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ABSTRACT: We present NNLOCAL, a proof-of-concept parton-level Monte Carlo program
implementing the extension of the completely local subtraction scheme CoLoRFulNNLO
to the case of color-singlet production in hadron collisions. We have built general local
subtraction terms that regularize all single and double unresolved infrared singularities in
real radiation phase space. The subtractions are then integrated fully analytically to the
required order in the parameter of dimensional regularization. Combining the integrated
counterterms with the virtual contributions we demonstrate the cancellation of all infrared
poles explicitly. We validate our procedure by computing the fully differential cross section
for the production of a Higgs boson at the LHC in an effective field theory with gluons only.
Our code provides the first public implementation of a completely local analytic subtraction
scheme at next-to-next-to-leading order accuracy.
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1 Introduction

The Standard Model (SM) of particle physics provides a well-established description of the
known particles and their interactions over a wide range of energies. While the last major
ingredient, the Higgs boson, was discovered at the LHC over a decade ago [1, 2], certain
mysteries within the model still remain. For example, while we think we understand some of
the more general features of the Higgs field, certain details such as the exact shape of the
potential and the nature of self-interactions still remain puzzling. To unravel such mysteries,
current as well as planned high-precision experiments are vital. Examples of the latter include
the high-luminosity phase of the LHC [3] in the near future and the possibility of the FCC-
hh [4, 5] in the far future. Besides the more in-depth study of the SM itself, high-precision
physics may also prove crucial for finding signs of physics beyond the Standard Model, which
is motivated, e.g., by the matter-anti-matter asymmetry and the non-zero neutrino masses.

At the theoretical level, one important aspect of increasing precision involves computing
higher-order perturbative corrections to physical observables such as scattering cross sections.
This generically requires one to take into account additional emissions compared to the
Born process. The corresponding radiated partons can either be virtual or real, leading to
additional loops or legs in the Feynman diagram expansion. As is well known, the resulting
diagrams develop singularities in several regions of phase space. In particular, loops give rise
to both ultraviolet (UV) and infrared (IR) divergences and at the same time the production
of unresolved real partons leads to IR singularities. While UV divergences are removed once
and for all by renormalization, there is no unique method for treating IR singularities. This is
highlighted by the fact that, although the problem is considered to be solved at next-to-leading
order (NLO) [6, 7], the computation of next-to-next-to-leading order (NNLO) corrections
is a highly active field of research with several approaches available in the literature [8-15].



Conceptually, a particularly appealing approach lies in the construction of a local subtraction
scheme. Such schemes are deeply connected to the universal nature of the IR structure
of squared matrix elements in quantum chromodynamics (QCD). Specifically, the basic
idea is to define approximate cross sections that match the point-wise singular behavior of
the real-emission partonic cross sections. When these approximations are subtracted, one
obtains an expression which is regular as real emissions become unresolved. Moreover, the
subtraction terms need to be integrated over the phase space of the unresolved emissions and
added back, which in turn takes care of the singularities coming from virtual contributions.
Hence, one ends up with blocks of phase space integrals which are separately finite and
so can be evaluated numerically.

The construction of the approximate cross sections is directly inspired by QCD factor-
ization and the universal nature of the IR structure of QCD matrix elements [16-18]. In
particular, exploiting universality, one can hope to construct the required approximate cross
sections in a process- and observable-independent fashion. However, while the IR structure
of QCD has been extensively studied at NNLO [19-22], carrying out the full program of
constructing universal local approximate cross sections has proven to be surprisingly chal-
lenging. In the present paper we address the extension of the CoLoRFulNNLO subtraction
scheme [23-29] to hadron-hadron collisions. This method was applied previously to processes
with colorless initial states and starts by considering the known IR limits of QCD amplitudes.
These are then promoted to true subtraction terms by carefully defining the momenta entering
the factorized matrix elements and specifying the various quantities entering the IR factoriza-
tion formulae. To avoid multiple subtractions in regions of phase space where limits overlap,
subtraction terms based on iterated limit formulae are constructed. The approximate cross
sections obtained in this way are completely local. In particular, the point-wise convergence of
the sum of subtraction terms to the real radiation contribution can be demonstrated explicitly.
Moreover, the subtraction terms can be integrated analytically over the unresolved emissions,
up to the appropriate order of € in dimensional regularization in d = 4 — 2¢ dimensions.
Combining the results with the virtual contributions, the complete cancellation of e-poles can
be shown. We demonstrate the viability of this approach by presenting a proof-of-concept
parton-level Monte Carlo code for computing NNLO corrections to color-singlet production
in hadron collisions. For now, we focus on Higgs boson production in the Higgs effective field
theory (HEFT) approximation [30-36] without light quarks, considering only the fully gluonic
subprocess. We emphasize that this is not a restriction on the structure of the subtraction
scheme. In fact, the fully gluonic subprocess has a highly non-trivial IR structure and receives
contributions from all possible types of IR singularities for color-singlet production. As such,
it provides an ideal testing ground for setting up the subtraction without having to worry
about technical complications which are irrelevant for our current purposes.

The paper is organized as follows. In section 2 we review the general setup of the
CoLoRFulNNLO subtraction scheme. Our goal here is to present the overall picture without
entering into the rather elaborate details of the precise definition of each subtraction term and
its corresponding integration, which will be given elsewhere. Instead, we provide the results in
the form of a publicly available computer code called NNLOCAL. The latter will be introduced in
section 3 and constitutes a proof-of-concept implementation of the method in a particle-level
Monte Carlo program. Finally, in section 4 we present our conclusions and outlook.



2 Local subtraction at NNLO

2.1 General subtraction procedure

We consider the production of a colorless final state X in hadron-hadron collisions, A(p4) +
B(pp) — X(px). Cross sections for such processes are computed by convoluting parton
density functions (PDFs) with partonic cross sections,

o(pa,pB) = /dwafa/A(xa,MF / dap fo 5 (2, WF) O (Pas Db; HF) - (2.1)

Here the partonic momenta are p, = x,pa and p, = xppp and the sum is over parton
flavors. The partonic cross section can be computed in perturbation theory and up to
NNLO accuracy it reads

NNLO

L
ab(paapb; :U'%‘) = O-abo(paapb; ,U*%%nu%‘) + U (pavpba MR’,U’F) +0ap (paupb; /L%,M%‘) +o

(2.2)
In the following, the dependence of the cross sections on partonic momenta, as well as on
the renormalization and factorization scales ,u% and ,u%, will be suppressed.
The leading order (LO) contribution is simply the integral of the fully differential Born
cross section over the phase space of the produced color-singlet state,

ab —/ dUabJX (23)

Here Jx is the value of some infrared and collinear-safe measurement function J evaluated
on the Born phase space. More generally, we will denote by Jx ., the value of J evaluated
on a real-emission configuration with n extra partons compared to the Born contribution.
The phase space integral on the right hand side of eq. (2.3) is of course finite and can be
evaluated numerically in four spacetime dimensions.

However, higher-order cross sections are sums of several real-emission and/or virtual
contributions that are separately IR divergent and require regularization. For the sake of
setting our notation, we recall that at NLO only a single extra emission is allowed, which
may be real or virtual. Hence, the full NLO correction reads

oNLO — / dol Jx 1 +/ daab +do, ) Jx . (2.4)

Here dcrg, and da;/b represent the real and virtual cross sections and dafb denotes the collinear
remnant, which accounts for the UV renormalization of the PDFs. Several well-established
methods exist to handle the IR singularities in eq. (2.4), thus we turn our attention to the
NNLO correction immediately.

At NNLO there are precisely two extra emissions which may become unresolved and
hence lead to IR singularities. As both of these may be either real or virtual, the complete
NNLO correction reads

oNNLO — / dag};R Jx42 +/ (da + dO‘ ) JIx 11 —l—/ (da + da ) Jx . (2.5)
X+2 X+1 X



Here do bR, da and do;gv represent the double real, real-virtual and double virtual cross

sections, while daab1 and daf,f denote the collinear remnants. We recall that the collinear

remnants can be written symbolically as [37]
Ci _ (pO) R _ () v ) B
do ) (I‘ ® do )ab and daab (I‘ ®do )ab + (I‘ ® do )ab (2.6)

where we define

(P @ do)  =Tie@dog+do, @ 10 (2.7)
and
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Here P, are the standard space-like splitting functions [38, 39],! 3 is the one-loop coefficient
of the QCD beta function and the ® symbol indicates the standard integral convolution

Lf @ g]( / dydzd(z —yz)f(y)g(z) . (2.10)

In order to regularize all IR singularities in eq. (2.5), we employ the CoLoRFulNNLO
subtraction scheme and write

oNNLO _ / [ Aoty ooy Ty 1 —dogy 2 Ty oy M2 Ty |

Ay
+ { RV | 4o+ / doRRM JX+1—[dURVA1+d O, A1+< / do—be’Al) ]JX}
X+1 1

+/ {da —i—da / RRA2 P;)R’Aw}
+/ o oyt +/</d RRA) }JX. (2.11)

Here, the various approximate cross sections have the following interpretation:

RR,A . . . : :
e do, " approximates the double real emission cross section dU&R in all single unresolved
limits.

RR,A,

e do, approximates the double real emission cross section da};%R in all double unre-

solved limits.

RR, 12

e do, approximates dUCP;)R’A2 in all single unresolved limits and daf;)R’Al in all double

unresolved limits.

'We are using the MS scheme here. For other collinear factorization schemes, the splitting functions receive
scheme-dependent finite corrections.



RV,A . . . . . -
e do,, "' approximates the real-virtual cross section daf},v in all single unresolved limits.

C1 A . . . . ..
o dcrabl‘ ' approximates the collinear remnant do’fb1 in all single unresolved limits.

A
. ( 1 dabe’Al) ' approximates the integrated single unresolved approximate cross section

f; dUCF;)R’A1 in all single unresolved limits.

With these subtractions, all three lines on the right hand side of eq. (2.11) are rendered finite
in four dimensions and can be computed numerically. However, in order to apply eq. (2.11)
in practical calculations, the formal approximate cross sections which appear in them must
be explicitly defined. We turn to this issue next.

2.2 Constructing the subtraction terms

The universal behavior of QCD squared amplitudes as some number of partons becomes
unresolved (soft and/or collinear) is described by IR factorization formulse. As mentioned in
the Introduction, these are completely known up to NNLO, and in some instances beyond
be the
full I-loop N¥LO correction to the squared matrix element, i.e., the correction with a total of

and their general form can be described as follows. Let ‘Mab7X+k—l({p}X—i-k—l)‘lZ—loop
k extra emissions where (k —[) of those are real and [ are virtual. Consider now the symbolic
operator Uj, which takes some j-fold unresolved (j < k — 1) limit or overlap of limits? of this
squared matrix element. The IR limit formula then takes the following symbolic form

il .
Uil Mokt 0o = (52 ) 30 Sine % IMyg S 08)x ekt syt

= (2.12)
i.e., it is a sum over i-loop, j-fold unresolved universal singular structures Singgi) multiplied
by (I — i)-loop factorized matrix elements. Depending on the type of unresolved limit,
Singﬁo involves Altarelli-Parisi splitting functions and eikonal factors, and their appropriate
multi-emission and multi-loop generalizations. Thus, these factors are typically matrices in
color and/or spin space, and the product in eq. (2.12) above is to be understood accordingly.
The factorized matrix element involves j less partons and is evaluated with a corresponding
reduced set of momenta {p} (e.g., for a soft limit, {p} is obtained from {p} by simply
dropping the soft momenta). The subscripts @ and b indicate that the parton flavors in the
factorized matrix element may also differ from the original ones. We note in passing that up
to NNLO, the singular factors Singgi) are known to be universal, i.e., they do not depend on
the process under consideration. This makes the construction of a general NNLO subtraction
scheme feasible. However, a violation of strict process-independent factorization as implied

by eq. (2.12) is possible for initial-state collinear radiation beyond NNLO accuracy [40].

2Here by overlap of limits, we simply refer to the subsequent application of limits and two different
j-fold unresolved limits are considered overlapping precisely when their subsequent application produces
a configuration that is also j-fold unresolved. Note that the successive application limits can also lead to
configurations that are more than j-fold unresolved. For example, consider the single (7 = 1) collinear
limits p1||p2 and pa||ps. Clearly the successive application of these produces the triple collinear configuration
p1||p2||ps, in which j = 2 momenta are unresolved. In such cases, we do not consider the limits as overlapping.



Any calculational method beyond NNLO will have to address this issue, but it is clearly
irrelevant for our present considerations.

In the CoLoRFuINNLO method, these IR limit formulse are employed as building blocks
to construct the approximate cross sections introduced in the previous section. However,
they cannot be used directly as subtraction terms for two reasons. First, at any given
order, the unresolved regions in phase space overlap, thus care must be taken to avoid
multiple subtraction in overlapping regions. Second, these formulae are only well-defined
in the strict IR limits, and as such their definitions must be carefully extended over the
full phase space away from the limits.

The issue of overlapping singularities can be addressed simply by the application of the
inclusion-exclusion principle: we must subtract each limit once, then add back the pairwise
overlaps of limits, subtract the triple overlaps and so on. Then in order to obtain counterterms
that are well-defined over all of phase space, two additional steps must be taken. First, one
must specify precisely the momenta entering the factorized matrix elements in the various IR
factorization formulee. This requires that we specify mappings of sets of momenta {p}y_,_,
(at NNLO k = 2, while [ = 0 for the double real correction and [ = 1 for the real-virtual
piece) to sets of momenta {p}y,,_,_; (where j <k —1 ie., j=1or j=2 for double real
emission and j = 1 for real-virtual emission) which respect momentum conservation and
preserve the mass-shell conditions.® Second, the various quantities entering the singular
structures in the factorization formulae, such as collinear momentum fractions and transverse
momenta for collinear splitting and eikonal factors for soft emission, must be precisely defined
as functions of the original momenta of the event. After these definitions are fixed, the IR
limit formula in eq. (2.12) can be promoted to a (sum of) true subtraction term(s) that is
unambiguously defined in any point in phase space,

l
il—i
Uj\Mab,X+k—l({P}X+k—l)’?—1oopﬁzuj( N (2.13)
=0
Here .
il—i s\ — (@) _
U = (52 Singy” % WMy (P st oo (219)

and Sri\n/gg-l) simply stands for the expression of the corresponding singular structure incor-
porating the precise definitions of momentum fractions, eikonal factors and so on. Notice
also that the matrix element in eq. (2.14) is evaluated over the set of mapped momenta,
1P} xni— j Obviously, the momentum mappings and definitions of momentum fractions,
etc., must be chosen such that they respect the structure of cancellations in all overlapping
limits, which is a constraint for the entire construction.

The previously described procedure has been used to construct subtraction terms for
handling final-state singularities, whose detailed definitions are available in refs. [24, 25, 29].
To extend this approach to hadron-initiated processes, additional subtraction terms are
needed to regularize initial-state divergences. Although providing the exact definitions for

3Notice that the reduced set of momenta {p} that appear in eq. (2.12) do not necessarily satisfy these
conditions. For example, for a soft limit {p} only conserves overall momentum in the precise limit when all

soft momenta are strictly zero.



these new counterterms is beyond the scope of the present paper, we would like to emphasize
that a naive extension of the CoLoRFuINNLO method is not possible. Momentum mappings
and subtraction terms for initial-state singularities cannot be obtained by simply applying a
crossing transformation on their final-state counterparts for several reasons; for instance:

o The momentum mappings used in refs. [24, 25, 29] were designed to keep initial-state
momenta unchanged, making them by definition unsuitable for describing collinear
emissions from initial-state partons. Hence, we must consider momentum mappings
appropriate to this case. We find that we can define all new subtraction terms using 5
elementary mappings, each describing a basic single or double unresolved configuration:
i) final-state single collinear; ii) initial-state single collinear; iii) final-state single soft;
iv) initial-state double collinear and v) final-state double soft. Some of the required
mappings are new (e.g., the final-state single collinear), while others were available in
the literature [41, 42]. The iterated single unresolved subtraction terms that appear in

dJ(E{bR’A12 use compositions of two single unresolved mappings. Also, subtraction terms
that describe the overlaps of limits do not require dedicated mappings, but can use one

of the elementary mappings for the limits whose overlap they describe.

¢ Defining momentum fractions through crossing can lead to spurious singularities. For
example, the momentum fraction for the initial-state parton in triple collinear splitting
obtained via crossing will vanish at regular points (i.e., points that do not correspond
to any IR limit) inside phase space. But this momentum fraction appears in the
denominator of the triple collinear splitting function, leading to spurious singularities.
In order to overcome this issue, we introduce appropriate damping functions around
these singularities. These damping functions must be constructed such that they do not
interfere with the delicate structure of internal cancellations in physical unresolved limits.

e As an additional complication, integrated initial-state subtraction terms are not simple
functions of kinematic invariants, contrary to those for pure final-state radiation [26-29].
Rather, they are distributions in the momentum fractions of the initial-state partons.
Hence, the appropriate distributional expansions of the integrated counterterms must
also be computed.

The full details of the extension of the CoLoRFulNNLO method to hadronic collisions
will be presented in upcoming publications and here we limit ourselves to giving a symbolic
overview of the results. To begin, we recall that each approximate cross section in eq. (2.11)
has a clear interpretation in terms of the types of limits it is meant to regularize (e.g., tree-level
single and double unresolved limits for da(ljbR’A1 and dabeAQ, one-loop single unresolved
limits for da?bv’Al, etc.). Hence, approximate cross sections are first of all constructed as
sums over the appropriate types of limits. In this regard, we recall that overlaps of limits
are considered on the same footing as direct limits: they too must be enumerated and
included as per the inclusion-exclusion principle in order to avoid multiple subtraction in
overlapping singular regions. Then, for a given physical process, each type of limit can occur
several times (e.g., for processes with multiple gluons in the final state, the single soft limit
clearly arises separately for each gluon), so all specific singular configurations associated



to each type of limit must be accounted for. Thus, approximate cross sections are finally
sums of subtraction terms, introduced in eq. (2.14), that each correspond to one specific
singular configuration of one specific type of limit. Note however that, since subtraction
terms that correspond to overlaps of limits do not use unique momentum mappings, the
number of distinct mapped momentum configurations can be less than the total number
of subtraction terms. In the following, we refer to each sum of subtractions that share the
same mapped momenta as a counter-event.

In the remainder of this section, we give explicitly the form of each approximate cross
section as a sum of subtraction terms, concentrating on the case of color-singlet production
in hadron collisions. This allows for a number of simplifications in the sense that some types
of subtraction terms will be absent. However, all the formulse that we have computed for the
colors-singlet case remain valid for more general processes when QCD final state radiation
is present already at Born level. In that case, the subtraction terms presented here will
simply have to be supplemented by additional ones regularizing the unresolved configurations
which do not occur for color-singlet production.

RR,A1

To begin, consider the approximate cross section do,, , which regularizes the single

unresolved limits of the NNLO double real contribution. We write symbolically

o™ = dpysa({ph x10) ALY (2.15)

where the approximation to the matrix element, .Ago), is obtained by summing all single
soft (p, — 0) and single collinear (p,||p,) subtraction terms and subtracting the overlaps
as discussed above,

AV =3"1s

rekF

5 (g ) o5 (0 -ere)] o

i€EF cel
i#£r

Here I and F denote the sets of initial-state and final-state partons and the various subtraction
terms appearing on the right hand side are explicit realizations of the generic formula for
Z/{J(i’lfi) in eq. (2.14) with j =1, ¢ = 0 and | = 0. As stated above, each term in eq. (2.16) is
defined precisely as a function of the original set of double real momenta {p} y,, and the

(0,0)

individual terms have the following physical origin Sr 7 denotes the subtraction term that

F(0.0) and Ccr £(00) denote subtraction terms

regularizing final-final and initial-final collinear smgularltles, while CEF 8740 ) and clr 8120 0)

regularizes the emission of a single soft gluon, C

account for the double subtraction in the overlapping collinear-soft regions. Note that the

F£(0,0) simply accounts for the fact that the double summation in

factor of % in front of C;,

1,7 € ' counts this term twice. The superscript (0,0) signals that these subtraction terms

originate from IR limit formulse that involve the product of tree-level singular structures
(0)

Sing;” multiplied by zero-loop reduced matrix elements.* Moreover, in contrast to the generic
expression in eq. (2.14), the subscripts on the concrete subtraction terms do not simply give

4More precisely the reduced matrix elements have zero-loop corrections as compared to the Born process.
Since the Born process may be loop-induced, the reduced matrix elements may not literally be tree-level. For
the sake of simplicity though, we will continue to refer to the reduced matrix elements as zero-loop, one-loop,
etc., with the understanding that this loop order is to be understood as compared to the Born process.



Approximate Nr. of types of Nr. of subtraction Nr. of counter-
cross section limits terms events
Double real
AL 5 13 7
A 5 9 3
A 12 39 17
Total 22 61 27
Real-virtual
AW 1 7 3
AF 1 2 2
Al 3 5 3
Total 8 14 3

Table 1. Numbers of types of limits, distinct subtraction terms and counter-events for each approxi-
mate cross section for the tree-level process gg — X gg (double real) and the 1-loop process gg — Hg
(real-virtual). The total number of counter-events for the real-virtual contribution counts only the
independent ones.

the number of unresolved partons (j = 1), but instead specify the actual limit from which
the term derives. For example, a single unresolved collinear limit is identified by the indices
of the partons that become collinear and this is what we write for the collinear-type terms in
eq. (2.16). Clearly, eq. (2.16) follows the structure for a general approximate cross section that
we have laid out: it is a sum of 5 distinct types of limits (single soft, final-final single collinear,
final-final collinear-soft overlap, initial-final single collinear and initial-final collinear-soft
overlap). After accounting for all singular configurations as implied by the summations in
eq. (2.16), these 5 types of limits give rise to a number of subtraction terms depending on
the specific process we consider. For example, for gg — X gg production, we find a total
of 13 distinct subtraction terms: 2 soft subtractions, 1 final-final collinear subtraction,® 2
final-final collinear-soft overlaps, 4 initial-final collinear subtractions and finally 4 initial-final
collinear-soft overlaps. We note also that the 13 subtraction terms lead to just 7 counter-
events, since, as discussed above, the 6 terms that correspond to overlaps do not use separate
momentum mappings but rather employ the single soft one. We provide similar details for
the rest of the approximate cross sections to be introduced below as well, giving directly the
number of types of limits, as well as numbers of subtraction terms and counter-events for
the tree-level gg — X gg process and the one-loop gg — X g process in table 1.

5Note that C:;F(O’O) = C:;F(O’O) and so this term is counted here only once.



Next, we turn to the double unresolved subtraction terms to double real emission. We

R,A,

write daf;) symbolically as

(0)

dogy™? = dx 12 ({p} x42) A (2.17)

In this case, one must account for four basic types of limits: double soft (p, — 0, ps — 0), soft-
collinear (p,||pr, ps — 0), triple collinear (p,||p:||ps) and double collinear (p,||pr, Pm||ps) and
their various overlaps. Concentrating on color-singlet production in hadron collisions we find

AgO) ZZ{ Z CIFF(00) _ oIFF g(0,0) | Z( cIEIF(0,0) CIF,IFS(O,O)H}’

crs crs ©rs cr,ds crds ©Ts
TEF seF cel del
SF#T d#c

(2.18)
where the various counterterms correspond to the limits implied by the notation. Notice
that the repeated application of a triple collinear and double collinear limit leads to a
configuration where at least three partons are unresolved, so the corresponding overlapping
terms do not appear in eq. (2.18). Moreover, as will be shown in an upcoming publication,
all soft-collinear type terms cancel among each other for color-singlet production due to
the precise definitions we adopt for the subtraction terms. As such, eq. (2.18) is also free
of any terms involving the soft-collinear limit.

Finally, we must consider the overlaps of single and double unresolved regions. In order
to avoid double counting in these limits, we introduce the approximate cross section do RR, A1

This can be written symbolically as

o™ = doxsa({p} x40) A . (2.19)
where
1
AY =3 A s+ 3 (GAV CEF - AP elrs, )+ 3 (A el - AP clEs, )] (220)
seF riF cel
with
A8, = X [S00 5.+ X (cthro0 s, — cltrseos, )| (2.21)
riF cel
Ag )CFF S(oo CFF Z <CIFF(OO CFF CIFF g(0,0) CFF> (2.22)
cel
AP clFs, =3 cllire0 elrs (2.23)
cel
APt = 3 (ettrovet 4 el v el 220
reF del
r#s d#c
AP elFs =3 <$<0 D elPs 4 cIFPO0) elFg _ cIFFS0.0) clF g ) (2.25)
rer
r#s
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When writing eqgs. (2.21)—(2.25), we have made use of various cancellations at the level of
iterated IR factorization formulee, as well as some cancellations which occur for color-singlet
production due to the specific definitions of the subtraction terms we adopt. The details
of these cancellations will be given elsewhere.

Turning to the remaining subtraction terms that regularize real-virtual emission in the
second line of eq. (2.11), let us address da?bv’A1 first. This term approximates the real-virtual
cross section da}}bv in single unresolved limits and can be written symbolically as

dog ™ = dox 1 ({p}x 1) AL, (2.26)

where for color-singlet production we have

Agl) _ Z [ZCIF(O SV S (1,0) 4 Z <CIF (1,0) _ Cclfsr(l’o)ﬂ ) (2.27)

reF -cel cel

The structure of this subtraction term is similar to that of the single unresolved subtraction
term for double real emission in eq. (2.16). However, given that for color-singlet production the
real-virtual term has only a single parton in the final state, the final-final collinear subtraction
terms are missing here. Also, the various counterterms in eq. (2.27) are constructed starting
from the IR factorization formulee for one-loop squared matrix elements. As can be seen from
eq. (2.12) (the case of a single unresolved limit of the NNLO real-virtual correction is obtained
by setting j = 1, k = 2 and [ = 1), these formule are sums of two terms. Thus, contributions
involving tree-level singular structures multiplying one-loop reduced matrix elements appear
as counterterms with superscript (0, 1), while contributions with one-loop singular structures
multiplying zero-loop reduced matrix elements enter the counterterms with superscript (1,0).

(0,1)

Moreover, we find that for color-singlet production the soft subtraction Sp
CI F Sﬁovl)
cr

is exactly

canceled by the sum of collinear-soft overlaps , and we have exploited this fact

to simplify eq. (2.27).

C1,A1

Next, let us consider do ", the single unresolved subtraction term to the collinear

remnant daab . The form of the collinear remnant was given in eq. (2.6). In particular,

(0)

notice that it involves the convolution of the P’ splitting functions and the single real

emission correction to the process under consideration, do® | which develops IR divergences

ab’
in the single unresolved regions of phase space. The approximate cross section can then

be symbolically written as

Ao = dx 1 ({p} x1)AT - (2.28)

For color-singlet production, this correction again involves just a single parton in the final
state, so as for the real-virtual contribution, only the soft and initial-final collinear limits

need to be considered. Moreover, it is possible to define the subtraction terms such that
for color-singlet production, the soft subtraction, 5£F®0’0)

of the soft-collinear overlaps, CLF St

, is exactly canceled by the sum
P09 Thus the complete subtraction term reduces to
the initial-final collinear contribution and we find

AI‘ _ Z ZCIF (T'®0 0) (229)

reF cel
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The superscript (I' ® 0,0) refers to the fact that the IR limit formulse from which the
counterterms are constructed involve convolutions of I' with tree-level singular structures
multiplied by zero-loop reduced matrix elements. In principle, the order of the I" operator
should also be indicated in the notation for the counterterms. However, up to NNLO these
are the only counterterms of this type, hence in order to ease an already elaborate notation,
we do not show this order explicitly.

A
Last, ( f; daf”bR’Al) " is the single unresolved subtraction term to the integrated sub-
traction term [ daf;)R’Al. As we will briefly discuss below, this in turn can be written

symbolically as

RR7A1 — (O) R
/1 doy, "™ = (I (e) @ do )ab , (2.30)
where the I go) (€) operator arises after collecting the integrated forms of all subtraction terms
in eq. (2.16). Its precise form will be discussed elsewhere. The corresponding approximate
cross section can then be written symbolically as

Ay
RR,A
(/1 dog, 1) = doxr1({p}x11)AT (2.31)
with
A=Y [steo0 4 5 (Cgfu@om _ Cérf&gl@op)ﬂ ‘ (2.32)
reF cel

Once more, we have exploited the fact that for color-singlet production, only soft and initial-
final collinear limits are relevant. The superscript (I ® 0,0) implies that the IR limit formulae
from which the counterterms are built involve convolutions of I with tree-level singular
structures multiplied by zero-loop reduced matrix elements. Again, as was the case with
eq. (2.29), the notation for the counterterm should include the information carried by the
indices of the I operator, but to lighten the notation, we do not show these indices. Finally,
we note that the existence of universal limits for the integrated approximate cross section in
eq. (2.30) is not guaranteed by QCD factorization formulae and depends also on the specific
definitions of the subtraction terms that we adopt.

We finish this section by reiterating that all subtraction terms introduced in eqs. (2.16)—
(2.32) are precisely defined as functions of the original momenta in the double real emission
phase space. These definitions will be spelled out in detail in an upcoming publication.
Furthermore, since the construction of each subtraction term is based on the appropriate IR
factorization formula, all spin correlations in gluon splitting are correctly taken into account.®
Thus, it is possible to test the cancellation of IR singularities point-wise in phase space by
generating sequences of momenta approaching any given IR limit.

2.3 Integrating the subtraction terms

In order to finish the definition of the subtraction scheme, we must compute the integrals of the
counterterms over the momenta of unresolved partons. This computation can be performed

5Tn principle, all color correlations are also taken into account, but for color-singlet production, the factorized
matrix element has at most three hard partons, so color correlations always reduce to simple multiplication by
appropriate linear combinations of squared color-charge operators.
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once and for all, and we have integrated all counterterms introduced above individually,
obtaining fully analytic expressions. Owing to the universal nature of our subtractions terms,
the results will be useful also for general processes beyond color-singlet production. The
integrated approximate cross sections for the generic case can be build from the integrated
subtraction terms presented here, supplemented by the integrals of those subtraction terms
that correspond to unresolved limits which do not occur for the color-singlet case.

The complete description of the integration procedure will be given elsewhere (see however
ref. [43] for a compact overview) and here we limit ourselves to discussing some general
features and to presenting the final results. First, we note that all momentum mappings
employed to define the subtraction terms lead to an exact factorization of the real emission
phase space in terms of a convolution of the reduced phase space of mapped momenta
(denoted by tildes) and an integration measure for the unresolved emission. For the case
of a j-fold unresolved limit, symbolically we have

ddx+k—1({P}x4k—1) = [d0]; ® dpx 11— ({P} x 4—1—;) (2.33)

where [d¢]; represents the phase space measure for the j unresolved emissions. For color-
singlet production at NNLO, we must consider the cases k = 2,1 =0,1 and j = 1,2 with
j < k — 1. The factorized matrix elements entering the counterterms are also evaluated
over the same reduced phase space, see eq. (2.14). Thus, the integrated subtraction term
can be written generically as

/d¢X+k—l({p}X+k—l)uj@lii)

~(52)" [10); iy (2.34)

® dox k-1 ({P} xh-1-3) Mg x oy {PY x41-1-5) |%l—i)—loop

as\? T (9) Ri—1—iVi_i
= <2W) </[d¢)]j81ngj ® doRe-1-3Vi >ab’

where we have introduced the notation de®"V» to denote the m-fold real and n-fold virtual
correction to the differential cross section. In this notation do® = dofoVo, do® = dgB1Vo,
doV = do®oV1 and so on. Then, the integration of the subtraction terms over the measure for
unresolved emission can be performed once and for all. Since the phase space factorization
is convolutional in nature, the integrated counterterms,

U= [(do); Sing;” (23)

turn out to be linear combinations of Dirac-delta and plus-distributions, as well as regular
terms in the convolution variables. Details about the integration of all the counterterms will
be presented in dedicated publications and here we limit ourselves to summarizing the main
features. All integrated subtraction terms were reduced to a number of master integrals,
see table 2, which were subsequently computed analytically to the required order is €. In
particular, the ones arising from the double unresolved counterterms of eq. (2.18) were
obtained using the method of differential equations [44-47], while for the others we employed
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direct integration techniques. For the latter we used the method of ref. [48] as described
in ref. [49] and implemented in PoLyLoGTooLs [50]. All integrated counterterms can be
computed in terms of multiple polylogarithms (MPLs) [51] evaluated at algebraic arguments.
We note that, for generic values of the momentum fractions x, and x; of the initial-state
partons, we only need to evaluate the integrals up to orders in ¢ that involve at most MPLs
of weight two. Higher orders, which involve MPLs of weight three, only contribute for z, =1
or x, = 1, after expanding, e.g., (1 — z,)~ '™ into distributions,

—14me __ 1

(1 —xq) = —%5(1—%)—1—... , (2.36)
where the dots represent regular terms (in €) that contain plus-distributions. Similarly,
weight-four contributions only arise for z, = x; = 1, and so they are constant. This has
important practical implications. First, the higher-weight terms have a simpler functional
dependence on x, and x;, and are thus easier to evaluate. Second, the only non-constant
MPLs have weight at most three, and it is known that these can always be expressed in
terms of ordinary logarithms and classical polylogarithms [52-54],

o0

Li, (z Z lz| < 1. (2.37)

It follows that all our integrated counterterms can be expressed only in terms of these
functions. We have applied the algorithm of ref. [55] to write our results exclusively in
terms of logarithms, Lis and Lig with arguments within the unit circle, so that the series in
eq. (2.37) is convergent. This allows us to easily evaluate all special functions appearing in
the integrated counterterms in a fast and stable way. However, the complete expressions
for the finite parts of the insertion operators are quite elaborate.

The various integrated subtraction terms contributing to each approximate cross section
can be gathered into a single insertion operator with poles in €. For example, evaluating
the integral of do®®A1, we have k = 2, 1 = 0 and j = 1 in eq. (2.34), which forces i = 0
since ¢ < [. So symbolically

RRA o« (0) — (1
Jarh = 5 (P oar), = (1P 00k), . 2

where we have simply set Igo) (e)=85>y [Ul(o)] to recover the expression in eq. (2.30). As
noted below eq. (2.12), in IR factorization formulee the parton flavors of the factorized
matrix elements may differ from the original ones. This property then holds also for the
subtraction terms and their integrated forms. Thus, in addition to acting on the momentum
fractions in do® via the integral convolution, the operator I go) (¢) also acts on the parton
flavors of the real emission cross section,

(1 () @ do™ ) ZII ) epa(e) ® Ao (2.39)

All other insertion operators to be introduced in the following share this structure, although,
as in eq. (2.38), we lighten the notation by not indicating the flavor indices of insertion
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Approximate Nr. of master
cross section integrals

Double real

A 11
A 42
Al 104
Total 157

Real-virtual

AW 24
AT 10
Al 65
Total 99

Table 2. Number of master integrals that appear in the evaluation of the integrated subtraction terms.

operators and the corresponding flavor summations explicitly. After adding this integrated
approximate cross section to the real-virtual contribution (including the appropriate collinear
remnant), we find that the e-poles cancel, which is a check on the correctness of the scheme.

Turning to the two other approximate cross sections that enter the regularization of
double real emission, da?bR’A2 and da?bR’Am, we find

RR,A, (0) B RR,Aj5 (0) B
/2 dogy ™2 = (I () @ do®) ~ and /2 dogy 12 = (I () @ do®) . (240)
Obviously, the cross sections appearing on the right hand sides are the Born cross sections,
since all unresolved radiation has been integrated out.

Next, consider the integrated version of daiV’Al, i.e., the single unresolved approximation
to the real-virtual contribution. As discussed below eq. (2.27), the full subtraction term
is a sum of two contributions, one involving tree-level singular structures and one-loop
reduced matrix elements and the other one-loop singular structures and zero-loop reduced
matrix elements. This structure is then inherited by the integrated approximate cross section
which can be written as

/ doly ™M = (10(e) @ oV + 1 () © do®) (2.41)
1 a
Clearly, this structure also follows formally from eq. (2.34) with k = 1,1 =1 and j = 1,
since now both ¢ = 0 and ¢ = 1 contributions are allowed.
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The remaining two approximate cross sections, d%b and ( I daRR A ) both involve
only the Born matrix element, and their integrated versions may be written in the form

/d Gt — (199 (6) © do®) and /(/d RRA) = (1) 0do®)
ab ab
(2.42)
Having computed the integrated forms of all subtraction terms, we can now combine

the results with the virtual matrix elements and collinear remnants. After this combination,
the integrand on the third and fourth lines of eq. (2.11) becomes

do¥; +dg / RRA2 RRA12 Jr/ RVAl ClAl +/</d RRA)

=doyy +do Gz + [ 1 (e)@do + (15 (e) - 1) (e )+I( @+ )+ (6) ) @do®| .
(2.43)

The explicit e-poles present in the various terms in eq. (2.43) then cancel and the complete
expression can be evaluated numerically in four dimensions. For the case of Higgs boson
production in HEFT with only gluons, all matrix elements are extremely compact and the
cancellation of e-poles can easily be checked analytically. Indeed, using the expressions
presented in appendix A (or indeed the known structure of two-loop IR divergences [56]), it
is straightforward to show that the sum in eq. (2.43) is free of e-poles, which gives a strong
check on the correctness of our calculations.

3 The NNLOCAL code

In this section, we introduce NNLOCAL, a proof-of-concept parton level Monte Carlo code
implementing the subtraction scheme described above. The code can be obtained at http
s://github.com/nnlocal/nnlocal.git and some details about the installation and running
options can be found in appendix B. NNLOCAL is written in Fortran77 and its architecture is
based on a previous version of the well-known Monte Carlo program MCFM [57-59], to be
more precise we refer here to MCFM-4.0. In particular, phase space integrations are handled
with the Vegas algorithm [60] for adaptive multidimensional Monte Carlo integration. This
algorithm implements adaptive importance sampling by first building an integration grid
which adapts to the integrand iteratively. After this warm-up stage of grid refinement, results
are collected with a fixed grid and a Monte Carlo estimate of the integral is computed. Once
the Vegas grid has been computed, one can of course use it to accumulate results from many
independent runs executed in parallel. For a more efficient use of computational resources, in
NNLOCAL we modified the normal workflow of Vegas by introducing the possibility to run in
parallel also the refinement of the grids. For this, we adopted the following solution. First we
run n independent instances of NNLOCAL, all performing a single iteration of grid refinement
and we let Vegas generate n independent versions of the grids. Then, for each integration
variable, a, we combine the n versions of the grid by summing the corresponding cumulative
distributions, c}(x), and dividing the result by n.

Z cj(x). (3.1)


https://github.com/nnlocal/nnlocal.git
https://github.com/nnlocal/nnlocal.git

Finally, we compute the N new grid points, z{, of a regular Vegas grid, by solving the equation
=—, 1=1,...,N (3.2)

where the integer ¢ runs over the N grid divisions. Since the averaged cumulative is the
sum of n linear functions, it is also linear, and the numerical solution to the equation above
is straightforward to compute with standard routines. The subsequent parallel iteration is
then started with the new grid and the above procedure is repeated until the number of
requested grid refinement iterations is reached. We point out that with such a procedure it is
possible to combine results produced on a computer using any number of cores. Furthermore,
in NNLOCAL we have included support for the visualization of the grids at every step of the
warm-up stage,” which can be useful to assess the quality of the integration procedure.

As stated before, the code in its current state deals with Higgs boson production in
proton-proton collisions in the HEFT approximation with no light quarks. Given that
NNLOCAL is a proof-of-concept code, we supplemented our tool with a number of facilities
to test its behavior. As for the double real correction (that we dub real in NNLOCAL), we
have introduced a dedicated phase space generator to probe every singular region in the
phase space starting from a non-singular configuration and approaching the desired region
point-by-point. In this way it is possible to monitor the level of cancellation among the
matrix element and the sum of all counterterms. We demonstrate this by examining the
ratio R of the sum of all double real subtraction terms (.Ago) + Ago) - .Agg)) and the squared
matrix element in figure 1. There we show |1 — R| as a function of the small invariant whose
vanishing characterizes a given kinematic limit. Decreasing the invariant by 7-8 orders of
magnitude from its initial value, we observe the convergence of this ratio to 1 in all cases
as the singularity is approached. However, due to finite precision arithmetic, numerical
instabilities eventually set in as we further decrease the value of the invariant, driving the
ratio away from 1. In order to circumvent this issue, we introduce a technical cutoff, suin,
and do not allow two-parton invariants to take values lower than this.® We indicate our
default choice of spin = 5 - 1072 GeV? on the plots with dashed vertical lines. We will
demonstrate below that this choice is small enough such that further lowering it does not
influence the values of physical observables.

In the real-virtual correction (dubbed virt in NNLOCAL), we encounter two types of
singularities: explicit e-poles and phase space divergences. We have used the setup mentioned
above to check the local cancellation of phase space divergences and this is demonstrated
in figure 2. In this case, we concentrate on the ratio of the sum of subtraction terms
(Aﬁ” + AT + AT and the sum of the real-virtual matrix element, the appropriate collinear
remnant and the integrated single unresolved subtraction terms. These sums are individually
finite in € but are divergent as the final-state parton becomes unresolved. Once again, we
observe the convergence of this ratio to 1, which establishes the correct cancellation of

"In NNLOCAL, gnuplot scripts are automatically generated to plot the cumulative of the distributions
associated to the Vegas grids.

8Note that even if one were to employ arbitrary precision arithmetic, some technical cutoff would still be
required since both the matrix element and the subtraction terms diverge and thus are technically undefined
in the exact limits.
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Figure 1. The behavior of |1 — R| in the g(p1) + g(p2) — H(ps) + g(pa) + g(ps) subprocess as
various single (first row) and double (second row) unresolved kinematic limits are approached. Here R
denotes the ratio R = (A + A — 419/ \Mg;{ f42|°- The proximity to a given limit is measured
by the smallness of an appropriate invariant. The dashed vertical line denotes the default value of the
technical cutoff sy = 5- 1072 GeV2. Large outliers such as the one visible in the pa||ps limit are due

to large accidental cancellations.
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Figure 2. The behavior of |1 — R| in the g(p1) + g(p2) — H(ps) + g(pa) subprocess at one-loop order
as single unresolved kinematic limits are approached. Here R denotes the ratio R = (.Agl) + AV +

0 0 0 o . L
Af)/(|Mgg’H+1|§,loop +rPg |./\/l£(]g)7H+1|2 + I§ ) ® |M§g),H+1|2). The proximity to a given limit is
measured by the smallness of an appropriate invariant. The dashed vertical line denotes the default
value of the technical cutoff Spin =5 - 1073 GeVZ2.

kinematic singularities. Furthermore in NNLOCAL, matrix elements and counterterms are all
coded as vectors of coefficients of the corresponding Laurent-expansion in &, so that we have
direct access to the individual and total poles and so can explicitly check their numerical
cancellation. The last consideration also applies to the double virtual contributions, that
we dub born in our code.
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mp [GeV] n3loxs (gg) NNLOCAL (gg)
100 65.72 pb 65.74(4) pb
125 42.94 pb 42.94(2) pb
250 9.730 pb 9.733(5) pb
500 1.626 pb 1.626(1) pb
1000 173.7 b 173.7(1) fb
2000 8.794 tb 8.790(5) tb

Table 3. The total NNLO cross section for Higgs boson production at the LHC with 13 TeV center
of mass energy in HEFT with n¢ = 0 light quarks. The errors on the results obtained with NNLOCAL
represent the estimated uncertainties of the Monte Carlo integrations. The estimated uncertainty of
the n3loxs result is beyond the last displayed digit in each case. The shown results were obtained on
a MacBook Pro laptop with an M2 processor with 8 CPU cores.

As for the sum of all the integrated counterterms, we notice that in certain regions, care
must be taken to obtain an implementation that delivers accurate numerical results. For
example, when z, = z; (but also along some other curves), a naive evaluation of certain
integrated subtraction terms produces a result of the form “0/0”, while in fact the z, — xy
limit is well-behaved and finite. Clearly these cases must be handled to avoid undefined results
and large instabilities. In NNLOCAL, we use dynamical switching to quadruple precision in
order to improve stability and eventually employ a technical cutoff, Az, to avoid possible
undefined expressions whenever such regions are approached. We find that we typically need
to switch to quadruple precision in about 6% of the evaluations and we choose Azpin = 107°
as the default value of the cutoff. The further lowering of Axmin does not influence the value
of physical quantities as we will demonstrate below.

In order to validate our code, we have computed the total cross section for the production
of a Higgs boson at the LHC with 13 TeV center of mass energy at NNLO in HEFT without
light quarks for several different values of my. We then performed a tuned comparison of
our results to the code n3loxs [61]. In order to synchronize the two codes fully, we made
two changes to the publicly available version of n3loxs. First, we imported into n3loxs the
routine for the computation of the strong coupling from NNLOCAL. Second, we excluded quark
channels in n3loxs. In the calculations we used the NNPDF31_nnlo_as_0118 PDF set [62]
and performed validation runs for several choices of the renormalization and factorization
scales. The results for the scale choice ur = ur = mpy are given in table 3. We observe
perfect agreement between the results of n3loxs and NNLOCAL, with relative differences in
the sub-permille range over the full range of Higgs boson masses. We note furthermore that
the obtained values are very stable under the variation of the technical cuts syin and Az
introduced above. This is demonstrated in figure 3. The left panel shows the value of the
total cross section obtained for a Higgs boson of mass my = 125 GeV as a function of the
value of the smallest allowed two-parton invariant spi,. The right panel shows the total
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Figure 3. The dependence of the total cross section on the technical cutoffs sy, (left) and Az,
(right). Dashed vertical lines show the default values of sy, = 51073 GeV? and Az, = 107°.
The blue band corresponds to the prediction at default cutoff values. The green line represents the

prediction from n3loxs obtained with the modifications discussed in the text.

mp [GeV] NNLO only double virtual real-virtual double real
100 19.76(5) pb |  20.76(5) pb ~1.318(1) pb 0.321(9) pb
125 12.64(1) pb | 13.16(1) pb —0.7492(4) pb 0.235(3) pb
250 2.724(2) pb 2.781(2) pb —0.10475(4) pb | 0.0474(2) pb
500 0.4420(3) pb | 0.4460(3) pb | —0.009645(4) pb | 0.00564(1) pb
1000 47.23(3) b 47.30(3) tb ~0.4699(2) fb 0.3982(8) fb
2000 2.496(2) fb 2.492(2) fb —0.007597(2) tb | 0.01220(3) b

Table 4. The NNLO correction to the total cross section for Higgs boson production at the LHC with
13 TeV center of mass energy in HEFT with ng = 0 light quarks. The breakdown of the result into
double virtual, real-virtual and double real pieces is also shown. The errors represent the estimated
uncertainties of the Monte Carlo integrations.

cross section as a function of the cutoff parameter Az, discussed above. In both cases we
observe a very stable plateau as the cutoffs are taken to zero. The runtime per mass value
required to obtain the displayed precision in table 3 with NNLOCAL is around 20 minutes on a
MacBook Pro laptop with an M2 processor with 8 CPU cores.

In order to demonstrate the impact of the NNLO correction, in table 4 we present the
pure NNLO contribution to the total cross section, along with its breakdown into the double
virtual, real-virtual and double real pieces. The value of the full NNLO contribution is of
course fixed, however the values of the individual pieces depend on the specific scheme that
is used to regularize IR singularities. We observe that in our setup, the bulk of the NNLO
correction arises from the double virtual piece, while the real-virtual and especially the double
real pieces are very much sub-dominant, the latter contributing only at around the 0.5-2%
level, depending on the mass of the Higgs boson.
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Since our code is completely differential in all particle momenta, any infrared and collinear-
safe quantity can be computed by simply implementing the proper analysis routine. By way
of illustration, we present the rapidity distribution of a Higgs boson of mass my = 125 GeV
at the 13 TeV LHC (in HEFT with ny = 0) in figure 4. In both plots in the figure, the upper
panels show the total distribution as well as the NNLO contribution, while filled bands in the
lower panels indicate the relative Monte Carlo error estimates. The figure was obtained on
the same architecture as the numbers in tables 3 and 4. The runtime was around 1 hour and
15 minutes. In the left plot, we present results with a bin width of Ay = 0.25. We observe
very good numerical convergence and stability over the full range of values, spanning about
four orders of magnitude, both for the total distribution and for the NNLO contribution. In
particular, the total and NNLO distributions generally have an uncertainty of less than 1%
and 2% over the central rapidity range of |yg| < 2.5. In order to demonstrate the numerical
stability of our code under more demanding conditions, in the right plot of figure 4, we show
the same rapidity distribution, but with bin width of Ay = 0.1. Overall, we still observe good
stability and convergence, however, with this rather fine binning, the appearance of some
spikes in the predictions is evident. This phenomenon, commonly dubbed “misbinning”, is a
well-known and more or less unavoidable consequence of using a local subtraction scheme
to regularize IR divergences. Due to the binned nature of the distributions, sometimes
momentum mappings cause the weights associated to the matrix element and subtraction to
end up in different bins. This leads to an apparent uncanceled singularity as far as the bin
is concerned, with the appearance of unphysical spikes in distributions during Monte Carlo
integration. Obviously computing with wider bins mitigates the effect of misbinning.

One may also consider approaches other than increasing the bin width and we now
discuss an alternative based on the following observations. The phenomenon of misbinning
introduces unphysical outliers into the set of bin value estimates. Clearly a single extreme
entry can change the arithmetic mean by a large amount. Then it makes sense to employ an
estimator that is robust to such extreme data. This is the topic of robust statistics, see e.g.,
the textbook [63] and references therein. Without entering into the details, let us note that
in practice one of the simplest methods for building such robust estimators is via trimming.

For example, the a-trimmed mean of a sample of n numbers {xy, z2,...,x,} is simply the
arithmetic mean of the (n — 2m) numbers obtained by removing the smallest and largest
m = [na] entries (here [...] denotes the integer part of a number),’
1 n—m
Lo = n—om Z (IZ(Z) s (3.3)
i=m-+1
where x ;) denotes the order statistics {:z:(l) sy T(2) 5 s x(n)}, obtained by sorting the n numbers
such that

“Note that an alternate definition is sometimes used in the literature [64],

_ PZ(ant1) + T(anta) t - - -+ PT(n—[an])
n(l — 2a) ’

T(x)

where p = 14 [an] — an. The two definitions differ only in their treatment of the largest and smallest remaining
points after having removed a total of 2[an] points.
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Figure 4. The rapidity distribution of the Higgs boson at NNLO in HEFT with ny = 0 light
quarks (blue). The NNLO contribution is also shown separately (green). Distributions with bin width
Ay = 0.25 (left) and Ay = 0.1 (right) are shown. The errors represent the estimated Monte Carlo
uncertainties. The lower panels in both plots show the relative uncertainties for the total distribution
and the NNLO contribution. The shown results were obtained on a MacBook Pro laptop with an M2
processor with 8 CPU cores with a runtime of around 1 hour and 15 minutes.

While it may seem that such a procedure suppresses observations, in reality no subjective
choice is being made: the result is actually a function of all observations (even of those
that are not included in computing the trimmed average) [63]. Such a trimming procedure
could in principle be implemented already at the level of histogram collection in the code.
However, we opt for a more straightforward solution and exploit the fact that it is very
typical that final results are obtained by combining several statistically independent runs by
computing bin-by-bin averages of the bin value estimates coming from the individual runs. '
We compute bin-by-bin the a-trimmed means with o = 0.015 (corresponding to dropping
the lowest and highest 3 results for each bin) and in figure 5 we show the result of such a
procedure. The ratios of bin values obtained from the arithmetic mean and the trimmed
mean are shown as black data points in the lower panels of these plots. Let us make several
observations regarding these results. First, we see that trimming is very effective in mitigating
misbinning, as evidenced by comparing the the plots in figures 4 and 5. Second, if the result
was already free of misbinning, as in the case of the distributions with Ay = 0.25 on the left,
the trimming procedure produces basically no changes. Third, we see that the trimmed bin
value estimates are compatible with the untrimmed bin values within uncertainty. Fourth,
the uncertainties of the trimmed values are generally quite close to the original uncertainty

0The data shown in figures 4 and 5 was obtained by using 256 separate runs. We stress that the generation
of the integration grids and this full set of 256 runs together requires a runtime of around 1 hour and 15
minutes on the described architecture.
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Figure 5. The trimmed rapidity distribution of the Higgs boson at NNLO in HEFT with ny = 0
light quarks (blue). The NNLO contribution is also shown separately (green). Distributions with
bin width Ay = 0.25 (left) and Ay = 0.1 (right) are shown. The errors represent the estimated
Monte Carlo uncertainties. The lower panels in both plots show the relative uncertainties for the total
distribution and the NNLO contribution. The black data points in the lower panels show the ratio of
the untrimmed and trimmed results bin by bin. The shown results were obtained on a MacBook Pro
laptop with an M2 processor with 8 CPU cores with a runtime of around 1 hour and 15 minutes.

estimates in regions where no misbinning is apparent, while in bins with obvious misbinning,
the error estimate is strongly reduced. Last, trimming does not introduce any obvious bias
and the ratio of the trimmed bin values to the untrimmed ones scatter around one with
about the same number of points above and below.

Finally, we present the breakdown of the NNLO correction to the rapidity distribution
into its double virtual, real-virtual and double real parts in figure 6. The left and right
plots show the untrimmed and trimmed results. As before, the top panels show the various
distributions, while the relative errors are indicated in the bottom panels. On the right plot,
black data points in the bottom panels represent the ratios of untrimmed to trimmed bin
values. The distributions for the double virtual and real-virtual contributions are quite stable
and demonstrate good numerical convergence, while the one for the double real contribution
clearly shows the impact of misbinning. However, the trimming procedure we described
above mitigates this to a large extent and the relative error of the trimmed result is mostly
below 20% in the central rapidity region of |yg| < 2.5. Note though that the double real
piece contributes to the total NNLO result at the level of a few percent only, so this relative
uncertainty translates to a permille error on the physical distribution.
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Figure 6. The double virtual (VV), real-virtual (RV) and double real (RR) parts of the NNLO
correction to the Higgs boson rapidity distribution. Left: untrimmed distributions. Right: trimmed
distributions. Note that the real-virtual distribution is negative and so is plotted with the opposite
sign. The various plot elements are the same as in figure 4.

4 Conclusions and outlook

Computing higher-order perturbative corrections to collider observables is of paramount
importance to fully exploit the physics potential of the LHC and future colliders. When
evaluating such corrections, we must deal with various singularities that arise at intermediate
stages of the computation. In particular, the straightforward application of perturbation
theory is hampered by the presence of IR singularities which must be regularized and
properly treated before any numerical calculation can take place. One way of dealing with
IR divergences is through the use of a local subtraction scheme. Although the underlying
principles of constructing such a scheme are well-understood, developing actual realizations
beyond NLO have proven to be surprisingly difficult.

In this paper, we presented the extension of the CoLoRFulNNLO method to hadron-
initiated processes, concentrating on color-singlet production. Subtraction terms in this
scheme are constructed directly from QCD IR limit formulae and are completely local in phase
space. The corresponding integrated subtraction terms were computed fully analytically and
the cancellation of all virtual poles was demonstrated explicitly. Although we focused here on
color-singlet production, the obtained subtraction terms can be used to regularize initial-state
radiation at NNLO also in more complicated processes. We have moreover presented a
proof-of-concept implementation of our method in the code NNLOCAL. Our code provides the
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first public implementation of a completely local subtraction scheme at NNLO and employs
closed analytic expressions for all integrated counterterms. Concentrating on Higgs boson
production at the LHC in HEFT without light quarks, we have demonstrated the viability of
our approach and validated our code by a tuned comparison to publicly available tools.

This work opens the door to the application of the CoLoRFulNNLO subtraction scheme
to hadron-hadron collisions. The presented code, although limited in its scope for the moment,
will serve as a basis for refinements and extensions, making it a useful tool for computing
NNLO QCD corrections to a plethora of important LHC processes. As a first step, we will
extend our code to incorporate all partonic channels that can arise in color-singlet production,
such that any color-singlet production process may be implemented by simply specifying
the correct matrix elements. In this way we will be able to build a library for computing
color-singlet production processes at NNLO accuracy based on a fully local and analytic
subtraction scheme. The extension of our subtraction scheme to general hadronic processes
is also feasible and will be the subject of further study.
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A Matrix elements and insertion operators

In this appendix we present the necessary ingredients to check the cancellation of e-poles
in eq. (2.43). As stated above, we are working in the HEFT approximation without light
quarks (ng = 0). Throughout this appendix, we set as = as(u%).

A.1 Matrix elements

The Born squared matrix element for gg — H production (in HEFT with ny = 0) averaged

over initial spins and colors reads
2,4

© 2 Os My Al
Mgl 721202(N2 —1)(1 —¢)’ (A1)
where the Higgs VEV can be expressed in terms of the Fermi constant as v> = —=—. The

V2GE

one-loop correction can then be written as

‘Mgg%H‘%floop
=2R(MD ML

gg—H gg—H
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where Lg = In :T%‘ Finally, the two-loop correction reads
H
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with Ly = In m—’%.

A.2 Pole parts of insertion operators

The expressions for the insertion operators involve Dirac-delta and plus-distributions that
a priori act on differential cross sections. Reinstating the momentum dependence of the
partonic cross sections for clarity, we have

/O iy day Faya(@a) foy5(ws) (1(6) @ dor (zapa, 2o ))ab (A.4)

1 1
= /0 dzo dzp foya(za) fo/B(zh) {/0 dne dny Lac,bd(Ma, M3 €) A0 q(MaTapa, ToPB)

Hence, a direct implementation of eq. (A.4) would require the computation of
doy(Mazapa, mrypr) in several different phase space points. However, in a numeric calcula-
tion it is more convenient to evaluate the differential cross section in a single phase space
point only. For this reason, we perform a change of variables from x, and xp to £, = 1,24
and &, = mpxp. This way, the cross section only depends on &, and &, and the action of the
distributions is transferred to the product of PDFs. We then find

1 1
/O dze dzy fasa(za) fo B(20) [/O dna A1 Lac bd(Ma, b3 €) AT cq(aTapa, MToPB)
faya(€a/na) for8(E/mb)

1 1
:/0 dEadEb/O dng dnp {Iac,bd(na,nb;elna,m)

Na M
+ Lacpd(Nas M3 €| 1, nb)fa/A(fa)ﬁ)/BSib/m + Lac,bd(Mas M3 € | Mas 1 )be/s(éb)
+ Lacpd(Nas moi €| 1, 1)fa/A(§a)fb/B(£b):| doq(Eapa, &pB) - (A.5)
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We refer to Ioepd(Mas Mb; € | Ka, Kb), With kg = 1,7, and K, = 1,15, as the coefficient functions
of the operator I,c pq(1a,Mp; €). Indeed, these objects are now just functions (as opposed to
distributions) of the variables 7, and 7. The arguments after the separator serve to specify the
precise combination of PDFs that each function multiplies.!! Below, we present the pole parts
of these functions for all operators that appear in eq. (2.43), for the purely gluonic subprocess.

Starting with I go) (¢) which acts on the virtual cross section do" in eq. (2.43), we have

©), .\ _ Qs €F =(0)

Then, the various coefficient functions of the operator I 1(0) (¢) read

=(0
Il(;g)gygg(”a’ M3 € | Nas M)

_2{—2+77a—77§+ 2 _2+7}a+772 2—m+nE 24 M+ 0}

T—m Nab 1+ 1 -1, 1+,
1 1 N 1 . 1 N 1
m(+1) na(l+m)  LT—na)X—=m) na(l—m) 751 —1naq)
1 (A7)
+ +4 = 2namy + 207 + 202 (1 + 7
(T (T 4 2w 20+ 2 (1)

X {1—|—5(21n(77a+77b)—ln(l—na)—ln(1+na)—ln(l—nb)—ln(l—i—nb)
+LR)} +0(%),

7(0

1 1
= —ngg(na){5 —In(2) —In(1 —ny) +In (1 +n4) + - + Lp

+ 8(; In?(2) + %1112 (1—=ng)+1In(1—mn4) (In(2) —In(1+1n,))

() In (14 ) + %m? (1+m2) + %LZ C La(n(2) 4+ (1= 5a) — In (14 1))
C In(@2) +1In(1—n) —In(147) +In(1—1n) LR>}+O(€2)
T—mp ’

(A.8)

" To see the correspondence with the usual notation, consider the distribution D(z) = Ad(1 —z) + [%] LT
Creg (), where Creg() is a regular function at x = 1. Then, the action of D(z) on some test function f(z)
can be written as

D®f_/01da: (Aé(l—x)+[BL+Creg(x)> f(:c)_/o1 [(i+creg(z)> f(x)+<A_i) f(1)] .

1—x 1—x 1—x

Thus, the integrand is a linear combination of f(z) and f(1) with coefficients that are simply functions of x.
Specifying these coefficient functions, D(z|z) = (% + C’reg(m)) and D(z|1) = (A — %) in this example,

is an equally valid way of describing D(z). This way of specifying the distribution also lends itself directly to
implementation in a numerical calculation.
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2 ell-n, 1-—m 2 1 —1nq

In(1—m) —Lg 1 L (In(1—1ny) — Lg)? (A.9)

L—np +<1_77a)(1_77b)}+ {3 " 1=,

(In(1—m) —Lr)* 2(n(1-na)+In(1-mn)—Lg) 2

’ 1—mp (1 =ma) (1 —m) }+O( )

where

= 1 1 2 1 A.10
pgg(n)—ﬁ‘i'%— +n(1 —n) (A.10)

2 —
and Ly = In £E. Moreover I ©)
m

1.99.99(Mas M3 €[ 1,mp) is obtained by exchanging 7, and 7, in

H
the expression in eq. (A.8),

7(0 7(0
11(;9)5,,95;(%, Mb; € | L, 77b) = Il(;g)g,gg(nba Na; € | Na, 1) : (All)

For the fully gluonic subprocess, this follows from the obvious symmetry between incoming
partons. Similar relations will thus hold for all other operators as well.

Next, consider the sum of operators acting on the Born cross section do® in eq. (2.43).
It turns out that the structure of this sum is simpler than the structure of the individual

operators, so we introduce

In(e) = 1Y (e) - 119 (0) + 11V (0) + Iy () + I (e) (A.12)
This sum of operators can be written as
Qg 2 eQ&’yE 9 =
Ig(e) = (27T> mCAIB(S) (A.13)

and the coefficient functions of Ig(e) are given by

I_B;ggvgg (Na> M5 € | Mas Mb)

_Af2omatni 24 matus  2—mtmp 24wt
€2 s L+m Na L+
1 1 1 1

+ +
M (L+na)  Na(T+m)  mam (14 n4) (14 1)

4 (2m, +am (L+ 1) + 7a (2 — 3+ 7713))
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L—mnp Nab L+
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+ = = +
(1 =n4) m(1+mna) 1 (1+m)

+2 (2 — Ny + ME 4+ 12 (1 + 7713)) > - 2pgg(77a)pgg(776)LF} +0("),  (A.14)

(1 +ma) (1 +m)

fB;gg,gg(nav b3 € [ Mas 1)

1 [ —11+4In(n,) n 11+ 121In (1)
B 2e2 1- Na 3770,

1
+ 5 (30 + 80+ 367 In () — 110

— 1207 In (na) ) + 8 (In (2) — In (1 +na) + L — LR)pgg(na)}

1 [ =674 972 —91n? (1,) — 132LF + 721In (n,) L
_I_ —_

3¢ 6 (1 —1a)
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7 +22Lp +12In(n,) Lp  7* —3In"(n,) 1 2
+ + — (25— 487 + 1501n
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+ 10977(1 + 1277277a - 6677a In (na) - 7277(1 1n2 (77(1) - 247['2773 + 264773 In (na)
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— 14402 1n () LF) —2(11 — 12LF)<
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As explained above, here too, we have
jB;ggygg("?m no; €| 1,mp) = I:B;gg7gg(77b> Na; € | May 1) - (A.17)

Finally, although the expressions of IT' are well-known, for completeness we present these
explicitly as well. Again, it is useful to extract powers of ag and Cp, and we set

2
() — 9~ F0 d T®= (0‘) at® A18
or A an 27 A ( )
The corresponding coefficient functions then read
=(1
F;g),gg(nav s € | Nas 77b) =0, (A.19)
99,99 77a77lb,5|77a7 ) - pgg(na) - F € 2 (E )7 ( . )
—(1) 11 2 2 1 L% 2
r s M€l 1,1) = ¢ — — — -+L — A21
gg,gg(n 77b5’ ) {3 1_77(1 1_77b €+ F+€2 +O(€) ( )
and
—(2 1 2Lp
Ff]g),gg(na7 M € ‘ Na, 77b) = 4pgg(77a)pgg(77b) { ? + ? } +O(€0) ) (A22)
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Of course, as before
T (evmyie|1,m) = T0) 1& 10, 1) (A.25)
99,99\Tla> Tlb; € ,77b)— gg,gg(nbvn(,‘u5 Nas :
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9a.99(Mas s €1 1) = Ty 0 (M, Mas €[ Mas 1) - (A.26)

To finish, let us make the following point regarding our implementation of eq. (2.43). Since
the combination of terms in this equation does not have e-poles, in a numerical computation
in four dimensions the full expression may be multiplied freely with any e-dependent constant
C'(e) of the form C(e) =14 O(e). Clearly this does not influence the four-dimensional value
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of the expression. In our concrete implementation, we include such a factor given by

C(e) =

e - 0 2
{F eE } 2 (Mo mlz=o (A.27)

A=a) MmO P

In practice, we achieve this overall multiplication by setting (notice |M§(;)_) w20/ |M§(;)_) q=

1 —¢)

2 esre 7t 2
(Mg lizioop = (1 —¢) Lﬂ(l_g)} Mg i li=100p 5 1=0,1,2, (A.28)
(in particular, the Born matrix element is normalized to its four-dimensional value), and
(0) e 170y _ %o FO
176 - [iios] 106 = s, (229
L) - -] ()—<%>202f() (A.30)
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in our implementation.

B Installing and running NNLOCAL

Our code can be obtained at https://github.com/nnlocal/nnlocal.git. After cloning the git
repository into the desired directory, the code can be compiled with the included makefile
by running make. The only external dependency is LHAPDF [65]. After compilation, the
executable nnlocal is created in the bin directory. A run can then be set up by editing the
provided input .DAT file in the bin/testrun-H subdirectory. The most important parameters
that are set in this file are the following.

e nproc: the process ID number. Currently only the pp — H process is implemented, for
which nproc = 710.

e order: the order in ag relative to the Born process. Hence, order = 0,1,2 correspond
to the LO, NLO and NNLO computations. Moreover, if order is negative, only the
correction at the appropriate relative order is computed, so order = -1,-2 give the
pure NLO and NNLO contributions.

e part: specifies which part of the full computation to perform. Possible values are the
following.

1. born: include all contributions up to the given order that have Born-like (i.e.,
2 — 1) kinematics, e.g., the double virtual contribution at NNLO;

2. virt: include all contributions up to the given order that have Born + one parton
kinematics, e.g., the real-virtual contribution at NNLO;
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3. real: include all contributions up to the given order that have Born 4 two parton
kinematics, e.g., the double real contribution at NNLO;

4. tota: include all contributions up to the given order.
e sqrts: the total center of mass energy of the hadron-hadron collision in GeV.
e hmass: the mass of the Higgs boson my in GeV.
e scale: the renormalization scale pup in GeV.
e facscale: the factorization scale ur in GeV.
e itmx1: the total number of iterations used for grid refinement in serial running mode.
e ncalll: the total number of evaluations per iteration during grid refinement.

e itmx2: the total number of iterations for collecting results after the grid has been
set up.

e ncall2: the total number of evaluations per iteration during result collection.

e (ncall virt)/(ncall born): if part = tota is selected, then all partonic contribu-
tions are evaluated during the run. In this case, ncalll and ncall2 give the number
of evaluations per iteration during the grid refinement and collection stages for the
contributions with Born-like kinematics. However it is usually necessary to run higher-
multiplicity partonic processes with more points and this parameter provides a way to
increase the total number of points by multiplying ncalll and ncall2 with the value
set here for contributions with Born + one parton kinematics. If the value of part is
something other than tota, this parameter is inactive.

e (ncall real)/(ncall born): same as above, for Born + two parton kinematics.
o parallel: specify whether to run in serial mode (0) or parallel mode (1), see below.

After setting up the inputs, the code can be run in serial mode (with the parallel
flag set to 0) by simply invoking the executable. Assuming the input file is prepared in
a subdirectory of bin, we have

../nnlocal <file>

Here the optional argument <file> allows to use a file different from the default input.DAT
for specifying the run parameters. With this setup, the integration grids are first refined over
itmx1 iterations, then in a second stage, results are gathered with fixed integration grids.
In this second stage, a user-defined analysis routine is also invoked for each event allowing
e.g., the collection of histograms for physical observables.

Our code can also be run in parallel mode with the help of the included scripts. The
parallelization is achieved in a very straightforward manner and is built to exploit architectures
with several CPU cores. To perform a parallel run, one must first set the parallel flag to 1
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in the input card. The launching of jobs and collection of results is then controlled through
the runpar.sh script. The most important variables in this script are

e ncores: the number of CPU cores that the user wishes to use simultaneously.

o nprocessesgrid: the total number of instances to be used during each iteration step
of grid refinement.

e nprocessesaccu: the total number of instances to be used during the collection of
results after the grid has been set up.

e maxgrid: the number of iteration steps used for grid refinement.
e alpha: the trimming parameter « introduced in section 3.

After setting these parameters, the script will launch batches of ncores jobs as necessary
to produce the total number of runs specified. The execution in the parallel setup also
proceeds in two stages. In the first stage, nprocessesgrid jobs are completed in batches of
ncores.'? After all jobs are finished, the obtained separate integration grids are averaged to
produce a single grid for the next batch of runs. In total, maxgrid steps of grid refinement
are performed in this manner, which completes the first stage of running. Then, during the
second stage, a total of nprocessesaccu jobs are launched in batches of ncores.'® When
all jobs are complete, the separate results are collected into the output files nnlocal-1.top,
nnlocal-2.top and nnlocal-$m-$m.top, where $m is value of the integer m introduced in
eq. (3.3). The first file contains results obtained by computing an arithmetic average of the
separate runs, the second one contains results obtained by computing weighted averages,
while the last file contains results computed with the a-trimmed mean. If the statistics are
high enough, the results computed with the arithmetic and weighted averages should be in
good agreement, hence any large discrepancies can be used to diagnose a situation where the
complete statistics was insufficient to produce results that have properly converged.

Data Availability Statement. This article has no associated data or the data will not
be deposited.

Code Availability Statement. This article has associated code in a code repository.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.

2The total number of evaluations in each job is still set by ncalll, however the value set for itmx1 is now
irrelevant, as the number of iterations for grid refinement is controlled by maxgrid.

13The total number of evaluations for each job during this stage is set by ncall2 and itmx2: each run will
perform itmx2 iterations of ncall2 evaluations.
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