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Knots emerge in various fields of mathematics and physics today. We show that knots indeed appear as
stable solitons in a realistic extension of the standard model of particle physics that provides the QCD axion
and right-handed neutrinos. This result suggests that, during the early Universe, a “knot dominated era”
may have existed, where knots were a dominant component of the Universe, and this scenario can be tested
through gravitational wave observations. Furthermore, we propose that the end of this era involves the
collapse of the knots via quantum tunneling, leading to the generation of matter-antimatter asymmetry in

the Universe.
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Introduction—Knots, mathematically defined as closed
curves embedded into three-dimensional space, appear not
only when tying a tie but also in various scientific fields
today, as pioneered by Lord Kelvin. Although his hypoth-
esis that atoms are knots of aether vortices [1] was
eventually disproven, it stimulated the development of knot
theory [2] and its applications across multiple fields of
physics. The key characteristic of knots is their topological
stability—knots cannot be undone without breaking or
intersecting the strings, making them essential in persistent
physical phenomena [3]. In fact, knots appear as vortex
knots or topological solitons called Hopfions [4] in various
physical systems [5-35].

The concept of knots has previously appeared in the
context of particle physics. In particular, a knot invariant in
mathematics arises from topological field theories known as
the Chern-Simons theory [36], which exhibits a direct
connection between theoretical physics and mathematics.
In addition, a knot as a soliton is proposed [4,37—41] in a
field-theoretic toy model called the Faddeev-Skyrme model,
in which the stability of the knot soliton requires non-
renormalizable interactions destroying the predictability of
the model. Nevertheless, knots have never appeared in
phenomenologically viable models in particle physics.

In this Letter, we present the first theoretical demon-
stration of stable knot solitons emerging within a particle
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physics framework. Specifically, we consider a simple
model incorporating both global and local U(1) sym-
metries, which can be identified with the Peccei-Quinn
U(1) symmetry [42,43] and the B — L (baryon number
minus lepton number) symmetry, respectively. The sponta-
neous breaking of these symmetries gives rise to two
distinct types of stringlike topological defects: flux tubes
(local strings) and superfluid vortices (global strings). We
find that when these two types of strings are linked
together, they form stable knot solitons.

Furthermore, we explore the potential cosmological
implications of these knot solitons. Our analysis suggests
that a “knot-dominated era” may have existed in the early
Universe, where knot solitons played a significant role in
cosmic evolution. This scenario can be tested through
gravitational wave (GW) observations. Additionally, we
propose a mechanism in which the quantum tunneling-
induced collapse of knot solitons contributes to the gen-
eration of the observed matter-antimatter asymmetry.

The model—We start with a model that includes two
complex scalar fields ¢; and ¢, and a U(1) gauge field.
The Lagrangian for the scalars is given as

£¢:|Dﬂ¢l|2+|Dy¢2|2_Vv (1)

with V' =2(|¢h1|* + |2 = m?)> — k|1 [*|ho|* the scalar
potential and A4, x > 0. Here V has an exchange symmetry
between the two scalars for simplicity, which is, however,
not necessary in the following argument. The Lagrangian is
invariant under U(1) phase rotations of the scalars ¢,
[U(1),1and ¢, [U(1),]. The covariant derivative D, ) =
(0, —iq1(2)9A,)¢1(2) depends on the gauge field A,,
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FIG. 1.

3D plots of the numerical solution for a knot soliton. The magenta and cyan regions represent the cores of the ¢b; and ¢, strings

(|¢1)?/v* < 0.1 and |¢h,|?/v* < 0.1). In the middle and right panels, the arrows that are overlaid with transparent string cores indicate

the magnetic flux B and the electric flux E of the massive gauge field A, respectively, and their colors correspond to their strength |1§|

and |I_f |. The magnetic flux is along the ¢, strings, one of whose direction is indicated by the large gray arrow, while the electric one
comes out from the strings, which means that the strings have net electric charges. The energy of the solution is 7.0 x 103v/g.

coupling constant g, and U(1) gauge charges ¢, and ¢,
corresponding to ¢; and ¢,, respectively. For simplicity, we
take g, = 1 and ¢, = 0 for the moment, making U(1), a
gauge symmetry [U(1),,.,] and U(1), a global symmetry
[U(1) gigbarl- The Lagrangian for the kinetic term of A, is
L, = (-1/4)F, F*, with F,, being the field strength.
Thus, the full Lagrangian is given as £ = L, + L,. The
tachyonic mass —Am? < 0 in V makes the two scalars
condense and develop vacuum expectation values (VEVs)
as (¢) = (¢p,) = v/\/2, spontaneously breaking both of
the U(1) symmetries.

At the broken phase, quantum corrections can induce the
so-called Chern-Simons coupling between the NG boson
a=—iarg ¢, and A, [42,43],

[’CS = CaFWF””, (2)

where F = W F 5, and C is a model-dependent dimen-
sionless constant; for instance, it may be induced by one-
loop effects of fermions [44]. To consider general setups, C
is taken as a free parameter in this Letter.

The spontaneous breaking of the two symmetries
U(D)jpear and U(1) gopy [or, U(1); and U(1),] gives rise
to two kinds of vortex strings as topological defects. We call
these two strings the ¢; and ¢, strings, which are topo-
logically protected with the phases winding around their
defects. The ¢, string is a local string and contains a
magnetic flux of A,, |®,| = 27/g like superconductors
while the ¢, string is a global string without magnetic fluxes
like superfluid vortices.

Knot soliton—The Chern-Simons coupling (2) does not
affect the individual ¢, or ¢, string because the ¢; (¢h,)
string does not contain excitation of the NG boson a (the
gauge field A,), resulting in (2) vanishing. Thus, loops of
¢ or ¢, strings alone are unstable and shrink due to their
tension.

Now, make the ¢; and ¢, strings linked. Particularly,
one simple example is a link made of a single ¢, string and

multiple ¢, strings (see the left panel of Fig. 1). Here the
coupling (2) plays a crucial role; it induces the electric flux
of the A, field around the ¢, string. In fact, we have

6/ (8A)] [ d*xLcs = —CVa - B, where B is the magnetic
field of A, and we have used that all fields are static. This
changes the Gauss law in the Maxwell equation for Ag;

hence, Cﬁa - B behaves as a source of the electric field
[45,46]. The total electric charge is estimated to be
C [d®xVa-B = 47°CNyy /g, where the strings are
assumed to be sufficiently thin [47]. The integer Ny, is

the linking number of the ¢; and the ¢, strings [48]. From
this, the ¢; strings obtain the electric charge, which gives

rise to the electric field E around them [50]. This electric
field, though screened by ¢;’s VEV, prevents the ¢, string
loops from shrinking and stabilizes them for large C [54].

The stability of the link requires another condition
1> ¢*,k, which ensures that the link of the ¢, and ¢,
strings cannot be delinked, i.e., the strings cannot pass
through each other. This is because in the limit of 1 — oo,
Niink 1s equivalent to the skyrmion number [57,58], which is
characterized by the homotopy group 75(S%) ~ Z defined
by a map from S3, obtained by a compactification of the real
space R?, to S? defined by |, |* + |¢,|? = const, and hence
is approximately a topological invariant. This is similar to
the case of skyrmions in two-component Bose-Einstein
condensates [59-61]. In practical cases with finite 4, the ¢,
and ¢, strings feel an energy barrier to be delinked and are
repelled from each other [11,62].

We numerically solve the classical equations of motion
(EOMs) to confirm the existence of the stable knot soliton
[63]. Figure 1 shows the cores of the strings of the obtained
solution. We here take 1/g*> = 10°, x/¢> = 0.0008, and
C = 400. The magnetic and electric fields are also shown
by arrows. In this figure, the single ¢, string loop is linked
with five ¢, string loops (with the same linking direction),
so that the solution has the linking number 5. One can also
see that the magnetic flux is along the ¢, strings, one of
whose direction is indicated by the large gray arrow. On the
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FIG. 2. 3D plots of numerical solutions for other knot solitons. The colors and the parameters are the same as those in Fig. 1. The two
left plots have the same linking number 4, and the other plots have the linking number 5. The energy of the solutions is 6.0 x 10%v/g,

6.3 x 10%v/g, 7.3 x 10%v/g, and 7.5 x 10°v/g (from left to right).

other hand, the electric one comes out from the strings,
which means that the strings have net electric charges
consistent with the argument above [99].

Note that a similar solution is obtained by acting parity
transformation on the knot soliton shown here. This
solution has the opposite linking direction of the ¢, and
¢, strings compared to the knot soliton, so that we call this
the antiknot soliton. The antiknot one has the U(1),,cu
electric charge (and Skyrme number) with the opposite
signs to those of the knot one.

We can also obtain other knot solitons, which are shown
in Fig. 2. The leftmost panel shows a single loop of the ¢,
string linking with four ¢, string loops. In the other panels,
single ¢; and ¢, loops make a higher linking number by
linking multiple times. For both types, the energy grows as
the linking number gets higher because the electric charge
contained in the ¢, string becomes larger. The energy of all
configurations is almost dominated by the ¢; strings and the
electric flux. Within the same linking number, the energy
gets larger as the length of the ¢; string gets longer.
Therefore, the leftmost solution in Fig. 2 and that in
Fig. 1 have the least energy with the linking number 4
and 5, respectively. We did not find any other knot solitons
with our numerical code, which would imply that the knot
soliton with the linking number smaller than 4 cannot be
stable due to the smaller electric charges and that it
necessitates a larger simulation box size than that we used
to show the knot solitons with the linking number larger
than 5. However, more detailed studies are necessary to
conclude.

Even when the (anti)knot solitons are classically stable,
they can decay due to quantum tunneling, whose lifetime is
denoted by 7geca- One possible decay process is the
delinking process, i.e., the ¢p; and ¢, strings pass through
each other by quantum tunneling. The calculation of the
decay rate is complicated and beyond the scope of this
Letter. Instead, we will later relate the decay rate to the
cosmological history of the knot solitons.

Particle phenomenology—TIn spite of the great success of
the SM, there are still several problems that the SM is not
able to answer, such as dark matter in the Universe, tiny
neutrino masses, strong CP problem, and baryon asym-
metry in the Universe. (For a review, see, e.g., Ref. [101].)
It is believed that (some of) these problems should be
resolved by new physics beyond the SM.

One way to extend the SM is to introduce new
symmetries. The strong CP problem and dark matter
are simultaneously explained by introducing a global
U(1) symmetry called the Peccei-Quinn symmetry
[42,43] (denoted by U(1)pq), which spontaneously breaks
and provides a NG boson, the QCD axion [102,103]. In
addition, it is well motivated to introduce the gauge B — L
(baryon number minus lepton number) symmetry,
U(1)g_;, because it requires the existence of the right-
handed (RH) neutrinos and its spontaneous breaking gives
them Majorana masses, which naturally explain the tiny
neutrino masses in terms of the type-I seesaw mechanism
[104-107]. The RH neutrinos are also expected to play key
roles to generate baryon asymmetry in the Universe.
Furthermore, the U(1),_, gauge symmetry naturally arises
from grand unified theories (GUTS).

Now we apply our Letter on the knot soliton to particle
physics models and discuss its influence on cosmology. One
realistic and promising setup is obtained by identifying the
U(1)jocar and U(1) gy Symmetries in (1) as the U(1)p_;
and U(1)pq symmetries, respectively. To couple ¢; with RH
neutrinos, its B — L charge is set to g; = 2 while keeping
q>» = 0. Here the QCD axion is identified with a. For this to
solve the strong CP problem, we need additional fermionic
fields inducing the Chern-Simons coupling between a and
gluon, which may be realized by introducing Kim-Shifman-
Vainshtein-Zakharov (KSVZ)like [108,109] heavy quarks.
How a couples to the B — L and SM gauge bosons depends
on the charge assignment of the fermionic sectors, which is
kept as general as possible hereafter [110]. From the
astrophysical constraints on the QCD axion, we take v 2
10® GeV [119-122]. We emphasize that this setup is well
motivated because it can elegantly resolve some of the
mysteries in particle physics as stated above. It is natural to
have coexistence of the two symmetries with symmetry
breaking scales of the same order of magnitude since neither
symmetry alone can fully address the shortcomings of the
SM, and a comparable symmetry breaking scale avoids
introducing a new hierarchy problem [123].

Cosmology, baryogenesis, and gravitational wave—
Now let us discuss the cosmological fate of the knot solitons.
When the temperature 7' of the thermal bath in the Universe
is larger than v, the U(1)g_;, and U(1)p, symmetries
remain unbroken. At 7'~ v, they get spontaneously broken
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FIG. 3. Stochastic GW spectrum from the network of the ¢,

string with the tension y ~ v? ~ 10>’ GeV?. The red dashed line
corresponds to the cosmological evolution without the knot
solitons while the solid ones include the knot dominated era
with different reheating temperatures due to the knot decay,
T,, =5 MeV (blue), 100 GeV (orange), and 10° GeV (green).

simultaneously producing the ¢, and ¢, strings via the
Kibble-Zurek mechanism [127,128]. The produced strings
have random configurations, in which some of them are
linked with finite probability. After the oscillation and the
random motion are relaxed, long ¢, and ¢, strings form
conventional networks whose typical length scale is the
Hubble scale. Besides them, small loops with the linking
configurations become the knot solitons that we have studied
above. The number density of the produced (anti)knot
solitons is estimated as Ry (T =~ v) ~ (0.04)*¢~3 [63].

After the production, the knot solitons behave as heavy
long-lived particles, whose energy density scales as
Prnot % R(1)73, with R(#) the scale factor. Therefore, their
energy density eventually overcomes that of the radiation
and dominates the total energy density of the Universe. We
call this epoch “knot dominated era.” Afterward, at
!~ Tgecay, they decay by the quantum tunneling and
release their energy into light particles, leading to the
radiation dominated epoch again via a secondary reheat-
ing. Assuming instantaneous decays, the temperature
of the reheated thermal bath is given by [129] T,, ~
{[30/(7:29*)][(3M§1)/8n]1“2}1/4 with g, the number of the
relativistic degrees of freedom, g, = O(10%), I' = 1/7gecay
the decay rate, and Mpl the Planck mass. Note that I' is
typically exponentially suppressed because of nonpertur-
bative processes. In order to realize the successful big
bang nucleosynthesis (BBN), T,, must be larger than
O(1) MeV [130-132]. Therefore, the Universe experien-
ces the knot dominated era sandwiched by two radiation
dominated eras before BBN.

When T,, is larger than the electroweak (EW) scale
O(10%) GeV, this end of the knot domination
can produce baryon asymmetry in the Universe in a
similar way to nonthermal leptogenesis via inflaton decay
[133-137]. The observed baryon asymmetry is given by

Y lobs = (np — ng)/s = 0.8 x 10719 [138] where npp) and
s are the number density of (anti)baryon and the entropy
density, respectively.

In this scenario, the RH neutrinos vy play key roles.
They get Majorana masses from the VEV of ¢, with mass
eigenvalues My, and eigenstates N;. The two lightest ones
are assumed to be nearly degenerated Mz < Mg (< Mgs3)
like resonant leptogenesis [139,140]. Through the cou-
plings with ¢, and A, the decay of a knot soliton produces
N;. We parameterize an energy fraction of the produced N,
compared to the knot static energy as fy, €[0, 1], i.e., the
produced number of N, is given as fy, M/Mpg,, in which
M ~ O(10*)v/g is the knot soliton mass and fy, is not
expected to be small when Mp; < gv. The produced N;
immediately decay into the SM Higgs and charged leptons,
providing the lepton asymmetry n; — n; [63]. Through the
EW sphaleron process, some of the lepton asymmetry is
converted into the baryon asymmetry, resulting in

T 1012 GeV
YBzo.gx10—1°f,v1<102 (’}eV>< i > (3)
R1

reproducing Y|, by taking appropriate parameters. There
can be an alternative scenario of baryogenesis even when
T, is smaller than the electroweak scale. This is comple-
mentary to the scenario presented here [63].

Remarkably, the existence of the knot dominated era can
be observed in terms of GWs when there exists a sufficient
GW source. Fortunately, this model already contains a
possible source of GW: network of ¢, strings. The knot
dominated era leaves imprints on the GW spectrum from ¢,
strings [141-143], as shown in Fig. 3 with three benchmarks
for T, [63]. Here Qgwh?* = [dpgw(f)/dlog fh?/p,, with
h being the dimensionless Hubble constant, pgw (f) the GW
energy density for a frequency f observed today, and p,. the
critical energy density. We also show in Fig. 3 the observed
signals of NANOGrav 15-year dataset [144] as the gray
region and power-law integrated sensitivity curves of future
GW observatories (taken from Ref. [145]): DECIGO [146]
(orange), Cosmic Explorer (CE) [147] (green), LISA [148]
(blue), and Square Kilometer Array (SKA) [149] (red).
Because of the existence of the knot dominated era, solid
lines are deviated from the conventional spectrum without
the knot domination (red dashed line). Especially, taking
Mpg; =102 GeV and fy, ~O(1) in Eq. (3), one can
predict T, to be O(10?) GeV, which is the lower limit
to realize leptogenesis, and hence the deviation in the GW
spectrum from the dashed line appears within the range of
CE (the orange line in Fig. 3). Therefore, this scenario is
expected to be tested. Note that this imprint is the byproduct
of the knot-based baryogenesis. In other words, if future
GW detectors do not observe the deviation of the stochastic
GW spectrum from the conventional flat GW spectrum (red
dashed line), our scenario based on knot domination would
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be ruled out within certain parameter space. This is a
significant advantage of our scenario as standard thermal
leptogenesis suffers from lack of testability.

To summarize, within reasonable setups, the decay of the
knot solitons can produce the correct baryon asymmetry.
Furthermore, knot domination can be probed by stochastic
GW backgrounds in the near future. While Kelvin origi-
nally conjectured knots as fundamental building blocks of
matter, our findings provide, for the first time, a realistic
particle physics model in which knots may play a crucial
role in the origin of matter.

For further studies in the phenomenological perspective,
we need concrete model building. Particularly, it is worth
considering embedding this setup into GUTs such as
SO(10) GUTs. Although we have taken C, the coefficient
of the Chern-Simons coupling, as a free parameter, it may
be explained as a one-loop effect of matter fermions
charged under the U(1)p_; and U(1)pg symmetries. To
conclude, the knot soliton in particle physics has many
potential applications for understanding fundamental
aspects of nature.
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