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method inspired by imaginary time evolution, allowing for determining initial

parameters that prioritize lower energy states in a resource-efficient way. Using
classical simulations, we demonstrate that this warm start method significantly
improves the success rate and reduces the number of iterations required for the
convergence of VQE. The numerical results also indicate that the warm start approach
effectively mitigates statistical errors arising from a finite number of measurements,
and to a certain extent alleviates the effect of barren plateaus.
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1 Introduction

The Variational Quantum Eigensolver (VQE) is a classical-quantum hybrid algorithm
that uses parametrized quantum circuits as ansitze [1, 2]. Because these circuits can be
flexible and relatively shallow, VQE is well suited for noisy intermediate-scale quantum
(NISQ) devices. The method has been applied to a wide range of problems, including
eigenvalue calculations in physics and chemistry [3, 4] and various combinatorial opti-
mization tasks [5-9]. Despite this broad applicability, two major challenges limit its prac-
tical usefulness: statistical errors arising from finite measurement shots [10] and the pres-
ence of barren plateaus in the optimization landscape [11]. Both issues can prevent the
optimization from converging to the global minimum. Consequently, designing suitable
ansitze and choosing effective initial parameters are important for improving VQE per-
formance.

In this work, we investigate the quadratic unconstrained binary optimization (QUBO)
problem [12] and develop a warm start approach. By approximating the action of imag-
inary time evolution step by step, this warm start is able to provide an initialization pri-
oritizing lower energy states and offering a more effective starting point than the typical
universal superposition or random states. To effectively obtain the warm start parameters,
we introduce a structure-inspired ansatz (SIA). While the SIA alone does not outperform
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the hardware-efficient ansatz (HEA) [13] with finite shots, it gains significant improve-
ment combined with the warm start, highlighting the importance of the initialization for
the VQE. Our numerical simulation results indicate that VQE with the warm start is able
to result in a higher success rate in finding the optimal solution with fewer iterations. Be-
sides, the warm start shows a potential to mitigate the problems of statistical error and the
barren plateaus.

The paper is organized as follows. Section 2 outlines the QUBO problem and the sim-
ulation setup. Subsequently, we introduce a warm start approach in Sect. 3.2, as well as
low-cost simplification thereof in Sect. 3.3, which allows for determining the initial set
of parameters classically. The improvement in performance of these methods is demon-
strated using numerical simulation. Section 4 shows the potential of the warm start to
mitigate statistical errors and to alleviate the effect of barren plateaus. Finally, Sect. 5 con-

cludes with a summary and prospects for future research.

2 QUBO and CVaR-VQE

In this paper we focus on the CVaR-VQE, a variant of the VQE proposed for combinatorial
optimization problems [14], and apply it to QUBO problems, both of which we review
below. The QUBO problem is defined by a vector of N binary variables x = {xg,;,...2x_1}
and the symmetric coefficient matrix Q € RN*N as well as a cost function [12]

N-1N-1

fx)=xTQx= Z in - Qi - X, (1)

i=0 j=0

The objective is to find the assignment of binary variables which minimizes the cost func-
tion for a given Q. A wide range of combinatorial optimization problems can be expressed
in this mathematical framework, among them the optimal flight to gate assignment at an
airport, particle tracking, job scheduling, and many others [5-8]. Every QUBO problem
can be associated with a graph by interpreting the matrix Q as the adjacency matrix of a
weighted, undirected graph G(V, E). V corresponds the set of vertices of size | V| = N, and
E represents the set of edges between vertex pairs (i, j) for which Q; = Q; #0.

QUBO problems can be straightforwardly represented as Hamiltonians on N qubits
which are polynomials of Pauli-Z operators [15]. In particular, the corresponding Hamil-
tonian for f(x) can be obtained by substituting the binary variables x; with the operator
(]1 - of) /2, where 1 denotes the identity operator and o} represents the Pauli-Z opera-
tor acting on the i-th qubit. Using this substitution one finds for the Hamiltonian up to a
constant

H= Zh, -Oiz + Z ],’1‘ ~UiZO'jZ, (2)

icV (i)eE

where the coefficients /;, J;; are related to the original QUBO problem’s Q;. Note that the
above Hamiltonian only contains Pauli-Z operators, which renders it diagonal in the com-
putational basis, and its eigenstates are the computational basis states. This is a general
property of boolean functions, as they can all be represented as diagonal matrices in the
computational basis [15]. For the purpose of this study, we consider random QUBOs and

sample the coefficients /;, /;; uniformly in the range [-1, 1] with four-digit precision.
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For combinatorial optimization problems, the conditional value at risk (CVaR) [16] has
been proposed as a cost function for the VQE, and it has been shown to significantly en-
hance VQE’s performance [5, 14, 17]. Specifically, taking S measurements in the computa-
tional basis and arranging the corresponding eigenvalues associated with the basis states
sampled in ascending order, {E; < E; < --- < Eg}, the CVaR corresponds to the average of
the fraction o of the lowest energies

1 [aS]
CVaR, = — Y E. (3)
[aS] k; k

Note that in the limit « = 1, the CVaR,, is nothing but the usual sample mean for estimat-
ing the energy with S measurements used in regular VQE. In the opposite limit, « — 0,
CVaR, does nothing but selecting the measurement which resulted in the lowest energy.
For 0 < o < 1, the CVaR,, cost function can be understood as trying to push more weight
in the low-energy tail of the measurements, thereby enhancing computational basis states
corresponding low-energy solutions in the wave function.

In this work we focus on CVaRjg; unless stated otherwise. This choice balances two
considerations: emphasizing the low-energy sector while maintaining sufficient sampling
statistics for a stable estimate. Since our main simulations use S = 10,000 measurement
shots per iteration, setting a = 0.01 ensures that the lowest 1% of outcomes still contain
100 samples, which is enough to yield a reliable average. Such a small value of « therefore
emphasizes the relevant low-energy sector while maintaining robustness against statistical
fluctuations.

For the rest of the paper, we use the VQE with CVaR, as a cost function as a test bed for
the ansatz and the warm start procedures we develop in the following sections. To have
a consistent set of test cases, we create a 100 random QUBO instances corresponding to
complete graphs for each problem size N, where N takes even numbers ranging from 12
to 24, that we use for all our numerical experiments. Throughout a VQE run, we monitor
the fidelity of the final wave function with the exact solution, i.e., the probability of the
optimal solutions in the quantum state, with the optimal solution obtained by brute force.
A problem solution for a particular instance is deemed as successful if the maximum fi-
delity throughout all iterations is larger than 1%. As a metric to judge the performance
of the VQE, we use the success rate among the problem ensemble, that is, the fraction of
instances that were successful.

3 Warm start inspired by imaginary time evolution

In this section, we first explain how the decomposition of the Imaginary time evolution
(ITE) operator motivates the structure of the ansatz in Sect. 3.1. The actual warm start
procedure to determine good initial parameters for this ansatz will be introduced sepa-
rately in Sect. 3.2 and Sect. 3.3.

3.1 Structure-inspired ansatz

Given a Hamiltonian H, a low-energy state can be obtained by evolving a given initial
state |1/o) in imaginary time. In particular, the state tends to be the ground state, |Ep), in
the limit

oy - Tim __SPCTHD Y0
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provided the initial state |1/) has nonvanishing overlap with |Ey). Note that the ITE oper-
ator, exp(—tH), is nonunitary and does not preserve the norm, thus we explicitly include
the norm factor in the expression above. Although ITE provides theoretical guarantees of
convergence to the global minimum [18], it cannot be implemented directly on quantum
hardware because of its nonunitary nature, motivating the development of several indirect
realizations. Variational approaches approximate the ITE dynamics using parametrized
circuits [19-22], which typically require nontrivial resources for accurate parameter esti-
mation. In addition, classical-quantum hybrid Monte Carlo schemes have been proposed,
where imaginary-time observables are reconstructed through importance sampling of
real-time evolution [23, 24]. These methods avoid variational optimization and rely on
repeated short-time quantum circuit executions.

For combinatorial optimization problems, where the eigenstates are given by computa-
tional basis states, the target is to find the single optimal bitstring, so it is not necessary
to execute the ITE exactly to get the same resulting state. Instead, it suffices to increase
the probability of the optimal (or near-optimal) bitstrings, and the distribution of higher-
energy states is largely irrelevant in this case. Thus, we propose to approximate the ITE
in a resource-efficient way, provide a good initial state that can guide VQE’s optimiza-
tion. The CVaR-VQE applied afterward will focus on refining the low-energy subspace.
In this subsection, we introduce the ansatz inspired by the structure of the ITE operator,
which is essential for deriving the warm start parameters that mimic the ITE process. The
detailed procedure for determining these parameters will be presented in the following
subsections.

For the ITE process, a suitable choice of initial state is the uniform superposition of all
computational basis states, |1/o) = [+)®N, where |+) = (|0) + [1)) /+/2. Moreover, the terms
of the Hamiltonian in Eq. (2) commute with each other, thus the corresponding imaginary
time evolution can be decomposed exactly as

Lz z
e = 1_[ e i l_le_’hi”iz. (5)

(ij)eE eV

Utilizing the above decomposition, we can understand the effect of the imaginary time
evolution on this initial state step-by-step. Considering the second term, i.e. the single-
body terms, we see that

—thjo?

el |4) = — (e7"10) + ™ |1)). (6)

1
V2
Up to normalization, the resulting state on the right hand side can also be generated by
applying the unitary rotation gate R,(6;") = exp(=if*o; /2) to |+), with appropriately chosen
angle 6. Hence, up to normalization, we have

) = [ [Ry@7) 1+)EN ~ [ [e ™7 |+)®N. (7)

eV eV

For the two-body terms of the imaginary time evolution operator, we can proceed simi-
D Sy 4
larly. Starting from |/ ), the effect of the different e V5% in Eq. (5) can again be described
by a unitary U;; up to normalization

Wkan) = Uy 1) ~ e %% [y, k> 1. ®)
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The operator U; might be very non-local to get the same resulting state as ITE. For
simplicity, we can only consider the operators acts on the same qubits to approximate
the effect of ITE. Since the ITE operator e 1% isa purely real matrix without complex
phase, we can consider the following two-qubit operator to approximate it:

v, o~z Y o Y _z
Uij(oij) _ e_l(e”’l o0 +645,0°0; 9 )/2, (9)
o —ifofel ool .
Although there are some other real unitaries like e %%, e “1% can be considered,
which does not have an effect in this case as shown in Appendix A.

Assuming that the optimal parameters 67, 67, to approximate the action of ITE on the

ij,1
current state |1) are available, we apply the operator L[,'j(GZ;) to mimic the effect of ITE on
the qubit pair (i, /). We then proceed to the next relevant qubit pair and repeat the same
procedure. By iterating this process over all qubit pairs with non-zero couplings J; in the

Hamiltonian, we obtain the final state:

[ Vv, (07)) = u; ;) x | [Ry0)1+)%N, (10
j

(ij)eE eV

which aims to mimic the full ITE process and yields a higher probability for low-energy
solutions compared to the uniform superposition. Since the resulting ansatz reflects the
structure of the problem graph, we refer to it as the structure-inspired ansatz (SIA). We
emphasize that the novelty lies not in the ansatz structure itself, but in how the optimal
parameters 0" are obtained to enable a warm start, this procedure is detailed in the next
subsection.

3.2 Warm start by measurement

To approximate ITE step by step, we determine parameters that mimic each local
ITE factor. For single qubit term, the optimal parameter can be got analytically: 6; =
2arctan (—exp(—2th;)) + /2. In contrast, the two-body operator is more complicated and
depends on the state |;) obtained from the previous step. Specifically, the optimal pa-
rameters of U[;(#;) in Eq. (8) can be determined by maximizing the overlap between the
exact ITE-evolved state and the variationally transformed state

Sk (B0, 03j,1)
-tJj-0f0’ —i(9"1~(7vza?l+9”0»(7,y(7.z)/2 (11)
= (Yurle VT e TN TR T )

The above formula corresponds to the expectation value of a two-qubit operator, which
can be expanded as a sum of Pauli strings Pe {I,0%,6%,0%1%2, and the expectation
(V-1 P |¥x_1) of the individual Paul strings can be measured efficiently. As detailed in
Appendix A, after obtaining the expectation value of those Pauli operators, the overlap
frx for afixed time 7 only depends on the parameters 6;;0, 9;,1. The optimal parameters to
maximize this overlap function can be easily found classically by solving

9;}0, 9;‘1 = arg maxf,,k(Hij,o, 9L'j,1)~ (12)

We then apply the unitary gate U/; with these optimal parameters, and the state is updated
by Y1) = L[ij(é?;,o,ﬁl;f’l) |¥«). This procedure is repeated for every two-body term until
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Figure 1 Fidelity of the warm start state that mimics ITE with T = 0.2. The yellow diamonds represent the
initial state following the WS-M technique using a state vector simulation, corresponding to an infinite
number of measurements when estimating the expectation values. The green dots correspond to the data
obtained using 1000 measurements for estimating each of the local Pauli operators. For each system size, the
fidelity of 100 random QUBO problems is presented, sorted in ascending order and slightly offset on the x-axis
for viewer convenience. The dashed line connects the minimum fidelity at each system size to guide the eye.
The gray line shows the fidelity between the solution and the uniform superposition

all corresponding gates in Eq. (10) have been assigned their optimal parameters. For the
rest of the paper, we dub the method discussed above warm start by measurement (WS-
M) to distinguish it from the approximate warm start technique proposed in the next
section.

Note that this warm start will only provide an approximation to the ITE. Since we have
chosen a specific ansatz structure for the two-qubit gates, it can not produce the effect of
the ITE operator up to arbitrarily large 7. For intermediate values of 7, we expect that the
WS-M approach can provide a good initial state for the VQE.

Figure 1 demonstrates the efficiency of our warm start approach, by showing the fidelity
of the state with initial parameters according to the WS-M procedure compared to the
uniform superposition. Across all random QUBO instances we study, the warm start con-
sistently achieves a significantly higher fidelity than the uniform superposition. For clearer
visualization, we connect the minimum fidelity at each system size with an orange dashed
line in Fig. 1. Compared to the baseline given by the uniform superposition, these min-
imum fidelities decrease much more slowly with system size and exceed the baseline by
several orders of magnitude across the entire range studied. Besides, using a modest bud-
get of 1000 measurements to estimate the expectation value of the local Pauli operators
in Eq. (11), the simulated data taking into account a finite number of measurements is
close to the exact state vector simulation. Remarkably, this consistency does not decay
with the number of qubits, which indicates the necessary number of measurements does
almost not increase with the number of the qubits for the entire range of problem sizes we
consider. This is likely because the WS-M only requires the estimation of expectations of
two-qubit operators.

To show that the WS-M not only increases the fidelity of the initial state with the opti-
mal solution, but generally also leads to a better VQE performance, we also compare the
performance of the VQE using the SIA ansatz with and without warm start. For the case
without warm start, all parameters in the circuit Eq. (10) are set to zero initially, which
has a comparable performance as the hardware-efficient ansatz with the same initializa-
tion as shown in Appendix B. The classical minimization is performed with constrained
optimization by linear approximation (COBYLA) [25], with the maximum number of it-
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Figure 2 (a) Success rate of CVaR-VQE with & = 0.01 and (b) the averaged iterations to achieve the fidelity
threshold 1%, with the errorbar representing the standard error. In both panels, the green diamond represents
the data using the WS-M with T = 0.2. For comparison, the blue dots show the outcomes when the VQE is
initialized with a uniform superposition, i.e,, all ansatz parameters are set to zero. The number of
measurements for the warm start parameter estimation is 1000, and 10,000 measurements are used for
estimating the CVaR value in each VQE iteration for both cases, with or without the warm start

erations set to 50 x N, to provide a benchmark with a number of cost function evaluations
realistic on current quantum hardware.

As shown in Fig. 2(a), warm-started VQE has a much higher success rate compared to
starting VQE with the uniform superposition state. The separation in success rate between
the cases grows slightly as the problem size increases. In addition, for the successful in-
stances, we also record the minimal number of iterations to achieve the fidelity threshold
1%. Figure 2(b) shows the average number of iterations, I, among the successful instances
to reach the desired fidelity threshold. As the figure reveals, I is noticeably smaller when
using the warm start initial state, indicating a faster convergence rate of the VQE with
warm start parameters towards the optimal solution. Specifically, for 24 qubits, I of VQE
without warm start is around 180, whereas with warm start, it reduces to about 50, thus
achieving the fidelity threshold up to 3.6 times more rapidly. While our system sizes are still
relatively small, these results strongly suggest that the warm start enhances VQE conver-
gence and robustness. We plan to explore its scaling properties in follow-up work among
larger system sizes.

For completeness, we also examined whether an appropriate warm start initialization
could improve the performance of the HEA ansatz, as discussed in Appendix C. When we
use the solution of the relaxed QUBO problem [26] as the warm start, the initial state is
slightly better than the uniform superposition, but this does not lead to improved VQE op-
timization outcomes for HEA. This contrast further highlights the importance of the SIA
ansatz together with the physically motivated warm start strategy employed in our work.
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Figure 3 Comparison of warm start fidelity for 20 qubits QUBO problems. The fidelity of the WS-M method
introduced in Sect. 3.2, is presented by the yellow diamond for state vector simulation and green dots for
simulation with 1000 measurements. The fidelity resulting from the WS-A method is denoted by blue crosses.
The gray line represents the fidelity of the uniform superposition, which is 1/22°

3.3 Warm start by approximation

The WS-M approach allows for improving the performance of the VQE using CVaR,, as
we have demonstrated in the last section. However, this comes at the expense of having to
perform additional measurements. Here we demonstrate an approximate way for warm
starting the VQE. As shown in Appendix A, the expectation value of a Pauli operator b
with respect to the intermediate state |/4_;) can be approximated as:

(Y1 P1Yi) = N (4] P|4) BN + O(?). (13)

Hence, provided t is small, this allows for approximating the warm start parameters by
evaluating the expectation values of Pauli operators P in the state |+)®V. These can be ob-
tained analytically, and evaluate either to 0 or &1, so that an approximation of the warm
start parameters can be obtained without running the quantum circuit. Hence, we dub this
technique warm start by approximation (WS-A). As Fig. 3 shows, for values of 7 < 0.3,
the WS-A yields fidelities with the exact solution comparable to those of the WS-M dis-
cussed previously. Only for larger values of 7, the fidelity of the state initialized with WS-A
decreases, which can be attributed to the increasing error term O(z?) in estimating the ex-
pectation value of Pauli operators using state |+)®N. Further comparisons between these
two warm start approaches, in particular, for a larger number of ansatz layers are pre-
sented in Appendix E, revealing that the WS-M approach has a more stable performance
using a larger number of layers.

In Fig. 4, we show the success rate of the VQE initialized with the warm start param-
eters derived from different approaches for 20 qubits. This outcome exhibits a pattern
consistent with that observed in Fig. 3: the success rate for the WS-M approach with 1000
measurements is on par with that of infinite shots, and the approximation approach has
a comparable performance when t is small, but performs worse when t increasing. Sub-
sequent sections will focus on t = 0.2, where both warm start methods show promising
performance with a single layer. For stable performance across different layers, we will use
the WS-M method to generate good initial parameters for VQE.

As our results demonstrate, for a single layer there is essentially no difference in perfor-
mance between the different warm start approaches, and for the following section, we sill

simply focus on the approach WS-M.

Page 8 of 22
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Figure 4 Success rate of CVaR-VQE with o = 0.01 initiated with different warm start parameters for 20 qubits.
Each VQE iteration involved 10,000 measurements for estimating CVaR across all three warm start approaches

4 Effects of statistical errors and avoidance to barren plateaus

To elucidate the factors underlying the effectiveness of the warm start strategy, we first
analyze the impact of statistical errors arising from a finite number of measurements. We
then examine the cost concentration of the SIA ansatz and confirm that the ansatz it-
self exhibits barren plateaus [27] when initialized with random parameters. Importantly,
the warm start procedure does not eliminate barren plateaus in general. Instead, it pro-
vides an initialization with gradients that do not decay with the system size, as shown in
Sect. 4.2. This advantageous starting point enables the optimization to avoid flat regions
of the landscape during the early stages of VQE and leads to an efficient minimization of

the cost function, as illustrated in Sect. 4.2.

4.1 Statistical errors due to a finite number of measurements

To study the effect of a finite number of measurements, we utilize the QUBO instances
with 18 qubits as a test bed. For these instances, the statevector simulation of the VQE
shows nearly perfect success rates using the SIA ansatz: 99% for all initial parameters set
to zero, 100% for warm start. Thus, this setting serves as a testbed for analyzing how
statistical errors influence success rates in each methodology.

Figure 5(a) illustrates how the success rate varies with the number of measurements
used in every iteration, clearly indicating that the VQE with a warm start is more robust
against the finite shots. Using the warm start, one consistently observes success rates close
to 100% as soon as the number of measurements is larger than 70,000. Even for as little
as 2000 measurements, one can achieve a high success rate of 90%. In contrast, the VQE
without a warm start achieves only maximum success rates of approximately 70%, even
for 150,000 measurements. To obtain further insight into the mechanism behind the ro-
bustness of the warm start, we calculate the standard error of the expectation value for the
cost function CVaR, with coefficient @ and a number of measurements S. The standard

error is given by

[a-S] 2
o \/ S (B- CVaR,(B)” .

[ ST(Tee-ST-1)

where « = 0.01 in this study and the obtained from each of the measurements are sorted in
ascending order: E; < E; <--- < Es. A larger standard error indicates greater uncertainty
in CVaRgo; when estimating the cost function with finite number of measurements. This

Page 9 of 22
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Figure 5 Scaling of the success rate with number of measurements of the CVaR-VQE with & = 0.01 (a) and
relative standard error (b) for 18 qubits with averaged over 100 QUBO instances. The x-axis represents
different numbers of measurements taken for determining the cost function in each iteration, ranging from
2000 to 150,000. The blue dots represent the data for the VQE with all parameters in SIA-YZ ansatz initialized
as zero, the green diamonds the results for initializing the ansatz using the warm start parameters. The grey
dashed line in panel (a) indicates a success rate 100%

might mislead the classical optimizer when selecting a new set of parameters to minimize
the cost function value. The relative standard error 6/CVaRgq; of the 10th iteration in
VQE is plotted in Fig. 5(b), demonstrating that the standard error is significantly reduced
when utilizing a warm start. This might explain the improved performance of the warm
start with finite measurements. In turn, the reduced standard error is as a result of the
warm start procedure mimicking the ITE initially pushing more weights into the low-
energy states, resulting in a more concentrated lowest-« tail of the measured eigenvalue
distribution.

4.2 Avoidance to barren plateaus

The problem of barren plateaus is one of the most difficult problems for the VQE, as it

can prevent the trainability of ansédtze [11]. Thus, it is pertinent to investigate if the SIA

ansatz and warm start can mitigate this problem. To this end, we examine the scaling of

the cost concentration with the number of qubits for the SIA ansatz, which was proven to

be exponentially decaying if the cost landscape has the problem of barren plateaus [27].
To study to what extent the SIA ansatz is affected by barren plateaus with increasing

circuit depth, we consider the ansatz with a number of layers L > 1 which is given by

L
TTL T usep < JRry@h | 14)2N. (15)

=1 \(G)eE eV

Page 10 of 22
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Figure 6 Cost concentration of the SIA ansatz for an even number of qubits ranging from 12 to 24. For each
problem size, the value of Var(AC) is averaged over 10 random instances. The x-axis represents the circuit
depth (layers of CNOT gates), which equals 2NL if considering an all-to-all connected hardware, as explained
in Appendix D

Furthermore, in this section, besides a = 0.01, we also consider the « = 0.1, because some
instances for N = 12,14, 16 might gain fidelity larger than 0.01 in the warm start, where
the global minimal is already achieved for « = 0.01, resulting in zero gradient. This could
cause an increase in gradient as the number of qubits increases, so we also consider & = 0.1
to verify the scaling of the gradients with the problem size.

Firstly, we explore the variance of the cost difference with increasing number of ansatz
layers. For each random QUBO instance and each number of layers L, we sample 2000 ran-
dom parameter vectors, 6 = {9;,0]1.k|i € V,(j,k) € E,1 <[ < L}, and evaluate the variance
of the cost difference as in Eq. (13) in Ref. [27]

Var(AC) = Varg[C(0) — Eo[C(0)]]. (16)

As throughout the rest of the paper, the cost function C(0) is given by the CVaR, in Eq. (3).

The numerical simulation result is shown in Fig. 6. As the depth of a single layer of
our ansatz circuit depends on the number of qubits N, we show Var(AC) as a function
of circuit depth for better comparability of results for different problem sizes. Looking at
Fig. 6, we initially observe an exponential decay, before reaching a plateau at L > 2. This
indicates the SIA ansatz will form a unitary 2-design upon reaching sufficient depth [11].
In addition, we observe that the value of the plateau reached for a fixed problem size decays
exponentially with the number of qubits N. Our results indicate that the SIA generally
shows barren plateaus as L increases.

Furthermore, we also study the gradient observed using the warm start. Note that in
the case of [ > 2, the parameters of single-qubit gates in the WS-M approach should also
be determined by maximizing the overlap function similar to Eq. (11), because the state
they are acting on is no longer a product state anymore. To facilitate a direct comparison
with the cost concentration, which correlates with the gradients’ variance, we explore the
squared gradient values normalized by the dimension of the parameter space, dim(#), for

a given instance

dim(0)

> @:C®)°. (17)
i=1

G= dim(0)
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Figure 7 Scaling of the gradient obtained using the warm start parameters and cost concentration with the
number of qubits, with (@) @ =0.01 and (b) & = 0.1. The dashed lines represent the square of the gradient for
warm start parameters, and the solid lines represent the cost concentration. Different colors indicate different
layers, and the cost concentration for L > 2 is degenerated in the plot

The data for G are shown in Fig. 7 for various problem sizes. As the figure reveals, the gra-
dient obtained using the warm start parameters is not decaying with an increasing number
of qubits. In particular, for the smaller value of @ = 0.01 we observe an increase in gradi-
ent magnitude. This can be primarily attributed to the high fidelity of the warm start for
smaller system sizes. As we have shown in Fig. 1, for N = 12 most instances have a fidelity
exceeding 0.01 using the warm start parameters. Thus, for o = 0.01 the cost function is es-
sentially already optimal, and the gradient will be zero. As the number of qubits increases,
the fidelity of the warm start eventually decreases below «, leading to a nonvanishing gra-
dient and, thus, to the observed increase in gradient magnitude, as can be seen in Fig. 7(a).
For the data with « = 0.1, shown in Fig. 7(b), we observe essentially a constant value of the
gradient throughout the entire range of system sizes we study. This is a result of the fact
that in this case the warm start does not reach fidelities larger than « (see Fig. 1), and the
cost function for smaller N is not close to the optimal value. In both case, « = 0.01, 0.1,
increasing the number of layers in the ansatz from 1 to 2 will result in a better warm start,
resulting in a smaller value of the gradient. However, increasing the number of layers fur-
ther beyond 2 does not necessarily enhance fidelity and consequently does not reduce the
value of gradient further, explaining why the data for L > 2 is approximately the same for
large N. In summary, initializing the ansatz using the warm start method does not lead to
exponentially vanishing gradients, while naively increasing the number of layers will not

improve the performance systematically.
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Figure 8 The approximation ratio during VQE process with different starting points of L = 1. The x-axis
represents the number of iterations and the y-axis represents the approximation ratio CVaRo 1/Eopt, With Eopt
being the minimal cost function value obtained by the brute force search. Blue dots correspond to the VQE
process starting at the uniform superposition state. The green diamonds represent that starting with the
warm start. The orange dashed lines correspond to VQE processes starting with 100 random initial parameters

The warm start provides a set of initial parameters with a large gradient, ensuring a
trainable first step in the VQE. However, there are still questions about the trainability of
subsequent iteration steps, and whether the warm start will lead the optimization to global
or local minima. The high success rate and fast convergence to the optimal solution shown
in Fig. 2 indicates that the warm start parameter should benefit these problems. To demon-
strate this in a more straightforward way, we choose a random instance with N = 24 qubits
and a single ansatz layer to examine the optimization process of the VQE with different pa-
rameter initialization strategies, aiming to confirm that the warm start provides a starting
point that is easier to be optimized to the optimal solution. For simplicity, we only present
the approximation ratio during the VQE of & = 0.01, the conclusions remain consistent for
a =0.1. As shown in Fig. 8, a random choice of initial parameters essentially leads to an
untrainable ansatz, especially in the case of using a finite number of measurements. Even
with an exact state vector simulation (see Fig. 8 (a)), corresponding to an infinite num-
ber of measurements, most instances show barely any improvement of the cost function
during the training process. The few instances that do show some improvement converge
rather slow and stay far away from the minimum cost function value over the course of
1250 iterations. As soon as we use a finite number of measurements S = 10,000 (cf. Fig. 8
(b)), we observe no substantial improvement of the cost function throughout the training
process for randomly chosen initial parameters. This observation aligns with our findings

on barren plateaus for the SIA ansatz discussed previously.
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Initializing with all parameters being zero, corresponding to the uniform superposition
as initial state, will result in a large gradient in the beginning, which enables the opti-
mizer to quickly find a direction where the cost function decreases. However, even with
an infinite number of measurements it takes a long time to get close to the global mini-
mum and the optimization process revolves around a local minimum for a long time, as
Fig. 8(a) demonstrates. Using a finite number of measurements, Fig. 8(b) illustrates that
this initialization tends to get stuck in local minima, explaining the low success rate ob-
served previously in Fig. 9(b). This issue can be attributed to the large statistical errors as
discussed in Sect. 4.1.

In contrast, initializing parameters using the warm start method results in an already
good approximation ratio initially, and the optimization procedure reliably converges to
the optimal solution, in scenarios with both infinite and finite shots, as the results in Fig. 9
reveals. This indicates that our warm start is able to provide a good starting point in the
cost function landscape that is close to the narrow gorges in which the cost function is
concentrated and can help to overcome trainability issues.

5 Summary and outlook

In this work, we propose a resource-efficient warm-start method that mimics the imag-
inary time evolution of a uniform superposition over all computational basis states. Per-
forming classical simulations with up to 24 qubits we numerically benchmarked the per-
formance of the warm start for the VQE using the conditional value at risk as a cost func-
tion. Our data demonstrate that the warm start procedure allows for obtaining a good
performance, even with a modest number of measurements per iteration in the VQE. The
boost in performance through the warm start method can be primarily attributed to the
fact that the initial state generated has a dominant component of low-energy states, re-
sulting in a reduction of statistical errors when estimating expectation values with a finite
number of measurements. Moreover, we examined how the warm start parameters avoid
barren plateau regions. While we observe that the ansatz in general suffers from exponen-
tial cost concentration, our numerical results indicate that the warm start provides a point
in parameter space sufficiently close to one of the narrow gorges where the cost function
does not look flat.

It is worth mentioning that in our warm start approach, we determined the optimal pa-
rameter of each gate in the ansatz individually while keeping the others fixed to mimic the
ITE. While this is the most resource-efficient approach in terms of overhead require for
the warm start, optimizing multiple parameters at the same time might allow for faith-
fully emulating the effect of imaginary time evolution up to longer time-scales. This could
provide an initial state that has even larger overlap with the solution as our current tech-
nique. Evaluating the trade-off between the cost of obtaining good warm start parameters
and the resulting performance enhancement in the subsequent VQE will be an interesting
aspect for further studies. Beyond VQE, the proposed warm-start strategy may be applica-
ble to other quantum algorithms. For example, it could serve as an initial state for Grover
search, increasing the initial overlap with the target solution and reducing the number
of required iterations. Exploring such extensions is another promising avenue for further
investigation.

Moreover, in our simulations considered an ideal quantum device performing a finite
number of measurement. For the future it would be interesting to realize the simulation
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on current noisy quantum hardware and to investigate if the warm start shows a similar
performance improvement in the presence of noise and in combination with state of the
art error mitigation methods [28—32]. In addition, it is an interesting question different
kinds of hardware noise affect the warm start procedure and how these could possibly be

mitigated.

Appendix A: Details of the warm start procedures
For the WS-M approach, we have to maximize the expectation value in Eq. (11) by choos-
ing appropriate variational parameters for the two-qubit gate acting on qubits i and j.

—aP

Utilizing the identities e™*" = cosh(a) — sinh(a)P and eiab — cos(a) — i sin(a)P, for a real co-

efficient @ and P denoting one of the Pauli operators, Pel{l, 0% 067,06%}%2, we can rewrite

the overlap f; as follows

Jex(6i0,05,1)

— (1//_1(_1 | 671'1’7'0501? . e*i(Ql‘]"l'UiZ(T/-y+9i]"0'UiyU;')/2 |'l/fk_1)
ij,0
=co ( ) ( ) cosh (%) — sinh (%) - (ofajz))

 icos ( ) ( )
2
—isin ( ) (ng> cosh(7y){o; ) + isinh (fij) . (af})
)

()

In the above expression, we have used the short-hand notations 7; = tJ; and (f’) =

Lo

/0 (A.1)

cosh t,, oyal ) + isinh (fij) . (ai"))

”0> cosh (%) (o) + sinh (Z;) - (aya]y)).

(zpk,1|13 [Yk_1). Notice that (afojy y=0= (oiy ojz), because these two operators are imagi-

nary and hermitian, resulting in a vanishing expectation in a real state.

A similar calculation can be performed for the operators a"aly o} o; in the ansatz, the

corresponding overlap will be given by

i xB.0,051)

—1.Jji-0%07 63j,1-07 (r n 17 )l
R P I i A T R I
i 9. 0. 0:: 0.
=e % .| cos 1 cos b0 _ sin 2L sin 0. (ofof) ).
2 2 2 2 /

This expression is maximized when 6;;0 = 0 = 6;;1, which explains why we did not include

the operator (r"a]y o} o; in our ansatz.

(A.2)

Considering the expectation of the Pauli operators in Eq. (A.1), with operator b=

0;,0/,0;07, ,o7 aly oo}, the expectation (P) can be expanded by using the definition of
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Figure 9 Success rate of CVaR-VQE with all parameters initialized as zero and a = 0.01 for (a) exact state
vector simulation and (b) a noise-free quantum device with 10,000 measurements in every iteration. The
green dot represents the SIA ansatz; the pink square is the HEA with linear CNOT as the entanglement layer;
the orange diamond is the HEA with CZ gate as the entanglement layer; the red triangle is the
single-qubit-rotation ansatz only produce product states

[¥k_1) from Eq. (8)

(P) = (Y| P 1)

(Opg,1-0200+0pg0-0002)2 Ty =iBpg 10507 +0pq,0-0302)/2
Z(I/fk—2|€ Pa:1%pOq+pg0-%pPq)e | D . e7HYpq,1:0p9q+0pq,0°9p g |1ﬁk—2>

Wil Plyica) + (Wicali [ 0307 + 0005, P 2) - O0) + O,

NO (4] P11V 4 (SN (+i[o],P]|+)ON (A.3)
eV

£y e <+|i[a;ag+aga;,1>] 198N | . O() + O(r?)

PpqeEE’

= NO (4| P|+)®N + O(7?).

In the second line of the above equation, qubits indexed by p, g refer to the gate applied at
step k—1. The Baker-Campbell-Hausdorft formula, A.Peh=py [A, f’] + %[21, [A,f)]] e,
was used for the expansion on the third line. Besides, it is assumed that the parameters
Opq0 and 6,1 are of the same order as 7. Finally, all gates existing in the circuit before step
k are expanded in a similar procedure. E’ represents the pairs of two-qubit gates that were
previously applied in the circuit, with (p,q) € E’ being different from (i, /), such that the

commutator |20y + oj o;,P] will be zero or contain o or 0¥ operator, resulting in a zero

»
expectation in state |+)®N, similar to the terms [oiy ,P]. Therefore, the expectation (P can

be estimated in the product state with the error O(z2).

Appendix B: Numerical performance benchmarks of the SIA ansatz

In this appendix, we benchmark the performance of the SIA ansatz compared with the
HEA ansatz [13], to explore if the SIA ansatz itself can lead to a better performance. Using
the same instances as in the main text, Fig. 9, shows the success rate of the SIA introduced
in the main text compared to various ansitze that haven been widely used in the literature.

In particular, we compare the SIA to HEAs with linear CNOT entanglement, parallel CZ
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entanglement and a single-qubit rotation ansatz that produces only product states (see Ap-
pendix D, Figs. 12(a) - 12(c) for details). For a fair comparison, all the ansétze were applied
to the same initials state, the uniform superposition state |+)®V, with the same number of
parameters N2 and all parameters set to zero initially, as detailed in Appendix D. Note that
we have not included the warm start for SIA yet. Focusing on the results obtained from
the exact simulation in Fig. 9(a), corresponding to a perfect noise-free quantum computer
with an infinite number of measurements, the SIA ansétz shows a slightly higher success
rate than the other ansitze, in particular for large problem sizes. The HEA ansatze with
linear CNOT entangling layers performs only better than the single-qubit rotation ansatz
without any entanglement for the problems with less than 18 qubits. From there on they
are worse (HEA with linear CNOT entangling layers) or on par (HEA with parallel CZ
entangling layers) with the single-qubit rotation ansatz.

Incorporating the fact that actual quantum devices only allow for a finite number of
measurements changes the picture significantly, as Fig. 9(b) reveals. Despite using a rela-
tively large number of 10,000 measurements per iteration, the statistical noise leads to a
significant drop in performance of the SIA ansétze. In particular, they lose their advantage
over the single-qubit rotation ansatz, and except for the HEA with linear CNOT entan-
gling layers, all variational ansétze show very similar performance for the entire range of
problem sizes we study. Our results are in agreement with the conclusion of Ref. [17],
which found that entanglement gates adapted to the problem structure are beneficial for
optimization problems while the advantage will decrease in the case of a finite number
of measurements. The poor performance of HEA and SIA at large problem sizes with a
finite number of measurements might be the result of statistical errors as well as barren
plateaus, which is discussed in Sect. 4. Based on this observation, we conclude that the
SIA ansatz alone can not provide practical performance improvement, highlighting the

importance of finding a good initial parameter to enhance VQE.

Appendix C: Additional tests for HEA with warm start initialization

For completeness, we also examined whether a warm start procedure can improve the
performance of the HEA. Since HEA does not incorporate any problem structure, identi-
fying an efficient warm start is challenging. Nevertheless, following the approach used in
Ref. [26], we constructed a warm start based on the continuous relaxation of the QUBO

problem. For each instance, we solve

min x7 Qx, (C1)
x€[0,11N

where the binary variables x; € {0, 1} are relaxed to x; € [0, 1]. The optimal relaxed solution,
denoted by ¢, can be efficiently obtained via exact diagonalization of the N x N matrix
Q. We then initialize each qubit in the state |¢;) = R,(6;) |0) with

0;=2 arcsin<\/c>;‘> )

such that the probability of measuring |1) equals c;. (As all ansatze begin with a Hadamard

gate in our implementation, this is equivalent to applying R, (6; — 7 /2) after a Hadamard on
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|0).) To avoid extreme cases c} = 0 or 1, we follow Ref. [26] and introduce a regularization

parameter ¢ = 0.25, resulting in the initialization rule

Zarcsin(\/a) , ciele,1-¢l,
6; = | 2arcsin(/g), ¢ <e, (C.2)

2arcsin(«/1— ), c>1-e.

We use these parameters to initialize the first-layer parameters of the HEA with parallel
CZ entanglement (Fig. 12(b)), while all remaining parameters are set to zero. We refer to
this method as warm start by relaxation (WS-R). Using WS-R as the initialization for the
HEA, we performed CVaR-VQE simulations with & = 0.01 and 10,000 shots. As shown in
Fig. 10(a), the success rate does not improve compared to zero initialization. To confirm
that WS-R indeed provides a better starting state, Fig. 10(b) compares the approxima-
tion ratio at initialization and the best approximation ratio obtained during optimization.
Although WS-R yields a higher initial approximation ratio, it does not improve the sub-
sequent VQE convergence. This may be because the HEA does not reflect the problem
structure and thus cannot effectively exploit the warm start state. A similar conclusion
was drawn in Ref. [26]: as shown in Fig. 4(b) of that work, the warm start is beneficial only
when the mixer of QAOA is adapted to the warm start state; otherwise, using the warm
start state with the standard mixer does not improve performance.

To confirm that this behavior is not specific to the parallel CZ entanglement, we also
tested HEA with linear CNOT and single-qubit rotation. In both cases, we observed the
same qualitative behavior: WS-R improves the initial approximation ratio but does not
enhance the overall optimization performance. Since these additional results do not pro-
vide further qualitative insights beyond Fig. 10, we omit the corresponding plots from the
main text. The findings support our conclusion that a warm start strategy is effective only
when the ansatz is aligned with the problem or the initialization state, as is the case for

the SIA, but not for problem-agnostic ansatze such as the HEA.
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thus not being able to generate any entanglement

Appendix D: Circuits for different ansatze

The circuit for the SIA-YZ ansatz includes two-qubit gates for all possible qubit pairs. In
general, current hardware platforms only offer limited qubit connectivity, and we need ad-
ditional SWAP gates to realize all-to-all connectivity. Following the strategy in Ref. [33],
we take 6 qubits as an example and show the resulting circuit assuming linear qubit con-
nectivity in Fig. 11. Full connectivity is reached after N — 2 SWAP layers, and the SWAP
gate is compressed with the operator U;j(;)** in Eq. (9), thus they can be implemented
with 3 CNOT gates (purple box in Fig. 11). Additionally, the first and final layers are only
gates U;;(0 ) YZ € SO(4) that can be decomposed by using 2 CNOT gates [34] (green box in
Fig. 11). Consequently, the overall structure requires 3N — 2 CNOT layers and O(1.5N?)
CNOT gates. Alternatively, if the quantum device has all-to-all connectivity, no additional
SWAP gates are necessary and the circuit only consists of the gates U;;(0;;)*“ and single-
qubit rotation gates. In this case the circuit depth is reduced to 2N CNOT layers and
O(N?) CNOT gates.

In addition to the SIA, we consider three alternative ansitze often used in the literature
for comparison, which are illustrated in Fig. 12. For a fair comparison, all ansitze have the
same number of parameters, utilizing N? parameters equivalent to those of a single-layer
SIA, thereby necessitating N layers for the ansatz depicted in Fig. 12. Moreover, Table 1
shows the number of two-qubit gates required for each ansatz, maintaining the same pa-

rameter count as the 1-layer SIA.

Page 19 of 22
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Table 1 Number of CNOT gates for different ansitze with N2 parameters, with respect to linear or
all-to-all qubit connectivity of the hardware platform

Qubit connectivity  Ansatz

SIA HEA with linear CNOT ~ HEA with parallel CZ  Single-qubit rotations
linear 15N =25N+1  (N=1)? (N-1)? 0
all-to-all NN -1) (N-1)? (N-1)? 0

1073' x KE
104 %
< 1077 \% \ h!
&=
101 ¥ — 1 /22()
WS-M, exact simulation
10711 o WS-A
1 2 4 5

3
L

Figure 13 Fidelity of WS-M and WS-A methods using a state vector simulation for 20 qubits for different
numbers of layers, T = 0.2 is used for all data points

Appendix E: Performance of the warm start approach for more than a single
layer
This appendix shows results for the performance of the warm start across different num-
ber of layers, L = 1,2,3,4,5. Figure 13 shows the data for 20 qubits as an example and
compares the fidelity between the WS-M and WS-A. While both approaches yield com-
parable results for a single layer, the fidelity achieved through the WS-A decreases with
an increasing number of layers. Conversely, the WS-M method maintains a relatively con-
sistent performance for all values of L we consider. Notably, the fidelity improves slightly
when going from a single layer to L = 2, but there is no significant improvement when fur-
ther adding additional layers. This observation suggests the necessity to incorporate more
non-local operators if one wants to enhance the fidelity of the initial state with the exact
solution.
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