A\

HELMUT SCHMIDT
UNIVERSITAT

Universitat der Bundeswehr Hamburg

Toward Realistic Multiscale Simulations of
Nanoparticle Injection Devices used for

Single Particle Diffractive Imaging

Doctoral Thesis
approved by the
Faculty of Mechanical and Civil Engineering
of the

Helmut-Schmidt-University

University of the German Federal Armed Forces
for obtaining the academic degree of
Doktor Ingenieur (Dr.-Ing.)

presented by

Surya Kiran Peravali

from India

Hamburg, 2025



Referees

Univ.-Prof. Dr.-Ing. habil. Michael Breuer

Professor and Head, Department of Fluid Mechanics (PfS)

Faculty of Mechanical and Civil Engineering
Helmut-Schmidt-Universitét/Universitédt der Bundeswehr Hamburg
Holstenhofweg 85 / Postfach 70 08 22

22043 Hamburg / Germany

Univ.-Prof. Dr.-rer. nat. habil. Jochen Kiipper

Group leader Controlled Molecule Imaging, Center for Free-Electron Laser Science
Lead Scientist, Deutsches Elektronen-Synchrotron DESY

Professor in the Department of Physics, Universitat Hamburg

Professor by courtesy in the Department of Chemistry, Universitdat Hamburg
Center for Free-Electron Laser Science (CFEL)

Deutsches Elektronen-Synchrotron DESY

Notkestrasse 85

22607 Hamburg / Germany

Univ.-Prof. Dr.-rer. nat. habil. Philipp Neumann

Lead Scientist and Head of I'T-Department, Deutsches Elektronen-Synchrotron DESY
Professor, High Performance Computing & Data Science, Universitiat Hamburg
Deutsches Elektronen-Synchrotron DESY

Notkestrasse 85

22607 Hamburg / Germany

The day of submission: June 17, 2025

The day of completion of the oral examination: July 21, 2025



To my Guru,
Dr. M. Balakrishnan,

whose wisdom lives on
as a quiding light.






Kurzfassung

Single Particle Diffractive Imaging (SPI) ist eine leistungsstarke Technik, die in der
Strukturbiologie und den Nanowissenschaften eingesetzt wird, um die dreidimensionale
Struktur einzelner Nanopartikel, Biomolekiile und Viren zu bestimmen, ohne dass eine
Kristallisation erforderlich ist. Durch die Bestrahlung der Partikel mit ultraschnellen Freie-
Elektronen-Rontgenlaserpulsen (XFEL) werden mittels SPT Beugungsmuster aufgenom-
men, die zu hochauflésenden Bildern rekonstruiert werden. Eine effiziente und genaue
Modellierung und Simulation von Nanopartikel-Injektionssystemen spielt eine zentrale
Rolle bei der Weiterentwicklung der SPI-Experimente, die fiir eine optimale Qualitit der
Beugungsmuster auf gut fokussierte Partikelstrome angewiesen sind. In dieser Arbeit
werden diese Herausforderungen durch die Entwicklung und Optimierung von Multiskalen-
Simulationsmethoden fiir Nanopartikel-Injektionsgerite angegangen, wobei der Schwer-
punkt auf dem aerodynamischen Linsensystem (ALS) und seiner Kombination mit einer
kryogen gekiihlten Buffergas-Zelle (BGC) liegt.

Ein hybrider fiir Molekular-Kontinuum-Simulationsansatz, der die klassische numerische
Stromungsmechanik (CFD) basierend auf der Kontinuumsannahme und die auf der kinetis-
chen Gastheorie basierende Direct Simulation Monte Carlo (DSMC) Methode kombiniert,
wird eingesetzt, um die Stromung des tréagergases und die Trajektorien der Nanopartikel
in verschiedenen Stromungsregimen genau zu erfassen. Der Ansatz verbessert die Berech-
nungs effizienz, indem DSMC selektiv in Regionen angewendet wird, in denen molekulare
Effekte dominieren, wihrend CFD fiir Regionen mit niedriger Knudsen-zahl. Umfassende
Auswertungen von Widerstandsmodellen aus der Literatur - einschliellich molekularer
Widerstandskraftformulierungen - werden durchgefithrt. Die Einfiihrung einer relax-
ationsbasierten Korrektur fiir stark verdiinnte Stromungen mit niedriger Geschwindigkeit
verbessert die Vorhersage von Partikeltrajektorien, insbesondere im Ubergangsbereich und
in stark verdiinnten gelieten.

Die Skalierbarkeit und Rechenleistung des Frameworks werden durch detailliertes Bench-
marking bewertet. Zusatzliche Sensitivitdtsanalysen zum Einfluss von DSMC-Parametern
wie und Partikelanzahl, Gittergrofie und Zeitschrittgrofle unterstiitzen die effiziente Mod-
ellimplementierung weiter. Wichtige Benchmark-Félle, darunter gasdynamische Diisen
und Wiedereintrittsfahrzeuge, zeigen die Vielseitigkeit des Ansatzes bei der Simulation
von internen und externen Strémungen.

Die ALS-Konfiguration verdeutlicht die Anwendbarkeit des Rahmens fiir die Model-
lierung von Einspritzdiisen, wo der hybride CFD-DSMC-Ansatz in Kombination mit
verbesserten Widerstandsmodellen eine hervorragende Ubereinstimmung mit experimentellen
Daten und tibertrifft damit konventionelles CFD. Eine weitere Validierung anhand gemesse-
nen Strahlbreiten und Fokuspositionen wird fiir BGC- und kombinierte BGC-ALS Auf-
bauten fiir verschiedene Partikelgrofien und Einlassdriicke durchgefiihrt. Dieser validierte
Aufbau wird wird dann zur Bewertung der Injektorleistung verwendet, wobei der Schwer-
punkt auf Nanopartikeln in Proteingrofie liegt, Dies ermoglicht eine aufschlussreiche Bew-
ertung der Fokussierungseffizienz und Strahlqualitiat unter realistischen SPI-Bedingungen.
Die BGC-ALS-Konfiguration verbessert durch die kryogene Kiihlung die Fokussierung
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kleinerer Partikel durch Reduzierung der thermischen Geschwindigkeiten und die Brown-
sche Bewegung unterdriickt und dadurch die Strahlkollimation verbessert - ideal fiir SPI-
Experimente.

Durch die Beseitigung von Schwachstellen in aktuellen Methoden, die Validierung der
Simulationsvorhersagen mittels experimentellen Ergebnissen und die Weiterentwicklung
von Techniken zur Modellierung von Widerstandskréften schafft diese Arbeit eine solide
Grundlage fiir die Optimierung von SPI-Injektorsystemen und ebnet den Weg fiir zukiin-
ftige Innovationen bei Nanopartikel-Injektionstechnologien.



Abstract

Single-particle diffractive imaging (SPI) is a powerful technique used in structural biology
and nanoscience to determine the three-dimensional structure of individual nanoparticles,
biomolecules, and viruses without the need for crystallization. By exposing freely flowing
particles to ultrafast X-ray free-electron laser (XFEL) pulses, SPI captures diffraction
patterns that can be reconstructed into high-resolution images. Efficient and accurate
modeling and simulation of nanoparticle injection systems are essential for designing
and optimizing injectors that deliver high-density, well-collimated particle streams — an
important requirement for maximizing hit rates and image quality in SPI experiments.
This thesis addresses these challenges by developing and optimizing multiscale simulation
methodologies for nanoparticle injection devices, with a particular focus on aerodynamic
lens systems (ALS) and its combination with cryogenically cooled buffer-gas cells (BGC).

A hybrid molecular-continuum simulation framework, integrating classic Computational
Fluid Dynamics (CFD) based on the continuum assumption and the Direct Simulation
Monte Carlo (DSMC) method based on the kinetic theory of gases, is employed to ac-
curately capture the carrier gas flow and nanoparticle trajectories across diverse flow
regimes. The approach improves the computational efficiency by selectively applying
DSMC in regions where molecular-scale effects dominate, while using CFD for low Knud-
sen number regions. Comprehensive evaluations of drag force models from the literature
including molecular drag formulations are conducted, along with the introduction of a
relaxation-based correction for highly rarefied, low-speed flows, to enhance particle trajec-
tory predictions, particularly in transitional and rarefied regimes.

The framework’s scalability and computational performance are assessed through de-
tailed benchmarking, while sensitivity analyses on DSMC parameters such as particle
number, grid size, and time step size further guide efficient model implementation. Key
benchmark cases, including gas dynamic nozzles and re-entry vehicles, demonstrate the
framework’s versatility in simulating internal and external flows.

The ALS configuration highlights the framework’s applicability to injector modeling,
where the hybrid DSMC/CFD approach combined with improved drag models achieve
excellent agreement with experimental data, outperforming conventional CFD. Further
validation against measured beam widths and focus positions is carried out for BGC
and combined BGC-ALS setups across different particle sizes and inlet pressures. This
validated setup is then used to assess the injector performance, with emphasis on protein-
sized nanoparticles, enabling an insightful evaluation of the focusing efficiency and beam
quality under realistic SPI conditions. Notably, the BGC-ALS configuration, through
cryogenic cooling, enhances the focusing of smaller particles by reducing thermal velocities
and suppressing Brownian motion, thereby improving the beam collimation — ideal for
SPI experiments.

By bridging gaps in current methodologies, validating simulation results against ex-
perimental data, and advancing drag force modeling techniques, this thesis establishes
a robust foundation for optimizing SPI injector systems and paving the way for future
innovations in nanoparticle injection technologies.
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1 Introduction

Single-particle diffractive imaging (SPI) has become a groundbreaking technique for imag-
ing atomic-scale structures and dynamics of nanoparticles and biomolecules [1, 2, 3].
By employing ultra-intense and ultra-short x-ray pulses generated by using X-ray Free-
Electron Lasers (XFEL’s) [4, 5, 6], SPI captures high-resolution diffraction patterns by
scattering x-rays off individual particles. By collecting a series of such patterns from
identical particles, a comprehensive three-dimensional reconstruction of their structure
can be achieved. This technique holds immense promise for structural biology, material
science, and nanotechnology, as it overcomes the limitations of traditional crystallography
by imaging particles without the need for crystallization [7, 8, 9].

The SPI process primarily involves three key steps: First, identical samples are delivered
into the XFEL beam, where a series of two-dimensional diffraction patterns are captured
from randomly isolated particles. Next, these thousands of 2D diffraction patterns are
aligned and reconstructed into a three-dimensional diffraction pattern. Finally, the high-
resolution 3D structure of the samples is obtained through phase recovery [10, 11, 12, 13,
14] (see Figure 1.1).

Single-particle diffractive imaging (SPI) is versatile and can be applied to a wide variety
of particles. It is commonly used to study biological particles such as proteins, viruses,
and DNA/RNA, as well as cellular structures, which typically range in size from a few
nanometers (=~ 15 nm [15]) to hundreds of nanometers [9, 16, 17, 18, 19]. However,
achieving the necessary experimental conditions for SPI is challenging, as the technique
relies on recording thousands of diffraction patterns from identical particles. One of the
primary limitations is the collection of a substantial number of high-quality diffraction
patterns within a short time, which is closely tied to the efficiency of sample delivery
systems [20, 21]. This process requires precise control over the injection and collimation of
particle streams in the gas phase and their subsequent transfer into vacuum environments
to minimize the background gas, which can lead to undesired scattering. Additionally,
since any particle that interacts with the ultra-intense x-ray pulse is destroyed, new
particles must be continuously replenished in real-time to maintain the stream [22]. This
real-time replenishment is especially critical, as it allows for uninterrupted data collection
in SPI experiments, compensating for particle loss and maintaining the integrity of the
measurements.

Various sample delivery systems have been employed for single-shot imaging at XFELs,
including fixed targets [23, 24], liquid jet injectors [25], and aerosol injectors [17]. Among
these, aerosol injectors are widely favored due to their ability to minimize background
scattering [26]. These systems must be meticulously optimized to produce dense particle
streams with high purity, ensuring efficient interception of the particles by the x-ray beam
and maximizing the likelihood of capturing high-resolution diffraction patterns [11, 17].
Despite their advantages, aerosol injectors face challenges such as low hit rates, which result
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Fig. 1.1. Skematic sketch of SPI experiment.

in prolonged measurement times and excessive sample consumption [27]. Furthermore,
background scattering signals from residual gas molecules emitted by the injector can
obscure the sample signal, complicating data acquisition.

Developing and improving efficient aerosol injector designs is therefore crucial for SPI
experiments [15]. Increasing the hit rate and collecting more high-quality diffraction
patterns require further reductions in the particle beam diameter to increase sample
density. To minimize background scattering noise and enhance the signal-to-noise ratio,
it is essential to either reduce the amount of carrier gas or shift the particle beam’s focus
position within the vacuum chamber.

The aerodynamic lens stack (ALS), a key component of aerosol injectors, consists of a
series of orifices designed to focus and accelerate aerosolized particles. This concept was
first introduced by Liu et al. 28], based on predictions by Robinson [29] regarding the
behavior of small particles in irrotational and incompressible gas flow past an obstacle.
In such flows, particles experience separation from the carrier gas due to inertia, as they
pass through regions of converging-diverging flow. The orifices in the ALS act as focusing
lenses for the particle beams, inducing these accelerations and concentrating the particles
into a narrow beam while allowing the carrier gas to dissipate. The ALS setups have been
widely used in particle mass spectrometers and microscale device fabrication (30, 31].

For SPI, the widely used standard ALS-based injector, known as the “Uppsala injector”,
is designed to deliver collimated particle beams across a range of particle sizes from 0.1
to 3 pm [17]. However, its optimization for specific particle sizes is limited, with the
pressure upstream of the ALS being the only adjustable parameter. Focussing smaller
particles (20 nm), such as proteins, has always been a challenge due to their low inertia
and high diffusivity [32]. These particles closely follow gas streamlines, allowing only
minimal focusing to be achieved. Additionally, their motion is significantly influenced by
Brownian dynamics, resulting in high diffusivity [33]. This not only broadens the particle
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beam but also leads to considerable particle losses, further complicating the delivery of
well-collimated particle streams for SPI experiments.

Reducing the carrier gas temperature, such as generating cold molecular beams, is a
key approach to improving the injection of small particles [34]. In previous SPI experi-
ments [35], cold molecular beams were produced using a cryogenic buffer-gas cell (BGC)
for larger particles (> 200 nm), where the carrier gas is cooled to 4 K. Nanoparticles
are introduced into the BGC, where they undergo thermalization before exiting through
an aperture into a vacuum, forming a particle beam. To enable the injection of smaller
particles (<100 nm), experimental advancements have been made by coupling an aerody-
namic lens stack (ALS) with the BGC [34]. The resulting particle beams show promise
as a starting point for producing well-controlled beams. This technique not only reduces
Brownian diffusion but also prevents the denaturation of protein and biomolecule particles
by shock-freezing them, thereby preserving their structural integrity.

Developing and optimizing these aerosol injection systems for improving SPI involves
addressing the complex interplay between particle size, flow rates, gas pressures, and
operating temperatures [35, 36]. Additionally, achieving precise particle control in novel
experimental regimes, such as those requiring cryogenic temperatures, adds further chal-
lenges to the optimization process. This process demands multiple iterative cycles of
modifying existing injectors and evaluating their performance. Given the vast parameter
space and the time-intensive nature of each step, relying exclusively on experimental
observations is insufficient for achieving efficient optimization.

Numerical simulations have become an invaluable tool for gaining a deeper understand-
ing of the underlying processes and optimizing aerosol injector performance [28, 32, 35,
36, 37, 38, 39, 40, 41]. To achieve this, it is essential to study the flow characteristics
of the gas and the trajectories of the nanoparticles in detail. Moreover, the inherent
complexity of the physics involved must be carefully considered when addressing these
problems numerically, ensuring accurate modeling to achieve meaningful insights. Pre-
vious attempts [36, 38, 42] to establish a numerical framework primarily relied on the
continuum mechanics hypothesis. In these studies, a two-step approach was typically
employed: First, the flow field of the gas was simulated using Navier-Stokes-based Compu-
tational Fluid Dynamics (CFD) tools; subsequently, particle trajectories were calculated
by interpolating the flow field to the positions of the particles to determine the forces (e.g.,
drag) on the particles. However, in certain regions of the aerosol injector, the flow partially
violates the continuum assumption [34], particularly near or beyond the outlet, where the
flow expands into the ultra-high vacuum environment where the flow expands into the
ultra-high vacuum environment close to the interaction point with the x-ray beam. In this
region, the mean free path (\) — the average distance a molecule travels before colliding
with another — increases significantly. As the flow expands, non-equilibrium effects also
become pronounced, further challenging the applicability of continuum-based models. Fur-
thermore, certain experiments require operating with low inlet pressures upstream of the
ALS or using lighter carrier gases [34], both of which result in flows with higher mean free
path values. The validity of the continuum assumption is quantified using the Knudsen
number (Kn), defined as the ratio of the mean free path to the characteristic length of
the system. When Kn > 0.1, the continuum-based Navier-Stokes solvers are no longer
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applicable, and rarefied gas dynamics models must be utilized instead (see Figure 1.2).
In such flow regimes, conventional continuum solvers fail to accurately characterize the
flow field, necessitating the use of alternative approaches and the corresponding numerical
methods. Omne such approach is the Direct Simulation Monte Carlo (DSMC) method,
which provides a numerical approximation to the solution of the Boltzmann equation.
Originally developed by Bird [43], the DSMC method is particularly well-suited for flows
with high Knudsen numbers and has become a widely adopted technique for modeling
rarefied gas flows with precision, especially in academic research.

Kn 0 0.001 0.1 10

Continuum Flow Slip Flow| Transition Flow Free-Molecule Flow

Navier-Stokes Equations
No-Slip | slip
Boltzmann Equation

Burnett Equation

Fig. 1.2. Flow regimes depending on Kn and the governing equations.

In most SPI experiments, the flow field of particle injection spans a wide range of
Knudsen number (Kn) regimes, encompassing both continuum and rarefied regions. This
variability makes the selection of an appropriate solver particularly challenging. In rarefied
regions, the continuum hypothesis fails, rendering CFD solvers ineffective at providing ac-
curate results. Conversely, the computational cost of DSMC simulations, which scales with
Kn~* [44], can become prohibitively expensive for flows with smaller Knudsen numbers,
adding significant complexity to the modeling process.

To address these challenges, a multiscale approach is essential, combining computational
methods suitable for continuum flow, such as Navier-Stokes solvers, with particle-based
methods like direct simulation Monte Carlo (DSMC). Such simulations enable the detailed
computation of gas flows within injectors, the expansion of particles into vacuum chambers,
and the resulting particle trajectories.

The path of the particles is primarily governed by drag forces, and for smaller particles,
additional effects such as Brownian motion must also be considered. The validity of
different force formulations [45, 46, 47, 48] in these multiscale regimes must be carefully
evaluated to ensure accurate modeling. Furthermore, detailed investigations into the
interaction between the flow and the particles in the high Knudsen and Mach number
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regimes are crucial for understanding particle dynamics under extreme conditions. These
multiscale and multiphysics simulations must account for the large phase space of exper-
imental parameter variations, underscoring the need for efficient simulation frameworks
and advanced data analysis techniques.

1.1 Objectives

This thesis addresses the challenges associated with optimizing particle injection devices for
SPI through the development of a novel simulation framework. The framework combines
state-of-the-art methods to simulate gas flows and particle dynamics, enabling rapid
exploration of experimental parameter spaces and the derivation of actionable insights for
injector design.

The objective of this work was to develop innovative multiscale simulation methodolo-
gies and advanced data analysis techniques, leveraging high-performance computing, to
achieve physically more reliable predictions of the processes occurring in SPI injection
systems. The approach aims to overcome several of the limitations associated with current
methodologies. By enabling a deeper understanding of aerodynamic lens stacks, optimiz-
ing their performance, and extending their application range, the study seeks to advance
SPI capabilities. The extensive datasets generated by simulating millions of particle tra-
jectories will play a pivotal role in achieving these goals.

Specifically, this work focuses on:

1. Simulating gas flows across continuum-to-rarefied transition regimes
Developing a hybrid molecular-continuum solver (DSMC/CFD) to accurately resolve
gas flows across varying Knudsen number regimes, ensuring precise modeling in both
continuum and rarefied flow regions.

2. Modeling particle trajectories
Computing nanoparticle trajectories influenced by forces derived from interpolated
flow fields. This involves detailed modeling of particle motion through multiscale
gas flows, evaluating particle-background gas interactions, and refining existing force
models for improved accuracy.

3. Studying particle behavior in cold-gas environments
Extending particle trajectory modeling to cryogenic flow conditions and evaluating
particle behavior under thermal cooling. Special emphasis is placed on understanding
the dynamics of very small nanoparticles (< 20 nm) in such environments.

4. Developing tools for experimental optimization
Providing efficient tools to minimize reliance on time-intensive trial-and-error ex-
periments by leveraging the simulation framework for rapid evaluation and injector
design guidance.

The findings of this research offer significant advancements in the design and opti-
mization of nanoparticle injection systems for SPI. By bundling innovative multiscale
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simulation methodologies and data analysis supported by high-performance computing,
this work aims to improve the understanding and application range of aerodynamic lens
stacks. These advancements will not only enhance particle beam quality but also opti-
mize the overall efficiency of SPI experiments, ultimately contributing to the feasibility of
molecule-imaging experiments on a larger scale

1.2 Thesis overview

This thesis is structured as follows: Chapter 2 focuses on modeling gas flows in the con-
tinuum regime using OpenFOAM [49]. The governing equations of fluid dynamics, along
with the underlying modeling assumptions, are introduced. Numerical discretization tech-
niques and solution methods employed in the sonicFoam and rhoCentralFoam solvers
are discussed in detail. Additional analyses are conducted to validate the reliability and
accuracy of the computational models.

Chapter 3 focuses on the rarefied flow regime, utilizing the Direct Simulation Monte
Carlo (DSMC) method as implemented in SPARTA [50]. It explores key aspects such as
collision models, molecular interaction models like the variable hard sphere (VHS) and
variable soft sphere (VSS) approaches, and energy exchange models, including constant
and variable relaxation models. These methods are employed to accurately capture the
physical behavior of gases in rarefied environments. Additionally, this chapter introduces
the hybrid DSMC/CFD methodology, incorporating a one-way flux-based coupling to
bridge the continuum and rarefied regimes effectively. It provides an overview of related
work on CFD/DSMC /hybrid simulations, summarizing studies concerning their accuracy
and computational performance, and positioning the current study within the context of
hybrid coupling methodologies.

Chapter 4 addresses particle transport modeling using the CMInject framework [42]. To
provide the context for the current study, previous works on ALS simulation methodologies
are reviewed. The governing equations for particle motion are introduced, with a detailed
focus on the force models used to compute particle trajectories in multiscale gas flows.

Chapter 5 evaluates the CFD, DSMC, and the hybrid DSMC/CFD approaches for low-
density internal and external flows, with test cases including gas dynamic nozzle expansion
and shock-generating flows. Sensitivity analyses on DSMC parameters, such as particle
numbers, grid size, and time step, are conducted, combined with an examination of the
computational performance and energy consumption, offering insights into optimization
strategies.

Chapter 6 investigates the aerodynamic lens stack in SPI systems, focusing on its behav-
ior in multiscale and highly rarefied regimes. A hybrid DSMC/CFD simulation framework
is employed to model the complex flow physics and particle trajectories accurately. Com-
putational efficiency is improved by restricting DSMC to regions requiring molecular
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modeling. Various drag force models are examined, and the approach is validated against
multiple experimental configurations, demonstrating its effectiveness in enhancing particle
collimation and focusing.

Chapter 7 begins by validating the simulation methodology under cryogenic flow condi-
tions to ensure accuracy and effectiveness in extreme temperature environments. It then
explores the integration of a cryogenically cooled buffer-gas cell (BGC) with an ALS in
SPI injection systems to enhance particle beam quality. By combining the BGC with
the aerodynamic lens stack, cryogenically cooled particle beams are generated for smaller
nanoparticles, enabling even smaller nanoparticles for future applications.

Finally, Chapter 8 presents the conclusions drawn from the research, summarizing the
key findings and contributions of the work. It also provides a future outlook, outlining
potential avenues for further research and development in the optimization of nanoparticle
injection systems and the corresponding simulation methodologies.
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2 Modeling gas flows in the continuum
regime

Efficient and accurate modeling of gas flows in the continuum regime forms a cornerstone
for understanding the dynamics of aerodynamic injection systems [36]. This chapter
delves into computational fluid dynamics (CFD) simulations performed using OpenFOAM
(v2112) [49], a robust open-source framework tailored for solving partial differential equa-
tions, including the Navier-Stokes equations.

The chapter explores the application of continuum mechanics principles to describe
and predict the flow behavior in scenarios where the continuum assumption holds valid.
OpenFOAM’s extensive library facilitates the simulation of compressible flows using ei-
ther density-based or pressure-based approaches, with equations solved in a coupled or
segregated manner. The methodologies described here enable accurate modeling of the
flow field within aerosol injectors, which is essential for predicting injector performance,
optimizing design parameters, and studying the detailed behavior of the flow inside the
injector [32].

Previous CFD studies on aerosol injection for SPI [34, 35, 36, 37, 42] have utilized
finite-element-based solvers such as COMSOL. In flow regimes, where the Mach number
(Ma) exceeds 0.3, stabilization techniques were required to mitigate numerical instabilities
arising from compressibility effects [36]. To suppress spurious oscillations — especially in
high-speed flows — artificial diffusion must be introduced [51]. While these stabilization
methods improve numerical robustness, they can also alter key flow features, potentially
reducing the accuracy of shock capturing and sharp gradient resolution. By employing
compressible finite-volume method (FVM) based solvers in OpenFOAM, this study aims
to reduce the dependence on artificial stabilization while ensuring robust and physically
accurate simulations of gas flows in aerodynamic injection systems.

2.1 Governing equations

The simulations in this study are based on the Navier-Stokes equations, which represent
the conservation laws governing fluid dynamics. These equations are essential for capturing
the behavior of continuum flows relevant to aerodynamic lens systems. The equations in
the Eulerian frame of reference are given by:

e Continuity Equation: Governs the conservation of mass:

dp B
o TV () =0, (2.1)
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e Momentum Equation: Captures the transport of momentum, incorporating pres-
sure gradients, viscous effects, and external forces:
Jdpu

W—l—v-(puu)—l—Vp—i-V-T:O, (2.2)

o Energy Equation: Accounts for energy conservation, including heat transfer and
compressibility effects:
OpE

oy + Y (puE) + V- (pu) + V- (7u) + V- T =0, (23)

where p is the mass density, u is the fluid velocity vector, p is the pressure, E is the

energy density given by:
2
u
E=e+ |2| (2.4)
with e being the specific internal energy, 7 is the viscous stress tensor represented for a
Newtonian fluid by:

r = [Vut (V) = 27 ). (25)

Here, I is the unit tensor, J is the diffusive flux of heat with the thermal conductivity

k and the temperature T,
J=—-kVT. (2.6)

2.2 Modeling assumptions

The following key assumptions are adopted to simplify the modeling and to ensure com-
putational efficiency for the flow conditions under consideration:

o Flow Regime: Due to the low characteristic Reynolds numbers of the cases consid-
ered in this work (Re < 10), the flow is assumed to be laminar. Turbulence modeling
is not required as the flow remains stable and free from turbulent fluctuations.

o Equation of State: The gas is modeled as a perfect gas, assuming it follows the

ideal gas law:
p=pRT, (2.7)

where R is the specific gas constant.

o Transport Properties: The temperature dependence of the dynamic viscosity pu
is estimated using the Sutherland transport model [52]:

ANT

1+ 1T (2:8)

!
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where A, is the Sutherland coefficient, T is the Sutherland temperature, and 7" is the
absolute temperature. These coefficients are chosen based on the properties of the
working gas and are specified in Chapter 5, Chapter 6 and Chapter 7. For cases where
accurate Sutherland coefficients are not available, a simplified constTransport
model is used [53], which assumes constant p and Prandtl number Pr.

These assumptions ensure that the numerical simulations accurately capture the flow
behavior in the continuum regime.

2.3 OpenFOAM solvers and numerical discretization

The governing equations are discretized and solved using the finite-volume method (FVM),
which forms the backbone of OpenFOAM’s numerical framework. In FVM, the compu-
tational domain is divided into non-overlapping control volumes, and the conservation
equations for mass, momentum, and energy are integrated over each control volume.
Fluxes across the cell faces are approximated, resulting in a set of algebraic equations that
are solved iteratively to determine the field variables such as the velocity u, the pressure p,
and the temperature 1. This approach ensures the conservation of mass, momentum, and
energy at the control volume level, making it a robust and versatile method for solving
fluid dynamics problems.

OpenFOAM employs a collocated variable arrangement, where all field variables (such
as velocity, pressure, and temperature) are stored at the cell centers. The collocated
variable arrangement is particularly popular in industrial CFD solvers as it provides
greater flexibility in mesh generation for complex three-dimensional geometries, as well
as for incorporating features such as refinement, grading, and surface layers. However, it
requires appropriate interpolation schemes to maintain numerical stability and prevent
non-physical oscillations in the pressure and velocity fields. In pressure-based solvers
(e.g., sonicFoam, rhoPimpleFoam, rhoSimpleFoam.), this is addressed using techniques
like Rhie-Chow interpolation [54], which introduces a pressure-gradient correction to
stabilize the solution and to ensure proper velocity-pressure coupling. In contrast, density-
based solvers (e.g., rhoCentralFoam) inherently handle this coupling through flux-based
formulations, eliminating the need for explicit pressure-correction steps. Instead of solving
for the pressure iteratively, these solvers compute the pressure from the equation of
state of a perfect gas. To ensure numerical stability, density-based solvers rely on flux
splitting techniques and upwind-biased numerical dissipation [55, 56]. The central-upwind
schemes [57] employed in rhoCentralFoam compute numerical fluxes using local wave-
speed estimates, allowing a smooth transition between second-order central differencing
in smooth regions and upwind schemes near shocks or discontinuities. This approach
provides a balance between accuracy and stability, making it particularly well-suited for
high-Mach number flows and shock-dominated problems.

The OpenFOAM framework provides both pressure-based and density-based approaches
for solving compressible flow problems, implemented through solvers such as sonicFoam
and rhoCentralFoam, respectively. This section elaborates on the numerical techniques
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employed by these solvers, with a comparative evaluation of their performance presented
in Chapter 5.

2.3.1 Pressure-based solver: sonicFoam

sonicFoam is a pressure-based, transient solver designed for compressible flows. It employs
the Pressure-Implicit with Splitting of Operators (PISO) algorithm [58], a semi-implicit
method that divides the pressure-velocity coupling into sequential steps for computational
efficiency. By iteratively updating pressure and velocity corrections, PISO ensures stability
for large time steps and captures transient flow features such as acoustic waves and
moderate compressibility effects.

A key feature of sonicFoam is the derivation of the pressure equation directly from
the discrete forms of the momentum and continuity equations, as proposed by Issa [58].
This approach ensures compatibility between the pressure and velocity fields, avoiding
inconsistencies that could violate the continuity equation. The resulting solver achieves
robust and accurate solutions for compressible flow problems, making it well-suited for
aerodynamic and thermodynamic applications.

To refine the solution, sonicFoam follows a predictor-corrector strategy based on the
PISO algorithm, ensuring compatibility with the continuity equation. The process begins
with a momentum predictor step, where the momentum equation is solved to obtain an
intermediate velocity field without enforcing mass conservation. A pressure-correction
equation, derived from the continuity equation, is then solved to update the pressure.
Using this corrected pressure gradient, the velocity field is adjusted to maintain con-
sistency with the momentum equation. Unlike incompressible solvers, where pressure
corrections primarily enforce divergence-free velocity fields, sonicFoam also includes the
energy equation in the PISO loop. This step updates the temperature or internal energy
field, ensuring proper coupling between density, pressure, and thermodynamic variables.
This approach is particularly important for temperature-dependent flows and compressible
regions, where variations in density and energy transport influence the overall solution. If
necessary, additional corrector loops are applied to further refine the velocity, pressure,
and energy fields for improved accuracy [59].

To improve solution stability and prevent numerical oscillations, sonicFoam employs
total variation diminishing (TVD) schemes [60] in the discretization of convective fluxes.
These schemes dynamically adapt between central differencing in smooth regions (for high
accuracy) and upwind-biased interpolation near steep gradients (for improved stability).
One commonly used TVD scheme in sonicFoam is the van Leer limiter, which adjusts
numerical dissipation based on local flow gradients, reducing spurious oscillations while
maintaining second-order accuracy. The application of TVD flux limiting enhances solution
stability in flows where shocks or expansion waves may be present. However, since
sonicFoam is a pressure-based solver, it does not inherently capture strong discontinuities
as effectively as density-based solvers. Additional stabilization, such as mesh refinement or
artificial viscosity, may be required in cases involving high-Mach number flows to prevent
numerical artifacts near sharp gradients.
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Temporal and Spatial Discretization: sonicFoam employs the first-order implicit Euler
scheme for time discretization, which is particularly suitable for transient simulations due
to its simplicity and efficiency. Alternative higher-order schemes, such as the implicit
backward or Crank-Nicolson (CN) schemes, are also available for enhanced stability or
second-order accuracy in time. Spatial gradients are computed using the Gauss linear
scheme, with a cell-limited variant for velocity gradients (grad(U)!) to ensure stability in
regions of steep gradients. Divergence terms — for instance, for velocity (e.g., V- (puu) =
div(phi,U)) — are discretized using flux limiters such as Gauss vanLeerV [61], further
promoting TVD behavior. Additionally, the pressure and energy divergence terms adopt
Gauss limitedLinear schemes [60], while Laplacian terms are treated using the Gauss
linear limited corrected scheme [60] to improve accuracy on non-orthogonal meshes.
For the remaining flow properties, a standard 1inear interpolation is used for transferring
cell-center values to face centers across the computational domain, with surface-normal
gradients computed via the corrected approach [53].

Solution Methods: Within the PISO loop, the pressure equation is solved using the
Preconditioned Bi-Conjugate Gradient Stabilized (PBiCGStab) method [62, 63] with a DILU
preconditioner [60], while the velocity and energy equations use similar solver settings
to ensure consistency. The density equation is handled by a diagonal solver. The
solver employs the PISO algorithm, which is configured by setting nOuterCorrectors
to 1 within the PIMPLE dictionary?. Additionally, nCorrectors is set to 2, ensuring
two pressure-correction steps per time step, while no non-orthogonal corrections are
applied—thus balancing computational cost and accuracy. Convergence in sonicFoam is
further controlled via absolute (tolerance) and relative (relTol) thresholds specified in
the fvSolution dictionary (Appendix A).

2.3.2 Density-based solver: rhoCentralFoam

The rhoCentralFoam solver utilizes a density-based approach to model high-speed com-
pressible flows. It is particularly well-suited for cases involving shock waves, contact
surfaces, and other discontinuities, where numerical accuracy and stability are critical. Un-
like pressure-based solvers, which rely on iterative pressure corrections, rhoCentralFoam
solves for the density, momentum, and energy directly, with the pressure coupled through
the equation of state.

The solver is based on semi-discrete, non-staggered, Godunov-type central-upwind
schemes [55, 56], which approximate numerical fluxes without requiring explicit Rie-
mann solvers. Unlike methods such as AUSM [64], HLLC [65], and Roe’s solver [66],
rhoCentralFoam avoids solving the Riemann problem at each interface, instead integrat-
ing fluxes over the Riemann fan [56]. This approach eliminates the need for characteristic
decomposition and eigenvalue calculations, reducing computational costs while ensuring
robustness. The method, implemented in OpenFOAM by Greenshields et al. [57], is

!Representation in OpenFOAM dictionary
2Setting nOuterCorrectors > 1, the solver uses PIMPLE [60].
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particularly effective for unstructured meshes with arbitrary polyhedral cells, making it
well-suited for complex geometries.

A key advantage of rhoCentralFoam is that it avoids the carbuncle phenomenon [67,
68], a well-known instability observed in Riemann solvers when handling strong shocks [69].
This increased stability and simplicity make it well-suited for supersonic and hypersonic
flows, where accurate shock capturing is essential.

Unlike fully explicit Godunov-type solvers, rhoCentralFoam employs a central-upwind
flux splitting approach, which applies central differencing in smooth regions while intro-
ducing upwind dissipation near discontinuities to ensure stability. To further enhance
numerical robustness, total variation diminishing (TVD) schemes are applied during flux
reconstruction rather than directly in the convective flux discretization [57], enabling
high-resolution shock capturing while maintaining solution stability.

The solution procedure begins by reconstructing the density, velocity, and temperature
at cell faces using the van Leer limiter, ensuring smooth and oscillation-free interpolation.
Fluxes, including mass, momentum, and energy, are then computed using the central-
upwind flux splitting approach, ensuring robust capture of shock waves — preventing
spurious oscillations near steep gradients while preserving high accuracy in smooth regions.
The mass conservation equation is solved first to determine the density, followed by an
inviscid momentum update, which is then corrected for the viscous effects through a
diffusive velocity correction step. Similarly, the energy equation is advanced using an
inviscid predictor step, followed by a diffusive temperature correction to account for
heat conduction. Finally, the pressure is updated using the ideal gas law, ensuring
thermodynamic consistency [57, 59].

Temporal and Spatial Discretization: rhoCentralFoam employs the first-order implicit
Euler scheme for time discretization. Although the Euler scheme is straightforward and
efficient for transient compressible flow simulations, similar to sonicFoam alternative
higher-order schemes — such as the implicit backward or Crank-Nicolson (CN) schemes —
are available for enhanced temporal accuracy if required. Spatial discretization is achieved
using the Gauss linear scheme for gradient calculations, with a cell-limited reconstruction
applied during flux splitting to enforce TVD behavior. In particular, rhoCentralFoam
employs the Kurganov flux scheme — derived from central-upwind methods — for high-
speed flows. Divergence terms (e.g., for viscous fluxes such as V - 7 = div(tauMC))
are discretized using Gauss linear, while Laplacian terms are treated with the Gauss
linear limited corrected scheme [60] to handle non-orthogonal meshes effectively. For
reconstruction, the vanLeer limiter is used for scalar quantities like p and T', while the
vanLeerV limiter is applied to the velocity vector field u to ensure consistent TVD behavior
for vector quantities. As with sonicFoam, surface-normal gradients are computed via the
corrected approach [53].

Solution Methods: The governing conservation equations in rhoCentralFoam are solved
sequentially. A diagonal solver is used for the density, while the momentum equation (i.e.,
for pu) is typically solved using a Gauss—Seidel-based method (e.g., smoothSolver). The
energy equation (pFE) is solved with similar settings, often employing stricter tolerances
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to improve accuracy. Since the pressure is updated via the ideal gas law after the conser-
vation equations are solved, there is no separate pressure-correction loop. Convergence
is controlled through absolute (tolerance) and relative (relTol) thresholds specified in
the fvSolution dictionary (Appendix A).

The combination of the Kurganov flux scheme, TVD stabilization in flux reconstruction,
and straightforward iterative solvers makes rhoCentralFoam a robust tool for gas-dynamic
simulations involving shock-dominated flows, including supersonic jet interactions, hyper-
sonic vehicle aerodynamics, and high-enthalpy flow studies.

To summarize Table 2.1 compares the key features of sonicFoam and rhoCentralFoam.
The choice between these solvers depends on the specific application requirements. A
detailed evaluation and validation of their performance is presented in Chapter 5. The
following subsections provide details on discretization schemes, solution methods, boundary
conditions, and parallelization options used in the simulations.

Feature sonicFoam rhoCentralFoam

Solver Type Pressure based Density based

Flux Scheme Central differencing with Central-upwind flux splitting

Rhie-Chow interpolation

Pressure Handling Iterative pressure correction Pressure naturally coupled via
(PISO) the equation of state (EOS)

Shock Handling Requires additional stabilization | Naturally shock-capturing via

techniques flux splitting

TVD Application TVD applied to convective TVD applied in flux

fluxes reconstruction (p, u, T')

Ideal Flow Regimes Moderate-speed compressible High-speed, shock-dominated
flows flows

Tab. 2.1. Comparison of sonicFoam and rhoCentralFoam solvers in OpenFOAM.

2.4 Boundary conditions

Boundary conditions in OpenFOAM define how the computational domain interacts with
its surrounding and are crucial for ensuring numerical stability and physical accuracy.
The domain is divided into patches, and specific conditions are assigned to each patch
for variables such as velocity, pressure, and temperature. These boundary conditions are
broadly categorized as Dirichlet or Neumann types.

Dirichlet boundary conditions specify fixed values for field variables on a boundary and
are implemented using the fixedValue keyword. For example, a fixed inlet velocity or a
constant wall temperature can be applied using this approach. Neumann boundary condi-
tions enforce a fixed gradient, or zero gradient, using fixedGradient or zeroGradient,
commonly employed at outlets to allow variables to adjust freely.
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OpenFOAM also provides specialized boundary conditions for complex flow scenarios.
The waveTransmissive [70] condition, for instance, minimizes wave reflections at out-
lets in compressible flow simulations, making it ideal for high-speed flows with shock
waves. Similarly, the supersonicFreestream [49] condition handles supersonic inflows
and outflows by ensuring natural adjustments without reflections, which is critical for
aerodynamic and propulsion applications.

At walls, boundary conditions vary based on the flow physics. For viscous flows, the
no-slip condition sets the velocity to zero, while the slip condition eliminates tangential
velocity components, simulating inviscid behavior. Additionally, walls are typically treated
as impermeable surfaces, meaning the normal velocity component must be zero to prevent
fluid penetration. Thermal boundaries at walls can either maintain a fixed temperature
or are insulated with zero heat flux, depending on the setup.

Symmetry and periodic conditions further simplify the modeling of flows in symmetric
geometries or repeating domains. The symmetryPlane enforces zero normal gradients,
while the cyclic condition connects opposite patches, often used in rotating machinery
or periodic flows.

While OpenFOAM provides a wide array of additional boundary conditions tailored for
various specialized applications, such as rotating frames, porous media, or multi-phase
flows, these are beyond the scope of this work and are not discussed further due to their
limited relevance to the simulations presented in this thesis. The boundary conditions
outlined here are carefully selected to meet the specific requirements of the studied cases
(see Chapter 5, Chapter 6 and Chapter 7), ensuring accurate and efficient solutions.

2.5 Grid generation

In OpenFOAM, the grid generation plays a vital role in preparing the computational
domain for the simulations. Two commonly used utilities, blockMesh and snappyHexMesh,
provide structured and unstructured meshing capabilities, respectively [53]. blockMesh is
designed for generating structured hexahedral meshes based on user-defined blocks. The
geometry is divided into blocks, with each block specified by corner vertices in a Cartesian
coordinate system. The mesh resolution is defined by specifying the number of cells along
the principal directions, and physical boundary conditions are applied by labeling the
boundaries. This utility is particularly effective for simple geometries such as rectangular
or cylindrical domains, offering precise control over the mesh quality.

On the other hand, snappyHexMesh is used for generating unstructured, hexahedral-
dominant meshes [53] for complex geometries. It starts with a coarse structured mesh,
often generated using blockMesh, and refines the mesh based on the geometry, which is
imported as STL or OBJ files. The utility snaps the mesh to the surface features of the
geometry and allows for the addition of boundary layers near walls to enhance resolution.
This makes snappyHexMesh suitable for intricate geometries such as aerodynamic shapes
or porous media.

Both blockMesh and snappyHexMesh provide tools for assessing and improving mesh
quality by evaluating parameters such as orthogonality, aspect ratio, and skewness using
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checkMesh. Maintaining high mesh quality is crucial for ensuring numerical stability and
accuracy in CFD simulations. Figure 2.1 shows an example of how a structured body-fitted
grid can be obtained using blockMesh and snappyHexMesh utilities.
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Fig. 2.1. Structured O-grid of an aerodynamic lens stack geometry [37] generated using the
blockMesh and snappyHexMesh utility. A cylindrical block-structured grid was ini-
tially created using the blockMesh utility and later refined by snapping it onto the
geometry of the ALS using the snappyHexMesh utility.

2.6 Parallelization in OpenFOAM

OpenFOAM achieves parallel execution using the Message Passing Interface (MPI) [53],
allowing efficient computations on distributed-memory systems. The primary approach
to parallelization is domain decomposition, where the computational domain is divided
into multiple subdomains, each assigned to a separate processor. This decomposition is
managed by the decomposePar utility, which partitions the mesh using different strategies
to optimize computational load balancing and minimize inter-processor communication.
Among the available decomposition methods [53|, the simple method divides the do-
main along user-specified Cartesian directions, making it suitable for block-structured
meshes and cases where the workload is evenly distributed. The hierarchical method
extends this approach by allowing multi-level decomposition, first splitting along a pri-
mary direction and then further subdividing the resulting sections, which is beneficial
for complex geometries or parallel systems composed of different processor architectures.
The scotch method, on the other hand, uses a graph-based algorithm to automatically
balance the computational load while minimizing the processor communication, making
it particularly effective for unstructured meshes and cases with highly non-uniform work-
loads. Additionally, OpenFOAM supports manual decomposition, where the user explicitly
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defines the domain split via the manualCoeffs [53] entry in the decomposeParDict. This
approach is useful for irregular geometries, processor-specific workloads, or optimization
for specific hardware.

Once the domain is decomposed, each processor solves its assigned subdomain indepen-
dently while exchanging interface data with neighboring subdomains via MPI. To maintain
solution accuracy, OpenFOAM synchronizes information at subdomain boundaries using
ghost cells, ensuring consistent flux calculations.

After the simulation, the individual subdomains are reconstructed into a single dataset
using the reconstructPar utility, allowing for post-processing and visualization. With its
efficient parallel implementation, OpenFOAM scales well across multiple processors [71,
72], making it well-suited for high-performance computing applications in computational
fluid dynamics.

The various numerical methods and solver configurations discussed in this chapter
are comprehensively compared and evaluated in Chapter 5. This evaluation examines
their performance, accuracy, and computational efficiency under supersonic expanding
flow conditions similar to those encountered in aerosol injector systems. Based on these
comparisons, the final selection of methods employed in the simulations is justified. Fur-
thermore, the complete solver settings (e.g., fvSchemes and fvSolution) are provided in
Appendix A.



3 Modeling gas flows in rarefied and
multiscale regimes1

Understanding gas flows in transitional and rarefied regimes is crucial for accurately model-
ing aerodynamic injection systems, vacuum-based processes, and nanoscale gas transport.
In aerosol injection systems used for single-particle diffractive imaging (SPI), the molecular
mean free path increases significantly as the flow expands from high-pressure conditions
inside the injector to the near-vacuum environment of the experimental chamber [36].
For injectors operating at low inlet pressures, the overall flow often transitions into ei-
ther a multiscale regime, where continuum and rarefied effects coexist, or a fully rarefied
regime, where molecular interactions dominate. Accurately capturing such flow physics
requires methods beyond traditional computational fluid dynamics (CFD) based on the
Navier-Stokes equations.

For flows in the continuum regime (Kn < 0.1), the Navier-Stokes equations provide
an effective description, and CFD solvers employing the finite-volume method (FVM)
can resolve flow features with reasonable accuracy. However, as Kn increases beyond
0.1, the continuum assumption no longer holds true and further assumptions such as the
local thermodynamic equilibrium and no-slip boundary conditions begin to break down.
Extended continuum models, such as the Burnett equations and regularized moment
equations, have been proposed to address this issue but are often numerically unstable
and difficult to implement for complex flow configurations [75, 76].

To capture rarefied flow effects, several numerical approaches based on the kinetic the-
ory of gases have been developed, each with specific advantages and limitations. The
Direct Simulation Monte Carlo (DSMC) method [43] is a widely used stochastic approach
that approximates the Boltzmann equation by simulating the motion and collisions of
representative gas molecules. The method captures rarefied gas dynamics by tracking
a statistical ensemble of simulation particles that undergo free molecular motion and
probabilistic inter-molecular collisions. Through this process, macroscopic flow properties
such as pressure, temperature, and velocities emerge naturally from molecular interactions.
DSMC is particularly effective for rarefied flows (Kn > 0.1), as it inherently accounts for

!Certain components of this chapter are based on the publication: S. K. Peravali, V. Jafari,
A. K. Samanta, J. Kiipper, M. Amin, P. Neumann and M. Breuer, “Accuracy and performance
evaluation of low density internal and external flow predictions using CFD and DSMC”, Comput-
ers & Fluids 279, 106346 (2024) [73] and S. K. Peravali, A. K. Samanta, M. Amin, P. Neumann,
J. Kiipper and M. Breuer, “An improved simulation methodology for nanoparticle injection through
aerodynamic lens systems”, Physics of Fluids 37 (3), 033380 (2025) [74]. T am the principal contributor
to both publications. I contributed in drafting the original manuscripts and overseeing the review
and editing processes. I was also deeply involved in the visualization and validation of data, the
development and application of the methodology, and conducting the investigations. Additionally, I
contributed in the formal analysis and conceptualization of the papers.
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non-equilibrium effects, including velocity slip, temperature jumps, and strong transla-
tional and internal energy deviations from equilibrium distributions. Despite its accuracy
in high- Kn number regimes, DSMC becomes computationally expensive as Kn decreases.
The method’s cost scales inversely with the Knudsen number (~ Kn™*) [44], meaning that
in near-continuum or dense gas regions, resolving intermolecular collisions necessitates a
prohibitively large number of simulated particles. This limitation makes DSMC inefficient
for low- Kn number flows, where continuum-based approaches such as CFD based on the
Navier-Stokes equations provide a more practical alternative.

Alternative approaches for solving the Boltzmann equation include deterministic meth-
ods such as the Discrete Velocity Method (DVM) [77, 78]. In DVM, the velocity space is
discretized into a finite set of velocities, converting the Boltzmann equation into a system
of PDEs for the distribution function at each discrete velocity. The transport term is
handled using finite-difference or finite-volume schemes, while the collision term, which is
often computationally the most demanding part, is evaluated through simplified models
such as the Bhatnagar-Gross-Krook (BGK) model [79], the Shakhov model [80] or the
Ellipsoidal-Statistical BGK (ES-BGK) model [81]. These models replace the full colli-
sion integral by a relaxation toward a local Maxwellian distribution over a characteristic
timescale, significantly reducing the computational effort. While DVM avoids the statis-
tical noise of stochastic methods like DSMC and offers accurate results in the transition
regime, it suffers from high computational and memory requirements due to the need for
fine resolution in the velocity space [82, 83|, especially in multi-dimensional and highly
non-equilibrium flows (e.g., shocks, expansions, ... ) [84]. Moreover, like DSMC it becomes
inefficient in the low-Knudsen number (near-continuum) regime due to requirement of
grid sizes and timesteps smaller than the molecular mean free path and the mean collison
time, respectively.

However, DSMC handles higher-order non-equilibrium effects naturally, as it simulates
molecular interactions directly without relying on a discretized velocity space or approxi-
mate collision models. This makes DSMC particularly advantageous in capturing complex,
high- Kn number flows with sharp gradients or strong anisotropy, such as those found in
shocks or expansions [85, 86, 87, 88, 89|, where deterministic solvers may struggle without
adaptive grids or advanced modeling. Due to these advantages, and the availability of
well-developed and mature open-source DSMC codes [90, 91], this study employs the
DSMC method to model rarefied flows and flows in the transition regime.

This chapter presents an overview of the fundamental principles underlying the DSMC
method, with a focus on the physical models employed to resolve rarefied flow regimes.
It then describes the hybrid DSMC/CFD framework adopted in this work for accurately
capturing multiscale gas dynamics. Finally, a literature review is provided to contextualize
the present study within existing research and to underscore the advantages of the selected
methodology.
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3.1 DSMC method

The Direct Simulation Monte Carlo (DSMC) method is a discrete particle simulation
technique that provides a numerical approximation to the solution of the Boltzmann
equation:

of _(of
&+u-w_<8t>c0u. (3.1)

Here, f(x,u,t) is the gas distribution function which represents the probability density
of finding a molecule at position x, with velocity u, at time ¢.

In the DSMC method, each particle represents a large ensemble of real gas molecules [43,
92] and their interactions. Both intermolecular and molecule-surface collisions are modeled
probabilistically. The method solves the Boltzmann equation by decoupling the advection
term (u- V f) from the collision term (ﬂ) (see Figure 3.1), treating them in successive
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Fig. 3.1. A skematic sketch of the DSMC method.

The DSMC algorithm comprises the following steps:

1. Domain discretization and initialization: The computational domain is dis-
cretized into a grid of finite-sized cells. Each grid cell is populated with a certain
number of simulation particles based on the initial flow conditions. Particle positions
and velocities are typically initialized using a Maxwell-Boltzmann distribution.
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2. Particle movement: Particles move through the grid deterministically (i.e., with-
out collisions during this step, see Figure 3.1) according to their velocities over a
time step At:

x(t + At) = x(t) + u(t) At (3.2)

Here, x and u are the position and velocity vectors of the particle, respectively.
Particles that cross cell boundaries are reassigned to the appropriate grid cell.

3. Boundary interactions: Particles interact with domain boundaries, including
inflow /outflow and solid surfaces. Inlet boundaries introduce new particles, while
outlet boundaries remove those exiting the domain. Reflections at walls are modeled
using gas-surface interaction models, which are detailed in Section 3.2.

4. Collision modeling: Intermolecular collisions are handled stochastically using
Monte Carlo methods. Candidate particle pairs are selected within each cell using
a collision algorithm, and their post-collision velocities and positions are updated
based on the chosen molecular interaction model. Details are discussed in Section 3.3.

5. Sampling and averaging: Macroscopic flow quantities such as number density,
velocity, temperature, and pressure, are obtained by averaging microscopic particle
data within each grid cell. This process is described in Section 3.4.

Steps 2 through 5 are repeated over successive time steps until the simulation reaches the
desired end time. The accuracy of the DSMC method depends on several key parameters,
including the number of particles per cell, the cell size relative to the mean free path, the
selected time step, and the collision model used. The sensitivity of these parameters for
low-density flows is evaluated in Chapter 5.

In this study, the SPARTA (Stochastic PArallel Rarefied-gas Time-accurate Analyzer)
DSMC code [90] is employed to simulate transitional and rarefied gas flows. SPARTA
is a high-performance, extensively benchmarked tool [94] capable of simulating systems
with particle counts ranging from a few thousand to billions. It is optimized for parallel
computing, offering excellent scalability and efficient memory usage [95]. SPARTA provides
a comprehensive set of models to accurately capture gas dynamics in high-Knudsen-number
regimes, including various molecular collision models, boundary condition formulations,
and chemistry models for reactive flows. The following sections describe the boundary
condition and collision models employed in this study.

3.2 Boundary conditions

The boundary conditions in DSMC can be classified in two types: Free-stream boundary
conditions (inlet and outlet) and wall boundary conditions, where the gas-surface interac-
tions are predominant. The inlet boundary condition introduces simulation particles into
the computational domain by generating an influx through the designated boundary face
at each time step. For every grid cell, whose face is aligned with the inlet boundary, the
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molecular flux per unit area and per unit time, also referred to as the inward number flux

N, , is calculated using the expression derived from the kinetic gas theory [43]:

{exp(—s2 cos® ¢ + w25 cos ®{1 + erf(scos gzﬁ)}} (3.3)
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Here, n is the number density, 8 is the reciprocal of the most probable thermal speed
\/m/(2kgT), where m is the molecular mass, T is the temperature and kp is the Boltzmann
constant. The molecular speed ratio is given by s = f|U| where U is the free-stream
velocity and ¢ is the angle between the free-stream velocity U and the unit normal
vector e to the surface element [43]. This formulation allows accurate computation of the
number of particles injected across the inlet boundary, based on local flow conditions (e.g.,
number density, streaming velocity, thermal temperature, ... ), while preserving mass and
momentum fluxes in accordance with the kinetic theory. The outlet boundary condition
acts as a vacuum sink, removing simulation particles that exit the computational domain.
Gas-surface interactions must be used for wall boundaries. This boundary condition can
be modeled by two types of interactions: Specular and diffusive reflections. In the specular
case, the particle is reflected elastically where its velocity component normal to the surface
is reversed. In the diffuse case, the post-interaction velocity of a particle striking a thermal
wall is sampled from a Maxwellian distribution corresponding to the wall temperature,
with both the speed and direction governed by this distribution. The normal velocity
component u is calculated using [90, 92, 96]:

u=(~In(Ry))2/8, (3.4)

where Ry is a random fraction between 0 and 1. To compute the tangential velocity
components v and w (which lie in the plane tangent to the wall surface), a pair of
independent random fractions is used to calculate the magnitude of the tangential velocity
V, and the angular coordinate 6 [96]:

V. = (~In(R;))2/B and 6 =27R;. (3.5)

The tangential components are then obtained by projecting V, onto two orthogonal
directions in the surface plane:

v="V,cos0 and w ="V,sinf. (3.6)

In the diffusive interaction model described above, it is assumed that the incident gas
molecules undergo a complete energy accommodation upon colliding with the surface. This
means the molecules are fully thermalized by the surface, and their post-collision velocities
are sampled from a Maxwellian distribution corresponding to the surface temperature,
regardless of their incoming energy.

However, in many practical scenarios, especially with limited interaction time or specific
surface properties, only a partial energy accommodation occurs. In such cases, only a
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fraction of the energy is exchanged during the collision. This is quantified based on a
parameter called thermal accommodation coefficient ag, which is traditionally defined as:

E;, - E,

= E,—FE,’ (3.7)

ap

where FE; is the incident energy per molecule, F, is the reflected energy per molecule
and F),, is the energy per molecule corresponding to the fully diffuse reflection with the
equilibrium temperature of the reflected gas T, equal to the equilibrium temperature
of the surface T,,. If ag = 0 the gas reflection leads to a perfectly elastic gas-surface.
Conversely, ag = 1, means a fully inelastic collision, in which the molecule is completely
thermalized to the wall temperature. The accommodation coefficients can also be defined
for the normal and tangential components of momentum and energy [43, 92].

The Maxwellian gas—surface interaction model (Figure 3.2 (a)) accounts for the accom-
modation coefficient defined in Eq. (3.7) by assuming that a fraction € of the incident
molecules is scattered diffusely, while the remaining part (1 — €) is reflected specularly.
Here, € is typically taken to be equivalent to the thermal accommodation coefficient ag.
This combination of specular and diffuse reflections provides a simple and computationally
efficient framework for modeling gas—surface interactions. While this model is effective
in describing the thermodynamic behavior of the gas, it fails to capture the detailed
molecular-level behavior often observed in gas—surface scattering experiments [97]. More-
over, it does not account for the internal energy exchange with the surface and lacks the
flexibility to control the angular scattering distribution.

The Cercignani-Lampis model (CL) [98, 99] is based on the assumption that there is
no coupling between the normal and tangential velocity components during gas-molecule
reflections from a surface unlike the Maxwellian model. Therefore, this model uses two
coefficients «,, and oy, which represent energy accommodation coefficients associated
with the normal and tangential components of the velocity, respectively. The scattering
distribution of the molecules is centered around an average scattering angle 8,, which is a
function of the above two accommodation coefficients. This scattering distribution has a
lobular shape similar to the one observed in the experiments [97]. This model was applied
in DSMC by Lord [99]. The algorithmic expressions of the CL (Cercignani-Lampis) gas-
surface interaction model are given as follows. The reflected tangential velocity components
v, and w, are computed as [92]:

1
- B [@T +/—a:In Ry, cos(27er72)} , (3.8)
1 .
w, = B\/—Oét In Ry sin(2nRy), (3.9)

where 7, = /1 — a; v; is the mean reflected tangential velocity based on the incident
velocity v;, and a4 is the tangential momentum accommodation coefficient. Ry; and Ry
are independent random numbers uniformly distributed between 0 and 1.
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The reflected normal velocity u, is evaluated using:

U, = 3 w2 + 2u,\/—a, In Ry 3cos(2nRpy) — o, In Ry 3, (3.10)

where @, = /1 —a, u;, is the mean reflected normal velocity based on u; being the
incident normal velocity. Ry and R4 are also uniformly distributed random fractions
between 0 and 1.

The full derivation of the above CL algorithm is provided in Shen [92]. Later, Lord [100,
101] extended the CL model [98] to the CLL model (Cercignani-Lampi-Lord) accounting
for the internal energy exchange by introducing accommodation coeflicients for rotational
and vibrational modes. Another key advantage of this model is the capability to produce
diffuse scattering with incomplete energy accommodation (o = a, = a; < 1). This
model is illustrated in Figure 3.2 (b).

diffuse reflected flux

specular reflected flux free-stream flux

free-stream flux
reflected flux

0; ."".-., ,..o"i 06,=6; 6; 6r= f( Qy, o)

Fig. 3.2. Schematic diagrams of the (a) Maxwell model and (b) the CLL model.

Furthermore, this model enables the control over the angular scattering distribution
through an eccentricity parameter (eccen). This makes the model particularly useful in
simulating cases such as adiabatic walls (see Section 5.4.4), where gas-surface interactions
are purely elastic yet isotropic. By setting ag = a,, = ay = 0, a perfectly elastic reflection
is ensured, and by choosing eccen = 0, the reflected particles exhibit isotropic scattering.
While the CLL model introduces additional computational complexity due to its sampling
procedures, it remains a widely used and physically accurate choice for rarefied gas flow
simulations involving gas-surface interactions.

In Chapter 5, a detailed evaluation of the gas—surface interaction models, including the
CLL and Maxwellian reflection approaches, is conducted across different flow scenarios to
assess their impact on the simulation accuracy and physical realism.

3.3 Inter-particle collision models

Several collision sampling schemes are available in the DSMC method to model interac-
tions between simulation particles. SPARTA employs Bird’s No-Time-Counter (NTC)
method [43], which is one of the most widely used and computationally efficient collision
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algorithms in DSMC simulations. The computational cost of the NTC method is dictated
by the number of simulated particles and this method ensures that the correct collision
rate is maintained while preserving the statistical accuracy of molecular interactions [96].

In this scheme the number of collision pairs N, in a cell over the time step At is given
by:

1N (N —=1) Fx (04 ¢ )maz At
2 Ve

where N is the number of particles in the cell, Fly is the number of real molecules
represented by each particle, (o ¢,) is the product of total collision cross-section o; and
the relative particle velocity ¢, and V, is the volume of the cell. Random collision pairs are
selected at each cell per time step and a collision pair is chosen based on an acceptance-
rejection procedure, i.e., if the condition in Equation (3.12) is met, then the collision
between the pair is performed.

Ncoll =

(3.11)

Ot Cr
<Ot Cr)maac
In a DSMC simulation of a homogeneous gas, the probability of a collision of two
molecules is proportional to the product of the total collision cross-section o; and the

relative speed between the colliding molecules ¢,. The differential cross-section ¢ is defined
as [92, p. 70]:

> Rf. (312)

b

sin x

db
dx

g

. (3.13)

Here b is the minimum distance between the initial trajectories of two approaching
molecules in the center-of-mass framework, prior to any influence from intermolecular
forces. x is the deflection angle of the relative velocity. The total collision cross-section is
then defined as [92, p. 71]:

ot:27r/ crsinxdxz?#/bdb (3.14)
0
The parameter b is given by a molecular model. In the present study, two molecular

models, the Variable Hard Sphere (VHS) model and the Variable Soft Sphere (VSS) model,
are used in the simulations.

3.3.1 Variable Hard Sphere (VHS) model

The VHS molecular diameter dyyg is defined as [92]:

VHS = (15/8)(m/m)"*(kp Tyep)” 12
T((9/2) — w) piyey =12

(3.15)

where pi,.¢ and T, are the reference viscosity and reference temperature, respectively.
w is the power exponent of the temperature in the viscosity law, ¢, is the relative mean
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kinetic energy, m is the molecular mass and I' is the Gamma function. The parameter b
is calculated from dy s and the deflection angle y as:

1
b= dVHS COS (2X> . (316)

3.3.2 Variable Soft Sphere (VSS) model

For flows where the molecular diffusion plays an important role, the VSS model is preferred
to the VHS model [102]. In this model, the molecular diameter is defined by [92]:

dvss = =12 (3.17)

~5la+1)(a+ 2)(m /)2 (kg Tref)w] 1/2
160 T((9/2) — w) fiyes €

The parameter b in this model is calculated as:

1
b=dgg cos (2x> , (3.18)

where « is the scattering coefficient and is related to the Schmidt number S,:

10
_ , 1
CT S5 (21 —6w) -5 (3.19)

The choice of the collision model is case-dependent. In Chapter 5, both the VHS and VSS
models are evaluated in terms of simulation accuracy and computational performance.

3.3.3 Energy exchange models

The molecular collisions can be either elastic where there is no energy exchange between
energy modes, and inelastic where the energy is exchanged between translational and
internal energy modes. Due to the enormous number of collisions in the DSMC simulation,
using the traditional models like dual repulsive centers, the sphero-cylindrical model,
the rough sphere model and the harmonic oscillator model for internal energy modeling
is impractical, primarily because of their high computational costs [92]. Larsen and
Borgnakke [103, 104] introduced a phenomenological model that can be used to simulate
the energy exchange between the molecules. In this model, the total energy (kinetic +
internal) is assumed to be conserved. The translational and internal energy (post collision)
are sampled according to the equilibrium distributions of the total energy. The equilibrium
energy distribution function for a specified number of degrees of freedom is given by [96]:

)= g (o) e (nr) (320

where f(FE) is the probability of occurrence of E, ¢ is the degree of freedom, kp is the
Boltzmann constant and 7' is the temperature. For mono-atomic and diatomic gases —
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where the rotational degree of freedom &,,; < 2 — the internal energy can be computed by
sampling a random fraction R; according to:

E = —In(R;)ksT. (3.21)

For polyatomic gas species where &,.,; > 2, the internal energy is then sampled using the
acceptance-rejection method from the distribution function shown in Equation (3.20).
In this model, only a fraction of collisions is assumed to be inelastic, which is defined by
an average probability of internal energy exchange ¢. This parameter is used to determine
the rate of relaxation process of the energy, which can also be given as the inverse of the
relaxation collision number Z (¢ = 1/Z). The relaxation collision number is defined as
[92, 105]:

T;

Z = (3.22)

Tt
Here 7; is the relaxation time and 7; is the mean collision time. SPARTA uses the Larsen
and Borgnakke (L-B) model with constant or variable relaxation. The variable rotational
relaxation model in SPARTA is described in Section 3.3.3.1. The collision parameters used
in the simulations are tabulated in Table 3.1. In the current study, the vibrational mode
and chemical reactions are assumed to be frozen and the impact of different relaxation
models on simulation accuracy and performance is systematically assessed in Chapter 5.

Gas Molecular diameter w Trey a ot Drot
N2 4.07e-10 m 0.74 273.15 136 2 0.2
He 2.33e-10 m 0.66 273.15 126 0 0

Tab. 3.1. Collision model parameters of simulated gas molecules [96, 106].

3.3.3.1 Variable relaxation model
In the variable relaxation L-B model in SPARTA, ¢ is computed in the following way:

1 _ 1+%/2<TT*>1/2+ (%2 +7T)T%

¢rot = )
Zrot Zrot,oo

(3.23)

where 7™ is the characteristic temperature of the intermolecular potential and Z,,; » is the
limiting value of the rotational relaxation number. T is extracted from the total energy
E. [96]:

2F,

B k3(5 — 2w+ grot) .

Here 5 — 2w is the translational degree of freedom.

The terms 7% and Z,,t ~ are unknowns in Eq. (3.23), which are inferred from different
experiments. For air, Parker [107] employed Eq. (3.23) with Z,,1 0 = 15.7 and T =
80.0 K. Lordi and Mates [108] fitted their experimental data to Eq. (3.23) and obtained

T (3.24)
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Zrot,oo = 23.0 and T = 91.5 K. Both models can be used for temperature ranges from 0
to 1200 K .

3.4 Sampling flow data

Macroscopic flow properties, such as number density, pressure, velocity, and temperature,
are obtained by averaging microscopic particle data within each computational cell at
specified sampling intervals [96]. The following quantities are sampled in the present
study:

e« Number density n:
Fy-N

‘/c Y
where Fy is the number of real molecules represented per simulation particle, N is
the number of particles in the cell, and V, is the cell volume.

n =

(3.25)

e Flow velocity components u, v, w:
(3.26)

where w,,; is the z-component of the velocity of the i-th particle, and m; is its mass.
The v and w components (in y and z directions) are calculated analogously.
o Translational temperature 7"

First, the thermal velocity of each particle is calculated as the deviation from the
cell-averaged flow velocity:
Ci =Up; — U (327)

The translational temperature is then computed from the mean kinetic energy of
thermal motion:

=3 Nk Zmzwc i (3.28)

« Rotational temperature 1,.:

2 ZZN Erot,i

Tro = 7
' kB Zi\f grot,i

(3.29)

where El; is the rotational energy (see Eq. (3.21)) of the i-th particle, and &, ; is
its rotational degree of freedom.

o Pressure p: The pressure is calculated using the ideal gas relation:

p=nkgT . (3.30)
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To reduce statistical fluctuations, the sampled macroscopic quantities are further
time-averaged after the simulation reaches steady state. In this study, a minimum
of 1000 steady-state time snapshots are averaged to ensure reliable macroscopic
estimates from the DSMC simulation.

3.5 Hybrid DSMC/CFD

The DSMC method has been demonstrated to effectively resolve rarefied flows [96]. How-
ever, for low Knudsen number regimes, DSMC becomes computationally expensive due
to the drastic increase in molecular collisions. Additionally, statistical noise can become
significant, particularly in low-speed regions of the flow, requiring extensive averaging
to obtain accurate macroscopic properties [109]. In contrast, Navier-Stokes-based CEFD
solvers efficiently resolve continuum flow regimes with high accuracy and efficiency.

For multiscale flows, where the Knudsen number varies across the computational domain
— spanning continuum, transitional, and free-molecular flow regimes — a hybrid DSMC/CFD
approach is efficient. This method ensures that CFD is applied in regions where the
continuum assumption holds, while DSMC is used in rarefied regions (see Figure 1.2). The
key to effective coupling is defining a continuum breakdown criterion, which determines
the regions where DSMC must be applied.

Once the computational domain is divided, information exchange between the CFD
and DSMC regions must be carefully handled. Coupling strategies fall into two main
categories: one-way and two-way coupling. In one-way coupling, macroscopic properties
such as density, velocity, and temperature are transferred from CFD to DSMC without any
feedback. This approach is computationally efficient and suitable when the rarefied region
does not significantly influence the overall flow. Conversely, two-way coupling involves
bidirectional exchange of information, where rarefied effects modify the continuum region.
This method is essential when rarefaction strongly influences global flow properties and
ensures a self-consistent solution across both regimes.

The implementation of coupling can further be classified as either state-based or flux-
based. In state-based coupling, each region extends slightly beyond the interface into buffer
cells (see Figure 3.3), where the macroscopic properties are computed independently for
each region. Specifically, the particle-averaged values from the rarefied region serve as
the macroscopic boundary conditions in the buffer cells of the continuum region, while
the continuum region’s macroscopic properties are used to generate particles in the buffer
cells of the rarefied region. This method allows each solver to determine the fluxes across
the interface (i.e., the flux across the cell face) on its own, ensuring inherent conservation
of mass, momentum, and energy.

In contrast, flux-based coupling shown in Figure 3.4 matches the integrated fluxes of
mass, momentum, and energy directly at the interface. This approach tends to be less
sensitive to mismatches in grid resolution or solver specifics because it transfers information
in the form of integrated quantities rather than relying on matching of state values at
individual grid points. Such robustness is particularly advantageous when coupling solvers
that operate on different scales or resolutions — for example, OpenFOAM’s body-fitted
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Generate macroscopic values for the CFD region

Generate particles for the DSMC region

Buffer cell

Fig. 3.3. State-based coupling.

grid with SPARTA’s Cartesian grid — ensuring a more consistent and conservative transfer
of information across the interface.

°
°
CFD ‘bsmc * °
. o o *
¢ ° o °
— F Interface
— F

p

Fig. 3.4. Flux based coupling (F. and F) are the flux from the continuum domain and the
DSMC domain, respectively.).

The selection between state-based and flux-based coupling depends on the specific
simulation requirements. When the grid resolutions on both sides are comparable and a
two-way coupling is necessary, state-based coupling is preferred, as macroscopic properties
(e.g., density, velocity, and temperature) can be directly exchanged. This method is
particularly advantageous over flux-based coupling because flux quantities from the DSMC
region can exhibit high statistical fluctuations, especially near the continuum regime [109].

In contrast, flux-based coupling is more practical for one-way coupling, particularly
when the grid resolutions of the CFD and DSMC domains differ significantly. Although
flux-based coupling may introduce additional statistical noise, it has been successfully
implemented in various hybrid DSMC/CFD frameworks. For instance, a one-dimensional
flux-based hybrid solver was initially developed for shock-wave problems [110] and later
extended to two dimensions for rarefied slit flows [111]. Additionally, flux-based coupling
has been applied to a range of problems, including planar Couette flow under different
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interface conditions [112], hypersonic rarefied flow over blunt bodies [113], and high-speed
nozzle expansions into vacuum [114].

For gas flows inside aerosol injectors used in SPI experiments, where rarefaction primarily
results from gas expansion and backflow is negligible, the influence of the rarefied region
on the overall flow is minimal. Consequently, a one-way flux-based coupling approach
is adopted in this study to ensure computational efficiency while maintaining accuracy.
In this context, the statistical fluctuations typically associated with flux quantities from
DSMC are of lesser concern, as the coupling is unidirectional and does not affect the
upstream continuum domain.

Various breakdown parameters have been proposed to determine the validity of the
continuum assumption in hybrid solvers. The most notable among them are described as
follows:

o Knudsen number Kn: By definition the Knudsen number is the ratio of the mean
free path A to a characteristic length L. The continuum breakdown occurs in those
computational regions where Kn > 0.1. However, because Kn is typically defined
as a global parameter for the entire flow domain, it may not capture critical local
variations that can significantly affect the flow properties.

o Chapman-Enskog parameter ['(C): This parameter serves as an accurate pre-
dictor of non-continuum conditions [115] and is defined as:

F(C):1+(j-C)<§C-C—1>—(C-%-C) (3.31)

Here, C = ¢’ is the non-dimensional thermal velocity with ¢’ being the thermal
velocity and [ the reciprocal of the most probable speed. Furthermore, J= %J is
the non-dimensional heat flux vector, and 7 = T is the non-dimensional viscous stress
tensor. When I' deviates substantially from unity, it indicates that the underlying
assumptions of continuum mechanics no longer hold, and that non-equilibrium
effects are dominating the system’s behavior. Evaluating I' is challenging because it
depends on the thermal velocity ¢’ of the particles. In practice, one must compute
either an average or a maximum value of I'" over the full distribution function of
particle velocities, which can be computationally expensive [116]. This difficulty
has motivated the development of simpler, more efficient parameters, which are
described in the following.

« Bird’s paramater P: Bird’s parameter [117] represents the ratio between the
Lagrangian mean free path, and the characteristic macroscopic length scale, such as
the density gradient length. It is typically defined for steady flows as:

A m
P:— _— . . . 2
p‘/%BT lu- Vpl (3.32)

When P > 0.04, the flow regime is generally no longer considered as a continuum.
Although derived from DSMC computations [117] and validated on expanding flows
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(free jets) [118], an evaluation study for hypersonic flows over a blunt body [119]
revealed that Bird’s parameter fails to predict continuum breakdown near body
surfaces. Moreover, it does not incorporate local flow variables beyond the density.

« Boyd’s Gradient-Length-Local Knudsen number Kngrro: In order to ac-
count for the local effects which the global Knudsen number cannot capture and
the failure of Bird’s parameter in near-wall regions, Boyd [116] proposed a local
Knudsen number Kngrr, g, which is defined as:

\Y
KTLGLL,Q = A ‘6262 . (333)

When Kngrrg > 0.05 the continuum breakdown is assumed. This criterion was
found to be effective in predicting continuum breakdown in the shock wave near
the surface of the body in hypersonic flows [119] and was further evaluated on
hypersonic interaction flows [120]. These studies showed that the maximum of the
local Knudsen number based on density Kngrr ,, temperature Kngrr r and velocity
Kngrr, v accurately predicts the continuum breakdown near the surface and in the
free-stream.

To capture both global and local rarefaction effects, a composite breakdown Knudsen
number Kng is computed as the maximum of the global Knudsen number and the local
Knudsen numbers:

KnB = maX(Kn, KnGLLyp, KnGLL,Ta KnGLL,|v|)- (334)

This composite parameter has been demonstrated to be effective for expanding flows in
gas dynamic nozzles [87, 121], which are analogous to the flow conditions encountered in
SPI experiments.

The hybrid DSMC/CFD framework in this work is implemented in the following way:
The flow is initially simulated using CFD (Navier-Stokes eq.) and the continuum break-
down criterion Kng is evaluated. Based on this criterion, the former computational domain
is split into CFD and DSMC regions using an interface. At the interface, the CFD solution
data — obtained on a body-fitted grid — are interpolated onto the corresponding cell faces
of the regular Cartesian grid that defines the interface. This mapping of flow variables
(such as velocity, pressure, and temperature) is then used to generate the required inflow
molecular flux per unit time [43] for the DSMC domain to simulate the rarefied region.
The DSMC solution is sampled as described in Section 3.4 to extract macroscopic infor-
mation, e.g., velocity, pressure and temperature, of the flow and the statistical noise is
filtered out. The steady-state solution of the flow from both CFD using a body-fitted grid,
and DSMC using a Cartesian grid, are then interpolated in their specific regions onto a
regular Cartesian grid, see Figure 3.5, to have a smoothed contiguous multiscale flow field.
The cell size of this regular Cartesian grid is typically chosen to be in the order of the
minimum mean free path \,,;,, observed throughout the computational domain.
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This coupling strategy ensures computational efficiency while maintaining accuracy in
regions of rarefaction. The validation of the hybrid method for a gas-dynamic nozzle flow,
including comparisons with experimental data, is discussed in Chapter 5.

Kng < 0.05

Body fitted grid (OpenFoam) Kng > o_c&

Cartesian grid (SPARTA)

Cartesian regular grid (coupled OpenFoam + SPARTA)

Fig. 3.5. Schematic diagram showing the hybrid DSMC/CFD coupling.

3.6 State-of-the art and open issues

Numerous studies were performed to analyze gas flow fields, including rarefied and con-
tinuum flows, most of them using DSMC or CFD methods. This section provides a brief
summary of the literature, which cannot be comprehensive but primarily presents studies
that depict specific aspects relevant to the study on multiscale/rarefied simulations — yet
collectively demonstrate remaining open questions in the field.

The majority of studies focused on the accuracy and parameter investigations of DSMC
simulations such as the choice of the mesh or the collision model [103, 104, 106, 122,
123, 124] and validated the results partially against experimental results. Some studies
were related to more practical cases for engineering purposes [85, 86, 87, 88, 89, 120,
125]. Since the DSMC method can be very time consuming, many studies targeted the
performance of the approach: While the computational performance of the DSMC method
on different computer architectures in terms of runtime is discussed in [95, 126, 127, 128,
129], algorithms and optimizations to speed up the DSMC method can be found in [130,
131, 132, 133]. To the author’s knowledge, energy consumption has not been addressed
so far. Discussions on the impact of the mesh dependency, collision model and boundary
conditions are not included in the aforementioned works.
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Flows through micro-nozzles were studied based on DSMC and a compressible Navier-
Stokes solver applying slip and no-slip conditions [87]. The computational results are
compared and the most important outcome is that a better agreement between DSMC
and CFD is observed when a slip-wall boundary condition is implemented. It is also shown
that the CFD and DSMC results differ in the divergent parts of the nozzle, especially
close to the outflow, where the Knudsen number Kn is relatively high or, in other words,
strong rarefied effects start to appear. No evaluation of the results with regard to a
comparison with experimental findings or computational expenses are included. The effect
of different parameters such as inlet and wall boundary conditions and the Reynolds
number on DSMC and Navier—Stokes approaches for a micro-nozzle flow with a relatively
small Knudsen numbers was studied [88]. Furthermore, it was investigated in which
part of the micro-nozzle DSMC and CFD provide the best results. It is shown that the
CFD results exhibit obvious deviations from the DSMC results as Kn exceeds 0.045. The
computational performance of large-scale parallel DSMC on homogeneous (CPU) and
heterogeneous (CPU+GPU) systems was studied and different programming approaches
(MPI, hybrid MPI+OpenMP and OpenACC) were discussed [131].

Extensive research on the development of hybrid DSMC/CFD methods was carried
out, c.f. [85, 120, 125, 134, 135, 136, 137, 138, 139]. With regard to their application,
simulation cases were mostly very specific, and the comparison was focused typically
either on numerical accuracy [85, 120, 125, 137, 138, 139, 140] or on performance [134].
For example, the advantages of a hybrid DSMC/CFD approach over pure DSMC is
indicated in [120]. For this purpose, the authors simulate a hypersonic flow over a
two-dimensional wedge. A comparison of the flow field predicted by a 3D DSMC/CFD
simulation considering a space capsule geometry is given in [125], including a validation
against experimental results from wind tunnel tests. The study also investigates the effect
of the mesh dependency on CFD and DSMC methods. A comparison study [85] explores
the performance difference between coupled DSMC/CFD and pure CFD methodologies
in simulating a gas centrifuge handling 2°U Fy gas. Pure DSMC results around the Mars
pathfinder and Mars micro-probe capsules are studied in [89], however, without a validation
against experimental results. Computational efficiency of massively parallel (stand-alone)
DSMC for different cases is studied, amongst others, in [95] and [126]. Another comparison
study between DSMC and CFD results of a low-density nozzle flow and the experimental
evaluation is discussed in [105].

The accuracy of a DSMC simulation depends on a number of numerical parameters such
as the time step size, the cell size, and the number of samples. Furthermore, the choice of
the collision model plays an important role. An analysis of (statistical and deterministic)
numerical errors corresponding to numerical parameters in the DSMC method is provided
in [141] based on a simple heat transfer problem between two parallel plates in 1D and 2D.
The statistical error analysis of the DSMC method applied to hypersonic and nozzle flows
is provided in [142]. A further error analysis considering various numerical parameters
(sampling cells, sampling time step and sample sizes) is provided in [143].

Despite these extensive studies, several open questions remain regarding the optimal
implementation of pure DSMC and hybrid DSMC/CFD methods. Table 3.2 summarizes
which related studies addressed different aspects of DSMC/CFD simulations in terms of
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accuracy and computational performance, and classifies the work presented in Chapter 5.
This chapter introduces a new study that systematically evaluates these unresolved issues,
providing detailed insights into the hybrid simulation framework. The summary also offers
practical recommendations on DSMC, CFD, and hybrid methods, along with guidelines for
calibrating DSMC parameters that critically influence simulation accuracy and efficiency.
The validated hybrid framework is subsequently applied to simulate aerosol injection
systems for SPI, as described in Chapter 6 and Chapter 7.

‘Work CM® Kn GSI’ Run-Time EC° Validation
Boyd [116] v v
Wang and Boyd [120]

Glass and Horvath [125]

Ghazanfari et al. [85]

Gallis et al. [128] v
Plimpton et al. [126]

Li et al. [131]

Roohi and Darbandi [130]

La Torre et al. [87] v

Chung et al. [105] v v v v
Hedahl and Wilmoth [144] v

Koura and Matsumoto [145] v

Liu et al. [88] v

Moss et al. [89] v

Khanlarov and Lukianov [129] v
Swaminathan-Gopalan and Stephani [122] v

Weaver and Alexeenko [106] v v
Stefanov et al. [124] v

Larsen and Borgnakke [103] v
Larsen and Borgnakke [104] v
Xiao et al. [86] v
Klothakis and Nikolos [95] v v
Chen and Boyd [142] v
Plotnikov and Shkarupa [143]

Pfeiffer et al. [121]

Falchi et al. [146]

Chapter 5 v

v

ENENENEN

ANENENEN
\
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\

v
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v v v v

Tab. 3.2. Overview of related work on DSMC/CFD simulations and classification of the
present study. Here, Kn refers to studies related to continuum breakdown using
global and/or local Knudsen numbers. (¢ Collision Model, ® Gas-Surface Interaction,
¢ Energy Consumption).



4 Modeling particle transport through
multiscale flow regimes1

Understanding particle migration in fluid flows is fundamental in quantitatively describing
aerosol systems. In particular, for single-particle diffractive imaging (SPI) experiments,
precise control and prediction of particle behavior are essential for ensuring consistent
performance and efficiency. Particulate flows in these systems can be modeled using either
an Eulerian—Eulerian [147] or an Eulerian-Lagrangian approach [148, 149, 150]. In the
Eulerian—Eulerian framework, both the carrier fluid and the particle phases are treated as
continuous fields, with separate conservation equations for mass, momentum, and energy
governing each phase. This multiphase continuum approach is most suitable when the
particle volume fraction is high (e.g., fluidized beds, dust lifting devices etc.) [151, 152,
153, 154].

On the other hand, the Eulerian—Lagrangian approach is the most popular method
for modeling particle transport in dilute flows. In this approach, the carrier fluid is
described on a fixed grid using the Eulerian framework, while the particles or a number of
representative particles are tracked individually in a Lagrangian framework. This method
offers the distinct advantage of capturing detailed particle trajectory information — from
the injection point to the final destination — enabling the study of dispersion, deposition,
and focusing effects at the individual particle level. Additionally, this approach offers
the flexibility to incorporate various complex forces acting on the particles, such as drag,
gravity, thermophoretic and photophoretic forces, as well as stochastic forces arising from
Brownian motion.

The coupling between the Lagrangian particles and the fluid solver can be implemented
in several ways [148]. In a one-way coupling, the fluid flow influences the particles, but the
particles do not affect the fluid flow. This is appropriate for systems with very low particle
concentrations. In contrast, a two-way coupling scheme allows for mutual interaction, so
that the momentum exchanged between the fluid and particles can alter the flow field.
In even denser systems, a four-way coupling scheme has to be employed, which not only
accounts for two-way fluid-particle interactions but also includes particle-particle collisions.
For the aerosol systems used in SPI, the particle concentrations and sizes are typically
low. This permits simplification by assuming that the flow field remains unaffected by

!The methodologies presented in this chapter are based on the publication: S. K. Peravali, A. K. Samanta,
J. Kiipper, M. Amin, P. Neumann and M. Breuer, “An improved simulation methodology for nanopar-
ticle injection through aerodynamic lens systems”, Physics of Fluids 37 (3), 033380, (2025) [74]. T am
the principal contributor to this publication. I contributed in drafting the original manuscript and
overseeing its review and editing processes. I was also deeply involved in the visualization and valida-
tion of data, the development and application of the methodology, and conducting the investigations.
Additionally, I contributed in the formal analysis and conceptualization of the paper.

37
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the presence of particles [148] and that particle-particle interactions are negligible [149],
thereby justifying the use of a one-way coupled approach.

Using this approach, numerical simulations have been successfully employed to char-
acterize particle beam collimation in aerosol injectors, such as aerodynamic lens stacks
(ALS) [39, 40]. Another numerical study described the focusing of particles to a beam with
a diameter smaller than 30 nm using an ALS [155]. This work established the guidelines
for designing aerodynamic lens systems for nanoparticles [156] and also a design tool that
predicts ALS dimensions to focus particles of certain sizes at different flow conditions [157].
This one-way coupled Eulerian—Lagrangian methodology was subsequently adopted for
simulating nanoparticle-injection experiments at XFEL facilities [36]. Furthermore, gas-
particle interactions in a cryogenically cooled buffer-gas system have also been studied
using this approach [35]. In all these studies the flow through the aerosol injectors was
assumed to be a continuum as numerical solvers based on continuum mechanics, i.e., the
Navier-Stokes equations, were used to predict the gas flows under steady-state conditions.
Furthermore, the flow was always constrained to be laminar because flow instabilities and
turbulence can disperse particles and destroy focusing [157].

The particle trajectories were computed based on forces determined from these simulated
flow fields. The forces acting on a particle can be broadly categorized into deterministic
and stochastic components. The deterministic drag force (Fg,q4) model used for calculating
the particle movement in the fluid is often described by Stokes’ law. Under continuum
conditions, this model accurately predicts drag; however, when particle diameters become
comparable to or smaller than the fluid’s mean free path (rarefied gas flow with particle
Knudsen number Kn, > 1), non-continuum effects lead to decreased drag forces. To
account for these effects, the empirical Cunningham slip-correction factor [45] was applied
to the Stokes drag.

The Stokes-Cunningham drag model described and used in previous numerical works [35,
36, 39, 40, 155, 156] is confined to continuum gas flow fields at low Mach numbers and
also strictly depends on empirical relations. For rarefied flow regimes (Kn, > 1), the drag
force on spherical particles at low Mach numbers was described by the Epstein model [46].
Unlike the Cunningham model, which assumes the gas molecules to be specularly reflected
on the surface of the particle, the Epstein drag model assumes a combination of both
specular and diffusive gas-surface collisions. A closed-form expression for the drag force
on small spheres in the free-molecular regime for all Mach numbers was described [47].
Furthermore, several studies reported on the generalization of the drag force model to
encompass a broad spectrum of Reynolds and Mach numbers. These works relied on
either ad-hoc interpolations between different regimes [158, 159], empirical correlations
from the available literature [150] or neural-network based empirical formulations [160]. In
recent years, a derivation of a generalized physics-based expression for the drag coefficient
of spherical particles was attempted [48]. For highly rarefied regimes where the gas can
tend toward non-equilibrium, a DSMC-based approach for computing the drag force on a
particle was introduced [161, 162]. This is advantageous when the molecular distribution of
the gas is not known beforehand and can only be determined through DSMC computations.
The main disadvantages of this model are that it can be inaccurate in the low-Knudsen
number regime and that it is computationally inefficient.
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In addition to drag, the Brownian motion plays a significant role, particularly at the
nanoscale level. The Brownian motion arises from random collisions between gas molecules
and particles, imparting a stochastic fluctuating force F, that causes the particle trajec-
tories to deviate from purely deterministic paths. This random motion is especially
critical for nanoparticles, whose low inertia makes them highly sensitive to thermal fluc-
tuations [163]. The interplay between the drag force and the Brownian motion is crucial
for accurately modeling particle transport in aerosol systems.

The numerical studies described above have led to the development of an in-house
particle trajectory simulation tool, denoted CMInject [42]. In previous studies using
CMInject, the fluid flow field was computed exclusively with COMSOL [34, 37|, a weakly
compressible flow solver confined to low-Mach number flows. Presently, CMInject has
been extended to work seamlessly with the compressible solvers in OpenFOAM described
in Chapter 2, as well as with DSMC and the hybrid DSMC/CFD framework described
in Chapter 3. Moreover, different drag models have been incorporated into CMInject
to suit the corresponding flow regimes encountered — from continuum over transitional
flows to rarefied flows. The following sections detail the numerical implementation of
this extended framework, highlighting its enhanced applicability for simulating particle
transport in multiscale aerosol systems.

4.1 Particle tracking with CMInject

The CMInject framework, implemented in Python [42], computes particle trajectories
using the Langevin approach, where the motion of a particle is governed by the coupled
equations:

dx, B

dar "
d (4.1)
at (mpuy) = Farag + Fy

with x, representing the particle position, m, the particle mass, u, the particle velocity
vector, F,q4 the deterministic drag force, F, the stochastic Brownian force, and ¢ the time.
A two-step approach is followed in the framework. In the first step of the one-way coupled
approach, the flow field is computed using either CFD, DSMC, or a hybrid DSMC/CFD
framework as described in Chapter 2 and Chapter 3. This flow field provides the necessary
macroscopic properties — such as velocity, pressure, and temperature — that are used to
compute the forces acting on the particles. The flow field, mapped onto a regular Cartesian
grid as described in Chapter 3, is then linearly interpolated using scipy.interpolate.
RegularGridInterpolator [164] to determine the fluid forces at the particle locations
for subsequent trajectory calculations.

In the second step, particle trajectories are computed by numerically integrating the
Langevin equation using the forces obtained from the interpolated flow field. The in-
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tegration is performed by splitting the operations into two sequential steps: First, the
deterministic contributions are integrated, i.e.,

pr d u, Fara g
— =1 o _—
dt dt my

(4.2)

To solve the resulting system of ordinary differential equations (ODESs) for the deter-
ministic part of the particle trajectories, the LSODA routine is employed provided by the
scipy.ode module [164, 165]. LSODA stands for Livermore Solver for Ordinary Differen-
tial equations with Automatic method switching. It is designed to automatically choose
between non-stiff and stiff integration methods during the solution process. For non-
stiff problems, LSODA uses an Adams method, which is a multistep predictor-corrector
approach that can achieve high orders of accuracy (up to 12th order under optimal condi-
tions). For stiff problems, LSODA switches to a backward-differentiation formula (BDF)
method, which is implicit and typically achieves orders up to 5. This automatic method
switching is particularly valuable in our generic multiphysics framework, where the ODE
system, composed of multiple force contributions, may exhibit varying degrees of stiffness
in different spatial regions. The deterministic step described by equation 4.2 updates
the particle state, yielding an intermediate state (position x; and velocity uy). In the
subsequent (stochastic) step, the particle’s state is perturbed to account for Brownian
acceleration. Specifically, the updates are given by:

F
Fy A2, u,(t+At) =u)+ Eb At. (4.3)

1
xp(t+ AL) = x;+ 5
P p

/4

Therefore, within each time increment At, the particle’s state is first advanced by
integrating the deterministic drag force, and then modified by the stochastic Brownian
force. This operator splitting approach, detailed in [42], allows to separately address the
deterministic and stochastic aspects of particle motion.

In addition to the Python implementation, a version of CMInject was also developed in
Julia (see Appendix C), in which the Langevin equations are solved directly as stochastic
differential equations (SDEs) using an Euler-Heun scheme instead of the operator-splitting
ODE approach employed in Python. Both implementations were tested based on a non-
stiff problem and produced similar results. However, the Python framework proved to
be more efficient at higher particle numbers and in higher-dimensional simulations. For
these reasons, the Python version has been adopted for the primary simulations. Detailed
information on the Julia implementation and a comparison between both frameworks are
provided in Appendix C.

In the following section, the relevant models for the drag force and the Brownian motion
implemented in CMInject are described.
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4.2 Forces on nanoparticles

4.2.1 Stokes-Cunningham drag model

At low Reynolds numbers, the classical Stokes drag model is widely used to quantify
the drag force acting on a spherical particle. According to Stokes’ law, the drag force is
directly proportional to the dynamic viscosity p of the fluid, the particle radius r,, and
the relative velocity AU between the particle and the surrounding fluid:

Ftokes = 6m pr, AU. (4.4)

This model is fundamental in many particle-laden flow applications, as it provides a
simple yet effective way to estimate the resistance a particle experiences when moving
through a viscous medium.

However, the classical Stokes drag model is based on the assumption that the flow
around the particle behaves as a continuum with a no-slip boundary condition on its
surface. When the particle size becomes comparable to the molecular mean free path of
the gas (i.e., when the particle Knudsen number Kn, exceeds unity), these assumptions
break down. Under such conditions, the gas exhibits rarefaction effects and the particle
surface experiences slip, leading to a decrease in the effective drag force. To correct for
these non-continuum effects, the classical Stokes drag must be modified.

The conventional Stokes drag is corrected by the Cunningham slip coefficient C, [45]:

6mur, AU
Fung = 11220, (45)
with
C. =1+ Kn, [A1 + Asexp(—A3/Kn,)]. (4.6)

For calculating C., the particle Knudsen number Kn, is defined as the ratio of the mean
free path of the gas to the radius of the particles. The coefficients A; = 1.231, A, = 0.4695
and Az = 1.1783 were empirically obtained for nitrogen gas [166]. A further correction to
this model for high Mach number flows was also provided [48]. The corrected Cunningham
slip coefficient (C.w,) is given by:

Cew, = 1+ Kn, [A; + Agexp(—Az/Kn,)](1 + aneeW,), (4.7)

where W is a nondimensional number given by:

T w
WE=w, (1+2)
T + Ts ?

(4.8)

Mao. 2
with W, = = = Kn,Ma2~", |~ Mao, > 1
Reso my

Here, T}, is the particle temperature, 7 is the post-shock temperature, w is the exponent
in the power-law dependence of the viscosity (1 o< T%) on the temperature, Ma, is the
Mach number and Re, is the Reynolds number of the freestream. The unknown param-
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eter .’ is determined using least-square fitting from different available experiments

and relevant simulations [48]. The value ap,. = 1.27 [48] is used in the current thesis
(Chapter 6).

4.2.2 Molecular drag models

To reduce the dependence on empirical coefficients, analytically derived models based
on the kinetic theory of gases are considered for the extremely rarefied regimes in this
thesis. When the size of the nanoparticle is very small compared to the mean free path
of the gas, the interactions between gas molecules and the particle can be described by
considering the momentum transfer during collisions. Under the assumption that gas
molecules are specularly reflected from the particle surface, the drag force is given by
the Epstein [46] model:

4
Fopeo = ?ﬂ P2 NmeAU. (4.9)

Here, N is the number density of the gas molecules, m is the molecular mass of the
gas and € is the average speed of molecules in the gas. Alternatively, if gas molecules are
diffusively reflected, Epstein’s model becomes:

Fag = (1+g> A‘;r;chAU. (4.10)

These models, derived from the kinetic theory of gases, provide analytical approxima-
tions for the drag force in the free-molecular regime and are most applicable for low-speed
flows.

The Epstein model assumes that the relative velocity between the gas molecule and
nanoparticle is sufficiently small. For high-speed flows, where large relative velocities
occur, the drag force model on spherical particles is extended by Baines et al. [47]. The
Baines model approximates a closed-form analytical expression for both specularly and
diffusively reflected atoms/molecules for intermediate and high-speed flows (high Mach
numbers), given by:

3/2 0,222 1 1

Fipee = - {(S + 25) exp(—5%) + /7 (52 . 452> erfS} EENVRE)
T2 pric? 1 ) N 1 7S

Fap = —2 2 {(S+ 25) exp(—52) + ﬁ(s P1- 4S2> orf S + 3} L (412)

Here, p is the density of the gas and S =,/ ﬁ - AU denotes the molecular speed ratio,
where kg is the Boltzmann constant and T the temperature of the gas. The total drag

2hoc refers to higher-order correction.
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force on the particle is assumed to be a combination of a certain fraction («) of diffuse
reflections and the remaining fraction (1 — «) are specular reflections:

Fdrag = (1 — CM) Fspec + « Fdiff— (413)

It is typically assumed that a = 0.9 [46, 167, 168, 169], a value that is also adopted
in this thesis. For low Mach number flows (Ma < 0.3), the Epstein model is employed,
whereas for high Mach number regimes the drag model is switched to that of Baines et al.
[47] for the cases presented in Chapter 6 and Chapter 7.

4.2.3 Relaxation of Epstein drag model

For particles traversing across low-speed transition or molecular flow regimes (i.e., DSMC
regions with Knp > 0.05), comparisons with experimental data have revealed a limitation
of the above-mentioned drag force models. The models overpredict the drag force in this
regime due to the overestimation of impinging gas molecules that transfer momentum to
the nanoparticle. Therefore, a relaxation of the drag force is necessary to accurately track
particles in the flow by estimating the actual fraction of colliding molecules when particles
move through a sub-cell of the simulation domain. To address this issue, an approach has
been developed by the author [74].

In this approach, a sub-cell of the flow field, in which a certain number of gas molecules
exist, is considered. The gas velocity distribution functions in this sub-cell are assumed to
follow the Maxwell-Boltzmann distribution. Like in DSMC, certain numbers of simulation
molecules are generated where each particle represents real molecules in the system that
roughly have the same position and velocity. From the macroscopic flow data, such as
pressure, flow velocity and temperature, velocities are assigned to the simulation molecules
in the sub-cell. The relative velocity of the randomly chosen simulation molecule with
respect to the nanoparticle is estimated by:

u.; = (u; +U) —u, (4.14)

where u; is the thermal velocity of the randomly chosen simulation molecule from the
Maxwell-Boltzmann distribution, U is the bulk velocity of the gas flow obtained from
DSMC and u, is the velocity of the nanoparticle.

The collision between the nanoparticle and the impinging gas molecules that have a
relative velocity less than the most probable speed of the gas molecules ¢, = /2kgT/m
in the low-speed high-Knudsen number regime is assumed to be stochastic. Thus, a gas
molecule collides with the nanoparticle, if

1 —exp (—‘ulm‘) > Ry . (4.15)
c

m

Here, Ry is a randomly generated number from (0,1] with a uniform distribution
and Eq. (4.15) filters certain impinging molecules using Monte-Carlo acception-rejection
sampling. The fraction of colliding molecules P, is determined per time step and the
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total drag force Fgpae from Eq. (4.13) (obtained from Egs. (4.9) and (4.10)) is relaxed
accordingly:
Fdrag, relaxed — PCOH : Fdrag . (416)

This improved model enhances the accuracy of particle tracking in highly rarefied
flow regimes by accounting for the actual fraction of gas molecules that contribute to
momentum transfer, thereby correcting the overprediction of the standard Epstein drag
model. It is applied and validated in Chapter 6 for highly rarefied cases and utilized in
highly rarefied cryogenic buffer-gas scenarios in Chapter 7.

4.2.3.1 Brownian motion

The drag force estimated above is the force obtained by averaging single collisions un-
dergone by the particle per unit time, i.e., it is the mean force acting on the particle.
However, the particle trajectory is also influenced by the Brownian motion due to the
nanometer size range of the particle. The Brownian motion force is defined based on a
Gaussian white noise random process having a spectral intensity Sy as:

szmp(;,/zs;o. (4.17)

Here, G is a vector of independent Gaussian random numbers with zero mean and
unit variance and At is the time step. The spectral intensity can be defined using the
Cunningham slip correction factor as [163]:

27 wkgT
0= uu%gc : (4.18)
Ty Pp Lo
where p is the dynamic viscosity and p, the density of the particle. This model is
applied in conjunction with the Stokes—Cunningham drag force. Alternatively, the spectral
intensity based on the kinetic theory is calculated as [170]:

16 27 |T,Y\¢c m 4
_ (16, 2 [Ty m o5 41
% (3+3 T)2pm§Tp (4.19)

Here, T}, is the temperature of the particle and p is the pressure of the gas. This model
is used in conjunction with the molecular drag models, i.e., for cases where empirical
coefficients for the Cunningham slip correction factor are unknown.

In the process of diffuse scattering, a particle with a temperature different from that of
the gas undergoes thermalization. The change in particle temperature per unit time is

given by [170]:
_Apy

CpTp

AT 88,2871 | (4.20)
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Here, ¢, is the specific heat of the particle, 3 is the reciprocal of the most probable

thermal speed /m/(2kgT) and 8, = \/m/(2kgT,). Subsequently, the particle temperature
is then updated in time as:

T,(t + At) = T,(t) — ATAt . (4.21)

In summary, using the current framework the nanoparticle focusing behavior is studied
in detail for various aerosol cases in Chapter 6 and Chapter 7. The accuracy of the
entire simulation tool is evaluated by comparing simulation results with experimental
data, thereby comprehensively assessing all the force models described in this chapter.
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5 Evaluation of CFD, DSMC and
hybrid DSMC/CFD methods on low
density flows!

This chapter presents a detailed study on the advantages and limitations of CFD and
DSMC methods for simulating rarefied gas flows, with particular emphasis on both simu-
lation accuracy and computational performance. The hybrid DSMC/CFD methodology
described in Chapter 3 is systematically evaluated. For this purpose, DSMC and CFD
simulations of the flow inside a convergent-divergent nozzle (internal expanding flow) and
the flow around a conical body (external shock generating flow) were carried out. The
results of these simulation techniques are evaluated by comparisons with experimental
data.

The DSMC simulations typically entail high computational costs. Therefore, high-
performance computing techniques are often applied to reduce the time-to-solution for
both pure DSMC and hybrid simulations [126, 127, 128, 130, 131]. While numerous works
study the accuracy of the DSMC and CFD methods and how different parametrization,
e.g., the choice and parameters for the collision model or the number of simulation particles,
impact this accuracy [85, 87, 88, 89, 93, 105, 141, 145], they do not take into account
the cost and effort of the methods and how much resources in terms of energy they
consume. On the other hand, in studies on the computational performance of the DSMC
method [126, 127, 128, 130, 131, 132], the influence of the different parametrization on
the simulation results was not investigated.

Numerous studies have been devoted to analyze and compare the performance of CFD
and DSMC approaches for simulating rarefied and transitional gas flows, [85, 87, 88, 89,
93, 105, 126, 127, 128, 129, 130, 131, 132, 133, 141, 145]. These works collectively explore
various aspects such as solver accuracy, applicability across different flow regimes, and
computational feasibility. However, a detailed explanation of the impact of the great
variety of parametrization possibilities of the solvers, in particular for DSMC, is often
incomplete or tailored to very specific setups that are not easily generalizable. Furthermore,
the precision of the results and the performance of the DSMC method are not considered

IThis chapter is based on the publication: S. K. Peravali, V. Jafari, A. K. Samanta, J. Kiipper, M. Amin,
P. Neumann and M. Breuer, “Accuracy and performance evaluation of low density internal and
external flow predictions using CFD and DSMC”, Computers & Fluids 279, 106346 (2024) [73]. 1
am the principal contributor to this publication. I contributed in drafting the original manuscript
and overseeing its review and editing processes. I was also deeply involved in the visualization
and validation of data, the development and application of the methodology, and conducting the
investigations. Additionally, I contributed in the formal analysis and conceptualization of the paper.
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simultaneously in order to judge whether the accuracy is worth the amount of time and
energy that the simulation consumes.

Earlier in Section 3.6, the relevant literature and open challenges were summarized.
Building on that foundation, this chapter evaluates the hybrid DSMC/CFD methodology
through two representative flow scenarios, examining the trade-off between accuracy and
computational cost. The test cases and their corresponding flow conditions are intro-
duced in Section 5.1. The overall simulation setup, including solver configurations for
CFD, DSMC, and hybrid DSMC/CFD, is detailed in Section 5.2. The CFD solvers for
the compressible flow sonicFoam and rhoCentralFoam, previously discussed in Chap-
ter 2, are assessed for the internal nozzle flow in Section 5.3.1. The DSMC and hybrid
coupling approaches described in Chapter 3 are validated against experimental data in Sec-
tion 5.3.2 and Section 5.3.3 for both flow cases. The subsequent Section 5.4 also includes
a systematic investigation of key DSMC parameters and their influence on both accuracy
and performance, with metrics such as runtime and energy consumption reported for each
setup. Finally, Section 5.5 summarizes the findings and provides an outlook toward the
case studies presented in Chapter 6 and 7.

The main goals of this chapter are:

o Presenting a comprehensive study of rarefied gas flows for internal and external
configurations

« Using a combination of 2D /3D configurations of DSMC, CFD and hybrid DSMC/CFD
simulation

o Highlighting the effect of different parameters having major impact on the simula-
tion such as mesh size, number of particles, time step, collision model, boundary
conditions, and computational speed

« Validating and evaluating the simulations against experiments

» Reporting the performances and computational efforts of the employed approaches
in terms of scalability and energy consumption

5.1 Test cases

5.1.1 Internal expanding flow (gas dynamic nozzle)

Figure 5.1 indicates the 2D simulation domain of the low density nozzle. The test case
is based on the experiment by Rothe [171] where the low density flow properties are
measured inside the nozzle using the electron beam fluorescence technique. The inflow
boundary is located on the extreme left (line ab), i.e., at the inlet of the pressure chamber.
An outflow boundary condition is assumed along the extreme right of the geometry (line
fghij). The segment (aj) in Figure 5.1 is the axis of symmetry. For 2D simulations, an
axisymmetric boundary condition was imposed. 3D simulations were carried using the
complete geometry.
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Fig. 5.1. Computational domain of the low density nozzle flow (cases i.I to i.III).

The test gas used in the simulation is nitrogen with a stagnation temperature of 300 K.
Three different stagnation pressure configurations are tested according to the setup de-
scribed in Table 5.1. That leads to the three internal flow cases i.I to i.III. The nozzle
Reynolds number Rey is calculated using Rey = p, 4r./p, where p, is the stagnation
density, @ is the adiabatic speed, r, is the radius of the throat and p, is the viscosity based
on the stagnation condition. The Knudsen number is calculated based on the stagnation
condition and the throat diameter.

Parameters i.I i.II i.J11
Test gas Ny Ny Ny
Stagnation temperature, T, [K] 300 300 300
Stagnation pressure, P, [Pa] 474 209 141
Wall temperature, T,, [K] 300 300 300
Nozzle Reynolds number, Rey 590 260 175
Throat Knudsen number, Kn, 2.3 x 1073 6.17 x 1073 9.15 x 1073
Back pressure, P, [Pa] 1.8 0.64 0.45

Tab. 5.1. Flow-condition parameters of the low-density-nozzle cases i.I to i.III.

5.1.2 External shock generating flow (flow over blunt and sharp
conical bodies)

Figure 5.2 demonstrates the 2D computational domains of the external flow simulations
considering two geometries. The first geometry is a cone-shaped half body with a blunted
nose and the second one possesses a sharp nose. Both geometries are assumed to be
infinitely long in positive z-direction. The symmetry line of the half body is aligned with
the free-stream. For the first half body, only the first 0.05 m of the blunted nose with a
radius of 6.35 x 1072 m (0.25 in) is considered For the second half body, the first 0.09 m
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of the sharp nose is taken into account. The computational domains around these bodies
are depicted in Figure 5.2.

The fluid considered in both cases was pure nitrogen and the ambient conditions at
different altitudes are listed in Table 5.2. Other parameters needed for CFD and DSMC
simulations such as the pressure and number density were calculated correspondingly.
The flow direction was in z-direction such that the left and right surfaces of the domain
represent the inlet and outlet, respectively (see Fig. 5.2). For the 2D external flow, only
half of the computational domain in y-direction was considered, i.e., a cut through the
computational domain (z-y plane) as visible in Figure 5.2. The axisymmetric boundary
condition was imposed on the line a-d.

b c b

Fig. 5.2. Computational domains for the external flow test cases. (a) Half body cone with
blunted nose, 2D setup. (b) cone with sharp nose, 2D setup.

Parameters el ell
Geometry Blunt cone  Sharp Cone
Gas mixture N2 N2
Ambient velocity, Voo %] 2764.5 2072.6
Ambient temperature, T, [K] 1444 42.61
Ambient pressure, p., [Pa] 21.91 2.23
Ambient density, po [25] 5113 x 107*  1.757 x 10~
Mach number, M 11.3 15.6
Wall temperature, T, [K] 297.2 297.2
Knudsen number, Knq, 4.168 x 1072 1.236 x 1072
Reynolds number, Re, 4020 1862

Tab. 5.2. Flow conditions for external test cases.
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5.2 Simulation settings

5.2.1 OpenFOAM

The CFD simulations for both internal and external cases are conducted on three-dimensional
domains using body-fitted grids. Structured grids are generated using the blockMesh and
snappyHexMesh utilities in OpenFOAM, as illustrated in Figure 5.3 and Figure 5.4. For
the internal flow case (nozzle), the final grid comprises 513,035 cells. For the external flow
cases, grids with 5,143,944 cells (blunt cone, case e.I) and 8,240,616 cells (sharp cone, case
e.Il) are used. These grid resolutions are chosen based on prior grid-independence studies,
which are not detailed here, as the CFD simulations themselves are not the primary focus
of this study.

Fig. 5.3. Structured O-grid of the nozzle geometry.

The numerical discretization schemes and solution methods for each solver follow the
descriptions provided in Chapter 2. These are implemented through the fvSchemes and
fvSolution dictionaries in OpenFOAM (see Appendix A). The dynamic viscosity p is
calculated using Sutherland’s law with a Sutherland coefficient A, = 1.41716 x 10° and a
Sutherland temperature 7 = 111 K for nitrogen gas [172].

The boundary conditions assigned to the test cases are listed in Tables 5.3 and 5.4 for
the internal and external flow cases, respectively.

5.2.2 SPARTA

The DSMC simulations for both internal and external flow configurations are performed

using SPARTA on two-dimensional and three-dimensional uniform Cartesian grids. The

baseline grid size is chosen as Azx = %/\min, which follows the typical resolution criterion
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(a) (b)

Fig. 5.4. Structured grid (clipped) of a typical conical body viewed from different directions.

Boundary U P T

Inlet zero gradient fixed value fixed value
Outlet zero gradient wave transmissive zero gradient
Wall no-slip zero gradient fixed value

Tab. 5.3. Boundary conditions for the low-density-nozzle flow (internal).

Boundary U P T

Inlet fixed value zero gradient fixed value
Outlet inlet outlet wave transmissive zero gradient
Boundaries supersonic free-stream zero gradient fixed value
Solid walls no-slip zero gradient fixed value

Tab. 5.4. Boundary conditions for the flow around a conical body (external flow).

for DSMC simulations. Here, A,;, denotes the minimum mean free path within the DSMC
domain and is listed for each case in Table 5.5. Additionally, the effect of varying grid
sizes is examined and discussed in Section 5.4.2.

The no-time-counter (NTC) method is employed for collision sampling (see Section 3.3),
using both the variable-hard-sphere (VHS) and variable-soft-sphere (VSS) molecular mod-
els. Internal energy exchange is modeled using the Larsen and Borgnakke (L-B) approach,
implemented with both constant and variable rotational relaxation [43]. In this study,
vibrational modes and chemical reactions are assumed to be frozen. The specific molecular
collision parameters used in the simulations are listed in Table 3.1.

For the variable relaxation model, the rotational relaxation parameter ¢,,; in SPARTA is
computed using Equation (3.23). The required parameters in this expression are obtained
from experimental data reported by Parker [107] and Lordi and Mates [108].
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Gas-surface interactions are modeled using the approaches described in Section 3.2,
specifically the Maxwell and Cercignani-Lampis-Lord (CLL) models. The Maxwell model
is evaluated under fully diffusive, fully specular, and mixed reflection conditions, as detailed
in Section 5.4.4. The CLL model is applied to represent fully diffusive scattering with
incomplete energy accommodation, enabling an investigation into the influence of the
thermal accommodation coefficient on wall interactions.

5.2.3 Hybrid DSMC/CFD

Hybrid simulations were conducted for the internal cases (i.I to i.III) using the method-
ology outlined in Section 3.5. The corresponding simulation settings from Section 5.2.1
and Section 5.2.2 were applied to the CFD and DSMC regions, respectively. The break-
down of the continuum assumption was evaluated using the breakdown Knudsen number
Knpg, calculated according to Equation (3.34). When Knp > 0.05, a breakdown of the
continuum is assumed, and the DSMC computational domain is generated by partitioning
the CFD domain from the breakdown interface to the outflow boundary.

5.3 Results

5.3.1 Evaluation of CFD solver: sonicFoam vs. rhoCentralFoam

To assess the relative advantages and limitations of the pressure-based and density-based
approaches, the performance of the sonicFoam and rhoCentralFoam solvers is evaluated
using the internal expanding flow case (case i.I). This case involves a supersonic flow
expanding from a nozzle into vacuum, a scenario that closely resembles the flow physics
encountered in aerodynamic lens systems. This problem is characterized by high-speed
compressible flows, with substantial pressure and temperature gradients, making it a
suitable and rigorous test for comparing the solvers.

To evaluate the performance differences between the two solvers, the Mach number
contours obtained from the simulations are shown in Figure 5.5, where the upper half
displays results from the pressure-based solver sonicFoam, and the lower half corresponds
to the density-based solver rhoCentralFoam. It is observed that rhoCentralFoam predicts
consistently higher Mach numbers, particularly near the centerline.

Figure 5.6 (a) presents the centerline Mach number profiles as a function of the non-
dimensional axial distance x/R;, where x is the distance from the nozzle throat and
R; is the throat radius. The results show that rhoCentralFoam predicts a monotonic
acceleration of the flow from the throat to the exit, while sonicFoam shows a peak Mach
number of approximately 3 at x/R; ~ 12.5 followed by a slight deceleration.

Figure 5.6(b) shows the corresponding centerline temperature profiles normalized by the
stagnation temperature 7j. The rhoCentralFoam solution shows a monotonic decrease
in temperature, which aligns well with the experimental data of Rothe [171]. In contrast,
sonicFoam predicts a minimum temperature near z/R; ~ 12.5, followed by a rise toward
the exit, deviating significantly from the experimental trend.
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Fig. 5.5. Comparison of Mach number contours obtained by the sonicFoam solver (upper) and
rhoCentralFoam solver (lower).

Overall, these results demonstrate that rhoCentralFoam provides more accurate predic-
tions of the nozzle expansion, particularly in high-speed compressible flows. This improved
performance is attributed to its density-based formulation, which inherently handles shock
waves, steep gradients, and compressibility effects more robustly through central-upwind
schemes. In contrast, sonicFoam relies on the pressure-velocity coupling that can struggle
to capture sharp expansions or rarefaction waves accurately in supersonic flows.

For the simulations presented in the following sections, the term “Openfoam" will be used
interchangeably with results obtained by using the density-based solver rhoCentralFoam,
unless stated otherwise.

5.3.2 Internal flow: CFD, DSMC and hybrid DSMC/CFD

Simulations were performed for the test cases presented in Table 5.1 using the continuum
approach (rhoCentralFoam), the DSMC method and the hybrid DSMC/CFD. The full
DSMC simulations are inefficient in the low Knudsen regime (Kn < 0.05) and demand
very high computational effort. Therefore, the hybrid DSMC/CFD method was used in
order to accelerate the simulations. The results obtained by the continuum approach
were used to estimate the breakdown Knudsen number Knp (Eq. (3.34)). By determining
Knpg throughout the simulation domain, it was observed that the continuum breakdown
occurred in the simulation domain right after the throat. Hence, the interface between the
continuum and DSMC domain was positioned at the throat using the approach described
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Fig. 5.6. (a) Centerline Mach number profiles from throat to exit of the nozzle. (b) Comparison
of temperature variation along the centerline of the nozzle.

in Section 3.5. The continuum simulations were performed for a 3-D simulation domain
and the hybrid DSMC/CFD using both the 2D axisymmetric and 3D configuration. The
simulation results were validated against experiments conducted by Rothe [171]| and
the deviations are presented in the following figures. The sensitivity studies concerning
different simulation parameters are described in Section 5.4. Due to the limited availability
of experimental data, the cases i.I and i.IIl were studied in more detail than case i.Il,
where only the centerline temperature data is available.

Figure 5.7 to 5.11 show various flow parameters obtained using the continuum approach
and the hybrid DSMC approach. For the purpose of validation, the corresponding experi-
mental data [171] are included. Figure 5.7 (a) and (b) show the centerline density profiles
in the nozzle for cases i.I and i.Ill, respectively. Here, the densities p were normalized
by the stagnation density p, and this ratio was plotted against the non-dimensional axial
distance.

The radial variation of densities normalized by the maximum cross-sectional density p..
found at the axis is studied at the cross-sectional position z/R, = 13.7 from the throat
for case i.I in Figure 5.8 (a) and for case i.III in Figure 5.8 (b). The radial density profiles
are also studied for other cross-sectional positions depicted in Figure 5.18 in Section 5.4.
The density profiles obtained by the hybrid DSMC method show good agreement with
the experimental data compared to the continuum method. It should be noted that the
error limits in the measured experimental densities reported by Rothe [171] are £10 %
along the centerline and +5 % for the relative densities along the cross-sections.

Figure 5.9 shows the centerline temperature profiles of cases i.I and i.III, respectively.
The equilibrium temperature was calculated by the continuum method and the transla-
tional and rotational temperatures were predicted by the hybrid DSMC method. Similar
to the densities, all temperatures were normalized by the stagnation temperature T, and
plotted against x/R;. For case i.I, where Rey > 500, the computed temperatures from
all three models agree well with the experimental data, while for Rey < 300 there are
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Fig. 5.7. Comparison of density variation along the nozzle centerline: (a) Case i.I, (b) Case
i.III.
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Fig. 5.8. Comparison of density variation along the radial direction at the cross-section z/R; =
13.7 from the throat for the cases (a) i.I and (b) i.IIL.

significant differences: Unlike the case i.I (Rey > 500) where the temperatures decrease
monotonically from the throat to the exit of the nozzle (Figure 5.9 (a)), in the cases i.1I
and 1.IIT (Rey < 300) the temperatures reduce to a minimum at z/R; ~ 6 and increase
toward the exit of the nozzle (see Figure 5.9 (b) and Figure 5.13. This is a result of
stronger rarefaction effects where the flow gets thermalized due to viscous dissipation,
i.e., due to more molecule-surface collisions than molecule-molecule collisions. This effect
also has an influence on the Mach number profiles shown in Figure 5.10. However, it can
be observed that the rotational temperatures predicted by DSMC match best with the
measurements as the experimental data [171] are rotational temperatures.
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Fig. 5.10. (a) Centerline Mach number profiles from throat to exit. (b) Radial Mach number
profiles at the exit plane of the nozzle.

Figure 5.11 shows the normalized temperature variation against the radial distance
normalized by the cross-sectional radius at x/R; = 13.7 from the throat. The rotational
temperatures are again in good agreement with the experimental data. The rotational tem-
perature is always greater than the translational temperature due to flow expansion [171].
The equilibrium temperature obtained by the continuum method can be compared with
the translational temperatures from the hybrid DSMC method. The differences between
these two temperatures, particularly for Rey < 300, and the differences in densities ob-

served above are due to the inaccuracy of the continuum method in the rarefied flow
regimes.
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distance z/R; = 13.7 from the throat for the cases (a) i.I and (b) i.IIL

5.3.3 External flow: CFD and DSMC

External flow simulations were carried out for the test cases listed in Table 5.2 using
pure CFD and DSMC methods. The flow is assumed to be laminar, which is in line with
the fact that the Reynolds number is relatively small. As described earlier, the results
for the continuum approach were used to estimate the breakdown Knudsen number Kng
((Eq. (3.34))). By determining Knp throughout the simulation domain, it is found that
near the surface of the external bodies, Kng is relatively small (Kng < 0.004). This is
due to a shock wave formed around the bodies which eventually increases the pressure
and the density inside the shock layer. The pressure coefficient C), is used as a quantity
for validating the external flow cases. In Figure 5.2 the dotted red lines indicate the
measurement line, along which the results are evaluated.

Figure 5.12 shows the variation of C), on the surface plotted against the axial distance
x for cases e.l and e.Il, respectively. Due to the near-continuum flow in the vicinity of
the surface, both continuum and DSMC methods show similar trends in the results and
reasonably match the experimental data [120, 173, 174]. However, the DSMC results show
a smoother variation in C),. Furthermore, there is a significant difference in the results
of the methods near the stagnation region (x ~ 0 cm to 0.5 cm). This is because the
DSMC method predicts a much thicker shock layer around the body compared to the
continuum method particularly near the stagnation region. This phenomenon is subject to
further investigations. Sensitivity studies of different simulation parameters are described
in Section 5.4.

5.4 Sensitivity of DSMC parameters

The results presented in Section 5.3.2 and 5.3.3 show the level of accuracy of the DSMC
method in resolving rarefied gas flows. However, as mentioned in Chapter 3, several
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Fig. 5.12. Comparison of the pressure coefficient C), over the surface of the body for the cases
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simulation parameters are responsible for attaining these accurate results. In this section,
the sensitivity of the results with respect to different DSMC simulation parameters is
presented. Although the simulations for the internal flow cases were carried out using the
hybrid method, only the DSMC domain, i.e., the region where Kng > 0.05, is considered
for this parameter study.

5.4.1 Effect of simulation particle number

In order to accurately describe the rarefied gas flow, it is important to have a sufficient
number of simulation particles in the simulation domain and per grid cell. These represent
the distribution of the actual gas molecules and are necessary to preserve the statistical
accuracy and resolution of molecular collisions in the simulation. In SPARTA, this property
is controlled by the keyword fnum. The parameter fnum sets the ratio of real molecules to
the simulation particles. Therefore, the smaller the value of fnum, the greater the number
of simulation particles and the simulation accuracy. Once the number of simulation
particles crosses a certain threshold, the accuracy of the simulation reaches convergence in
results. Using much smaller values of fnum compared to this threshold value increases the
computational cost as in DSMC the computational cost scales linearly with the number
of simulation particles [94|. Therefore, it is very important to choose a trade-off value of
fnum to optimize the computational costs while ensuring the accuracy of the simulation.

The simulation domain was discretized with regular grids and the grid cell size, e.g.,
Az, of the simulation is chosen according to the criterion mentioned in Section 5.2.2, i.e.,

The present convergence study varying fnum has been performed for a uniform grid
of size Ax. The simulation particles were created using the fnum parameter and were
distributed such that each cell has roughly the same number of particles. Figure 5.13 (a)
shows the effect of the parameter fnum on the predicted rotational temperature for the
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2D internal flow case i.II. A value of fnum < 5 x 10*° is required to reach convergence and
agreement with the experimental data for the 2D axisymmetric configuration. Likewise,
Figure 5.14 (a) shows the effect of fnum on the predicted pressure coefficient C), for the 2D
external flow case e.l. Here a value of fnum < 1 x 10'7 is required for convergence and a,
reasonable agreement with the experimental data. Using smaller values of fnum increases
the number of simulation particles and thereby the computational cost. Hence, the above
mentioned values of fnum are chosen as a trade-off for the simulation of the flow cases.

1.2
—— 2D fnum 5el6 —— 2D fnum 2e15 —— 3D fnum 5e21 —— 3D fnum 1e20
2D fnum lelé § Experiment 3D fnum le2l § Experiment
1.0 1.0
—— 2D fnum 5el15

—— 3D fnum 5e20

o
-]

Temperature, T/Ty
[=] [=]
£ [~}

Temperature, T/Ty
o
(=)}

o
N

0.2
0.0 0.0
00 25 50 75 10.0 125 15.0 175 20.0 00 25 50 75 10.0 125 15.0 175 20.0

Distance, x/R; Distance, x/R;

(a) (b)

Fig. 5.13. Effect of fnum on centerline rotational temperatures for case i.II. (a) 2D, (b) 3D.
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Fig. 5.14. Effect of fnum on the pressure coefficient C,, for case e.l. (a) 2D (b) 3D.



Evaluation of CFD, DSMC and hybrid DSMC/CFD methods on low density flows 61

5.4.2 Effect of DSMC grid size

A convergence study has also been performed with respect to the grid resolution of the
DSMC simulation. The uniform regular grid is coarsened until the maximum grid size
Az < Aip is reached keeping the fnum value constant (trade-off fnum). Figure 5.15 shows
the results achieved by the different grid sizes for case i.IT and e.I, respectively. In the limit
Az < A\un there are no significant deviations between the calculations. Based on these
cases, the optimal value of the grid size is Ax ~ A\, with fnum < 5 x 10*° for the internal
and fnum < 1 x 107 for the external 2D axisymmetric configurations. Compared to the
previous configuration Az ~ %Amin these parameters increased the simulation efficiency
roughly by a factor of 3.5 for the internal case i.Il and by a factor of 4.25 for the external
case e.l. The 3D simulations are also carried out with Az ~ A,,;, and the corresponding
trade-off value of fnum is < 5 x 10% for the case i.Il and < 1 x 10! for the case e.l, see
Figure 5.13 (b) and Figure 5.14 (b).
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Fig. 5.15. Effect of grid resolution on (a) centerline rotational temperatures for case i.II and
(b) pressure coefficient C), for case e.l.

The number of simulation particles and the computational effort could be further
reduced without compromising the computational accuracy by using an adaptive mesh
refinement technique. However, this technique is not considered in the thesis.

5.4.3 Effect of time step

The choice of the time step is another parameter, which can significantly affect the solution
of the DSMC method. In a DSMC simulation, the time step At must be chosen in relation
to the mean collision time ¢, [92]. The time step is estimated according to the following
equation:

At < et =

S| >

(5.1)
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Here, v represents the average thermal speed of the molecules, which is determined from
the kinetic theory of gases, v = \/ (8 KgT)/(mm). In DSMC, a smaller time step requires
a larger number of time steps needed to achieve a steady-state solution, corresponding
to increased CPU time. Using much larger values of the time step may also increase
the CPU time [175] since in DSMC the probability of collisions between two particles
increases with the size of the time step. Therefore, a trade-off value of the time step At
has to be estimated similar to the parameters in the previous subsection. The convergence
study is performed by varying the time step At using the trade-off values of fnum and Ax.
For the calculation of the mean collision time ¢, in Eq. (5.1), the mean-free-path value
A = Apin is chosen. The corresponding values of A,,;, and t,,.; estimated for different test
cases are tabulated in Table 5.5. Figure 5.16 (a) shows the effect of the time step on the
centerline rotational temperature of case i.Il. For this case, it can be seen that in the limit
of Ax <t there is no significant change observed in the results, which supports the
assumption of Eq. (5.1). Figure 5.16 (b) depicts for case i.I the radial variation of the
density near the throat region, where the density is higher since it is near to the continuum
region and also due to the presence of compression waves near the throat. Here, it is
obvious that a time-step value of At < 0.7 ¢, is required to attain converged results.
Figure 5.16 (c) shows a similar trend in the calculation of C, for case e.l particularly near
the vertex region, where the density increases drastically due to the presence of a shock
wave. Therefore, an optimal time-step value of At = 0.7 t,,.; was chosen. This value
increases the simulation efficiency by a factor of 1.1 for case i.I and by a factor of 1.2 for
case e.l compared to the recommended value, i.e., At = 0.25 t,¢.

Case A\pin [m]  tmes [8]
i.l 1.95e-5  4.3e-8
i1l 4.44e-5 le-7

i.I11 6.6e-5 1.5e-7
e.l 1.7e-6 3.5e-9
eIl 1.5e-5  3.16e-8

Tab. 5.5. Values of the minimum mean free path )\, and the mean collision time %yt
estimated based on CFD calculations.

5.4.4 Gas-surface interactions

For the internal flow cases, the simulations are performed using various gas-surface in-
teraction models described in Section 3.2. The surface collisions are treated as either
fully specular, fully diffusive or a combination of both. Figure 5.17 (a) and (b) show
the effect of these surface collision models on the centerline densities for cases i.I and
i.ITI, respectively. In both cases, the simulation with a completely diffusive gas-surface
interaction matches well with the experimental results. The simulations performed with
a specular gas-surface interaction model yield a faster expansion of the flows compared
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with the experiment and the simulation relying on the diffuse surface interaction. For
simulations with the surface interactions modeled by the combination of 50 % diffusive
and 50 % specular collisions, the centerline density curve lies in between the completely
diffusive and completely specular simulations. As the proportion of specular collisions
increases, the curve shifts toward the completely specular simulation curve and vice-versa.

The effect of the gas-surface interactions is also studied regarding radial variations of the
density at three different cross-sections of the nozzle. Figure 5.18 shows these distributions
at the non-dimensional distances of /R, = 3.7 and z/R; = 6.2 from the throat for cases i.1
and i.ITI, respectively. Here, the densities are normalized by the corresponding density
value at the axis p.. The gray shaded regions in the plots represent the error margin in
the experiments [171]. Similar trends as observed for the centerline data are visible in
the results, i.e., the simulations with the diffusive-surface-interaction model matches well
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Fig. 5.17. Effect of gas-surface interactions on densities along the nozzle axis for the cases (a)
i.I and (b) i.III.

with the experiment. For case i.I at the cross-section z/R; = 3.7, which is close to the
nozzle throat, there is a slight deviation of the simulation results in comparison with the
experimental density trend shown in Figure 5.18 (a). The density first increases until a
radial distance of /Ry, = 0.4 and then reduces with the distance toward the wall. This
density hump is due to the presence of a weaker compression wave near the throat [105],
which is also captured well by the continuum simulation. Furthermore, the density values
do not coincide with the experiment near the nozzle wall. This deviation could be due
to the collisional quenching effects of the electron beam technique used by Rothe [171],
which reduces the quality of density measurements at higher pressure levels. As the flow
of case i.I progresses in the downstream direction, the simulations match well with the
experiments due to low pressure levels. Furthermore, for case i.III the quenching effects
are reported to be negligible [171], which explains the good agreement of the simulation
results with the experiments shown in Figure 5.18 (b) and (d). For the external flow
cases shown in Figure 5.19, the gas-surface interaction models with fully diffusive and the
interaction models consisting of fractions of specular collisions lead to a closer agreement
with the experiments. Although the interaction models which are biased toward specular
(e.g., 10 % diffusive and 90 % specular collisions) showed the best agreement with the
experiments, the values of these specular to diffuse fractions can be case-specific and
difficult to estimate. Therefore, it can be a safe option to assume the completely diffuse
interaction model. Nevertheless, these two particular cases must the studied in more detail
in the future.

Another important parameter in modeling the gas-surface interaction is the thermal
accommodation coefficient. As described in Section 3.2, this parameter quantifies the
energy exchange between the surface and the gas. For gas-surface interactions, which
are fully diffusive, this parameter has a negligible effect on the density. However, it has
an influence on the temperature. Figure 5.20 (a) and (b) show the effect of the thermal
accommodation coefficient on the rotational temperature at the cross-section z/R; = 13.7
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Fig. 5.18. Effect of gas-surface interactions on densities at different cross-sections for case i.l
(left column) and case i.III (right column).

for cases i.I and i.III, respectively. The thermal accommodation coefficient only mildly
affects the centerline temperature. However, near the wall it has a significant influence. It
can be seen that the fully diffusive gas-surface interaction model with an accommodation
coefficient of 0 % (adiabatic wall) was in close agreement with the experiment. As the
value of the thermal accommodation coefficient increases, the temperatures near the wall
increase and diverge from experiments. Although not shown, the effect of grid refinement
near the surface on the results (Figure 5.17 — 5.20) was also studied. The grid near the wall
was refined in the range of Ax = \,,;,, to %)\min and within this limit the grid refinement
has a negligible effect on the results.



66  Evaluation of CFD, DSMC and hybrid DSMC/CFD methods on low density flows

1.0 1.0
—— Openfoam —— Openfoam
DSMC diffusive DSMC diffusive
0.8 DSMC 50% diffusive 50% specular 0.8 DSMC 50% diffusive-50% specular

DSMC 10% diffusive 90% specular
DSMC specular

DSMC 10% diffusive-90% specular
DSMC specular

0.6 e Experiment 0.6 e Experiment
S
0.4 = . e * "
3 e —
0.2
0.0 0.0
0 1 2 3 4 5 1 2 3 4 5 6 7
x [em] x [em]

Fig. 5.19. Effect of gas-surface interactions on C}, for the cases (a) e.l. and (b) e.Il.

-
o
=

=}

—— diffusive (0% acc.)
diffusive (50% acc.)

—— diffusive (100% acc.)

§ Experiment

—— diffusive (0% acc.)
diffusive (50% acc.)

—— diffusive (100% acc.)

§ Experiment

o
©

o
-]

e

9
o
)

Temperature, T/Tg
&
Temperature, T/Tg
o
A |

0.5
0.6
0.4
0.5
0.3
0.2 0.4
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Distance, r/fRy Distance, r/Ry

(a) (b)
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5.4.5 Collision models and energy exchange models

More sensitivity studies have been conducted considering the choice of the molecular
models (i.e., VHS and VSS) and the energy exchange models (constant and variable
relaxation). According to the evaluation in Section 5.4.4, the fully diffusive gas-surface
interaction model with 0 % thermal accommodation is used in this study for the internal
flow cases. The Maxwellian gas-surface interaction model with 10 % diffusive and 90 %
specular is used for external flow cases. Figure 5.21 shows the comparison of the various
parameters obtained using different molecular and energy exchange models with the
experimental data for cases i.Ill and e.l, respectively. It can be seen that the results
predicted by these different models lie within the experimental error estimates. However,
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in order to rank the best DSMC simulation configuration for internal flows, the accuracy
is quantified on the basis of the error estimation given by:

Q/)simulation - Q/)experiment(mean)

error = ) (5.2)

Q/)experiment (mean)

where 1 can be any flow quantity such as the rotational temperature. Again, the collision
and energy exchange models have a negligible effect on the density.
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Fig. 5.21. (a) Centerline rotational temperature profiles predicted with different collision models

for case i.IIL. (b) Comparison of C, distribution for various collision models for case
el

The simulation configuration with the variable hard-sphere model with a variable rota-
tional relaxation (obtained using parameters from [107]) yield the best result for internal
flow cases. For external flow cases the best result is achieved with the variable soft-sphere
model with variable relaxation (obtained using parameters from [107]). However, in terms
of performance the variable hard-sphere model with a constant rotational collision number
(i.e., ¢rot = 0.2) is the best choice for both internal and external cases as the simula-
tion speed is roughly 1.5 times higher than the latter. More details on the simulation
performance are discussed in Section 5.4.7.

5.4.6 DSMC sampling

As mentioned in Section 3.4, the macroscopic flow properties shown above are obtained in
the DSMC method by averaging the microscopic properties per grid cell. However, DSMC
being a probabilistic method is very much prone to statistical fluctuations. The statistical
noise in the flow field is typically filtered out by time averaging of the cell properties to
obtain mean macroscopic properties. This procedure is performed after a steady state
of the flow is established. In Figures 5.13 and 5.14, it was evaluated that a sufficient
number of particles (defined in terms of fnum) is required to obtain reliable macroscopic
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values. Furthermore, it can be observed from these figures that using less particles than
the trade-off values also induces statistical noise. In this section, the statistical error
associated with DSMC according to the effect of the number of particles per cell N, and
the number of time steps N used for averaging is studied. Here, the root-mean-square
(rms) error is used as an indicator to quantify the statistical fluctuations. The relative
root-mean-square error €, in dimensionless form is given by:

1 Neen wl - wrefi 2
= — ] . 2.3
v \l Ncell ; < wmam ( )

Again, 9 can be any macroscopic property where 1, is its maximum value in the
flow field and N,y is the total number of grid cells in the simulation domain. ; and
Yrep; represent the computed and the reference solutions in the grid cell 7. A sample
size S is defined as the product of N. and Ny through which a macroscopic property is
sampled. In the study, it was observed that the translational temperature had a higher
sensitivity to the statistical fluctuations and hence it is chosen to describe the results.
The rms-error ey based on the translational temperature is determined for different values
of S obtained by varying N. and Ny, see Figure 5.22. The reference solution used to
estimate the rms-error has a sample size of S = 2700k (N, = 270, N7 = 10, 000) for the
internal flow and S = 1800k (N, = 180, Ny = 10,000) for the external flow case. Peak
temperatures of 300 K and 4100 K were used for normalizing the rms-errors for internal
and external cases, respectively.
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Fig. 5.22. RMS error e7 based on the translational temperature for (a) case i.IIT and (b) case
el

Figure 5.22 shows that increasing V. has a major effect in reducing the statistical errors.
For a fixed value of N, the rms-error reduces until it reaches an asymptotic value. This
trend was also observed in the study by Chen and Boyd [142]. The computational cost
for a particular sample size S is observed to be constant for small to large values of N..
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Therefore, it is advantageous to use greater values of N, for a specific S leading to the
smallest rms-error at given CPU-time resources.

5.4.7 Computational performance and energy consumed

This section deals with the performance and computational costs of the DSMC simulations
running on the high-performance computer HSUper at the Helmut-Schmidt University.
HSUper consists of 581 nodes in total, 571 compute nodes with 256 GB RAM per node,
5 nodes with 1 TB RAM per node and 5 nodes with 2 NVIDIA A100 GPUs. Each
node contains two sockets equipped with Intel Xeon Platinum 8360Y (36 cores, 2.4 GHz)
processors, hence 72 physical cores or 144 virtual CPUs via hyperthreading. The memory
is provided by 16 x 16 GB DDR4 RDIMM 3200 MHz ECC-registered modules. HSUper
utilizes InfiniBand HDR, 100 Gb/s, non-blocking fat tree networking. The test cases with
the optimized simulation setup (i.II1 and e.l) were used to study the performance.

The energy consumption of the CPU and DRAM reported in the following are based
on the running average power limit [176] as well as the CPU time of the job reported by
the SLURM workload manager. In order to keep the result comparable for internal and
external flow cases with different configurations, the run-time is normalized in all cases to
1 core/node. SPARTA uses a hierarchical Cartesian grid, which is not a body-fitted grid.
Since a big portion of the grid points is therefore outside the computational domain and
without simulation particles, the usage of load balancing methods is necessary to optimize
computational efforts.

Figure 5.23 compares the strong scaling results on 1 core up to 144 cores equivalent to
2 nodes on HSUper using static and dynamic load balancing for the internal and external
cases. The dynamic load balancing had a huge impact on the speedup of the simulation.
The effect of the dynamic load balancing is stronger for the internal case than for the
external flow because the external case is a hypersonic flow and due to the very high flow
velocity the computational domain gets saturated very quickly with sufficient simulation
particles. Thus, the static load balancing at the beginning of the simulation already leads
to good results contrary to the internal case where the flow velocity is much smaller than
in the external case and the simulation needs therefore a much longer time to reach the
steady-state solution. In Figure 5.23 (c¢) and (d), a similar behavior is also observed in
the energy consumption results, which is strongly related to the run-time.

Weak scaling is achieved by varying the parameter fnum, e.g., the number of particles is
increased by a factor of three when running on three cores, compared to the single-core case.
The results also shown in Figure 5.23 are in full agreement with the argumentation given
for the strong scaling results. Note that the fnum parameter decreases correspondingly as
the number of cores increases, e.g., the fnum value for 1 core is decreased by a factor of 3
for 3 cores. So the number of simulation particles increases for 3 cores and the number of
simulation particles per core remains the same as for 1 core. The fnum parameter is set
for 9, 18, 36 and 72 cores, correspondingly. Note that in Figure 5.23 (d) for the internal
test case, the weak scaling configuration starts from a different number of particles on 1
core than the strong scaling configuration (fnum = 5 x 10'%) in Figure 5.23 (c).
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Fig. 5.23. Scaling results on up to 144 cores. Left column: strong scaling. Right column: weak
scaling. (a) & (b) normalized run-time. (c) & (d) energy consumption for one time
step.

Figure 5.24 demonstrates the strong scaling results on 1 to 16 nodes (i.e. up to 1152
cores). It has to be mentioned that all 72 cores of each HSUper node are occupied for the
simulation. Unlike in Figure 5.23 (c) and (d), the energy consumption on more than one
node increases constantly in Figure 5.24 (c¢) and (d). By using a few processors of a node,
the other processors of the node are in the idle mode and still consume energy. Therefore,
using more cores of one node, which leads to a smaller run-time may, require less energy,
because the reduction of the computation time may compensate the effect of using more
cores. Figure 5.24 (c) shows that this is not the case when using more than one node.
Considering simulations using 1 or 2 nodes, if the speedup of the simulation from 1 to
2 nodes would be exactly 2, then the energy consumption would be the same, since the
speedup of the simulation would fully compensate the additional energy consumption of
more nodes. But as can be seen in Figure 5.24 (a), the speedup of the simulation from 1
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to 2 nodes is less than two. So the computational time reduction can not compensate the
energy consumption of the additional node and therefore the total energy consumption
increases by a factor of 2.

It can be summarized that since an entire node is always allocated exclusively, the faster
the simulation is finalized on it, the less energy is used and this rationalizes the decrease
in energy consumption up to 72 cores. For more cores the energy consumption increases,
because more nodes are allocated. Based on this explanation, in the SPARTA cases it is
necessary in terms of energy consumption to always fully use all cores of a node as long
as runtime decreases are observed. The weak scaling results in Figure 5.24 are in full
agreement with the argumentation given for the strong scaling.
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Fig. 5.24. Scaling results on 1 to 16 nodes. Left column: strong scaling. Right column: weak
scaling. (a) & (b) normalized run-time. (c) & (d) energy consumption for one time
step.
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5.5 Conclusions

The rarefied nitrogen gas flow through a convergent-divergent nozzle (internal flow) and
over a conical body (external flow) were numerically investigated using a continuum-based
Navier-Stokes solver and a stochastic Boltzmann solver (DSMC) for different Knudsen-
and Reynolds-number regimes. The CFD solvers, sonicFoam and rhoCentralFoam, were
first evaluated for their predictive capability in high-speed compressible flow scenarios.
The numerical results were validated against the available experimental data. In the higher
Knudsen number range (Kn > 0.1), the DSMC method demonstrated superior accuracy in
predicting state properties such as density, pressure, and rotational temperature. However,
in the continuum regime (Kn < 0.1) the Navier-Stokes solver exhibited higher accuracy
and computational efficiency than the DSMC method. Consequently, for internal-flow
cases encompassing variable Knudsen number regimes, a one-way-coupled hybrid approach
combining the Navier-Stokes and the DSMC solver was preferred to accurately resolve the
flow in the entire domain while mitigating computational costs.

The sensitivity study of the DSMC simulations unveiled several essential insights, par-
ticularly regarding parameters such as the ratio of real molecules to simulation particles
fnum, the grid size, the time step, the sampling and the surface and molecular collision
models:

e Threshold values for fnum or the number of particles to approach optimal simulation
accuracy were investigated and are reported for both internal and external flow cases
in 2D and 3D configurations.

o The grid dependence study revealed that varying grid sizes Ax of the DSMC domain
in the range of the minimum mean free path \,;, have negligible effects on the
results.

o From the time step sensitivity study, it was found that the value of the time step
At must definitely be a fraction of the mean collision time t,,. For resolving near-
continuum flow regions in DSMC domains, At values of 0.7 ., or smaller are
required. However, for highly rarefied regions the time-step size can be relaxed to
At =t

» Gas-surface interactions play a major role in obtaining accurate results. For all cases
the results obtained with the fully diffusive interaction model (isotropic scattering)
showed good agreement with the experiments. Furthermore, the adiabatic nature of
the wall in the internal-flow scenarios necessitates the utilization of a diffusive model
with incomplete thermal accommodation, accomplished through the CLL model.

o The sensitivity study on molecular and energy exchange models did not yield major
significance on the results and all predictions lie within the experimental margins.
However, from the performance point of view, the VHS collision model with constant
relaxation is found to have a higher computational speed for all cases.

o The statistical error analysis of the DSMC method showed that the translational
temperature had the highest sensitivity to statistical fluctuations. The study favored
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the use of more particles per cell N. compared to the number of sampling time steps
N7 for a specific sample size S = N, x Np. This approach significantly reduces
statistical errors while maintaining the same computational costs for the sample
size.

In addition, performance studies concerning both strong and weak scaling were con-
ducted to analyze the computational speedup and the energy consumption of DSMC sim-
ulations. This investigation revealed that the dynamic load balancing feature of SPARTA
provided the most efficient solution. The iterative study exploits an optimal paramet-
ric setup for hybrid DSMC/CFD simulations without compromising the computational
efficiency.

This benchmarked hybrid methodology holds great potential for simulating molecular
beam experiments, particularly those involving gas flows spanning a wide Knudsen num-
ber range. In single-particle imaging (SPI) experiments, molecular beams are typically
generated using devices such as aerodynamic lens systems or cryogenic buffer gas cells
to deliver nanoparticles into vacuum [35, 36]. For this purpose, the hybrid DSMC/CFD
methodology has been integrated into the simulation framework developed in this work
to accurately capture such multiscale flow phenomena in aerosol injection systems used
for SPI. The validation of this integrated framework is presented in Chapters 6 and 7,
along with its application to study gas-particle interactions and support the optimization
of injector designs.
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6 Simulating nanoparticles through an
Aerodynamic Lens Stack injector 1

This chapter presents the validation of the improved simulation framework for predicting
nanoparticle beam characteristics as they pass through an Aerodynamic Lens Stack (ALS).
The typical ALS design and its integration in SPI experiments were detailed in [37].
Achieving high-quality particle beams in SPI applications requires maximizing particle
density at the interaction point to increase hit rates while minimizing carrier gas density to
reduce background scattering. This dual requirement often necessitates shifting the particle
beam focus away from the ALS exit. Experimentally optimizing ALS designs across a
broad parameter space is challenging and time-consuming. Computational modeling offers
a fast and efficient alternative for exploring the influence of key parameters, such as inlet
pressure, flow rate, and carrier gas properties on particle-beam focusing and transport.

The simulation approach is based on the hybrid DSMC/CFD methodology coupled with
Lagrangian particle tracking. The individual components of the simulation framework were
described in the preceding chapters: Chapter 2 introduced the CFD solver for continuum
gas flows, Chapter 3 described the DSMC and hybrid DSMC/CFD methods for rarefied
regimes, and Chapter 4 focused on modeling particle transport under multiscale flow
conditions.

The objective of this chapter is to validate the predictive simulation strategy for ALS
systems and to show that it remains accurate across a wide range of operating condi-
tions and flow regimes. This work builds on the previously validated hybrid DSMC/CFD
framework described in Chapter 5, initially benchmarked using gas-dynamic nozzle con-
figurations [171], and now extended to ALS systems. The full simulation pipeline is
applied to representative ALS geometries to assess the predictive accuracy of particle
beam profiles under varying experimental conditions, including different particle sizes and
inlet pressures. Simulation results are compared with experimental measurements [34] to
evaluate accuracy and reliability. Furthermore, predictions obtained using the hybrid flow
fields are contrasted with those based solely on CFD, thereby revealing the limitations of
continuum-based approaches in the presence of rarefaction.

Of particular interest is the focusing behavior of nanoparticles in transitional and free-
molecular regimes, which remains largely unexplored [156]. These regimes challenge the

IThis chapter is based on the publication: S. K. Peravali, A. K. Samanta, M. Amin, P. Neumann,
J. Kiipper and M. Breuer, “An improved simulation methodology for nanoparticle injection through
aerodynamic lens systems”, Physics of Fluids 37 (3), 033380, (2025) [74]. I am the principal contributor
to this publication. I contributed in drafting the original manuscript and overseeing its review and
editing processes. I was also deeply involved in the visualization and validation of data, the development
and application of the methodology, and conducting investigations. Additionally, I contributed in the
formal analysis and conceptualization of the paper.
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applicability of continuum-based models and require physically accurate descriptions of
molecular interactions. In this work, the gas flow is resolved using a hybrid DSMC/CFD
approach for multiscale regimes, while various molecular drag models are evaluated —
including the correction scheme proposed in Chapter 4, which improves the drag estimation
under low-speed, highly rarefied conditions. For cases where the entire ALS domain exceeds
the continuum breakdown threshold, full-domain DSMC simulations are conducted to
capture the rarefied gas dynamics more reliably.

The structure of this chapter is organized as follows. Section 6.1 describes the test case
configurations used for the simulations, along with the corresponding experimental setup
and procedures. Section 6.2 outlines the numerical setup, including solver configurations
for both CFD, DSMC and the hybrid variant. Section 6.3 presents the results and dis-
cussion, beginning with a representative case that illustrates the post-processing workflow
and validation strategy. The subsequent sections, Section 6.3.1 and Section 6.3.2, evaluate
the hybrid flow modeling approach and the drag force models introduced in Chapter 4
by comparing simulated and experimental particle beam profiles. Section 6.3.1 focuses
on a case operating in the multiscale regime, where both continuum and rarefied flow
regions coexist. The hybrid DSMC/CFD method is employed to resolve transitional gas
dynamics and to predict the nanoparticle beam evolution, with results compared against
pure CFD predictions to assess the benefit of hybrid modeling. Section 6.3.2 examines
a highly rarefied flow scenario in which the entire domain exceeds the continuum break-
down threshold. The DSMC method is used within the full domain, and its predictions
are compared with those from pure CFD. Additionally, the drag force correction scheme
proposed in Chapter 4 for low-speed, highly rarefied flows is evaluated against alternative
models.

6.1 Test case and experimentation

The nanoparticle beams were generated using the experimental setup shown in Figure 6.1.
Polystyrene spheres (PS) were aerosolized at pressures of about 10°> Pa and passed through
a differentially-pumped skimmer assembly to reduce gas-load and pressure in the experi-
ment. The particles were focused, through an ALS, into the ultra-high vacuum detection
chamber (p ~ 107! Pa). These experiments were carried out for different ALS inlet-gas
pressures (p;,) and different particle sizes summarized in Table 6.1 along with the flow
Knudsen numbers (Kn) and particle Knudsen numbers (Kn,) at the inlet of the ALS.

It can be seen that for the particle size of 25 nm, the experiments were conducted at
different inlet pressures compared to the particles sizes 69 nm and 42 nm. This difference
is due to the higher divergence of the 25 nm particle beam at pressures below 50 Pa,
where reliable data could not be collected. For this reason, experiments with these smaller
nanoparticles (< 25 nm) were carried out over a higher pressure range than those with
larger particles [34].

The particle beam profiles were obtained through particle-localization microscopy [177]
at different distances from the exit of the ALS. Detailed descriptions of the ALS geometry
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used in the experiment, the experimental procedure, and the analysis of the experimental
data were described elsewhere [34].

pump
20-200 Pa T

pump pump
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0.1-0.01 Pa

10° Pa
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Fig. 6.1. Schematic of a typical experimental setup used in the particle-beam evolution measure-
ments [34]. The setup consists of a double skimmer setup with adjustable pumping,
an aerodynamic-lens-stack assembly for particle-beam generation, and the optical
scattering setup and particle-localization microscopy inside a high-vacuum chamber.

Particle size (nm) Inlet pressure, p;, (Pa) Kn Kn,
69 180 0.0241 0923.87
99 0.0788 1714.50
20 0.2168 4714.88
42 180 0.0241 860.65
99 0.0788 2816.68
20 0.2168 T7745.87
25 200 0.0213 1279.196
150 0.0289 1735.075
o0 0.086 5205.225

Tab. 6.1. Gas-flow and particle parameters of the experiments.

6.2 Simulation settings for fluid flow

In the experimental setup considered, the particle volume fraction in the gas—particle
mixture is very low. Consequently, particle-particle interactions and the influence of
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particles on the gas flow are assumed to be negligible. This allows for a decoupled
treatment of gas and particle dynamics. A two-step approach, as described in Chapter 4,
is therefore adopted to compute the gas—particle behavior. The gas flow field is resolved
using CFD, DSMC, or the hybrid DSMC/CFD method depending on the local Knudsen
number regime, as introduced in Chapters 2 and 3. The relevant models for particle
transport, including drag and other forces, are discussed in detail in Chapter 4.

6.2.1 CFD

For the experiments with higher inlet pressures, i.e., when the Knudsen numbers Kn
of the flow field throughout the ALS and near its exit are small (Kn < 0.1) the flow
can be described as continuum (0 < Kn < 0.01) or in a slip regime (0.01 < Kn <
0.1). For these regimes, the flow field can be computed by solving the Navier-Stokes
equations. The continuum gas flow field is computed using the finite-volume software
OpenFOAM [49]. Since the flow through the ALS transits from subsonic to supersonic
speeds in the streamwise direction, the flow has to be assumed as compressible. The
density-based transient solver (rhoCentralFoam), which was evaluated in Chapter 5 was
utilized. Detailed information on the solver settings, e.g., discretization, interpolation and
algorithms can be found in Chapter 2. These are implemented through the fvSchemes
and fvSolution dictionaries in OpenFOAM (see Appendix A). The boundary conditions
for the simulation case are presented in Table 6.2.

Boundary U P T

Inlet zero gradient fixed value fixed value
Outlet zero gradient wave transmissive zero gradient
Wall no-slip zero gradient fixed value

Tab. 6.2. Boundary conditions for the ALS flow.

Since in this case the Reynolds number is very low (Re < 10), the flow is assumed
to be laminar and thus a turbulence model is not required. Furthermore, the transport
properties are estimated using the Sutherland transport model with a Sutherland coefficient
Ay = 1.41716 x 10° and a Sutherland temperature T, = 111 K for nitrogen gas [172].

For simulating gas flows through ALS geometries [34, 37] using CFD, computational
grids are generated using the blockMesh and snappyHexMesh utilities in OpenFoam. Since
the ALS geometries are axisymmetric, structured body-fitted standard 3D O-grid type
grids are generated as shown in Figure 2.1. The vacuum chamber in this simulation is
represented by a cylindrical mesh of radius 5 mm and length of 10 mm from the ALS exit
(z =0). Here, the wave transmissive outlet boundary condition is applied [73].

The entire ALS mesh contains a total of approximately 2.44 x 10° cells, which is based
on grid-independence studies as shown in Figure 6.2. In this grid study, the root-mean-
square error (RMS-error) of the ALS centerline velocity magnitude €y is calculated. By
comparing results obtained by different grid resolutions with the reference simulation
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conducted on a fine grid consisting of 10 x 10° cells, it is obvious that the applied grid is
appropriate.
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Fig. 6.2. Grid-independence study of the ALS grid.

Numerical convergence is ensured by monitoring key parameters such as pressure, ve-
locity, and temperature — until they reach a steady state during the transient simulation.

6.2.2 DSMC

The pressure at the inlet of the ALS is one of the major tuning factors of particle injection
in SPI experiments. Sometimes very low inlet pressures p;, < 50 Pa are used to reduce
the background X-ray scattering. For such low pressures, the gas flow corresponds to
a large mean free path between gas molecules and the Knudsen number is larger than
0.1. Pure CFD simulations cannot capture the flow physics of such a rarefied gas. To
resolve the flow field in these regimes, the direct simulation Monte Carlo (DSMC) method
presented in Chapter 3 is often a good choice [43]. The evaluation study presented
in Chapter 5 established practical guidelines for conducting accurate and computationally
efficient DSMC simulations, which are followed in the present work. The DSMC simulator
SPARTA [90] uses a Cartesian grid unlike OpenFoam. To adequately resolve the rarefied
flow domain and to assure a grid that fits to the entire range of flow Knudsen numbers, a
regular grid of size Az =5 x 107° m is used. The time step At used in the simulation is

calculated by At = 0.7 Az /v where v = /8kpT /(7w m) is the mean thermal speed of the gas

molecules. This calculation yields an approximate time step of 1x10~7s. The fully diffusive
(isotropic scattering) gas-surface interaction model is used to model the interaction between
ALS walls and the gas. The no-time-counter (NTC) method is employed for collision
sampling along with VSS molecular model. The Larsen and Borgnakke model with
constant relaxation is applied to handle the internal energy exchange [73]. The number
of DSMC particles per grid cell N, =~ 1650 is used and the number of sampling time steps
N7 used were 40, 000 thereby giving a sample size S = N, x Ny = 66 x 106.
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6.2.3 Hybrid DSMC/CFD

As previously discussed in Chapter 3, while the DSMC method is highly effective for
rarefied gas flows, it becomes increasingly inefficient in near-continuum regimes due to
elevated collision rates and the need for extensive averaging to suppress statistical noise. In
such cases, continuum-based solvers like those based on the Navier-Stokes equations remain
more practical and computationally efficient. For experiments with intermediate pressures
at the ALS inlet, i.e., 50 Pa < p;, < 180 Pa, it was observed that the flow through the ALS
has a variable Knudsen number regime, i.e., it changes from continuum to transition and
free-molecular-flow regime. Therefore, the hybrid DSMC/CFD methodology described
in Section 3.5 was employed to address the limitations of applying either method alone.
The respective simulation settings outlined in Sections 6.2.1 and 6.2.2 were applied to the
CFD and DSMC regions. The transition between continuum and rarefied regimes was
determined using the breakdown Knudsen number, Kng, calculated according to Eq. (3.34).
A breakdown of the continuum assumption was assumed wherever Kng > 0.05, and the
domain was accordingly partitioned. This approach enabled the construction of a smooth,
contiguous multiscale flow field (see Figure 3.5). The accuracy and computational efficiency
of this hybrid methodology were validated in the previous chapter (Chapter 5) using a gas-
dynamic nozzle case, demonstrating that it provides a reliable balance between predictive
accuracy and computational cost.

6.2.4 Particle transport

The particle trajectories are computed using a Langevin framework based on the simulation
tool CMInject, described in Chapter 4. A one-way coupling between the particulate phase
and the fluid phase is employed, where the fluid exerts forces on the particles, but the
particles do not influence the flow. This assumption is justified by the low particle volume
fraction [148], and it also permits neglecting particle-particle collisions [149], thereby
simplifying the simulation procedure. CMInject reads flow field data from CFD, DSMC,
or hybrid DSMC/CFED simulations, provided in the form of Cartesian regular grid data,
and uses it to evaluate the forces on particles. Multiple drag models are applied depending
on the local flow regime, as described in Sections 4.2.1 to 4.2.3. Due to the extremely
small size of the particles, Brownian motion is non-negligible and is modeled as described
in Section 4.2.3.1.

6.3 Results and discussion

The numerical methodologies described are utilized to simulate the particle-beam evolution
at different conditions presented in Table 6.1. Figure 6.3 exemplarily shows the flow field
and the corresponding nanoparticle trajectories throughout the computational domain for
the 25 nm polystyrene spheres (PS) at an inlet pressure of p;, = 150 Pa. Here, r represents
the radial and z the axial coordinate of the flow domain. The flow field predicted by the
hybrid DSMC/CFD method is depicted by the axial velocity v, representing the main
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flow direction and the particle trajectories are calculated by molecular drag force models
(Section 4.2.2).
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Fig. 6.3. Simulated trajectories (colored lines) of the 25 nm PS through the aerodynamic-lens
stack drawn on top of the gas-flow field (p;, = 150 Pa) visualized by the axial velocity
in a logarithmic color scale.

The exit of the ALS is at = = 0. The flow domain defined by z > 0 represents
the vacuum chamber, where the gas flow from the ALS expands at supersonic speeds.
Figure 6.4 (a) is the zoomed-in view of Figure 6.3, which shows the simulated particle
trajectories focusing (converge to a minimum beam width) and de-focusing inside the
vacuum chamber. In the vacuum chamber, the particle beam widths are measured at
different positions starting at z = 1 mm and onwards. The particle beam evolving from
the exit of the aerodynamic lens has a Gaussian-like distribution [34]. Therefore, the
width of the particle beam is designated by the full-width at half-maximum (FWHM).
The widths of the simulated particle beam at the corresponding experimental positions
are compared with the experimental data in Figure 6.4 (b). In the current case, the beam
profiles obtained by simulation show good agreement with the experimental data.

For every experimental case in Table 6.1, 10* particles were simulated with an initial
radial velocity of v, = 0 and an axial velocity following a normal distribution with a zero
mean and a standard deviation of 10 m/s. The particles are positioned at the ALS inlet
with a Gaussian distribution centered around » = 0 and FWHM of 0.0023 m. For particle
numbers above 1000, the simulated beam profiles do not change significantly. Thus, with
ten times more particles, it is ensured that the statistics are fully converged.

However, the level of accuracy of the simulation shown above highly depends on choosing
the right modeling approach, which also varies for different experimental conditions such as
inlet pressure or particle size. Potential sources of error include experimental uncertainties
— such as differences between the measured upstream pressure and the actual inlet pressure.
For every test case, results are averaged and both the mean and standard deviation
are estimated to quantify this uncertainty as shown in Figure 6.4 (b). Other sources
of error include limitations in the numerical models (e.g., approximations in the drag
force models and the flow modeling approach) and variations in boundary conditions. To
ensure a reliable flow modeling approach, necessary steps have been taken to minimize
these discrepancies through careful calibration of simulation parameters and sensitivity
analyses. For details, refer to Peravali et al. [73].
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Fig. 6.4. (a) Zoom-in view of the ALS-exit into the high-vacuum chamber of Figure 6.3, includ-
ing simulated particle trajectories from the ALS exit into vacuum; (b) Particle-beam-
size evolution (FWHM) of 25 nm PS at an inlet pressure of p;, = 150 Pa.

In the following subsections, the numerical approaches and models for the drag force
mentioned in Chapter 4 are evaluated for different flow conditions by comparing the
experimental particle beam evolution in the vacuum chamber with the simulated particle
beam profile.

6.3.1 Multiscale regime

For the test cases having variable Knudsen number regimes, the flow field is simulated
using the hybrid DSMC/CFD approach described in Section 3.5. To understand, where
the transition from continuum to the rarefied regime takes place, Figure 6.5 (a) depicts the
distribution of the breakdown Knudsen number Kng in the vicinity of the ALS exit for an
exemplary case from above. Obviously, for the case of the inlet pressure p;, = 150 Pa the
threshold of Kng = 0.05 is reached directly at the narrowest point of the outlet. Thus, the
entire domain beyond the outlet has to be predicted via DSMC. Figures 6.5 (b) to 6.5 (d)
show what happens if the classical CFD solver is used in this region despite the violation
of the continuum assumption. The largest deviations between the results predicted by
pure CFD and the hybrid DSMC/CFD approach is visible for the temperature and the
Mach number. For the hybrid method, large Mach numbers are reached 5 mm behind the
ALS exit, whereas the CFD simulation predicts a sub-critical flow with Ma < 1. These
large deviations in the flow field have to be taken into account when discussing the results
of the particle trajectories.

Furthermore, a comparison of the computational costs reveals that the pure DSMC
method is nearly 16 times more expensive than the hybrid DSMC/CFD approach, and its
flow field exhibits higher statistical noise in low-Knudsen and low-Mach number regions,
which necessitates additional simulations for statistical averaging and/or the use of more
particles to filter out the noise, thereby further increasing the computational costs.



Simulating nanoparticles through an Aerodynamic Lens Stack injector 83

— CFD
—— Hybrid DSMC/CFD

Pressure, p {pa)
B
o

-1 & 30
=! &
05 20
0.2 10
0.1 0
005 0 1 2 3 4 5
2.9e-02 Distance from ALS exit, z (mm)
(b)
300 5.5
250 4.5
%4 g 4.0
; 200 E 3.8
é 150 —— CFD . .g 3.0 —— CFD .
© —— Hybrid DSMC/CFD 2 —— Hybrid DSMC/CFD
) 2.5
o s
g 100 g 2.0
et =
50 1.5
0 /_\
0
0 1 2 3 4 5 0 1 2 3 4 5
Distance from ALS exit, z (mm) Distance from ALS exit, z (mm)

(c) (d)

Fig. 6.5. (a) Continuum breakdown in the ALS depicted by the breakdown Knudsen number

contour Knp for an inlet pressure of p;, = 150 Pa; Comparison of the different
distributions along the ALS centerline: (b) pressure; (¢) temperature; (d) Mach
number.

The particle trajectories are subsequently predicted and evaluated like above for 69 nm
and 42 nm PS. Since the test cases have very high particle Knudsen numbers (see Table 6.1),
the corresponding molecular drag force models are chosen based on the Mach number (Ma)
of the flow. For Ma < 0.3, the Epstein [46] model (Eqs. (4.9) and (4.10)) is used and for
Ma > 0.3 the drag model switches to Baines et al. [47] (Egs. (4.11) and (4.12)). However,
it is observed that there are no significant deviations between the results achieved with
these molecular drag models and the Stokes-Cunningham model (along with the correction
to high Mach number flows [48]) .

Figures 6.6 to 6.8 show the particle beam widths at different positions behind the ALS
exit for particle sizes of 69 nm, 42 nm and 25 nm, respectively. The predicted data are
given for different inlet pressures shown in Table 6.1. The results predicted by the hybrid
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DSMC/CFD method show very good agreement with the experimental data for all particle
sizes (i.e., focusing-defocusing behavior and focus position) compared with the pure CFD.
This is due to the difference in flow fields predicted in the rarefied domain between the
CFD and hybrid methods, as shown in the exemplary Figure 6.5. The particle beam
widths computed based on the pure CFD code deviate significantly from the experiment
as the inlet pressure reduces.
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Fig. 6.7. Particle-beam-size evolution (FWHM) of 42 nm PS at two different inlet pressures.

Accurately estimating the correct focus size and focus position is crucial for quantifying
the efficiency of an ALS. Table 6.3 shows the differences in focus size (we,,) and focus
position (z.,) relative to the experimental values for both methods, CFD and hybrid
DSMC/CFD. It clearly demonstrates the significant error reduction achieved by incorpo-
rating the hybrid approach. Overall, it is evident from Figures 6.6, 6.7, and 6.8 that the
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Fig. 6.8. Particle-beam-size evolution (FWHM) of 25 nm PS at three different inlet pressures.

error associated with the hybrid DSMC/CFD approach falls well within the experimental
uncertainty range, further supporting its validity.

Additionally, Appendix B.1 shows a case with 25 nm gold nanoparticles (AuNP) where
the hybrid DSMC/CFD methodology could predict the experimental trend quite well,
too. Furthermore, the impact of Brownian diffusion on the beam widths is demonstrated.
As visible, simulations without the Brownian force model (Eq. (4.20)) show a drastic
reduction in beam widths, clearly indicating the necessity of including Brownian diffusion
in the model.

6.3.2 Highly rarefied regime

For the test cases with an inlet pressure of p;, = 20 Pa mentioned in Table 6.1, the maxi-
mum global and local Knudsen numbers are evaluated to be greater than 0.1. Therefore,
for these test cases it is ideal to use the pure DSMC approach. Nevertheless, Figure 6.9
depicts a direct comparison between the pure CFD results and the DSMC data. The
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Particle pin (Pa) Werr (%) Zorr (%0)
Size (nm) CFD Hybrid CFD Hybrid
69 180 49.57  9.21 16.66 0.0
55 52.54  12.09 12.50 0.0
42 180 41.84 17.21 16.66 0.0
55 36.76  14.98 16.66 0.0
25 200 5.73 2.80 14.28 0.0
150 12.60 6.44 0.0 0.0
50 11.99  6.41 0.0 0.0
Average 30.1 9.9 11.0 0.0

Tab. 6.3. Differences in focus size (weyy) and focus position (zer) relative to the experimental
values for various particle sizes and inlet pressures. The values are provided for both

CFD and hybrid DSMC/CFD methods.

pressure and Mach number distributions along the ALS centerline and behind its exit are
shown. As expected, the deviations are found to be even larger than in the multiscale
case discussed above. In the DSMC-predicted flow field, the flow reaches a sonic condition
(Ma = 1) at the throat/ALS exit (commonly referred to as "choking'), a feature that is
not captured by pure CFD in this regime. This circumstance has a significant impact on
the evolution of the particle trajectories discussed below.

Once a smooth sampled flow field is established using DSMC, the particle trajectory
calculations are carried out for 69 nm and 42 nm PS. Like in the cases described in the
previous section, the corresponding molecular drag force models are chosen based on the
Mach number of the flow (Egs. (4.9) / (4.10)) or (Egs. (4.11) / (4.12)). Furthermore,
the relaxed drag force model based on Monte-Carlo sampling (Eq. (4.16)) described
in Section 4.2.3 has also been used in place of the Epstein [46] model.

Figures 6.10 (a) and 6.10 (b) show the particle beam widths at different distances from
the ALS exit for particle sizes of 69 nm and 42 nm, respectively. In addition to the pure
DSMC method, for comparison purposes the underlying flow fields are also simulated
using pure CFD.

The results predicted by CFD are not in good agreement with the experimental data
for both particle sizes. Here, both the focus position and the width of the particle beam
are underpredicted. According to the large deviations observed in the flow fields predicted
by pure CFD (see Figure 6.9), this outcome is not astonishing. In the case of DSMC,
the particle beam evolution shows a similar trend as the experimental data, where the
position of the focus is predicted in reasonable agreement with the measurements. However,
the beam widths are underpredicted due to the overestimation of the drag force in this
regime. Therefore, the molecular drag is relaxed according to Equations (4.15) and (4.16).
Obviously, this corrected drag force yields a much better agreement with the experimental
data for both particle sizes, predicting both the beam widths and the focus position quite
well.
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Fig. 6.9. Comparison of different distributions along the ALS centerline for the case of an inlet
pressure p;, = 20 Pa: (a) pressure inside ALS; (b) pressure behind the exit of ALS;
(c) Mach number inside ALS; (d) Mach number behind the exit of ALS.

Table 6.4 summarizes the difference in focus size (we;) and in focus position (ze.)
relative to experimental values for predictions obtained using CFD, DSMC, and DSMC
with a relaxed drag model. The table clearly demonstrates that the improved methodology

(DSMC with relaxed drag model) substantially reduces the relative errors compared to
the other approaches.
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Fig. 6.10. Particle-beam-size evolution (FWHM) of PS at an inlet pressure of 20 Pa for two
different particle sizes.

Particle Werr (%) Zerr (%)

size (nm) CFD DSMC DSMC relaxed CFD DSMC  DSMC relaxed
69 53.14 51.54 2.92 45.45 8.3 4.16

42 18.92 48.88 16.28 40.0 10.0 0
average 36.0 50.2 9.6 42.7 9.1 2.1

Tab. 6.4. Differences in focus size (werr) and focus position (ze;) relative to the experimental

values for various particle sizes and inlet pressures. The values are provided for both
CFD, DSMC and DSMC with relaxed drag model.
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6.4 Conclusions

An enhanced and accurate numerical methodology was proposed and implemented for simu-
lating nanoparticle injection through aerodynamic lens systems. The framework captures
both the carrier gas flow and the resulting particle trajectories. A hybrid molecular-
continuum approach was employed to resolve the gas dynamics across a wide range of
Knudsen numbers, ranging from high-density regions within the lens system to the highly
rarefied flow during expansion into the vacuum chamber.

Coupling CFD and DSMC allowed for limiting the use of the much more CPU-time
intensive molecular model only to those regions, which can not be accurately predicted
by the continuum mechanics approach. For the prediction of the particle trajectories,
drag force models from the literature were evaluated including molecular drag models.
For particles traversing through transitional regimes at the boundary between continuum
and molecular flow, an additional correction factor was derived, taking into account the
probability that a fraction of the molecules does not collide with a particle in a sub-cell.

The entire methodology was applied to nine different experimental configuration, three
particle sizes and three inlet pressures, spanning a wide parameter space. In the multiscale
regime, the hybrid DSMC/CFD approach proves to be superior to the pure CED method.
No significant deviations between the results achieved with the molecular drag models
and the Stokes-Cunningham model were observed. Quantitatively, the average relative
error in the focus size was reduced from 30.1 % with pure CFD to 9.9 % with the hybrid
method, while the relative error in the focus position decreased from about 12 to 16 % to
nearly 0 %. For the highly rarefied cases, the incorporation of DSMC with the relaxed
drag model further decreased the errors, i.e., the average relative error in the focus size
was reduced from 36.0 % (using pure CFD) to 9.6 %, and the relative errors in the focus
position decreased to 0 or 4.2 %, respectively, thereby achieving excellent agreement with
the experimental data [34] — a performance unattainable by classical models. However,
this model requires validation against different gas flow conditions, e.g., multi-species gas,
and over a wide range of temperatures, 4 to 300 K, and particle sizes, 1 to 25 nm.
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7 Aerodynamic Lens Stack injector
with cryogenic cooling: Toward
efficient focusing of protein-sized
nanoparticles1

This chapter is concerned with advancing aerosol injection techniques to enable the efficient
focusing of protein-sized nanoparticles and macromolecules (< 100 nm) for single-particle
imaging (SPI) experiments. Delivering small particles such as individual proteins, remains
particularly challenging due to their low inertia and high diffusivity, especially at room
temperature [34]. These particles tend to closely follow the carrier gas streamlines and are
significantly affected by Brownian motion, which increases beam divergence and results
in substantial particle losses. This makes it difficult to generate well-collimated particle
beams with high hit rates at the X-ray interaction point for SPI.

A promising strategy to overcome these limitations is to reduce the carrier-gas temper-
ature, thereby diminishing Brownian diffusion and improving particle collimation. The
cryogenic buffer-gas beam (CBGB) technology offers a pathway for generating cold, slow,
and intense molecular and nanoparticle beams [179, 180]. In this method, inert gases such
as helium or neon are cooled to cryogenic temperatures (typically 4-20 K) and passed
through a cryogenic buffer-gas cell (BGC), where the temperature of the target parti-
cles approaches that of the surrounding gas. This process enables rapid cooling of the
suspended particles. For SPI experiments, BGCs have been used to shock-freeze large
nanoparticles (> 200 nm) to temperatures below their glass transition (133 K) within
microseconds, preserving their structural integrity during injection [35].

Further experimental developments combined the BGC with an Aerodynamic Lens
Stack (ALS), forming the BGC-ALS injector system [34]. This hybrid injector has demon-
strated the ability to produce dense, focused nanoparticle beams with diameters down
to 88 nm. However, the behavior of smaller particles (< 20 nm) in such cryogenic multi-
scale environments remains poorly understood, primarily due to experimental challenges,
particularly the difficulty to optically detect small particles [34].

! This chapter is partly based on the publication: S. K. Peravali, A. K. Samanta, M. Amin, P. Neumann,
J. Kiipper and M. Breuer, “Exploitation of continuum and kinetic theory approaches for the simulation
of particle beam experiments”, Proc. 33rd Int. Symp. Rarefied Gas Dyn., Springer Nature (2025) [178],
and on a manuscript in preparation: S. K. Peravali, L. Worbs, J. He, A. D. Estilore, A. K. Samanta,
P. Neumann, M. Breuer and J. Kiipper, “Aerodynamic-lens-stack injector with cryogenic cooling:
Toward efficient focusing of protein-sized nanoparticles”, planned for submission to Phys. Rev. Fluids.
In both works, I served as the principal contributor, responsible for drafting the manuscripts, visual-
izing and validating simulation data, developing and applying numerical methodologies, and overall
conceptualization.
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To overcome these experimental limitations, numerical simulations offer an efficient and
informative alternative. Previous studies have explored particle dynamics in buffer-gas
environments using a variety of approaches, including random-walk particle tracking [180,
181], continuum CFD [35, 182, 183, 184], DSMC [185, 186, 187], and self-consistent mean-
field DSMC (SCMFD) [188, 189] methods. In the present work, a hybrid DSMC/CFD
approach coupled with Lagrangian particle tracking, validated in Chapter 6, is employed
to model particle behavior in cryogenic injector systems.

This chapter begins by validating the multiscale simulation methodology under cryogenic
conditions. Specifically, DSMC simulation parameters — including molecular collision
models and gas-surface interaction models — are tested based on a benchmark case of
helium flow over a flat plate [190] and compared with experimental data. Following this,
the full simulation pipeline is applied to the cryogenic buffer-gas cell, where the injection
of 200 nm particles is predicted and validated against experimental results, demonstrating
the accuracy of the framework under cold, rarefied conditions. The methodology is then
applied to the combined BGC-ALS system, simulating 88 nm particles at two cryogenic
temperatures of 4 K and 80 K. These results are again evaluated against experimental
measurements to confirm the framework’s predictive reliability under multiscale, cryogenic
flow conditions. With this validation in place, the simulation framework is further applied
to investigate the focusing behavior of smaller particles, specifically 10 nm in diameter,
under similar cryogenic conditions — providing deep insights into the design of aerosol
injection systems for the efficient delivery of protein-sized nanoparticles in SPI experiments.

7.1 Rarefied cryogenic helium flow over a flat plate

In Chapter 5, the DSMC simulation parameters introduced in Chapter 3 were tested and
validated for nitrogen gas at room temperature, and subsequently applied to rarefied ALS
flows in Chapter 6. In this section, the applicability of the DSMC simulation parameters
is further evaluated under cryogenic conditions by simulating helium flow over a canonical
rarefied flow test case, i.e., the flow over a flat plate [190].

At cryogenic temperatures, especially for light gases such as helium, quantum effects
can become non-negligible [191]. However, in this study, only classical intermolecular
scattering models, i.e., VHS/VSS are employed. This test case is performed specifically to
assess the validity and applicability of these classical models in cryogenic regimes, despite
the potential limitations arising from neglected quantum effects.

A schematic of the two-dimensional flat-plate flow domain with a size of 50.8 x 25.4 mm
is shown in Figure 7.1, where the flow progresses from the inlet to the outlet along the
streamwise direction z, with y denoting the transverse direction. In the corresponding
experiment, the flow is produced by a free-jet expansion from a 25.4 mm diameter orifice
— establishing the free-stream conditions at the leading edge of the flat plate. These
free-stream parameters are summarized in Table 7.1.

Boundary conditions for the various surfaces of the domain are implemented using
the available options in SPARTA, as described in Section 3.2. The flat plate is modeled
as a solid surface held at a constant temperature of 296 K, with fully diffusive gas-
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Fig. 7.1. 2D simulation domain of the flat plate test case including the grid.

Stagnation pressure, Py 1330 Pa
Stagnation temperature, T 296 K
Temperature, T, 10.7 K
Pressure, P, 0.3379 Pa
Velocity, Uy 1723 m/s
Density, poo 1.52 x 1075 kg/m?
Surface temperature, T, 296 K
Number density, 14 2.21 x 102! m—3
Mean free path, Ay 1.286 x 1072 m

Tab. 7.1. Flow conditions at the leading edge of the flat plate.

surface interaction. The top boundary of the domain, like the outlet, is treated using an
outflow condition. The computational domain is discretized using a uniform grid size of
Az = 0.3 Ao, as illustrated in Figure 7.1 leading to 132 x 66 number of grid points.
Intermolecular collisions in the flow are modeled using the VSS approach, with simulation
parameters for helium gas listed in Table 3.1. The Larsen-Borgnakke model with constant
relaxation is utilized. For the helium gas the rotational number is set to zero due to its
monoatomic nature. Vibration and chemical reactions are assumed to be frozen in the
present study and thus not modeled. Furthermore, the CFD simulation was also carried
out on the same grid. The settings of this simulation are detailed in Appendix D.
Figure 7.2(a) and (b) present the velocity and temperature contours from the CFD
simulation, while Figure 7.3(a) and (b) show the corresponding results from the DSMC
simulation. Consistent with the observations in the external shock-dominated cases dis-
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cussed in Chapter 5, the DSMC results exhibit a noticeably thicker shock layer over the
flat plate compared to the CFD predictions.
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Fig. 7.2. Results of CFD simulation: (a) Velocities of the flowfield above the flat plate. (b)
Temperature of the flow field above the flat plate.
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Fig. 7.3. Results of CFD simulation: (a) Velocities of the flow field above the flat plate. (b)
Temperature of the flow field above the flat plate.

Figure 7.4 presents the velocity and temperature profiles as a function of the wall-
normal distance at a stream-wise location of = 2.5 mm from the leading edge of the flat
plate. The gas properties are normalized by their respective free-stream values, i.e., Uy
for the velocity and T, for the temperature. Similarly, the wall-normal coordinate y is
normalized using the free-stream mean free path A,,. The DSMC simulation, employing
classical intermolecular collision models, captures the experimental trends in both velocity
and temperature profiles [190]. Obviously, a slip velocity appears at the surface. In
contrast, the CFD simulation applying a no-slip condition at the surface fails to reproduce
the behavior observed experimentally in this rarefied regime. Based on this evaluation, all
simulations presented in the following sections are performed using classical intermolecular
scattering models, specifically the VSS approach.
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Fig. 7.4. Results of the DSMC simulation (a) Velocities of the flow field above the flat plate.
(b) Temperature of the flow field above the flat plate.

7.2 Simulation methodology for buffer-gas injectors

The gas-particle dynamics within various buffer-gas injector configurations are investi-
gated using the multiscale simulation methodology introduced in Chapters 3 and 4 and
validated in Chapter 6. The simulation proceeds in two stages. First, the 3D steady-state
flow field is computed using the one-way coupled hybrid DSMC/CFD approach described
in Section 3.5. For flow regions within the continuum or slip regime (Kng < 0.05), the
compressible Navier-Stokes equations are solved using the rhoCentralFoam solver in Open-
FOAM, which was evaluated in Chapter 5. The corresponding numerical settings including
discretization schemes, interpolation methods, and solver algorithms are described in de-
tail in Chapter 2. These configurations are defined via the fvSchemes and fvSolution
dictionaries in OpenFOAM (see Appendix A). An exemplary 3D simulation domain of the
buffer-gas injector with aerodynamic lens stack (BGC-ALS) is illustrated in Figure 7.5.
Helium enters the BGC through the designated inlet (colored in dark red) at a specified
flow rate and exits via two outlets. Nanoparticles are introduced through a capillary
transport tube, which is shown in the figure to indicate the concept but is not included in
the simulation domain. The vacuum chambers are modeled as cylindrical domains (colored
in purple) extending from both outlet boundaries to capture the pressure drop and flow
expansion into high-vacuum conditions. The boundary conditions for the simulation setup
are summarized in Table 7.2. In the case of a standalone buffer-gas cell configuration,
outlet 2 is retained while the ALS component is removed.

For the CFD simulations, the computational meshes are generated using the blockMesh
and snappyHexMesh utilities available in OpenFOAM. These tools are used to create struc-
tured, body-fitted 3D grids for both the standalone BGC and the combined BGC-ALS
domains, as illustrated in Appendix D. The standalone BGC mesh consists of approxi-
mately 4.7 x 10° cells, while the BGC-ALS configuration results in a mesh with around
6.87 x 106 cells.
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Fig. 7.5. Computational domain of the BGC-ALS injector.

Boundary U P T

Inlet flowRatelnlet Velocity fixed value fixed value
Outlet 1 zero gradient wave transmissive zero gradient
Outlet 2 zero gradient wave transmissive zero gradient
Wall no-slip zero gradient fixed value

Tab. 7.2. Boundary conditions for the buffer-gas flow.

The flow is assumed to be laminar due to the low Reynolds number (Re < 10), and
therefore no turbulence modeling is required. Given the lack of Sutherland coefficients
for helium at cryogenic conditions, a constant-transport model (constTransport) [60] is
employed, where the dynamic viscosity and Prandtl number are held fixed. These values
are selected based on helium properties at the corresponding gas temperatures, taken from
the NIST technical note [192], with the specific values used in the simulations summarized
in Appendix D.

In the rarefied regions (Kng > 0.05), the DSMC method is applied using the VSS colli-
sion model and Larsen-Borgnakke internal energy redistribution, as previously validated
in Section 7.1. To ensure sufficient resolution across the entire range of local Knudsen num-
bers in the rarefied low domain, a uniform Cartesian grid with cell size Az =5 x 107™° m
is employed. The simulation time step At is determined by the relation At = 0.7 Az /v,

where 7 = |/8kgT /(m m) denotes the mean thermal speed of gas molecules. Gas-surface

interactions are modeled using a fully diffusive (isotropic scattering) boundary condition.
For statistical convergence in the DSMC simulations, approximately 226 particles per cell
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are used. A total of 200,000 time steps are sampled, resulting in an overall sample size
of S = N, x Ny = 45.2121 x 10°. The domain is partitioned based on the breakdown
Knudsen number Kng, as defined in Equation (3.34), ensuring a smooth transition be-
tween continuum and kinetic regimes and yielding a contiguous multiscale flow field; an
exemplary domain decomposition is illustrated in Figure 3.5. The computed flow data are
stored on a uniform Cartesian grid for the use in particle trajectory simulations.

Particle transport is modeled using the CMInject framework described in Chapter 4.
Given the dilute nature of the particle phase, only one-way fluid-particle coupling is
considered. The drag force acting on the particles is computed using molecular drag
models [46, 47], and Brownian motion is incorporated as described in Section 4.2.3.1.

7.3 Cryogenic buffer-gas cell (BGC)

The cryogenic buffer-gas cell (BGC) was designed to rapidly cool nanoparticles, such as
biomolecules and proteins, below their glass-temperature at ~133 K within nano- or mi-
croseconds [35]. This shockfreezing process is sufficiently fast to preserve the biomolecules
structural integrity. The cooled particles are extracted into a collimated particle stream
under high-vacuum conditions. In the injector, cold helium gas, cooled down to 4 K,
serves as the carrier gas. In this section, the simulation framework is validated using
experimental data for 220 nm polystyrene particles, based on the BGC geometry and flow
conditions reported in [35].

Figure 7.6 illustrates the helium flow field within the cryogenic buffer-gas cell (BGC)
— simulated using the hybrid DSMC/CFD methodology for a helium inlet flow rate of
25 ml, /min. The flow is visualized by streamlines, colored according to the Mach-number
magnitude. Helium enters the BGC through the inlet located at the top of the thin inlet
disk on the left side of the main cell (see Figure 7.5). Particles of 220 nm diameter were
injected through a capillary transport tube [35], passed through the BGC starting from
outlet 1, and were eventually extracted through outlet 2. For the simulation, particles
were introduced at a location 3 mm upstream of outlet 1, with initial velocities specified
as v, = 6 m/s in the radial direction and v, = 56 m/s in the axial direction. The spatial
distribution at injection follows a Gaussian profile centered at r = 0, with a full width
at half maximum (FWHM) of 0.5 mm. The initial particle temperature is assumed to
be at room temperature. A total of 10,000 particles were simulated using the CMInject
framework as described in Section 7.2, enabling accurate prediction of particle dynamics
under cryogenic conditions. These initial injection conditions were adopted from previously
performed capillary simulations reported by Samanta et al. [35].

Figure 7.7 shows the contour plot of the breakdown Knudsen number Knp for the
representative BGC—-ALS case depicted in Figure 7.6. A threshold of Kng = 0.05 is used
to demarcate regions where the continuum assumption begins to fail. In the vicinity of
the injector exits, this threshold is exceeded, indicating the onset of rarefied flow behavior.
Based on this assessment, the hybrid framework applies CFD in zones where Kng < 0.05,
while DSMC is activated in regions beyond this limit to resolve molecular-level effects.
Although the area upstream of outlet 1 exhibits locally higher Knpg values, it is still treated
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Fig. 7.6. Streamlines of the flow field inside the cryogenic buffer-gas cell, colored by the Mach-
number magnitude, as simulated using the hybrid DSMC/CFD method.

using CFD. Validation studies confirm that this treatment does not significantly affect the
accuracy of downstream particle transport, thereby allowing for a more computationally
efficient domain decomposition without sacrificing solution fidelity.
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Fig. 7.7. Continuum breakdown in the BGC depicted by the breakdown Knudsen number
contour Knp for an inlet flow rate of 25 ml, /min.
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Figure 7.8 shows the particle beam widths (FWHM) of 220 nm polystyrene particles
measured 10 mm downstream of outlet 2 as a function of the helium flow rate, capturing
the effects of varying pressures and velocities. The simulations are conducted at a helium
flow temperature of 4 K. The simulation results align well with experimental data [35],
accurately reproducing the observed trends.
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Fig. 7.8. Predicted particle beam widths (blue spheres) for 220 nm-diameter polystyrene

spheres as a function of the helium flow rate, compared to experimental data (black
crosses) [35].

7.4 ALS with cryogenic cooling (BGC-ALS)

Building on the previous investigations of cryogenic buffer-gas cell (BGC) injectors and
room-temperature aerodynamic lens systems, experimental advancements have demon-
strated that combining these approaches, i.e., integrating an aerodynamic lens stack (ALS)
with a cryogenic BGC — can significantly improve the focusing of smaller particles (diame-
ters < 100 nm) [34]. This hybrid injector configuration enhances nanoparticle delivery by
leveraging the reduced carrier-gas temperature to suppress thermal diffusion and improve
beam collimation.

Figure 7.9 depicts the helium flow field within the BGC-ALS system, simulated using
the hybrid DSMC/CFD methodology at a helium inlet flow rate of 15 ml,/min and a
temperature of 4 K. The details of the simulation methodology applied are provided
in Section 7.2. The flow field is represented by streamlines, with colors indicating the
Mach-number magnitude. Helium enters the system through the inlet on the upper side of
the thin inlet disk at the left of the main cell. Particles of 88 nm diameter were introduced
through outlet 1 via a capillary transport tube [34], traversed the BGC-ALS system, and
were subsequently extracted through outlet 2. For the simulation, particles were injected
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at a position 3 mm upstream of outlet 1 with an initial axial velocity of v, = 31 m/s and
no radial velocity component. The spatial distribution of the injected particles followed a
Gaussian profile centered at r = 0 with a full width at half maximum (FWHM) of 0.5 mm.
The initial particle temperature is assumed to be at room temperature. A total of 10,000
particles were tracked using the CMlInject framework, as described in Section 7.2. These
initial injection parameters were adopted from capillary injection simulations previously
reported in [34], ensuring a realistic representation of particle entry conditions.

helium inlet

nanoparticle I[
inlet — |

- T 1 “’»d'& - ~ _- = - - :.-;/ : ". — e = = . =
outlet 1 = . = _ _ 5 3.00+00
L - : — ‘ D —

Fig. 7.9. Streamlines of the flow field through the combined setup of BGC and ALS, colored
by the Mach-number magnitude, as simulated using the hybrid DSMC/CFEFD method
for an inlet flow rate of 15 ml, /min.

Figure 7.10 illustrates the contour of the breakdown Knudsen number Kng for the
exemplary case shown in Figure 7.9. The threshold value of Kng = 0.05, used to delineate
the transition from continuum to rarefied flow, is reached in the region surrounding the
injector exits. Accordingly, the hybrid simulation framework employs CFD in regions
where Kng < 0.05 and uses DSMC where Kng > 0.05 to ensure accurate resolution of
rarefied gas effects. Although the region upstream of outlet 1 exceeds the Kng threshold,
it is still modeled using pure CFD. Numerical tests confirm that this approximation has
negligible influence on the downstream particle beam evolution, thus justifying the use of
CFD for improved computational efficiency in that portion of the domain.

Kng
1.7e-02 0.1 0.15 0.2 0.25 0.3 0.35 0.44.5e-01

Fig. 7.10. Continuum breakdown in the BGC-ALS depicted by the breakdown Knudsen number
contour Knp for an inlet flow rate of 15 ml, /min.
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Figure 7.11 (a) presents the evolution of the particle beam widths (FWHM) at various
distances downstream of the BGC-ALS exit (final lens) for helium flow rates of 10 ml,, /min
and 15 ml,/min. The beam widths are compared with experimental measurements taken
6 mm, 8 mm, and 10 mm downstream of the exit [34]. The simulation results show
very good agreement with the experimental data, accurately capturing the particle beam
focusing behavior.
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Fig. 7.11. Simulated evolution of the particle beam size (FWHM) for 88 nm-diameter
polystyrene spheres at different flow rates of helium, compared to experimental
data [34]: (a) at 4 K, (b) at 80 K.

Figure 7.11 (b) shows the corresponding simulation results for a higher helium temper-
ature of 80 K at the same flow rates of 10 and 15 ml,/min. The particle beam widths
are compared with experimental measurements taken 8 mm and 10 mm downstream of
the BGC-ALS exit. The simulated trends align well with the experimental data, demon-
strating the predictive capability of the simulation framework across a wide temperature
range.

7.5 Toward focusing of protein-sized particles

Experimental characterization of nanoparticle beams becomes increasingly challenging
as the particle size decreases. For particles smaller than 20 nm, particularly around
10 nm, conventional optical detection techniques face significant limitations due to weak
scattering signals [34]. As a result, the focusing behavior of such small particles in
cryogenic, multiscale flow environments remains poorly characterized. In this section,
the dynamics of 10 nm particles are investigated using numerical simulations based on a
framework that has been previously validated for larger particle sizes under comparable
cryogenic conditions.
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7.5.1 Comparison of BGC and BGC-ALS injector performance for
88 nm and 10 nm nanoparticles

To evaluate the influence of aerodynamic lens stack (ALS) integration on the focusing
performance of small nanoparticles, simulation results are compared for two injector
configurations: the standalone cryogenic buffer-gas cell (BGC) and the combined BGC-
ALS setup. As discussed earlier, significant experimental progress has been achieved in
focusing particles smaller than 100 nm using the BGC-ALS configuration [34], which
also served previously as a benchmark for validating the simulation framework. In this
analysis, the carrier gas flow field computed from earlier simulations at a helium flow rate
of 15 ml, /min is reused to simulate the particle trajectories.

Figure 7.12 (a) compares the evolution of the particle beam width (FWHM) of 88 nm
particles at various distances downstream of the injector exit. The results show that adding
the ALS to the BGC shifts the focus position farther downstream — from approximately
1 mm in the standalone BGC case to around 2 mm in the BGC-ALS configuration. Beyond
this focal point, the BGC-ALS setup maintains narrower beam widths over an extended
range, demonstrating improved collimation even during the defocusing phase.

The comparison is then extended to smaller 10 m particles. Figure 7.12 (b) presents
the evolution of the particle beam width (FWHM) at various distances downstream of
the injector exit, again for a helium flow rate of 15 ml,/min. For these smaller particles,
the BGC-ALS configuration achieves a beam focus around 1 mm closer to the injector
exit — compared to the BGC-only setup. Notably, the BGC-ALS setup also yields a
narrower beam width at its focus position. However, in the region between 2 mm and
4 mm downstream of the exit, the BGC-ALS beam is slightly broader than that of
the BGC. Beyond 5 mm, the BGC-ALS configuration results in consistently narrower
beam profiles, particularly at 6 mm, 8 mm, and 10 mm — locations typically used for
experimental detection. This indicates that while ALS integration results in narrower
beams at downstream positions, further design optimization of the ALS geometry or
operating parameters are necessary to effectively collimate such small particles for SPI
applications.

7.5.2 Focusing 10 nm particles at different temperatures

To assess the influence of the carrier-gas temperature on nanoparticle focusing, this section
investigates the performance of the BGC-ALS configuration at three representative thermal
conditions: 4 K, 80 K, and room temperature. Since Brownian motion and gas viscosity
are strongly temperature-dependent, varying the gas temperature directly impacts the
focusing and diffusive spreading of the particle beam. The simulations are performed
using the identical flow rate of 15 ml,/min and geometry across all cases to evaluate the
injector’s robustness and efficiency over a broad temperature range.

Figure 7.13 (a) presents the evolution of particle beam widths (FWHM) at various
distances downstream of the BGC-ALS exit. A clear trend emerges: lower gas temper-
atures result in significantly narrower particle beams, highlighting the effectiveness of
cryogenic operation in suppressing thermal diffusion and improving beam collimation.
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Fig. 7.12. Comparison of particle beam size evolution (FWHM) between BGC and BGC-ALS
setups with an inlet helium flowrate of 15 ml,, /min (a) for 88 nm polystyrene spheres.
(b) for 10 nm polystyrene spheres.

However, in the BGC-ALS configuration, this improvement cannot be attributed solely
to the reduction in Brownian motion. Temperature-induced changes in gas viscosity also
modify the flow regime. Despite the same inlet flow rate, each case exhibits different
flow characteristics. For the 4 K case, the number density before the aerodynamic lens
section is 3.54 x 10?2 m~3, with a corresponding Knudsen number of 0.0334. At 80 K,
the number density is 1.55 x 10*2 m~3 and Kn = 0.132, while at room temperature it
is 8.58 x 10*! m~3 with Kn = 0.27. Therefore, to achieve a flow regime comparable to
that of the low-temperature condition particularly with respect to the Knudsen number,
a higher inlet flow rate is required at elevated temperatures to maintain an equivalent
number density of the gas.

To isolate the effect of Brownian motion resulting from temperature variations, it is es-
sential to study the particle beam evolution under consistent flow regimes, i.e., at identical
gas number densities. Achieving this by adjusting the inlet flow rate to maintain the same
Knudsen number across different temperatures requires an iterative and computationally
intensive process. To simplify the analysis while preserving control over the Knudsen
regime, additional simulations were conducted for the ALS component alone from the
BGC-ALS injector, using a fixed inlet number density n;, = 1 x 10?2 m~3 for all three
temperatures (4 K, 80 K, and room temperature). Particles were introduced at the ALS
inlet following a Gaussian spatial distribution with an initial beam width of 4 x 1072 m
and no initial velocity. The initial particle temperature is assumed to be equal to the
corresponding gas temperature.

Figure 7.14 shows the flow fields at different temperatures and the corresponding tra-
jectories of 10 nm nanoparticles through the ALS. Here, r represents the radial and z the
axial coordinate of the flow domain. The effect of Brownian diffusion becomes apparent
when comparing particle trajectories at various temperatures. At room temperature, in-
creased diffusion causes poor focusing, with some particles failing to traverse the ALS
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Fig. 7.13. Simulated evolution of particle beam widths (FWHM) for 10 nm diameter polystyrene
particles at different helium flow temperatures: (a) through the BGC-ALS configura-
tion with a constant inlet flow rate of 15 ml,/min; (b) through the ALS component
alone with a fixed inlet number density of 1 x 10?2 m~3.

completely. As the temperature decreases, Brownian motion is suppressed, resulting in
improved confinement and more effective transmission of particles through the lens sys-
tem. Reducing the gas temperature thus not only enhances beam collimation but also
significantly improves particle transmission efficiency.

Figure 7.13 (b) presents the evolution of the particle beam width (FWHM) along the
downstream distances of the ALS exit. The results confirm that lower gas temperatures
yield narrower particle beams, even when the flow regime is held constant. These find-
ings demonstrate the extent to which beam collimation can be improved purely through
temperature control, independent of flow regime variations.

7.6 Conclusions

This chapter presented a detailed numerical investigation on the performance of cryogenic
buffer-gas injectors, focusing on their ability to efficiently deliver protein-sized nanoparti-
cles for single-particle imaging (SPI) applications. The multiscale simulation framework,
comprising a hybrid DSMC/CFD methodology for gas dynamics and the Lagrangian
CMInject tool for particle tracking, was employed to model gas-particle interactions under
highly rarefied, cryogenic conditions. The approach builds upon the framework validated
earlier for room-temperature ALS injectors and extends its application to helium flows at
low temperatures.

The simulation methodology was first benchmarked using a canonical rarefied flat-
plate flow problem at cryogenic temperatures to evaluate the applicability of classical
intermolecular collision models (VSS with Larsen-Borgnakke) under conditions where
quantum effects may become relevant. Notably, the classical scattering models were found
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Fig. 7.14. Simulated trajectories (colored lines) of the 10 nm PS through the aerodynamic-lens
stack drawn on top of the gas-flow field (n;, = 1 x 10?? m~3) visualized by the axial
velocity in a logarithmic color scale.

to adequately capture experimental trends, even in regimes where quantum phenomena
could potentially influence the flow behavior. The validated framework was then applied to
simulate two key injector configurations: the standalone cryogenic buffer-gas cell (BGC)
and the combined BGC-Aerodynamic Lens Stack (BGC-ALS) system. For the BGC
configuration, helium flow at 4 K was modeled and combined with particle tracking of
220 nm polystyrene spheres, while the BGC-ALS configuration was validated using 88 nm
polystyrene particles at both 4 K and 80 K. In both cases, the simulations showed good
agreement with experimental measurements, demonstrating the predictive accuracy and
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robustness of the multiscale simulation pipeline across a wide range of cryogenic operating
conditions.

Beyond validation, the study explored the behavior of smaller 10 nm particles, repre-
sentative of proteins, highlighting the challenges associated with focusing such low-inertia
particles due to strong Brownian motion and low drag. Comparative simulations showed
that while the BGC-ALS configuration offers superior beam collimation over the BGC-
only design for 88 nm particles, its performance for 10 nm particles is more limited, with
broader beam widths and less pronounced focusing. These findings underscore the need
for further injector optimization, especially in lens design, flow rate tuning, and geometric
configuration, when targeting particles smaller than 20 nm.

Furthermore, the effect of carrier-gas temperature on focusing was systematically ex-
amined. Results confirmed that lower temperatures lead to narrower particle beams due
to reduced thermal diffusion and changes in flow viscosity. However, it was also shown
that to fairly isolate the impact of Brownian motion, simulations at different temperatures
must maintain constant number densities of the gas flow, which in turn requires different
inlet flow rates due to varying gas properties.

In summary, this chapter establishes the applicability and limitations of the current
hybrid simulation methodology for cryogenic injection systems and provides physical
insight into the design and operation of injectors optimized for nanoparticles smaller
than 100 nm. These results lay the groundwork for future studies aimed at tailoring
ALS geometries and buffer-gas cell parameters to meet the stringent requirements of SPI
experiments targeting smaller macromolecules and proteins.
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This thesis established a comprehensive simulation methodology for the predictive model-
ing and optimization of nanoparticle injection systems, with a particular focus on aerody-
namic lens stacks (ALS) as used in single-particle diffractive imaging (SPI). By addressing
the multiscale nature of gas flows within and beyond these injectors — ranging from con-
tinuum to free molecular regimes — this work overcomes the constraints of traditional
single-regime solvers, providing a validated computational framework suitable for both
theoretical investigations and experimental injector design.

A key foundation of this research was the detailed evaluation of classical computational
fluid dynamics (CFD) methods based on the continuum assumption and direct simulation
Monte Carlo (DSMC) methods for simulating low-density gas flows where the continuum
assumption breaks down. Canonical test cases, including internal nozzle flows and external
conical body flows were used to assess the accuracy and applicability of each solver. In the
CFD evaluation, both pressure-based and density-based approaches were first validated on
the internal nozzle expansion case, with the density-based solver rhoCentralFoam demon-
strating superior performance in capturing steep gradients and compressibility effects,
making it more suitable for high-speed flows. For internal flows, DSMC outperformed
CFD in resolving rarefaction-induced effects such as viscous dissipation from flow ther-
malization dominated by molecule-surface collisions and non-equilibrium phenomena like
rotational freezing, where rotational and translational temperatures decouple due to rapid
expansion. For external hypersonic flows, the Knudsen number near the surface decreases
due to shock-induced compression, placing the region closer to the continuum regime; both
CFD and DSMC showed good agreement near the surface, although DSMC predicted a
consistently thicker shock layer due to its ability to capture non-equilibrium effects. These
studies established the operational limits and complementary strengths of each method
in flow regimes and geometries relevant to aerosol injector applications.

To overcome the limitations of both single methods, a hybrid DSMC/CFD framework
was constructed. This one-way coupling approach uses the CFD simulation to provide
boundary conditions for the DSMC prediction, while backward coupling is not considered.
This is justified for gas flows in aerosol injectors used in SPI experiments, where rarefaction
arises mainly from gas expansion and the impact of the rarefied region on the upstream
flow is minimal, allowing for improved computational efficiency without compromising
accuracy. The coupled procedure was validated against experimental data and has shown
to offer a highly efficient and accurate solution across multi-regime flows. The domain
decomposition into CFD and DSMC regions was guided by an established continuum
breakdown criterion based on local and global Knudsen numbers. While such criteria have
been used in earlier studies, their consistent and practical implementation in the context
of nanoparticle injector geometries demonstrated the framework’s adaptability.
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A comprehensive sensitivity analysis of the DSMC method was conducted on the canon-
ical test cases to understand the influence of key numerical parameters on the accuracy
achieved. These included the number of simulation particles per cell, the grid resolution,
and the time step size, all of which were shown to impact statistical convergence and
computational costs. The effect of gas-surface interaction models and molecular collision
models (e.g., VHS vs. VSS, constant vs. variable relaxation) was systematically assessed,
revealing their significance in predicting near-wall behavior and thermodynamic properties.
In addition, statistical error analyses — based on root-mean-square deviation metrics — were
performed to quantify the noise inherent in DSMC simulations and to establish optimal
sampling strategies. This parameter space exploration not only provided best-practice
guidelines for the DSMC solver configuration but also enhanced the robustness and relia-
bility of the hybrid methodology. The selective application of molecular simulations only
in regions, where it is necessary to maintain accuracy, significantly reduced computational
costs without compromising predictive fidelity.

Furthermore, performance studies involving both strong and weak scaling were con-
ducted to evaluate the computational speed-up and energy consumption of DSMC simu-
lations. These investigations confirmed that SPARTA’s dynamic load balancing feature
delivered the most efficient parallel performance. Overall, this study helped to identify
an optimal parameter and solver setup that ensures hybrid DSMC/CFD simulations to
remain both accurate and computationally efficient.

The hybrid framework was then applied to simulate particle transport through ALS
injectors under varying pressure and particle-size conditions. The study introduced physics-
based drag models, including the Epstein [46] and Baines [47] formulations, and accounted
for Brownian motion effects [170] to accurately resolve nanoparticle dynamics. For highly
rarefied flow conditions, where standard drag models overestimate momentum transfer,
a novel relaxation model was developed [74]. This model, inspired by DSMC sampling
techniques, corrected the drag force based on probabilistic molecular collision filtering
within a sub-cell volume. The resulting predictions for nanoparticle beam width and
focus position exhibited excellent agreement with experimental observations for different
particle sizes.

Comparative analyses between the hybrid framework (DSMC/CFD + particle transport)
and a conventional pure CFD-based approach (CFD + particle transport) revealed that
the hybrid methodology consistently outperformed the pure CFD method under the given
experimental conditions, specifically for ALS systems operating at low inlet pressures.
The hybrid simulations more accurately predicted both the nanoparticle beam width and
focus position, with deviations falling well within the experimental uncertainty range,
thereby demonstrating its superior predictive fidelity across a wide range of flow regimes
and particle sizes relevant to SPI applications.

Finally, the methodology was utilized to simulate the performance of an ALS com-
bined with cryogenic buffer-gas cooling (BGC), a configuration proposed for enhancing
the focusing of smaller particles (d, < 100 nm). The hybrid methodology — adapted to
simulate buffer-gas environments, was first validated against available experimental data
for standalone BGC and BGC-ALS injector configurations. Upon confirming its predic-
tive capability under these cryogenic conditions, the framework was applied to investigate
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the focusing performance of protein-sized nanoparticles (= 10 nm). The hybrid simula-
tions demonstrated that lowering the carrier gas temperature substantially improved the
beam quality and focusing sharpness, especially for particles in the protein-size regime.
This improvement is primarily attributed to the reduction in thermal velocity at lower
temperatures, which suppresses Brownian diffusion. These findings reinforce the poten-
tial of cryogenic ALS-BGC systems for pushing the lower size limit of SPI-compatible
nanoparticles.

Overall, the thesis demonstrated that the hybrid DSMC/CFD framework, when com-
bined with appropriate drag models and detailed numerical calibration, provides a powerful
tool for the accurate and efficient simulation of nanoparticle injection systems. The vali-
dated predictions not only reproduce experimental trends across a wide range of conditions
but also enable systematic injector optimization for future SPI applications.

8.1 Outlook

Future work can proceed along multiple directions to further advance the simulation frame-
work developed in this thesis and address its current limitations. Despite the promising
results demonstrated in this thesis, the hybrid simulation methodology also possesses
certain limitations and requires future refinement.

As the current DSMC/CFD methodology was utilized to simulate low-temperature or
cryogenic gas flows, which is particularly relevant for buffer-gas cooling (BGC) systems,
quantum effects in intermolecular collisions may become significant [191]. Conventional
DSMC relies on classical collision models, which may not fully capture the transport
phenomena at very low temperatures where ab-initio potentials and quantum scattering
theory become more appropriate. For such regimes, advanced modeling approaches based
on quantum kinetic theory or validated empirical corrections taking these effects into
account may need to be incorporated to ensure accuracy.

Another limitation is the current use of a one-way coupled hybrid DSMC/CFD ap-
proach. While effective in many cases, this method does not capture feedback effects that
may arise in regions of strong gas-particle interaction or flow instabilities, such as vortex
shedding near the continuum breakdown interface. In these cases, a two-way coupled
DSMC/CFD framework, where information is exchanged iteratively between the contin-
uum and molecular solvers — could improve the fidelity of flow predictions, although at
increased computational expense.

Looking ahead, future work will focus on improving and extending the drag force models
used in transitional and free-molecular regimes. In particular, experimental and numerical
studies are planned to better characterize the relaxed drag model introduced in this
work, especially under highly rarefied BGC/BGC-ALS conditions. The aim is to refine
the stochastic collision-filtering methodology and calibrate it against new measurements
across a broader range of flow velocities, particle sizes, and temperatures.

Efforts will also be directed toward advancing heat transfer models in nanoparticle-laden
rarefied flows. Current approaches remain simplistic in describing the thermodynamic
evolution of particles during injection [170]. More sophisticated models that capture
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energy exchange dynamics — including accommodation coefficients and inelastic collisions
— are needed to support future experiments involving thermally sensitive biomolecules or
nanoparticles.

One key challenge lies in accurately resolving low-Mach number transitional flows
within the DSMC regime. Under such conditions, macroscopic quantities like pressure,
temperature, and velocity are particularly susceptible to statistical noise, which can lead to
inaccuracies in the simulation results. This issue is amplified when simulating unsteady or
slowly evolving flows, where a large number of time steps and particle samples are required
to achieve statistically converged solutions, substantially increasing the computational
cost. These challenges are further intensified in three-dimensional simulations, where
the increased dimensionality leads to a significant rise in the particle count, placing
heavy demands on memory, processing time, and data storage. As a result, achieving
convergence in 3D DSMC simulations under low-Mach number, transitional conditions
remains a particularly demanding task.

A potential direction for mitigating these limitations lies in the integration of dis-
crete velocity methods (DVM) as an alternative to DSMC for low-speed flows. Unlike
DSMC, which relies on statistical sampling of particle interactions, DVM directly solves
the Boltzmann equation on a discretized velocity space, avoiding stochastic noise and
offering inherently smoother solutions in rarefied flow regimes. Future work could focus
on developing improved DVM schemes capable of accurately capturing both low-speed
and high-speed flow features. The validity of such solvers could be established through
systematic comparisons with DSMC results across a range of benchmark cases. Upon
validation, the refined DVM could be incorporated into a hybrid DVM/CFD framework,
where continuum methods resolve high-density regions and DVM handles the rarefied
zones. Alternatively, a unified DVM-based multiscale solver — such as the Unified Gas-
Kinetic Scheme (UGKS) [193] or the Discrete Unified Gas-Kinetic Scheme (DUGKS) [194,
195] — could be applied to seamlessly bridge different flow regimes without requiring ex-
plicit coupling interfaces. This approach is particularly promising for 3D simulations, as it
could significantly reduce the computational cost associated with statistical fluctuations
while maintaining high accuracy in regions with complex rarefied flow behavior.

An additional direction for future work involves the integration of machine-learning (ML)
techniques into the simulation framework to improve modeling accuracy and computational
efficiency. Traditional drag models often lack accuracy, particularly under highly rarefied
conditions — where more detailed, relaxed stochastic models are needed [74]. These
advanced models, although more accurate, are significantly more demanding concerning
computational resources. By leveraging simulation data from hybrid DSMC/CFD studies
under a range of flow and particle conditions, machine learning models can be trained to
reproduce relaxed drag force behavior. Once trained, these surrogate models could provide
fast and accurate drag predictions across multiple flow regimes, significantly reducing the
computational cost of the simulations. Furthermore, such ML-based approaches, trained
on simulation data, can be used to extend drag force models for nanoparticles exhibiting
non-spherical or irregular geometries.

In addition, ML can be used to reduce the limitations of pure CFD-based flow pre-
dictions by learning the discrepancies between CFD and hybrid results, particularly in
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near-rarefied conditions where continuum assumptions start to break down. Currently,
work is underway to apply this approach to canonical test cases, with the intention of
extending it to more complex injector configurations upon successful validation. Another
promising application is related to design optimization. By generating simulation data
across various ALS and BGC configurations, ML-driven surrogate models can be cou-
pled with optimization algorithms to identify injector geometries that maximize focusing
efficiency for specified particle types. These approaches can significantly reduce simula-
tion time, guide experiment planning, and enable real-time parameter tuning in complex
injection systems.

In summary, the outlook for advancing hybrid gas-particle simulation frameworks is
broad and promising. By incorporating deterministic kinetic solvers, quantum-level mod-
eling, and data-driven techniques, future research can overcome current limitations and
enhance the predictive capability, efficiency, and versatility of nanoparticle injection sim-
ulations. These developments will be essential for optimizing injector performance and
supporting next-generation single-particle imaging experiments.
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A Suplementary information —
chapter 2

The fvSchemes and fvSolution files provided in this appendix define the discretization
schemes and solver settings used in the OpenFOAM simulations presented in this work.

A.1 fvSolution file - rhoCentralFoam

FoamFile
{
version 2.0;
format ascii;
class dictionary;
location "system";
object fvSolution;
}
J/ % % %k k k %k %k % % k k % >k >k >k % % % % *k *k % >k >k >k % % % % %k *k kx % % *x *x *x //
solvers
{
"(rho|rhoU|rhoE)"
{
solver diagonal;
}
U
{
solver smoothSolver;
smoother GaussSeidel;
nSweeps 2;
tolerance 1e-09;
relTol 0.01,;
}
e
{
$U;
tolerance 1e-10;
relTol 0;
}
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A.2 fvSolution file - sonicFoam

FoamFile
{
version 2.0;
format ascii;
class dictionary;
location "system";
object fvSolution;
}
J/ % % % k %k %k % % % % % % * * %k % % %X X
solvers
{
Np k!
{
solver PBiCGStab;
preconditioner DILU;
tolerance le-16;
relTol 0.01;
}
"(Ule) . x"
{
$p;
tolerance le-16;
relTol 0.01,;
}
"rho.x*"
{
solver diagonal;
}

¥ %k %k %k % %k Xk % % % * %k % % % *x x x [/
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A.3 fvSchemes file - rhoCentralFoam

FoamFile
{
version 2.0;
format ascii;
class dictionary;
location "system";
object fvSchemes;
}
[/ % % % ok ok ok ok ok ok ok ok ok k ok ok ok ok ok ok ok ok ok ok ok ok k k k ok ok ok ok ok kx x x x [/
fluxScheme Kurganov;
ddtSchemes
{
default Euler;
}
gradSchemes
{
default Gauss linear;
grad (U) celllLimited Gauss linear 1;
}
divSchemes
{
default none;
div(tauMC) Gauss linear;
}
laplacianSchemes
{
default Gauss linear limited corrected 0.5;
}
interpolationSchemes
{
default linear;
reconstruct(rho) vanleer;
reconstruct (U) vanLeerV;
reconstruct(T) vanLeer;
}

snGradSchemes
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A.4 fvSchemes file - sonicFoam

FoamFile

{
version 2.0;
format ascii;
class dictionary;
location "system";
object fvSchemes;

}

[/ % % % ok ok ok ok ok ok ok ok ok Kk ok ok ok ok ok ok ok ok ok ok ok ok k k ok ok ok ok ok ok ok x x x //
ddtSchemes

{
default Euler;
}
gradSchemes
{
default Gauss linear;
grad (U) celllLimited Gauss linear 1;
}
divSchemes
{
default none;
div(phi,U) Gauss vanleerV;
div(phid,p) Gauss limitedLinear 1;
div(phi,e) Gauss limitedLinear 1;
div(phi,K) Gauss limitedLinear 1;
div(phiv,p) Gauss limitedLinear 1;
div(((rho*nuEff)*dev2(T(grad(U))))) Gauss linear;
}
laplacianSchemes
{
default Gauss linear limited corrected 0.5;
}
interpolationSchemes
{
default linear;
}
snGradSchemes
{
default corrected;
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B.1 Additional case — Focusing of 25 nm gold nanometer
particles

In this section, an additional test case is presented. Figure B.1 shows the particle beam
width at different positions after the ALS exit for gold spheres of 25 nm at an inlet pressure
of 180 Pa. For this gold-sphere case, a slightly different ALS geometry is used [37]. It has to
be noted that for this setup, the beam width is quantified based on 70 % quantile of particle
positions in radial direction (d70) instead of FWHM. The hybrid DSMC/CFD approach
is used along with the molecular drag force model (Egs. (4.9)/(4.10) or Eqs. (4.11)/(4.12)
based on the Mach number of the flow). As visible in Figure B.1, the results predicted by
the simulation show very good agreement with the experimental data. Furthermore, the
influence of Brownian diffusion (Eq. (4.20)) on the beam widths is also discussed. The
simulation without the Brownian force model showed a drastic reduction in beam widths,
clearly demonstrating the necessity of including this model. This additional application
case underlines the suitability of the chosen simulation approach.

120
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3 4
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Fig. B.1. Particle-beam-size evolution of 25 nm AulNP at inlet pressure of 180 Pa.
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C CMinject.jl: A Julia framework for
the numerical simulation of

nanoparticle injection pipelines1

The particle trajectory calculator, CMInject, described in Chapter 4, was originally devel-
oped and benchmarked in Python 3. To simplify numerical implementation and potentially
enhance computational performance, a prototype version has been developed in Julia. The
Julia implementation offers improved code alignment with mathematical notation, thereby
increasing clarity for future contributors. In this chapter, the initial benchmarking results
are presented, validate simulation tool against experimental data and its computational
performance is evaluated by comparing the Julia and Python versions.

C.1 CMinject.jl

In the Julia build of CMInject, the Langevin dynamics are integrated directly as stochas-
tic differential equations (SDEs) with an Euler-Heun scheme [197] provided by the
DifferentialEquations.jl package [198], replacing the operator-splitting ODE ap-
proach used in the Python version described in Chapter 4. As in Python, CMInject. jl
first reads the pre-computed flow-field data (velocity and pressure) and interpolates these
values at every particle position. The drag (drift) and Brownian (diffusion) forces are then
wrapped in an SDEProblem [199], promoted to an EnsembleProblem [200] for many sep-
arate runs, and solved in parallel with the Euler-Heun integrator via EnsembleThreads.
The EnsembleThreads scheduler uses Julia’s built-in multithreading to provide local,
shared-memory parallelism on a single node. These wrappers let the solver be expressed
in just a handful of clear calls, keeping the code nearly one-to-one with the governing
equations while Julia transparently handles parallelism and data management. The frame-
work supports nanoparticle-trajectory simulations in both 2-D and 3-D configurations, as
illustrated in Figure C.1.

C.2 Sample test case and simulation settings

For benchmarking this Julia-based framework, the test case described in Appendix B
was used — namely, the aerodynamic lens stack (ALS) geometry [37] with an inlet pres-
sure of 180 Pa and 25 nm gold particles. The carrier gas flow is computed using the

!This chapter is based on work by S. K. Peravali et al., as presented at JuliaCon 2024 [196]. In this work,
I served as the principal contributor, responsible for the development, analysis, and implementation
of the underlying methods.
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Fig. C.1. Sample particle trajectory plots simulated using CMInject.jl.

hybrid DSMC/CFD methodology. Particle drag is modeled using the Stokes-Cunningham
formulation (Eq. (4.5)), while Brownian motion is incorporated via Eqs. (4.17) and (4.18).

C.3 Results

Figure C.2 presents the evolution of the particle beam width at various positions down-
stream of the ALS exit for 25 nm gold spheres. The beam width is quantified using
the 70% quantile of particle positions in radial direction (d70). The simulation results
show excellent agreement with experimental measurements. Furthermore, a comparison
between the Julia-based and Python-based frameworks under identical simulation settings
shows negligible differences.

Simulation performance was evaluated by measuring wall-clock time as a function of
the number of particle trajectories. Both the Julia and Python implementations ran
on a single node of the HSUper HPC cluster at the Helmut-Schmidt University, which
provides 72 hardware threads. Figure C.3 (a) and (b) plot the elapsed time versus particle
count for the 2-D and 3-D test cases, respectively. In two dimensions, the Julia solver
outperforms the Python version up to roughly 10 particles; beyond this threshold the
Python implementation scales more favorably. In three dimensions, the Python code
exhibits shorter runtimes than the Julia prototype across the entire range of particle
numbers investigated.

To further assess the Julia framework, the code was profiled on the same ALS test case
executed with 4 and 16 threads. Table C.1 lists a subset of representative call functions on
the master thread, together with their wall-time speed-up from 4- to 16-thread execution.
Most functions exhibit near-ideal scaling; however, the initialization routine solve. jl
inside DifferentialEquations. jl scales poorly under EnsembleThreads, which may
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Fig. C.3. Performance evaluation CMlInject.jl compared with CMInject.py.

limit Julia performance at higher dimensions and larger particle counts. A detailed
investigation of this bottleneck is planned for future work.

4 Threads 16 Threads Scaling Factor

Total time 11136 ms 4845 ms 2.298
Solve.jl 3681 ms 1332 ms 2.898
HDF5/interpolation 2095 ms 918 ms 2.282

Tab. C.1. Call function and performance.
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C.4 Concluding remark

For the ALS benchmark both frameworks — the operator-splitting Python code and
the direct SDE solver implemented in Julia, yield identical particle-trajectory statistics,
confirming numerical equivalence. The Python version achieves shorter wall-clock times
once particle numbers and dimensionality become large, yet the Julia implementation
attains comparable accuracy with far simpler, more transparent code.
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The CFD simulation of the flat-plate flow was carried out using the rhoCentralFoam
solver in OpenFOAM, as previously assessed in Chapter 5. The numerical setup includ-
ing discretization schemes, interpolation techniques, and solver strategies were detailed
in Chapter 2. These settings are implemented through the fvSchemes and fvSolution
configuration files (see Appendix A). An overview of the boundary conditions applied in
the simulation is provided in Table D.1.

Boundary U P T

Inlet fixed value fixed value fixed value
Outlet zero gradient ~ wave transmissive  zero gradient
Wall no-slip zero gradient fixed value
Top symmetryPlane  symmetryPlane  symmetryPlane

Tab. D.1. Boundary conditions for the cryogenic helium flow over flat plate.

The flow is modeled as laminar owing to the low Reynolds number (Re < 1000), eliminat-
ing the need for turbulence modeling. Due to the absence of reliable Sutherland coefficients
for helium at cryogenic temperatures, a constant-transport model (constTransport)[60]
is used, in which the dynamic viscosity and Prandtl number are kept constant. These
transport properties are selected based on helium data at the respective gas temperatures,
as listed inTable D.2; using values from the NIST technical note [192]. The computational
grid for the CFD simulations is generated using the blockMesh utility in OpenFOAM and
consists of a structured mesh with 132 x 66 cells.

Gas temperature Dynamic viscosity (Pa.s) Prandtl number
293.14 K (room temp.) 1.96 x 107° 0.665
80 K 8.494 x 107 0.6952
10.7 K 2.189 x 107 0.6859
4 K 1.152 x 1076 1.135

Tab. D.2. Viscosity and Prandtl number of helium 4 at different temperatures.
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D.1 OpenFOAM mesh for buffer-gas injector geometries

The computational grids for the CFD simulations are generated using the blockMesh and
snappyHexMesh utilities in OpenFOAM. Figure D.1 and Figure D.2 show the structured
body-fitted grids for the BGC and the BGC-ALS geometries respectively obtained by used
above tools.

Fig. D.1. Structured body-fitted grid of the BGC geometry.

Fig. D.2. Structured body-fitted grid of the BGC-ALS geometry.
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