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Typical gravitational production of relics from amplification of inflationary perturbations assumes
Bunch–Davies initial conditions, i.e. a vacuum with initially no particles. In this paper we inves-
tigate the impact of non Bunch–Davies initial conditions to the final abundance of relics, with
particular attention to the parameter space where the total dark matter abundance is reproduced.
We present a general framework for any initial condition, through which we show their non-trivial
effect on both spectrum and late-time abundance. We argue that for particles whose source of
conformal symmetry breaking comes only from a mass term (spin-1/2 fermions and conformally
coupled scalars), the choice of initial conditions has little impact on the mass range relevant to dark
matter. For other particles, e.g. the longitudinal mode of spin-1, we see a large deviation from the
standard computation. We exemplify and quantify our results with an initial thermal state and
a two-stage inflation scenario, highlighting that the total dark matter can be obtained for a wide
range of masses.

I. INTRODUCTION

The persistent lack of non-gravitational signals in our
quest for Dark Matter (DM) may be a strong indicator
that DM interacts with the Standard Model (SM) only
via gravity. If this is the case, then the first question we
need to address is: how was the DM abundance gener-
ated? It is well known that gravitational interactions are,
by far, too feeble to allow such DM candidate to come
in thermal contact with the SM bath. However, other
mechanisms, generically dubbed as “gravitational pro-
duction” are at play in the early universe and may gen-
erate the desired abundance. Here we focus on one such
mechanisms, cosmological Gravitational Particle Produc-
tion (GPP), that consists in the production of particles
from amplification of quantum fluctuations in the evolv-
ing cosmological background. This phenomenon, known
since the sixties [1–4], is completely analogous to the gen-
eration of perturbations in the usual inflationary theory.
The standard picture can be summarized as follows: sup-
pose the system is in the ground state of the field of inter-
est, |0in〉 (usually called Bunch–Davies vacuum), at the
beginning of inflation. In the usual picture, the Bunch–
Davies vacuum corresponds to the absence of particles.
In Heisenberg picture, the system remains in this state,
while the Hamiltonian inherits a time dependence from
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the evolution of the cosmological background, causing
the ground state |0out〉 at later times to not coincide, in
general, with |0in〉. An observer at late times will in-
terpret the |0in〉 6= |0out〉 mismatch as the presence of
quanta of the field under discussion: particles have been
created during the cosmological evolution. Another way
to see this is that the effective action Seff for the evolving
sector, eiSeff = 〈0out|0in〉, develops an imaginary part.

Recent years have seen a resurgence of interest in GPP
as a way to produce DM mainly for two reasons: first, be-
cause of the lack of non-gravitational signals mentioned
above; second, because GPP is inevitable and must be
quantified, for it generates a population that may serve
as initial condition for any subsequent production mecha-
nism that does not erase initial conditions (like freeze-in,
for instance). More specifically, the spectrum and abun-
dance of particles of spin-0 [2, 5–19], spin-1/2 [3, 5, 14, 20–
23], spin-1 [22, 24–30], spin-3/2 [31–34], spin-2 [35] and
higher-spin [36] particles have been studied in detail (see
also the reviews [37, 38] and references therein). GPP
generates energy density with an inevitable component
of isocurvature perturbations [9, 39], whose importance
on cosmologically large scales depends on the details of
the models. In all the cases where the bounds are evaded,
it can be considered a signature of this production mech-
anism, together with the gravitational waves generated
by such isocurvature perturbations [40, 41]. The effects
of a non-standard cosmological evolution have also been
studied [42]. Three equivalent approaches have been used

ar
X

iv
:2

6
0
3
.0

3
4
3
0
v
1
  
[g

r-
q
c]

  
3
 M

ar
 2

0
2
6



2

to compute observables:1 (i) the Bogoliubov approach,
in which time evolution is described via a Bogoliubov
transformation (see references above); (ii) the stochastic
approach, in which a Fokker–Planck equation is solved to
compute the probability of finding a certain configuration
of the field [45–48]; (iii) the effective action approach, in
which the overlap |〈0out|0in〉|2 is computed using an ef-
fective action [49–51]. In this work, our computations
will be mostly done using Bogoliubov transformations.
However, for production that takes place during inflation,
we also compute GPP reusing the standard inflationary
power spectrum derivation.

The main aim of this work is to start exploring what
happens when one of the assumptions of the standard
computation is relaxed. Namely, we are not going to take
a Bunch–Davies vacuum |0in〉 at the beginning of “visible
inflation” (i.e. the last 60 e-folds or so of inflation), but
instead assume the existence of some pre-inflationary dy-
namics that generates a state |ψ〉 populated by particles.
This problem is not new in the context of inflationary
perturbations and was extensively studied in the litera-
ture (see refs. [52–62] for a partial list of references). Nev-
ertheless, to the best of our knowledge, the production
of non-interacting relics, e.g. DM, in the presence of ini-
tial conditions differing from the Bunch–Davies one was
only mentioned but not quantified [1–3, 63, 64]. We thus
propose to fill this gap and discuss in depth the effects
of non Bunch–Davies initial conditions on the final spec-
trum and abundance of relics, in particular DM. Naively,
one would expect the final number of gravitationally pro-
duced particles to simply be the sum between the parti-
cles present at the beginning of the evolution and those
produced by GPP. As we are going to show in detail, this
is not the case.

To exemplify our arguments, we concretely consider
two different scenarios. The first consists of the field
under consideration thermalizing and reaching thermal
equilibrium before visible inflation, remaining agnostic
on the precise dynamics that generates this initial con-
dition. The second consists in a two-stage inflationary
scenario, that, for concreteness, we will take to be two
de Sitter stages with an intermediate radiation domina-
tion phase. As we are going to see, depending on the
case considered, the final spectrum and abundance can
be drastically different than in the standard case. We will
also comment on how to compute the final abundance for
more general initial states.

The paper is organized as follows: in sec. II we dis-
cuss the formalism that allows to compute the final parti-
cle spectrum and abundance of gravitationally produced
particles. We keep our discussion general, and show our
results in terms of a generic initial state |ψ〉. In sec. III
we present our main results focusing on two examples:

1 Comparison among these methods and further discussion can be
found in refs. [43–45].

one in which we assume thermal initial conditions with-
out specifying its dynamical origin (sec. III A) and one
in which we follow a two-stage inflationary evolution in
which the universe evolves through a quasi de Sitter and
radiation phase before entering the last stage of infla-
tion (sec. III B). In sec. IV we draw our conclusions. We
also add a number of appendices: in app. A we discuss
the conventions we adopt for spin-0, 1/2 and 1 fields.
In app. B we discuss why coherent initial states do not
modify GPP and their difference between thermal and
squeezed states. We present in app. C approximate ana-
lytical results for the spectrum and number density of
the two-stage inflation scenario discussed in sec. III B.
In app. D we instead discuss different limits on the pa-
rameter space (isocurvature, Lyman-α and white noise).
Throughout the manuscript, we use natural units ~ =
c = 1 and write the Friedmann–Lemâıtre–Robertson–
Walker (FLRW) metric as ds2 = a(η)2(dη2 − dx2), with
η denoting conformal time and bold quantities three-
vectors. A prime represents the derivative with respect
to η, X ′(η) ≡ dX(η)/dη. Other useful conventions are
summarized in app. A.

II. GPP FOR GENERIC INITIAL STATES

We now review how to compute the particle spectrum
and total abundance of gravitationally produced massive
particles in an expanding cosmological background. We
will keep our discussion generic, so that it can be easily
adapted to any initial state. The computation can be
done either in terms of mode functions and Bogoliubov
transformations or directly in terms of the field power
spectrum. In this work we compute everything with fields
rescaled by their Weyl factor κ. Any (massive) field X,

after a Weyl rescaling, X̃ ≡ a(η)κX, satisfies the quan-
tum equation

�X̃ +m2a2X̃ + (curvature)X̃ = 0,

where � ≡ ∂2η − ∂2~x is the flat space D’Alembertian.
Scalars have κ = 1, fermions κ = 3/2 and gauge field
κ = 0. The curvature term disappears when X is confor-
mally coupled to gravity, which is the case for fermions
and massless gauge fields. Instead, light scalars (Gold-
stone bosons) are naturally minimally coupled to gravity.
Notice that since quantum commutation relations are de-
fined at equal times, the Weyl-rescaled X̃ obeys the same
quantization as its parent field X, modulo an overall nor-
malization that we fix later.

In this work we want to compute the energy density of
the field X, generated by GPP, i.e. we are interested in

lim
η→+∞

〈T 00
X (η)〉 ≡ 〈ρX(η)〉 ≈ m〈nX(η)〉 , (1)

where in the last equality we have used the fact that, at
late times, the DM is collisionless and non-relativistic.
As such, eventually, we are most primarily interested in
the calculation of 〈nX〉. In general, however, the relevant
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phenomenological quantity is ρX , which can be computed
in terms of the energy density of the Weyl-rescaled field
X̃ as

a4〈ρX(η)〉 = 〈H(η)〉/V , (2)

where H/V is the energy density of the Weyl-rescaled

field X̃.
We will discuss two equivalent approaches used in the

calculation of eq. (2), for the interesting cases of scalars

and Majorana fermions, X̃ = {φ, χ}, for which upper an
lower signs apply respectively. Notice that this includes
also the longitudinal component of a massive vector,
which naturally appears as a minimally coupled scalar,
and on which we will focus in subsequent sections. Using
these two simple cases will allow us to explain the effect
that we want to track. More detailed calculations are
found in app. A.

A. Mode functions and Bogoliubov transformations

In this subsection we discuss the derivation of H using
Bogoliubov transformations, which conventionally relate
two sets of creation/annihilation operators acting on the

Fock space of X̃ in the far past and far future. We con-
sider here the case of X̃ = {φ, χ}, free fields in FRW with
mass m, which can be expanded as follows

φ(x) =

∫

d3k

(2π)3

[

ak uk(η) + a†−ku
⋆
−k(η)

]

eik·x ,

χ(x) =

∫

d3k

(2π)3

[

ak uk(η) + a†−kv−k(η)
]

eik·x, (3)

where the operators satisfy [ak, a
†
q]∓ = (2π)3δ(3)(k − q).

The object of interest is the mode function uk(η), which
is a complex scalar for φ and a spinor for χ, with vk =
−iγ2u⋆k. Interestingly, in this basis the mode function
sastisfy a very simple equation

u′′k(η) + ω2
k(η)uk(η) = 0, (4)

and similarly for the left-handed chirality component xk
of the spinor uk (see however app. A for more details).

All the physics is encoded in the frequency ωk, which
knows about the type of field X̃, and, together with
the boundary conditions, determines the solution for uk.
With the explicit solution is possible to expand the (op-
erator) H as follows

H =
1

2

∫

d3k

(2π)3

[

Ωk(η) (a†kak ± aka
†
k)

+ Fk(η) aka−k + h.c.

]

.

(5)

This is what we need to compute the average on the
proper state to obtain the energy density as in (2). Know-
ing the solution uk and the initial state, the energy den-
sity can be immediately computed. In the bosonic case

(spin-0 and spin-1) we have

Ωk(η) ≡ |u′k|2 +ω2
k|uk|2, Fk(η) ≡ (u′k)2 +ω2

ku
2
k, (6)

while for a spin-1/2 spinor we have

Ωk(η) ≡ |x′k|2 + ω2
k|xk|2 − ω2

k

am
,

Fk(η) ≡ ξk
k

[

(x′k)2 + ω2
kx

2
k

]

.

(7)

In the latter expression, ξk is a phase satisfying the iden-

tities [21] ξ⋆kξk = 1 and ξ−k = −ξk [21]. We again refer
the reader to app. A for details and complete derivation
of the expressions above.

For the present discussion, all that matters is that, for
all cases, far in the past when the modes are deep in-
side the horizon we can approximate ω2

k ≃ k2, while at
late times, when m ≫ H, k/a, ω2

k ≃ a2m2. In these
two regimes the frequency is adiabatic, i.e. ω′

k/ω
2
k ≪ 1,

and the concept of particle makes sense. The choice
of mode functions defines a specific annihilation op-
erator ak, which in turn defines a vacuum state via
ak|0a〉 = 0. In Minkowski spacetime, the frequency is
time-independent (ω2

k = k2 +m2) and so is the Hamilto-
nian, hence, once we choose positive-energy mode func-
tions uk ∝ e−iωkη, these define the Minkowski vacuum
and minimize the energy for all times. In an expanding
cosmological background, the situation is more involved:
mode functions that define a reasonable notion of vacuum
at early times will, in general, not coincide with the mode
functions that define the vacuum at late times. Suppose
the latter is defined by mode functions wk(η) associated
with annihilation operators bk. A good decomposition of
the field φ thus

φ(x) =

∫

d3k

(2π)3

[

bk wk(η) + b†−kw
⋆
−k(η)

]

eik·x, (8)

with the bk operator (and hence the mode functions wk)
identifying a late-time vacuum bk|0b〉 = 0. In general,
due to the time dependence of the background evolution,
one finds |0a〉 6= |0b〉, showing that early and late time
observers to not agree on the notion of vacuum. Since
both {uk, u⋆k} and {wk, w

⋆
k} are solutions of eq. (4), it

must be possible to express one in terms of the other via
a Bogoliubov transformation

wk = αkuk − βkξk u
⋆
−k. (9)

This, in turn, results in a Bogoliubov transformation be-
tween ak and bk operators:

ak = αkbk + β⋆
k ξ⋆k b†−k,

a†−k = α⋆
k b†−k + βk ξ−k bk.

(10)

Due to quantization, we have the constraint |αk|2 ∓
|βk|2 = 1. For bosons, the phase ξk is even under
k → −k, as is βk, so it can be reabsorbed in the latter
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parameter. For fermions, this phase is instead instrumen-
tal in guaranteeing that the Bogoliubov transformation
is not singular. 2

In a cosmological background, it is typically not possi-
ble to find solutions that define the vacuum minimizing
the energy for all times. However, the fact that the fre-
quency varies adiabatically for early and late times allows
us to define an adiabatic vacuum using as mode function
the positive-energy solution computed via a WKB ap-
proximation. At late times we can thus take

wk =
1

√

2ωk(η)
e−i

∫
η dη′ωk(η

′), (11)

while the mode function uk will be found solving eq. (4)
and imposing appropriate initial conditions. Notice that,
in terms of the adiabatic mode functions (11), the late-
time Hamiltonian reads

Hlate =
1

2

∫

d3k

(2π)3
ωk(η)

[

b†kbk ± bkb
†
k

]

+O
(

ω′
k

ω2
k

)

, (12)

i.e. it is diagonal apart from terms that are suppressed in
the adiabatic limit. Again, the upper (lower) sign applies
to bosons (fermions).

Up to this point the discussion has been completely in
terms of operators, but in order to compute observables,
a state must be specified as well. We work in Heisen-
berg picture and fix the state to be |ψ〉 (not necessarily
the vacuum) at initial times. The number of gravita-
tionally produced particles, as measured by a late time
observer that uses the bk basis (us), can be computed in
two different, but equivalent ways. One can, in terms
of the mode function uk, equate the expectation value
of eq. (5) with the one of eq. (12), as both expressions
for the Hamiltonian should represent the same physics.
From the matching condition

lim
η→∞

〈ψ|H|ψ〉 = 〈ψ|Hlate|ψ〉, (13)

we can derive an expression for the final number of parti-
cles, by reading out the vacuum expectation value of b†b

on |ψ〉. Defining 〈Nf
k 〉 ≡ 〈ψ|b†kbk|ψ〉, we have

〈Nf
k 〉 =

1

2ωk

[

Ωk(η)
(

2〈N in
k 〉 ± V

)

+ Fk (η) 〈C in
k 〉 + c.c.

]

∓ V

2
.

(14)

2 More precisely, without the property ξ−k = −ξk, we would ob-

tain that bk and b
†
k

would always be proportional to (|αk|
2 −

|βk|
2)−1, independently from the statistics. While for bosons

this is always equal to one and the transformation is always
invertible, for fermions it may vanish, making the Bogoliubov
transformation singular. The property ξ−k = −ξk guaran-

tees that, for fermions, b
k

and b
†
k

are proportional to (|αk|
2 +

|βk|
2)−1 = 1, making the transformation always invertible.

In the above equation we have some important quantities

for our discussion: i) 〈N in
k 〉 ≡ 〈ψ|a†kak|ψ〉 is the number

of particles of comoving momentum k in the initial state;
ii) 〈C in

k 〉 ≡ 〈ψ|aka−k|ψ〉. The appearance of comoving
volume factors V originates from the use the commu-
tation relations yielding (2π)3δ(3)(0) ≡ V . The upper
(lower) sign applies to bosons (fermions). Alternatively,

〈Nf
k 〉 can be obtained directly in terms of the Bogoliubov

transformation of eq. (10) via

〈Nf
k 〉 = V |βk|2 +

(

1 ± 2|βk|2
)

〈N in
k 〉

−
(

α⋆
k β

⋆
k ξ

⋆
k 〈C in

k 〉 + c.c.
)

,

(15)

where we have used |αk|2∓|βk|2 = 1. Given our definition
of the Bogoliubov transformation and of the adiabatic
vacuum, eqs. (14) and (15) are equivalent.

Given the stochastic and isotropic nature of GPP, a
natural definition for the number density emerges as

na3 =

∫

d3k

(2π)3
〈Nf

k 〉
V

=

∫

dk

k

(

k3

2π2
nk

)

, (16)

where in the last step we have defined nk = 〈Nf
k 〉/V

and a is the scale factor. If we now define the initial
(comoving) number density 〈nin

k 〉 ≡ 〈N in
k 〉/V and 〈cink 〉 ≡

〈C in
k 〉/V , we can write

nk =
1

2ωk

[

Ωk(η)
(

2〈nin
k 〉 ± 1

)

+ Fk(η)〈cink 〉 + c.c.

]

∓ 1

2
,

(17)

or, equivalently,

nk = |βk|2 +
(

1 ± 2|βk|2
)

〈nink 〉
−
(

α⋆
k β

⋆
k ξ

⋆
k 〈cink 〉 + c.c

)

.
(18)

As a crosscheck, we observe that, when |ψ〉 is the
Bunch–Davies vacuum, we have 〈nin

k 〉 = 〈cink 〉 = 0 and
2π2nk/k

3 = |βk|2 = (Ωk − ωk)/(2ωk). 3 Actually, for the
Bunch-Davies vacuum we also have that Fk(η → −∞) =
0. This is the standard result used in the literature [38].

When we allow for a more generic initial state, two ef-
fects emerge: (i) a “stimulated emission” or “Pauli block-
ing” term proportional to 〈nin

k 〉 (this nomenclature was
introduced already in ref. [2]) and (ii) terms proportional

to the matrix elements 〈ψ|aka−k|ψ〉 and 〈ψ|a†ka
†
−k|ψ〉,

which can be non-vanishing only if the initial state |ψ〉 is
a linear combination of multiparticle states of the form

|ψ〉 =
∑

n

∫

d3k1
(2π)3

. . .
d3kn
(2π)3

ψn(k1, . . . ,kn)|k1, . . . ,kn〉,

(19)

3 In Minkowski spacetime, Ωk = ωk and there is no CGGP as
expected.
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where the functions ψn(k1, . . . ,kn) must be chosen in
such a way that 〈ψ|ψ〉 = 1 and have the appropriate
symmetry properties to satisfy the statistics of the field.
They must also be chosen to ensure that the expectation
value of the energy-momentum tensor is finite. The con-
clusion is clear: in order to compute the final number of
gravitationally produced particles, it is sufficient to solve
the EoM (4) (and the analogous ones for fermions) and
use eq. (17). Alternatively, we can compute the Bogoli-
ubov coefficients αk and βk and use eq. (18). The two
approaches are completely equivalent.

Before concluding the discussion, we make two final
comments. First, we observe that states like the one
in eq. (19) i.e. superpositions of multiparticles states,
are not so exotic as they may seem. Indeed, we can
list at least two well-known cases in which this happens:
(i) squeezed states like those obtained via a Bogoliubov
transformation (even those obtained via GPP) [37] and
(ii) coherent states. The first case (together with a case
in which 〈C in

k 〉 = 0) will be considered in sec. III, while we
argue in app. B that the coherent states have no impact in
the relic abundace. Second, we observe that the compu-
tation of the spectrum from the expressions in eqs. (17)-
(18) carries a redundancy. In other words, one is allowed
to choose how to read the non-trivial initial conditions,
depending to which term in nk carries the information
about them. There are basically two different interpre-
tations:

• The state |ψ〉 carries all the information about the
initial conditions and we take Bunch–Davies initial
conditions for the mode functions, namely uk(ηi) =

e−iωk(ηi)ηi/
√

2ωk(ηi) and u′k(ηi) = −iωk(ηi)uk(ηi),
with ηi the initial conformal time. In this way,
Ωk(ηi) = ωk(ηi) and Fk(ηi) = βk(ηi) = 0, whereas
we take nk(ηi) = 〈nin

k 〉 and 〈cink 〉 6= 0, such that
eqs. (17)-(18) are automatically satisfied at initial
times;

• The state is taken to be the vacuum |ψ〉 = |0in〉,
while the mode functions uk carry all the infor-
mation about the initial state. As a consequence,
〈nink 〉 = 0 and 〈cink 〉 = 0 as if we were consider-
ing a Bunch–Davies initial state, but we choose
initial conditions uk(ηi) and u′k(ηi) in such a way
that Ωk(ηi) = ωk(ηi)(± 2nk(ηi) + 1) or, equiva-
lently, |βk(ηi)|2 = nk(ηi). This again guarantees
that eqs. (17)-(18) are satisfied at initial times.

In practical computations, it might be more convenient
to use one of the interpretations above rather than the
other. We have checked for several cases, including the
ones discussed in sec. III A, that we obtain the same re-
sults with both approaches. In studies involving more
observables other than the spectrum, possibly this redun-
dancy is broken and one might have to choose only one
of these interpretations, thus giving more information on
the structure of the initial conditions of the relics. We
leave such analysis for future work.

B. Power spectrum

An alternative way of performing the computation em-
ploys the power spectrum of the field, when sizable pro-
duction happens during inflation, as it is for minimally
coupled scalars. For simplicity of notation, we will from
now on drop the tilde from Weyl-rescaled fields. For the
case of a bosonic X, we have

〈Xk(η)Xq(η)〉 = (2π)3δ(3)(k + q)
2π2

k3
PX(k, η), (20)

where the average is taken over the state |ψ〉. Our start-
ing point is again the Hamiltonian, written using the field
basis in which the EoM is of the harmonic oscillator type.
Taking the expectation value between |ψ〉 states, the re-
sult can be expressed using the power spectrum defined
in eq. (20) as

〈H〉 =
V

2

∫

dk

k

[

PX′ + ω2
k PX

]

, (21)

where V is, again, the comoving volume over which we
are integrating. This result applies to bosons, while we
defer the discussion of the fermionic case to app. A 2.
From this expression it is clear that the power spectrum
of the field contains the same information contained in
the number of particles, with the advantage that, while
the number of particles is well defined only when the evo-
lution is adiabatic, the power spectrum is always well de-
fined. We can make the comparison more precise focusing
on the scalar φ, comparing eq. (21) with the expectation
value of eq. (12), from which we obtain

nk =
1

2

[

2π2

k3
1

ωk

(

Pφ′ + ω2
k Pφ

)

− 1

]

. (22)

Again, we stress that this expression can be interpreted
as the particle spectrum only at late times, when the
evolution is adiabatic and the concept of particle well
defined. In this regime, the field evolution is virial-
ized (Pφ′ ∼ ω2

kPφ) and we have (k3/2π2)nk ≃ ωkPφ.
In sec. III, we will present plots for (k3/2π2)nk which
is a probe for the power spectrum at late times. The
power spectrum also encodes information about the ini-
tial conditions. To see this, we observe that the average
in eq. (20) can be made explicit using the field decom-
position of eq. (3). The matrix elements of the bilinears
of annihilation and creation operators that appear are
simplified using momentum conservation:

〈a†kaq〉 =
〈a†kak〉
V

(2π)3δ(3)(k − q),

〈akaq〉 =
〈aka−k〉

V
(2π)3δ(3)(k + q),

(23)

from which we obtain, for any bosonic field,

2π2

k3
Pφ(k, η) = |uk(η)|2

(

2〈nin
k 〉 + 1

)

+ uk(η)2 〈cink 〉 + c.c..

(24)
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at horizon exit is simply

Pu(k)exit =
k2

4π2
(Bunch–Davies). (29)

Combining this with the transfer function computed
above, we obtain a power spectrum that grows as k2 for
k < k⋆ and decreases as k−1 for k > k⋆, i.e. the spec-
trum is peaked as anticipated. For future convenience,
we use the results obtained so far to estimate analytically
the late-time DM energy density for Bunch–Davies initial
conditions. This can be done using eq. (16) and estimat-
ing (k3/2π2)nk ≃ ωkPφ/2 using the power spectrum just
computed and ωk ≃ am. Integrating over all momenta
we obtain

na3 ≃ 3(aeHinf)
3

8π2

√

Hinf

m
, (30)

from which the following final abundance can be derived:

Ωvector

ΩCDM
≃

(

TRH

109 GeV

)(

Hinf

1012 GeV

)2
m

Hinf

na3/(aeHinf)
3

10−5
,

(31)

with ΩCDM ≃ 0.26 the present observed DM abundance.
We observe that, comparing eqs. (30) and (31), we repro-
duce the well-known behavior Ω ∝ √

m [24–26, 28]. Al-
though we have shown explicitly only the case of instan-
taneous reheating, a similar analysis can be performed for
finite reheating and the spectrum is similarly peaked at
k⋆. In what follows, it will be useful to have approximate
expressions for k⋆:

k⋆ ≃ aeHinf

(

m

Hinf

)1/3

, H = m at reheating,

k⋆ ≃ aeHinf

(

m

Hinf

)1/2(
Hinf

HRH

)1/6

, H = m at radiation,

(32)

where HRH =
√

π2g∗(TRH)T 4
RH/(90M2

P ) is the Hubble at
the end of reheating, with MP the reduced Planck mass,
and g∗(T ) the number of relativistic degrees of freedom
at temperature T .

Of course, while the conclusion that the power spec-
trum at late times is peaked at k⋆ relies on the usual
Bunch–Davies initial conditions in eq. (29), the transfer
function T (k, η) we have computed is, except for oscilla-
tions, applicable to any initial condition. In particular,
given a more generic initial power spectrum, different
from eq. (29), its convolution with the transfer function
does not necessarily produce a peak at k⋆, or may even
produce multiple peaks. In fact, both the explicit exam-
ples considered in sec. III will have peaked power spectra,
one for which kpeak = k⋆ as before, and another where
a second peak will appear, located at another comoving
momentum. As we are going to discuss in detail, the
peaked behavior will be instrumental in determining the
experimental limits on the scenario considered.

III. RESULTS

In this section we present our results by illustrating the
impact of initial conditions on the production of relics via
GPP. We consider two different cases: in the first, we will
assume a initial thermal distribution without specifying
its origin; in the second, we will instead assume a two-
stage inflation model with an extra phase of radiation
domination between the quasi de Sitter evolution. We
will analyze in detail both possibilities, stressing the new
features brought by the new initial conditions.

We start with a general comment about fields for which
the only break of conformality is due to their mass (con-
formally coupled scalar with ξ = 1/6, spin 1/2 spinors,
transverse polarizations of vector fields). For these cases,
ωk ≃ k until the mode crosses the comoving Compton
wavelength and the mass term in ωk becomes impor-
tant (see app. A), so that the mode functions that ap-
pear in eq. (17) are the Bunch–Davies ones to a very
good degree of approximation. This implies Ωk ≃ ωk

and Fk ≃ 0, so that there is essentially no GPP in this
regime and nk ≃ 〈nin

k 〉 until Compton crossing. Ac-
cording to eq. (16), this initial population just quickly
redshifts away, so that we expect GPP to be largely
unaffected by non Bunch–Davies initial conditions for
these “almost conformal” cases. We also do not focus
on minimally coupled scalars, since it is known that they
are excluded by isocurvature constraints [9, 39, 65] (see
app. D 1) and a non-vanishing initial population does not
change this conclusion. Different is the situation of the
longitudinal components of massive vectors: they are, in
general, not affected by isocurvature perturbations and
their GPP starts well before the mass becomes impor-
tant, so that they are most affected by non Bunch–Davies
initial conditions.

For all our results, we consider a period of infla-
tion, described for simplicity by the single-field quadratic
(chaotic) model, followed by a phase of reheating pro-
pelled by inflaton decays and by the usual period of radi-
ation domination.4 In what follows, ae, Hinf (TRH, HRH)
denote the scale factor and Hubble parameter (tempera-
ture and Hubble) at the end of inflation (reheating).

A. Thermal distribution

We first assume the non Bunch–Davies initial condition
to be a thermal distribution. More precisely, we take

〈nin
k 〉 =

1

ek/T − 1
, 〈cink 〉 = 0, (33)

4 Even though this quadratic inflationary model is excluded by
current experimental data [66], the relics produced from GPP are
rather insensitive to the precise dynamics of inflation for masses
m < Hinf, which is the regime considered here.
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when H = m happens during radiation domination,
Ω|Bunch-Davies/k⋆ ∼ √

m/
√
m = constant, see eqs. (30)

and (31), explaining why Ω is independent of the mass in
this regime. In the case of low reheating temperatures
(dashed-dotted purple for TRH = 10−1 GeV and dashed
green for TRH = 102 GeV), the constant behavior for
small masses is identical, but after a certain point the
curves instead grow with temperature and mass. This
is a consequence of the fact that, for such low reheat-
ing, the usual GPP with Bunch–Davies initial condi-
tions cannot produce the entirety of the DM, needing
thus to rely on the enhancement through the initial con-
ditions to achieve the correct abundance today. Fol-
lowing a similar estimate from eq. (35) but for masses
that cross the threshold H = m during reheating, we
find Ω ∝ Ω|Bunch-DaviesT/k⋆ ∼ T/m1/3 –see eq. (32)–
, which correctly describes fig. 3. Furthermore, since

T/k⋆ ∼ T
2/3
RH T , the lower the reheating temperature is,

the larger the initial temperature must be to generate the
same abundance.

In fig. 3 we also show some constraint on our parameter
space. First, the final spectrum (k3/2π2)nk must remain
integrable in order to avoid a catastrophic production of
particles. This is evident from fig. 2, which shows that
the spectrum is peaked at k⋆ and falls to zero for both
small and large k and therefore can be safely integrated
over the whole range of momenta. Second, the energy
density stored in the initial thermal bath, ρDM, should
not exceed that of the inflaton, ρinf, thus spoiling the
inflationary dynamics. Since we are being agnostic about
the dynamics that generates the thermal bath, we can
imagine two situations depending on whether the bath
formed and freezed out before of after the CMB modes
exited the horizon. In the former case (thermal bath
already present at CMB horizon exit) we have explicitly
checked that requiring the radiation energy density to be
subdominant implies temperatures so low that no effect is
seen in GPP. In the latter case (the thermal bath formed
and freezed out after the CMB modes exited the horizon),
we require the initial condition ai to be set at the latest
at the time the dominant mode k⋆ exits the horizon, i.e.
ρDM(ai = k⋆/Hinf) < ρinf:

ρDM

(

ai =
k⋆
Hinf

)

=
1

a4i

π2T 4

30
< ρinf = 3M2

PH
2
inf . (36)

The equation above can be recast as

T

aeHinf
<

k⋆
aeHinf

√

3
√

10

π

MP

Hinf

≃
(

k⋆/aeHinf

10−3

)

√

1013 GeV

Hinf
.

(37)

Of course, if the complete dynamics leading to the ther-
mal bath is specified, the energy density of the bath
can be followed precisely and the condition ρDM < ρinf
must be imposed in such a way that CMB physics is

not spoiled. In fig. 3 we highlight in yellow the band
around the curves where the constraint on the initial en-
ergy density described in eq. (37) is violated. We no-
tice that most of the low mass regime is excluded by
this bound, while for very low reheating, for instance
TRH = 10−1 GeV, all points are disfavored. In gray we
include bounds from super-radiance [67–70]. This phe-
nomenon consists in the exponential growth of the occu-
pation number of bosons that are gravitationally bound
to astrophysical black holes, and end up depleting their
spin [71, 72]. Other potentially relevant constraints to
GPP-produced DM would be isocurvature and Lyman-
α bounds. We argue in app. D, however, that they will
not exclude any portion of the parameter space shown in
fig. 3.

Our results show concretely that i) non Bunch–Davies
initial conditions can have a huge impact on the outcome
of GPP for relics and, regarding DM production, ii) we
can obtain the correct present abundance in a large range
of previously excluded masses. For the choice of param-
eters shown in fig. 3 we see that, depending on TRH, we
can obtain the correct abundance with masses that go
from m . 10−17 GeV up to m . Hinf, while setting
Bunch–Davies initial conditions would select the value
m ≃ 10−13 GeV. This proves that precise knowledge of
the initial conditions can be critical in predicting the cor-
rect abundance of spin-1 relics.

As a final remark, we have chosen a thermal initial
condition to exemplify our results, as it is a simple and
physically motivated distribution. Nevertheless, our ap-
proach holds for any generic initial conditions that satisfy
basic requirements such as integrability and having a suf-
ficiently small initial energy density. If on top of that the
spectrum preserves its peak on k⋆ as for the thermal case,
analogous results should follow.

B. Two-stage inflationary dynamics

In this section we take an alternative viewpoint, and we
ask what happens when inflation is non-standard, while
far in the past the vacuum state for DM was still the
Bunch-Davies one. For example, if inflation consists of
two epochs separated by a window of growing Hubble
radius (i.e. radiation), then effectively modes that have
wavelengths comparable to the horizon at the end of the
first inflationary period will not correspond to Bunch-
Davies solutions.

Consider the situation proposed for instance in
refs. [55, 57], where concrete models in which a non-
standard inflationary evolution like the one shown in fig. 4
are presented. More precisely, we consider a first period
of quasi de Sitter (dS) evolution, followed by an interme-
diate phase – typically either radiation or matter domina-
tion – after which the second and final inflationary stage
begins, with the usual cosmological evolution following.

This type of cosmology was described, for example,
in ref. [73]. Inflation does not have to happen “in one
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potential for the inflaton, the approximation of constant
Hubble during the inflationary stages is not necessarily
very good. In fact, for the values of log(ae/adR) men-
tioned above, the Hubble parameter at the beginning of
the second stage of inflation is roughly a factor e2 larger
then its value at the end. A similar growth would take
place also in the first inflationary stage. In practice, we
proceed as follows: we take HI to be the Hubble near the
end of the first inflationary stage (which, given the values
of log(ae/adR) and NdR we consider, also roughly corre-
sponds to the Hubble at CMB scales) and He the Hubble
at the end of inflation. We then relate HI and He cor-
recting eq. (38) to He = HI exp(−2NdR−2) to take into
account the Hubble evolution in the second inflationary
stage of the quadratic inflationary model.

In fig. 5 we present the results for the normalized spec-
trum (k3/2π2)nk/(aeHe)

3 as a function of the normal-
ized comoving momentum k/(aeHe), for m = 10−20 GeV
(left panel) and m = 103 GeV (right panel), with fixed
log(ae/adR) = 20 and varying NdR according to the color
code. The dashed black curve corresponds to the scenario
with He = HI (or equivalently NdR = 0) correspond-
ing to the usual single-stage inflationary dynamics with
Hinf = He, and for each He the reheating temperature
is set to its maximum value π2g∗(Tmax

RH )Tmax
RH

4/90M2
P =

H2
e . We show through the colored stars, circles and dia-

monds the respective values of k⋆, kdR and kdΛ, respec-
tively. Furthermore, notice that both spectrum and co-
moving momentum are normalized with respect to the
Hubble parameter of the second stage, which is the ap-
propriate normalization required to compute the final
abundance (42).

The two panels in fig. 5 show qualitatively different
features depending on the value of the masses. More
precisely, we choose a very low value m = 10−20 GeV
(left plot) for which k⋆ ≪ kdR, kdΛ, and a very large
value m = 103 GeV that satisfies the opposite relation
k⋆ ≫ kdR, kdΛ. In the left plot (low mass), as antici-
pated, we observe that the peak of the spectrum remains
at k⋆. For comoving momenta k > kdΛ the spectrum
converges to the case NdR → 0, while for k < kdR it has
the exact same shape, but shifted above as the modes
evolve for a longer time. These feature can be read di-
rectly from the analytical estimates presented in app. C,
in particular the peak value of the spectrum changes as
(k3/2π2)nk|k=k⋆

/(aeHe)
3 ≃ (HI/He)

3/2
√

HI/m, thus
for lower He (higher NdR), the higher the peak is. The
most interesting feature comes for modes with kdR < k <
kdΛ, which arrive at the beginning of the second stage of
inflation with non Bunch–Davies initial conditions. Here
the spectrum behaves as k−5. Moreover, this part of the
spectrum is oscillating, a feature that appears because
the modes exit, enter and re-exit the horizon.

For the plot on the right, choosing a much larger mass,
m = 103 GeV, we observe the same oscillatory features
for modes in the range kdR < k < kdΛ and also an in-
crease of the spectrum for k < kdR, while maintaining
the same slope. However, different from the low-mass

case, a second peak emerges at kdR (see app. C), which
can surpass the one at k⋆ for sufficiently large NdR. We
stress once more that the plots, and our discussion, de-
pends strongly on the interpretation Hinf = He. Had we
chosen to normalize the spectra to (aeHI)3, identifying
the dashed black line with Hinf = HI , then the spectrum
would always be decreased with respect to the standard
case.

As is clear from the discussion, the qualitative behavior
of the spectrum (i.e. the number and location of the
peaks) is completely determined by the vector mass since,
for fixed inflationary parameters, this gives the position
of k⋆ with respect to kdR and kdΛ. It is thus convenient
to introduce

mdR ≡ He

(

adR
ae

)2

,

mdΛ ≡ 3

2

H2
I

He

(

adR
ae

)2

=
3

2

(

HI

He

)2

mdR,

(43)

the masses for which k⋆ = kdR and for which the peaks
at kdR and k⋆ give the same contribution to na3, respec-
tively. For simplicity, the expressions are given for instan-
taneous reheating (i.e. setting Hinf = HRH in eq. (32)),
but they can be easily generalized. We use kdR = adRHe

and kdΛ = adΛHI . As we saw before, when m < mdR

we have a unique peak at k⋆ while, for m > mdR, we
always have at least a peak at kdR. This means that
we can have power injected in the spectrum at rela-
tively small momenta. If this happens at CMB scales,
strong limits from isocurvature perturbations must be
taken into account. Such bounds are avoided requiring
kCMB < kpeak ≡ min(kdR, k⋆). A dedicated discussion
can be found in app. D 1, in which we show that we have
no isocurvature limits for the parameters considered in
the numerical analysis.

Finally, we present in fig. 6 the curves for which
Ωvector = ΩCDM as a function of the mass of the vec-
tor and the duration of the intermediate radiation phase
or, equivalently, the Hubble at the end of the second
stage of inflation. In the figure, we show the results for
log(ae/adR) = 20 (solid blue), 25 (dashed orange) and
30 (dotted green), and in solid black the NdR = 0 case.
This corresponds to the usual case of a single inflationary
stage provided we identify Hinf = He. For the two-stage
inflationary case, we take HI = 1014 GeV. For all choices
of He, we consider instantaneous reheating for simplic-
ity, but we do not expect qualitative changes for finite
reheating. In all cases with a two-stage inflation, the
curves grow vertically up to a certain value of He, after
which they start slowly decreasing until at some point
they converge to the usual prediction. This behavior can
be easily understood inserting eqs. (39)-(41) into eq. (42).
For small masses, Ωvector is independent from He, which
is reflected in the vertical part of the curves in fig. 6.
For intermediate masses, imposing Ωvector = ΩCDM re-
quires H−1

e ∝ m−1/2 while, for larger masses, it requires
H−1

e ∝ m1/4. This behavior corresponds to the one ob-
served in the figure, in which we also show the values
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IV. CONCLUSIONS

The evolution of quantum fields during cosmological
evolution allows for the production of relics, in partic-
ular DM, in an elegant and physically interesting way,
without having to resort to any additional interactions
of the relics other than gravity. A precise calculation of
the resulting abundance, crucial for the correct determi-
nation of the DM energy density, is nonetheless based on
a number of assumptions. In this paper, we have relaxed
one of these assumptions: instead of taking no particles
at the beginning of inflation (Bunch–Davies vacuum), we
allow for an initial population of relics. Our results thus
generalize the description of GPP with arbitrary initial
conditions.

We have shown that GPP in the presence of non
Bunch–Davies initial conditions does not simply amount
to adding the initial abundance to the usual outcome of
GPP with Bunch–Davies initial conditions. Instead, as
illustrated by eqs. (17)-(18), the quantum mechanical na-
ture of the relics predicts that the final number density
is either ”stimulated” or “blocked” due to terms that
are proportional to both initial density and Bogoliubov
coefficients. While it was known in the literature that
non-trivial initial conditions could give rise to interesting
effects on the GPP [1–3], to the best of our knowledge it
was neither explored in full generality nor studied in the
context of relics. A general conclusion that can be drawn
from eqs. (17)-(18) is that GPP is almost unaffected by
initial conditions for fields whose only break of confor-
mality is due to their mass (conformally coupled scalar,
fermion, transverse polarizations of spin-1). This is easily
explained: for these fields, there is basically no GPP until
the modes cross the comoving Compton wavelenght and
the mass becomes important, so that any initial popula-
tion just redshifts away. The final abundance computed
in the usual way is thus robust for these fields. For the
remaining cases, it is known that a minimally coupled
scalar is excluded by isocurvature perturbation limits in
the Bunch–Davies case; this conclusion is not changed
by different initial conditions. We are thus left with the
longitudinal mode of spin-1 fields, for which GPP starts
well before the mode crosses the Compton wavelength
and that requires a quantitative analysis.

To do so, we have chosen two different scenarios, the
first with a thermal initial distribution, remaining ag-
nostic about its origin, and the second where we follow
explicitly a two-stage inflationary dynamics in which we
have two periods of almost de Sitter expansion with an
intermediate stage of radiation domination. Both in the
thermal (figs. 2, 3) and in the two-stage inflation (figs. 5,
6) scenarios, the spectrum shows important differences
with respect to the usual one, thus impacting also the
abundance significantly. In the thermal case, we see from
fig. 3 that, for fixed Hinf and TRH and different values of
T , the correct abundance can be obtained for masses that
can both be smaller and larger than the value obtained
with Bunch–Davies initial conditions. In the two-stage

inflationary case, on the other hand, we see from fig. 6
that only masses m & 6 × 10−6 eV are allowed, where
the quoted number is the one obtained for an inflationary
Hubble parameter at CMB scales as high as 1014 GeV.
Still, for these masses the correct abundance can be ob-
tained for values of He and TRH that can be much smaller
than those appearing in the standard computation.

Our work can be extended in several directions. First,
we have examined two examples of non-trivial initial con-
ditions, but one could systematically list different possi-
bilities to find out if GPP is more sensitive to a given
class of initial conditions than others. Moreover, while
our analysis was restricted up to spin-1 particles, one
could also evaluate how higher-spin or exotic particles
are affected by non Bunch–Davies initial conditions. Fi-
nally, an aspect to be explored is the inclusion of more
interactions, either among the relics or with SM parti-
cles, that in particular could be the ones responsible for
generating non-trivial initial conditions. We leave these
points for future work.
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Appendix A: Conventions and useful formulas

We collect in this appendix useful more details on the
derivation of the equations used in sec. II.

1. Spin-0 field

We start from the action

S =

∫

d4x
√−g 1

2

[

gµν∂µϕ∂νϕ−m2ϕ2 + ξ Rϕ2

]

, (A1)
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φk de Sitter Radiation

k ≫ aH, am c±e
±ikη c±e

±ikη

aH ≫ k ≫ am c±a
− 1

2 (1±
√

1−8∆ξ) c±a
1
2
± 1

2

aH ≫ am ≫ k c±a
− 1

2 (1±
√

1−8∆ξ) c±a
1
2
± 1

2

am ≫ k, aH / c±
e±iΩ̂k(η)

√
a

TABLE I. Approximate solutions φk of the mode equation (4)
with frequency (A3) in different regimes. For simplicity, we
consider only a pure de Sitter or radiation dominated uni-
verse. Matching these solutions allows to compute the num-
ber of gravitationally produced particles in the case of in-
stantaneous reheating. We have defined ∆ξ ≡ 6ξ − 1 and
Ω̂k =

∫ η
dη′ωk(η

′). We do not present the solution for
am ≫ k, aH in the de Sitter regime because, under our as-
sumptions, this case is never realized. Observe that, during
radiation domination, a′′ = 0, so that the solutions are inde-
pendent from ξ.

where R is the Ricci scalar. If we now use conformal time
and apply the field redefinition φ = aϕ to make the ki-
netic term of φ canonically normalized (Weyl rescaling),
we end up with the action

S =

∫

dη d3x
1

2

[

(φ′)2 + (∇φ)2 −m2
effφ

2

]

, (A2)

where

m2
eff = a2m2 − a2

(

ξ − 1

6

)

R. (A3)

From this action we obtain an EoM in the form of eq. (4),

φ′′k + ω2
k φk = 0, ω2

k = k2 +m2
eff, (A4)

with k the comoving momentum and φk the Fourier
transform of φ(x), and an Hamiltonian

H =

∫

d3x
1

2

[

(φ′)2 + (∇φ)2 +m2
effφ

2

]

. (A5)

The field φ can be quantized as in eq. (3). If we do so in
the expression for H just computed, we obtain eq. (5).
Requiring canonical equal-time commutation relations
between φ(x) and its conjugate momentum π(x) = φ′(x)
implies that the mode functions must satisfy the normal-
ization condition

uku
′⋆
k − u⋆ku

′
k = i. (A6)

We can now ask ourselves what happens after the Bo-
goliubov transformation of eq. (9) is applied. As ex-
plained in the main text, the commutation relations
[ak, a

†
q] = (2π)3δ(3)(k − q) are preserved only if the Bo-

goliubov coefficients satisfy |αk|2−|βk|2 = 1. The Bogoli-
ubov coefficients can be computed explicitly in terms of
uk and wk using the orthogonality of mode functions un-
der the (conserved) scalar product of the Klein-Gordon
equation [74]:

αk = −i(wk u
′⋆
−k − w′

k u
⋆
−k), βk = −i(wk u

′
k − uk w

′
k).

(A7)

This equation allows to compute βk, and hence the total
number of particles produced, once we fix the mode func-
tions uk and wk. As in the main text, the most useful
choice for us is to compute uk as the solution of eq. (4)
with appropriate initial conditions, while the functions
wk can be chosen to select the adiabatic vacuum as in
eq. (11). Notice that computing |βk|2 with eq. (A7) gives
the same result obtained comparing eqs. (14) and (15),
confirming the consistency of our approaches. Solutions
of eq. (4) are shown in tab. I. They are computed ap-
proximating inflation as a pure de Sitter phase of expan-
sion and taking instantaneous reheating, i.e. inflation
is followed immediately by the usual radiation domina-
tion phase. Using tab. I we can find the transfer func-
tion T (k, η). For instance, for a minimally coupled scalar
(ξ = 0) we have

T (k, η) ∝











const k ≫ aH, am

a2 aH ≫ k, am

a−1 am≫ k, aH

(A8)

In the case of Bunch–Davies initial conditions, we can
combine eqs. (25), (29) and (A8) to obtain (k3/2π2)nk.
The result scales as k0 for k < k⋆ and k−1 for k > k⋆. Ac-
cording to app. D 1, this case is excluded by isocurvature
limits.

2. Spin-1/2 field

We start from the action of a fermion field in a curved
background [3, 20–23]

S =

∫

dηd3x
√−g

[

ψ(i eµa γ
a ∇µ −m)ψ

]

, (A9)

where eµa is the vierbein, defined by ηab = eµae
µ
b gµν and

the covariant derivative is defined by

∇µ ≡ ∂µ +
1

2
ωµabΣ

ab, (A10)

with spin connection given by

ωab
µ ≡ eaν

(

∂µe
b
ν − γλµνe

b
λ

)

, (A11)

and Σab ≡ [γa, γb]/4 the generator of Lorentz transfor-
mations in spinor representation. For a FLRW metric in
conformal time, we have

ωab
0 = 0 = ωjk

i , ω0j
i =

a′

a
δji , (A12)

so that with a field redefinition χ = a3/2ψ (Weyl rescal-
ing) the fermion action becomes

S =

∫

d3x dη χ̄(iγb∂b − am)χ. (A13)

The EoM that follows from this action is simply

(iγb∂b − am)χ = 0. (A14)
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We can now proceed as usual, but at this point, for sim-
plicity, we assume that the fermion is Majorana: we write

χ =
∑

λ=±1

∫

d3k

(2π3)

[

ukλ(η)akλe
ik·x + vkλ(η)a†kλe

−ik·x
]

,

(A15)
where, as usual, vkλ = −iγ2u⋆kλ. Using the Dirac repre-
sentation of the γ matrices, the spinor ukλ must satisfy
the equation

iγ0u′kλ − γ · k ukλ − amukλ = 0. (A16)

We write ukλ = (uLkλ, uRkλ)T and decompose uL,R as

uLkλ = xkλ(η)hkλ,

uRkλ = ykλ(η)hkλ,
(A17)

where xkλ and ykλ are simple functions and all the spinor
indices are carried by the helicity eigenvectors hkλ, that
satisfy

(σ · k̂)hkλ = λhkλ. (A18)

The helicity eigenvectors satisfy the identities

h−kλ = ξkλhk−λ, σ2 h⋆kλ = iλhk−λ, (A19)

where the phase ξkλ can always be chosen to be ξkλ =
−λeiλφ, with φ the azymuthal angle that identifies the
momentum k direction. In terms of the functions xkλ
and ykλ, eq. (A16) becomes

x′kλ = −iamxkλ − iλk ykλ,

y′kλ = iamykλ − iλk xkλ,
(A20)

which can be rewritten as two second order differential
equations:

x′′kλ + (ω2
k + ia′m)xkλ = 0,

y′′kλ + (ω2
k − ia′m)ykλ = 0,

(A21)

where ω2
k = k2 + a2m2. These are equations of the har-

monic oscillator type, but with intrinsically complex fre-
quency square. Requiring the equal-time anticommuta-
tion relations [χ(η,x), π(η,y)]+ = iδ(3)(x−y) to be true,
we discover that the mode functions xkλ and ykλ must
satisfy

|xkλ|2 + |ykλ|2 = 1 (no sum over λ). (A22)

We can use eq. (A20) to eliminate ykλ in favor of xkλ and
x′kλ, obtaining

|x′kλ|2 + ω2
k|xkλ|2 + iam(xkλx

⋆′
kλ − x⋆kλx

′
kλ) = k2. (A23)

We can now compute the Hamiltonian. In terms of the
field χ, the on-shell Hamiltonian is simply given by

H =

∫

d3x i χ†χ′. (A24)

This is the same expression as in Minkowski space, since
using conformal time we have the same action. Once we
use the field decompositions used so far, it is a simple
matter of algebra to show that

H =
∑

λ=±1

∫

d3k

(2π)3
1

2

{

Ωkλ

[

a†kλakλ − akλa
†
kλ

]

+ Fkλakλa−kλ + h.c.

}

,

(A25)

with functions defined via

Ωkλ ≡ |x′kλ|2 + ω2
k|xkλ|2 − ω2

k

am
,

Fkλ ≡ ξkλ
λk

[

(x′kλ)2 + ω2
k(xkλ)2

]

,

(A26)

where we have used eqs. (A20) and (A23) to simplify the
expression. This is precisely the form quoted in eq. (5),
once we suppress the helicity indices. As a useful cross-
check that our formulas are correct, let us go back to the
Minkowski limit a → 1. In this case, xkλ must be of the
form

√
ωk +m/

√
2ωke

−iωkη to match the usual flat space
normalization for the 4-spinor ukλ. With this choice, it
is simple to show that Ωk = ωk and Fk = 0, as expected.

We now turn to the effects of a Bogoliubov transforma-
tion. First of all, we stress again the importance of the
phase ξkλ in eq. (10), that guarantees the absence of sin-
gularities in the transformation. At the level of spinors
we have

ûkλ = αkukλ + βk ξ−kλ v−kλ,

v̂−kλ = α⋆
kv−kλ + β⋆

kξ
⋆
kλukλ,

(A27)

where the hat denotes the spinors obtained after the Bo-
goliubov transformation. Equivalently, at the level of xkλ
and ykλ functions we have

x̂kλ = αkxkλ + λβky
⋆
kλ,

ŷkλ = αkykλ − λβkx
⋆
kλ.

(A28)

An explicit form for the Bogoliubov coefficients can be
obtained using the (conserved) scalar product for the
Dirac equation. We obtain

αk =
i(y⋆kλx̂

′
kλ − x̂kλy

⋆′
kλ)

kλ
,

βk =
i(x̂kλx

′
kλ − xkλx̂

′
kλ)

k
.

(A29)

We observe that the |βk|2 obtained squaring eq. (A29)
coincides with the one obtained comparing eqs. (14)
and (15).

Finally, the expectation value of the Hamiltonian can
be written as

〈H〉 =
1

2

∫

dk

k
Pχ (A30)
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uk de Sitter Radiation

k ≫ aH, am c±e
±ikη c±e

±ikη

aH ≫ k ≫ am c1 a+ c2
a2 c1 + c2 a

aH ≫ am ≫ k c1 +
c2
a

c1a+ c2

am ≫ k, aH / c1e
−imt+c2e

imt
√
a

TABLE II. As in table I, but for the solution uk of the mode
equation (4) with frequency (A36).

if we define the power spectrum as

〈i χ†
k(η)χ′

q(η)〉 = (2π)3δ(3)(k − q)
2π2

k3
Pχ(k, η). (A31)

Unlike in the bosonic case, one of the two fields appears
here as a derivative. Using the explicit spinor function

decomposition χk = ukak + v−ka
†
−k and the EoM, we

obtain

2π2

k3
Pχ(k, η) = Ωk

(

2〈N in
k 〉 − V

)

+Fk 〈Cin
k 〉+c.c., (A32)

with Ωk and Fk defined in eq. (7). The solutions to the
equations of motions, as the transfer function, are well
approximated by those of a conformally coupled scalar.

3. Spin-1 field

We start from the action [22, 24–30]

S =

∫

d3xdη a4
[

− 1

4
gµαgνβFµνFαβ − m2

2
gµνAµAν

]

,

(A33)
where we take the abelian case Fµν = ∂µAν − ∂νAµ and
we ignore possible non-minimal couplings to the curva-
ture (see [25, 29, 75] for a discussion of their effects). The
discussion of the action is easier in momentum space, to
which we switch from now on. The time component A0

k
is non-dynamical and can be integrated out. Decom-
posing the remaining degrees of freedom into transverse

and longitudinal components as Ak = AT
k + k̂AL

k , with
k ·AT

k = 0, we obtain the two independent actions

ST =

∫

dη d3k

(2π)3
1

2

[

|A′
Tk|2 −

(

k2 + a2m2
)

|ATk|2
]

,

SL =

∫

dη d3k

(2π)3
1

2

[

a2m2

k2 + a2m2
|A′

Lk|2 − a2m2|ALk|2
]

.

(A34)
We see that the action for the transverse modes is the
same as the one of a conformally coupled scalar field
(ξ = 1/6), so that from now on we will focus only on
the longitudinal degree of freedom. The kinetic term
of ALk can be made canonic via the field redefinition

ALk =
√
k2+a2m2

am uk and the EoM for uk read

u′′k + ω2
k uk = 0, (A35)

with squared frequency

ω2
k = k2 + a2m2 − k2

k2 + a2m2

(

a′′

a
− 3a4m2H2

k2 + a2m2

)

.

(A36)

This EoM is again of the form of eq. (4). Quantization
now can proceed as in the case of the scalar field. In par-
ticular, all considerations about the conditions imposed
by the consistency of the Bogoliubov transformation ap-
ply exactly in the same way to the vector case.

Exact analytical solutions of the EoM are not avail-
able, but approximate expressions can be found. These
have been discussed in detail in [24–26] and are reported
in tab. II. Using these solutions, we obtain the following
transfer function:

T (k, η) ∝



















const k ≫ aH, am

a2 aH ≫ k ≫ am

const aH ≫ am≫ k

a−1 am≫ k, aH

(A37)

where we have maintained only the overall a scaling, av-
eraging over oscillations.

Appendix B: Coherent states

In this appendix we discuss coherent states as possible
non Bunch–Davies initial conditions. In particular, we
will show that they cannot produce any effect in GPP,
thus resulting in the same abundance as in the Bunch–
Davies scenario.

We begin with the definition of a coherent state |ψ〉 =
|z〉:

ak|z〉 = z(k)|z〉, (B1)

where z(k) is a function of k. The relevant quantities in
eqs. (14)-(15) can be directly computed from the defini-
tion above,

〈N in
k 〉 = 〈z|a†kak|z〉 = |z(k)|2

〈C in
k 〉 = 〈z|aka−k|z〉 = z(k)2.

(B2)

Therefore, once we divide by the volume V and take the
limit V → ∞, we can obtain 〈nink 〉, 〈cink 〉 in eqs. (17)-(18).
However, from the definition in eq. (B1) we can write the
coherent state explicitly as (see eq. (19))

|z〉 =
∑

n

∫

d3k1
(2π)3

· · · d3kn
(2π)3

zn(k1, · · · ,kn)|k1, · · · ,kn〉,

(B3)
where each zn(k1, · · · ,kn) is given by

zn(k1, · · · ,kn) = z0
1√
n!

n
∏

i=1

z(ki). (B4)
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The requirement of normalization 〈z|z〉 = 1 implies

z0 = exp

(

−
∫

d3k

(2π)3
|z(k)|2

)

, (B5)

which needs to be finite in order for the state to be well-
defined, implying in |z(k)|2 being integrable. As a conse-
quence, |z(k)|2 and z(k)2 cannot possibly scale with the
volume V and thus will not contribute to 〈nink 〉, 〈cink 〉 in
eq. (B2). From these arguments, we conclude that initial
states given by coherent states predict the same abun-
dance as in the Bunch–Davies case.

The same argument does not hold for the thermal and
squeezed states considered in sec. III, since in both cases
the number of particles produced is extensive, i.e. it
scales proportionally to the volume. This is evident from
eq. (33), which describes the number density of particles
per comoving momentum k in thermal equilibrium, and
from eq. (15), where the volume scaling of the |βk|2 is
explicit.

Appendix C: Spectrum for the two-stage
inflationary scenario for spin-1 DM

We present here the power spectrum Pk after the field
has become non-relativistic. We consider directly the
field uk(η), the redefinition of the longitudinal vector
component with canonical kinetic term. As discussed in
sec. II B, at late times this is related to the particle num-
ber spectrum by (k3/2π2)nk ≃ ωkPu. The computation
can be done using the transfer function of eq. (A37). As
in the main text, we have three cases:

• k⋆ < kdR (small masses): we obtain

Pu =















































H2
I a⋆ k

2

4π2m2 a
k < k⋆

(ae
√
HI He)

4

4π2mak
k⋆ < k < kdR

(adΛHI)4 (aeHe)
4

4π2mak5
kdR < k < kdΛ

(aeHe)
4

4π2mak
kdΛ < k < ke

(C1)

As we see, we expect a unique peak in the spectrum
at k⋆;

• kdR < k⋆ < kdΛ (intermediate masses): we have

Pu =















































H2
I a⋆ k

2

4π2m2 a
k < kdR

(adΛHI)4H2
e a⋆

4π2m2 a k2
kdR < k < k⋆

(adΛHI)4 (aeHe)
4

4π2mak5
k⋆ < k < kdΛ

(aeHe)
4

4π2mak
kdΛ < k < ke

(C2)

In this case, there is again a unique peak, but at
kdR;

• kdΛ < k⋆ (large masses): we obtain

Pu =















































H2
I a⋆ k

2

4π2m2 a
k < kdR

(adΛHI)4H2
e a⋆

4π2m2 a k2
kdR < k < kdΛ

a⋆H
2
e k

2

4π2m2 a
kdΛ < k < k⋆

(aeHe)
4

4π2mak
kdΛ < k < ke

(C3)

Here we instead have two peaks, one at kdR and
another one at k⋆.

Let us now compute explicitly one of the results to il-
lustrate the method. Take, for instance, the spectrum
for small masses (k⋆ < kdR) for modes k < k⋆. The
mode starts well inside the horizon with Bunch-Davies
initial conditions (i.e. power spectrum k2/4π2), which
stay constant until horizon exit. The power spectrum
then evolves as a2 while outside the horizon. When it
finally crosses the comoving Compton wavelength, the
power spectrum remains constant until we reach a⋆, at
which point it start decreasing as a−1. We can then write

k2

4π2

(

aCompton

a
(1)
exit

)2
a⋆
a

=
H2

I a⋆ k
2

4π2m2 a
, (C4)

where a
(1)
exit = k/HI is the moment of horizon exit and

aCompton = k/m is the moment of Compton crossing.
A similar reasoning can be used to compute all other
contributions.

Appendix D: Other relevant bounds

This appendix is dedicated to providing estimates for
the isocurvature bounds coming from CMB measure-
ments and from Lyman-α forest data.

1. Isocurvature constraints

In a simplified way, isocurvature perturbations are
those that are not spatially aligned with the inhomo-
geneities of the plasma. These can become sizable for
relics originated from non-thermic mechanisms such as
the GPP. See for instance ref. [38], and references therein,
for a review on the topic.

Working in comoving gauge for the plasma perturba-
tions, the isocurvature power spectrum produced from a
species X coincides with its density contrast power spec-
trum ∆2

δX
, where δX = δρX/ρX is the density contrast

and δρX the fluctuations of the energy density ρX . At
late times, after GPP was completed, the two-point cor-
relation between density fluctuations in position space is
given by [28, 39]

∆2
δX = 〈δX(~x)δX(~x+ ~r)〉~x = 2

〈X(~x)X(~x+ ~r)〉2~x
〈X2〉2 , (D1)





tum 〈k〉 defined by

〈k〉 ≡
∫

dk
k k k3nk

2π2
∫

dk
k

k3nk

2π2

, (D9)

with the spectrum defined in eqs. (17), (18). We can then
compute the average velocity of the relic at a certain scale
factor a (for a > a⋆, with H(a⋆) = m) as

〈v(a)〉 ≡ 〈k〉/a
m

. (D10)

If 〈v(a)〉 is sizable, it can disrupt the formation of present
structures. One way to measure this effect is through the
physical free-streaming length at a given time λFS(a) (see
for instance refs. [38, 77, 78]):

λFS(a) ≡ a

∫ a

a⋆

da′
〈v(a′)〉
a′2H(a′)

, (D11)

where the integration starts at a⋆ because only after that
point the relic abundance has formed. Note that this is
nothing but the integral of 〈v〉 over the conformal time
dη = dt/a = da/a2H, meaning that this free-streaming
length takes into account the propagation of DM in the
expanding universe. In other words, it measures the max-
imum physical distance the relic can travel at a given
scale factor a. Therefore, the relics will be subject to
the gravitational attraction only for scales larger than
λFS(a), whereas smaller structures will be inhibited.

The Lyman-α forest data probe structures down to
the Mpc scale. Below that, it is still difficult to probe
the matter power spectrum, thus allowing for DM to be-
have as warm for scales < O(0.1 Mpc) [78]. This means
that the free-streaming length evaluated today must be
constrained to obey

λFS(a = a0) < λLyα ≃ 0.1 Mpc, (D12)

allowing us to put a bound on the relics produced from
GPP.

In fig. 7 we show our results for the computation of
the free-streaming length of eq. (D11) in the two-stage
inflationary case of sec. III B. In the standard case with
NdR = 0 (dashed black), we see that only for masses
m . 10−26 GeV we encounter problems with Lyman-α
bounds (D12), which is also rather insensitive to the pres-
ence of a second phase (colored solid lines). Instead, the
extra phase of radiation domination prior to standard in-
flation actually decreases the mean velocity of the DM,
as it can be seen from the lower panel. In fig. 7 we have
chosen TRH = Tmax

RH for concreteness, but lower reheat-
ing temperatures will not qualitatively change the results
just discussed; the smaller TRH the smaller mdR is, hence
the diminish of the free-streaming scale will be shifted to
lower masses. We therefore conclude that Lyman-α for-
est constraints should not be relevant to the parameter
space shown in fig. 6.

Similarly, we argue that Lyman-α constraints will not
be relevant also for the results presented in sec. III A,
when considering an initial thermal distribution. As we
see from the spectrum in eq. (2), the peak of the distri-
bution is unchanged and therefore the average velocity
should be approximately equal to that of the standard
GPP case. As a consequence, the same limit m . 10−26

GeV should follow from fig. 7 in the thermal case.

3. White-noise

We highlight that for particles produced via GPP, an-
other relevant lower bound on their mass m . 10−28

GeV comes from ref. [79], which exploits the character-
istic white-noise of the density perturbations in order to
constraint the free-streaming of the DM. In the cases
considered here, this bound is either weaker than other
constraints or not relevant in our parameter space.
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