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ABSTRACT

We present an automated framework for constructing Taylor series expansions of rovibrational kinetic and potential energy operators for
arbitrary molecules, internal coordinate systems, and molecular frame embedding conditions. Expressing operators in a sum-of-products
form allows for computationally efficient evaluations of matrix elements in product basis sets. Our approach uses automatic differentiation
tools from the Python machine learning ecosystem, particularly the JAX library, to efficiently and accurately generate high-order Taylor
expansions of rovibrational operators. The implementation is available at https://github.com/robochimps/vibrojet.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0287347

I. INTRODUCTION

Accurate calculations of molecular rovibrational spectra, espe-
cially for floppy molecules, weakly bound complexes, and highly
excited states in general, are often computationally demanding.
These calculations benefit significantly from the use of tailored coor-
dinates that effectively capture the essential rovibrational motions
specific to each molecule.1–4 While several advanced generalized
methodologies exist to perform such calculations,5–7 applying them
to a new molecule typically requires more than simply providing a
potential energy surface (PES). It also involves defining an appro-
priate kinetic energy operator (KEO) based on the chosen inter-
nal coordinates and molecular frame embedding conditions. This
setup process demands considerable expertise in both the theoretical
foundations and practical aspects of implementation.

The challenge of choosing optimal internal coordinates and
frame embeddings has been the subject of ongoing research, with
most recent advances focused on variational optimization of coor-
dinate systems.3,4,8 However, even after suitable coordinates are
defined, constructing the PES andKEO in those coordinates and effi-
ciently evaluating their matrix elements in a chosen basis set remains
nontrivial. The matrix elements are typically computed using

multidimensional numerical integration methods, such as Gaussian
quadrature, often combined with Smolyak sparse grids to mitigate
the curse of dimensionality.9 Related discrete variable representa-
tion (DVR) methods also build on Gaussian quadrature to define an
orthonormal basis that simplifies the numerical integration.6,7,10,11

An alternative approach, which is the focus of this study, involves
expressing the rovibrational operators as sums of products of uni-
variate functions, which significantly reduces the complexity of
multidimensional integration. For example, when a direct prod-
uct basis of univariate functions is used, multidimensional integrals
reduce to a sum of products of one-dimensional integrals. How-
ever, in DVR methods, a sum-of-products form of the KEO is not
required.

Molecular PESs and dipole moment surfaces are commonly
represented in a sum-of-products form by fitting analytic func-
tions to electronic structure data computed on a grid of molecular
geometries. For the KEO, one established approach involves using
symbolic algebra to derive an analytical expression, followed by
manual restructuring into a sum-of-products form and hand-coded
implementation.12 This process is tedious and highly system spe-
cific; it must be repeated for every new molecule type, coordinate
system, and frame embedding condition. Moreover, the embedding
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must be analytically expressible, which often excludes commonly
used schemes such as the Eckart frame due to their algebraic com-
plexity. The choice of embedding is particularly important when
rotational motion is considered, as it affects the separability of vibra-
tional and rotational degrees of freedom. It influences not only the
basis set convergence of rovibrational energies but also the accuracy
of vibrational transition intensities, even when rotational degrees of
freedom are not explicitly included in the model.

Certain choices of vibrational coordinates and embedding
conditions, such as polyspherical coordinates, enable the deriva-
tion of the rovibrational KEO directly in the sum-of-products
form.13–16 This avoids complex symbolic algebra and facilitates the
construction of the KEO from molecular fragments.

A more general and flexible alternative is to construct the rovi-
brational operators in a sum-of-products form via Taylor series
expansions5,17 or least-squares fitting techniques.18,19 In the Tay-
lor expansion approach, derivatives can be computed using finite-
difference methods20 or automatic differentiation (AD), particularly
via forward-mode propagation of Taylor series.17 These methods
are well-suited for handling complex coordinate transformations
and frame embeddings, including those defined implicitly by non-
linear equations (e.g., Eckart conditions), enabling fully automated
construction of KEOs without manual symbolic manipulation.

In this work, we introduce Vibrojet, a general Python-based
framework for constructing Taylor series expansions of molecular
rovibrational operators using modern AD tools. In particular, we
employ the JAX library and its jet module, which supports effi-
cient Taylor-mode differentiation. We further employ an efficient
approach for computing high-order partial derivatives by propagat-
ing families of univariate Taylor series.21,22 Compared to our pre-
vious Fortran-based implementation,17 the new Python framework
offers several advantages, including easier coding for setting up new
molecules and coordinate systems, integration with a broader sci-
entific computing ecosystem, and more accessible platform-specific
optimization and parallelization.

This article is organized as follows: In Sec. II, we present a gen-
eral numerical approach for constructing the KEOs of molecules.
The Taylor-mode AD approach is described in Sec. III and details
of its implementation in Sec. IV. Finally, Sec. V provides illustrative
examples of Taylor series expansion for the PES and KEO of selected
molecules and demonstrates their use in variational calculations of
vibrational energy levels.

II. NUMERICAL PROCEDURE FOR KEO

The general form of the rovibrational KEO is given by

T̂ =
M+6

∑
λ,μ=1

p
†

λGλμ(ξ)pμ +U(ξ),

where pλ=1..M+6 = {−ih̵∂/∂ξ1 , . . ., −ih∂/∂ξM , Ĵx, Ĵy, Ĵz ,−ih̵∂/∂Xcm,
−ih∂/∂Ycm, and − ih̵∂/∂Zcm} are the generalized momentum oper-
ators conjugate to the M vibrational coordinates ξ = ξ1, ξ2, . . . , ξM ,
three Cartesian components of the rotational angular momentum
operator J, and three Cartesian momentum operators of the overall
translation. The mass-weighted contravariant metric tensor Gλμ and
pseudopotential U can be computed as6,23

Gλμ = [g−1]λμ,
gλμ =

N

∑
i=1
∑

α=x,y,z
mitiα,λtiα,μ,

U =
h̵2

32

M

∑
λ,μ=1

[Gλμ

g̃ 2
∂g̃

∂ξλ

∂g̃

∂ξμ
+ 4

∂

∂ξλ
(Gλμ

g̃

∂G̃

∂ξμ
)],

where g̃ = det (gλμ). The tiα,λ vectors are defined in terms of the
Cartesian coordinates riα (α = x, y, z) of the i = 1 . . .N atoms in the
molecule, as

tiα,λ =
∂riα

∂ξλ
(λ = 1..M),

tiα,M+β = ∑
γ=x,y,z

ǫαβγriγ (β = x, y, z),
tiα,M+3+β = δαλ (β = Xcm,Ycm,Zcm)

for vibrational, rotational, and translational coordinates, respec-
tively, where ǫαβγ is the three-dimensional Levi–Cività symbol
(ǫ = +1 for even permutations of α, β, and γ, and ǫ = −1 for odd per-
mutations). The pseudopotential U is a scalar operator that can be
combined with the PES to avoid the need for evaluating and storing
additional integrals.

From the above equations, it follows that the KEO can be
constructed automatically, provided a coordinate transformation
function is defined that maps the internal vibrational coordinates ξλ(λ = 1 . . .M) to the Cartesian coordinates riα of the atoms,

ri ≡ (xi, yi, zi) = fi(ξ1, ξ2, . . . ξM). (1)

Defining such a transformation establishes, either implicitly or
explicitly, an orientation of the Cartesian x, y, z axes relative to
the molecule. This orientation may itself vary with changes of the
internal coordinates.

High-order Taylor expansions of the coordinate mappings in
(1), computed using AD tools, have been successfully employed
in computational chemistry to accelerate geometry optimization,
reaction path search, and classical trajectory integration.24

Popular choices for the orientation of the molecular frame
x, y, z axes include the principal axes system (PAS) and the Eckart
frame. The PAS choice minimizes the off-diagonal elements in the
pure rotational block of the G-matrix, whereas the Eckart frame is
designed to minimize the off-diagonal elements in the rovibrational
(Coriolis) part of the G-matrix. The orientation of the molecular
frame can be conveniently expressed using a rotation matrix d(ξ),
which maps reference Cartesian coordinates of atoms (user-defined
or derived from a Z-matrix) into the Eckart or PAS frame,

ri = d ⋅ r̄i ≡ d ⋅ fi(ξ1, . . . , ξM). (2)

The conditions defining the Eckart or PAS frames can be formulated
in terms of the rotation matrix d as follows:

udT − duT = 0 (Eckart), (3)

[dūdT]αβ = 0, α ≠ β (PAS). (4)

Here, the matrices u and ū are defined as

J. Chem. Phys. 163, 072501 (2025); doi: 10.1063/5.0287347 163, 072501-2

© Author(s) 2025

 27 O
ctober 2025 09:30:10



The Journal

of Chemical Physics
SOFTWARE pubs.aip.org/aip/jcp

uαβ =
N

∑
i=1

mir
(ref)
iα r̄iβ,

ūαβ =
N

∑
i=1

mi r̄iα r̄iβ.

The Eckart conditions are defined with respect to a reference geom-

etry, typically chosen as the equilibrium geometry r
(ref)
iα = r(eq)iα ,

around which the rovibrational coupling elements of the G-matrix
are minimized.

The frame embedding conditions can be incorporated directly
into the coordinate transformation function fi in (2) or han-
dled externally through generalized routines. We briefly outline a
numerical solution of the Eckart equations, originally presented in
Ref. 17. Several alternative approaches have been proposed based
on eigenvalue problems,25,26 similar to the diagonalization of the
moment of inertia tensor used in constructing the PAS frame.
However, we found that methods based on eigenvalue decomposi-
tion can encounter difficulties when computing derivatives required
for constructing the Taylor series expansions of the KEO (see
Sec. III). These issues are particularly pronounced in highly sym-
metric molecules such as methane, where degenerate eigenvalues
arise27—not to be confused with eigenvalues of the Hamiltonian. In
such cases, the derivatives of eigenvectors are not well defined, mak-
ing differentiation of the eigenvalue-based solutions fundamentally
problematic.

The present solution is based on the parameterization of the
rotation matrix d in (2) using a 3 × 3 skew-symmetric matrix κ, such
that

d = e−κ,

κ
T = −κ.

(5)

The exponential parameterization ensures that the orthogonality of
d is preserved for all values of the three independent elements κxy,
κxz , and κyz . These elements are determined by solving the Eckart
equations in (3) rewritten in terms of κ. Substituting (5) into the
Eckart conditions and rearranging terms, we obtain the following
linear system for κ:

⎛⎜⎜⎝
uxx + uyy uyz −uxz

uzy uxx + uzz uxy

−uzx uyx uyy + uzz

⎞⎟⎟⎠ ⋅
⎛⎜⎜⎝
κxy

κxz

κyz

⎞⎟⎟⎠

= ∑
α=x,y,z

⎛⎜⎜⎝
λxαuyα − λyαuxα

λxαuzα − λzαuxα

λyαuzα − λzαuyα

⎞⎟⎟⎠, (6)

where

λ = e−κ + κ.

This system is solved iteratively, starting with the initial guess λ = I.
At each iteration, the elements of κ are updated, and the exponential
matrix e−κ is computed using a Taylor series expansion, Rodrigues’
formula, or the Padé approximation.28

III. TAYLOR POLYNOMIALS

Standard AD relies on the fact that a function to be differ-
entiated can be expressed as a composition of smooth elementary
functions. For example, if a function is defined as f(x) = g ○ h(x),
then by the chain rule, its derivative is f ′(x) = g′ ○ h(x)h′(x). For
higher-order derivatives of such compositions, the Faà di Bruno for-
mula generalizes the chain rule and enables recursive computation
of higher-order derivatives from lower-order ones. If the functions
involved in the composition admit converging Taylor series expan-
sions, a convenient method for computing higher-order derivatives
is to use truncated Taylor polynomials. Let the function h(x) be
represented by the Taylor expansion in x around x0 = 0,

h(x) = h0 + h1x + 1
2
h2x

2
+

1
3!
h3x

3
+ ⋅ ⋅ ⋅ +

1
n!
hnx

n.

Assuming both h and g admit converging Taylor expansions, the
composite function f(x) = g ○ h(x) can also be expressed as a Taylor
series around x0 = 0,

f (x) = f0 + f1x +
1
2
f2x

2
+

1
3!

f3x
3
+ ⋅ ⋅ ⋅ +

1
n!

fnx
n,

with coefficients given by

f0 = g(h0),
f1 = g

′(h0)h1,
f2 = g

′(h0)h2 + g′′(h0)h1h1,
f3 = g

′(h0)h3 + 3g′′(h0)h1h2 + g′′′(h0)h1h1h1.
⋮

Each coefficient fk corresponds to the k-th derivative of the compo-
sition g ○ h(x) with respect to x, as described by the Faà di Bruno
formula. The terms g(k)(h0) represent the coefficients of the Taylor
series expansion of g around h0.

To extend AD to higher-order derivatives, it is necessary to
reformulate elementary arithmetic operations, intrinsic functions
(e.g., exp, sin), and linear algebra routines (e.g., det, eigh) to operate
on truncated Taylor polynomials. This can be accomplished by sys-
tematically applying the Faà di Bruno rule for function composition
and the Leibniz rule for product differentiation.

Several prior works have implemented efficient polynomial
arithmetic for truncated Taylor expansions. Notable contributions
include the foundational work of Griewank and Walther21,22,29 and
their C/C++ implementation,30 the Julia implementation by Benet
and Sanders,31 and the Python-based approach by Bettencourt,
Johnson, and Duvenaud32 implemented in the JAX library.33 In our
own earlier work, Taylor polynomial arithmetic in Fortran 90 was
implemented as part of the rovibrational code TROVE.17

In this work, we use the jax.experimental.jet module of
the JAX library.33 Although jet provides high-order derivative rules
for many functions and linear algebra operations, at the time of writ-
ing, it lacks support for several essential primitives. These include
eigenvalue and LU decompositions, matrix determinant, matrix
inverse, and matrix exponential. Furthermore, certain arithmetic
operations specific to the KEO construction, such as solutions of the
molecular frame embedding equations in (3) and (4), can be more
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efficiently implemented by expressing them directly within the Tay-
lor polynomial algebra framework. To that end, our code Vibrojet

extends JAX’s Taylor polynomial functionality by adding support for
missing linear algebra primitives required for the KEO construc-
tion. It also introduces new operations tailored to the Eckart and
PAS frame embedding equations. For eigenvalue decomposition, we
utilized formulas derived in Ref. 34.

As an example, we describe the computation of high-order
derivatives of the frame rotation matrix in (5), which satisfies the
Eckart embedding conditions. Differentiating (3) l times, we obtain

l

∑
m=0
( l

m
)(umdTl−m − dl−muTm) = 0,

where the subscript l denotes the l-th derivative. Rearranging terms
yields a more convenient form for the recursive computation of
derivatives dl,

uκl + κlu
T = λlu

T
− uλTl +

l

∑
m=1
( l

m
)(dl−muTm − umdTl−m), (7)

with

λl = dl + κl, (8)

and matrix exponential

dl = [e−κ]l = ∑
n

(−1)n
n!
[κn]

l
. (9)

This system of equations is solved iteratively for each derivative κl,
starting with the initial value λl = 0 for l > 0 and λ0 = I. At each iter-

ation, the three independent elements, κ(xy)
l

, κ(xz)
l

, and κ
(yz)

l
, are

determined by solving a linear system. The corresponding linear-
system matrix remains constant across all derivative orders [same
as in (6)], allowing its inverse to be computed once and reused. The
right-hand side of (7) depends on λl [also as in (6)], which is updated
recursively using (8) and (9). It also includes a sum over low-order
derivatives dk (k = 0 . . . l − 1), which are computed in the earlier
steps of the recursion.

Derivatives of matrix powers [κn]l are computed using the
Leibniz product rule,

[κn]
l
=

l

∑
m=0
( l

m
)[κn−1]

m
[κ]l−m.

To ensure convergence of the exponential series in (9), we use the
scaling and squaring technique.28 In practice, truncating the expan-
sion after the 6th-order term with two to four scaling steps yields
accurate results. The solution of the Eckart equations typically con-
verges within 6–10 iterations. All operations are formulated as prod-
ucts of 3 × 3 matrices, allowing efficient execution in Python/JAX

using just-in-time compilation.
Finally, a note on multivariate partial derivatives. The coeffi-

cients of multivariate Taylor polynomials can be efficiently com-
puted by propagating univariate directional derivatives using the
interpolation approach of Griewank, Utke, and Walther21 (see also

Chap. 13.3 in Ref. 29). This method is implemented in Vibrojet

and is especially effective for Taylor expansions of rovibrational
operators in largemolecules, where anN-mode truncation scheme is
commonly employed to improve convergence.35 The interpolation
of directional derivatives enables computation of partial deriva-
tives along selected directions without constructing the full high-
dimensional derivative tensor, resulting in significant computational
savings.

IV. IMPLEMENTATION

The mapping from internal to Cartesian coordinates, as
described in (2), is implemented via a user-defined function with the
following interface:

x = internal _to _cartesian(q).
Here, q is an array of length 3N − 6 containing internal coor-
dinate values, and x is an array of shape (N, 3), contain-
ing the Cartesian coordinates of the N atoms in the molecule.
Users can implement frame embeddings either directly within
the internal_to_cartesian function or by applying predefined
function decorators for common embeddings. For example, to
enforce the Eckart frame, the eckart decorator can be applied,
which rotates the coordinate system accordingly,

eckart(q0,m)(internal _to _cartesian).
Here, q0 is an array of reference (e.g., equilibrium) internal
coordinates, and m is an array of atomic masses. Similarly, to
shift coordinates to the center of mass, users can apply the
com(m)(internal_to_cartesian) decorator.

Below is an example of a coordinate mapping for a triatomic
H2O molecule using valence internal coordinates and the Eckart
frame:

Given a coordinate mapping function, the kinetic energy G-
matrix and pseudopotential U can be evaluated at specific internal
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coordinate values or over a grid using functions from the keo mod-
ule: Gmat, batch_Gmat, pseudo, and batch_pseudo. To compute
the G-matrix at a single point,

g = Gmat(q,m, internal _to _cartesian).
Here, g is an array of shape (3N, 3N) representing the full
G-matrix. The first 3N − 6 rows and columns correspond to vibra-
tional coordinates, followed by three rotational and three transla-
tional coordinates. All values are given in units of cm−1, assuming
input bond distances are in Å and angles in radians. For evaluating
over a batch of points,

g = batch _Gmat(q,m, internal _to _cartesian).
In this case, q is a 2D array of shape (D, 3N − 6), where D is the
number of grid points. The output g has shape (D, 3N, 3N). The
functions pseudo and batch_pseudo follow the same interface and
unit convention.

Below is an example of computing the G-matrix and U at a sin-
gle point and over a grid using the coordinate mapping for the H2O
molecule defined above:

The Taylor series coefficients of a function can be computed
using the deriv_list function from the taylor module. It takes
the function to be differentiated, an expansion point, and a list of
multi-indices specifying the desired derivative terms,

coefs = deriv _list( func, x0, deriv_ind, if_taylor).
The boolean parameter if_taylor determines the output: if set
to True, the function returns Taylor series coefficients; if set to
False, it returns the corresponding partial derivatives. For exam-
ple, to compute the Taylor expansion of the G-matrix for the H2O
molecule up to fourth order:

The output g_coefs is an array where the first dimension
indexes the corresponding derivative multi-indices in deriv_ind,
and the second and third dimensions correspond to the rows and
columns of the G-matrix. Each entry in g_coefs gives the Taylor
series coefficient of a G-matrix element associated with a specific
multi-index, evaluated at the expansion point q0.

The deriv_list function is not specific to the KEO and can
be employed to compute Taylor expansion coefficients for any user-
defined multivariate function. For example, it can be used to expand
PESs or dipole moment surfaces in the desired coordinate system.

V. EXAMPLES

We present variational calculations of the vibrational energies
of formaldehyde (H2CO) and ammonia (NH3), using the KEO and
PES represented by Taylor series expansions around a single ref-
erence configuration. These expansions are cast into an N-mode
representation, and the convergence of the computed vibrational
energies is examined with respect to both the Taylor expansion order
and the N-mode truncation order of both the KEO and PES. Com-
plete example calculations are available in the examples folder of
the Vibrojet repository.

For molecules such as NH3, which exhibit multiple minima
in the PES along one or more large-amplitude coordinates, the
standard approach is the Hougen–Bunker–Johns method.36 This
method treats large-amplitude coordinates on a grid while con-
structing Taylor expansions for the remaining quasi-rigid coordi-
nates at each grid point. However, it has been shown that reasonably
accurate expansions of the KEO and PES for NH3 can also be
obtained using rectilinear coordinates by expanding around a refer-
ence configuration corresponding to the planar equilibrium geom-
etry.37 In our NH3 example, we employ this alternative approach,
treating the inversion coordinate within a Taylor expansion. We
show that the PES, kinetic G-matrix, and pseudopotential can be
efficiently expanded in terms of functions of individual internal
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FIG. 1. Definition of the internal angular coordinates used in vibrational energy
calculations for the (a) H2CO and (b) NH3 molecules.

curvilinear coordinates, such as Morse functions for stretching
coordinates and trigonometric functions for bending coordinates,
resulting in improved convergence of the Taylor series even for the
inversion vibrational motion.

For H2CO, the vibrational problem is solved using valence
bond coordinates: r1, r2, and r3 representing the C–O, C–H1, and
C–H2 bond lengths, respectively; two bond angles, θ1 and θ2; and
one dihedral angle, τ, as defined in Fig. 1(a). The G-matrix, pseu-
dopotential, and PES, originally published in Ref. 38 and reim-
plemented in Python, are expanded in these coordinates around
the equilibrium configuration: r1 = 1.2034 Å, r2 = r3 = 1.1038 Å,
θ1 = θ2 = 121.84○, and τ = 180○.

For NH3, the vibrational problem is solved using inter-
nal coordinates: r1, r2, and r3 represent the N–H1, N–H2, and
N–H3 bond lengths, respectively; s4 = (2β23 − β13 − β12)/√6 and
s5 = (β13 − β12)/√2, which are symmetry-adapted combinations of
bond angles; and ρ is the umbrella inversion coordinate, as defined
in Fig. 1(b). Unlike H2CO, we employ two sets of transformed
coordinates, y(G) and y(V), for expanding the KEO (G-matrix and
pseudopotential) and PES, respectively,

y
(G)
1 = r1 − r

(0)
1 , y

(V)
1 = 1 − e−am(r1−r

(0)
1 ),

y
(G)
2 = r2 − r

(0)
2 , y

(V)
2 = 1 − e−am(r2−r

(0)
2 ),

y
(G)
3 = r3 − r

(0)
3 , y

(V)
3 = 1 − e−am(r3−r

(0)
3 ),

y
(G)
4 = s4, y

(V)
4 = s4,

y
(G)
5 = s5, y

(V)
5 = s5,

y
(G)
6 = cos ρ, y

(V)
6 = sin ρ.

(10)

The KEO expansions are constructed using the y(G) coordinates

around the reference configuration: r(0)1 = r(0)2 = r(0)3 = 1.0116 Å,
s4 = s5 = 0, and ρ = 90○ (planar configuration). The PES, adapted
from Ref. 39, is re-expanded in the y(V) coordinates around the
same reference configuration, but with ρ = 112.1○, corresponding to
one of the two equivalent minima of the PES, and using the Morse
exponent am = 2.0 Å−1.

To demonstrate the efficiency of the Taylor expansion in the
transformed y(G) and y(V) coordinates, we present in Figs. 2 and
3 one-dimensional slices of selected elements of the G-matrix and
PES for NH3 along the umbrella coordinate ρ. These slices, cal-
culated exactly on a grid, are compared with fourth-order Taylor
expansions in both the transformed coordinates and the original
internal coordinates. The results show that expansions in y(G) and
y(V) coordinates yield significantly higher accuracy than those in

FIG. 2. One-dimensional slices of selected elements of the G-matrix (in cm−1)
for NH3, shown along the umbrella coordinate ρ. Exact values are compared with
fourth-order Taylor series expansions around ρ = 90○, expressed in both original
internal coordinates q = {r1, r2, r3, s4, s5, ρ} and transformed coordinates y(G)(q)
in (10).

the original internal coordinates at the same truncation order. This
improvement is especially notable for the PES, where the expansion
in internal coordinates around one of the minima fails to reproduce
the characteristic double-well feature.

To solve the vibrational problem, we implemented a basis set
contraction procedure that involves several steps of reduced-mode
variational calculations (see, e.g., Ref. 40). In the first step, we defined
a primitive one-dimensional basis set for each coordinate and com-
puted matrix elements of the coordinate powers and momentum
operators (i.e., xt and xt∂/∂x) appearing in the Taylor expansions

FIG. 3. One-dimensional slices of the PES (in cm−1) for NH3, shown along the
umbrella coordinate ρ and stretching coordinate r1. Exact values are compared
with fourth-order Taylor series expansions around equilibrium ρ = 112.1○ and
r1 = 1.0116 Å, expressed in both internal coordinates q = {r1, r2, r3, s4, s5, ρ} and
transformed coordinates y(V)(q) in (10).
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of the KEO and PES. We used Hermite functions as a primitive
basis for all coordinates of both molecules. In the second step, one-
dimensional (1D) reduced-mode Schrödinger equations were solved
independently for each coordinate. Each equation used the primi-
tive basis for the target coordinate with the Hamiltonian averaged
over the remaining coordinates using the zero-order primitive basis
functions. The resulting eigenfunctions were then truncated using
an energy threshold (typically 40 000–60 000 cm−1), producing six
sets of 1D contracted basis functions, one for each coordinate.

Next, we constructed a combined basis for the equivalent
stretching coordinates: r2 and r3 for H2CO and r1, r2, and r3 for
NH3. This was done by solving reduced-mode Schrödinger equa-
tions using the previously obtained 1D contracted basis functions
for the stretching coordinates. As in the 1D case, the Hamiltonian
was averaged over the remaining coordinates using the ground-state
contracted basis functions. The same procedure was applied in par-
allel to the bending coordinates, i.e., θ1 and θ2 for H2CO and s4 and
s5 for NH3. The resulting eigenfunctions were again truncated using
an energy threshold (30 000 cm−1) and used to form new contracted
basis sets for stretching and bending vibrations.

In the final step, the full vibrational basis was constructed as
a direct product of contracted basis functions for all coordinates.
To reduce the basis set size, we included only the product func-
tions whose total energy falls below a specified threshold. The total
energy is estimated as a sum of the individual energies of the con-
tracted basis functions. The resulting full-dimensional vibrational
Schrödinger equation was then solved to obtain the vibrational
energies and wavefunctions. Since our goal is to demonstrate the
convergence behavior of the KEO and PES Taylor expansions, we
employed relatively modest basis sets by setting the energy threshold
for the product basis at 12 000 cm−1 for both molecules.

In Figs. 4 and 5, we show the convergence of the first 100 vibra-
tional energy levels of H2CO and NH3 with respect to the truncation
order of the N-mode expansion for the kinetic G-matrix and pseu-
dopotential (a) and the PES (b). The results are presented as absolute

FIG. 4. Convergence of the KEO and PES N-mode expansions for the first 100
vibrational energy levels of H2CO. Plotted are the absolute differences between
vibrational energies Ei (i = 1 . . . 100) computed using N and N − 1 expan-
sion orders, for N = 2 . . . 6, shown as functions of the corresponding vibrational
energies relative to the zero-point energy. Panel (a) shows convergence for the
G-matrix and pseudopotential, and panel (b) shows convergence for the PES.

FIG. 5. Convergence of the KEO and PES N-mode expansions for the first 100
vibrational energy levels of NH3. Plotted are the absolute differences between
vibrational energies Ei (i = 1 . . . 100) computed using N and N − 1 expan-
sion orders, for N = 2 . . . 6, shown as functions of the corresponding vibrational
energies relative to the zero-point energy. Panel (a) shows convergence for the
G-matrix and pseudopotential, and panel (b) shows convergence for the PES.

energy differences between calculations performedwithN andN − 1
truncation levels, plotted against the energy values relative to the
zero-point energy. In all calculations, the maximum order of the
Taylor series expansions for both the KEO and PES was fixed at 8th
order. When testing the N-mode convergence of the G-matrix and
pseudopotential, the PES expansion was held fixed at eighth order,
and vice versa. The results for both molecules demonstrate fast con-
vergence of the N-mode expansion for the KEO operator and a bit
slower convergence for the PES. Overall, a truncation at N = 4 is
sufficient to achieve sub-wavenumber accuracy for the lowest 100
vibrational states.

FIG. 6. Convergence of the KEO and PES Taylor series expansions for the first 100
vibrational energy levels of H2CO. Plotted are the absolute differences between
vibrational energies Ei (i = 1 . . . 100) computed using Taylor truncation orders
D and D − 2, for D = 4, 6, 8, shown as functions of the corresponding vibrational
energies relative to the zero-point energy. Panel (a) shows convergence for the
G-matrix and pseudopotential, and panel (b) shows convergence for the PES.
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FIG. 7. Convergence of the KEO and PES Taylor series expansions for the first
100 vibrational energy levels of NH3. Plotted are the absolute differences between
vibrational energies Ei (i = 1 . . . 100) computed using Taylor truncation orders
D and D − 2, for D = 4, 6, 8, shown as functions of the corresponding vibrational
energies relative to the zero-point energy. Panel (a) shows convergence for the
G-matrix and pseudopotential, and panel (b) shows convergence for the PES.

The convergence of vibrational energies for H2CO and NH3

with respect to the truncation order of the Taylor series expansion
is shown in Figs. 6 and 7, respectively. The plots present the absolute
energy differences between calculations using Taylor expansions of
orders D and D − 2, plotted against the corresponding energy val-
ues relative to the zero-point energy. For H2CO, convergence of the
KEO is achieved within 1 cm−1 at the sixth expansion order, with
the difference between D = 8 and D = 6 being less than 1 cm−1. For
NH3, the KEO converges more slowly, which we attribute to the
choice of bending coordinates βij [see Fig. 1(b)], where higher-order
terms are necessary for accurate expansions. The PES expansion for
NH3 converges faster than for H2CO due to the use of transformed
coordinates y(V) in (10), particularly the use of Morse functions for
stretching coordinates.

VI. CONCLUSIONS

We presented Vibrojet, a Python implementation of a gen-
eral framework for constructing rovibrational KEOs and PESs for
arbitrary molecules, using user-defined internal coordinate systems
and frame embedding conditions. The framework supports effi-
cient evaluation of rovibrational operators either on grids of internal
coordinates or as truncated Taylor series expansions.

The implementation leverages Taylor-mode automatic differ-
entiation capabilities from the JAX library, specifically its jet mod-
ule, and includes extensions tailored to the specific needs associated
with rovibrational operator construction. These include, for exam-
ple, an efficient Taylor expansion of the KEO in the Eckart frame
embedding.

We demonstrated the utility of the framework through varia-
tional calculations of molecular vibrational energies based on Taylor
(N-mode) expansions of the KEO and PES. The results confirm good
convergence behavior of the computed energies with respect to the
expansion order.

The present approach, based on Taylor series expansion, can
be combined with traditional least-squares fitting methods to bal-
ance the accuracy and the computational cost of high-order expan-
sions. For example, Taylor expansions can be performed at multiple
reference points, and fitting approaches can then be used to con-
struct a unified representation by interpolating the corresponding
derivatives.
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