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We perform a model-independent measurement of the D0-D̄0 mixing parameters using samples of

eþe− -collision data collected by the Belle and Belle II experiments that have integrated luminosities of

951 fb−1 and 408 fb−1, respectively. Approximately 2.05 × 106 neutral D mesons are reconstructed in the

D0
→ K0

Sπ
þπ− channel, with the neutral D flavor tagged by the charge of the pion in the D�þ

→ D0πþ

decay. Assuming charge-parity symmetry, the mixing parameters are measured to be x ¼ ð4.0� 1.7�
0.4Þ × 10−3 and y ¼ ð2.9� 1.4� 0.3Þ × 10−3, where the first uncertainties are statistical and the second

systematic. The results are consistent with previous determinations.

DOI: 10.1103/7p5s-f9qp

I. INTRODUCTION

Charm or D0-D̄0 mixing is the phenomenon in which

neutral D mesons oscillate into their antiparticles before

decaying. It arises because the flavor eigenstates, D0 and

D̄0, do not coincide with the mass eigenstates of the

Hamiltonian. At quark level, mixing is induced by the

exchange of W� bosons and down-type quarks or inter-

mediate hadronic states, and its rate can be enhanced if

particles beyond the standard model are also involved [1].

Hence, precise measurements of charm mixing, and of

charge-parity (CP) violation in charm mixing, can serve as

tools to probe new physics [2].

The mass eigenstates, D1 and D2, of neutral D mesons

can be expressed in terms of flavor eigenstates as

jD1;2i ¼ pjD0i � qjD̄0i ð1Þ

where p and q are complex parameters satisfying

jpj2 þ jqj2 ¼ 1. Following the convention from Ref. [3],

we define CPjD0i ¼ þjD̄0i such that, in the limit of CP
symmetry (i.e., q ¼ p), D1ð2Þ corresponds to the CP -even

(odd) eigenstate. The mixing parameters are defined as [4]

x ¼ m1 −m2

Γ
and y ¼ Γ1 − Γ2

2Γ
; ð2Þ

wherem1ð2Þ and Γ1ð2Þ are the mass and the width of theD1ð2Þ
state, and Γ ¼ ðΓ1 þ Γ2Þ=2 is the average decay-width. The

average D0 decay time is then given by τ ¼ 1=Γ.
The world-average values of the mixing and CP -

violation parameters are x ¼ ð4.07� 0.44Þ × 10−3, y ¼
ð6.45þ0.24

−0.23Þ × 10−3, jq=pj ¼ 0.994þ0.016
−0.015 , and argðq=pÞ ¼

ð−2.6þ1.1
−1.2Þ∘ [5]. These are the result of several experimental

measurements performed over the past few decades and are

currently dominated by results from LHCb [6–9]. The

existence of charm mixing was first established in 2007

using a combination of results from BABAR and Belle

[10,11]. In 2012, LHCb observed charm mixing in a single

experiment for the first time using D0
→ Kþπ− decays

[12,13], which significantly reduced the uncertainties in the

world-average values of x and y. This observation was later
confirmed by CDF [14] and Belle [15] using the same

decay mode. A nonzero value for x has been reported by

LHCb in 2021 using D0
→ K0

Sπ
þπ− decays [8]. Besides

LHCb, Belle II is the only other experiment that has

sufficient sensitivity to D0-D̄0 mixing to determine x with

precision below 1%.

We measure the charm-mixing parameters x and y using

D0
→ K0

Sπ
þπ− decays reconstructed in the Belle and

Belle II datasets, which have integrated luminosities of

951 fb−1 and 408 fb−1, respectively. The analysis uses

D0
→ K0

Sπ
þπ− decays originating from D�þ

→ D0πþ

decays so that the production flavor of the neutralDmesons

can be determined from the charge of the accompanying

pions. Signal decays are separated from background using

fits to the two-dimensional distribution of K0
Sπ

þπ− mass,

mðK0
Sπ

þπ−Þ, and energy released in the D�þ decay,Q. The

decay-time distribution of the signal candidates is described

using a method that does not rely on precise modeling of the

D0
→ K0

Sπ
þπ− decay amplitude, which eliminates model-

dependent systematic uncertainties [16,17]. This model-

independent method builds on the same ideas developed to

measure the Cabibbo–Kobayashi–Maskawa angle γ from

B−
→ Dð→ K0

Sπ
þπ−ÞK− decays, known as the Bondar—

Poluektov—Giri—Grossman—Soffer–Zupan method [18–

20]. By partitioning the Dalitz plot into bins, the need for an

explicit amplitude model is avoided, and the decay-time

distribution depends on a small number of hadronic param-

eters that encode the relevant dynamics, in addition to the

mixing parameters. The hadronic parameters are measured

with sufficient precision at charm factories where pairs of

D0D̄0 mesons are coherently produced in eþe− collisions at

the ψð3770Þ resonance [21–23]. Therefore, a simultaneous

fit to the decay-time distributions of all Dalitz-plot bins, in

which the external information on the hadronic parameters is

used as a constraint, gives access to the mixing parameters.

To avoid experimenter’s bias while developing the ana-

lysis, the mixing parameters in the fit were shifted by

unknown offsets randomly sampled between −2 × 10−2

andþ2 × 10−2. The offsets were revealed only after having

finalized the analysis procedure and evaluation of

uncertainties.

The paper is structured as follows. The formalism of

the model-independent method is discussed in Sec. II. The
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Belle and Belle II detectors are presented in Sec. III.

The data and simulation samples used in the analysis are

described in Sec. IV. Section V reports the reconstruction

and selection of the signal decays, and the resulting sample

composition. The time-dependent mixing fit is presented in

Sec. VI. Systematic uncertainties are evaluated in Sec. VII.

A summary of the results is given before concluding.

II. FORMALISM

We use the Dalitz-plot formalism [24,25] to parametrize

theD0
→ K0

Sπ
þπ− decay amplitude. To simplify the simul-

taneous treatment ofD0 and D̄0 decays, we build the Dalitz

plot using the following flavor-dependent definition of

squared invariant masses:

m2
� ≡

�

m2ðK0
Sπ

�Þ for initially producedD0 mesons

m2ðK0
Sπ

∓Þ for initially produced D̄0 mesons
:

ð3Þ

The decay-time rate of initially produced D0 and D̄0

mesons decaying to the K0
Sπ

þπ− final state are

jTðm2
þ; m

2
−; tÞj2 ¼

�

�

�Aðm2
þ; m

2
−ÞgþðtÞ

þ Āðm2
−; m

2
þÞ

q

p
g−ðtÞ

�

�

�

2
; ð4Þ

jT̄ðm2
þ; m

2
−; tÞj2 ¼

�

�

�Āðm2
þ; m

2
−ÞgþðtÞ

þ Aðm2
−; m

2
þÞ

p

q
g−ðtÞ

�

�

�

2
; ð5Þ

where Aðm2
þ; m

2
−Þ and Āðm2

þ; m
2
−Þ indicate the D0 and D̄0

decay amplitudes as a function of the Dalitz-plot coordi-

nates, and

g�ðtÞ ¼ θðtÞe−imte−Γt=2 cosh
sinh ðzΓt=2Þ; ð6Þ

where m ¼ ðm1 þm2Þ=2 is the average mass of neutral D
mesons, θ is the Heaviside function, and z equals −ðyþ ixÞ.
A model-dependent measurement of the mixing param-

eters relies on fitting Eqs. (4) and (5) to the data with a

model for the variation of the decay amplitudes across the

Dalitz plot. The amplitude model introduces large and

difficult-to-estimate systematic uncertainties, which can

limit the precision of the measurement [26–30]. In this

work, we avoid the dependence on the amplitude model by

splitting the data into n pairs of Dalitz-plot bins symmetric

with respect to the diagonal m2
þ ¼ m2

−. In this analysis, we

use the “iso-Δδ” n ¼ 8 binning scheme of the Dalitz

plot [21] shown in Fig. 1. We then define

Fb ¼
Z

b

jAðm2
þ; m

2
−Þj2dm2

þdm
2
−; ð7Þ

F̄b ¼
Z

b

jĀðm2
þ; m

2
−Þj2dm2

þdm
2
−; ð8Þ

Xb ¼
1

ffiffiffiffiffiffiffiffiffiffiffiffiffi

FbF̄−b

p

Z

b

A�ðm2
þ; m

2
−ÞĀðm2

−; m
2
þÞdm2

þdm
2
−; ð9Þ

where b ¼ −n;…;−1;þ1;…;þn is the index of the Dalitz-
plot bin. Positive and negative indices indicate bins in the

Dalitz-plot semispaces m2
þ > m2

− and m2
− > m2

þ, respec-
tively. Here, Fb and F̄b are event yields in the

Dalitz-plot bin b at t ¼ 0 and can be determined directly

when fitting the data. The hadronic parameters Xb ¼
cb − isb quantify the interference between the D0 and D̄0

amplitudes. The imaginary and real parts of Xb are mea-

sured in experiments where D0D̄0 pairs are produced

in an entangled state [22,23] and constrained in the fit

to the data, thus eliminating the need for an amplitudemodel.

Assuming CP symmetry in both decay and mixing

means Aðm2
þ; m

2
−Þ ¼ Āðm2

þ; m
2
−Þ and q ¼ p. The

phase difference between Aðm2
þ; m

2
−Þ and Āðm2

−; m
2
þÞ,

Δδðm2
þ; m

2
−Þ, is then only due to the strong interaction.

In this case, Fb ¼ F̄b, Xb ¼ X̄b and Xb ¼ X�
−b. Hence,

integrating Eqs. (4) and (5) in Dalitz-plot bin b or −b
results in the following relations

pbðtÞ ¼
Z

b

jTfðm2
þ; m

2
−; tÞj2dm2

þdm
2
−

¼
Z

b

jT̄fðm2
þ; m

2
−; tÞj2dm2

þdm
2
−

∝ g2þðtÞ þ rbg
2
−ðtÞ þ 2

ffiffiffiffiffi

rb
p

Re½Xbg
�
þðtÞg−ðtÞ�; ð10Þ

FIG. 1. Iso-Δδ binning of the D0
→ K0

Sπ
þπ− Dalitz plot,

developed by CLEO [21] using the amplitude model from

Ref. [31]. The bins are symmetric with respect to the m2
þ ¼

m2
− bisector; positive indices refer to bins in the (lower)m2

þ > m2
−

region; negative indices refer to those in the (upper) m2
þ < m2

−

region. Colors indicate the absolute value of the bin index b.
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p−bðtÞ¼
Z

−b

jTfðm2
þ;m

2
−; tÞj2dm2

þdm
2
−

¼
Z

−b

jT̄fðm2
þ;m

2
−; tÞj2dm2

þdm
2
−

∝ rbg
2
þðtÞþg2−ðtÞþ2

ffiffiffiffiffi

rb
p

Re½X−bg
�
þðtÞg−ðtÞ�; ð11Þ

where rb ¼ F−b=Fb.

The probability density functions (PDFs) used in the fit

to the data are based on Eqs. (10) and (11), after having

included experimental effects such as detector resolution

and contributions from background processes which are

discussed in Sec. VI.

III. BELLE AND BELLE II DETECTORS

The Belle experiment [32,33] operated at KEKB asym-

metric-energy eþe− collider [34,35] between 1999 and

2010. The detector consisted of a large-solid-angle spec-

trometer, which included a double-sided silicon-strip vertex

detector, a 50-layer central drift chamber, an array of aero-

gel threshold Cherenkov counters, a barrel-like arrange-

ment of time-of-flight scintillation counters, and an electro-

magnetic calorimeter comprised of CsI(Tl) crystals. All

subdetectors were located inside a superconducting sole-

noid coil that provided a 1.5 T magnetic field. An iron flux-

return yoke, placed outside the coil, was instrumented with

resistive-plate chambers to detect K0
L mesons and identify

muons. Two inner detector configurations were used: a

2.0 cm radius beam pipe and a three-layer silicon vertex

detector (SVD1); and, from October 2003, a 1.5 cm radius

beam pipe, a four-layer silicon vertex detector, and a small-

inner-cell drift chamber (SVD2) [36].

The Belle II detector [37] is an upgrade with several new

subdetectors designed to handle the significantly larger

beam-related backgrounds of the new collider, SuperKEKB

[38]. It consists of a silicon vertex detector wrapped around

a 1 cm radius beam pipe and comprising two inner layers of

pixel detectors and four outer layers of double-sided strip

detectors, a 56-layer central drift chamber, a time-of-

propagation detector, an aerogel ring-imaging Cherenkov

detector, and an electromagnetic calorimeter, all located

inside the same solenoid as used for Belle. The flux return

outside the solenoid is instrumented with resistive-plate

chambers, plastic scintillator modules, and an upgraded

read-out system to detect muons, K0
L mesons, and neutrons.

For the data used in this paper, collected between 2019 and

2022, only part of the second layer of the pixel detector,

covering 15% of the azimuthal angle, was installed.

IV. DATASETS

This analysis uses D�þ
→ D0ð→ K0

Sπ
þπ−Þπþ candi-

dates reconstructed in Belle and Belle II data. The Belle

data samples were collected on or near the ϒð4SÞ and

ϒð5SÞ resonances and have integrated luminosities of

800 fb−1 (with 80% of this taken in the SVD2 configura-

tion) and 151 fb−1, respectively [33]. The Belle II data

sample, collected near the ϒð4SÞ resonance, has an

integrated luminosity of 408 fb−1 [39].

We use simulation to identify sources of background,

quantify reconstruction effects, determine fit models, and

validate the analysis procedure. We generate eþe− →
ϒðnSÞ (n ¼ 4; 5) events and simulate particle decays with

EvtGen [40]; we generate continuum eþe− → qq̄ (where q is

a u, d, c, or s quark) with PYTHIA6 [41] for Belle, and with

KKMC [42] and PYTHIA8 [43] for Belle II; we simulate final-

state radiation with PHOTOS[44,45]; we simulate detector

response using GEANT3 [46] for Belle and GEANT4 [47] for

Belle II. In the Belle simulation, beam backgrounds are

taken into account by overlaying random-trigger data. In

the Belle II simulation, they are accounted for by simulat-

ing the Touschek effect [48], beam-gas scattering, and

luminosity-dependent backgrounds from Bhabha scattering

and two-photon quantum-electrodynamic processes [49,50].

V. EVENT SELECTION AND SAMPLE

COMPOSITION

We use the Belle II analysis software framework (basf2)

to reconstruct both Belle and Belle II data [51,52]. The

Belle data are converted to the Belle II format for basf2

compatibility using the B2BII framework [53].

Events are selected by a trigger according to either the

total energy deposited in the electromagnetic calorimeter or

the number of charged-particle tracks reconstructed in the

central drift chamber. The efficiency of the trigger selection

is found to be close to 100% for events containing signal

D�þ
→ D0ð→ K0

Sπ
þπ−Þπþ candidate decays.

Signal candidates are reconstructed starting from combi-

nations of two oppositely charged pions to form K0
S →

πþπ− candidates. A fit to determine the K0
S decay-vertex

position is performed and the resulting πþπ− mass is

required to be in the range ½0.488; 0.508� GeV=c2. The
K0

S candidates are then combined with two oppositely

charged pions, having small radial and longitudinal dis-

tances of closest approach to the interaction region

(Δr < 1 cm and jΔzj < 5 cm), to form D0
→ K0

Sπ
þπ−

candidates. The D0 candidate is then combined with

another charged pion satisfying the same track-quality

requirements to form D�þ
→ D0πþ candidates. Due to

the small energy released in the decay, the pion from the

D�þ decay has much lower momentum than the pions from

theD0 decay and is therefore identified as the “soft” pion in

the following. Candidates arising from the decay of a B
meson are suppressed to a negligible level by requiring the

momentum of the D�þ meson in the eþe− center-of-mass

frame to exceed 2.5 GeV=c (3.1 GeV=c) for the data

collected near the ϒð4SÞ (ϒð5SÞ) resonance. A kinematic-

vertex fit [54] to the selected D�þ candidates determines

the D0 and D�þ decay vertices while constraining the
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reconstructed πþπ− mass to the known K0
S mass [3] and the

D�þ decay-vertex to the measured position of the eþe−

interaction region. Candidates with failed fits or χ2=ndf >

200=10 are rejected. This fit calculates the K0
S flight length

L, i.e., the distance between the K0
S and D0 decay vertices,

and its uncertainty σL. The flight-length significance L=σL
is required to be larger than 20 to suppress background

candidates having no K0
S meson in the D0 final state,

such as D0
→ πþπ−πþπ− decays. The D�þ candidates

are required to satisfy 1.8 < mðK0
Sπ

þπ−Þ < 2.0 GeV=c2

and 0.2 < Q < 20.0 MeV.

To ensure that all candidates lie in the kinematically

allowed phase-space region, the vertex fit is rerun with an

additional D0 -mass constraint. The fit never fails and no

candidates are removed in this step. We use the results of

this second fit to compute the Dalitz-plot coordinates. All

other quantities, including the D0 decay time t and its

uncertainty σt, are computed with the result of the fit

without the D0 -mass constraint.

In 15% of events more than one D�þ candidate is

selected. If the multiple candidates result from the combi-

nation of final-state particles reconstructed from cloned

tracks, we remove them. Otherwise, we accept all candi-

dates. This procedure removes approximately 1% of

selected candidates and has been verified to not introduce

a bias.

Selected candidates are categorized as signal, random-

pion background, and other background. Signal candidates

are those for which the full D�þ
→ D0ð→ K0

Sπ
þπ−Þπþ

decay chain is correctly reconstructed. The signal candi-

dates feature narrow peaks in both mðK0
Sπ

þπ−Þ and Q

distributions. Random-pion background candidates are

defined as those in which the D0 is correctly reconstructed

but associated to an unrelated soft pion to form the D�þ

candidate. They peak exactly as the signal in D0 mass, but

are smoothly distributed in Q value. The remaining

candidates are referred to as other background candidates.

They have smooth mðK0
Sπ

þπ−Þ and Q distributions.

The fractions of the three components in each Dalitz-plot

bin are determined from an unbinned maximum-likelihood

fit to the two-dimensional distribution of mðK0
Sπ

þπ−Þ
versus Q. The signal mðK0

Sπ
þπ−Þ distribution is modeled

with a Crystal Ball function [55,56] and two Gaussian

functions, with shared mean value. The Q distribution of

signal is modeled with a Johnson unbounded distribu-

tion [57] and two Gaussian functions. The width of the

second Gaussian function has a quadratic dependence

on mðK0
Sπ

þπ−Þ. For the random-pion component, the

mðK0
Sπ

þπ−Þ distribution is identical to the signal compo-

nent, while the Q distribution is modeled with the two-

body phase-space function Q1=2 þ αQ3=2 þ βQ5=2. The

distributions of the other background are modeled with a

third-order polynomial for mðK0
Sπ

þπ−Þ and a two-body

phase-space function for Q.

Figure 2 shows the distributions of mðK0
Sπ

þπ−Þ and Q

for the candidates in the respective signal regions, with fit

projections overlaid. The mðK0
Sπ

þπ−Þ signal region is

defined by jmðK0
Sπ

þπ−Þ −mD0 j < 15 MeV=c2, where

mD0 is the known D0 mass [3]. The Q signal region

corresponds to the range [4.85, 6.85] MeV. These distri-

butions are integrated over all Dalitz-plot bins. We recon-

struct approximately 1.35 × 106 and 0.70 × 106 signal

candidates in Belle and Belle II, respectively. The signal

purity in the signal region is approximately 96% for both

samples.

The Dalitz plots of the candidates populating the

combined mðK0
Sπ

þπ−Þ and Q signal region is shown in

Fig. 3. The structures due to the dominant intermediate

processes are clearly visible [29,30]. These include the

Cabibbo-favored D0
→ K�ð892Þ−πþ amplitude populating

the horizontal band in the m2
þ > m2

− region (corresponding

to the positive Dalitz-plot bins), the CP -odd D0
→

K0
Sρð770Þ0 amplitude appearing as a band orthogonal to

the m2
þ ¼ m2

− diagonal, and the D0
→ K0

Sðπþπ−ÞS-wave
component, which also includes the f0ð980Þ resonance.

The vertical band in the regionm2
þ < m2

− (corresponding to

the negative Dalitz-plot bins) include doubly Cabibbo-

suppressed D0
→ K�ð892Þþπ− decays, mixed D mesons

followed by the Cabibbo-favored D̄0
→ K�ð892Þþπ−

decay, and Cabibbo-favored D̄0
→ K�ð892Þþπ− decays

mistagged as D0 decays by a random soft pion.

VI. TIME-DEPENDENT MIXING FIT

The mixing parameters are determined using an

unbinned maximum-likelihood fit to the ðt; σtÞ distributions
of the candidates populating the signal region and split into

the 16 Dalitz-plot bins and into four different data subsets.

The subsets correspond to Belle data collected with SVD1,

Belle ϒð4SÞ data collected with SVD2, Belle ϒð5SÞ data,
and Belle II data.

The PDF of the signal decays is constructed from

Eqs. (10) and (11) by including reconstruction effects.

However, we neglect effects due to nonuniform efficiency

variations and mass resolutions across the Dalitz plot,

which are accounted for in the systematic uncertainties

(Sec. VII), and only include the effect of the decay-time

resolution. We model the decay-time resolution using

the per-candidate decay-time uncertainty σt. The two-

dimensional ðt; σtÞ PDF of the signal candidates is

expressed as the product between the PDF of σt and the

PDF of t given the value of σt. The latter is expressed as the
convolution of the decay rate of Eqs. (10) and (11) with

the resolution function RðtjσtÞ, which depends on σt

Psigðt; σtjbÞ ¼ Psigðtjσt; bÞPsigðσtjbÞ
∝ ½pbðtÞ ⊗ RðtjσtÞ�PsigðσtjbÞ; ð12Þ
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where PsigðσtjbÞ is a histogram template determined,

independently for each bin b and for each data subset,

by subtracting the σt distribution of the candidates in the

mðK0
Sπ

þπ−Þ sideband ½1.97; 2.00� GeV=c2 from the σt
distribution of the signal region using the measured

background fraction. The resolution function RðtjσtÞ is

parametrized as a double Gaussian distribution

RðtjσtÞ ¼ fGðtjμ; σ1Þ þ ð1 − fÞGðtjμ; s2σ1Þ; ð13Þ

where σ1 ¼ s1σt þ s11σ
2
t . The parameters f, μ, s1, s11, and

s2 are determined directly from the fit to the data (in the fit
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to Belle data s11 is fixed to zero). Independent parameters

are considered for Belle SVD1, Belle SVD2 (which

includes ϒð4SÞ and ϒð5SÞ subsets), and Belle II data.

We then obtain

Psigðtjσt; bÞ ¼
kþðtÞ þ rbk−ðtÞ þ 2

ffiffiffiffiffi

rb
p

Re½Xbkþ−ðtÞ�
Kþ þ rbK− þ 2

ffiffiffiffiffi

rb
p

ReðXbKþ−Þ
:

ð14Þ

The functions kþðtÞ, k−ðtÞ, and kþ−ðtÞ are, respectively,

the convolutions of g2þðtÞ, g2−ðtÞ and g�þðtÞg−ðtÞ and the

resolution function RðtjσtÞ. They are expressed analytically
using the following relations [58]:

g2þðtÞ ⊗ Gðtjμ; σÞ ¼ 1

4

�

ψðχ; κþÞ þ ψðχ; κþiÞ

þ ψðχ; κ−iÞ þ ψðχ; κ−Þ
�

; ð15Þ

g2−ðtÞ ⊗ Gðtjμ; σÞ ¼ 1

4

�

ψðχ; κþÞ − ψðχ; κþiÞ

− ψðχ; κ−iÞ þ ψðχ; κ−Þ
�

; ð16Þ

g�þðtÞg−ðtÞ ⊗ Gðtjμ; σÞ ¼ 1

4

�

ψðχ; κþÞ þ ψðχ; κþiÞ

− ψðχ; κ−iÞ − ψðχ; κ−Þ
�

; ð17Þ

with

χ ¼ t − μ

σ
; κ� ¼ ð1� yÞΓσ; κ�i ¼ ð1� ixÞΓσ;

ψðχ; κÞ ¼ 1

2
e
κ2−2χκ

2

�

1þ erf

�

χ − κ
ffiffiffi

2
p

	


: ð18Þ

The integrals of kþðtÞ, k−ðtÞ, and kþ−ðtÞ over decay

time are

Kþ ¼
Z

∞

−∞

kþðtÞdt; K− ¼
Z

∞

−∞

k−ðtÞdt;

Kþ− ¼
Z

∞

−∞

kþ−ðtÞdt: ð19Þ

The total PDF includes the contribution of the back-

grounds. For a given bin b, it is defined as

Pðt; σtjbÞ ¼ Cb
�

fbsigPsigðt; σtjbÞ þ fbrndPrndðt; σtjbÞ
þ ð1 − fbsig − fbrndÞPothðt; σtjbÞ

�

; ð20Þ

with

Cb ¼

8

<

:

1
1þCb

b > 0

Cb

1þCb
b < 0

: ð21Þ

Here, fbsig and fbrnd are the fractions of signal and random-

pion candidates in the Dalitz bin b, as determined from fits

to the ðmðK0
Sπ

þπ−Þ; QÞ distributions (see Sec. V). These

fractions are evaluated independently for each data subset.

The coefficients Cb account for the multinomial splitting of

the total sample into the 16 Dalitz-plot bins. They are

related to the ratios between the total yields in bin −b and

bin þb by

Cb ¼
N−b

Nb

¼ N −b

N b

fbsig

f−bsig
; ð22Þ

where the signal yields N�b are expressed in terms of the

hadronic parameters ðrb; cb; sbÞ and of the mixing param-

eters ðx; yÞ by integrating the signal PDF over the decay

time [as in the denominator of Eq. (14)].

The PDF of the random-pion component, Prndðt; σtjbÞ, is
obtained assuming that pairing an unrelated soft pion to a

correctly reconstructed D0 decay can only result in a frac-

tion fmistag of candidates being mistagged. We then write

Prndðt; σtjbÞ ∝ ð1 − fmistagÞN bPsigðt; σtjbÞ
þ fmistagN −bPsigðt; σtj − bÞ: ð23Þ

The mistag fraction is determined to be ð42.11� 0.19Þ%
from a fit to the ðt; σtÞ distributions of the data candidates
populating the Q sideband ½15; 20�Me V. This fraction is

fixed in the fit to the signal region.

Simulation shows that the distribution of the remaining

background varies with the Dalitz-plot bin and with the

data subset. Therefore, for each bin b and data subset,

the PDF of the remaining background, Pothðt; σtjbÞ, is

defined to be

Pothðt; σtjbÞ ¼ Pothðtjσt; bÞPothðσtjbÞ: ð24Þ

The first term is the sum of a Dirac δ function and two

exponential-decay components, all convolved with the

resolution function of Eq. (13) in which the mean param-

eters are shifted by the bin-dependent offset μboth

Pothðtjσt; bÞ ¼ ð1 − fbτ ÞRðtjσt; μbothÞ
þ fbτ

�

fbτ1Pτ1

�

tjσt; μboth; τb1
�

þ
�

1 − fbτ1
�

Pτ2

�

tjσt; μboth; τb2
��

; ð25Þ

with

Pτi
ðtjσt; μboth; τbi Þ ∝ e−t=τ

b
i ⊗ Rðtjσt; μbothÞ: ð26Þ

The PDF of σt is a histogram template derived, independ-

ently for each bin b and data subset, from the candidates

populating the mðK0
Sπ

þπ−Þ sideband ½1.97; 2.00� GeV=c2.
Parameters in Pothðt; σtjbÞ are determined by fitting to the
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candidates populating the mðK0
Sπ

þπ−Þ sideband and fixed

in the fit to the signal region.

In addition, in the fit to the signal region, we fix the D0

lifetime to the known value [3] and Gaussian constrain the

cb and sb coefficients of the Xb hadronic parameters to

values obtained from the combination of the BESIII and

CLEO measurements [22,23]. The remaining floating

parameters of the fit are x, y, rb, and 13 parameters of

the decay-time resolution functions.

The results of the fit to the data are integrated over the

Dalitz-plot bins and projected over the distributions of

decay time and decay-time uncertainties in Fig. 4. The

mixing parameters are measured to be x ¼ ð4.0� 1.7Þ ×
10−3 and y ¼ ð2.9� 1.4Þ × 10−3, where the uncertainties

include the statistical uncertainties due to the limited

sample size, and the contribution from the uncertainties

in the external ðcb; sbÞ inputs. The latter are evaluated to be
0.3 × 10−3 for x and 0.3 × 10−3 for y by computing the

difference in quadrature between the uncertainties from the

nominal fit and those from a fit in which the ðcb; sbÞ
parameters are fixed to their best-fit values. The correlation

between x and y is negligible.

A fit to the data assuming x ¼ y ¼ 0 is performed to

evaluate the consistency of the data with the no-mixing

hypothesis. Figures 5 and 6 show the decay-time distribu-

tions of the relative difference between data and no-mixing

model in each Dalitz-plot bin b for Belle and Belle II,

respectively, with mixing-allowed fit projection overlaid.

From the ratio between the likelihood values of the mixing-

allowed and no-mixing fits we find the data to be consistent

with the no-mixing hypothesis with a p value of 0.7%

(corresponding to approximately 2.7 Gaussian standard

deviations).

VII. SYSTEMATIC UNCERTAINTIES

AND CROSS-CHECKS

We consider the following sources of systematic uncer-

tainties: nonuniform efficiency across the Dalitz plot;

resolution on the Dalitz-plot coordinates; modeling of

the decay-time resolution; modeling of the background;

uncertainty in the measured mistag rate; and uncertainty in

the input D0 lifetime. Table I lists the estimated uncertain-

ties. The total uncertainty is the sum in quadrature of the

individual components.

The analysis procedure is validated with pseudoexperi-

ments generated using theD0
→ K0

Sπ
þπ− amplitude model

from Ref. [29] and with the assumed resolution and
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background models. No bias is observed in the estimated

mixing parameters or in their uncertainties.

Pseudoexperiments are also used to evaluate the sys-

tematic uncertainties resulting from the nonuniform Dalitz-

plot efficiency, the resolution on the Dalitz-plot variables,

the decay-time resolution model, and the background

models. For each case, we generate pseudoexperiments

that mimic alternative realistic models (derived from

simulation) and fit them using the nominal models. The

resulting average deviations of the measured mixing

parameters from the generated values is assigned as the

systematic uncertainty. The largest systematic uncertainty

arises from the background model. The model neglects

≲0.1% contributions from partially or misreconstructed

D0 decays (e.g., D0
→ K0

Sπ
−μþνμ, D

0
→ K0

SK
�π∓, D0

→

2πþ2π−, D0
→ K0

SK
0
S) populating the signal region. When

simulated in our pseudoexperiments, the neglected back-

grounds bias the background fractions estimated by the

mðK0
Sπ

þπ−Þ versus Q fit and affect the reliability of t

versus σt model obtained from sideband data. In turn, these

effects result in biases on the mixing parameters.

While fitting to the data the mistag rate is fixed to the

value, ð42.11� 0.19Þ%, measured from the fit to the Q
sideband. We refit the data with the mistag fraction varied

by �0.19% and take the largest observed differences with

respect to the nominal results as the systematic uncertainty.

The relative uncertainty on the input value of the D0

lifetime, 2.4 × 10−3 [3], propagates into a relative uncer-

tainty on the mixing parameters and makes a small contri-

bution to the total systematic uncertainties. Other effects,

such as possible biases from multiple D�þ candidates in an

event, are also investigated and found to be negligible.

Finally, the stability of the results is checked by perform-

ing the measurement in independent subsets of the data

defined according to data-taking conditions, K0
S flight
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TABLE I. Systematic uncertainties (in units of 10−3).

Source

Uncertainties

x y

Nonuniform Dalitz-plot efficiency 0.10 0.03

Dalitz-plot resolution 0.04 0.12

Decay-time resolution model 0.06 0.04

Background model 0.38 0.30

Mistag rate 0.12 0.04

Input D0 lifetime 0.01 0.02

Total 0.4 0.3
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length, D0 momentum, and D0 polar angle. In all cases, we

obtain results in agreement with each other, and with the

results from the full sample. Figure 7 shows the consistency

of the mixing parameters measured in different data

subsets.

VIII. CONCLUSIONS

In summary, we perform a model-independent measure-

ment of the D0-D̄0 mixing parameters using 2.05 × 106

D�þ -tagged D0
→ K0

Sπ
þπ− decays reconstructed in Belle

and Belle II data samples, which have integrated luminos-

ities of 951 fb−1 and 408 fb−1, respectively. Assuming CP
symmetry, the mixing parameters are measured to be

x ¼ ð4.0� 1.7� 0.4Þ × 10−3; ð27Þ

y ¼ ð2.9� 1.4� 0.3Þ × 10−3; ð28Þ

where the first uncertainties are statistical and the second

are systematic. The statistical uncertainties also include the

contribution from the uncertainties in the external strong-

phase inputs [22,23]. These results are consistent with

previous determinations. They are approximately 20% and

14% more precise, and have significantly smaller system-

atic uncertainties, than the model-dependent Belle meas-

urement presented in Ref. [30].
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