 0.363(21) 0.305(16) 0.2192(84) 0.1863(75)
amW 0.2666(26) 0.2377(15) 0.2041(29) 0.1458(29) 0.1275(11)
t0/a

2 1.7781(58) 2.1934(74) 2.966(13) 5.810(45) 7.626(43)
1/a (GeV) 301.5(29) 338.2(21) 393.8(57) 551(11) 630.4(56)

mWL 8.485(14) 7.639(13) 6.569(15) 4.694(18) 6.145(17)

TABLE I. Bare couplings β, κ2, η2 of the LPCP together with the corresponding physical conditions R,S, the SM masses
amh, amW in lattice units, the gradient flow scale t0/a

2 and the estimated cutoff energy Λc = 1/a. The remaining couplings
were fixed to the values: κ1 = 0.1245; η1 = 0.003; η3 = 0.0002; η4 = η5 = 0.0001. The simulations are performed on lattices
with sizes L = 28, 28, 32, 32, 48 for the five β values.

states couple to the Φ2 interpolators as described in sec. IID. Other than the SM states, in this sector we find four
non-SM scalar states with masses mH and mA = mH± . From eq. (32), the correspondence between the interpolators
and the states is (the superscript index j runs from 1 to 3)

S22 ,

W j
22 ,

S4
12 , W 4

12 ,

Sj
12 , W j

12 ,

SM Higgs (mh) ,

W -bosons (mW ) ,

BSM scalar (mH) ,

BSM scalars (mA = mH±) .

Our strategy to build the LPCP is to sequentially increase the bare coupling β in eq. (11) towards finer lattice spacing.
At each β value, we scan the {κ2, η2}-space to find parameters such that the SM conditions,

R =

(

mh

mW

)

latt

=

(

mh

mW

)

phys

= 1.5 , (35)

S =

(

mW

µ0

)

latt

=

(

mW

µ0

)

phys

= 1.0 , with g2GF(µ0) = 0.5 , and µ0 =
1√
8t0

, (36)

are satisfied.14 Additionally, in this work the lattice spacing in natural units is obtained by

a =
(amW )latt

mphys
W

, (37)

where mphys
W = 80.377(12) GeV is the physical value of the W boson mass [7], and (amW )latt the corresponding lattice

measurement.

While we adjust κ2 and η2 to tune for the above SM conditions, the remaining couplings (κ1, η1, η3, η4 = η5) in the
action in eq. (10) are fixed to constant values, such that the BSM scalar masses, mH and mA = mH± , are larger than
the SM particle masses, but still well below the lattice cutoff. For this purpose, κ1 and η1 are chosen such that the
system is well within the (H2) sector. That is, the value of κ1 is much smaller than κc

1 (κ1 = 0.1245 and η1 = 0.003).
Finally, the couplings η3, η4 = η5 are kept small (η3 = 0.0002, η4 = η5 = 0.0001). This guarantees the LPCP to be
mostly insensitive to the Φ1 scalar sector (within the available precision). Notice that while we fix the values of all the
BSM bare couplings for the investigation of LPCP in this subsection, later on we will perform scans in κ1 to explore
some limits of the BSM spectrum (see sec. IIID below).

For each β value, around ten replicas of ∼ 10K HMC trajectories are generated in our simulations. Measurements of
the interpolators are performed at each HMC trajectory, while the computation of the gradient flow action density is

14 It is important to remark that the second physical condition is valid in the MS-scheme, and thus our condition is only valid at leading
order. However, given the targeted precision and the small values of the couplings, we expect this condition to represent SM physics.
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first matched to that of g2GF (µ) computed on the β = 8.64 ensemble in table I, at a renormalization scale well above
mW . We choose this matching scale to be µ ≈ 3.5mW . The running behaviour of g2PT(µ) is then obtained from the
one-loop β-function,

βSU(N)+Scalars = µ
dg

dµ
= − b0g

3

16π2
+O

(

g5
)

, b0 =
22N − ns

6
, (38)

where ns = 2 is the number of scalar-field doublets, and N = 2 for SU(2) gauge theory. Notice that the lattice data
and the perturbative curve overlap only in a limited range since the massless perturbative scheme is only valid at very
large µ. To further extend this overlapping regime, one has to perform lattice simulations at finer lattices, which is
beyond the scope of this work.

The behaviour of the running gauge coupling presented in fig. 7 can be understood as follows. When the renormal-
ization scale is well above mW , the gauge bosons are effectively massless. Consequently, the gauge coupling decreases
as we increase the scale. The theory is then QCD-like, with the onset of asymptotic freedom at large µ. When the
energy scale approaches mW from above, the masses of the gauge bosons become relevant and the coupling stops
increasing. The screening effect on the gauge force due to the massive W boson is evident at intermediate values of µ,
where we observe significant difference between g2PT, obtained in a mass-independent scheme, and g2GF (µ), computed
in a mass-dependent scheme. Notice that this effect is already relevant around µ/mW ≈ 2, where g2GF (µ) exhibits
very mild dependence on µ.

In the low-energy regime where µ ≪ mW , the gauge boson is expected to decouple completely. Here the model
effectively becomes a scalar field theory, and the coupling decreases with µ, as can be seen in fig. 7. In this region,
the gauge interaction can be characterized by an Yukawa-like potential [55, 65]. In fact, the first lattice studies of the
gauge coupling in SU(2)-Higgs models were carried out using the static potential of a pair of external SU(2) charged
doublets. For large enough separations of the charges, the potential is expected to be Yukawa-like due to the exchange
of a massive boson. In the continuum the potential is given by the integral

VY(r) =

∫

d3k

(2π)2
eik·r

k2 +m2
=

1

4πr
e−mr , (39)

involving the propagator of the massive boson. We use this to describe the running gauge coupling at µ ≪ mW ,

g2Y(µ) = r2
dVY

dr

∣

∣

∣

∣

µ=1/r

, (40)

whose functional form can be employed to fit the lattice data. The result of the fit for the finest lattice is shown for the
low-energy region in fig. 7, with the corresponding Debye screening-mass estimated to be mscreen = 0.6243(28)mW ≈
50 GeV. The relevant point here is the qualitative agreement between the running behaviours of g2Y(µ) and g2GF (µ)
for scales up to mW . On the other hand, although it may be related to the W mass, [55, 66], the screening-mass
obtained from the fit is not a physical quantity.15

D. Spectrum of scalar states beyond the standard model

The tuning for the LPCP in tab. I is performed by adjusting the set of three bare couplings, {β, κ2, η2}, spanning
the parameter space for the SM Higgs sector in the presence of SU(2) gauge fields. In this procedure, all the other
couplings (the BSM couplings) were held fixed, as explained in sec. III B. The values of these BSM couplings actually
have profound implications for the phenomenology of the custodial 2HDM under investigation. This subsection
describes our exploration of physically realizable scenarios by varying them, while keeping to the LPCP. In particular,
we are interested in the objective of establishing non-perturbative bounds on the BSM spectrum of this model. This
would, in principle, require a scan in the space of all the remaining parameters, {κ1, η1, η3, η4}, while maintaining
the conditions of eqs. (35) and (36). The computational cost of this scan and the requirement of retuning for the

15 This screening mass clearly depends on the choice of renormalization scheme.
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LPCP make it a challenging task. Consequently, for our first step of investigating the custodial 2HDM reported in
this article, the BSM quartic couplings, η1,3,4, are fixed to be weak, with the values used in our tuning for the LPCP
(sec. III B). We then explore the effect of changing the hopping parameter of the ‘unbroken’ scalar, κ1, within the
sector (H2). In principle, varying κ1 should require the retuning of {β, κ2, η2}. However, since η1,3,4 are kept small,
SM physics is expected to be almost insensitive to the change of κ1.

Before presenting details of our numerical results on the masses of the BSM scalar states, we notice that some
qualitative features of the spectrum can be obtained using perturbative results in eqs. (4) to (6), since our calculations
are performed in the regime of weak quartic couplings. We expect that the states A and H± are degenerate. The
difference between their mass and that of H is dominated by the size of η4. All these masses should decrease with
increasing κ1 in sector (H2). Furthermore, when κ1 > κc

1, the model is in sector (H12) and the SU(2) custodial
symmetry is spontaneously broken (sec. III A), where the three degenerate states become Goldstone modes. The
above considerations indicate that we can search for a qualitative lower bound of the BSM masses in sector (H2) with
κ1 close to κc

1. A more detailed, precise search for this lower bound should be carried out by also varying η4, which
we leave for future work.

β 8.2 8.3 8.4 8.56 8.64

κc
1 0.13089(31) 0.13018(42) 0.13021(65) 0.12996(59) 0.12965(61)

TABLE II. Transition points, κc
1, between sector (H2) and (H12) for the points in table I, obtained from hysteresis cycles in

Lα1
. The errors are estimated from the width of the hysteresis curve

In order to perform scans in the (H2) sector only, we first determine κc
1 for each β value in tab. I, through examining

thermal cycles. This is carried out by changing slightly κ1 after performing a small number of HMC updates, and
then continuing the simulations. Implementing a sequence of such changes, one can increase and then decrease κ1

across the boundary between sectors (H2) and (H12). This thermal cycle leads to hysteresis effects on the global
observables such as Lα1

, from which the location of the phase transition can be estimated. The results for κc
1 are

summarized in table II. Notice that for β = 8.56 this rough estimate agrees with the computation from section IIIA.

Knowing κc
1 for each β, we then perform simulations at different choices of κ1 around κc

1, holding the values of all the
other couplings and lattice volumes fixed to those in tab. I. To ensure that we stay on the LPCP when the simulations
are carried out in the (H2) sector, the SM conditions, eqs. (35) and (36), are monitored. Figure 8 shows the results of
these conditions from the scan of κ1. From this plot, we see that the values of R and S remain compatible with those
for the LPCP tuned in sec. III B. In other words, taking into account the uncertainty of κc

1 exhibited in table II, one
concludes that the SM conditions are still satisfied within error in sector (H2) for the values of κ1 we investigated.
This can be qualitatively understood as a property of the model in the regime of weak quartic couplings, and the
current study is indeed performed in this regime. Nevertheless, we note that the LPCP in table I is defined with κ1

far away from κc
1, while the points shown in fig. 8 are around the transition point. It is then interesting to see that

the SM conditions remain valid with such a large variation of κ1. Finally, for κ > κc
1 the theory is in sector (H12),

and the SM conditions are not expected to be valid.

In addition to R and S, we also examine the masses of the Higgs and W bosons in the above scan of κ1. We exhibit
these results in the left plot of fig. 9, where the κ1 values are those appearing in fig. 8. As can be seen in this plot,
these masses in lattice units are compatible with those on the LPCP in tab. I. We notice that at the largest κ1 for
each bare gauge coupling, amh and amW increase slightly, while their ratio, R, remains consistent with that at other
κ1 values in the scan. To investigate this phenomenon further, we study the κ1 dependence of the cutoff scale. The
right plot of fig. 9 shows the cutoff scale, 1/a, estimated from the condition S =

√
8t0mW = 1 with mW set to its

physical value. This plot demonstrates that the cutoff decreases when κ1 reaches large enough values, and indicates
that the increase in amh and amW derive from the change in the lattice spacing. Notice, however, that due to the
uncertainty in κc

1, these points with a decreasing cutoff scale may already be in sector (H12), where one cannot embed
the SM in the model. 16

The key conclusion is that the SM conditions, and thus the LPCP, remain unchanged within sector (H2) when κ1 is
varied. As will be described in detail below, the masses of the BSM scalar states, mH,A,H± , decrease by roughly one

16 The improved estimate of κc
1
for β = 8.56 in section IIIA further confirms this.
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compute the ”normalized susceptibility” defined as

χ̄Lα2
(T, L) ≡

χLα2
(T, L)

χLα2
(0, L)

=
〈L2

α2
(T, L)〉 − 〈Lα2

(T, L)〉2
〈L2

α2
(0, L)〉 − 〈Lα2

(0, L)〉2 . (42)

Figure 13 demonstrates the temperature dependence of χ̄Lα2
(T, L). In this plot, we only show results from the two

largest β values in tab. IV. This is because for coarser lattices, either the data points in the regime of mW /T ∼ 0.5 are
expected to suffer from significant effects of lattice artefacts (β = 8.4), or there are no data points in this transition
regime (β = 8.2 and 8.3). For each of the β value shown in this figure, we perform an additional simulation at a larger
spatial volume.

Results in fig. 13 indicate that the critical temperature (the location of the peak for χ̄Lα2
(T, L) as a function of

mW /T ) exhibits mild lattice-spacing dependence. The same behavior was also found previously on a lattice study for
the single-Higgs-doublet model [6]. In any case, our data demonstrate that the critical temperature is approximately

Tc ∼
mW

0.5
≈ 160 GeV . (43)

We stress that the purpose of this work is not to determine Tc, and the result in the above equation should be regarded
as a rough estimate. Instead, the relevant information from fig. 13 is the absence of significant volume dependence
in the susceptibility. This strongly implies that the transition is a crossover. Our finding for the finite-temperature
transition in this custodial 2HDM at weak quartic couplings is then compatible with that in the SM, where previous
lattice investigations [6, 68] concluded for a crossover at Tc = 159.5(15) GeV.

Perturbatively, most studies [29–31, 69] suggest that large quartic couplings (equivalently, a large mass splitting in
the BSM scalar sector) are needed for the finite-temperature phase transition to be first-order in 2HDM. In this sense,
although the lattice cutoffs considered in this work are not large enough to accurately resolve the electroweak transition
in the inert 2HDM, our results provide a non-perturbative confirmation that indeed, small quartic couplings do not
lead to a first-order transition. There are, however, recent perturbative predictions [31] for a first-order thermal phase
transition in the 2HDM for degenerate BSM scalars with masses around 350 GeV. It turns out that these conditions
for the mass spectrum are satisfied for the two finest lattices in this study (the BSM scalar masses are shown in fig. 6).
Nevertheless, we observe no sign of first-order transition in our non-perturbative lattice investigation.

IV. CONCLUSION AND OUTLOOK

This paper presents the first step of our research programme on non-perturbative investigations of the custodial 2HDM
using the techniques of lattice field theory. While our eventual goal is to work in the scenario of strong renormalized

quartic couplings, as a first step, however, we start with the regime where all the quartic couplings are weak. This
strategy enables the initial calibration of the theory by understanding its non-thermal phase structure, and facilitates
the study of the theory without dealing with any triviality issues. It also allows us to set the stage for the exploration
of the following three crucial issues. First, for the custodial 2HDM to be realized in nature, it has to be able to
reproduce the low energy SM observations. Second, it is of interests to the community of particle physicists to gain
knowledge on the bounds of the masses of the BSM scalar states. Last, it is essential to understand whether there
is a strong first-order EWPT in 2HDM. Althought there have been many perturbative studies of the above issues, a
non-perturbative, first-principle investigation is still desirable.

In the work reported here, we consider the parameter space of the custodial 2HDM that can be divided in four sectors,
as summarized in fig. 1. Similarly to the case of the SM, most of these regions can be connected through crossover
transitions, and therefore do not define truly different phases of the model. Among the four, (H0) corresponds to
the confining region, while the Higgs/FMS mechanism is active in (H1), (H2) and (H12). Contrary to the SM, the
additional degrees of freedom in this model allow for spontaneous symmetry breaking to occur. In order to probe this
and understand in detail the properties of the global symmetries, we examine the order parameter, 〈L3

α12
〉, defined

in eq. (17). This order parameter can be employed to probe the SU(2) custodial symmetry, which is shown to be
spontaneously broken in (H12) through our careful study described in sec. III A. This means that if we want to keep
the SU(2) custodial symmetry, only sectors (H1) and (H2) are viable for model building purposes. That is, it is
possible to embed the SM in the custodial 2HDM only in these two sectors. Since (H1) and (H2) are exactly the same
modulo naming conventions, we choose to work in (H2) in this project.
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To study the embedding of the SM in the (H2) sector of the custodial 2HDM, we consider a ‘line of partial constant
physics’, acronymized as LPCP throughout this article, that is defined to be a line in the bare parameter space, on
which the SM physics is realized at different (high enough) cutoff scales. To be more precise, two conditions involving
only SM particles and interactions are being kept. The first is the ratio between the Higgs and W boson masses, and
the second is the value of the renormalized gauge coupling. These conditions are given in eqs. (35) and (36). The
first non-trivial task in our non-perturbative investigation of the 2HDM is to confirm that such a LPCP does exist.
Working with the scenario of weak quartic couplings makes the task simpler, and it is why we choose to perform our
first study in this regime. In sec. III B, we show that this can be achieved by adjusting the bare gauge coupling, as
well as the other two couplings that involve only the SM Higgs doublet, namely, κ2 and η2 in the action in eq. (10).
All the other bare couplings (the BSM couplings) are kept fixed in this tuning procedure. It is demonstrated that
we can obtain a LPCP for five different cutoff scales straddling between 300 and 630 GeV. Details of this LPCP are
listed in tab. I.

For the tuning of LPCP, we employ the gradient-flow scheme to define the renormalized gauge coupling, g2GF . Inter-
esting features are expected for the running behaviour of the coupling in this mass-dependent scheme, since we work
in the Higgs phase (H2) where the gauge bosons are massive. Section III C illustrates our exploration of this issue.
As shown in fig. 7, at renormalization scales that are much larger than mW , g2GF behaves in a similar way as the
QCD coupling, exhibiting asymptotic freedom. Its running can be well described by the mass-independent one-loop
β−function given in eq. (38). At energy scales around 2.5mW , where effects from the screening of the gauge force due
to the W boson mass are relevant, g2GF starts to deviate from the one-loop mass-independent running behaviour. In
the regime where the renormalization scale is below mW , the characteristics of its energy dependence can be captured
by a Yukawa-like potential. We stress that our work is the first time the gradient-flow gauge coupling is studied in a
Higgs phase of gauge-scalar theories.

The aforementioned LPCP is obtained at fixed bare BSM couplings, which results in the variation of the BSM
spectrum with the cutoff scale, as can be seen in fig. 6. Since no BSM particles have been found in experiments
hitherto, it is not useful to try to obtain a complete line of constant physics for the 2HDM by also keeping the masses
of the BSM states fixed. Instead, it is more interesting to change the BSM couplings and investigate bounds on the
additional scalar masses that are compatible with the SM conditions. For this purpose, we perform a scan in the
hopping parameter (κ1) for the BSM Higgs doublet. In sec. IIID, we give details of this aspect of our work. Our
strategy is to vary κ1 within the (H2) sector, while keeping all the other couplings fixed to their values used to tune
the LPCP. It is found that the model still stays on the LPCP in this procedure. This can be understood by the nature
of the weak quartic couplings. The most important conclusion of this scanning is that the BSM scalar states can
be as light as about 0.15mW , and almost as heavy as the cutoff scale. Notice also that from experimental searches,
the existence of BSM scalar particles with very low masses is not ruled out. There are recent works in this direction
[70–72] and proposals to improve the studies at energies below 100 GeV. In [72] the range 25− 70 GeV is probed for
the pseudoscalar mA by looking for τ−τ+ resonances, while in [71] the search focuses on the diphoton final states
around the range 70− 110 GeV.

We also study the finite temperature phase transition in this work, by performing simulations at different temporal
extents with all the other parameters fixed to their values on the LPCP. From the analysis detailed in sec. III E, it is
concluded that the custodial 2HDM with our choice of weak quartic couplings does not provide a first-order EWPT.
Instead, through carrying out finite-size scaling for the susceptibility of the order parameter, it can be shown that
the finite-temperature transition in (H2) sector of the theory is a crossover that occurs at around the temperature
T ∼ 2mW . This is similar to the scenario of the SM, and is in contrast with the prediction for a first-order phase
transition from the perturbative investigation in [31].

The above findings for the bounds on the BSM masses, as well as the finite-temperature crossover behaviour, are from
simulations performed at weak quartic couplings. Working in this weak-coupling regime can make our task simpler.
This is because the interaction between the SM and the BSM sectors is small, such that the LPCP becomes largely
insensitive to the change of some bare parameters (such as κ1 and η1 in eq. (10)) that numerically only affect the BSM
sector. It is a suitable choice for the first step in our research programme, from which we have gained a significant
amount of experience in tuning and calibrating the lattice computations, and have found interesting features of the
custodial 2HDM. While this is an advantage from the practical perspective, there is no fundamental reason for the
choice of small renormalized quartic couplings, and a complete investigation is necessary. In fact, many perturbative
studies suggest that O(1) quartic couplings are required for a strong first-order EWPT. For instance, tree-level results
[30, 31] indicate the need of large mass splitting amongst the BSM scalar states for the occurrence of this first-order
transition. This condition is directly related to an enhanced value of the inter-flavour Higgs quartic coupling, namely,
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η3. Our future work will extend this exploration to the case of strong renormalized quartic couplings, in particular η3.
The tuning for a LPCP is expected to be much more challenging in this regime due to the renormalization effects of
these couplings. In fact, given that the model is expected to be trivial, it is not even obvious whether a LPCP can be
realized at large enough cutoff scales when some of the renormalized quartic couplings are large. To keep the value of
a renormalized quartic coupling fixed at O(1), non-perturbative implementation of a suitable renormalization scheme
is required. For this purpose, the use of the gradient flow on the scalar fields [73], similar to that on the gauge fields
for the definition of g2GF , will be useful. Moreover, such a scheme is a prerequisite to investigate the issue of triviality
in gauged scalar theories. To keep the value of a renormalized quartic coupling fixed at O(1), non-perturbative
implementation of a suitable renormalization scheme is required. For this purpose, the use of the gradient flow on the
scalar fields [73], similar to that on the gauge fields for the definition of g2GF , will be useful. Moreover, such a scheme
is a prerequisite to investigate the issue of triviality in gauged scalar theories.
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Appendix A: Hybrid Monte-Carlo simulation for two-Higgs doublet models

We use the HMC algorithm in our simulations. This algorithm introduces a fictitious (simulation) time t on which all
fields depend. The dynamics in the fictitious time is dictated by the Hamilton’s equations of the following Hamiltonian

H(Φ, U ;π, p) =
1

2

∑

n,α

(πα
n)

2
+

1

2

∑

µ,a

Tr
(

p2µ
)

+ S2HDM , (A1)

where pµ = paµ(x)σa, paµ ∈ R are the algebra-valued momentum fields associated with the gauge fields and πα
n are the

real momenta conjugate to the real fields ϕα
n. The evolution of the fields is governed by

π̇α
n(x, t) = − δH

δϕα
n(x, t)

, ṗaµ(x, t) = −∂a
x,µH ,

ϕ̇α
n(x, t) =

δH

δπα
n(x, t)

= πα
n(x, t) , Ȧa

µ(x, t) =
δH

δpaµ(x, t)
, (A2)

where ∂a
x,µ is the algebra-valued differential operator defined in appendix A of [56], and Aa

µ the algebra-valued gauge
fields, Uµ = exp(−iAµ). The time evolution of Uµ can be written as

U̇µ(x, t) = −ipµ(x, t)Uµ(x, t), (no sum in µ) , (A3)

while numerically the evolution of the group-valued gauge fields is implemented by

Uµ(x, t+ δt) = e{−ipµ(x, t)δt}Uµ(x, t) . (A4)
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The corresponding momentum variables satisfy

iṗaµ(x, t) =− 2
∑

n

kn Tr
[

Φ̂†
n(x)σaUµ(x)Φ̂n(x+ µ̂)

]

− 2β
∑

ν

Tr
[

σa

(

Uµν(x)− U †
µν(x)

)

− σa

(

Uµν(x− ν̂)− U†
µν(x− ν̂)

)]

.

Finally, the equation of motion for the scalar momenta in the quaternion form are

−π̇1(y, t) =− k1
∑

µ

{Uµ(y)Φ1(y + µ̂) + Φ1(y − µ̂)Uµ(y − µ̂)}

+Φ1 + 4η1

[

Tr
(

Φ̂†
1Φ̂1

)

− 1
]

Φ1 + 2µ2Φ2 + 2η3 Tr
(

Φ̂†
2Φ̂2

)

Φ1

+ 2η4

[

Tr
(

Φ̂†
1Φ̂2

)

Φ2 +Tr
(

Φ̂†
1Φ̂2iσ3

)

Φ2iσ3

]

+ 2η5

[

Tr
(

Φ̂†
1Φ̂2

)

Φ2 − Tr
(

Φ̂†
1Φ̂2iσ3

)

Φ2iσ3

]

+ 2

[

η6 Tr
(

Φ̂†
1Φ̂1

)

+ η7 Tr
(

Φ̂†
2Φ̂2

)

]

Φ2 + 4η6 Tr
(

Φ̂†
1Φ̂2

)

Φ1 , (A5)

−π̇2(y, t) = −k2
∑

µ

{Uµ(y)Φ2(y + µ̂) + Φ2(y − µ̂)Uµ(y − µ̂)}

+Φ2 + 4η2

[

Tr
(

Φ̂†
2Φ̂2

)

− 1
]
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(

Φ̂†
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)

Φ2
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Tr
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(
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)
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)

Φ1 +Tr
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Φ̂†
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)

Φ1iσ3

]

+ 2

[

η6 Tr
(

Φ̂†
1Φ̂1

)

+ η7 Tr
(

Φ̂†
2Φ̂1

)

]

Φ2 + 4η7 Tr
(

Φ̂†
1Φ̂2

)

Φ2 . (A6)

The numerical implementation of multi-Higgs theories for GPU is available in [46]. Other than the HMC implemen-
tation, the code contains the computation of scalar observables, multi-Higgs and vector interpolators, smearing of
gauge and scalar fields, as well as the gradient-flow tools such as the numerical solvers (including an adaptive step-size
integrator) measurement functions for the action density, topological charge, etc.
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[15] I. P. Ivanov, M. Köpke, and M. Muhlleitner, Eur. Phys. J. C 78, 413 (2018), ISSN 1434-6044, 1434-6052, arXiv:1802.07976

[hep-ph, physics:hep-th], URL http://arxiv.org/abs/1802.07976.
[16] I. P. Ivanov, Phys. Rev. D 75, 035001 (2007), URL https://link.aps.org/doi/10.1103/PhysRevD.75.035001.
[17] A. Pilaftsis, Phys. Lett. B 706, 465 (2012), 1109.3787.
[18] B. Grzadkowski, O. M. Ogreid, and P. Osland, JHEP 11, 084 (2014), 1409.7265.
[19] J. a. M. Alves, F. J. Botella, G. C. Branco, F. Cornet-Gomez, M. Nebot, and J. a. P. Silva, Eur. Phys. J. C 78, 630 (2018),

1803.11199.
[20] I. P. Ivanov, Phys. Rev. D 77, 015017 (2008), URL https://link.aps.org/doi/10.1103/PhysRevD.77.015017.
[21] P. M. Ferreira, B. Grzadkowski, O. M. Ogreid, and P. Osland, J. High Energ. Phys. 2021, 196 (2021), ISSN 1029-8479,

URL https://link.springer.com/10.1007/JHEP02(2021)196.
[22] S. L. Glashow and S. Weinberg, Phys. Rev. D 15, 1958 (1977).
[23] E. A. Paschos, Phys. Rev. D 15, 1966 (1977).
[24] W.-S. Hou, Physics Letters B 296, 179 (1992), ISSN 0370-2693, URL https://www.sciencedirect.com/science/article/

pii/037026939290823M.
[25] W.-S. Hou and M. Kikuchi, Europhysics Letters 123, 11001 (2018).
[26] L. Fromme, S. J. Huber, and M. Seniuch, JHEP 11, 038 (2006), hep-ph/0605242.
[27] G. Branco, P. Ferreira, L. Lavoura, M. Rebelo, M. Sher, and J. P. Silva, Physics Reports 516, 1 (2012), ISSN 03701573.
[28] M. Sher, Phys. Rept. 179, 273 (1989).
[29] G. C. Dorsch, S. J. Huber, and J. M. No, J. High Energ. Phys. 2013, 29 (2013), ISSN 1029-8479, arXiv:1305.6610 [astro-ph,

physics:hep-ph], URL http://arxiv.org/abs/1305.6610.
[30] P. Basler, M. Krause, M. Muhlleitner, J. Wittbrodt, and A. Wlotzka, J. High Energ. Phys. 2017, 121 (2017), ISSN

1029-8479, arXiv:1612.04086 [hep-ph], URL http://arxiv.org/abs/1612.04086.
[31] J. Bernon, L. Bian, and Y. Jiang, J. High Energ. Phys. 2018, 151 (2018), ISSN 1029-8479, arXiv:1712.08430 [hep-ph],

URL http://arxiv.org/abs/1712.08430.
[32] K. Kainulainen, V. Keus, L. Niemi, K. Rummukainen, T. V. I. Tenkanen, and V. Vaskonen, JHEP 06, 075 (2019),

1904.01329.
[33] M. Luscher and P. Weisz, Nucl. Phys. B 290, 25 (1987).
[34] M. Luscher and P. Weisz, Nucl. Phys. B 295, 65 (1988).
[35] M. Luscher and P. Weisz, Nucl. Phys. B 318, 705 (1989).
[36] M. Luscher and P. Weisz, Phys. Lett. B 212, 472 (1988).
[37] M. Aizenman and H. Duminil-Copin, Annals Math. 194, 163 (2021), 1912.07973.
[38] M. Wurtz, R. Lewis, and T. G. Steele, Phys. Rev. D 79, 074501 (2009), ISSN 1550-7998, 1550-2368.
[39] R. Lewis and R. M. Woloshyn, Phys. Rev. D 82, 034513 (2010), ISSN 1550-7998, 1550-2368, arXiv:1005.5420 [hep-lat,

physics:hep-ph].
[40] A. Maas, Nucl. Part. Phys. Proc. 273-275, 1604 (2016), 1410.2740.
[41] L. Niemi, M. J. Ramsey-Musolf, and G. Xia (2024), 2405.01191.
[42] M. Laine and K. Rummukainen, Nucl. Phys. B 597, 23 (2001), hep-lat/0009025.
[43] G. Catumba, A. Hiraguchi, K. Jansen, Y.-J. Kao, A. Ramos, M. Sarkar, G. W. S. Hou, and C. J. D. Lin, PoS LAT-

TICE2024, 145 (2025), 2412.13896.
[44] G. Catumba, A. Hiraguchi, G. W. S. Hou, K. Jansen, Y.-J. Kao, C. J. D. Lin, A. Ramos, and M. Sarkar, PoS LAT-

TICE2023, 087 (2024), 2312.04178.
[45] M. Sarkar, G. Catumba, A. Hiraguchi, G. W. S. Hou, K. Jansen, Y.-J. Kao, C. J. D. Lin, and A. Ramos Martinez, PoS

LATTICE2022, 388 (2023), 2210.09855.
[46] G. Catumba, URL https://igit.ific.uv.es/gtelo/latticegpu.jl/-/tree/su2-higgs.
[47] A. Ramos, Latticegpu.jl: A framework for lattice computations on the gpu, URL https://ific.uv.es/~alramos/docs/

LatticeGPU.
[48] U. Wolff (ALPHA), Comput. Phys. Commun. 156, 143 (2004), [Erratum: Comput.Phys.Commun. 176, 383 (2007)], hep-

lat/0306017.
[49] A. Ramos, Aderrors.jl,, URL https://igit.ific.uv.es/alramos/aderrors.jl.
[50] A. Ramos, Comput. Phys. Commun. 238, 19 (2019), 1809.01289.
[51] N. G. Deshpande and E. Ma, Phys. Rev. D 18, 2574 (1978), URL https://link.aps.org/doi/10.1103/PhysRevD.18.2574.
[52] J. Frohlich, G. Morchio, and F. Strocchi, Phys. Lett. B 97, 249 (1980), print-80-0557 (SNS,PISA).
[53] J. Frohlich, G. Morchio, and F. Strocchi, Nucl. Phys. B 190, 553 (1981).
[54] W. Bock, H. G. Evertz, J. Jersák, D. P. Landau, T. Neuhaus, and J. L. Xu, Phys. Rev. D 41, 2573 (1990), URL

https://link.aps.org/doi/10.1103/PhysRevD.41.2573.
[55] Z. Fodor, J. Hein, K. Jansen, A. Jaster, and I. Montvay, Simulating the Electroweak Phase Transition in the SU(2) Higgs



28

Model (1994), arXiv:hep-lat/9409017, URL http://arxiv.org/abs/hep-lat/9409017.
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