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ABSTRACT: We study the scaling of meson-meson scattering amplitudes with the number
of colors, N.. We use lattice calculations in a theory with Nt = 4 degenerate flavors, with
N. = 3 — 6 and pion mass M, ~ 560 MeV. We focus on three different scattering channels,
two of which have the same quantum numbers as some tetraquark candidates recently found
at LHCb: the T2,(2900), T:t+(2900), T%,(2900) and T2, (2900) states. Finite-volume
energies are extracted using a large set of operators, containing two-particle operators with
the form of two pions or two vector mesons, and local tetraquark operators. The resulting
energy spectra is used to constrain the infinite-volume scattering amplitude by means of
Liischer’s quantization condition. We consider polynomial parametrizations of the phase
shift, as well as one-loop chiral perturbation theory (ChPT) predictions. We find that our
lattice results follow the expected N, scaling and are sensitive to subleading V. corrections.
In addition, we constrain the scaling of different combinations of low-energy constants from
matching to large N, ChPT. The results for the channel corresponding to a (7t D — K+ D)
state show evidence of a virtual bound state with energy Eyirtual = 1.63(10)M, for N. = 3,
while this pole disappears at N. > 3. This may be connected to the exotic states found in
experiment.
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1 Introduction

Many features of the theory of the strong nuclear force, quantum chromodynamics (QCD),
remain puzzling despite decades of advances [1]. One example is the existence of exotic
hadrons, whose properties are being measured at experiments such as LHCb [2] or BE-
SIII [3]. This is the case, for example, of the recently-found double-charmed tetraquark, the
T..(3875) [4, 5], and of other light tetraquarks composed of a strange, a charm and two
other light quarks, the T¢5(2900) [6, 7| and T;5(2900) [8, 9] states. However, a first-principles
prediction of their properties—and in most cases a confirmation of their existence—is still
lacking. Most exotic states appear as unstable resonances that rapidly decay into two
or more stable hadrons, and so any study of their properties requires of first-principles
predictions of the scattering properties of their decay products [10].

The non-perturbative nature of QCD at low energies requires techniques that do not
rely on perturbative expansions in the strong coupling constant. One of the most successful
approaches to this low-energy regime is lattice QCD, in which the theory is formulated in
a discretized and finite space-time, and hadronic observables are evaluated numerically as
expectation values. In recent decades, progress has been made in the study of multiparticle
interactions from lattice QCD, including the development of formalisms to study two- [11, 12]
and three-particle [13-17] interactions, as well as the investigation of several scattering
processes and resonances [18|. The study of exotic states on the lattice, however, has been
focused on very specific cases, such as the T,.(3875) [19-24] or tetraquaks with two bottom
quarks [25-28|.

A complementary approach to study the low-energy regime of QCD is the large N, or 't
Hooft limit of QCD [29], where the number of colors, N, is assumed to be large. This limit
constitutes a simplification of QCD that keeps most of its non-perturbative features, and
allows to compute hadronic correlation functions as a power series in 1/N.. In particular,
scattering amplitudes are predicted to scale as ~ N 1 and so QCD is believed to reduce to
a theory of infinitely-narrow resonances at large N..

In recent years, some controversy has arisen regarding the existence of exotic hadrons in
the large V. limit. The traditional view due to Witten [30] and Coleman [31] concluded that
no tetraquarks were present in the limit, based on the factorization of four-quark operators.
However, it has been pointed out that this argument implies that tetraquarks do not mix
with two mesons in the large N, limit, but says nothing about the actual existence of the
exotic states [32]|. Instead, tetraquarks may exist in at large N, with a width that depends
on their flavor composition [33, 34].

The study of the large N, scaling of meson-meson interactions and of the properties of
exotic states, thus, requires to constrain subleading 1/N, effects. While these corrections
cannot be determined analytically, lattice QCD provides us with a tool to constrain them
with calculations at varying N.. In particular, lattice techniques have been widely used
to study the N. scaling of the hadron and glueball spectrum, matrix elements, and meson
interactions |35-52|—see ref. [53] for a recent review.

Another approach to study multiparticle interactions are effective field theories (EFTS).
These theories describe hadron interactions in terms of some effective low-energy degrees



of freedom and a set of effective couplings, which need to be determined from experiment
or from matching to lattice results. Chiral Perturbation Theory (ChPT) [54, 55] is the
paradigmatic EFT of mesons, and has been frequently employed to complement lattice
QCD studies, for example, to constrain the chiral dependence of hadron observables. In
addition, ChPT can be extended to describe meson properties and interactions in the large
N¢ limit [56-61]. This mainly requires to include the 1’ particle into the theory, which
becomes degenerate with the non-singlet pseudoscalar mesons in the limit.

Finally, other methods, such as the S-matrix bootstrap, also provide a complementary
perspective into multihadron dynamics [62], and can be used to study the large N limit of
the theory [63-67].

In this work, we exploit the synergy between lattice QCD, the large N, limit and chiral
perturbation theory to investigate meson interactions as a function of N.. We work in a
theory with Ny = 4 degenerate dynamical quark flavors, already used in refs. [45, 46, 48|, and
focus on several scattering channels: the SS channel, which is analogous to the isospin-two
channel of two-flavor QCD; the AA channel, which is antisymmetric in both quarks and
antiquarks, and exhibits attractive interactions; and the AS and SA channels, which are
degenerate and contain odd partial waves. Note that the first two of these channels where
already investigated in ref. [48] near threshold, but we here extend that study to higher
energies. Preliminary results of this work were presented as conference proceedings |68, 69|
and as part of a doctoral thesis [70].

Due to the nature of its interactions and its flavor quantum numbers, the AA channel is
a candidate to contain a tetraquark state. This possibility was studied in ref. [48]| based on
the inverse amplitude method (IAM) [71-75] and is also supported by recent experimental
findings at LHC: in our setup all the T2;(2900), T:54(2900) and T%,(2900) tetraquark
states found in B decays are expected to have the quantum numbers of the AA channel. In
addition, an analogous channel to the AA channel has been recently studied using lattice
QCD in a setup with a heavy charm, finding evidence of a virtual bound state |76]—see also
refs. [77-80] for related phenomenological studies. Thus, the investigation of this channel
and its N, dependence may help to shed light on the properties of these exotic states and
their fate in the large N, limit. A similar situation may happen with the AS and SA
channels, whose flavor content match that of the recently-found T'%; (2900) tetraquark.

We use lattice simulations with N, = 3 — 6 at fixed lattice spacing, a ~ 0.075 fm and
pion mass M, ~ 560 MeV. To determine the finite-volume energy spectrum of the channels
of interest, we consider an extensive set of operators consisting of two-particle operators with
the form of two pions and two vector mesons, and local tetraquarks, which also allow us to
investigate the impact of each type of operator in the determination of the lattice spectrum.
The results for the finite-volume energies are used to constrain the infinite-volume scattering
amplitudes, both considering model-agnostic parametrizations based on an effective range
expansion (ERE) and ChPT predictions at large N.. In particular, we compute here for
the first one-loop predictions for the AS channel in large N, ChPT. Finally, we study the
presence of a tetraquark state in the scattering processes, and compare our results for the
low-energy constants (LECs) from ChPT with previous literature.



The paper is organized as follows. In section 2, we present results for the scattering
amplitude in the channels of interest based on large N. and ChPT predictions. Section 3
discusses details on the lattice simulations and the subsequent determinations of the infinite-
volume scattering amplitudes. Results for the finite-volume energies and for the pion-pion
scattering amplitudes are presented in section 4 and section 5, respectively. We finally
conclude in section 6. This paper also contains three appendices: appendix A presents some
analytic results related to the properties of the two-pion correlation functions, appendix B
summarizes results for the ChPT amplitudes from refs. [48, 81] that are used in the amplitude
analysis, and appendix C summarizes the pion-pion finite-volume energies used to constrain

the scattering amplitudes.

2 Meson-meson scattering at large N,

In this section we focus on the general features of meson-meson scattering in the large N,
limit. We present results for a general theory with N active flavors, and focus later on the
N¢ = 4 case. For any Ny > 4, two-particle interactions between non-singlet pseudoscalar
mesons, to which we refer generically as pions, can be classified in seven different scattering
channels.! These channels correspond to irreducible representations (irreps) of the SU(Ny)

flavor group [81]. For example, for Ny = 4 the decomposition into irreps reads
15®15=84¢45945 20 15 1561, (2.1)

where we label each irrep by its dimension and the 15-dimensional irreps on the left-hand
side correspond to the adjoint irrep, under which pions transform. In this work, we aim
at constraining the scattering amplitudes of four of these scattering channels below the
four-pion inelastic threshold:

e The 84-dimensional irrep containing states that are symmetric under the exchange
of quarks and antiquarks, which has maximal dimensionality. It is equivalent to the
isospin-two channel of two-flavor QCD, and we refer to it as the S.S channel.

e The irrep containing states that are antisymmetric under the exchange of both quarks
and antiquarks, which has dimensions 20 for Nt = 4. This only exists for Ny > 4, and
we refer to it as the AA channel. As was shown in ref. [48], this state has attractive
interactions near threshold. This, together with its flavor quantum numbers, makes it
a candidate to contain a tetraquark state.

e Two irreps that contain states which are symmetric under the exchange of quarks and
antisymmetric under the exchange of antiquarks, and vice-versa, and have dimension
45 for Ny = 4. We refer to them as SA and AS channel, respectively. These two
channels are related by a C transformation, and so are degenerate in the absence of a
C P-violating theta term.

'This is reduced to three channels for Ny = 2 and six for N; = 3.



Both the SS and AA channels are even under particle exchange, and so the corresponding
scattering amplitudes contain only even partial waves, while the AS and SA channels are
odd under particle exchange, an so the corresponding amplitudes contain only odd partial
waves. In ref. [48] we already studied pion-pion interactions in the SS and AA channels
near threshold. Throughout this paper, we will refer to a generic irrep as R.

For illustration, we present a set of representative states for Ny = 4 for each of the
channels, which make the flavor and particle-exchange symmetries explicit,

proadss = 5 [IDF o0 (2)) + 1D 00K () + (1 )]
propa)as = 5 [IDF (p)m () ~ 1D (o) K (p2) + (1 p2)] -
p1pa)as = 5 (D7 m (02) + DX @)K (2)) — (1 p2)]
puma)sa = 5 (D7 G0m (02) ~ DT @OK* (2)) — (1 p2)]

2
Here, p1 and ps denote the momenta of the two particles.

2.1 Large-N. scaling of amplitudes

The large N or 't Hooft limit of QCD [29] allows to characterize the scaling of hadron
observables with the number of colors, N, and flavors, N¢, by means of a perturbative
analysis of correlations functions at large N.. The analysis of the scattering amplitudes was
already presented in ref. [48] for the S.S and AA channels near threshold up to subleading
order in N.. In this section, we briefly summarize those results, which extend trivially to
arbitrary momenta, and present the corresponding results for the AS and SA channels.

Two-pion correlation functions for all the channels considered in this work are computed
as a linear combination of two quark contractions with different momentum assignments. If
we let {k1,k2} and {p1, p2} denote the momenta of the two mesons in the initial and final
state, respectively, the correlation functions are

Css(p1,p2; ki, ko t) = D(p1,p2; k1, kast) — C(p1, p2; ki, k2s t) + (p1 < p2) ,
Can(pi,p2; ki1, ka;t) = D(p1,p2; ki, ka; t) + C(p1, p2; k1, ka3 t) + (p1 ¢ p2), (2.3)
Cas(p1,p2; k1, k2;t) = Csa(p1, p2; ki, ko t) = D(p1, p2; k1, ko t) — (p1 ¢ p2) -

The disconnected, D, and connected, C, quark contractions are diagrammatically represented
in fig. 1, and are computed in the infinite volume as

D(p1, p2; k1, ka3 t) = /d$1d$2dy1dy2 e Py tpava) ilkawithama)

X <T&“ {S(yhxl)ST(yhm)} Tr {S(ymm)ST(yz,m)D , (2.4)

C(p1,p2; k1, kast) = /dwldiBQdyldyQ e (PLy1tP2y2) ilkiwi thows)

x <Tr [S(yg,xl)ST(yhxl)S(yl,xz)ST(yQ,JJQ)}> , (2.5)



p1 k1 D1 k1

D2 ko D2 ko

(a) Disconnected (D) diagram. (b) Connected (C) diagram.

Figure 1: Diagrammatic representation of those Wick contractions contributing to the
SS and AA channels. Solid lines are quark propagators, while the squares represent pion
insertions, together with their corresponding momentum.

where S(z1,y1) denotes the inverse Dirac operator, traces are taken over spin and color
indices, expectation values are taken over all possible gauge-field configurations with the
appropriate weight, and the integrals are computed over all space at fixed time, z; = (0, x;)
and y; = (t,y;), for the initial and final states, respectively. We highlight the absence of
the C contraction in the AS and SA channels, which one may naively expect. This is a
consequence of symmetries of the used operators—see appendix A for further details.

Scattering observables can be computed from the correlation function after amputating
the external legs and removing the disconnected pieces, via the LSZ reduction formula.
The N, scaling can then be inferred from the amputated connected correlation function.
Qualitatively, the two-pion scattering amplitude scales as,

Cr— C?
R R s
M2 ~ 07% ;

(2.6)
where C; denotes the single-pion correlator, corresponding to one of the disconnected pieces
in fig. 1(a). Thus, disconnected graphs in which the two pieces are not connected by the
exchange of gluons are canceled by the subtraction of C2.

The large N, scaling of scattering observables is then extracted from studying the scaling
of the different quark contractions. As was discussed in ref. [48],% the leading contribution
from C originates from planar diagrams with no quark loops, while subleading corrections
contain one internal loop that contributes with a power of N¢/N.. The D contraction,
on the other hand, has its leading connected contribution to the amplitude coming from
planar diagrams in which the two disconnected pieces are joined by the exchange of two
or more gluons. Finally, the single-pion propagator has the same topology as C' except for

%In this work, we include an additional N_ /2 pormalization factor for each external meson insertion, as
is customary in the context of the large N. counting [82]. This factor was not taken into account in ref. [48],
but does not change the final results.



two pion insertions, and so analogous large V. scaling. All this can be summarized as follows:

1 N _
C:M<(I+b]\fc> +O(NC3)7

1
D =0C2+ ezt O(N?), (2.7)

Cr=d+ et O(N;?%).
N
Here, a — e are numerical coefficients that do not depend on N, or N¢, but have some implicit
dependence on the external momenta.
We can use these results to constrain the N. and Nt scaling of the scattering amplitudes.
Two-particle correlation functions in the AA and SS channels contain all the contributions
from eq. (2.7). In particular, the scattering amplitudes scale as

MGEAL = i]\lfc <d + B]]\\g T Cl\lfc) +O(N;?), (2.8)
where a — ¢ are linear combinations of a — e that depend on the external momenta and,
in particular, are symmetric under the exchange of momenta in the initial or final state.
The AS and SA channels, on the other hand, have identical scattering amplitudes. What is
more, only the disconnected diagram contributes. Thus, after subtracting the disconnected
pieces,

M5 = g + 0N, (2.9)
where d is another unknown coefficient that depends on the external momenta. As both
channels the AS and SA channels are degenerate, we just focus on the former henceforth.

From these results some conclusions can be extracted. As expected in the large N limit,
scattering between mesons is in general suppressed as O(N, !). However, when combined
with symmetry properties of the channels under study, an additional suppression by an extra
power of N, can arise, as observed for the AS channel. This means we expect interactions
to be much weaker in this channel than for the other two, a prediction we verify below using

lattice simulations.

2.2 Large N scaling of tetraquarks and Weinberg compositeness criterium

A topic of great interest in the large N, limit is the possible existence of exotic states, such
as tetraquarks. The standard lore, based on the works of Witten [30] and Coleman [31], is
that these states do not exist in the limit, based on the factorization property. For example,
in the case of tetraquarks, the correlation function of two local tetraquarks operators reduces
to the correlation function of four non-interacting meson operators.

This argument has been revisited in recent times following experimental findings of
tetraquark states. Weinberg [32| defended that, while the above conclusions are true for the
disconnected part of the correlation function, the connected bit, while formally subleading,
may describe different physics. Thus, tetraquarks could still arise from poles in the connected



part of the correlation function, and it is not possible to rule out their existence. Moreover,
Weinberg concluded that, if they existed in the large N, limit, tetraquarks would have a
decay width that scales as, I'tetra ~ O(N, 1), like other standard resonances.

This conclusion was later revisited in ref. [33], where it was shown that the particular
scaling of tetraquarks could be narrower, depending on their flavor composition. In particular,
open-flavor tetraquarks, such as those we study in this work, would have a narrower width,
Tictra ~ O(N;2). This scaling was also found in ref. [34], which argued against the existence
of open-flavor tetraquark states in the large N, limit.

In parallel to their large N, scaling, another open question regarding tetraquark states
is that of their internal structure. There has been much controversy on whether they have a
compact structure (and so are part of the Hilbert space of the low-energy effective theory)
or if they are instead composite molecular states. For example, the T,.5(2900) state has
been argued to be vector-meson molecule, due to its proximity to the D*K™* and D}p
thresholds [83].

A standard criteria to differentiate between compact and molecular states is Weinberg
compositeness criteria [84-86]. If a bound state is close to a two-particle threshold, the
behavior of the scattering amplitude close to threshold provides information about the
nature of this state. In particular, Weinberg criteria relates the probability of a state being
a compact particle or a molecular state to its field renormalization factor, also known as
compositeness parameter,
27y

ay

Z=1- [1 + }1/2 : (2.10)

where ay and r; are the f-wave scattering length and the effective range of the interaction.
A value of Z close to zero is an indication of a hadron molecule, while a value close to unity
can be related to a compact state.®

2.3 Chiral Perturbation Theory predictions

Chiral Perturbation Theory (ChPT) is an effective field theory that describes QCD at energies
below the QCD scale in terms of the lightest multiplet of non-singlet pseudoscalar mesons.
These are the pseudo-Nambu-Goldstone bosons arising from spontaneous chiral symmetry
breaking. ChPT allows to obtain predictions for mesonic observables, such as scattering
amplitudes, as a perturbative expansion, following the standard power counting [54, 55],

O(my) ~ O(M2) ~ O(k?). (2.11)

Here my is the quark mass, M is the pion mass and k refers to the external-meson momenta.
These predictions typically depend on a number of unknown couplings, the so-called low-
energy constants (LECs), which need to be fixed from matching to experiment or from first
principles, i.e., from lattice QCD.

ChPT admits an extension to study meson interactions at large N.. The mass of the
isospin-singlet pseudoscalar meson—the n’—receives a contribution from the axial anomaly.

#Some authors have argued that any Z # 0 would imply the state contains a compact component, and
only if Z = 0 the state can be argued to be purely molecular [87].



According to the Witten-Veneziano relation [88, 89,

M2/ — M2 + 2NfXYM

A (2.12)
i

with xyMm the topological susceptibility of the pure Yang-Mills theory and Fi; is the pion
decay constant.? At large Ne, xym ~ O(N?) and F2? ~ O(N,), and so the contribitution
to the 1’ mass from the axial anomaly is suppressed. This implies that the singlet meson
becomes degenerate with non-singlet ones in the large N, limit, and the chiral symmetry
breaking pattern changes to

U(Nf)L X U(Nf)R — U(Nf)v. (2.13)

Thus, the low-energy effective theory needs to be modified at large N, to account for both
these facts. The resulting extension of ChPT is commonly known as large N, or U(Ny)
ChPT [56-61].

As in SU(N¢) ChPT, the large N, theory also makes it possible to obtain prediction for
meson observables in perturbation theory, but requires an extended counting scheme that
includes the scaling on N, [60, 61],

O(my) ~ O(M2) ~ O(k*) ~ O(N; ). (2.14)

C

It also requires to take into account the implicit dependence of the LECs on N, [61]. Those
relevant for this work are,

O(Ne): F2,Lo, s, Ls, Ls,  O(N{): M7, Ly, Ly, Ls, L, (2.15)

with subleading corrections to this leading scaling appearing with powers of N¢/N.. Note
that we use the same notation for the LECs in the two theories, although their actual value
may not the same. In the decoupling limit of the ', one can match the two theories, finding
a relation between the LECs in both theories. In particular, for the relevant LECs here,
one finds that all are expected to be the same at one-loop order, except for Lg and Lg—see
refs. [90, 91].

2.3.1 SU(N¢) ChPT predictions

Results for two-meson scattering amplitudes for Nt degenerate flavors are known up to
next-to-next-to-leading order (NNLO) in SU(N¢) ChPT [81]. For the channels of interest
for this work, the leading order (LO) predictions are

M2
MGSAALO — g 5 Myt — 0. (2.16)
where § = (k1 + k2)?/M?2 is the usual Mandelstam variable normalized by the pion mass

squared. At next-to-leading order (NLO), the predictions depend on some linear combinations
of LECs and some additional terms, which we call fr, containing chiral logarithms. Here,

“We use the normalization for Fy corresponding to ~ 93 MeV in QCD.



we give explicit expressions for the former ones and relegate the latter to appendix B. For
the SS and AA channels, the s-wave projected amplitudes take the form

FA 128

iMa = 32Lss +32¢° Ligs + —5-q'Lis + fss(M2.¢% Vo),

F4” 198 (2.17)
MZ Q?’NLO = _32LAA - 32q2L£4A - 7q4LgA + fAA(M72r? q2a 122 Nf) 5

where ¢ = 1/5/4 — 1 is the magnitude of the relative momentum normalized by the pion
mass, and we indicate the dependence of the last term on N; and on the scale, u, on which
also the LECs depend, Lr = Lr(u). In terms of the LECs appearing in the Lagrangian, we
have®

Lssaa =Lo+2L1 £2Ly+ L3 F2Ly — L5+ L + Lg,

L/SS,AA =4Lg+ 4Ly £ 6Ly +2L3F 2Ly — L5, (2.18)

LgS,AA - 3L0 :i: 2L1 :t4L2 + Lg,

where the upper (lower) signs refer to the SS (AA) channel.
Results for the AS channel are also known and start at NLO. The p-wave-projected

amplitude is

F4
ﬁ’;Mﬁﬁ’NLO = +64¢%L g + 64¢* L' ys + fas(M2,¢2, 11, Ny) , (2.19)
i

where we have defined
Las = —2L1+ Lo + Ly,
(2.20)
LAS =211+ L>.
From these results for the scattering amplitudes, one can easily check that both the
LO parts and the NLO terms without LECs follow the expected N, scaling from egs. (2.8)
and (2.9), and so this remains true for the LECs. For the SS and AA channels, it is possible

to parametrize them as
Lss.aa = NLO + L.(Slg',AA +O(NY (2.21)

and similarly for L/SS, a4 and LgS, a4- This makes explicit the common large N, limit of
both channels. For the AS channel we have, on the other hand,

Las =LY + O(N 1) (2.22)

and similarly for L’yg. It is worth stressing that interactions are very weak in the AS
channel: they are one order further suppressed than those in the SS and AA channel both
in the standard chiral counting and in N..

The scaling with N, on the other hand, is not so clear. The chiral logs within fgr
depend explicitly on inverse powers of N¢, which are not expected from eqs. (2.8) and (2.9).
This arise since we are considering an inconsistent effective theory when taking the N. — oo
limit. In the large N, limit, these terms are canceled by implicit terms within the LECs.

®We have changed the definition of L’y 4 and L4 4 by a sign compared to ref. [48] to ensure all LECs
terms have a common large N, limit between both channels.

,10,



2.3.2 U(Nf) ChPT predictions

The large N, limit of meson-meson scattering amplitudes can be studied using U(N¢) ChPT.
In the counting in eq. (2.14), NLO predictions are given by tree-level diagrams including
insertions from O(N,) LECs, while one-loop diagrams first appear at NNLO, together with
products of O(N.) LECs, and tree-level diagrams with O(1) LECs and subleading terms
from O(N,) LECs—see appendix B for an explicit expression of NLO and NNLO part of
the amplitude. It is at this order that the differences between the SU(N¢) and the U(Ng)
theory become explicit for the observables of interest for this work. In particular, loops
including internal 7’ propagators start to contribute at NNLO.

The scattering amplitudes for the AA and SS channel were first computed up to NNLO
in the U(Ng) theory in ref. [48]. The results for these channels up to one loop can be
summarized as

Fi Fi
MSS LO+NLO+NNLO‘ Mss LO+NLO ’
MA M4 U(Ny) M M2 SU(N)

2

FQ (KSS+q KSS)+AM ( 7q2aN7Nf)7

(2.23)

F} AALO+NLO}NNLO F} AALONLO
1 M, i M,
Mz U(Ny) M SU(Ny)

2
F2

where AMgg 44 are corrections originating from loops that contain at least one internal 7’

(KAA+q2KAA) +AMAA( 7q27/~L7Nf)7

propagator, and are summarized in appendix B, and we have introduced some new LECs
formed from the product of @(N,) LECs,

Kgs = Kan = —256(Ls — 2Lg)?,

(2.24)

We note they are equal in both channels, and scale as O(N?).

On the other hand, the scattering amplitude for the AS channel starts at NNLO in
U(N f) ChPT. The full prediction has not been worked out before, and we present it here for
the first time. In this case, the only corrections come from ¢- and u-channel diagrams that
contain an internal ' propagator—see fig. 2—and the corresponding u-channel counterparts.
There is not, however, any new contribution coming from products of N.-leading LECs.
Overall, the NNLO amplitude in the AS channel is

F}  ASNNLO F}  ASNLO AS 22 7
== ' A M=, t, 4, u, N, 2.25
M4 M2 U(N) M# M2 ‘SU(Nf) + M2 ( U Us [y f)7 ( )
where ¢ and @ and the Mandelstam variables normalized by the pion mass squared, and
- 4 -2 _[.M? -
AMES (M2, T, 1, pu, Ny) = —B1(f) + —5J | i—% | — (i <> @), 2.26
SO V) = B0+ (M) (i ) (226)

There was a typo in the expression for Kgs a4 in eq. (2.18) of the published version of ref. [48], which
however does not affect the results of that work.
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Figure 2: One-loop Feynman diagrams required (together with their u-channel counterparts)
to determine the two-pion scattering amplitude in the AS channel at NNLO in U(N¢) ChPT.
Solid lines depict non-singlet mesons, while dotted ones represent the 7'.

with B; defined in eq. (B.10) and J(z) the standard loop integral—see refs. [92, 93].
From the results for the scattering amplitudes, we can study the scaling with N, and
N;. Taking the large N limit, M, — M, all factors of 1/N; appearing in the chiral logs
cancel and the expected scaling from egs. (2.8) and (2.9) is recovered for those terms. This
implies that the same scaling also holds for the Ly terms, allowing to parametrize them as

LSS,AA|U(Nf) = NCL(O) + NfL((;l) + Lgl) + O(Nc_l) )

) . (2.27)
LAS’U(Nf) = LAS + O(Nc ) )

and similarly for Lig 44 and Lg 44, and L'yg, respectively.

In the case of the SS and AA channels, it is possible to disentangle the subleading term
that is proportional to Nt from the other one by combining the results for the two channels,
even when working at fixed N¢. This property only holds for Nt > 4, when the AA channel
is available. In particular, when studying the scattering process up to the inelastic threshold,
one expects to be able combine the results for the two channels to obtain predictions about
the scaling of the following combinations of LECs,

Lo+ L3 — Ls + Ly = N.L© 4+ NeLUY + O(NY),
ALo+2L3 — Ls = NeL'® + eI/ + O(NTY)
3Lo — Ly = N.L"® + N:L/V) + O(NY,
2Ly + 2Ly — 2Ly + 2Lg = LY + O(NY),
ALy + 6Ly — 2Ly = L'Y + O(NTY),
2Ly + 4Ly = L' + O(NY).

(2.28)

When working close to threshold, as we did in ref. [48], only Lgg a4 could be constrained.

2.3.3 The inverse amplitude method in ChPT

Lattice simulations allow to constrain the scattering amplitude of two pions from first
principles. By the matching the lattice data to the ChPT predictions presented in the
previous section, one is able to constrain the values of the LECs. In particular, if lattice
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simulations are performed for varying values of N, the scaling of the LECs towards the
large N, limit can be characterized.

It has been known for a long time that naive ChPT predictions for the scattering phase
shift converge poorly as the energy is increased above threshold. An alternative approach
that allows to improve the convergence of the chiral expansion is the inverse amplitude
method (IAM) [71-75], which imposes perturbative unitarity and analyticity for the solution.
This has been used to describe experimental data [73|, to analyze lattice results [94-98], and
also in the context of the large N limit [99-102].

When working up to NLO, as is the case of the SU(V¢) theory, the IAM ¢-wave scattering
amplitudes are rewritten as

()

= M MNLO

Expanding as a power series, one recovers the 1n1t1al scattering amplitude to NLO. We note
that the numerical values of the LECs may be different in the unitarized theory |71, 73, 75|,
coming from a redefinition of the higher orders.

The validity of [AM fails in the subthreshold region in the neighborhood of an Adler
zero (a zero of the scattering amplitude), for which it predicts a double zero. To extend
the applicability of the IAM in the presence of an Adler zero, a modified IAM (mIAM) was
proposed in ref. [103], in which the scattering amplitude is rewritten as

(2.29)

LO
- MR MNLO As) |

where A(s) is an analytic function of the total energy,

A(s) = MNLO( o) — (sLo — 5a)(s — sL0) [85/\/112“,(5)(%0) - 3sM2N,IZO(3LO)] ;o (23D)

S — SA

with Js the derivative with respect to s, sr,o the location of the Adler-zero at LO and

sa = 510 — M3y0(s10)/0sM59 (s10) , (2.32)

its position at LO+NLO. For the SS and AA chanels, one finds s;,0 = Mg It is worth
noting that the mIAM remains close to the IAM far from the Adler zero region.
In the case of the U(N¢) theory, one needs to be more cautious. Although we are working

up to NNLO, order-by-order unitarity relations are imposed in a different manner that in
SU(N¢) ChPT. The optical theorem takes the form

NNLO q26+1 LO 2
M ‘U(Nf) - 167m4/s (MZE |U(Nf)) ’ (2.33)

and an imaginary part of the amplitude first appears at NNLO. In this case, several options ex-
ist that lead to a unitarized amplitude. One alternative would be to use an expression for the
IAM amplitude as the one used in heavy-baryon ChPT [104, 105]. In this work, however, we
have treated NLO and NNLO together for simplicity, and the IAM form in eq. (2.29) is naively
extended to large N. ChPT by substituting Mg{%o ’SU(N — Mg% o T MQ{?LO}U(M)
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3 Lattice QCD methods

3.1 Ensembles and single-meson operators

We study pion-pion scattering in the SS, AA and AS channels using lattice QCD simulations
at different values of N, = 3—6, working on replicas of the heaviest-pion-mass ensembles used
in refs. [45, 46, 48]. We use a modified version of the HiRep code running on CPUs [106, 107]
to generate the configurations and measure correlation functions’ . Ensembles are generated
with the Iwasaki gauge action [109] and a fermion action with Ny = 4 degenerate flavors of
dynamical clover-improved Wilson fermions, with periodic boundary conditions.® For the
N. = 3 simulations, the value of cgy, is determined from the one-loop result for N, = 3 [110]
boosted by the plaquette, and this is kept fixed for all values of N, in accordance to its
leading N, scaling—see ref. [45] for a detailed explanation.

A summary of the simulation parameters is presented in table 1, where we also indicate
the values of F; for these ensembles as obtained in ref. [48] using a mixed-action setup with
maximally twisted-mass valence fermions [111]. On the other hand, the lattice spacing was
determined using the gradient flow scale to/a®—sce ref. [45].

Single-meson masses are needed to study two-meson scattering processes, in particular
to know the location of inelastic thresholds. For this reason, we begin by computing the
mass of the lowest-lying mesons. We compute correlation functions between quark bilinear
operators with different J cp quantum numbers, focusing on non-singlet flavor states. In
particular, we consider local meson operators with different Dirac structures,

O 1, (p.T51) =Y a5, (a; )Ty, (a5 t)e ™ P* (3.1)
€T

where, f; are flavor indices, used to project to definite flavor quantum numbers, I" is the
product of different gamma matrices, and p is the meson momentum.

Ensemble L3 x T I5; Csw am a (fm) aF,
3A11 243 x 48 1.778 _0.4040 0.075(2)  0.0452(3)
1M1 20°x36 3570 | —0.3735 0.076(2)  0.0521(4)
BAI0 20°x 36 5969 O —0.3458 0.075(2) 0.06154(22)
6A10 20% x 36 8.974 —0.3260 0.075(2) 0.06874(21)

Table 1: Summary of the ensemble parameters used in this work. L and T indicate the
number of points of the lattices in the spatial and temporal directions, respectively, § is the
gauge coupling, cgw is the Sheikloleslami-Wohlert coefficient, and am is the bare mass of the
Dirac operator. Finally, a is the lattice spacing, determined from the flow scale ty/ a? [45],
and Fy is are the results for the pion decay constant from ref. [48].

"For a GPU version of the HiRep code, see ref. [108].

%We note that the use of periodic boundary conditions may lead to freezing of the topological charge,
specially at higher values of N.. We neglect the impact of the topological charge on scattering observables
in this work, and leave its study for the future.
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We focus on studying the masses, M)y, of the pseudoscalar (I' = 5, to which we refer
as 7), scalar (I' = 1, called ag), vector (I" = ;, called p) and axial (I' = y57;, a1) non-singlet
mesons. These are determined from a single-state fit to the correlation functions computed
with p = 0. For the pseudoscalar and vector mesons, we also determine the correlation
functions, Cirp(t), for p # 0, from which the single-meson energies at definite momentum
are extracted, EX* (k). These can be used to study the lattice dispersion relation of these

states, which can be compared to the expected continuum dependence,

ESP™ (k) = /M3, + k2. (3.2)

3.2 Two-particle operators

To determine the two-particle finite-volume spectrum, we compute a matrix of correlation
functions,

Ciy(t) = (0:(H)0}(0)) . (3.3)

for a set of interpolating operators, {O;}, which have the correct quantum numbers of the
channel of interest. In particular, one must use a sufficiently large set of operators, having
significant overlap onto all the finite-volume states expected in the energy range of interest.

For this work, we consider three classes of interpolating operators: two-particle operators
with the form of two pions, 77, or two vector mesons, pp, and local tetraquark operators,
T. In all cases, we consider different values of the total momentum, P.° The inclusion
of pp operators has a double motivation: vector mesons are stable in our ensembles and
so their inclusion may be needed to correctly determine the finite-volume energies below
the four-pion threshold, and also they may be useful to investigate tetraquark states, as
some of the tetraquarks of interest have been argued to be molecular states of two vector
mesons [83]—see section 2.2. The use of T operators, on the other hand, may also help in
the search for tetraquark states [112].

Two-particle operators are constructed from the product of two single-meson operators,

(77)(p1,p2) = OM(p1,75)0™ (P2,75) ,

(pipj)(p1,p2) = OM(p1,7%)OM (p2,7;) , (3:4)

These are projected to definite isospin channel and to irreps of the the cubic group (for
P = 0) or the relevant little group (for P # 0). Both projections block-diagonalize the
matrix of correlation functions, simplifying the subsequent analysis.

Isospin projection is performed for the channels of interest. Projected states are
presented in the case of two pions in eq. (2.2) for the 77 case, and analogous states also hold
for pp operators, using the corresponding vector mesons (p, K*, D*, DY). Projection to
irreps of the cubic group or the relevant little group, denoted generically as G, is performed
following refs. [113, 114]. Given some operator O, we project it to irrep A as

OM\(t) oc Y T (R) Ur O(t) U, (3.5)
Reg

9Note, however, that we do not average over equivalent momentum frames, and we only consider one
fixed momentum in each case.
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where R are the elements of G, Ug is the operator that applies that transformation to O
and TA (R) is the representation of R in irrep A. The index A labels the component within
the irrep, which may have dimension larger than one. For irreps having dimension larger
than one, we have averaged the results over each component of the projected operators.
Note that each irrep contains contributions from different angular momenta, since rotational
invariance is broken by the cubic lattice. In this work, we will restrict ourselves to those
irreps that have a contribution from the lowest partial wave, and work in the lowest-partial
wave approximation when matching to infinite-volume amplitudes. That is, we neglect
contributions from higher partial waves, which we justify later.

Cubic-group projection is straightforward for pion-pion operators, but becomes cum-
bersome for two vector mesons, due to the additional vector indices. In particular, for a
fixed non-interacting energy, several projections may exist to one same irrep. For example,
if we consider the P = (0,1,1) frame with |p;| = 0 and |p2| = V2 (in units of 27/L), three
different states can be constructed that transform under the A; irrep,

(Pp)l = p2([07 07 0])P3([0, 1’ 1]) + pg([O,O,O])pQ([O, 17 1]) )
(pp)2 = pQ([Oﬂ 0, 0])/)2([07 L, 1]) + /33([07 0, O])p?)([ov L, 1]) ) (36)
(pp)?) = pl([oa 07 0])P1([07 17 1]) )

where the numbers in brackets are the three-momenta of each pion, in units of 27/L. In
general, it is possible to project states of two vector meson to any cubic-group irrep. For
this work, however, we restrict ourselves to those irreps containing pion-pion states at
lowest partial wave, this is, s-wave for the SS and AA channels, and p-wave for the AS
channel. The total number of two-particle operators used in this work for each channel and
cubic-group irrep is presented in table 2.

The last class of interpolating operators that we use are local tetraquark operators.
These are constructed from the local product of two quark bilinears, projected to definite

total momentum,

Tty (P, 1) = Z Irr, (x)e—iPa: ) (3.7)
T
where the coordinate-space tetraquark operator is,

Ir,r, (x) =4 (x)rquzqf:a (:L')(x)FQQf4 (), (3.8)

and flavor indices are used to project to the channels of interest, in analogy to what is done
for two-particle operators. We consider several combinations of {I'1, T2} for all scattering
channels, having the correct spin, J, parity, P, and charge-conjugation, C', quantum numbers.

In particular,

SS and AA channels, J7 = 07 : {y5, 95}, {7570, 1570}, {1, 1}, {775} {7 1571 )

AS channel, JPC =17 {ins, y57v ), {7570, 157
(3.9)

where the i factor in the first combination of the 17 tetraquark is required to ensure
hermiticity of the operator. In analogy to two-particle states, tetraquark operators are also
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projected to definite irreps of the flavor and cubic groups. The total number of tetraquark
operators used in this work for each channel and irrep is also presented in table 2.

A complete list of the cubic-group projected operators used in this work is available as
ancillary material with the arXiv submission [115].

3.3 Computation of correlation functions

Correlation functions between the operators described in the previous section can be
computed for the channels of interest as a combination of the connected and disconnected
quark contractions, similarly to the results presented for pions in eq. (2.3),

Css(t) = D(p1,1, p2, T9; k1,1, ko, Tast) — C(p1, T, p2, T k1, 1, k2, Tas t)
+(p1 <> p2,T'1 <> I'g),

Caa(t) = D(p1, T, p2, Ty k1, Ty, kg, Tost) + C(py, T, p2, T k1, Ty ko, Tost) - (3.10)
+(p1 <> p2,T'1 <> I'g),

Cas(t) = D(p1, T, p2, T5; k1, T1, k2, Tast) — (p1 > p2,T'1 <3 T2).

where {ki, ko} and {p;, p2} indicate the momenta of the particles in the initial and final
state, respectively, with P = ki + ko = p1 + po, and similarly for the Dirac structures,
{T'1,T2} and {T"},T%}. The dependence on these quantities has been omitted on the left-
hand-side of the equalities. (Anti)symmetrization over momenta and Dirac structures is
performed simultaneously, as indicted in the parenthesis.

I SS and AA channels AS channel
Hep v pp T g pp T
A7 (0) 5 6 5 — — —
T, (0) — — — 4 8 2
Aq1(1) 5 9 7 5 9 2
E(1) — — — 3 13 2
A1(2) 8 18 9 6 12 2
B1(2) — — — 4 15 2
Bs(2) — — — 6 16 2
A1(3) 5 7 7 5 7 2
E(1) — — — 5 12 2
A1(4) 5 8 7 2 3 2
E(1) — — — 3 9 2

Table 2: Number of operators of each type used in each isospin channel and cubic-group
irrep. Numbers in parenthesis on the left column indicate |P|? in units of (27/L)?. We note
that operators in the F and T1+ irreps have multiplicity two and three, respectively, which
is not included in the counting.
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On the lattice, the connected and disconnected quark contractions take the form,

D(p1, T}, p2, T k1, T1 ko, Tost) = Y Y e Pwidpamleilkimthor) g (g, 2,)0(y, yo)

L1,T2 Y1,Y2

« (Tr [f’IS(yl,xl)f‘lST(yl,ml)} Tr [fQS(yQ,xQ)fQST(yQ,xQ)b, (3.11)

C(p1,Th, P2, Thi k1, T kg, Tost) = Y e iPwtpew)eilamitha®)e () 20)0 (y1, y2)

T1,T2 Y1,Y2

x (Tr [flzs(ymm)ﬁST(yl,ml)flls(yl,962)1;25T(y2,362)}), (3.12)

where we have defined I = ~oI''ygy5 and T = 45T, and we use 2; = (tge, @;) and
Yi = (tsre + t,y;i), with tge the source time, of which the results are independence due
to time-translation invariance. Also, we have introduced functions © that generalize the
correlation functions to include tetraquark operators,

1 Two particles at source,

@(2131,232) = { (313)

0z1 o Tetraquark at source,
and similarly for the final-state and ©(y1,y2).

To evaluate the correlation functions, we use two different techniques depending on
whether we have a two-particle or a tetraquark operator at source. Sums at sink, on the
other hand, are performed exactly. In the case of two particles at source we use time-
and spin-diluted Zs x Za stochastic sources, &.(x) [116-118], where ¢ indicates the color
index. Each particle is represented with an independent source, and the computations are
repeated on 36 source times with different sources for each configuration. For mesons with
non-zero momentum, we boost the stochastic sources before solving the Dirac equation,
£9(x) = e"9%¢ (x). Then, the Fourier factor of the corresponding meson is recovered from
the inner product of boosted stochastic sources,

g11 (71) g; (12) = e—i(q1—q2)m15w17$2561762 + O(N_1/2) ) (3.14)

where the resulting meson at source would have momentum q = q; — g2. We have computed
the minimal set of boost momenta that need to be used to construct all meson operators of
interest, which reduces to only 12 different non-zero values.

Correlation functions involving tetraquark operators at source are computed using point
sources localized on a sparse lattice at fixed time slice,

As(t) = {(t, S1 + dn1,82 +dn2,83 + dng)‘ n; € Z,O <n; < L/d,O <5 < d} R (3.15)

where we use a coarsening step d/a = 4. For each configuration the offsets, 0 < s; < d
are randomly generated, and the computation is repeated over two maximally separated
time-slices, the location of which is also selected at random. For the computation of the
correlation functions, the use of a coarse lattice amounts to substituting

o= > (3.16)

T1,L2 x1,x2€As (t)
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in the definitions in egs. (3.11) and (3.12).

For the channels of interest, no equal-time quark propagators need to be computed,
and so we found the use of stochastic and point sources sufficient for the computations, and
we do not use smearing techniques. The application of variational techniques, as described
in the previous section, shows to be sufficient to confidently determine the finite-volume
energy spectrum in the elastic region.

After computing the matrices of correlation functions, we use the relations C(t) = C'(t)
and C(T —t) = C*(t) to average the numerical results, which hold due to the hermiticity of
the used operators and the periodicity in time (antiperiodicity for fermions) of the lattice
ensembles. Also, since the correlation functions are in general expected to be purely real—see
appendix A—we drop the imaginary parts of the results, which are a numerical artifact
arising from the use of stochastic sources for meson-meson operators. The only exception
are correlation function in the AS channel that involve a single T’ ., 1+, operator, which
are imaginary, and so we drop the real part.

3.4 Determination of finite-volume energies
3.4.1 Cancellation of thermal effects

Finite-volume energies can be extracted from the matrix of correlation functions using a
variational analysis. However, the applicability of these techniques is limited by the presence
of thermal effects, which arise due to the limited time extent of our lattices. To eliminate,
or at least mitigate, thermal effects, we use a generalized version of the shift-reweighting
technique first used in ref. [113|, which also incorporates thermal backpropagating effects.
When Hermitian operators are considered, the real part of the matrix of correlators takes
the form
Re C(t) = Z Ay cosh(Ept) + Z By cosh(AE™ '), (3.17)

n m,n
where t' =t — T'/2, sums are performed over all states |n) in the Hilbert space of the theory
that have a non-zero overlap onto the operators, and the real coefficients A,, and B,,, are
related to the operator matrix elements between the vacuum and the |n) state, or between
the |n) and |m) states, respectively. The first sum depends on the two-particle energies
that we want to determine, while the second depends on energy differences, and represent
the main thermal pollution limiting the applicability of the variational techniques. The
dominant terms contributing to this pollution are related to the energy difference between
single-meson states,

AER, = Ex(gm) — En(qn) (3.18)

for momenta q; — g2 = P, where g; is the momenta associated to the single-particle state

To reduce the thermal effects we subtract the contribution from the dominant term
in the second sum in eq. (3.17), which corresponds to a two single-pion state with mo-
menta p;, with magnitudes summarized in table 3. The energy difference is therefore
AE™ = E©"(p;) — E°M(py), and the corresponding thermal effects can be eliminated by
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P/(2r/L) |pi?/(2n/L)* |pof?/(2n/L)

(0,0,0) 0 0
(0,0,1) 1 0
(0,1,1) 1 1
(1,1,1) 2 1
(0,0,2) 1 1

Table 3: Magnitude of the single-particle momenta used to perform the shift-reweighting
technique in eq. (3.19) that approximately eliminates leading thermal effects.

defining a shift-reweighted correlator as

- 1 [ cosh(AE™) cosh(AE™)
e = 2 {cosh[AEthtﬁr] Cle+a)- Cosh[AEthtL]C(t - a)} ' (3.19)

Here t/, = t' & a, and the single-pion energies are computed using the continuum dispersion
relation, eq. (3.2), rather than the results obtained on the lattice for boosted pions. We note
that for the rest frame as well as the (0,1,1) and (0,0, 2) frames, this procedure basically
amounts to computing the numerical derivative of the matrix of correlators.

3.4.2 Generalized eigenvalue problem

After reducing thermal effects, we use C(t) to solve a Generalized Eigenvalue Problem
(GEVP),

C(t)on(t, to) = A(t, t0)C(to)vn(t, to) , (3.20)

where the eigenvalues can be proven to obey [119, 120]
An(t,to) = AP (#) [+ O(e )] (3.21)
where n =0,...,N — 1, A, = Eny — E,, and we have defined

cosh(AE™t)

cosh(AE™) ,
(t) = { COSh(Ent+) — m

T T T A =ik 1 /
cosh[AE!/, ] cosh(Ent_) } ; (3.22)

which encodes the dominant energy dependence of the eigenvalue, with B an unknown
amplitude. Strictly speaking, the form of the correction in eq. (3.21) only holds as long as
to > t/2, although imposing this is not always feasible when analyzing lattice results.

The eigenvectors, vy, (t,tp), determine the overlaps of the operators into the states |n),

C(to)vy ~ (0]0;|n)eEnto/2 (3.23)

where we have considered the states |n) to be normalized to unity, i.e., (m|n) = dpy,. Also,
we are neglecting thermal effects here, which should be negligible at early times at which the
GEVP is solved—see the discussion below. Furthermore, the eigenvectors define optimized
operators that have maximal overlap onto the |n) states, and the eigenvalues of the GEVP
correspond to the correlation function of these optimized operators.
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Using the eigenvectors, one can define the overlap of the operator O; into the state |n),

relative to other states, as

(0[04[n)
2 (010i|m) ”

where the computation of (0|O;|n) with eq. (3.23) requires of the use of the associated

Zi = (3.24)

finite-volume energies. It is also possible to define overlaps relative to other operators O;.
While this has the advantage that the energies are not needed, it may lead to misleading
conclusions since the normalization of each operator is arbitrary.

In this work, we use the single-pivot procedure [121, 122] to solve the GEVP, in which
it is only solved at a single time ¢, > %q,

C(tp)vn(tp, to) = Atp, t0)C (to)vn(tp, to) , (3.25)

and only for the mean of the bootstrap samples. This GEVP can be rewritten as a normal

eigenvalue problem,
CY2(t0)C(tp) O™ Y2 (t0) o (tp, to) = Altp, o) Tn(tp, to) - (3.26)

where v,, = cY 2(to)vn, and solved with standard methods. The eigenvectors o, (tp, to) are
used to rotate CTY2(t)C(£)C~2(t) for all time slices and bootstrap samples, and the
principal correlation functions are taken to be the diagonal elements of the result. This
procedure is found to be more stable than solving the GEVP on all samples or on all time
slices. We find our results to be stable under reasonable changes of ¢y and t,—see fig. 5
below—and use (%o, tp) = (3a,5a) in our analysis.

Before moving on, it is worth commenting about the applicability of the GEVP to our
setup, as we are defining tetraquark operators in a different way at source and sink, this is,
with a sparse definition of the momentum projection at source and an exact sum at sink.
However, we are using random offsets on each configuration to define the sparse sublattice,
and so averaging over multiple configurations leads to the non-sparsened result. Even if
this was not the case, exact momentum projection at sink ensures that the only states that
contribute to the sums in eq. (3.17) are the same ones as those that would contribute if exact
Fourier projection was also performed at source. Thus, we can apply the GEVP without
further complications.

3.4.3 Finite-volume energies from ratios of correlation functions

To extract the finite-volume energies from the eigenvalues of the GEVP, we use ratios
between two- and single-particle correlation functions. This has been empirically found to
cancel correlations between one- and two-particle correlation functions, and improve the
finite-volume energy determinations [122, 123|. In particular, for those states that have a

maximum relative overlap into a two-particle operator of the form Oy (k1)On (ko)™ we

1%While the exact determination of the relative overlaps from eq. (3.24) requires to know the finite-volume
energies a priori—see eq. (3.23)—, we find that one components of the eigenvector always dominates, and so
the identification of the corresponding states only an estimate of the energy is needed, for example from
computing the effective mass as some fixed time.
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construct the following ratio

_ An(t)
Bnlt) = 0[Car ke, (1) Car e (1)) (8.27)

To extract the finite-volume energies, we assume one-particle correlation functions to be

dominated by a single state,
Cup(t) = Acosh(Efft') (3.28)

and consider the generalized eigenvalues of shift-reweighted matrix of correlation func-
tions to behave as A" (¢), given in eq. (3.22). These two expressions are then feed into
eq. (3.27), where we use a neutral finite-difference discretization of the time derivative in
the denominator, to define the final fit function. Fitting this function to the lattice results,
we determine an overall amplitude plus a result for the finite-volume energy, Eif‘tt. We then
perform a correction of the finite-volume energy

E, = E* — EYf* (k1) — Byt (k2) + E§™ (k1) + E57 (K2) (3.29)

where, recall, ES3™ (k) is the single-meson energy defined using the continuum dispersion

relation in eq. (3.2). This correction reduces leading discretization effects in the energy
determinations [124].

Correlated fits to the ratios are performed over a range of times ¢ € [tmin, tmax]| for each
energy level independently, and the final result is extracted from where the fit results show
a plateau. Typically, this is done by choosing a single fit range from visual inspection. In
this work, instead, we average over multiple fit ranges, varying both t;, and tmax,ll using
weights based on the Akaike Information Criteria (AIC) [125, 126],

1
w; o< exp [—2 (x? — 2N; + 2Npar)] , (3.30)

where y; is the chi-square of the fit, N; is the number of fit points used for the fit and

Np

and its variance for fit ¢, the final averaged results are computed as

<En> = ZwiEn,iu
%

ar = 2 Is the number of fit parameters. If we let E,, ; and U,Zm- be the results for the energy

(3.31)
2 2 2
On = Un,stat + Jn,syst )
where we have defined a statistical and systematic contribution to the variance,
2 2
On,stat = Zwign,i
’ (3.32)

i
2 _ Z 2 2
Un,syst - wZEn,i - <En> )

7

where the latter is related to the choice between different fit ranges. In our bootstrap analysis,
weights are determined from a fit of the mean, and are used for all bootstrap samples. Using

1'We keep tmax — tmin > 4, to ensure the fits have at least two dof.
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the samples, the statistical part of the variance can be determined straightforwardly, but
this is not the case for the systematic part. To incorporate the latter into the total variance
of the bootstrap samples, we perform a rescaling

Eno = (En) + " (Ena — (En)), (3.33)
n,stat

where « labels the bootstrap sample and (E,,) refers to the bootstrap mean. This leads to
a sample distribution with the same mean, and variance o> that includes statistical and
systematic contributions. The correlations between energy levels, on the other hand, are
kept the same, as the selection of fit range is performed independently for each level, and so
the systematic error arising from the range choice does not affect the correlation between
energy levels.

We note that, while the use of weights sometimes allows to automatically determine the
plateau, one often needs to restrict the fit ranges taken into consideration. In particular,
it is vital that ¢y, is kept lower than times where the error blows out, and so we exclude
large values of t,;, from the average as the statistical errors are very large. Otherwise, such
fits usually get an artificially low x? and may get large weights, leading to incorrect results.
More sophisticated criteria [126-128] may allow to take the error of the final result into
account when computing the weights, but we restrict ourselves to the AIC in this work.

An example of the results of the fits is presented in fig. 3, corresponding to the ground
state in the P = (0,0, 1) frame of the AA channel for N. = 3. Blue and red points in the
upper panel represent the fit results for different fit ranges, with the blue band corresponding
to the final averaged result. The lower panel indicates the weights associated to each fit
range. Empty points are manually left out of the average.

To conclude this section, we highlight that the procedure outlined to determine the
finite-volume energies is found to sufficiently reduce excited-state contamination and allows
us to confidently determine the finite-volume spectrum. As an illustration, we present in
fig. 4 the results from different fit ranges for a selection of finite-volume states, together with
the final averaged results. In all cases, a plateau can be identified, indicating a successful
isolation of the lowest-lying states of each GEVP eigenvalue. We also note that our results
are stable under reasonable changes of the parameters ¢y and ¢, used to solve the GEVP.
This, as can be observed in fig. 5, where we present a selection of results of the w7 energies
for different combinations of these parameters.

3.5 The two-particle finite-volume formalism

The two-particle energy spectra determined on the lattice can be used to constrain the
infinite-volume scattering amplitude, using the so-called quantization conditions. In the case
of two-particles, the formalism was first developed for two identical scalar particles [11, 12|,
and has since been extended to include any two particle system [129-137]. In general, it
takes the form of a matrix equation,

det [K;1(E) + F(L, P; E)] 0, (3.34)

‘E:En =
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Figure 3: Best-fit results to eq. (3.27) for the ground-state energy in the CM, in the
P = [0,0,1] frame of the AA channel with N. = 3, for different values of #;, and two
choices of tmax. The final result (gray band) is obtained by averaging the results using the
weights from eq. (3.30), in the bottom panel. Empty points are manually excluded from the
average.

where Ko is the two-particle K-matrix, related to the infinite-volume scattering amplitude,
and F' is a geometric factor that depends on the lattice geometry and the total momentum,
and contains power-law finite-volume effects. The finite-volume energies are given by the
solutions to this equation. We note that the matrices in the quantization condition can be
projected to the different irreps of the cubic group and isospin channels, and the finite-volume
energies can be determined independently for each of them.

In this work, we focus on studying single-channel pion-pion interactions, for which we
identify those states associated to two pions using the relative overlap factors introduced
in eq. (3.24), and neglect interactions to states of two vector mesons. All the cubic-group
irreps considered in this work are dominated by contributions from the lowest partial waves,
as already mentioned: s wave for the §S and AA channels, and p wave for the AS channel.
For the analysis, we work in the lowest-partial wave approaximation, and neglect higher
partial wave contributions. Higher-partial-wave effects are expected to be very small, as
they only start at NLO in ChPT (NNLO in large N. ChPT) and are suppressed as pH
close to threshold. Moreover, previous lattice studies of two-pion interactions have observed
suppressed higher partial waves in the elastic region [121, 138|.

In the single-channel and lowest-partial-wave approximation, eq. (3.34) can be reduced
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Figure 4: Best-fit results for the finite-volume energies for a selection of states corresponding

to different N., channel, cubic-group irrep and total momentum, as indicated in each panel.

Each point corresponds to the results of a fit for different t,,;, with fixed f,.x as indicated.

Horizontal bands are the final results obtained from averaging several fit ranges, including

multiple ty.ax, as explained in section 3.4.3.
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Figure 5: Selection of results of the finite-volume energies of two-pion states for different
choices of ¢y and ¢, used to solve the GEVP—see eq. (3.25). Horizontal black segments
indicate the non-interacting energies, and the dotted lines are the relevant two-pion inelastic
thresholds. We set (to,t,) = (3a, 5a) for the analysis presented in this work.
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to an algebraic equation that relates each finite-volume energy to a point in the scattering

phase shift. In the case of s-channel interactions, it takes the form,

2 _p (kL
k cot 50 = WZOO <27r> s (335)

where k is the magnitude of the relative momentum in the CM, ~ is the boost factor to the
CM frame and Z is the generalized Liischer zeta function |11, 12, 130]. In the case of p-wave
interactions, on the other hand, the particular form of the quantization conditions depends
on the total momentum and the irrep of the cubic group—see appendix A in ref. [139] for
an explicit form for the cases of relevance to our work.

3.6 Fitting procedure to extract scattering amplitudes

To constrain the scattering amplitudes using the quantization condition, we choose a
parametrization of the scattering amplitude and the related phase-shift, eq. (B.2), that
depends on some parameters, ¢. The quantization condition allows one to obtain predictions
of the finite-volume energies for this choice of the parameters, E};’red(c), which can be
compared to the lattice results, E,,, to constrain the values of the parameters that provide
the best description of the phase-shift. More concretely, we minimize a chi-square function,
=Y [Efred(c) - E} (€Y, [Efred(c) - Ej] , (3.36)
i,j

where C~! is the inverse covariance matrix of the finite-volume energies, and the indices
7 and j label the different energy levels considered for a particular fit. In this work, we use
the Nelder-Mead algorithm [140] to find the best-fit parameters. Also, we use the Liischer

zeta function implementation from refs. [141, 142].
We match our lattice results for two-pion energies to different parametrizations of the
scattering amplitude. The effective-range expansion (ERE) is a model-agnostic parametriza-
tion based on the near-threshold behavior of the partial-wave-projected scattering phase

shift,
11
k2 cot p = — + —rek? + ... (3.37)
ag 2

where ay is the scattering length'? (although only ag has units of length) and r¢ is the effective
range. This formula gives a description of the data near threshold, but its applicability
range is limited in different cases. In particular, when the scattering amplitude presents an
Adler zero below threshold, the effective range expansion has a convergence radius given by
the distance to this zero. This is expected to be the case for the SS and AA channels. At
LO in ChPT, both are predicted to have an Adler zero at ¢* = —M2/2 .

The convergence of the ERE can be extended in these cases by the ad-hoc inclusion
of a pole in the amplitude. A widely used parametrization is the so-called modified ERE
(mERE) [143, 144], which for s-channel amplitudes takes the form,

M, E* k2

k
— cot g = B Bi— + ... 3.38
cot dg o+ lMﬁ + ) ( )

M, E+2 222

2Note we use a sign convention for the scattering length that is negative for repulsive interactions and
positive for attractive ones.
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with E* = 2(k* + M?) the total CM energy. In what follows, we treat By and By as fit
parameters to be determined from matching to the lattice results, while we set z = M,
corresponding to the LO ChPT prediction. Leaving z as a fit parameter has been found to
lead to very unstable fits. The parameters of the mERE can then be related to those of the
ERE after expanding around threshold. Up to O(k?/M?) and using z = M, one finds,

Mrag = ;0 , MZ2rgag = 2; -3. (3.39)
An alternative parametrization uses the ChPT predictions presented in sections 2.3.1
and 2.3.2 and appendix B, which depend on the values of the LECs beyond LO. In the
SS and AA channels, we determine the scattering phase shift using the IAM, as described
in section 2.3.3, which we found leads to much better convergence away from threshold.
In the AS channel, which vanishes at LO, we use standard ChPT predictions. Also, we
use the mean values of F; from ref. [48], which are summarized in table 1, and choose a
renormalization scale related to 4w F;, following refs. [45, 48],

u? = ;’fc(mpﬁ)? : (3.40)

In the case of the U(NNy) theory, we take the mass of the 1’ to be related to that of pions via
the Witten-Veneziano formula,
Mg, M 2 Co

= s — 3.41
@rFy 2~ (anF)? T N2 (341)

C

with ¢g = 6.5, determined from eq. (2.12) and the topological susceptibility from ref. [145].
The ensembles used in this work have a single value of M. This implies we cannot
distinguish the effect of the K LECs in eq. (2.23) from those of the L LECs in the U(Ny)

theory. We opt to combine them in the fit parameters,

5 2
32Lss,aa = 32Lss a4 + ?gKSS,AA ;
s
_ 2
/ / !
32Lgg a4 = 32Lgg an + T,g Kss a4
s

(3.42)

Both f/ss, A4 and iqu, a4 have the same large-N. scaling properties as Lgs a4 and L/SS’ AAS
and a common large N, limit. In general, this redefinition will affect both leading and
subleading N, terms in the LECs. However, at the order we are working in the counting
of eq. (2.14), one can parametrize Kr = K9 N2 + O(N.), and so only the leading part of
L is affected, with corrections to subleading terms originating from higher orders in the
perturbative expansion.

Finally, we make some cuts to our data for the fits. We only consider pion-pion energy
levels below the four-pion threshold, and work in the single-channel scenario, neglecting
possible interactions to other two-particle states, and in particular, to states of two vector
mesons. In the AA channel, we observe our results for the scattering phase shift to be
systematically shifted for the |P|?> = 4(27/L)* moving frame—see fig. 18. We believe
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these effects are related to discretization effects present in this channel—see ref. [48]— or
contamination from higher partial waves, and opt to leave these states out from the analysis.
Other choices of data cuts, such as discarding energies above some energy Feu < 4M,, are
found to have very minor impact on our final results.

4 Results for the finite-volume energy spectrum

4.1 Single-meson energies

We present results for the single-meson masses in table 4. We note there is a small mistuning
of the pion masses between the different ensembles, specially for that with N. = 4. Also,
we observe that the p meson is stable in our ensembles, although it lies very close to the
two-pion threshold in most cases. For the axial and singlet mesons, these results are just
estimated, as we are neglecting interactions to two-meson states, into which they could
decay. A precise determination of their mass should thus come from a study of two-meson
interactions. In the case of the vector meson, which is stable in all ensembles, interactions
with two-particle states only lead to exponentially-suppressed finite-volume effects [129].

In fig. 6, we study the dependence of the vector-, scalar- and axial-meson masses on
N., where we also represent a linear large N, extrapolation including N. = 4 — 6. These
results are summarized in table 4, where we also show those from a quadratic extrapolation
including all N.. We find that including O(N.?) terms allows to describe all our data.
However, we do not have enough values of N, to get an accurate large N, extrapolation.

For both vector and axial mesons, the mass seems to become larger with N.. For
scalar mesons, on the other hand, the N, dependence is milder, becoming slightly lighter at
large N.. Studies based on chiral effective models have predicted vector and scalar mesons
to have the same mass in the large N, limit [146, 147]. We find that our extrapolated results
are consistent with these expectations.

The values for the meson masses at large N, are compared in table 5 against other
results in the literature, obtained using quenched QCD simulations [35], which should be
appropriate to study the leading N. behavior, as well as those using volume-reduction
techniques [47]. We present the results in units of the string tension, o, which we determine
using the large- N, result \/8tgo = 1.078(9) from ref. [50] together with the result for v/#o at
large N, Vo = 0.1450(39) x 1/8/9 fmm [45], where the factor of \/8/9 is an approximate
linear correction that accounts for the different definition of the t scale at large N, [148]."
Also, the comparison is performed at a pion mass of M, /v/o = 1.01(3), obtained averaging

14

over our ensembles.”® We note that the results from ref. [47] are extrapolated to the

Y3Refs. [45, 50] use different definitions of to,

3N2 -1

(PE(t)) 1=ty = A

¢ inref. [45], <t2E(t)>t:t0 = %c in ref. [50],

where ¢ = 0.3 and E(t) is the field strength tensor. The correction factor of \/8/9 arises from working at
large N, and approximating the dependence of (t*E(t)) on t as linear in the range of ¢ of interest [149].

1T obtain the results from ref. [35] at this pion mass, we use eq. (3.15) in that paper to determine the
corresponding PCAC mass at large Nc, and input it into egs. (3.19) and (3.28), together with the results
from table 24. In the case of ref. [47], we use eq. (5.1) from that work complemented by table 10.
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Figure 6: Results for the non-singlet meson masses extracted from single-meson correlation
functions, together with the results at large V., using N. = 4 — 6 results for the linear
extrapolation. We neglect possible interactions to two-particle states in the mass determina-
tion. A small offset is added for better legibility.

continuum, while those from ref. [35] are presented at fixed lattice spacing. The impact
of cutoff effects on the results from ref. [35] were studied in refs. [37, 38|, where they were
found to be of the order of ~ 10 — 15% for the meson masses considered here. However,
no continuum-extrapolated results are presented for the chiral dependence, so we limit our
comparison to ref. [35]. Overall, we find that our results for the meson masses at large N,
extracted from a quadratic extrapolation are consistent with those from refs. [35, 47]. A
more accurate comparison would require calculations at larger values of /N..

Ne  Ders(abhy) T=ri(ad,) [=1(aMay) T =nsmi(able)
3 0.2129(7) 0.356(4) 0.430(15) 0.45(3)
4 0.2027(6) 0.394(7) 0.408(21) 0.56(3)
5 0.2132(5) 0.403(4) 0.408(14) 0.591(12)
6 0.2169(5) 0.417(4) 0.405(20) 0.610(14)
oo (linear) — 0.466(20) 0.42(5) 0.71(6)
oo (quad.) — 0.46(6) 0.44(12) 0.59(19)

Table 4: Masses of non-singlet mesons, characterized by different choices of Dirac structure,
[, in eq. (3.1). The results are determined from the single particle correlator, neglecting
interactions with multiparticle states. We also present the result of two extrapolations to
large N.: a linear extrapolation obtained using the N, = 4 — 6 results, and a quadratic
extrapolation using all V. data.
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M,/VG Mu/\G Mu V5

Linear fit  2.22(12) 2.01(25)  3.4(3)
Quadratic fit  2.2(3) 2.1(6) 2.8(0.9)

ref. [35]  1.74(14) 2.63(14) 3.05(12)

ref. [47]  1.86(14) 2.09(14) 3.15(12)

Table 5: Comparison of our results for the meson masses at large N, in units of the
string tension, o, to previous results in the literature, obtained using quenched QCD
simulations [35] and volume-reduction techniques [47]. The comparison is performed at a
pion mass M, /+/o = 1.01(3), corresponding to an average over our ensembles. See the main
text for further details on the comparison.

Using the results for the meson masses, we determine the location of the most relevant
inelastic thresholds that appear in the two-particle sector. These are represented in fig. 7,
where the legend indicates in which channels they are present. For completion, we also
indicate the location of some finite-volume states in the non-interacting limit. Note that we
have not studied isoscalar mesons, and the mass of the scalar singlet—known as the c—may
also lie below 2M,, meaning that the wmwo threshold may also be present below that of four
pions. However, for the analysis presented below, we neglect mixing to any such state.

We also study the lattice dispersion relation for pions and vector mesons. The results
are presented in fig. 8, together with the expected continuum dependence in eq. (3.2). We
note that, in some cases, a vector meson state with some given momentum can be projected
to several irreps of the cubic group, leading to independent determinations of the energy
at that momentum. We observe that our results follow the continuum dispersion relation
closely for energies (aE M’p)2 < 0.3. Above this threshold, lattice results start to separate
from the continuum expectation due to cutoff effects.

4.2 Results for the finite-volume energy spectrum

Using the procedure presented in section 3.4, we determine the finite-volume energy spectrum
for the SS, AA and AS channels for all four ensembles considered. The results in the CM
frame are presented in fig. 9 for the S'S and AA channels, and in fig. 10 for the AS channel.
In all cases, we also indicate the non-interacting 77 and pp energies (solid and dashed black
lines, respectively) and the most relevant inelastic thresholds (gray dotted and dashed-dotted
lines). For a detailed summary of other relevant inelastic thresholds, see fig. 7.

We study the impact of the different operators in the determination of the finite volume
energies. We have analyzed the effect of varying the operator set used to extract the
finite-volume energies. Results for the energy spectra of the AA channel for N, = 3 are
presented in fig. 11 for different choices of the operator set used to compute the matrix
of correlation functions. We observe that the inclusion of the pp operators leads to the
determination of a large number of energy levels, which are associated to states of two
vector mesons. However, it has minimal impact on the states associated to two pions. The
inclusions of tetraquark operator in the AA channel has a similar effect on 77 states, helping
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Figure 7: Summary of some of the relevant inelastic thresholds and non-interacting states
composed of non-singlet mesons, which are present in our ensembles. We indicate in which
channels they appear in the legend.
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Figure 8: Results for the single-meson energies for different values of the momentum,
together with the continuum dispersion relation. Results are presented for pions (filled
points and solid line) and vector mesons (empty points and dashed line).
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Figure 10: Same as fig. 9 for the AS channel.

to improve the determination and slightly reduce the error for excited states. This is more
clearly seen in the zoomed-in panels of fig. 11.

We also investigate the relative overlaps of the different operators into the lowest-
lying finite-volume states, which serve as an indication of the effect of each operator in
the extraction of finite-volume energies. An example of the relative overlaps is shown in
fig. 12 for the rest-frame Ai*' irrep in the AA channel with N, = 3. For this example, the
eigenvectors are determined from solving a GEVP in which only the correlation functions
between the operators shown are considered, while we use the six lowest-lying finite-volume
energies determined from the full analysis as presented above. Each panel represents the
relative overlap of one operator into the six lowest lying states. Numbers in parenthesis in
the naming of the operators indicate the magnitude of the momenta in units of 27/ L.

We observe that, in general, operators have a dominant overlap into those states that
lie closest to the free energy associated to the operator. For example, for the m(1)7(1)
operator, this would correspond to a state of two pions with relative momenta |p| = 27 /L.
Also note that the n = 2 state in this case is predominantly a pp state. Finally, we observe
that tetraquark operators have maximum overlap into the most excited states, which lie
above the range of interest, and possibly correspond to more energetic two-meson states. An
important remark is that adding tetraquark operators does not lead to new energy levels,
but only helps cleaning up excited states in the low-lying spectrum. Similar qualitative
behavior has been seen in the case of the T,. [112, 150].
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Figure 11: Finite-volume energy spectra of the AA channel in the CM with N, = 3, with
and each marker type referring to a different set of operators used to compute the matrix of
correlation functions.
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Figure 12: Relative overlaps of the lowest-lying finite-volume states, |n), with the operators
used to compute the matrix of correlation functions—see eq. (3.24)—, for the rest-frame
Af irrep in the AA channel with N, = 3. Different colors correspond to different types of
operators: 77 (red), pp (blue) and local tetraquarks (green). Numbers in parenthesis in the
legend indicate the magnitude squared of the single-particle momenta, in units of (27/ L)z.
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5 Results for the scattering amplitudes

5.1 Model-agnostic fits at fixed N,

We fit our lattice results for the S.S and AA channels to the mERE in eq. (3.38). We perform
fits at fixed NN, for each channel separately, fix the location of the Adler zero z = M, and
constrain the values of By and Bj. Results are presented in table 6, together with the y?
of the fits and the number of degrees of freedom (dof). We observe very good description
of the data in the SS channel, while the value of the x? is systematically higher in the
case of the AA channel. This may indicate the presence of unaccounted systematic effects.
For example, these could be related to cutoff effects, which were found to be significant in
the AA channel in ref. [48], and limit the applicability of Liischer’s formalism. A detailed
investigation of their impact would require ensembles at several lattice spacings, and also
the use of an adapted version of Liischer quantization condition [124].

The best-fit results for the phase shift are also shown in fig. 13, multiplied by N./3 to
remove the leading N, dependence. We observe that after canceling the leading N, scaling,
the curves appear to collapse for all N, although the results suggest that we are sensitive
to subleading effects.

Using eq. (3.39), the scattering length and effective range are determined, which we
present in fig. 14 as a function of 1/N,, normalized by the LO ChPT prediction,

M2
M. SS M. AA 7\[2 SS,AA_SS,AA
mdo = TG0 = _167r27rF2 ’ Ty To =—3. (5.1)
s

We extrapolate our results to the large N, limit. We observe that the results for N, =4 — 6

are well described by a linear relation on 1/N,, as presented on the left panels of fig. 14.
However, the results for both channels do not agree in the large N, limit in this case. If
we allow for O(N. 2) corrections, it is possible to reproduce the expected common large N,
limit and also describe the N, = 3 results. This is presented in the right panels of fig. 14, in
which the common large N, results is imposed. We observe subleading N, effects are larger

Channel N, By By x> / dof

3 —2.37(4) —2.59(18) 10.4/12 = 0.87

Gg 4 -311(9) -32119) 55/8=0.69
5 —3.81(5) —3.76(20) 22.8/8 = 2.8
6 —4.46(5) -4.09(29) 9.9/8 =1.24
3 0.932(17) 2.76(13) 17.4/10 = 1.74

44 LT8B) 324(23)  16.1/7=231
5 2.52(5)  3.57(17)  22.0/7=3.14
6  3.33(7)  3.86(19) 19.3/7=2.75

Table 6: Results from single-color and single-channel fits to a mERE with z = M fixed, for
the SS and AA channels. We do not include data for |P|* = 4(27/L)? for the AA channel,
due to large observed cutoff effects.
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Figure 13: Fit results for the scattering phase shift in the 55 and AA channels, obtained
from single- N, and single-channel fits to a mERE with z = M, fixed. The phase shifts are
multiplied by a factor that eliminates the leading N, scaling. We only indicate the four-pion
inelastic threshold, for a summary of other relevant threshold, see fig. 7.
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Figure 14: Results for the scattering length and effective length for the SS and AA channel,
obtained from single-color and single-channel fits to a mERE—see eq. (3.38)—with fixed
z = M. Results are normalized by the LO predictions from ChPT in eq. (5.1), and are
extrapolated to the large NV, limit using a linear relation for N, = 4 — 6 (left) or a quadratic
dependence with constrained large N, limit including all N, (right).
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in the AA channel than the S5 one. This can be understood from the large N, predictions
in eq. (2.8). Subleading corrections are expected to add up in one of the channels and cancel
in the other one, depending on the signs of b and @ in eq. (2.8). From our results, we can
conclude that subleading corrections add up in the AA channel and cancel in the §5' case.
This can also be understood from ChPT predictions in appendix B, for example looking at
the ¢*-independent terms in egs. (B.3) and (B.4): O(N; ') terms in the AA channel appear
with the same sign as O(N{) and O(N; ?) ones and add up, while in the SS channel they
appear with different signs, and so cancel.

We also fit the energy results for the AS channel, using an ERE parametrization
including a single parameter: the scattering length. Result are presented in table 7 and
fig. 15, where they are multiplied by a factor (Fy/M;)* to eliminate leading chiral and
N, dependencies. We observe that the results are reasonably well reproduced by a linear
extrapolation to the large V. limit. Note that, in this case, the use of a linear extrapolation

M32a; x 10° x? / dof

8(4) 13.6/10 = 1.36
9(3) 21.7/10 = 2.17

Ne
3 11.2(28)  19.0/16 = 1.19
4
5
6 12.6(29) 18.1/10 = 1.81

Table 7: Results for the scattering length in the AS channel, obtained from single-color fits
to an ERE—see eq. (3.37).

% x 10°
)
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Figure 15: Results for the scattering length in the AS channel, obtained from single-color

fits to an ERE—see eq. (3.37). Results are multiplied by F*/M?2 to eliminate leading chiral
and N, dependencies, and are linearly extrapolated to the large N, limit.
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corresponds to considering O(N, 3) effects in the scattering amplitude, analogously to the
quadratic terms used in the constrained extrapolation for the SS and AA channels.

5.2 Fits to ChPT at fixed N,

We now match our results to ChPT. We consider both the NLO predictions from the SU(4)
theory and the NNLO results from U(4) ChPT, and perform single-color and single-channel
fits. Results for the LECs in the SS and AA channels, in which we use the TAM, are
presented in tables 8 and 9 together with the x? of the fits. We observe that the results
are nearly identical between the SU(4) and the U(4) theories, with only minor differences
in the values of the L 44 coefficients. This indicates that, at the pion mass we are working
and when using the IAM, loop corrections that include the 1’ are small. We also note that
effects related to the higher order K LECs are absorbed into the L. LECs, which may also
hide the differences between both theories.

Channel, R N. (Lgr/Nc)x 10® (Lz/Ne) x 103 (Lh/N.) x 103 x? / dof

3 —0.385(28) —1.4(4) 1.68(28) 9.1/11 = 0.83
4 —0.39(6) ~1.1(7) 1.45(24) 5.1/7=0.73
58
5 —0.302(23) —2.0(3) 1.77(15) 12.9/7 = 1.84
6 —0.337(22) —1.1(4) 1.41(22) 8.4/7 =1.20
3 0.067(12) 1.58(14) 1.61(12) 16.1/9 = 1.79
M 4 —0.02(4) 0.8(5) 1.59(26) 15.3/6 = 2.54
5 —0.048(21) 0.6(3) 1.46(16) 19.7/6 = 3.28
6 —0.052(22) 0.4(4) 1.40(20) 17.5/6 = 2.92

Table 8: Results from single-color and single-channel fits to NLO SU(4) ChPT predictions
for the SS and AA channels using the TAM.

Channel, R N. (Lgr/N.)x10® (Lz/Ne) x 103 (L%/N¢) x 103 x? / dof

3 —0.365(28) —1.4(4) 1.68(28) 9.1/11 = 0.83

4 —0.38(6) ~1.1(7) 1.45(24) 51/7=0.73
59

5 —0.301(23) —2.0(3) 1.77(15) 12.9/7 =1.84

6  —0.338(22) ~1.1(4) 1.41(22) 8.4/7=1.20

3 0.061(12) 1.57(14) 1.61(12) 16.1/9 = 1.79

4 —0.03(4) 0.9(5) 1.59(27) 15.3/6 = 2.54
AA

5 —0.060(21) 0.6(3) 1.47(16) 19.7/6 = 3.28

6 —0.066(22) 0.4(4) 1.40(20) 17.5/6 = 2.92

Table 9: Results from single-color and single-channel fits to NNLO U(4) ChPT predictions
for the S and AA channels, using the IAM.
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Figure 16: Results for the U(4) ChPT LECs appearing in the SS and AA channels,
obtained from single-color and single-channel fits to U(4) ChPT, together with a constrained
linear extrapolation to the large V. limit. The LECs in the upper panels are redefined to

absorb higher order effects—see eq. (3.42). A small horizontal offset is added in the bottom
panel for better legibility.

In fig. 16 we present the result for the U(4) LECs for the two channels. We observe
our results for all N, is well reproduced by a linear N, dependence, with a consistent large
N, limit, and we use them to perform a constrained linear extrapolation to large N.. The
fact that our results are well reproduced by a linear N. dependence, including a common
large N, limit, indicates that ChPT predictions capture better the large IV, scaling of the
amplitude than a naive mERE. This is probably related to the use of the physical values of
M, and F, which implicitly include 1/N, effects to all orders, as well as the inclusion of
chiral logarithms.

Results for the AS channel are presented in table 10 and we depict the LECs of U(4)
ChPT in fig. 17, together with a constant extrapolation to large N.. Our results are well
described by this constant dependence, which is dominated by N, = 3. This is consistent
with our results and with the order at which we are working in the chiral expansion—see
eq. (2.22).
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Fit Ne Las x10° Lg% 10° x? / dof

3 —0.325(27) 0.003(11) 18.7/15=1.25
4 —028(8)  —0.02(4) 12.9/9=1.44
NLO SU(4
@5 —0.18(8)  —0.04(4) 18.6/9 = 2.07
6 —0.08(12)  0.00(6)  16.7/9 = 1.86
3 —0.324(27) 0.006(11) 18.7/15=1.25
NNLO U(4) 4 —028(8)  —0.02(4) 12.9/9 =1.43
5 —0.18(8)  —0.04(4) 18.6/9 = 2.07
6 —0.08(12)  0.00(6)  16.7/9 = 1.86

Table 10: Results from single-color and single-channel fits to NLO SU(4) and NNLO U(4)
ChPT predictions for the AS channel.

0.1F
0.050
0.0 1 0.025
> ‘ 2 | l
S o1 S oo0ft | 1
X X
(951 0y
3 2002 |
~ 0.2
~0.050
70 3 I 4
ST l { —0.075
0.0 0.1 0.2 0.3 0.0 01 0.2 0.3
1/ N. 1/ N,

Figure 17: Results for the LECs in the AS channel, obtained from single-color fits to U(4)
ChPT, together with the results of a constant extrapolation to the large N, limit.

5.3 Simultaneous N, fits to ChPT

We now perform global fits including all values of N, and focus on fitting to NNLO U(4)
ChPT. For the S5 and AA channels, we parametrize the LECs with a leading and subleading
term—as presented in eq. (2.21). This parametrization is also kept for the modified LECs
in eq. (3.42), where the modification is expected to only affect the leading N, part of the
LECs at the order we are working, as discussed in section 3.6. We have performed fits to
both channels separately and simultaneously. Results are presented in table 11 and we
show the predictions for the scattering phase shift from the combined-channel fit in fig. 18,
together with results for the scattering phase shift obtained directly from the lattice data
using eq. (3.35). In the AA channel, we observe how the predictions for N, = 3 cross the
\/—71432 curve (solid black), signaling the presence of a virtual bound state. This seems to also
be the case for some samples for N, = 4. We discuss this possibility in detail in section 5.4,
but recall for now that the results for the IAM should not be trusted below threshold—see
section 2.3.3.
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Figure 18: Results for the phase shift for the S.S (top) and AA (bottom) channels, together
with the best-fit predictions from a combined fit of all N. and both channels to NNLO U(4)
ChPT using the IAM. Empty points are not considered for the fit. The crossing of the phase
shift curves with the solid black line in the bottom left of the AA channel panels signals the
presence of a virtual bound state—see eq. (5.2).
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SS AA 5SS+ AA

LO x 10° —0.30(5) -0.23(4) —0.247(28)
LYl <10 —0.18(20) — —0.48(23)
LY x 10° — 0.91(14) 0.96(10)
L'O % 10° —~1.0(8) —0.9(7) —0.7(5)
L8 <100 —2.0(3.0) — —2.1(2.3)
L) x 103 — 7.6(2.3) 6.8(1.9)
L") % 103 1.2(4) 1.4(4) 1.33(20)
L) <10 1.5(1.9) — 0.9(1.1)
%) x 108 — 0.4(1.3) 0.3(9)

x?/dof  39.9/38=1.05 72.1/33=2.18 165.3/74 = 2.23

Table 11: LEC results from all-N, fits to NNLO U(4) ChPT using the IAM, for the SS
and AA channels. We use a parametrization for the LECs linear in N, and consider a
constrained large N, limit in the combined-channel case.

LY <100 LY x10° X2 /dof
~0.300(27)  0.001(12) 78.6/48 = 1.64

Table 12: LEC results from an all-N, fit of the AS channel results to NNLO U(4) ChPT,
using a constant parametrization for the LECs.

Concerning the AS channel, we consider a constant parametrization of the LECs, in
agreement with eq. (2.22). Results from a fit are presented in table 12, with the predictions
shown in fig. 19, together with the results obtained from the lattice using the single-channel
p-wave quantization condition. As before, we found that the results follow the expected N,
scaling.

5.4 Virtual bound state in the AA channel

From our results for the scattering amplitudes, we find no evidence of a tetraquark resonance
in the pion-pion system above the two-pion threshold and below the four pion threshold,
neither in the AA channel, nor in the AS one. However, our fit results indicate the presence
of a virtual state pole in the AA channel for N, = 3, on which we focus on the remaining of
this section. We do not find a near-threshold virtual or bound state for other N..

A virtual bound state corresponds to a pole on the real s-axis of the second Riemann
sheet below the two-particle threshold, and are identified as solutions to the condition

kcotdp — vV —k%2=0. (5.2)

From a quantum-mechanical perspective, they are non-normalizable solutions to Schrodinger’s
equation, and can be smoothly connected to bound states or resonances as the interaction
parameters of the potential are varied [151].
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Figure 19: Results for the phase shift for the AS channel, together with the best-fit
predictions from a fit of all N, to NNLO U(4) ChPT.

The results for a mERE presented in section 5.1 are consistent with the presence of a
virtual bound state for N. = 3 only. To further investigate this state, we perform fits using

rational parametrizations of the scattering phase shift of the form

1—|—’I’le‘2
k cot 644 =
OV T U T dok? + dak?

with different fit parameters, with the rest set to zero. The results are also consistent with

(5.3)

the presence of a virtual bound state, as summarized in table 13. We note that not in
all cases the presence of a virtual found state is predicted by all bootstrap samples—the
fraction of samples for which a solution to eq. (5.2) is found is indicated in the second-to-last
column of table 13. We also show the prediction for the compositeness parameter introduced
in eq. (2.10). We observe that in all cases its value is significantly smaller than 0.5, which
suggests that the state is dominated by a molecular pion-pion component. In fig. 20 the
predictions for the phase shift in the near-threshold region are shown for the fit to an mERE
and the fit to eq. (5.3) with ny, d; and dy as free parameters, and ds = 0.

Obtaining information about poles in the subthreshold region from ChPT amplitudes,
on the other hand, is more complicated. The [AM, which we have used to study the AA
channel, fails below threshold in this channel as explained in section 2.3.3. We have found
that direct fits to the mIAM—introduced in eq. (2.30)—are very unstable. To improve the
predictive capacity of this model, we use the results from the AA channel fit with N, =3

— 44 —



Fit aFirtual Z Fraction of samples X2 /dof

mERE 1.752(15)  0.335(17) 100% 17.4/10=1.74

Rat. (di,da,d3)  1.458(26)  0.186(8) 100% 22.9/9=2.54

Rat. (d1,do,n1) 1.73(4)  0.35(3) 100% 16.3/9=1.81

Rat. (di,da,d3, 1) 1.66(15)  0.31(9) 99% 16.3/8=2.03

Rat. (di,dg,d3, n1,n2) 1.5(3) 0.32(8) 93% 16.3/7=2.32

mlIAM w. priors 1.63(4)  0.260(14) 53% 39.5/12=3.29
Average 1.63(10) 0.29(5) — —

Table 13: Position of the virtual bound state found in the AA channel for N, = 3, for
different parametrizations of the phase shift, together with the corresponding compositeness,
the fraction of bootstrap samples for which the state is observed and the y? of the fit. For fits
to the rational parametrization in eq. (5.3), the fit parameters are indicated in parenthesis,
with the remaining ones set to zero. The fit to the mIAM uses the results in table 9 as

Gaussian priors, and the number of prior parameters is added to the dof.
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Figure 20: Results for the scattering phase shift of the AA channel with N, = 3 in the
near-threshold region, for several parametrizations of the scattering amplitude. We observe
that, for all considered cases, the results predict the presence of a virtual bound state. The

average location of this state is represented with a purple hexagon.

in table 9 as Gaussian priors in a fit to predictions based on the mIAM. The results for
this fit are also presented in fig. 20. In this case, the virtual bound state is only found in
around half of the bootstrap samples, at energies compatible with the ones obtained from
model-agnostic fits and with similar value of the compositeness parameter. Note, however,
that the mIAM provides a worse description of the data, as signaled by the large value
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of the x2. In addition, it is worth mentioning that while a virtual bound state seems to
be predicted by some bootstrap samples for N. = 4 when fitting to the IAM, predictions
based on the IAM should not be trusted below threshold. A fit to the mIAM, performed in
analogy to that for N, = 3, finds no virtual bound state for N, = 4.

An average result for the pole position and the compositeness parameter can be obtained
combining the results of all models, finding,

Euirual = 1.63(10)M,,  and  Z =0.29(5). (5.4)

When moving towards the chiral limit, it is expected that the position of the pole moves
smoothly as a function of the pion mass. In particular, virtual bound states usually become
resonances at lighter pion masses [152, 153]. We expect that the found state could be related
to the experimental tetraquarks when moving from our setup with four degenerate quarks
at heavy pion mass towards a more physical scenario, with two light quarks and a heavy
charm.

When then charm quark becomes heavier than the other three flavors, states in the AA
channel decompose in general in different irreducible representations of the SU(3)s flavor
group. In particular, some states such as Dym or DK would transform as a sextet, while
others like D™D} or 77 K are part of an octet. We note that the SU(3); irreps are not in
one-to-one relation with those of SU(4)s.

Finally, we note that our results are qualitatively consistent with previous lattice studies.
Meson scattering in the SU(3)s sextet was studied in ref. [76] for M, ~ 700 MeV, also finding
evidence of a virtual bound state of molecular nature.

5.5 Comparison to previous literature

We have shown how our results follow the expected N, scaling, with sensitivity to subleading
N, corrections. Now, we present a quantitative comparison to previous literature. Combining
the results of the global fits in section 5.3, it is possible to obtain information about the
scaling of several combinations of LECs. The results from the fit to all N, and both SS and
AA channels can be used, following eq. (2.27), to find

(Lo + L3 — Ly + Lg) x 1072 = —0.247(28) N, 4 0.06(4) Ny + O(N. 1),
(4Lo + 2L3 — Ls) x 1072 = —0.7(5) N, 4+ 0.6(4) Ny + O(N 1),
(3Lg — L3) x 1073 = 1.33(20) N, + 0.16(22) Nt + O(N. 1), (55)
(L1 + Lo — Ly + Lg) x 1073 = —0.36(4) + O(N. 1),
(201 + 3Ly — Ly) x 1073 = —2.2(6) + O(N. 1),
(L1 +2L9) x 1072 = 0.14(25) + O(N 1),

where the tildes indicate that we have reabsorbed the leading N, effects of higher-order
LECs—see eq. (3.42). We recall that this redefinition only affects the O(N,) terms at the
order we are working in the chiral expansion—see the discussion below eq. (3.42). From the
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fit to the AS channel, on the other hand, we obtain,

(=2L1 + Ly + Ly) x 1072 = —0.300(27) + O(N. 1),

(5.6)
(—2L1 + Ly) x 107¢ = 1(12) + O(N 1) .

We can compare our results to those we obtained in ref. [48], using the same setup and
predictions from standard ChPT. In particular, we focus our comparison on subleading N
terms, which are not affected by the redefinition in eq. (3.42) at the order we are working,

(Li+ Ly — Ly + Lg) x 1073 = —0.88(10) + O(N, 1),  Ref. [48]. (5.7)

We observe a significant difference, which could originate from higher-order effects arising in
the IAM, but also be related to other differences in the analysis, such as having neglected
discretization effects, which were studied in better detail in ref. [48], or of higher-order terms
in the chiral expansion, which could be sizable at the pion masses we have considered and
we cannot properly distinguish when working at fixed pion mass. We do not attempt to
estimate these effects here, and leave their study for a future work.

We also compare our results to those available in the literature for Ny = 3. This
comparison is limited due to our inability to separate the higher-order effects from the K
LECs, which affect the leading N, corrections, and also for the appearance of the Ly LEC in
this limit, which is implicitly absorbed into L1, Lo and L3 at Ny = 3. We compare results
for L'¢g and L4, which are not be affected by these limitations.

This comparison requires us to evaluate the results for Ny = 3 and N, = 3 and to change
the renormalization scale [154] from the used p = 1.54(3) GeV (averaged over all ensembles)
to the standard u = 770 MeV scale at the physical mass of the p resonance. The results
for this comparison are presented in table 14, together with phenomenological results from
ref. [99], in which the IAM method was used to fit to scattering data, and ref. [155], and
lattice results from ref. [156].

We observe good agreement for the result of the Ly LEC, specially when compared to
results of [99]. However, a discrepancy exists for L'sg. As before, this may me related to
unaccounted systematics, such as cutoff effects and higher orders in the chiral expansion. A
precise investigation of these potential systematics would require the use of finer lattice and
lighter pion masses, and is left for future work.

Finally, we compare our results to analytical predictions for the LECs based on the
resonant chiral theory (RChT) [157-159|. This model assumes that the LECs at large N

This work ref. [99] ref. [155], table 1, col. 2 ref. [156]

Lgx107%  8.9(8)stat(2),  3.0(5) 4.4(5) —
Ly x 1073 0.25(4)sat(2),  0.200(4) — —0.02(56)

Table 14: Predictions for Ny = 3 for different LEC combinations at a scale yu = 770 MeV,

together with results from the literature.
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are saturated by the contribution obtained from integrating our the low-lying resonances.
For the Lgg 44 relevant in this work, RChT predicts

(3Lg — L3) x 1072 = 1.57TN. + O(1).  Ref. [159], table 1, col. 2 (5.8)

This results can be compared to that in the third row in eq. (5.5), observing a good agreement
with the large V. result. Other LECs cannot be directly compared due to the redefinition
in eq. (3.42).

6 Conclusions

In this work, we have studied the scaling of meson-meson scattering amplitudes towards
the large N limit of QCD with Ny = 4 degenerate quark flavors. We have focused on
three scattering channels: the S.S channel, which is analogous to the isospin-two channel
of two-flavor QCD, the AA channel, that only exists for Ny > 4 and presents attractive
interactions, and the AS channel, which contains odd partial waves. The last two channels,
in particular, are candidates to contain a tetraquark state, which could be connected to
recently-found exotic states at LHCb [6-9]. Using the large N. limit and ChPT, we have
constrained the scaling of the scattering amplitudes for all these channels, including one-loop
effects in large N, ChPT. In particular, we have shown that interactions in the AS channel
are suppressed as O(N;?), compared to the generic O(N; ') of the other two channels.

We have performed lattice simulations at N, = 3 — 6, using the HiRep code [106, 107]
and ensembles with fixed values of the pion mass, M, ~ 560 MeV, and the lattice spacing,
a ~ 0.075 fm. We have accurately determined the finite-volume energies below the four-pion
threshold for different values of the total momentum and all cubic-group irreps that contain
two-pion states in the lowest partial wave. We have used a large set of interpolating operators,
consisting of two-pion, two-vector-meson and local tetraquark operators, finding a small
impact of the last two types on the determination of pion-pion finite-volume energies.

In the SS and AA channels, we have fitted our data to a model-agnostic parametrization,
based on a mERE, as well as to one-loop predictions from ChPT combined within the
IAM. We find that both fits provide similar descriptions of our data, and are sensitive to
subleading N, corrections. However, the results for the AA channel show a large dispersion,
with worse y? values, possibly affected by significant discretization effects, as found in
ref. [48]. Concerning the AS channel, we find interactions to be very weak, confirming the
expectations from the large N, limit and ChPT. As before, the results are well described by
an ERE and ChPT predictions to one loop.

While our results for the AA and AS channels show no evidence of a resonance in the
elastic region, they are consistent with the presence of a virtual bound state in the AA
channel for N, = 3, at an energy Eyirtyal = 1.63(10) M., which is not found for other values
of N.. The compositeness parameter is found to be Z = 0.29(5), consistent with the state
being dominated by a molecular component. These results are in agreement with previous
lattice studies performed with a heavy charm [76]. The position of the pole is expected be a
smooth function of the quark masses. In particular, virtual bound states of two pions are
expected to become resonances as the pion mass is reduced, so the found state could be
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related to some of the tetraquark states found in LHCb—the T,,(2900), T.t4 (2900) and

€50

TCOEO(QQOO). Quantitatively establishing this connection, however, would require a dedicated
study with varying pion mass and non-degenerate quarks, and is left for future work.

From matching to large N, ChPT, we have constrained the value of certain combinations
of LECs and compared them with other phenomenological determinations. With more
values of the pion mass, it should be possible to constrain the values of all LECs appearing
in the chiral Lagrangian up to (’)(p6), and up to subleading N, corrections. We leave for
future work a global fit of the results in this work together with those from refs. [45, 48],
which include results at lighter pion mass and other lattice spacings, that should allow to
better control discretization and higher order chiral effects.

As demonstrated by this work, varying the number of colors in QCD remains a powerful

tool to probe its nonperturbative features, especially in the realm of multi-hadron dynamics.
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A Properties of the correlation functions

In this appendix, we review some properties of the quark contractions contributing to the
correlation functions of the channels of interest—see section 2.1. We work in the infinite-
volume theory, although the same conclusions also apply for lattice determinations. Also,
we focus on two-meson external states, as the results are straightforward to generalize to
local tetraquarks—see the discussion in section 3.3.

To determine the correlation functions, we use some representative states of each channel.
For the purpose of this appendix, we choose

OP2p, (p1,p2) = 5 [(dT1u)(p1)(5T2¢) (P2) + (T1w)(p1)(dl2c) (p2) + (p1 4 p2.T1 <+ T2)] |

O, (p1,p2) = 5 [(dT1u)(p1)(8T2¢)(p2) — (8T1u)(p1)(dl2c)(p2) + (p1 4> p2.T1 > Ta)]

OfSr, (p1,p2) = & [(d1u)(p1)(3T2¢) (p2) + (3T1u)(p1)(dl2c) (p2) — (P1 > P2, Tt > I2)]

N = N = N = N

[(ul'1d)(p1)(cl2s)(p2) — (al'1s)(p1)(cl2d) (p2) — (P1 > P2, 1 <> I2)]
(A.1)
where u, d, s and c refer to the up, down, strange and charm quarks, in this same order, and

SA
OFI,FQ (P17p2) =

I'y and I'y are combinations of Dirac matrices—see eq. (3.9) and table 15 for a summary of
the combinations used in this work. Using these operators, the correlation functions can be
naively computed,

Css(t) = D(p1,1,p2, Th; k1,1, ko, Tast) — C(p1, T, p2, T k1, T1, k2, Ta; t)
+(p < —p,I'1 < I'y),

Caa(t) = D(p1, T, p2, T k1,01, k2, To;t) + C(p1, T, p2, T k1, T, ko, Tas t)
+(p < —p, 1 < Ty),

Cas(t) = D(p1,17,p2,T5; k1,01, ko, Tos t) — C(p1, T, p2, Th; k1, T1, k2, o )
—(p < —p,I'1 < I'g),

Csa(t) = D(p1,17,p2,T5; k1, T, ko, Tas t) + C(p1, T, p2, Th; k1, T'1, ko, o )
—(p+ —p,I'1 < Ty),

(A.2)

where {ki, ko} and {p1, p2} indicate the three-momenta of the particles in the initial and
final state, respectively, and similarly for the Dirac structures, {I';, 2} and {T'},T%}. Also,
we have defined generalized versions of the disconnected and connected contractions in
egs. (2.4) and (2.5)

D(p1,T,p2,To; k1,1, ko, To; t) :/dwldedyldyzei(plyl+p2y2)ei(klw1+k2w2)

X (D(x3,T's, 24,4521, 1, 22,12)) , (A.3)

C(pla F/17p27 FIZ? kla Fl: k?a FQ; t) = / dwldedyldyQ e—i(p1y1+p2y2)ei(k1m1+k2w2)

X (C(x3,T3,24,Tg5 201,11, 20, T2)) . (A4)
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Orr, Th T 29 9 ¢

s Y5 Y5 1 1 1
Pp Vi i

—_
=
—_

Tp,p, 75 V5 1
Tp,p, 7% 7% 1
Tss 1 1 1
T v v 1
0, v oyl

—_ = =
—_ = =

|
—_
—_

|
[

Tha 5 5%
Tpa Y% 57 —1 1 1

Table 15: Transformation phases for the different operators used in this work under charge
conjugation, parity and hermitian conjugation.

Here x; = (0, ;) and y; = (¢, x;), and we have introduced the position-space contractions

D(y1,T7,y2,T; 21, T1, 2, T2) =
Tr [F’lfS(yl,xl)FilsT(yl,xl)] Tr [Flzfs(ymﬂfz)FEST(yzwz)} , (AD)

C(?JlaF/17?/27F/2§551af‘17$27r2) =
Tr [T5S (yz, w0)T3 S (w0 TYS (1, 22)T5S (12, 22) |, (A.6)

with Il = 70FT7075 and I'f = ~v5I', where the 75 factors originate from using the one-end-trick.

For the SA and AS channels, the correlation functions can be simplified. It is straight-
forward to note that the associated operators in eq. (A.1) are related by a charge-conjugation
transformation, which changes quarks to antiquarks, and viceversa,

C
Ofr, (P1,p2) = £OR/\r, (1, P2) (A7)

where the sign depends on the particular choice of Gamma structures. For the choices in
this work it is always a plus sign—see table 15. Since charge conjugation is a symmetry of
QCD, this implies that, for all the operators considered, the correlation functions for the
AS and SA channels have to be equal, Cy5(t) = Csa(t). From eq. (A.2), this implies

C(p1, T, p2,T9; k1,11, ko, o t) = C(p1, T, p2, T; k2, T, k1, Tist) . (A.8)
Thus, the correlation functions for the AS and SA channels simplify to

CAS(t) - CSA(t) - D(p17rllap25F/2; klvrla k27r2;t) - (p A4 —P, Fl — FQ) . (Ag)
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Next, we can study whether the correlation functions for all the considered channels are
real or imaginary. We can perform a parity and charge conjugation transformation to the
disconnected and connected quark contractions, and then complex conjugate them to find

D(p1,1,p2,T%; k1,1, ko, Tast) = nenpD(—p1, T, —p2, Ty —k1, 11, —ka, Ta; t)

A.10
= nenpéD(p1, T, p2, Th; k1, T1, ko, o ) ( )

C(p1,T1,p2,Th; k1, T'1, ko, To;t) = nenpC(—p1, T, —p2, Ty; —k2, Ta, —k1, T3 )
= nenpéC(p1, 11, p2, T k1,11, ko, T2; 1)

where np = £1 and no = £1 are the signs arising from transforming all Dirac structures

(A.11)

under parity and charge conjugation, respectively, and £ = +1 is the sign originating from
complex conjugating. For all the choices of I used in this work, these are summarized in
table 15. We stress that these transformation do not require the states considered to be
symmetric under parity or charge conjugation. In fact, none of the states is C-invariant, and
the same is the case for non-zero total momentum. We note that the combination of a parity
transformation and complex conjugation ensures the total momentum is not transformed.

From here, we conclude that the correlation functions are either purely real or purely
imaginary, depending on the choice of Dirac structures. In the case of two-pion states,
we have nf = 770 = ¢ = 1, and so the correlation functions are purely real. This same
conclusion holds in general as long as the two bilinears in the initial and final states have
the same type of gamma structure, which may be different between the initial and the
final operators. This is the case, for example, of all the correlation function considered
in this work involving a combination of two-pion, two-vector-meson or scalar-tetraquark
operators. The only exceptions are correlation functions involving vector tetraquarks, which
are C'P-odd. Different cases need to be considered then:

e If the initial- and final-state operators are the same local vector tetraquarks, the
correlation functions are real.

e If the one of the initial- or final-state operators is a two-particle state (either two pions
or two vector mesons) and the other one is Tp, 4, the correlation functions are also
real.

e For the correlation function between a two-particle state and the Tp, 4 tetraquark, the
correlation function is imaginary.

e Finally, correlation functions between the two types of vector tetraquark operators are
also purely imaginary.

Overall, this implies that the correlation functions computed in this work are expected
to be real in general, and so we can drop the imaginary parts that arise due to the use
of stochastic sources and is observed to be compatible with zero. The only exception are
correlation functions in the AS channel that involve one Tp, 4 operator, for which the
correlation function is imaginary, and so we drop the real part.
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B Summary of ChPT predictions

This appendix summarizes ChPT results for the scattering amplitudes of the S.S, AA and
AS channels, both in the SU(N¢) and U(Ng) theories, which are matched to lattice results to
constrain the values and large N, scaling of the LECs. We focus on studying single-channel
processes at the lowest partial wave, for which Liischer’s formalism |11, 12] allows to directly
determine the scattering phase shift from the lattice data. Two-pion scattering amplitudes,
M, are first projected to definite partial wave £,

2041 (!
Moy = 7€; / Mo(s,t,u)Py(cos@)d cos b, (B.1)
-1

where Py(x) are Legendre’s polynomials and 6 is the scattering angle. From the partial-wave
projected amplitude, the scattering phase shift is determined as

kcot §, = 16m/s Re (./\/12_%) . (B.2)

In this work, when matching our lattice results for the S5 and AA channels to ChPT, we use
the TAM redefinition of the scattering amplitude to compute the scattering phase shift—see
eq. (2.29).

Predictions of the scattering amplitude in SU(N¢) ChPT are known up to NNLO [81].
Results at LO are presented in eq. (2.16), while NLO predictions are summarized in eqgs. (2.17)
and (2.19), projected to the lowest non-zero partial waves. An explicit expression of the
linear combinations of the LECs is given in eqs. (2.18) and (2.20), respectively, and we
present here the expression for the remaining parts of the amplitudes. For the 5SS and AA
channels, we have

1 11 N, 10 _ 11N
fss,aa(MZ,q%, p, Ni) = |:—1—:|:—|—q2 (_3:Ff> e <_3¢ fﬂ
0
3

42 N2 TN 27

1 1 1 N¢ 1 5N¢ M?2
—|-1- =+ — 4+ (3= - =F=2)|In=—"C
2 | (e ) et (7R

+(2+8¢% +8¢") J(s) + Fssaala?),
(B.3)
where the upper (lower) signs correspond to the SS (AA) channel, and we have defined

1
2 2 2N, 4N
Fss,.aa(q”) = / [1+3F+f+q2 <23Ff—2w>

2 ' N

AL T -

+q (2 + Ni—da F ?fx + 222 F ?)] J[—2¢2(1 — z)] dz,
For the AS channel,

2 2 1 M 2

fAS(Mﬂ'7q 7M7Nf): _ﬁ 1+1n? +FAS(q )7 (B5)
where

2 3 (! 1 2 7 2

FAS(q):Z W—l—Qq (1—2)| J[—2¢°(1 — )]
-1 ; (B.6)

- [lez —1-2¢%(x + 1)] J[-2¢*(x + 1)]} dz.
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One-loop predictions for the scattering amplitudes in U(N¢) ChPT take the form
presented in egs. (2.23) and (2.25). For the SS and AA channels, the LO contribution is the
same as in the SU(N¢) theory, the NLO part contains tree-level diagrams with O(N,) LECS,

4
Fr | §5,AANLO

—r 128
+32N, L0 + 32¢>N.L/© + 2 ¢* N L") B.7
M}r 2,5 ‘U(Nf) c q c 3 q c , ( )

and the NNLO part of the amplitude includes loop diagrams and tree level diagrams with
single insertions of O(1) LECs or two insertions of O(N.) LECs,

128

Fl  $SAANNLO 1 1 1
i Mas ‘U(Nf) = +32LG) 44 326 LG 44 & 3 LG ha + Fssaa(MZ, %, p, N)
s
Mg 2 11 AA 2 2
——5 (Kssaa+ ¢ Kgg aa) + AMG (M7, g%, p, Ny) 5

F

™

(B.8)
where the upper (lower) signs, refer to the SS and AA channel, respectively. Also, the
leading and subleading parts of the LECs are introduced in eq. (2.21), while the K LECs are
defined in eq. (2.24) and are equal for both channels. The contribution from loop diagrams
including the 1’ take the form

. 2 2 2
AM?S’AA(Mﬁvt’u’“’ Ny) = :Fﬁf <1 F Nf> Bi(t) — ﬁBg(t) + (t e a), (B.9)
f

where we define two kinematic functions,'

1 1 2 Mv?’ 2 M
Bl(z) = (47-()2 {M% — M2 <M77/ IOg 7 — Mﬂ. log ?
n K

(B.10)
11 Mzx + My (1 —2) —x(1 —x)z 1
+/0 °8 M2z + M2 (1 —z) v
1 1 M2 [ M
By(z) = 1 T — . B.11
2(2) (47T)2 + (47T)2 0g MQ J (ZM3,> ( )

This can then be projected to the relevant partial wave using eq. (B.1). On the other
hand, the AS channel starts at NNLO in the U(NV f) theory, and the correction from loops
including the 1’ is given in eq. (2.26).

C Summary of 77 finite-volume energies

In this appendix, we summarize the lattice results for the pion-pion finite-volume energies
obtained in this work, which are used in section 5 to constrain the NV, scaling of the scattering
amplitude. Results for the S5, AA and AS channels are presented in tables 16 to 18, in
this same order.

"®We note there was a typo in the definition of Ba(z) in eq. (A.13) of the published version of ref. [48],
where the J function had the incorrect normalization and sign.
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E;‘S/Mfr
Irrep Level N.=3 N, =14 N.=5 N.=6

n=0 2052(6) 2.079(7) 2.052(4) 2.041(4)

Af()
n=1 3.202(14) 3.852(5) 3.677(5) 3.629(3)
400) n=0 2366(11) 2.519(23) 2.460(8)  2.430(8)
! n=1 3.530(11) — — —
n=0 2493(26) 2.687(9) 2.640(6) 2.613(6)
4) n=1 2.725(6) 3.065(15) 2.959(6) 2.920(6)
! n=2 3.613(23 — — —
n=3 3.719(16 — — —
n=0 2.650(16) 2.859(15) 2.822(11) 2.765(29)
Aq(3)

)
n=0 2.030(10) 2.029(10) 2.024(6) 2.017(6)
Aj(4) n=1 2.756(15 4)  2.925(9)  2.886(8)

(23)
(16)
(16)
n=1 3.055(19) 3.489(11) 3.353(5) 3.287(15)
(10)
(15)
n=2 3.266(12) — — —

Table 16: Results for the finite-volume pion-pion energies in the CM frame for the SS
channel. Only those energies used for the analysis of scattering amplitudes in section 5 are

listed. The first column indicates the cubic-group irrep, with the number in parenthesis
referring to P?/(27/L)2.
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Eya/Mx
Irrep  Level N.=3 N, =4 N.=5 N.=6

n=0 1.933(6) 1923(6) 1.950(4) 1.962(4)
n=1 2993(7) 3.469(18) 3.409(4) 3.393(3)
n=2 3.788(29) — — —

n=0 2.182(7) 2.275(16) 2.285(8)  2.288(8)
A1) n=1 3.189(8) 3.767(12) 3.670(15)  3.68(3)
n=2 3.958(25

AY(0)

)

n=0 2336(18) 242(4) 2.442(16) 2.468(14)
Mgy =1 2586(16) 2.884(25) 2.821(15) 2.803(11)
12y 3.410(15) 3. 989(20) 3.908(9) 3. 897(25)

n=3 3.552(15) —
Az M=0 246(4)  2614(26) 2637(26) 2.637(21)
1B 2.758(24)  3.08(6)  3.04(8)  3.072(15)
n=0 1.937(13) 1.940(13) 1.952(11) 1.960(9)
Ay M=10258(3)  2775(23)  2.74(4)  2775(15)
@y 3.01(4) 3. 554(29) 3. 451(26) 3.446(8)

(11

n=3 3.640(11) -

Table 17: Same as table 16 for the AA channel. Energies for the A;(4) irrep are not used
for the final fits, due to large observed systematic deviations of the corresponding scattering
phase shift—see section 3.6.
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EES/MF

Irrep Level N.=3 N. =4 N.=5 N.=6
T;(0) n=0 3.164(4) 3.682(4) 3.559(4)  3.515(3)
A "= 0 2.273(8) 2.390(17) 2.357(16) 2.358(8)
1(1) n= 3.375(9) 3.965(32) 3.814(24) 3.776(14)
E(1) mn=0 3.365(8) 4.00(4)  3.811(17) 3.773(9)
Aoy M 2.448(8)  2.602(9) 2.556(6)  2.553(6)
1@, 3.514(12) 4.164(5) 4.002(8)  3.972(6)
By "= 3.528(7)  4.158(5)  4.004(4)  3.961(4)
1(2) n=1 3.608(4) 4.277(5) 4.117(3)  4.068(5)
Boo) "= 0 2.649(5) 2.963(6) 2.887(4) 2.861(4)
22) 4 3.614(5) 4.283(6) 4.124(3)  4.068(4)
(g =0 2567(16) 2771(24) 2701(26)  2.64(5)
1(3) n=1 290009) 3.335(15) 3.211(9) 3.185(14)
EB) n=0 2891(8) 3.318(21) 3.199(11) 3.168(12)
Ay T 2.699(8)  2.912(9) 2.860(7) 2.836(8)
1(4) n= 3.773(6)  4.475(8)  4.307(6)  4.256(3)
E(4) n= 3.166(5) 3.689(12) 3.555(4)  3.517(4)

Table 18: Same as table 16 for the AS channel.
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