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HYPERGRAPH p-LAPLACIAN REGULARIZATION ON POINT
CLOUDS FOR DATA INTERPOLATION

KEHAN SHI *, MARTIN BURGER ¥

ABSTRACT. As a generalization of graphs, hypergraphs are widely used to
model higher-order relations in data. This paper explores the benefit of the
hypergraph structure for the interpolation of point cloud data that contain no
explicit structural information. We define the e,-ball hypergraph and the k-
nearest neighbor hypergraph on a point cloud and study the p-Laplacian reg-
ularization on the hypergraphs. We prove the variational consistency between
the hypergraph p-Laplacian regularization and the continuum p-Laplacian reg-
ularization in a semisupervised setting when the number of points n goes to
infinity while the number of labeled points remains fixed. A key improvement
compared to the graph case is that the results rely on weaker assumptions on
the upper bound of ¢, and k,. To solve the convex but non-differentiable
large-scale optimization problem, we utilize the stochastic primal-dual hybrid
gradient algorithm. Numerical experiments on data interpolation verify that
the hypergraph p-Laplacian regularization outperforms the graph p-Laplacian
regularization in preventing the development of spikes at the labeled points.

1. INTRODUCTION

A hypergraph H is a triplet with the form H = (V, E, W), where V' = {z;}1,
is the vertex set, E = {ex}}"; denotes the set of hyperedges, and W = {wi}}",
assigns weight wy > 0 for hyperedge ex. It is a generalization of a graph in the
sense that each hyperedge e, C V' contains an arbitrary number of vertices. Due to
the applicability of modeling higher-order relations in data, hypergraphs have been
extensively used in image processing [1, 2], bioinformatics [3, 4], social networks
[5, 6], etc.

This paper focuses on the p-Laplacian regularization on hypergraph H,

wp max [u(:) — u(e)l!, p> 1, (1)
k=1

which was first proposed in [7] for clustering and semi-supervised learning (SSL).
The authors defined the hypergraph total variation (i.e., energy (1) with p = 1)
in analogy to the graph case [8], i.e., it is the Lovdsz extension of the hypergraph
cut. Then a power p > 1 was introduced to avoid spiky solutions in SSL. Despite
the successful applications of energy (1) and its variants [9, 10, 11], some of its
mathematical properties are not clear. One of the fundamental questions is whether
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it is a discrete approximation of a continuum energy related to the p-Laplacian
regularization

/\Vu|pdx, p>1.
)

Since the latter is well-studied, a positive answer shall provide us with more insight
into the energy (1).

The difficulty comes from the complicated structure of the hypergraph. In
hypergraph-based learning, the first step is always to construct a hypergraph from
the given data. This is neither trivial nor unique [12]. Typically, we construct the
hyperedge using structural information, such as the attribute [13] or the network
[14], that is explicitly contained in the data. This means that the formulation of
energy (1) depends on the data, thus preventing us from establishing general results
for it.

In this paper, we define the ¢,-ball hypergraph H, . from a given point cloud
Q, = {z;}, and investigate the hypergraph p-Laplacian regularization on it in
a semisupervised setting. It is assumed that the first N points O := {x;}¥, are
labeled with labels {y;}; C R and the remaining n — N points are unlabeled and
drawn from a probability measure p supported in a bounded set Q C R? The
given point cloud §2,, forms the vertices of hypergraph H,, ., and each hyperedge
is a subset of §2,, consisting of a vertex and its €,-ball neighbors, i.e.,

V=0Q, FE={e:=DB(xken),xr € U }i_q, €n > 0.

The homogeneous weight W = {wy, := 1}}7_, is assigned. Then semi-supervised
learning with p-Laplacian regularization (1) on the hypergraph H, . is formulated
as the problem of finding an estimator u : ,, — R by minimizing

n

1
& = — i) — )P, > 1, 2
e (W) = k_lmi@jgﬁgm) [u(w;) —u(z;)P, p (2)

under constraint u(z;) = y; for x; € O. Here a scaling parameter niﬁ, is introduced
to ensure that the energy is well-defined when n — oco. The method makes use of
the smoothness assumption. Namely, vertices tend to share a label if they are close
to each other such that they are in the same hyperedge.

We are interested in the asymptotic behavior of &, ., when the number of data
points n goes to infinity while the number of labeled points N remains fixed. This
corresponds to the learning problem that assigns labels to a large number of unla-
beled data through a given few labeled data. It has tremendous practical value in
applications where acquiring labeled data is expensive and time-consuming, while
acquiring unlabeled data is relatively easy.

The continuum limit of &, . as n — oo reads

20 [, [VulPpdz, if ue WHP(Q),
+-00, otherwise,

E(u) = E(u; p) = { 3)
where p is the density of the probability measure p with respect to the Lebesgue
measure. To establish the connection between the discrete energy &, ., and the
continuum energy &£, we utilize the method developed in [15, 16], where continuum
limits of variational models on graphs were studied by tools of optimal transporta-
tion and T'LP topology. More precisely, we prove that &, ., I'-converges to &£ in the
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TL? topology as n — oo if the connection radius ¢, satisfies

8y L & < 1, (4)
where
/) g =1,
o= Wnn®® ey o (5)
7T if d >3,

is a constant depending on n and d.
In the case of the constrained energy

£0m () = Ene,(u), ifu(z;) =y, for z; € O,
e ] oo, otherwise,

(6)

where the training set {(z;,v:;)}; is taken into account, the corresponding con-
tinuum limit becomes

con con E(w), ifueWh?(Q)and u(z;) =y, for z; € O,
£eon(u) — £ (u;p):{m () and u(zs) =y

400, otherwise.

(7)

If p > d, Sobolev’s embedding theorem [17] implies that the minimizer of £°°" is
Holder continuous and the constraint is well-defined. Under assumptions (4) and
p > d, we also have that 7" T'-converges to £°°" in the T'LP topology as n — oo.
As a consequence, the minimizer of £°" converges to the minimizer of £°" in
the T'LP topology as n — oo. In other words, £;°" is a discrete approximation
of the continuum functional £°°™ on the point cloud. If p < d, £°°™ = £ and the
minimizer of £;°" converges to a minimizer of £ instead, which is a constant. This
means that 8;05" is degenerate and develops spiky solutions for large n.

A similar result holds for the constrained p-Laplacian regularization on the ran-
dom geometric graph under an additional assumption on the upper bound of the

connection radius €,, i.e.,
1\ 7
h<Len < | =] .
n

See [16] and Section 1.1 for more details. This reveals that the hypergraph structure
is beneficial in a semisupervised setting even for point cloud data that contain no
explicit structural information.

The cardinality for the hyperedge of the ¢,-ball hypergraph generally varies
significantly. This causes high computational costs in applications. A more feasible
alternative is to consider the p-Laplacian regularization on the k,-nearest neighbor
(kn-NN) hypergraph H,, j,, which reads

n?

1 n
Fura () = —5 > max [u(a:) —ulz,)P, p> 1. 5)

n
k=1%i,Tj~ Tk

) 1k, 1/d
En = (ozdn> , (9)

. . . Ky,
ag denotes the volume of the d-dimensional unit ball, and z; < z; denotes that
vertex x; is among the k, nearest points to vertex x.

Here
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The motivation for the definition of &, is as follows. Let u, = %Z?:l 0z, be
the empirical measure of ,,. If p = 1 and n is large, then for any z; € 2, and a
constant connection radius €, > 0,

pin(B(Tk,en)) = p(B(wk,60)) = OszZ.
This is what we are doing on the g,,-ball hypergraph, while on the k,-NN hyper-
graph, the connection radius ¢, is now a function of x; such that

fn(B(1, €0 (1)) = ’%

For sufficiently large n,
k

3

(B(Tky, en(Tk,))) = pin(B(Tky s €n(Tr,))) =
= Un(B(xkzvgn(xkz))) ~ B(xk2a€n($kz)))’

which means that e, (z)) is approximately a constant function (denoted by &,).
Then we have

~ 3

kn

s, = p(B(wk,En)) % in(B(wx, &) = pin (B(wk, €n(wr)) = =

)

from which we obtain (9).
Under the assumption
Op K &y < 1,
all theoretical results regarding the €,-ball hypergraph p-Laplacian regularization
Ene,, and EL" also hold for F, k, and F7! , where

n,kn?
con Fok, (), if u(z;) =y, for z; € O,
n,kn ('LL) = { . (10)
00, otherwise.

The only difference is that the continuum limits possess a different weight. Namely,
Fnk, and Fr%4! (p > d) '-converge to £( - :pt7P/dy and £ ( - 5 pP/?) as n — oo
respectively.

Due to the maximum function, energy (6) and energy (10) are convex but non-
differentiable for any p > 1. The primal-dual hybrid gradient (PDHG) algorithm
[18] was used in [7] when p = 1,2. Considering that the number of hyperedges
n is usually large, the recent stochastic PDHG algorithm [19] provides us with a
more efficient scheme, in which it updates a random subset of the separable dual
variable in each iteration. The resulting algorithm updates the primal variable
by projecting onto the training set, and updates the dual variable by solving the
proximal operator of || - H’f/ P~!(p > 1). The latter has no closed-form solution
but can be solved exactly in a few iterations. In the case p = 1, the subproblem
involving the dual variable becomes a projection onto the L' ball.

The theoretical results are partially verified by numerical experiments. By com-
paring the hypergraph p-Laplacian regularization and the graph p-Laplacian regu-
larization for data interpolation in 1D, we observe that the hypergraph structure
can better suppress spiky solutions. Experiments on higher-dimensional data in-
terpolation, including SSL and image inpainting, are also presented to obtain the
same conclusion.

At last, we mention that energy (2) and energy (8) consist of n terms, each of
which is nothing but a p-th power of the objective function of the Lipschitz learning
[20, 21] on a hyperedge. The Lipschitz learning (see (12) for its definition) has been
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proven to be effective in suppressing spikes [22, 23]. This informally explains the
numerical results that the hypergraph p-Laplacian regularization suppresses spikes
better than the graph one.

This paper is organized as follows. We complete the introduction with a brief
review of the graph p-Laplacian regularization. In Section 2, we present definitions
of the €,-ball hypergraph and the k,-NN hypergraph, and present mathematical
tools needed for the following study. The continuum limits of the p-Laplacian regu-
larization on the €,-ball hypergraph and the k,-NN hypergraph in a semisupervised
setting are studied in Section 3 and Section 4, respectively. Section 5 is devoted
to the numerical algorithm, which is based on the stochastic primal-dual hybrid
gradient method. Numerical experiments are presented in Section 6. We conclude
this paper in Section 7.

1.1. Related works on the graph p-Laplacian regularization. The graph-
based method has been widely used for SSL. It constructs a weighted graph G,
with vertex set Q,, = {z;}?_, to represent the geometric structure in €,,. We follow
the previous notation and assume that the first V vertices O = {z;}¥| are labeled
with labels {y;},. It is commonly assumed in the theoretical study that G, is
a random geometric graph. Namely, the unlabeled vertices {z;};" r,; are drawn
from a probability measure ;1 and an edge e; ; between two vertices x; and x; exists
if and only if their distance is smaller than a given connection radius e,. The
weight w; ; > 0 for edge e; ; is a nonincreasing function of the distance. Then an
estimator is obtained by minimizing an objective functional defined on G,, under
the constraint on the labeled subset.
The graph Laplacian regularization

n
Z w; jlu(z;) — u(z;)|?,  subject to u(z;) = y; for z; € O,
ig=1

was first proposed in [24] for SSL and is one of the most well-known approaches. It
has attracted a lot of attention [25, 26] and has applications in clustering [27], man-
ifold ranking [28], image processing [29], etc. Still, one of its drawbacks can not be
neglected. It is degenerate in the sense that the minimizer becomes noninformative
and develops spikes at the labeled points z; € O when the labeling rate % = %
is low [30]. Variants have been proposed as a remedy: In [31, 32], the authors
proposed to assign more weights for edges adjacent to the labeled points. Instead
of imposing the labels as boundary conditions, the authors of [33] constructed a
source term with the labels and proposed the Poisson learning.

In [34], the authors suggested to use the p-Laplacian regularization [35, 36] with

p > d, which has the following form

n,e .
" 400, otherwise.

ES (u) = {Tplgg doijmr wiglu(z) —uzy) P, if u(z;) = y; for z; € O, (1)

1
n
consistent in the T'LP topology with the continuum energy

1
A rigorous study [16] indicates that if 4, < &, < ( ) 7, energy Ep°0 is variational

con () apr \Vu(x)\pr(x)dx, ifue WLP(Q) and u(z;) = y; for z; € O,
E u) =
400, otherwise,
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where 0, > 0 is a constant. Furthermore, the minimizer of E;°" converges to
the minimlizer of E™ in the TLP topology as n — oco. The assumption J, <
en K (%)E and the definition of d,, (see (5)) imply that p > d. Consequently, by
Sobolev’s embedding theorem, the minimizer of E°™ is Holder continuous and the
constraint in E°" is well-defined. If p < d or ne? — oo, the continuum limiting
energy of E7°" is similar to E°" but without the constraint on the labeled subset,
ie.,

op [ [Vu(@)|Pp?(z)dz, if ue WHP(Q),
E(u) = .
400, otherwise.

This indicates that E;°" forgets the labels for large n and explains the occurrence
of spikes in the graph-based SSL.

The minimizer of energy E7°" gains more smoothness as p increases. Recently,
some authors studied the case p — 400, which leads to the Lipschitz learning for
SSL [20, 21],

1
— max_ w; jlu(x;) —u(z;)|, subject to u(z;) =y, for x; € O. (12)
En Ti,T;EQn

As expected, the minimizer of the continuum limiting energy

Fo(u) = Ooo€SSSUP,cq |Vu(z)|, if ue WhHo(Q) and u(z;) =y; for z; € O,
M 0, otherwise,

attains the labels continuously [22, 23]. However, (12) is less attractive for SSL since
it forgets the distribution of the unlabeled points as n — oo [34]. For the related
oo-Laplacian equation, the author of [22] proved that the self-turning weights allow
to remember the distribution.

Finally, we mention that the k,-nearest neighbor (k,-NN) graph has a more
practical value than the random geometric graph due to its sparsity. In [37], the
author studied the continuum limit of the total variation on the k,-NN graph for
clustering. The method is also valid for the graph p-Laplacian regularization with
p > 1 on the k,-NN graph. The basic idea is to replace the connection radius &,
in ;" by &, defined in (9).

2. PRELIMINARIES
2.1. Settings. Let
Q’n = {xlv"‘ ,QCN,xNJrl,"‘ 71'?7,}

be a point cloud in the bounded domain 2 C R? (d > 1). We are given a training
set {(zi,9i),i = 1,--- , N} with N labeled points O = {z;}¥;, where each y; €
{1,---,L} for an integer L > 2 is the label of point z; € O. The task of semi-
supervised learning (SSL) is to assign labels from the label set {1,---, L} to the
remaining points {n41, "+ ,Tn}.

In this paper, we let the number of the labeled points IV be fixed and study the
asymptotic behavior of variational models defined on €2,, when n goes to infinity. It
is assumed that the unlabeled points {z;};" 5, are independently and identically
distributed (i.i.d.) random samples of a probability measure p on 2. The density
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p of p (with respective to the Lebesgue measure) is a continuous function with
positive lower and upper bounds, i.e.,
0 < inf p(z) < sup p(z) < co.
e T=te)

Throughout this paper, € is a connected and bounded domain with Lipschitz
boundary 992.

2.2. Hypergraphs. We consider regularizations on hypergraphs in a semisuper-
vised setting. The first step is to generate a hypergraph from the given data set €,,.
Clearly, it is not unique and affects the performance for SSL. A brief review of the
generation of hypergraphs can be found in [12]. Since the data set 2, contains no
explicit structural information, we construct the hypergraph by the distance-based
method. More precisely, each hyperedge is a subset consisting of a vertex and its
neighbors. The following two hypergraphs called the e,-ball hypergraph and the
k,-NN hypergraph are considered in this paper. Such hypergraphs have been used
for image classification, image segmentation, and recommender systems [38, 39, 40].

The €,-ball hypergraph. Let ¢, be a constant representing the connection radius.
The e,-ball hypergraph is defined as

Hn,an = (Vna En,En7Wn)a

with vertices V,, = Q,, = {zx}}?_,, hyperedges E, ., = {e](:")}ﬁzl, and weights
Wy, = {wi}}_,, where

e,(:'") ={z; € Qy |z —x;| <&}

is the hyperedge corresponding to the centroid zy. In this definition, we have no
preference for different hyperedges. Consequently, we let wy, = 1 for any k =
1,2--- ,n. By considering H, ., in the p-Laplacian regularization (1), we obtain
Ene, (defined in (2)) with an additional scaling parameter.

In the following, we assume that €, > §,. Then, with probability one, the &,-
ball graph is connected [41, 15]. Namely, for any z;,x; € €2, there exist vertices
Ty = X4, Thy, ** Th,_;, Tk, = &j, such that |rg, — x| < &, for any 2 <[ < s.
This indicates that hyperedge e,f") has cardinality \egf")\ >2forany k=1,2---,n
and hypergraph H,, ., is also connected.

The k,,-NN hypergraph. The k,-nearest neighbor (k,-NN) hypergraph is more fre-
quently used in practice. In contrast to the €,-ball hypergraph, the k,-NN hyper-
graph selects a fixed k,, > 2 neighbors for each vertex to form a hyperedge. More
precisely, it is defined as

Hn,kn = (Vn; En,kna Wn)a

(kn
k

with a different hyperedge set E,, i, = {e )}Z:v where

n kp
e,(f ) = {z; € Qp i aj ~ ap},

and x; Ky xy denotes that x; is among the k,-nearest neighbors of x;. Hence H,, 1,
is a k,, uniform hypergraph.

Again, if &, > 0, the k,-NN graph is connected with probability one [37].
Consequently, \egv“)| > 2 for any k = 1,2,--- ,n and hypergraph H, j, is also
connected.
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2.3. Mathematical tools. In this subsection, we present mathematical tools that

will be needed for our study. We follow the idea of [16] and consider the conver-

gence of minimizers of discrete functionals defined on hypergraphs to minimizers of

continuum functionals. It relies on properties of I'-convergence [42, 43], the optimal

transportation from the probability measure u to the associated empirical measure
» [44], and the T'LP space [15].

Definition 2.1. Let X be a metric space and F,,, F : X — [—00,00] be functionals.

We say that F,, T'-converges to F' as n — oo, denoted by F, I, F, if for every
zeX,

o Liminf inequality: For every sequence {x,}nen C X converging to x,

liminf F, (x,) > F(x).
n—oo

o Limsup inequality: There exists a sequence {xn}neny C X converging to x
such that
limsup F,(z,) < F(x).
n—oo
The T-convergence implies the convergence of minimizers, see [43, Theorem 1.21]
for the proof.

Proposition 2.2. Let X be a metric space, F,,, F : X — [0, 00] be functionals, and
F, F Z 00 asn — oco. If there exists a precompact sequence {Tp tnen such that

i (o) o Fote)) =0

then

lim inf F,(z) = inf F(z),
n—oo reX zeX

and any cluster point of {x, }nen is a minimizer of F.

Let pu, = = > | 6, be the empirical measure of Q,,. We call T, a transportation
map from p to w, if it satisfies the push-forward condition

pin = Togp = po T,
It implies the change of variables,

1 n
w2l = [ i@ = [ o = [ A, 03

and

fin-esssup p(z) = p-esssup (T (y)) = esssup o(Tn(y)), (14)
€N, yeN yeN

for any function ¢ : 2, — R.
The following proposition states the existence of the transportation map from p
to py, and its L™ estimates [16, 44].

Proposition 2.3. Let {z;}2, be a sequence of independent random variables with
distribution p on Q. Then, almost surely there exist transportation maps {T,,}2 4

from p to wy, such that
[d — Tn|

¢ < liminf P2 nlll=@ < lim sup <
n—co n n—o0o 671

Id—T,| L~
lHd-Tlimw) ()

where &y, is defined in (5).
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In the following, we do not use the almost sure statement but consider our
problem in the deterministic setting. More precisely, we assume that the unlabeled
points are the realization of the random variables {z;}$2; mentioned in Proposition
2.3 such that conclusion (15) holds.

To conclude this subsection, we recall the T'LP space [15], which provides an
appropriate topology for the convergence of discrete functions to continuum func-
tions.

Definition 2.4. The space TLP(Q) is defined as
TLP(Q) = {(v,g) : v € P(Q),9 € L’ ()},
where P(Q) is the space of probability measures. It is endowed with the T LP-metric
thonon.0ma) = _int L[] ool @) - gatlPanten ).
m€ll(v1,v2) QxQ
where I(vy,v2) is the set of transportation plans.

The following proposition provides a characterization of the convergence of se-
quences in T'LP(Q) [15].

Proposition 2.5. Let (v,g9) € TLP(Q) and {(Vn,gn)}52, C TLP(QY), where v is
absolutely continuous with respective to the Lebesgue measure. Then (Vp,gn) —
(v,9) in TLP(Q) as n — oo if and only if v, — v weakly as n — oo and there exists
a sequence of transportation maps {T,,}52, from v to v, such that

lim /Q |z — T (x)|Pdv(z) =0,

n— oo

and

tin [ lg(e) ~ g0 (T, (@) Pdv(z) =0,
n—oo Q

In our case, the empirical measure ., converges weakly to p as n — co. Propo-
sition 2.3 implies the existence of the transportation map 7,,. To conclude the
convergence of (tn, gn) to (i, g) in TLP(£2) we only need to verify the convergence
of gn 0Ty, to g in LP(Q).

3. CONTINUUM LIMIT OF THE p-LAPLACIAN REGULARIZATION ON THE &,-BALL
HYPERGRAPH

In this section, we study the continuum limit of the p-Laplacian regularization
ES (see (6) for its definition) on the e,-ball hypergraph H, .. The main result
of this section is stated as follows.

Theorem 3.1. Let p > d and 6, < e, < 1. If uy is a minimizer of £, then
almost surely,

(knsun) = (p,w), in TLP(Q),
as n — oo for a function uw € LP(Q). Furthermore, u is continuous,

li - = 1
A max | fun(zr) — (@) =0, (16)

for any Q' compactly contained in 2, and u is a minimizer of £°™.
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Proof. We first claim that £7°" admits at least one minimizer u, for any fixed
n > 0 and £°°" admits a unique minimizer.
Let us define the vector space

V={v:Q, =R},
and its subspace
Vo={veV:v(zx;) =y for z; € O}.

It follows from the Poincaré type inequality (see [45, Lemma 1] for p = 2, the proof
works for any p > 1) that

oo lu@)P<c > > fulw) —ul@y)P+C D fulw)P

z; €Qp\O 2, €0 x;€B(z4,6n) z, €0
<C&ne,(u) +C E lu(z:)|,
z; €0
and &, ., is coercive on V. Clearly, it is also lower semi-continuous on V. Then

En.e,, admits a minimizer u,, on Vo, which is also a minimizer of £5°" . The existence

n,En

of a unique minimizer for £°°™ can be verified similarly, see also [16].
Let M = maxi<;<n |y;|. For any function f: Q — R, we have

Enver (far) < &2 (1),
where fp; := max{min{f, M}, —M} denotes the truncation of f. Consequently,
unllLo () < M, (17)
for any n > 0. Notice that

1 n n
2l Z Z XB(zi,en) (@) |un (@) — un(;)["
=1 j=1
1 & (18)
— max Up () — Up(25)|P
$i>$jEB(1k>5n)| (i) ()]

<

— p

ne
" k=1

=Ene, (un) < g’rcl?gn (un) < 00.

The left-hand side is just the graph p-Laplacian regularization with the indicator
function as the kernel. By the compactness of the graph p-Laplacian regularization
(see [16, Proposition 4.4]) and (17), there exists a subsequence of {u, }nen, denoted
by {tn,, tmen, and a function v € LP(2), such that

(tn,, s Un,, ) = (@, u), in TLP(Q), (19)

as m — oo.
Let us assume that

geon Ly geom, (20)

in the TLP metric on the set {(v,9) : v € P(Q),[|gllL=@w) < M}, which will be
proven in the following in Theorem 3.9. Then it follows from Proposition 2.2 that
u is a minimizer of £°°™. Since the minimizer of £°" is unique, the convergence in
(19) holds along the whole sequence. The uniform convergence (16) will be proven
in Lemma 3.8. ]
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Remark 3.2. If 1 < p < d, we still have (19). But now £°°" = £ and (20) becomes
gen Ly e,

By Proposition 2.2, u is a minimizer of £. In this case we no longer have the uniform

convergence (16).

The rest of this section is devoted to the proof of the I'-convergence (20) and the
uniform convergence (16).

3.1. Nonlocal to local convergence. In this section, we introduce the nonlocal
functional

1 P
e = | com e fu(e) ) pla)de
as a bridge between &, . and &, and prove the I'-convergence of & to £ in LP(2) as
€ — 0. Here we consider a general setting where the connection radius € depends on
the location = € Q). This is helpful for Section 4 in which we study the continuum
limit of the p-Laplacian regularization on the k,-NN hypergraph.

The T-convergence of & to £ in LP(2) as € — 0 is understood in the following
sense. For any sequence of functions {e,(z)}nen such that

SUP,cq n(2)

1< <C<oo, Vn>0, 21
= infreqen(r) o &)
and
0 < inf e,(z) < supep(z) — 0,
z€Q TEQ
as n — 0o, we have
£, €,

in LP(2) as n — oco. In this subsection, we simply use ¢ — 0 to represent that
SUP,cq En(x) — 0 as n — oo for any sequence of functions {&,(x)}nen.
The characteristic function 7 : R? — R defined by

1, iflz| <1,
n<x>—{ i

0, if|z|>1,
will be used several times in the following.

Lemma 3.3. Let {u.} be a sequence of uniformly bounded C? functions. If Vu. —
Vu in LP(Q2) as € — 0, then

;1_r>r(1)5€(ug) = E(u).
Proof. By change of variables y = z +¢(x)g, 2 = x +&(x)Z and Taylor’s expansion,
1 T —y Tr—z »
= — - de — I
extw) = | ey oo () 1 (57 ) o) —wetterd =

-/, O SN e+ £(2)2) — e+ <(a)0) Ppla)de ~ Iy

9,2€R4

— /Q ess sup n(§)n(3) | Vi (x) - (2 — §) + O(e(@)) Ppla)de — I

g,2€R?

:IQ_Ila
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where

11| =

/Q @ el (i-@)y) " (Z(;)) e (=) — e (y) P pl)de
- [ G esaen (S ) 1 (57 ) 1) — v oty

<C ess sup n(a:—y)ﬁ(x—z) dx,
Q yeRd,zeRI\Q e(z) e(z)

converges to zero as ¢ — 0. Consequently,

lim & (ue) = lim I = / esssup N(9)n(2)|Vu(z) - (2 — §)Pp(x)dz
e—0 e—0 Q §,2€Rd

=2p/ [Vul? pdz = E(u).
Q
(I

Lemma 3.3 implies the liminf inequality of the I'-convergence, which is stated as
follows.

Lemma 3.4. If uc — u in LP(Q) as e — 0, then
liminf & (ue) > E(u).
e—0
Proof. Define Qs = {z € Q : dist(x,00) > §} for any § > 0, &1 = infyeqe(x),

and €3 = sup,cq (). Assume w.lo.g. that & (u.) < co. For any «, 8 € R? with
la| = |B] = r € (0,1), it follows from (21) that

p p
/ dz < 1 (52> Ee(ug) < oo.
Q

infp \ g1
Then there exists a function g € LP () such that (up to a subsequence),

ue(z + e10) — u(x + 19)
€1

€1

us(-+era) —u(-+ea1ff)
€1

xa., (*)

g, in LP(),

as € — 0. Namely, for any o(z) € C§°(Q), if &1 is sufficiently small,

/ ue(z + e10) —ua(x+£1ﬁ)<p($)dx:/ua(x)go(m—aloz) —gp(x—elﬁ)dx
Q Q

€1 €1

== [ u@)Vela) - (0= o = [ alw)ela)i.
By choosing a = re; and 8 = —re;, we have
~2r [ ate) plalde = [ gt
Q Ox; Q
which implies that u € W1P(Q).

Assume that J : R? — [0,0) is a standard mollifier with suppJ C B(0,1) and
Jga J(s)ds = 1. Define Js(s) = 57.J(s/0). Then for a small § > 0 and a sufficiently
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small € > 0, it follows from a change of variables y = y+s, Z = z + s, and Jensen’s
inequality that
1
E(ue :/7 ess sup Ue(2) — ue(y)|Pp(x)dx
w) = [ [ue(2) — u()Pp(2)

y,2€B(x,e(x))NN

1
= Js(s / ess sup ue(2) — ue (y)|Pp(x)dads
/]Rd (=) o (e(@))P y,zEB(a:7e(w))ﬂQ| ) W) ()

1

> Js(s) ess sup lue (2 — s) — us(§ — s)|Pp(x)dxds
/Rd /925 (5(55))1) §,2€ B(z+s,e(x)) : :

S 1

> inf ess sup / Js(s)|uc(2 — s) — ue(j — s)|[Pdsp(z)dx
/925 (e(@))P (<8 3 2e B(atr.e(z)) JRe (8)ue ) ( )| (
p
Js(s) (uz(2 — s) — uc(j — s)) ds| p(a)dx
]Rd

2/ inf ess sup
0,5 (E(7))P I7|<6 §,2€ B(z+r,e(x))

1
= inf  esssup  |ues(2) —ucs(9)” p(x)dx
/QQ,; (e(z))P IsI1<0 5 2€ B(z+s,e(x)) : :

where u. 5 = (ue)s = Js * ue. Clearly,
Vue,s — Vus, in LP(Q),
as € — 0 for a fixed § > 0,
Ve sl Lo @) + [ D?ue 6| oo () < C,
for a constant C' depending not on &, and
Vus — Vu, in LP(Q),

as 0 — 0. It is possible to consider a subsequence of {us} such that the above
convergence holds almost everywhere.

It follows from the proof of Lemma 3.3 and Lebesgue’s dominated convergence
theorem that

lim inf & (uc)
e—0

> limliminf/ inf ess sup e 5(2) — ue 5(9)|P p(z)dz
550 =0 Jo o (e(z))p ‘S|§5z},éeB(m+s,g(z))| es(2) o))" p(z)

= lim 2p/ inf |Vus(xz + s)|Pp(x)dz = 27’/ [VulPpdz = E(u).
6—0 Qas |s|<é& Q

We now prove the limsup inequality of the I'-convergence.

Lemma 3.5. For anyu € LP(Q), there exists a sequence of functions {us} C LP()
such that ue — u in LP(2) as e — 0 and
limsup & (ue) < E(u).
e—0
Proof. Assume w.lo.g. that £(u) < oo, i.e., u € WHP(Q). By [15, Remark 2.7],
we only need to prove the limsup inequality for all u in a dense subset of W1?(Q),

e.g., C2(Q)NWr(Q).
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Let u € C?(Q) N W'P(Q) and u. = u. Define Q° = {z € R : dist(z,Q) <
sup,cqe(z)}. By extension, u is well-defined on 2. By change of variables y =
x +e(x)y, z =+ e(x)Z, and Taylor’s expansion,

L Po(z)dx
Ee(u) = /Q myvzegﬁsﬁg})mlu(@—U(y)l p(x)d

1 /1 g
= | —— ess sup Vuly+t(z —vy))  (z—y)dt| p(x)dx
/Q (s(x))p y,2€B(z,e(x))NQ2 [J0O ( ( )) ( ) ( )
1 P
< / ess sup / Vu(z +e(@)y +e(@)t(Z—19)) - (2 —9)dt| p(x)dz
Q §,2€B(0,1) |Jo
St/ esssup [Vu(a) - (2 — )" p(a)dz + C sup(s())”,
Q9,2€B(0,1) z€Q
where the constant C' depends on || D?u| (). We conclude that
limsup & (u) < E(u),
e—0
and completes the proof. O

Combining Lemma 3.4 and Lemma 3.5 we arrive at the I'-convergence of & to

E.
Theorem 3.6. Let 1 < p < co. Then

£ - &,
in LP(Q) as e — 0.

3.2. Discrete to continuum convergence. The I'-convergence of nonlocal func-
tional & implies the I'-convergence of discrete functional &, ., . This is achieved
by rewriting the discrete functional as a nonlocal functional via the transportation
map 7, introduced in Proposition 2.3.

Theorem 3.7. Let1 <p < o0 and 6, < &, < 1. Then with probability one,
Ener = &,
in TLP(Q) as n — oo.
Proof. Let
En = en +2||T, — Id||L~(q), én:=en—2|Tm — Id|| =)
For any x,y € €,

To(z) = To(y)| S en = |z —y[ <én, |z —y|<én = |Th(z) - Th(y)| < en.

p(E2) < (BT o (220), (22

Moreover, (15) yields

It follows that
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Notice from (13) and (14) that
gn,sn (un)

= [Lesssupy (=) (RO R0 5 6) -, ) Poto

E€n JQ y,2€Q En

where u,, = u, o T),.
Let us consider the liminf inequality. Assume that (g, u,) — (1, u) in TLP(Q),
ie., Uy, — uin LP(Q). It follows from (22) that

i) = 2 [[esssupn (22 ) (L2 ) 0 (2) = )Pl

n JQ y,z€Q n n

Then by Lemma 3.4,

A\ P
liminf &, ., (uy) > liminf (671) &, () > E(u).
n— o0 n—00 En
For the limsup inequality, we assume that u € WP(Q) is Lipschitz. Let u, be
the restriction of u to the first n data points. It follows from (22) that

1 T—z T — - .
Enenlin) < 5 [[esssupn (“22 Y (T2 ) (o) = ()Pt

En JQ y,zeQ n

= [esssupn (25 )0 (P20 ) ) - ut)Poerda + 1

En JQ Y,2E€0Q n n

where, according to (15),

1 xr—z Tr—y - -
- [ esssupn( : )n( . )(un<z>—un<y>|p—u(z)—u(y»p)p(x)dx

En |JQ y,2€Q En En

<C/esss (’”Z>|~() (=)[Pd
— u = U Z)—ulz X

= E% o Zeﬂpn En n

< gp esssup” (;z:~z> [T (2) — z|Pdx
En JQ z2eQ En

(©)

goes to zero as n — co. The proof is completed by Lemma 3.5. Namely,

= \P
limsup &, ., (uy) < limsup (%) &z, (u) < E(u).

n— 0o n—00 En

C
< g”Tn - Ideoo

O

We now go back to consider the constrained functionals. The following Lemma
plays a key role.
Lemma 3.8. Let {uy}nen be a sequence of functions on §, such that

sup &,.e, (Un) < 00.
neN

Ifp>d and (pn,un) = (u,w) in TLP(Q), then

li - )| =0
| e, Jun (o) — u(zi)] =0,

for all Q' compactly supported in Q.
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Proof. For any fixed zj, € Q,, we have

n

1 o T — X 1
- - J — AP < — a _ P
v Z_:n( ) LECARCE =S S SR )

< gn,en (un) < 00,

which can be rewritten as

: / ! (m—ﬂ(y)) [tn (y) = un (k) P p(y)dy < o0.

g Q En
Let J be a standard mollifier and n be large such that
1 - C - C -1,
Jen(wx —y) = =37 (“"’“ y) < = <I’“ y) < = (x’“(y)) , Ve
5 5 én é 5

n En n n n

We have
&

= | Jen (@ = y)lin(y) — un(zy)[Pdy < oc.
&n JQ
Consequently, by p > d and Jensen’s inequality,
1/p
/QJén (@ = y)|tn (y) — un(ax)|dy < (/Q Je, (e — y)lin(y) — un(xk)|pdy> -0,
(23)

as n — 00.

The uniform boundedness of the graph p-Laplacian regularization (i.e., (18)) and
the proof of Lemma 4.5 of [16] imply that v € WP(Q') < C'~7 (V) and

Je, * Up — u, uniformly on ', (24)

as n — oo. Then the proof is completed by (23)—(24), i.e., for any x € 2, N,

i (1) — w(n)| = e () — / Je. @k — 9)iin (y)dy

+ / Tew (2 — )in(y)dy — u(zy)

< /QJén (= Y)|tn(y) — un(xr)|dy + ‘/Q Je, (1 — y)Un (y)dy — u(zy)

converges to zero as n — oco. (]

The I'-convergence of the constrained functional 5" follows from Theorem 3.7
and Lemma 3.8 directly.

Theorem 3.9. Let p > d and §,, < €, < 1. Then with probability one,

geon Ly geom,
in the TLP metric on the set {(v,g) : v € P(Q),||gllpew) < M}, where M =
max;<i<n |Yil-

Proof. If (ftn,un) — (p,u) in TLP(Q) with ||| pee(u,) < M and ||u|| gy < M,
then
liminf £572 (u,) > liminf €., (1) > E(u) = £ (u),

n—roo

where the last equality follows from Lemma 3.8. This proves the liminf inequality.
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Now let us consider the limsup inequality. Let v € W?(Q) with [Ju]| e () < M.
We further assume that u(x;) = y; for z; € O. Otherwise, there is nothing to prove.
Define uy,(x;) = u(z;) for z; € Q,. Then

limsup £ (uy,) = limsup &, ¢, (un) < E(u) = £ (u).

n—oo n— oo

This completes the proof. ([l

4. CONTINUUM LIMIT OF THE p-LAPLACIAN REGULARIZATION ON THE k,-NN
HYPERGRAPH

In this section, we generalize the previous results to the hypergraph p-Laplacian
regularization on the k,-NN hypergraph. Let us begin with the I'-convergence of
the unconstrained functional F,, j, , which is defined in (8).

Theorem 4.1. Let 1 < p < 00 and 6, K &, < 1, where &, is defined in (9). Then
with probability one,
‘Fn7kn L> g( ' ;pl_p/d)7

in TLP(Q) as n — oo.

Proof. 1. Let e, (x) be a function of x € ) such that

p (B, en()) = 2. (25)

We first claim that (21) holds. Since Q is bounded and has Lipschitz boundary, it
satisfies the cone condition [17]. More precisely, there exists a finite cone V' such
that each z € € is the vertex of a finite cone V, contained in 2 and congruent to
V. If n is large, it follows from (25) and (9) that

aa(En)? = p(B(x,eq(x))) 2 |Vo N B(x,e0(2))| = C|B(x,e4(x))| = Caalen(@))?,
for any x € 2, where C' depends only on V. Consequently,
En <eénlz) < C‘één, T €,

which proves (21) and
1> en(x) > &, > 6y
Define

En(w) = en(x) — 4T, — Id| L= (), En(x) = cn(x) + 4Ty — Id|| Lo (q)-
The previous result and (15) yield

lim En(®) = lim En(@)
n—oo &, (x) n—oo gn(:c)

—1, (26)

uniformly for any = € Q. If p is Lipschitz,

|p(@)(en(@) — &0] = |p(x)(en(2))? — aidu (B(,en(2)))| < Clen(x) ™.
We further have »
fi P o) (27)

uniformly for any = € Q.
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Let

. k

1, ifxz; ~x

an(xivxj) = ’ ! . 7 in,xj € Q,.
0, otherwise,

We claim that

1(550) < men <o (58). vewen @)

In fact, for any z,y € Q,

yields
B s (BT (@), 1T(w) ~ T )
> (BT, (). 1Ty (@) = Tolw)] — T — Id] 1 0)
> (B T @) = Tuly)] — 2T, — Td (@),

where we utilize T, (B(z,r — | T, — Id||)) C B(z,r) and
pin(B(x,1)) = pin (Tn(B(z, 7 — | T — 1d|)))) = p(B(z,r — || T, — Id]}))
for the second inequality. This and (25) imply that
T (x) = To(y)| = 2/ T — 1d| L= (@) < en(@).
Consequently,
[z—y| < |z=Tn(2)|+]y=Tn(y)|+|Tn(x) =T (y)| < en(x)+4|Tn—1d| L~ (@) = En(2),

from which we obtain the second inequality in (28). The first inequality can be
verified similarly.
2. Let us now consider the liminf inequality. Assume that (un,u,) — (g, u) in
TLP(Q). Estimate (28) yields
]:n,kn (Un)
1 n
= Z max  |un(z;) — un(x;)[?

=D
ne kn
n k= 1wt7w4'\/ajk

= é |, CSSSup X, (T (2), T (2)) Xk, (T (), T () [t (2) = n (y) [P () de

7 L (55) (555t~ it
_ / (p(x) 920 (@) |”
Q

Y

|<x>| esssp (275 ) 0 (1) (o) = ()P o)

(p(@) (@) |”

En

e (555) 1 (520) 1alo) - intP(plal) 4t

Y

inf
€N
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It follows from (26)—(27) and Lemma 3.4 that
(p(@))!"e0 (@)

En

p

gén (anv pl—p/d)

liminf F,, x, (u,) > liminf inf
n—00 ? n—oo e

> E(us pt /Y.

3. For the limsup inequality, we assume that v € W1P(Q) is Lipschitz. Let u,
be the restriction of u to the first n data points. Then (28) implies that

-Fn,kn (un)

= fessson (55 )0 (503 ) (o)~ aulo)Potaras

€n

IN

sup
reN

1 SS SU S =) i (2) — P(p(x)) P/ ddx
[ esen (555 ) 1 (50 1a(e) = il ol

(p(x))" /&0 () |”

En

IN

sup
€N

o e (577 (5767 e ey e

It is not difficult to see that
C

I < ———
Sup,eq |en(@)[P

as n — oo. Consequently, by Lemma 3.5,

170 — Id[|} () = 0

lim sup F,, 1, (up) < limsup sup
n— 00 n—oo xef)

< E(u; p' /Y.

4. To complete the proof for any continuous p, we approximate it by Lipschitz
functions. In fact, for the liminf inequality, there exists a sequence of Lipschitz
functions {px(x)} such that pg(z) 7 p(x) as k — oo for any = € Q. Then

o . .. . 1-p/d
. > . _ .
hnm inf Fp g, (un; p) khm hgn inf oy i, (un; pr) = khm E(wspp ')
= E(u; p' 7P/,

where the penultimate equality comes from step 2 and the last equality comes from
the monotone convergence theorem.

While for the liminf inequality, there exists a sequence of Lipschitz functions
{pr(x)} such that pp(z) \, p(z) as k — oo for any x € Q. Then

limsup F, , (un; p) < lim limsup Fy, g, (Un; pr) = lim E(u; p,l;p/d)
n—oo ) k—oo nsoco k—oo
= E(u; p' ),

where the penultimate equality comes from step 3 and the last equality comes from
Lebesuge’s dominated convergence theorem. [
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The I'-convergence of the constrained functionals follows from Theorem 4.1 di-
rectly.

Theorem 4.2. Let p > d and §,, < &, < 1. Then with probability one,

con I con . 1—-p/d
n,kn > E ( 5P v/ )’

in the TLP metric on the set {(v,g) : v € P(Q),||gllrew) < M}, where M =
maxiy<i;<N \y@|

Proof. Assume that
gn,en (un) < C]:n,k" (un)7 (30)

for a constant ,, that satisfies d,, < &, < 1. Then the proof of the theorem is
exactly the same as the proof of Theorem 3.9, except that we use (30) to ensure
that the conclusion of Lemma 3.8 holds.

To prove (30), we utilize (29). More precisely,

]:n,kn(un)
1/da P
g | @) 20 (@)
ze) En

Latmressmn (500 (520) i) - )P (o) o

n(2)[P Y,2€Q €n(m) €n(m)

(@) en(@) " ¢ (ay)pd

> inf —
TEQ En €N
L/ iesssu (x—z) (x—y) [tn (2) — Gn (y)|P p(z)dx
SUDseq [En ()7 Jo o yeen '\ & )T\, )T IR
C T, (x)—T,(z To(x)—Tn(y - N
> & [esssupy (PR (D =D 5, ) - )7ty
En Jo y,2€Q En En
= an,en (un)a
where &, = inf,coé,(z) and &, = &, — 2||T5, — Id||p~(q). This completes the
proof. ([

The main result of this section is a corollary of Theorem 4.2. The proof is
identical to that of Theorem 3.1.

Theorem 4.3. Let p > d and b, < &, < 1. If up, is a minimizer of F3%! , then
almost surely,

(s un) = (pyu), in TLP(Q),
as n — oo for a function uw € LP(Q). Furthermore,

li — =0
Jm | max Jun () ()] =0,

for any Q' compactly contained in Q and u is a minimizer of £ ( - ; pt—P/9).
We conclude this section with two remarks.

Remark 4.4. In this paper, we consider the hypergraph p-Laplacian regularization
with p > 1 in a semisupervised setting. The results established in Section 3 and
Section 4 can be generalized to p = 1 in an unsupervised setting. The continuum
limits of &, ., and F, x, with p =1 become weighted total variations.
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Remark 4.5. Since the given data is a point cloud, we can compute the distance
|z; —x ;| between any two vertices x; and x; and add this information to the objective
function for a better performance. A straightforward way is to construct a weight
w; ; as a nonincreasing function of the distance |x; — ;| and replace |u(z;) —u(z;)[?
in both &, ., and F,, k. by w; j|lu(x;) —u(x;)|P. All results in Section 3 and Section
4 can be generalized to the new energies without any essential modification under
the assumption that

wij = 1(lz: = x;1),
and 7 : [0,00) — [0,00) is positive and continuous at z = 0 and has compact
support.

5. THE NUMERICAL ALGORITHM

In this section, we present an algorithm for solving the optimization problem

1y
in » ;wr%aé(ek wi g |u(w:) —u(zy)|” st u(z;) =y; for z; € O, (31)

where e, = {z; € Q,, : |zx — z;| < e,} for the e,-ball hypergraph or e = {z; €

Qp :x; "y xy} for the k,-NN hypergraph.
Let

Io(u) = 0, if u(x;) =y, for any z; € O,
A oo, otherwise,

be an indicator function. Then problem (31) can be rewritten as an unconstrained
problem

min kz_l g (Agu) + Lo (u), (32)

where

9(8) = % (max|B))’, B eR™

m:max{% k=1, 7n}7 and Ay € R™*™ such that

1 p

w(w(@:) —u(z;))

g (Agu) = ! max

D zi,xj€er

Clearly, both g and I» are proper, lower semicontinuous, and convex functions.
A popular algorithm for solving (32) is the stochastic primal-dual hybrid gradient
(SPDHG) algorithm [19] that rewrites the original optimal problem as a saddle
point problem and updates the primal variable and the dual variable separately.

By introducing dual variables o; € R™, i = 1,--- ,n, problem (32) is equivalent
to the saddle point problem

min max (Asu, i) — g" (o) + To(u), (33)
u€ER™ ‘QiIERm Py
i=1,--,n =

where

* i) = s Gg) — ; ':1727"'a7
g"(0u) = max (8, i) — g(B), i n
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denotes the Fenchel conjugate of g and we utilize the property ¢** = ¢g. Now
SPDHG with serial sampling is summarized in Algorithm 1. Under the condition
Di
oT < Z:nl’l,ax,n ||AiH27

it converges almost surely to a solution of problem (32) [46].

Algorithm 1 SPDHG for solving problem (33).

Require: Primal variable u(?), dual variables ago), i=1,2,---,n; step sizes T, 0;
probabilities p;, 1 = 1,--- ,n.
Initialization: 071(0) = ago), i=1,--- n; k=0.
while the stopping criterion is not satisfied do
Update the primal variable:

uF+Y =prox,p,, (u(k) — TZA?O(Z(-}C)>
i=1

1 n
U — <u(k) — TZAiTagk)>
i=1

:=arg min 7lp(u) + 3
Update dual variables: Randomly pick i € {1,2,--- ,n} with probability p;,

2 (34)

uER™

2

(k41) ) Drox, . (agk) + UAZ-u(k‘H)) , if j =1,
4G =Y w if £ (35)
o, if j # 4.
Extrapolation on dual variables:
_(k+1) agkﬂ) + ﬁ (agkﬂ) - agk)) ) if j =1,
Q; =Y ' oy
a;”, if j #£ 1.
end while
return u*+,
Subproblem (34) has a closed form solution
U(k+1)(.’lj‘) _ Yj, . if Z; - O,
’ (u(k) — 7y ATal )) (z;),  otherwise.
The rest is to find the Fenchel conjugate g* and solve subproblem (35).
Lemma 5.1. Let
1
h(t) = —|t|P, teR.
(t) pl |
Then
0 ] <1
h*(s)z{ A S (36)
00, otherwise,
or

1 ’
W) = Il > (37)
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where p' = —E~. Moreover,

g*(a) =h*([lall), oeR™ (38)

Proof. By the definition of the Fenchel conjugate, (36) and (37) can be verified
directly. We prove (38) in the following.
For any «, 8 € R™,

(o, 8) = 9(B) < [|evlly max |B] — % (max |B])" < A" (|la1),

from which we obtain that ¢*(«) < h*(||a||1). On the other hand, for any o € R™,
let v € R™ such that max|y| =1 and (&, ) = ||a||;. Then

1
9" (a) > glzag@,@ ~9(8) = max|lalit = Zt" = A" (fedh).
te

This completes the proof. [

Now if p = 1, subproblem (35) with j = i becomes a projection onto the L' ball
of the following form
2

)

alf ™) = arg min Ha - <al(-k) + aAiu(k“)))
2

aER™
llerl]1 <1

which can be solved efficiently [47]. In the case of p > 1, the solution is given as
follows.

Lemma 5.2. Let p > 1. The solution of subproblem (35) with j =i satisfies
agkﬂ) = sign(agk) + o A;uFHD) max{’ocl(.k) + o AuFD| - a||a§k+l) H’l’,_l, O} .

(39)
All operations involving vectors in (39) are understood elementwise.

Proof. For simplicity of notation, let 8 = agk) +oA;u®t) and o = agkﬂ). Then
subproblem (35) becomes

1 g /
* . 2 P
a— 85+ = (lla 1.
« arg anelﬁg}n 9 H ||2 p, (” Hl) y P>

Since the right-hand side is non-separable, we introduce a new variable t = ||«||1
and consider the Lagrangian

1 oy
sl =815 + a0 Allledls = 1)
The saddle point (a*, \*,t*) satisfies
o € argmingern 5lla — BlI3 +A*lalls,
N = ot L,
t* = fla*(s
The L' regularized problem has a closed-form solution a* = sign(8) max{|3| —
A*,0}. By substituting A* = o(t*)?' 1 = o||*||? 7" into it, we arrive at
o = sign(8) max{| | — olla*[[{ 7,0}, (40)
which is exactly (39) and is the solution of subproblem (35). O
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The last step is to solve oagkﬂ) from (39), which can be done in a few iterations.
For the rest of this section, the subscript j of a vector denotes the j-th element of
it. To explain the basic idea, we continue to use the notation of (40) for simplicity.

It follows from (40) that a* = sign(8)|a*| and |a*| depends only on |3|. W.l.o.g.,
we assume that 8 > 0 and S is ordered in a nondecreasing order. As a result, a* > 0
and «a* is also in a nondecreasing order.

Lemma 5.3. Let § € R™ be a nonnegative vector in a nondecreasing order and
B#0. If o >0 and p > 1, there exists a unique vector o € R™ such that

/

p—1

a=0—-0 Zaj , (41)
j=1

and

’

p —1

A=o0 iaj > 0.
j=1

If « > 0, then o* = «, where o* is the solution of equation (40). Otherwise, we
have

A< A = ollat P L (42)

Proof. 1t follows from (41) that
m
s+ mosP 1 —Zﬁj =0, (43)
j=1

1 is an increasing function on RT and

where s = >0 ;. Since s + mosP
Z;n:l B; > 0, we obtain that equation (43) admits a unique solution s > 0. By
substituting it into (41), we obtain a solution o with A > 0.

If & > 0, then « also satisfies equation (40) and o* = a. Otherwise, there exists

at least one zero element in o*. Assume that

O=aj==ay<ap; << o,
Then (40) yields
B < A" < Brtas (44)
and
s+ (m—k)os™® ! — f: B; =0, (45)

j=k+1
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where s* = ||a*||;. Now (43)—(45) imply that

mA = mos’" Z&—s- ZBJ+Z@—S

j=k+1
= 5"+ (m—k)os*?'~ —I—ZﬁJ—s
k

=(m—k)X +) Bj+s" —s

j=1

1
A* B A\ P -1
s (7))
o o
p—1 w\ p—1
mA + <>\> <mA* + <>\> . (46)
o o

From the monotonicity of mA + (%)p_l7 we conclude that A < \*. O

or equivalently,

Lemma 5.3 provides an algorithm for solving (39). The key idea is that (42)
implies that af = 0 for any j € {j  a; < 0}. Consequently, we can use Lemma 5.3
again to solve the remaining elements of a*. It should be noted that the proof of
Lemma 5.3 does not rely on the monotonicity of 5. The details are summarized in
Algorithm 2.

Algorithm 2 Solving prox, . () for subproblem (35) with p > 1.

Require: 3 € R™; 0 >0,p> 1.
Initialization: 87 = |8|, a = BT; stopping criterion ¢ = —1.
while ¢ < 0do
Find positive elements: v = {ﬁ;r :j €1} €RY where I = {j : aj > 0}.
Solve s + bos? ~' — ||ly|l1 = 0 on R,
Obtain the threshold: A = os? ~1.
Update the solution: o = max{8*™ — \,0}.
c=minvy — A\,
end while
Fix the negative part: a; = —c; for any j € {j : §; < 0}.
return o.

6. EXPERIMENTAL RESULTS

In this section, we present numerical experiments of the hypergraph p-Laplacian
regularization (HpL) for data interpolation. The purpose is to verify the theoretical
results established in previous sections and make comparisons with the graph p-
Laplacian regularization (GpL). See (11) and (31) for the definition of GpL and
HpL.

We start with experiments in 1D and then discuss performance of GpL and HpL
on some higher-dimensional data interpolation problems, including semi-supervised
learning and image inpainting.



26 HYPERGRAPH p-LAPLACIAN REGULARIZATION ON POINT CLOUDS

6.1. Experiments in 1D. Let d = 1 and n = 1280. We select n random numbers
under the standard uniform distribution on the interval (0,1) and let £2,, be the set
of random numbers. The set of labeled points O consists of 6 points in £2,,, which
are marked by red circles in Figure 1-3. We shall discuss the difference between
GpL and HpL for the interpolation of signals defined on (2, with given labeled
points O. The weight function w; ; = 1 is used for both GpL and HpL.

Let us first consider the case of the €,-ball graph/hypergraph and p = 2. Ac-
cording to [16], the minimizer of GpL with the constraint on O is an approximation
of the minimizer of the continuum p-Laplacian regularization with the constraint on
O (the minimizer is a piecewise linear and continuous function that passes through

the labeled points) for moderate connection radius &, (i.e., §, < &, < (%)l/p).
This is verified by the results shown in the first row of Figure 1. We consider the
case of £, > 0.006 since the graph becomes disconnected when &, < 0.005. When
en = 0.006, GpL gives an approximation of the continuous solution. With an in-
crease in g, the error of GpL increases. It develops spikes at the labeled points for
large ¢,.

The second row of Figure 1, which shows the results of HpL with different ¢,,, is
quite different from the first row. As the connection radius &, increases, the error
of HpL also increases. However, it alleviates the development of spikes even for
large €, (see the 3rd and the 4th labeled points). This partially verifies the conclu-
sion of Theorem 3.1, showing that the convergence of the hypergraph p-Laplacian
regularization to the continuum p-Laplacian regularization in a semisupervised set-
ting requires a weaker assumption on the upper bound of &, (i.e., 0, < &, < 1).
Two spikes (the 2nd and the 5th labeled points) appear in the results because the
assumption &, < 1 is no longer fulfilled.

A similar conclusion can be obtained for the k,-NN graph/hypergraph. In Figure
2, we present the results of GpL and HpL with different k,,. Again we observe that
GpL develops spikes at the labeled points for large k,, while HpL performs better.
This coincides with the result we established in Theorem 4.3.

Theoretically, the minimizer of HpLL gains more smoothness as the power p in-
creases. Figure 3 shows the results of HpLL with different p. It is observed that
a higher p also prevents the occurrence of spikes. A similar conclusion has been
obtained for GpL [34]. In the case of p = 1 where the assumption p > d is not
fulfilled, HpL gives noninformative solutions.

At the end of this subsection, we mention that the k,-NN hypergraph is more
desirable in applications. Let us go back to the first column of Figure 1 and Figure
2, where the smallest ¢,, and k,, are chosen such that the hypergraph is connected.
The error of HpL on the k,-NN hypergraph is much smaller than the error on the
en-ball hypergraph. Besides, minimizing HpL on the k,-NN hypergraph requires
less computational cost. We shall utilize the k,-NN hypergraph in the following
experiments of SSL and image inpainting and let p = 2 for both GpL and HpL.

6.2. Semi-supervised learning. We test GpL and HpL on the well-known MNIST
dataset of handwritten digits [48]. It contains 70000 gray-scale images, each of
which is 28 x 28 in size, representing a digit between 0 — 9. Figure 4 shows some
images in the MNIST dataset. Following [24], we regard each image as a point in
R28%28  The details of SSL with GpL/HpL for the MNIST dataset are summarized
in Algorithm 3.
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FIGURE 1. Results of GpL and HpL with p = 2 and different &,,.
First row: GpL; second row: HpL.
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FI1GURE 2. Results of GpL. and HpL. with p = 2 and different k,,.
First row: GpL; second row: HpL.
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FIGURE 3. Results of HpL. with different p. First row: e,-ball
hypergraph with €, = 0.048; second row: k,-NN hypergraph with
k, =72
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FIGURE 4. Some images from the MNIST dataset.

Algorithm 3 SSL with GpL/HpL for the MNIST dataset.
Require: The MNIST dataset €2,,, the labeled set O with labels u(x;) = y;, z; € O,
y; € {0,1,---,9}.
for k=0:9do
Find the constraint: For any z; € O,

1 if Yi = k?,
i)=19, A7
we(zs) {O, otherwise. (47)
Solve uy on £, by GpL/HpL with constraint (47).

end for
Label points in Q,\O: For any z; € Q,\0,

| = arg 01%1’?%(9 uk(:ci), U(.Ll) =[.

return u.

TABLE 1. Mean accuracy (%) and standard deviation of GpL and

HpL for the classification of the MNIST dataset with different la-
beling rates.

0.05% 0.1% 0.2% 0.5% 1% 2% 5%

GpL 16.24+7.5 32.14+13.3 56.6+13.4 86.1£3.7 92.4+0.9 93.94+0.4 95.0+0.2
HpL 50.2+8.7 69.8+£6.2 80.7£5.0 87.9£2.6 91.6+£0.7 92.9£0.4 94.4£0.2

For both GpL and HpL, we choose k,, = 21 and the weight function

o i — ;]
Wi,5 = €Xp | — O'(ZL")Q ’
K

where o(x;) is the distance between z; and its the 21th nearest neighbor. This is
calculated by the vlfeat toolbox [49].

Table 1 presents the classification accuracy of GpL and HpL with 0.05% — 5%
randomly chosen labeled points. We repeat the experiment 20 times and show the
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Algorithm 4 Image inpainting with GpL/HpL.

Require: Partially observed pixels of an image f: {f; ;, (¢,7) € X}; an initial guess
u(®),
Initialization: k = 0.
for k=0: K—-1do
Construct point cloud €, (u(*).
Construct the training set O(u®) = {P,; € Q,(u®),(i,j) € X} and
ulttD(P, ;) = fj for any Py ; € O(u®).
Solve u*+1) on Q,, (u®) by GpL/HpL with the given training set.
end for
return (K1),

1 i
0. 59%" s.

Clock Couple Hill House Man Peppers

FI1GURE 5. Test images with size 256 x 256 for image inpainting.

mean accuracy and the standard deviation. When the labeling rate is extremely
low (< 0.1%), GpL fails to give meaningful results. HpL has a significantly better
performance, although it is not satisfactorily accurate. This is mainly attributed
to HpL’s ability of better inhibiting spikes. However, as the labeling rate increases,
the gap between the two algorithms becomes smaller. GpL even has a higher mean
accuracy of 1% than HpL in the case of 2% labeling rate.

6.3. Image inpainting. In this subsection, we consider image inpainting from
sparse data. We follow [31] to construct a point cloud from an image. More
precisely, let f € RN1*N2 he a gray-scale image. We define image patch P ;(f) to
be a rectangle centered at pixel (4,7) of size s; X s2. A mirror extension of f is
needed for pixels that are near the boundary. Now the point cloud genarated by f
is defined as

Qn<f) = {P1,3<f) 1< < Nl,l S] < NQ} C R51%52

The image patch P, ;(f) and the intensity f; ; of f at pixel (¢, j) can be connected
via a function u defined on Q,(f), i.e.,

w(P;;(f) = fij-
Then if Q,(f) is known and O(f) C Q,(f), image inpainting with given u on O(f)
becomes a data interpolation problem in R%1*52. In practice, the point cloud is
unknown. For this reason, we start with an initial guess of f and update the point



30 HYPERGRAPH p-LAPLACIAN REGULARIZATION ON POINT CLOUDS

TABLE 2. The PSNR and SSIM values of results of GpL and HpL
for different test images and different sampling rates.

PSNR SSIM
5%  10% 15% 20% 5% 10% 15%  20%

Airplane GpL 21.03 22.65 23.93 24.58 0.3246 0.4516 0.5499 0.6120
HpL 21.33 23.09 24.55 25.24 0.3825 0.5125 0.6075 0.6618
Barbara GpL 22.55 24.60 25.99 27.03 0.4436 0.5767 0.6571 0.7142
HpL 23.15 25.51 27.00 27.95 0.5043 0.6354 0.7062 0.7553
Beans GpL 22.66 25.12 26.35 28.26 0.4486 0.5435 0.6097 0.6620
HpL 23.20 26.18 27.52 29.64 0.4911 0.5877 0.6464 0.6914
Boat GpL 21.96 23.14 24.18 25.21 0.3199 0.4407 0.5408 0.6115
HpL 22.19 23.51 24.60 25.81 0.3704 0.5000 0.5915 0.6591
Bridge  GpL 20.31 21.69 22.50 23.24 0.2790 0.4040 0.4874 0.5534
HpL 2041 21.92 22.74 23.53 0.3203 0.4496 0.5268 0.5906
C.man  GpL 20.88 22.01 23.43 24.02 0.2257 0.3434 0.4331 0.4943
HpL 21.07 22.31 23.85 24.53 0.2621 0.3776 0.4688 0.5246
Clock GpL 22.62 24.20 25.98 27.08 0.3061 0.4256 0.5285 0.5880
HpL 2292 24.72 26.65 27.70 0.3374 0.4667 0.5692 0.6227
Couple  GpL 21.55 23.35 24.32 25.38 0.2936 0.4653 0.5486 0.6351
HpL 21.76 23.80 24.88 26.00 0.3532 0.5302 0.6074 0.6871
Hill GpL 2343 25.28 26.33 27.06 0.3234 0.4818 0.5671 0.6264
HpL 23.81 25.98 26.95 27.76 0.3804 0.5425 0.6196 0.6730
House GpL 24.55 26.99 28.76 30.19 0.2636 0.3895 0.4616 0.5276
HpL 25.01 27.70 29.80 31.18 0.2981 0.4217 0.4902 0.5505
Man GpL 2232 24.07 25.01 25.93 0.3156 0.4506 0.5385 0.6034
HpL 22.75 24.66 25.71 26.61 0.3772 0.5156 0.5971 0.6501
Peppers GpL 22.33 24.46 25.70 27.05 0.4696 0.5956 0.6686 0.7263
HpL 23.05 25.50 26.75 28.14 0.5357 0.6614 0.7242 0.7701
Average GpL 22.18 23.96 25.21 26.25 0.3344 0.4640 0.5493 0.6129
HpL 2256 24.57 2592 27.01 0.3844 0.5167 0.5962 0.6530

cloud with the restored image to reduce the error. The details of image inpainting
with GpL and HpL are summarized in Algorithm 4.
To calculate the weight function for GpL and HpL, we define the semilocal patch

Pii(f) = [Pi;(f), Azl

. iJ
T=|—,=
Ni"Ny )’

that includes the local coordinate. This restricts the search of the k, nearest
neighbors to a local area and accelerates the algorithm. Then the weight function
is calculated as in the case of Section 6.2. We utilize s1 = s = 11 and A = 10
for the experiments. The iteration number K in Algorithm 4 is chosen to be 15
for GpL. While for HpL, we let the result of GpL be the initial guess u(?) and let
K =3.

with
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FIGURE 6. The restored results of GpL and HpL for four test im-
ages. From left to right: The test image, The observed pixels, GpL,
and HpL. From top to bottom (image/sampling rate): House/5%,
Peppers/10%, Cameraman/15%, Barbara,/20%.

The test images are shown in Figure 5. In Table 2, we list the PSNR and SSIM
values [50] of the results of GpL and HpL with sampling rates 5%, 10%, 15%, and
20%. HpL outperforms GpL for all test images and all sampling rates. From Figure
6, it can be seen that HpL causes fewer spikes than GpL. This is consistent with
previous experimental results.

A main drawback of the new hypergraph p-Laplacian regularization is the high
computational cost. In our definition, the hyperedges have the same number as the
vertices, resulting in the objective function being a large-scale non-smooth function.
There exists no simple algorithm for solving it, even when p = 2. In the experiment
of image inpainting, we use the result of GpL as the initial guess for HpL, which
saves a lot of computational time. Nevertheless, working with MATLAB 2020b on
a desktop equipped with an Intel Core i7 3.20 GHz CPU, the average running time
of GpL/HpL is about 165/262 seconds.
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7. CONCLUSION AND FUTURE WORK

In this paper, we defined the &,-ball hypergraph and the k,-nearest neighbor
hypergraph from a point cloud and studied the p-Laplacian regularization on both
hypergraphs in a semisupervised setting. It was shown that the hypergraph p-
Laplacian regularization is variational consistent with the continuum p-Laplacian
regularization. Compared to the graph p-Laplacian regularization, the new hy-
pergraph regularization was proven both theoretically and numerically to be more
effective in suppressing spiky solutions.

Some parts of the numerical results are still not well understood. For example,
the staircasing behavior has been observed in experiments in 1D. The hypergraph
model loses its competitiveness in semi-supervised learning with large labeling rates.
Both phenomena are worth further exploring. Besides, developing new algorithms
that require less computational cost is also one of future directions.
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