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ABSTRACT

We present an algorithm for finding chemical reaction pathways using a Monte Carlo transition state search (MCTSS) scheme. Our strategy
is a bidirectional two-state approach that simultaneously drives two Monte Carlo trajectories from reactants to products, and vice versa, until
the trajectories meet. The trajectories are driven in a Metropolis-like procedure with transition probabilities based on the real-space diffusion
Monte Carlo algorithm. A computationally inexpensive structure preselection procedure is used to guide the two trajectories toward each
other. We performed a proof-of-principle demonstration of the MCTSS algorithm for the model two-dimensional double-well potential and
for the halogen anion Sn2-substitution in halogenated methane. The MCTSS approach presented here is expected to be particularly useful
when employing electronic structure methods that do not provide analytic gradients.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license

(https://creativecommons.org/licenses/by/4.0/).

I. INTRODUCTION

Transition state theory (TST), developed almost 100 years ago,
is an extremely powerful tool for understanding and describing
the kinetics of chemical reactions. ™ TST conceptualizes all ther-
mal chemical reactions as proceeding through special points on the
potential energy surface (PES), called transition state (TS). Each
TS is a stationary point. More specifically, the energy at a TS is
maximal along one specific nuclear degree of freedom, called the
reaction coordinate, and minimal along all other nuclear coordi-
nates, forming a multidimensional pass between valleys of products
and reactants, local minima on the PES. Therefore, searching for
these TS’s is a central task for computational chemistry, which is
important in any branch of chemistry, including homogeneous and
heterogeneous catalysis’ ~ and biochemistry.

The TS search is a complicated task, as the conventional min-
imization/maximization methods cannot be applied for simultane-
ous maximization along one coordinate and minimization along
all the rest of them. Therefore, many special methods have been
developed over the years to solve this problem. The first types
of methods for TS search are optimization-like routines, such
as “Berny optimization” algorithm,” synchronous transit-guided

quasi-Newton search,'’ eigenvector following,'' and restricted-step
partitioned rational function optimization.'” These quasi-local opti-
mization methods usually require a good initial guess of the TS
geometry and a decent estimation of the PES Hessian during
the optimization, which makes such search strategies for the TS
involve a lot of chemical intuition, ultimately making finding the
mechanisms of complicated reactions a work of art.

A handful of methods for finding reaction pathways also rely on
molecular dynamics (MD) simulations. Some of those are actually
various types of enhanced sampling methods,'” such as metadynam-
ics'* and adaptive biasing force,'” which bias the nuclear motion,
such as to push the system toward the desired outcome. One can
also use restricted versions of MD, for instance, with milestoning,
to probe various reaction pathways. ' Another way to utilize MD
is to use high temperatures to provide sampling of the PES land-
scape and then analyze the trajectories to find various reaction-like
events." MD computations are generally quite expensive. Thus,
such TS search methods rely on empirical or semi-empirical PES’s to
reduce the computational cost of the methods.'” The usage of Monte
Carlo (MC) approaches for finding reaction pathways is also not an
uncommon way to explore chemical space. These methods, such as
the basin hopping MC and its extensions, can successfully locate
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global minima of multidimensional energy landscapes and even find
TS’s between local minima.

Another development in reaction path and TS search is the so-
called chain-of-states methods, which approximate and optimize a
path between reactants and specific products by representing it as a
chain-like connected set of structures.”* The first large set of chain-
of-states methods is the nudged elastic band (NEB) method,
which was later extended to the climbing-image NEB (CI-NEB)
or energy-weighted CI-NEB (EW-CI-NEB), doubly NEB (DNEB),
etc. approaches.”” The second large set of approaches is from the
family of string methods,” which later were extended to growing
string methods (GSM),”" and even single-ended GSM (not requiring
a reaction product).’” These developments inspired other two-state
methods, which locate the TS by searching structures between the
initial and final states of the reaction, such as the binary-image TS
search (BITSS) method™ or geodesic curves construction on the
machine-learned PES.

In this work, we present the MC TS search (MCTSS) method,
a two-state reaction path search approach based on real-space dif-
fusion MC (DMC),” a quantum MC (QMC) algorithm.’® In par-
ticular, the approach developed here is related to the DMC-based
smoothing procedure introduced in Ref. 37. In Sec. I1, we present the
derivation of the approach and the proposed algorithm; in Sec. 111,
we provide numerical examples by applying an implementation of
the approach to the two-dimensional double-well potential and Sx2
substitution in halogenated methane; and in Secs. and V, we
discuss the results and draw conclusions, respectively.

Il. THE APPROACH

To construct our algorithm for the search of reaction path-
ways between different structures, we will use a framework based on
real-space DMC.” Let us assume that the nuclear configuration is
described by a set of N vectors of nuclear positions {r, }_;, where N
is the number of nuclei in the system and the nth nucleus has a mass
of m,. We will denote such a configuration by a 3N-dimensional
vector, R. The electronic energy given at configuration R is given as
V(R). The time propagation operator for a time step At is given as

UA, = exp (fli—tﬁ), (1)
where # = 1.054 x 107 J/s is the reduced Planck constant, i is the
imaginary unit, and H = T + V is the Hamiltonian composed of the
kinetic (1) and potential (V') energy operators. By taking an imagi-
nary time step, At = —it, where 7 = |At| > 0 is related to the effective
inverse temperature = 7/h, we can now compute the unnormal-
ized transition probability from geometry R to geometry R’ in time
At as

2

PR R) = [(R10RI = [(Rexo (- )R] @)

We then take the second-order Trotter decomposition of the
exponential operator, namely,

exp (—%H) ~ exp (—5\7) exp (—%f) exp (—%V). 3)

For position kets |R), the following expression holds:
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T T
exp(—ﬁV)|R) =|R) exp(—ﬁV(R)). 4)
The kinetic energy evolution integral is given by

N
(R|exp (—%T)\m = (ah)P m)®

n=1

N

X €x] —IZV: ﬂ(r -1)’
P “ohr "t
mwMSD (R,R")
= Aexp| - |, 5)

where .4 is a normalization constant and

N
mwMSD (R,R") = 3 my (1, - 1) (©)

n=1

is the mass-weighted mean square deviation between the two struc-
tures R and R’. As mwMSD(R,R’) is an orientation-dependent
quantity, we take the maximal possible transition probability cor-
responding to the minimal possible mwMSD value by removing the
effects of translation and rotation of the two structures relative to
each other. For that, we first center both structures R and R’ with
respect to their centers of mass, and then, we orient one of them
with respect to the other using the Kabsh algorithm,” which yields
a minimal mass-weighted distance (mmwD) of

mmwD (R,R") = min {mwMSD (R,R")}. (7)
, we arrive at

Combining Egs. (2)-(5) and

_1V(R) TV (R") _ mmwD (R,R")
h h ht '

p(R—>R) =47 exp(
®)

To get a normalized probability of going from structure R to struc-
ture R’ in the negative imaginary time step, Af, we can take the
ratio of p(R — R’) to the probability of staying given by p(R — R)
= 4% exp (-21V(R)/h) (as mmwD(R,R) = 0). Thus, the normal-
ized probability can be written as

P(R—»R')=min{m,l}
, { (M
min | exp B
_ mmwD (R,R')) 1}.

= &)

Here and afterward, we set an upper limit on the probability, as
every structure R’ that is more probable than the current structure
R will be accepted, as is done in the Metropolis algorithm.”’ Such
a definition of transition probability is one of many that satisfy the
detailed balance principle.

To perform the sampling, we need to “mutate” each current
structure R to produce a trial structure R’. We can do that by
many different distributions, but the simplest approach is to use
the same distribution for kinetic energy defined with the imaginary
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time step At = —ir. In particular, we can set a new coordinate for a
randomly chosen nth atom (1 <#n < N) as r, = r, + 0r,, where the
displacement Jr, is chosen through the Gaussian distribution,

2my \*/? MOt -3/2 or;
p(8r,) = ( hrn) exp(—%) = (Zmrﬁ) / exp(—za:[z’),
(10)
where 0, = \/ht/(2m,) is the standard deviation for the displace-
ment. The whole algorithm for generating a single trial structure
looks as follows. First, a random atom number # is chosen from
a uniform distribution. Then, this atom’s displacement is gener-
ated using the distribution from Eq. . As the structure produced
in this way will disturb the center of mass position, the structure
is recentered, producing the trial structure R’. This procedure is
also similar in spirit to the simplified Wigner sampling introduced
in Refs. and 42; therefore, as a guess for the optimal effective
inverse temperature 8 = 7/h, we use the heuristic criterion for 7 from
Ref. 42, given as

, 1m

where (v) is the average of all harmonic frequencies of a given
molecule.

The last ingredient for the reaction path search is the directional
bias of one structure to another. For this, we use the proxim-
ity between structures defined exclusively from a kinetic energy
perspective through the probability,

P(R—>R) =

(R exp (~Tiners T)R) _ o (_mme (R,R'))

(R exp (_Tinter%’f)|R>|2 Binter

(12)
where Tinter = Ninter X 7 is the effective inverse temperature for inter-
conversion between distant structures and Nineer > 0 is @ parameter
controlling the softness of the bias (small Niner < 1 indicates strong
bias, and Nineer > 1 indicates weakened bias). The probability from
Eq. will be used to differentiate between trial structures going
toward the desired reactant/product and away from it from a pure
molecular geometry perspective, without taking into account the
PES, as the more similar pairs of structures correspond to larger
values of p(R — R”).

With all this instrumentation, the algorithm looks as follows.

e We choose two initial structures for the reactant and prod-
uct, R,(O) and RI(,O) , respectively, and compute their potential
energies V(Rr(o)) and V(RI()O)). From here on, index “r” will
denote the reactant and index “p” will denote the product.

o Then, we iterate between the reactant and product, moving
the MC simulations forward for both reactant and product.
Essentially, we are simultaneously driving two Metropo-
lis MC" trajectories: one for the reactant and one for the
product.

- The corresponding structures at iteration i are Rg(i)
and Rg,l) (X,Y =1,p).

- Now, we generate the next trial structure Ry for
the current X =r,p, while its counterpartner Y
= p,r is fixed. For this, we produce a preselection of

ARTICLE pubs.aip.org/aipl/jcp

structures using the kinetic energy probability from
Eq.

* Generate a trial structure R from the distri-

bution given in Eq. , as described in the
discussion to this equation.
Compute the probability of acceptance as
defined through Eq. as

PR}~ RY) 1}
)

() R
D (R{,R
-min{exp(mmw(XY)

*

Pacc(Rs( - R;() = min{

ATinter

13
ATinter ( )

_ mmwD (R%,Rg,i))) 1}
This probability is biased to be higher for
trial structures R that are more geometri-

cally similar to the current structure Rg,i) of

Y, than the current R)(;) of X.

We draw a number 0 < p, ., < 1 from a uni-
form distribution. If pig < Pacc (Ry — RY),
we accept the generated structure R as RY.
However, if pyia > Pacc (R — RY), we gen-
erate a new structure Rk and perform the
procedure again, until a new structure is
generated or an arbitrarily set number of
iterations (100 in this work) is reached. This
maximal number of iterations is required to
avoid endless loops if the parameters of the
simulation are improperly chosen.

*

We perform this preselection of structures because
it is computationally inexpensive, as it does not
require the calculation of potential energies, V(RY),
but it assures that we force the structures from the
reactant side of the reaction and the structures from
the product side to get closer to each other as the MC
simulation proceeds.

- For the generated trial structure, we compute the
potential energy of the trial structure V(RY) and
then the acceptance probability P(R)((') — R%) using
Eq.

- We draw again a random number p, ., and if pya
< P(Rg(') — RY), we accept the trial structure Ry
as the new geometry for X (i.e., R)(('H) =RY). If
the trial geometry is discarded, i.e., pPyial > P(R)(;)
— RY), then the structure of X remains unchanged

(i+1) ()

(R =Ry’).

e By performing this procedure, we propagate reactant and

product trajectories one after another until either a pre-
chosen number of steps is reached or the two structures
R and Rl(,i) become very close to each other. As a crite-
rion for this, we consider the distribution for generating trial
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structures Eq. . With this, if we displace all the atoms
simultaneously, the mean mwMSD between initial and dis-
placed structures is (mwMSD) = 3Nht/2. Therefore, as a
criterion for stopping the simulation, we use

() p)
2mmwD (R;”,R;”) < (14)
3Nht

where s is a threshold value that we choose to equal unity

(s=1).

I1l. NUMERICAL EXAMPLE
A. Two-dimensional model

As a first application example, we considered a two-
dimensional system that emulates bath-coupled proton transfer.
The PES for our example was defined as

Ver (x) Vean ()
—

W(xy)
—

Vix,y) = %(x,xo)z(x+xo)2+ J;yz - afxy, (15)
0

where x is the proton transfer coordinate; y is the environment
coordinate; Vpr(x) is a double-well potential of the proton trans-
fer motion parameterized through the minimum position +x, and
barrier height Vu; Viam(y) is the harmonic potential of the envi-
ronment defined via spring constant f = 47*mc*#°, with m being
the mass of the bath coordinate, ¢ = 29979 245 800 cm/s being the
speed of light, and 7 being the vibrational frequency, expressed in
wavenumbers; and W (x,y) is the coupling energy, given through
dimensionless coupling strength a. As a set of parameters, we took
the effective masses along the proton transfer and bath coordinates
equal to m =1 a.m.u., Vg = 23.9 kJ/mol (2000 cm_l), x0 = 0.5 A,
#=1000 cm™', and « = 0.7. These parameters led to two equiva-
lent minima at coordinates (Xminy,,;,) = (—0.603,-0.422) A and
(Xhsins Vimin ) = (0.603,0.422) A, with a barrier of 50.6 kJ/mol (4229
cm™') separating these potential wells. The harmonic frequencies in
these two wells were 908 and 1950 cm ™ for bath and proton-transfer
normal modes, respectively, which gave an estimated optimal 7 of

N B
S o
Energy, kj/mol

o

FIG. 1. Two-dimensional potential given in Eq. and a single MC simulation
result plotted on top. The pink and blue curves illustrate the following: (1) rejected
trials taken in the preselection procedure (the narrowest lines); (2) rejected MC
steps (medium-width lines); (3) accepted MC steps (bold lines with square sym-
bols). The green line with circular points indicates the averaged MC path. The
parameters for this simulation were 7 = 3.4 fs and Niyer = 1. An upper value of
95.7 kJimol (8000 cm~") was set to the energy axis (color scale) to increase the
contrast for the low-energy region.
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3.7 fs according to Eq.
is given in

Using this analytical potential, multiple MC reaction path
searches between the two minima were run using the algorithm
introduced in Sec. II. In this simplified model, the positions were
given by two-dimensional vectors R=(x,y) and thus mmwD
Eq. (7), reduced to the mass-weighted squared Euclidean distance
between two points, namely,

. An illustration of the PES from Eq.

mmwD(R,R’) = m((x—x')2 + (y—y')z). (16)

The MC trajectories were run with different values of 7 (0.1 < 7 < 10
fs) and Ninter (0.01 < Ninger < 100). Ten MC trajectories were pro-
duced for each pair of parameters 7 and Niper. In the end, the
following parameters were monitored: barrier height, acceptance
ratio in the MC procedure (i.e., number of accepted MC trials over
total number of steps in MC trajectory), Npi,s, defined as the number
of steps taken in the structure preselection routine, total trajectory
length, and convergence percentage. The maximal number of steps
for each single trajectory was set to 10 000 steps, which led to some
trajectories never reaching the convergence criterion during the MC
simulation. An example of how a single converged MC trajectory
looks is given in

The lengths of MC trajectories are shown in . One can
notice that in the range of 1 < 7 < 4 fs and Nineer < 1, there is a region
in which the MC simulations reach convergence faster. In addition,
the increase in the Niner parameter leads to the overall rise of trajec-
tory duration, ultimately leading to convergence of the simulation
not being reached in the designated number of steps. For instance,
for simulations with 7 = 3.4 fs and Nineer = 100, only 80% of the tra-
jectories converged, while for 7 = 4.5 fs and Niner = 100, it was 40%.
One can also note that 7 = 3.7 fs, determined from the criterion in
Eq. , is close to the optimal region for the fast MC simulation
convergence.

For Metropolis-type MC simulations, an acceptance rate of
23.4% is commonly considered optimal. In our simulations, the
acceptance rate dropped with the increase in the 7 parameter, as
shown in . Usage of smaller 7 values induces small changes
in geometries, which leads to most of the new structures generated
being accepted. At the same time, structure generation with large
7 values leads to new molecular geometries that are too distorted,

10000

T,

1000

Nmter
Mean length of MC trajectories

100

T, fs

FIG. 2. Mean lengths of the MC trajectories in the two-dimensional model at var-
ious parameters 7 and Ny The empty points indicate that not all trajectories
converged.
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100 ————— 100 0.5
Optimal acceptance rate
90 [ g 0.4
80 E 0.3
10
X 70 E 0.2
g 5
® 60 E £ 0.1
& sor oz 1 g E ° 3
£ 3 =
g aor R g 2 0.1
I 30 3 4 0.2
* E3 0.1
20 FE B 03
E= .
10 [ oz B -0.4
I T
0 Il Il Il Il Il Il Il Il Il 001 _05
0o 1 2 3 4 5 6 7 8 9 10
T fs
FIG. 3. Acceptance rates for the MC trajectories in the two-dimensional model at FIG. 5. Projection of the PES Eq. region between the two minima (solid
various parameters 7 and Niper- lines with y-coordinate shown via the color scale) and averaged reaction pro-

files from MC simulations at various parameters 7 and Niyr (points connected by
straight segments). Different point types show different pairs of 7 and Ninr. The

. . . shaded area around the points is the standard error in averaging from different MC
and due to the large potential energy increase for the trial structure, trajectories.

most of the generated steps are rejected. The desired acceptance rate
of 23.4% is reached for 2 < v < 5 fs, which again overlaps with our
estimate of 7 = 3.7 fs from Eq.

The mean length of the preselection procedure at each step of :; | ' Actual vale | e
the MC simulation (Ny;,s) is expected to increase with the decrease o b |
in the Nineer parameter: the tighter the bias criterion gets, the more _ + 10
selective the acceptance probability will be for structures that lead H ll |
toward the counterpropagating trajectory. This is exactly what is ¥ o r I+ i
seen in the simulation results, as shown in . As this stage of % M4r % L i % T } 1 2
the simulation is computationally inexpensive, this increase in the s 21 T 1 ¥ i ; ] =
number of intermediate structures by itself is not a problem. E Vg L | 1
The actual values that are produced by the MCTSS procedure = 48 I E 0.1
are the reaction barrier heights, which were estimated from using 46 - T
the x-coordinate as a reaction coordinate, and then compressing the 44 r ]
trajectories’ frames along this axis in between the two equilibrium 2 ‘1 ‘2 ‘3 ‘4 ‘5 ‘6 ‘7 ‘8 ‘9 s
values of x = £0.603 A into ten equally spaced bins. The barrier for ofs
each MC trajectory was computed as an energy difference between
the lowest and highest energy bins, and results from different sim- FIG. 6. Average barriers and their standard deviations in multiple MC trajectories
ulations were averaged out to produce the mean barrier and its in the two-dimensional model at various parameters, T and Niper.
standard deviation for ten trajectories. The resulting reaction energy
profiles obtained from averaging MC results for a given set of 7 and
Ninter are shown in , while the barriers from multiple trials
3 ‘ 100 with different parameters can be seen in . One can see from
-8 b 1 1 the figure that all the converged simulations provide a good agree-
261 i I 3} ment between the actual values of the barrier, with the largest relative
2al 1 % % 4 % HE 10 deviations not exceeding 18%. The variations in the barrier heights,
ol H T g | which even lead to lower values than the actual barrier height, appear
s b T 1 5 from sampling of the low and high energy regions on the PES. With
2 2 £ i vog these results indicating similar performance of the MC estimates of
1.8 [ 1 the barrier heights with different settings and with the presented
161 i estimates on the acceptance rate and trajectory lengths, we can con-
14+ g ’ clude that the appropriate choices for the parameters 7 and Nineer are
10k | Eq. for 7 and Nipter < 10.
1 _— 0.01
6 1 2 3 4 5 6 7 8 9 10 B. Molecular example
T, fs

1. Implementation
FIG. 4. Number of generated structures at the preselection stage for the MC

trajectories in the two-dimensional model at various parameters 7 and Niper- The software implementing the algorithm described in Sec.

for arbitrary molecular systems was written in Python using

2€:€0:91 920z Arenuer 90
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standard Python library packages (Random and Argparse), as well
as the Atomic Simulation Environment (ASE) library"’ in conjunc-
tion with ORCA 6 as the source of the potential energies. The
software also uses NumPy’' for various mathematical operations
and SciPy,” particularly for the implementation of the Kabsh algo-
rithm. The unit tests for the individual routines were written using
the Unittest framework.

2. General considerations

As an exemplary reaction, we chose the Sy2-substitution
of bromine in bromomethane (CH3Br) with a chloride anion,
producing a bromide anion and chloromethane (CH3Cl), namely,

Cl" + CH3Br = CICH;3 + Br . (17)

The structures of the reactants and products were optimized at the
HF-3c” level of theory using ORCA 6 software. As a reference, we
performed CI-NEB calculations” to find a robust approximation to
the optimal reaction pathway. Single-point energy calculations at the
DLPNO-CCSD(T)/cc-pVDZ" " level of theory were performed for
the pathway found at the HF-3c level of theory.

The MC trajectories were computed at the HF-3c and DLPNO-
CCSD(T)/cc-pVDZ levels of theory starting from the HF-3c¢ equilib-
rium structures of the reactant and the product. We processed the
MC trajectories to compute the averaged reaction potential energy
profiles. The reaction coordinate was defined as

&E=r(C...Br)-r(Cl...C), (18)

where r(A ... B) indicates the distance between atoms A and B. Neg-
ative values indicate the reactant in Eq. , while positive values of
this coordinate correspond to the product.

The whole accessible range of reaction coordinate values for all
MC frames was divided into an arbitrary number of subintervals
(15, in this work), and the frames of the MC simulation trajectory
with reaction coordinate values in these subintervals were averaged
to produce the mean potential energy with corresponding standard
deviations as well as average structures along this reaction coor-
dinate mapping. The reaction energy profiles from different MC
trajectories were then averaged.

3. Monte Carlo parameter space exploration

Similarly to what was done in Sec. , we explored the MC
performance with different values for 7 and Nineer. For this, the fol-
lowing combinations of values were taken: 2 <7< 6 fs with 1 fs
increment and Nipeer = 0.1, 1, 10. For computational efficiency, the
MC simulations were done at the HF-3c¢ level of theory. The optimal
7, according to Eq. , was 3.5 fs for the reactant and 3.4 fs for the
product in Eq.

The acceptance rate in all cases was around 50%, which is above
the optimal value of 23.4%, but still sufficiently selective to sample
the PES. The same trends as observed in Sec. persist: the trajec-
tory length decreases and Ny, increases with the decrease in Ninter,
while the acceptance rate increases with the decrease in 7. The bar-
riers for the reaction were found to be somewhat higher than the
actual ones, found using CI-NEB ( ), especially for the lower-
barrier forward reaction in Eq. . The energy profiles ( ) of

ARTICLE pubs.aip.org/aipl/jcp

Forward reaction (CI"+CH3Br—CICH3+Br’)

120 T T T
Ninter=0.1 —+—
Ninter=1
100 - Ninter=10 X 7
— NEB ——
g
= 80 —
i3
o
k=)
< 60r b
<
@
e 40 - % % b
©
@ T
20 B
0 | | | | |
2 3 4 5 6
T, fs
Backward reaction (Br'+CICH3-BrCHs3+ClI")
240 T T
220 1 B
(_E) 4
= 200 [ i
i3
£ *
(o)} - -
2 180 J
<
—
5 &
‘£ 160 l % B
= 1
s 1
140 J T T -
120 | | | | |
2 3 4 5 6
T, fs

FIG. 7. Barriers for the forward (CI~ + CH3Br — CICH; + Br~, top) and backward
(CI= + CH3Br < CICH3 + Br~, bottom) Sy2 reaction Eq. computed with MC
(points with error bars) at various parameters T and Ny, The horizontal lines
indicate barriers from CI-NEB. All calculations were done at the HF-3c level of
theory.

the reaction along the reaction coordinate, obtained from MCTSS,
are higher in energy than those from CI-NEB.

However, upon examining the resulting average geometries of
the molecular species ( ), we observe a correspondence between
the MCTSS results and the CI-NEB pathway. The energy difference
appears from the random displacements in the MC simulations,
as the pathway between reactant and product geometries is not
energy-optimized. In more detail, we can compare the parameters
of the TS from the CI-NEB calculation and the average of the
highest-energy frames from the MCTSS simulations, which would
correspond to the TS ( ). The important geometric parameters
are the distances between carbon and the halogens (r(C...Cl)
and r(C...Br)) and the mean carbon-hydrogen distance, which
we denote as 7mean (C . . . H). The last geometric parameter that we
monitor is the pyramidization parameter of the CHs-fragment,
which we define, following Ref. 56, as
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FIG. 8. Potential energy curves for the Sy2 reaction given in Eq. . Averaged
MCTSS at the HF-3c level of theory is an average curve for 20 calculations,
with 7 =2,3,4,5,6 fs and Njper = 0.1,1,10. Averaged MCTSS at the DLPNO-
CCSD(T)/aug-cc-pVDZ level was computed from five trajectories obtained with
=4 fs and Ny = 0.1,0.5,1,5,10. The energy of products in each separate
curve is chosen as the reference energy.

[Cl---CH,- - -Br]

N

o Ao =4 @
CL +CH;Br C1lCH;+Br-

FIG. 9. Geometries of the Sy2 reaction in Eq. at the HF-3c level of theory.
The molecular geometries represent the reactant, product, and TS structures from
CI-NEB calculations, while the translucent distributions show the distribution of the
corresponding structures from the MCTSS calculations, with 7 = 2, 3,4, 5, 6 fs and
Ninter = 0.1,1,10.

- [r2 x 13]

(19)
28uHH

qcH; =

where r, is the vector from the carbon atom to the nth hydrogen
atom, r; - [r2 x r3] is the scalar triple product of these three vectors,
and Suun is the area of the triangle formed by the three hydrogens.
The parameter gcu, (given in A) equals the distance of the carbon to
the plane formed by the three hydrogen atoms. The results shown in
indicate that the mean distances to the halogens are generally

a bit increased compared to the CI-NEB results, which explains the

ARTICLE pubs.aip.org/aipl/jcp

TABLE I. Geometric parameters of the TS in the Sy2 reaction given in Eq. from
the CI-NEB and MCTSS simulations at the HF-3c level of theory. The MCTSS results
are the average of 20 calculations with 7 = 2,3, 4,5, 6 fs and Nip, = 0.1,1,10.

Value, A
Parameter CI-NEB MCTSS
r(C...Cl) 2.22 2.36 +0.13
r(C...Br) 2.66 2.73 +0.09
Fmean(C. .. H) 1.09 1.09 = 0.03
qen, -0.17 -0.21 £ 0.10

increased energies. However, the CI-NEB and MCTSS results agree
within the uncertainties.

4. Demonstration of the MCTSS approach
for gradient-less methods

To demonstrate the strength of the MCTSS approach, we per-
formed a calculation of the same reaction given in Eq. (17), but with
the DLPNO-CCSD(T) method as the source of the potential energy.
This quantum-chemical method allows for single-point energy com-
putations of large systems with more than 100 atoms with chemical
accuracy.” However, no analytical gradients are available for this
method and are not expected to appear in the near future due to
the inherent complexity of this theoretical approach. For this, we
have calculated five MC trajectories at the DLPNO-CCSD(T)/aug-
cc-pVDZ level of theory, with 7 = 4 fs, chosen from the simulations
at the HF-3c level of theory, and Niner = 0.1,0.5, 1, 5, 10. The result-
ing potential energy curve for the backward-reaction path is given
in . The comparison of the MCTSS results was made to
the CI-NEB reaction-path geometries obtained at the lower (HF-
3c) level of theory with single-point energies computed at the
DLPNO-CCSD(T)/aug-cc-pVDZ level of theory, as the CI-NEB
procedure requires gradients. As one can see, the averaged MCTSS
potential energy curve is still higher in energy than the DLPNO-
CCSD(T)/aug-cc-pVDZ//HE-3c¢ profile. However, the direct appli-
cation of a high-accuracy method for reaction path investigation
can be advantageous in cases where lower-cost methods will give
divergent results.

IV. DISCUSSION

We have shown the applicability of the proposed MC approach
for identifying the reaction pathways. The computational routine
is physics-driven and allows for a few system-driven parameters
to fully define the simulation procedure. The algorithm and cal-
culations we presented here are not optimal, as our goal was to
provide a proof-of-principle for this concept. In the case of halo-
genide ion exchange in halogenated methane Eq. , the obtained
reaction barriers are somewhat higher in energy than the analogous
values found by the CI-NEB. This is most likely due to the linear
approximation between the reactant and the product, which forces
the simulation to follow a suboptimal linear path, avoiding the TS,
rather than the optimal path directly through the TS.””" Another
reason may be the stochastic nature of the MCTSS procedure, which
yields suboptimal reaction-path geometries due to residual random
atom displacements.
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There can be various ways to improve the current MCTSS
approach. We can include reusing information about previous con-
figurations or an adaptive variation of the bias parameter Ninter
during the course of the MC simulation. Due to the intrinsic sim-
ilarity of our approach to the instanton methods for simulating
nuclear dynamics,” some ideas can also be drawn from this area
of research. Further improvements can be obtained by applying a
chain-of-states treatment of trajectories: instead of having only two
co-propagating structures, one can use multiple pairwise-connected
structures, which will provide a higher flexibility of the molecular
fragments, especially in the case of highly non-linear reaction paths,
such as concerted internal rotation.

Moreover, the MC search of pathways could be useful, e.g.,
when the initial and final states lie on different potential energy
surfaces. For instance, this could be a possible strategy to sam-
ple the Marcus rearrangement coordinates upon electron transfer
processes® or to search for conical intersections between different
electronic states, similar to how that was done in Ref.

Another way to adapt this algorithm may be by fixing the struc-
ture of the initial/final state, which could be useful for sampling
structures to compute, e.g., ultraviolet-visible (UV/vis) absorption
and emission spectra.”’ For absorption spectra, the ground state
equilibrium geometry should be fixed, whereas for emission spec-
tra, it should be the equilibrium geometry in the excited electronic
state. The MC procedure can provide an ensemble of geometries, for
which individual electronic spectra can be computed. Such a pro-
cedure can be used as an intermediate cost way to include a crude
vibrational structure in the UV/vis spectra calculations, which can
be advantageous for large molecular systems, for which calculations
of Franck-Condon factors and resulting vibronic spectra might be
computationally challenging.

V. CONCLUSIONS

In this work, we presented an algorithm for searching reac-
tion pathways in molecular systems using a Monte Carlo approach.
The method is based on quantum Monte Carlo ideas, namely, on
the real-space diffusion Monte Carlo. It requires two structures, ini-
tial and final structure guesses, and then two simultaneous Monte
Carlo trajectories are driven: one from the initial to the final state and
one in the opposite direction. The Monte Carlo steps of both trajec-
tories are biased by a cost-efficient preselection procedure, forcing
the two trajectories’ frames to get increasingly close as the calcula-
tion proceeds. This algorithm was demonstrated numerically using
two examples: a two-dimensional model emulating a proton transfer
with a one-dimensional bath and an Sy2-substitution of the halogen
in halogenated methane.

While the current work provides only a proof-of-principle
implementation, the presented algorithm is already advantageous
in comparison with the established transition state search methods
because of its applicability in conjunction with quantum chem-
istry methods that do not have analytical gradients implemented,
as it relies only on single-point energy calculations. In addition,
our algorithm’s extensions might be useful for photochemistry,
electrochemistry, and spectroscopy calculations.

SUPPLEMENTARY MATERIAL

The source code used in this work and the numerical results are
available in the as a ZIP archive.
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