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We report the local-in-time conservative dynamics of nonspinning binary systems at fifth Post-
Minkowskian (5PM) and first self-force (1SF) orders. This follows from an explicit calculation of
the 5PM/1SF nonlocal-in-time tail-type contribution to the deflection angle via worldline effective
field theory techniques. Proceeding as in Dlapa et al. [1], we subtract the nonlocal tail terms from
the result in Driesse et al. [2] and reconstruct a local-in-time Hamiltonian in isotropic gauge—valid
for generic orbits. For completeness, we reinstate the nonlocal terms relevant for elliptic-like motion
up to 6PN/1SF in a small-eccentricity expansion. Via the connection between the (source) energy
flux in Dlapa et al. [3] and tail effects, we also derive the SF-exact logarithmic-dependent part of
the full 5PM bound Hamiltonian. Our results provide the most accurate description to date of the
dynamics of bound compact objects within the framework of relativistic scattering computations.

Introduction. Driven by advancing our understand-
ing of the dynamics of binary systems in General Relativ-
ity in the era of gravitational-wave (GW) astronomy [4–
6], perturbative frameworks to the two-body problem
such as the Post-Newtonian (PN) expansion—organized
as a simultaneous series in the relative velocity and New-
ton’s constant G, linked through the virial theorem—and
the Post-Minkowskian (PM) approximation—which re-
sums all orders in the velocity at a fixed order in G—have
attracted renewed interest, see e.g. [1–3, 7–66]. Recent
advances in the field can be attributed, in part, to a com-
bination of worldline effective field theory (EFT) method-
ologies [67–71] with modern integration techniques from
collider physics, see e.g. [58–60]. The synergy has led to
a rapidly evolving state of the art, which includes, on the
one hand, complete results to fourth order in the PN ex-
pansion [7–11, 16, 17], as well as potential and hereditary
effects at fifth order [13–15, 23, 24] and partial knowledge
at higher orders [19–21]; and on the other hand, in the
realm of scattering calculations, the total spacetime im-
pulse up to 4PM order [3, 50], including also spin effects
[55, 56]. More recently, due to the increasing complex-
ity of PM computations, the impulse at O(G5) (akin of
a four-loop calculation in collider physics) was tackled
in combination with a self-force (SF) expansion in the
mass ratio, reaching the 5PM/1SF level of accuracy for
nonspinning bodies [2, 65].

Despite these notable achievements, the PM deriva-
tions in [2, 3, 50, 65] all face a major challenge when ex-
trapolating observables from scattering to bound states.
For example, the binding energy for quasi-circular orbits,
obtained through the “boundary-to-bound” (B2B) ana-
lytic continuation [35, 36], fails (other than logarithms)
to match the known PN value [22, 37]. The discrepancy
is due to nonlocal-in-time hereditary contributions [7, 8],
such as tail effects arising from the scattering of the emit-
ted radiation off of the binary’s own gravitational field,

which prevent the straightforward use of unbound results
to describe arbitrary elliptic-like motion.

This issue was addressed in [1], where a decomposi-
tion into local- and nonlocal-in-time effects of the full
result in [3] was successfully achieved for the first time.
Following the same strategy, we present the explicit com-
putation of nonlocal-in-time contributions to the scatter-
ing angle at 5PM/1SF order. The derivation of nonlocal
tail terms involves an integral over the (source) energy
spectrum times the logarithm of the center-of-mass GW
frequency [21, 37]. As discussed in [1], the integrand
depends on the velocity and mass ratio. However, we
restrict ourselves here to the 1SF order in the mass ex-
pansion, thus reducing the integration back to a one-
scale problem. (We will return to the computation of
higher order terms elsewhere.) As in previous deriva-
tions [1, 58], we employ the methodology of differential
equations. The nonlocal part of the 5PM/1SF deflec-
tion angle features multiple polylogarithms (MPLs) up
to weight three. We find agreement in the overlap with
the values in [21].

In principle, conservative nonlocal-in-time tail-of-tail
effects that are odd in the velocity also need to be con-
sidered [19]. However, these were not computed by the
authors of [2], who focused exclusively on even-in-velocity
terms. Accordingly, we extract the universal local-in-
time contribution by simply removing nonlocal tail ef-
fects from the even-in-velocity scattering angle. The cor-
responding center-of-mass momentum and Hamiltonian
(in isotropic gauge) then follow from the framework de-
veloped in [35–37]. By leveraging the structure of the
tail integrand [1, 37] we derive the logarithmic-dependent
part of the full 5PM Hamiltonian using the value of the
(source) energy flux obtained in [3]. For completeness,
we incorporate the remaining (non-logarithmic) nonlo-
cal tail terms in a small-eccentricity approximation by
adapting the calculations in [21] to the isotropic gauge.

https://arxiv.org/abs/2506.20665v1
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The combined bound Hamiltonian is fully consistent in
the overlap with the state-of-the-art knowledge in the
PN expansion [20–22], while simultaneously resumming
an infinite number of (local-in-time) velocity corrections.

Nonlocal-in-time tail effects. We follow the anal-
ysis in [1] and identify nonlocal-in-time tail effects in
Sr, the (unbound) radial action, through its universal
(gauge-invariant) structure [7, 8, 37]

S(nloc)
r = −GE

2π

∫ +∞

−∞

dω

2π

dEsrc

dω
log (2eγEGMω)

2
. (1)

We abide by the conventions in [1, 7], with E the total
energy, dEsrc

dω the (odd-in-velocity) source GW spectrum
in the center-of-mass frame, M = m1+m2 the total mass,
and γE is Euler’s constant. The scattering angle is given
by χ

2π = −∂JSr, where J is the total angular momentum.
We write the coefficients of the deflection angle in a PM
expansion as,

χ

2
=
∑
n=1

(
χ
(n)
b + χ

(n) log
b log

b̂

Γ

)
b̂−n, (2)

where b̂ ≡ b/GM , with b the impact parameter, γ ≡
u1 · u2, in the mostly negative metric convention, ua

(a = 1, 2) are the particle’s incoming velocities, and
Γ ≡ E/M =

√
1 + 2ν(γ − 1), with ν ≡ m1m2/M

2 the
symmetric mass ratio. We should stress that, although as

is well known the total value for χ
(n)
b /Γ truncates in the

ν expansion [35, 38], its nonlocal-in-time contribution ex-
hibits a much more intricate dependence on the mass ra-
tio through the connection with the center-of-mass frame
in (1) [1]. In this letter we provide an explicit derivation
of the leading term in the SF expansion at 5PM order. In
contrast, using the connection between the radial action
and radiated energy [3, 8, 37], we are able to derive the
SF-exact result for the logarithmic-dependent part.

Integrand construction. Our problem requires the
evaluation of the integral in (1) to O(G4). Due to the de-
pendence on the GW spectrum, we find a similar set of
three-loop integrals as those introduced in [3, 58] for the
derivation of the radiated energy to 4PM, involving lin-
ear and square propagators [40]. The integrand features
the 112 combination, with delta functions in ℓ1(2) ·u1 and
ℓ3 ·u2, and linear propagators for the remaining ℓ1(2) ·u2

and ℓ3 · u1, with ℓ1,2,3 the (three) independent loop mo-
menta; whereas, for the quadratic propagators, we find it
convenient, by means of a partial fraction decomposition,
to reduce them to only one set (see the top row of Eq.

(4.9) in [58]),{
−ℓ21,−ℓ22,−ℓ23,−(ℓ1 − q)2,−(ℓ2 − q)2,−(ℓ3 − q)2

−(ℓ1 − ℓ2)2,−(ℓ2 − ℓ3)2,−(ℓ1 − ℓ3)2
}
, (3)

with qα the momentum transfer, obeying q · ua = 0.
We consider either retarded or advanced choices for
the i0+-prescription, for which only two of the prop-
agators may be going on-shell, i.e. kα1 = ℓα2 − ℓα3 or
kα2 = ℓα1 − ℓα3 . In each region, we multiply by a fac-
tor of (2eγEk1(2) · ucom)2ϵ̃ the integrand for dEsrc

dω , with

ucom ≡ (m1u1+m2u2)
E the center-of-mass velocity. The

logarithm in (1) follows after expanding in ϵ̃, which we
distinguish from the standard D = 4 − 2ϵ in dimen-
sional regularization. We perform a mass-ratio expan-
sion, m1/m2 ≪ 1, and retain the leading order in ν,
accounting for the 1SF terms. At the end of the day,
the relevant integrals are analogous to the ones in [3, 58],
but with linear propagators that have ϵ̃-dependent pow-
ers. Using integration-by-parts (IBP) reduction tech-
niques implemented in Kira [72, 73], we find 343 master
integrals for the two independent “1rad” region(s) con-
tributing to the source radiated energy, where each of
the k1(2) momenta go on shell, thus isolating the relevant
part of the computation.1

Integration. To solve for the master integrals, we
derive differential equations in x, given by γ = 1

2

(
x + 1

x

)
.

To deal with the additional ϵ̃-dependence, it is useful to
(temporarily) set ϵ̃ = ηϵ, and derive canonical differential
equations factorized in ϵ. For this purpose, we employ
standard algorithms in public packages [74–77], as well
as various (private) implementations which are able to
deal with the extra η parameter. Similarly to [2], we find
that elliptic integrals do not feature in the final answer
(since the latter appear only in the direction of the impact
parameter at 4PM) and the solution depends on MPLs
up to weight three, defined through the relation

G(a1, . . . , an; z) =

∫ z

0

dt

t− a1
G(a2, . . . , an; t) ,

G(·; z) = 1 , G(0, . . . , 0︸ ︷︷ ︸
n

; z) = 1
n! logn z ,

(4)

with (an, z) a set of complex numbers. We choose the
variable z = 1 − x, which has a direct connection with
the PN expansion, such that the result may be written
in terms of a five letter alphabet (0, 1, 2, 1 ± i).

Scattering angle. The derivation of the nonlocal
part of the scattering angle is straightforward from the
knowledge of the unbound radial action. On the one
hand, for the logarithmic correction, we find
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1

Γ
χ
(5) log
b(nloc) = ν

(
G1(x)h1(x)

90(x− 1)6x3(x + 1)6 (x2 + 1)
7 +

G3(x)h2(x)

30(x− 1)7x3(x + 1)7 (x2 + 1)
8 +

G4(x)h3(x)

4(x− 1)5x2(x + 1)5

+
G6(x)h4(x)

(x− 1)8x(x + 1)8
+

G7(x)h5(x)

2(x− 1)5x(x + 1)5
+

G8(x)h6(x)

4(x− 1)5x2(x + 1)5

)

+ ν2

(
G1(x)h7(x)

44100(x− 1)6x3(x + 1)6 (x2 + 1)
8 +

G3(x)h8(x)

210(x− 1)7x3(x + 1)7 (x2 + 1)
9 +

G4(x)h9(x)

4(x− 1)3x2(x + 1)5

+
G6(x)h10(x)

(x− 1)8x2(x + 1)8
+

G7(x)h11(x)

4(x− 1)5x2(x + 1)5
+

G8(x)h12(x)

4(x− 1)5x2(x + 1)5

)
,

(5)

which we upgraded to its SF-exact expression, as we
mentioned, thanks to the relationship between tail terms

and radiated energy [3, 58]. For the remaining non-
logarithmic terms, on the other hand, we have

χ
(5)(1SF)
(nloc)

Γν
=

G1(x)h13(x)

25200(x− 1)6x3(x + 1)6 (x2 + 1)
7 +

G2(x)h14(x)

90(x− 1)6x3(x + 1)6 (x2 + 1)
7 +

G3(x)h15(x)

12600(x− 1)7x3(x + 1)7 (x2 + 1)
8

+
G4(x)h16(x)

1680(x− 1)7x5(x + 1)7
+

G5(x)h17(x)

30(x− 1)7x3(x + 1)7 (x2 + 1)
8 +

G6(x)h18(x)

420(x− 1)8x3(x + 1)8

+
G7(x)h19(x)

336(x− 1)5x5(x + 1)5 (x2 + 1)
8 +

G8(x)h20(x)

1680(x− 1)7x5(x + 1)7
+

G10(x)h21(x)

4(x− 1)5x2(x + 1)5
+

G11(x)h22(x)

2(x− 1)5x(x + 1)5

+
G12(x)h23(x)

4(x− 1)5x2(x + 1)5
+

G13(x)h24(x)

4(x− 1)8x2(x + 1)8
+

G14(x)h25(x)

(x− 1)8x(x + 1)8
+

G15(x)h26(x)

(x− 1)8x(x + 1)8

+
G16(x)h27(x)

(x− 1)5x(x + 1)5
+

G17(x)h28(x)

4(x− 1)8x2(x + 1)8
+

G19(x)h29(x)

2(x− 1)5x(x + 1)5
+

G20(x)h5(x)

2(x− 1)5x(x + 1)5

+
G22(x)h30(x)

4(x− 1)5x2(x + 1)5
+

G23(x)h31(x)

4(x− 1)5x2(x + 1)5
+

G24(x)h22(x)

2(x− 1)5x(x + 1)5
.

(6)

In both these equations the hi’s are polynomials in x, up
to degree 38, whereas the Gi’s are products of the MPLs
introduced in (4) up to weight three. See the supplemen-
tal material for explicit expressions.

As emphasized in [1], the definition of nonlocal-in-time
terms in [20, 21] includes in addition to (1) (W1 in [21]) an
extra term involving an integral over the GW flux times
log r(t). Since the latter is coordinate dependent, and
generated by (quasi-instantaneous) potential-only inter-
actions, we keep it instead as part of the local-in-time
side of the dynamics. We have checked that the results
in (5) and (6) nicely agree with the W1-only PN values
of the scattering angle at O(G5) computed in [21].

1 In principle, tail effects in the impulse enter via the“2rad” region
[3, 50]. However, their contribution to the nonlocal radial action
factorizes into a source (rad1-only) part times the logarithm of
the GW frequency [37]. Hence, to avoid double counting, the
2rad region must be discarded from the spectrum in (1).

Upon subtracting nonlocal terms from the even-in-

velocity scattering angle in [2], χ
(5)1SF
b(even), we arrive at

χ
(5)(1SF)
b(loc) = χ

(5)(1SF)
b(even) − χ

(5)
b(nloc) , χ

(5) log
b(loc) = −χ

(5) log
b(nloc) ,

(7)
for the local-in-time contribution at 5PM/1SF order.
The result in (7) can now be used to describe generic
bound orbits as we discuss momentarily.

Local-in-time dynamics. The (gauge-invariant)
local-in-time bound radial action follows directly from
the scattering angle [35, 36]. However, the B2B map im-
plies that odd PM orders of the angle cancel out upon an-
alytic continuation. Nevertheless, from the knowledge of
the local-in-time angle we can readily obtain the center-
of-mass momentum (p̂ ≡ p/(Mν)) in isotropic gauge,

p̂2 =
v2∞
Γ2

(
1 +

∑
n=1

1

r̂n
(
fn + f log

n log r̂
))

, (8)
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where v2∞ ≡ γ2 − 1, and a Hamiltonian (Ĥ ≡ H/(Mν)),

Ĥ = Ê0 +
∑
n=1

1

r̂n
(
ĉn + ĉlogn log r̂

)
, (9)

with r̂ ≡ r
GM , Ê0 = 1

Mν

∑
a Ea, and Ea ≡

√
p2 + m2

a.

Universal logarithms. The coefficient of the log r
term in the total bound Hamiltonian at O(Gn) is related
to the (source) energy flux at O(G(n−1)). This follows
from the optical theorem in conjunction with the cancel-
lation of ultraviolet and infrared divergences (alongside
factors of log b) from local- and nonlocal-in-time effects

within dimensional regularization [1, 8, 37, 49]. This im-
plies, for the logarithmic coefficient of the 5PM Hamilto-
nian for elliptic-like motion, the relationship

ĉell,log5(tot) = −G

(
Ĥ

dEsrc

dt

)∣∣∣∣
G4

(10)

= −G

(
ĉ1
r̂

dEsrc

dt

∣∣∣∣
G3

+ Ê0
dEsrc

dt

∣∣∣∣
G4

)
.

The source energy flux was given in [1, 49] at O(G3),
whereas the 4PM component (including only the “rad1”
piece of the radiated energy) reads [3, 37]

G
dEsrc

dt

∣∣∣∣
G4

(r̂,p2) =
ν3

Γ3x4 (x2 − 1)
2
ξr̂5

[
log(2)d1(x)

256Γ7x4ξ2
+

d2(x) log2(x)

(x2 − 1)
4 +

d3(x)Li2(x)

256 (x2 − 1)
+

d4(x)Li2(−x)

256 (x2 − 1)

+
d6(x) log(x + 1)

256Γ7x4ξ2
+

d7(x) log2
(
x2 + 1

)
1024 (x2 − 1)

+
d7(x)Li2

(
1

x2+1

)
512 (x2 − 1)

+
π2d8(x)

2048 (x2 − 1)

+
d9(x)

15052800Γ9x5 (x2 − 1)
2

(x2 + 1)
8
ξ2

+ log(x)

(
d3(x) log(1 − x)

256 (x2 − 1)
+

d4(x) log(x + 1)

256 (x2 − 1)

+
d5(x)

71680Γ9x5 (x2 − 1)
3

(x2 + 1)
9
ξ2

)]
,

(11)

where ξ ≡ E1E2

(E1+E2)2
, x = γ −

√
γ2 − 1, and γ = (E1E2 +

p2)/m1m2. The di’s are polynomials in x up to degree 38,
that also depend on Γ and ν. See supplemental material.

Assembling the pieces. Collecting all the ingredi-
ents, the bound Hamiltonian to 5PM order takes the form

Ĥell
5PM = Ê0 +

i=5∑
i=1

ĉi(loc)

r̂i
+

i=5∑
i=1

ĉi(nloc)

r̂i
(12)

−
i=5∑
i=4

G

(
Ĥ

dEsrc

dt

)∣∣∣∣
(i−1)PM

log

(
r̂

e2γE

)
,

after absorbing the e2γE from (1) into the logarithm. The
ĉ1|2|3|(loc) are the PM coefficients up to O(G3) computed
in [32, 34, 40, 41], the ĉ4(loc) was first obtained in [1],
while the (flux-dependent) SF-exact coefficient of the log-
arithm follows from the results in [3]. The value for ĉ5(loc)
is reported here at 1SF order for the first time.

The remaining
[
non-log

(
r̂

e2γE

)]
ĉi(nloc) terms for

elliptic-like motion, however, are not known in a PM
scheme. Nevertheless, similar coefficients (in another
gauge) have been computed within the framework of
the PN approximation in a small-eccentricity expansion.
Adapting the results in [21] to our isotropic gauge, we
include their values at O(G5) up to 6PN order (see the
supplemental material). After incorporating the results

in [1], the expression in (12) is perfectly consistent in
the overlap with the state-of-the-art Hamiltonian inferred
from the PN results in [20, 21], truncated to 1SF order.

Conclusions. Recent developments in integration
techniques, combined with the worldline EFT framework,
have substantially advanced our understanding of scat-
tering processes in General Relativity—capturing both
conservative and dissipative effects [2, 3, 50, 65]. How-
ever, as shown in [22, 37], although local-in-time com-
ponents and logarithmic terms are universal, the full hy-
perbolic results fail to accurately describe binaries in low-
eccentricity orbits due to (orbit-dependent) nonlocal-in-
time effects. This limitation was successfully addressed
in [1], where a separation between local and nonlocal tail
effects in the confines of the PM expansion was first es-
tablished at O(G4).

Following the strategy in [1], in this letter we com-
puted the tail-type nonlocal-in-time contribution to the
conservative scattering angle at 5PM/1SF order, and
subtracted it from the result in [2] thus isolating its
local-in-time component. Using the framework developed
in [35, 36], we derived expressions for the local-in-time
center-of-mass momentum and Hamiltonian in isotropic
gauge, including the SF-exact logarithmic contribution,
all valid for arbitrary bound orbits. By incorporating
nonlocal-in-time (non-logarithmic) tail effects for elliptic-
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like trajectories in the PN expansion [21], we constructed
a hybrid Hamiltonian that presently provides the most
accurate description of binary compact objects derived
from PM/PN data. Ready-to-use expressions for all rel-
evant quantities, including also PN-expanded values to
30th order, are collected in the ancillary files.

Beyond its natural relevance for GW physics, the re-
sults presented here illustrate the remarkable power of
the worldline EFT approach [67–71] combined with mod-
ern tools, such as differential equations and IBP tech-
niques, to tackle the integration problem [58–60]. These
methods offer a robust framework for addressing the full
two-body dynamics in General Relativity within a per-
turbative scheme. We are currently exploring the exten-
sion of these results to higher PM/SF orders and the di-
rect implementation of nonlocal-in-time effects for bound
systems in the PM expansion.
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SUPPLEMENTAL MATERIAL

As we did in [1], a hybrid formulation for elliptic-like orbits can be developed by incorporating into the Hamilto-
nian in (12) the nonlocal-in-time contributions at O(G5)—specifically the “W1-only” terms excluding the log

(
r̂

e2γE

)
dependence—computed up to 6PN and O(e8) in the small-eccentricity expansion in [21], translated to our isotropic
gauge and truncated to 1SF order.2 The total bound Hamiltonian then takes the form,

Ĥell
hyb = Ê0 +

i=5∑
i=1

ĉi(loc)

r̂i
−

i=5∑
i=4

G

(
Ĥ

dEsrc

dt

)∣∣∣∣
G(i−1)

log

(
r̂

e2γE

)
+

i=5∑
i=1

1

r̂i

{
ĉ
6PN(e8)
i(nloc) + O

(
p̂2(8−i)

)}
, (13)

with the c
6PN(e8)
i(nloc) (i ≤ 4) given in [1], and

ĉ
6PN(e8,1SF)
5(nloc)

ν
=

(
− 383 +

5421492

5
log(2) +

631071

20
log(3) − 1953125

4
log(5)

)
+ p̂2

(
− 237374547

28000
+

274846146629 log(2)

9450
+

268234748343 log(3)

71680
− 5343159203125 log(5)

387072

− 96889010407 log(7)

92160

)
+ p̂4

(
− 12514611952561

197568000
+

345079750666673 log(2)

1190700
+

2379761187413283 log(3)

40140800

− 7512099894456875 log(5)

55738368
− 334452591435529 log(7)

13271040

)
.

(14)

The Hamiltonian in (13) is then in perfect agreement in the overlapping realm of validity with the results in [20, 21],
while resuming an infinite tower of (local-in-time) velocity corrections. The explicit expressions for the Gi’s entering
in (5) and (6), as well as the hi polynomials, are given below, together with the di coefficients entering in (11).
Ready-to-use expressions for all the relevant quantities reported in this work are collected in the ancillary files.

G1(x) = 1 ,

G2(x) = G(0; 1 − x) + G(2; 1 − x) ,

G3(x) = G(1; 1 − x) ,

G4(x) = G(0, 1; 1 − x) ,

G5(x) = G(0; 1 − x)G(1; 1 − x) −G(0, 1; 1 − x) + G(1, 2; 1 − x) ,

G6(x) =
1

2
G(1; 1 − x)2 ,

G7(x) = G(1 − i, 1; 1 − x) + G(1 + i, 1; 1 − x) ,

G8(x) = G(1; 1 − x)G(2; 1 − x) −G(1, 2; 1 − x) ,

G9(x) = G(0, 0, 1; 1 − x) +
1

2
G(0, 1, 1; 1 − x) ,

G10(x) = −1

2
G(2; 1 − x)G(1; 1 − x)2 + G(1, 2; 1 − x)G(1; 1 − x) + G(0; 1 − x)G(0, 1; 1 − x) − 2G(0, 0, 1; 1 − x)

− 2G(0, 1, 1; 1 − x) + G(0, 1, 2; 1 − x) −G(1, 1, 2; 1 − x) ,

G11(x) = −G(0, 1, 1; 1 − x) + G(0, 1 − i, 1; 1 − x) + G(0, 1 + i, 1; 1 − x) ,

G12(x) =
1

2
G(2; 1 − x)G(1; 1 − x)2 −G(1, 2; 1 − x)G(1; 1 − x) − 1

2
G(0, 1, 1; 1 − x) + G(0, 2, 1; 1 − x)

+ G(1, 1, 2; 1 − x) ,

G13(x) = G(1; 1 − x)G(0, 1; 1 − x) ,

2 We are grateful to Donato Bini and Mohammed Khalil for their help computing these (unpublished) values.
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G14(x) =
1

6
G(1; 1 − x)3 ,

G15(x) =
1

2
G(0; 1 − x)G(1; 1 − x)2 −G(2; 1 − x)G(1; 1 − x)2 − (G(0, 1; 1 − x) − 2G(1, 2; 1 − x))G(1; 1 − x)

−G(0, 1, 1; 1 − x) −G(1, 1, 2; 1 − x) ,

G16(x) = G(1, 1 − i, 1; 1 − x) + G(1, 1 + i, 1; 1 − x) , (15)

G17(x) = G(1; 1 − x)(G(1; 1 − x)G(2; 1 − x) −G(1, 2; 1 − x)) ,

G18(x) =
1

2

[
G(2; 1 − x)G(1; 1 − x)2 + (−2G(1, 2; 1 − x) + G(1 − i, 1; 1 − x) + G(1 + i, 1; 1 − x))G(1; 1 − x)

+2G(0, 1, 1; 1 − x) + 2G(1, 1, 2; 1 − x) −G(1, 1 − i, 1; 1 − x) −G(1, 1 + i, 1; 1 − x)] ,

G19(x) = −1

2
G(2; 1 − x)G(1; 1 − x)2 + G(1, 2; 1 − x)G(1; 1 − x) + G(0; 1 − x)(G(1 − i, 1; 1 − x) + G(1 + i, 1; 1 − x))

−G(0, 1, 1; 1 − x) −G(0, 1 − i, 1; 1 − x) −G(0, 1 + i, 1; 1 − x) −G(1, 1, 2; 1 − x) −G(1 − i, 0, 1; 1 − x)

+ G(1 − i, 1, 2; 1 − x) −G(1 + i, 0, 1; 1 − x) + G(1 + i, 1, 2; 1 − x) ,

G20(x) =
1

2
G(2; 1 − x)G(1; 1 − x)2 −G(1, 2; 1 − x)G(1; 1 − x) + G(0, 1, 1; 1 − x) + G(1, 1, 2; 1 − x)

+ G(1 − i, 1 − i, 1; 1 − x) + G(1 − i, 1 + i, 1; 1 − x) + G(1 + i, 1 − i, 1; 1 − x) + G(1 + i, 1 + i, 1; 1 − x) ,

G21(x) =
3

2
G(2; 1 − x)G(1; 1 − x)2 − 3G(1, 2; 1 − x)G(1; 1 − x) + 3G(0, 1, 1; 1 − x) + 3G(1, 1, 2; 1 − x)

+ G(1 − i, 0, 1; 1 − x) + G(1 − i, 2, 1; 1 − x) + G(1 + i, 0, 1; 1 − x) + G(1 + i, 2, 1; 1 − x) ,

G22(x) = G(2; 1 − x)G(0, 1; 1 − x) + G(0, 1, 1; 1 − x) −G(0, 1, 2; 1 − x) −G(0, 2, 1; 1 − x)

+
1

4

[
−G(2; 1 − x)G(1; 1 − x)2 + 2G(1, 2; 1 − x)G(1; 1 − x) − 2G(1, 1, 2; 1 − x)

]
,

G23(x) = −G(2; 1 − x)G(1; 1 − x)2 + 2G(1, 2; 1 − x)G(1; 1 − x) −G(2; 1 − x)G(0, 1; 1 − x)

+ G(0; 1 − x)(G(1; 1 − x)G(2; 1 − x) −G(1, 2; 1 − x)) + G(2; 1 − x)G(1, 2; 1 − x) −G(0, 1, 1; 1 − x)

+ G(0, 1, 2; 1 − x) − 2G(1, 1, 2; 1 − x) − 2G(1, 2, 2; 1 − x) ,

G24(x) = −1

2
G(2; 1 − x)G(1; 1 − x)2 + G(1, 2; 1 − x)G(1; 1 − x)

+ G(2; 1 − x)(G(1 − i, 1; 1 − x) + G(1 + i, 1; 1 − x)) −G(1, 1, 2; 1 − x) −G(1 − i, 1, 2; 1 − x)

−G(1 − i, 2, 1; 1 − x) −G(1 + i, 1, 2; 1 − x) −G(1 + i, 2, 1; 1 − x) ,

G25(x) =
1

4

[
G(2; 1 − x)G(1; 1 − x)2 + 2

(
G(2; 1 − x)2 −G(1, 2; 1 − x)

)
G(1; 1 − x)

−4G(2; 1 − x)G(1, 2; 1 − x) + 2G(1, 1, 2; 1 − x) + 4G(1, 2, 2; 1 − x)]

h1(x) = −192x32 + 70345x30 − 1012248x28 − 16796521x26 − 53924064x24 + 26867973x22 + 515430360x20

+ 1341361563x18 + 1778793408x16 + 1341361563x14 + 515430360x12 + 26867973x10 − 53924064x8

− 16796521x6 − 1012248x4 + 70345x2 − 192 ,

h2(x) = −768x36 − 40509x34 − 29793x32 + 7333086x30 + 47004293x28 + 67036080x26 − 297881161x24

− 1547420350x22 − 3342011611x20 − 4243955494x18 − 3342011611x16 − 1547420350x14 − 297881161x12

+ 67036080x10 + 47004293x8 + 7333086x6 − 29793x4 − 40509x2 − 768 ,

h3(x) = 525x14 − 2498x13 + 5430x12 − 6324x11 − 5888x10 + 30882x9 − 60483x8 + 70568x7 − 60483x6

+ 30882x5 − 5888x4 − 6324x3 + 5430x2 − 2498x + 525 ,

h4(x) = 512
(
7x18 − 675x14 + 189x12 + 4833x10 + 3159x8 − 5x6 − 213x4 + 1

)
,

h5(x) = −1823x12 − 6054x10 + 202671x8 + 544300x6 + 202671x4 − 6054x2 − 1823 ,

h6(x) = −525x14 − 2498x13 − 5430x12 − 6324x11 + 5888x10 + 30882x9 + 60483x8 + 70568x7 + 60483x6

+ 30882x5 + 5888x4 − 6324x3 − 5430x2 − 2498x− 525 ,
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h7(x) = 188160x34 − 39829184x33 − 68749940x32 − 358154923x31 + 923064940x30 + 6460709986x29

+ 17452593620x28 + 58553910415x27 + 69306173300x26 + 163660060004x25 + 26514969180x24

+ 64744381653x23 − 531452366340x22 − 695910106626x21 − 1819656084540x20 − 1960277378745x19

− 3057751871580x18 − 2626177239560x17 − 3057751871580x16 − 1960277378745x15

− 1819656084540x14 − 695910106626x13 − 531452366340x12 + 64744381653x11 + 26514969180x10

+ 163660060004x9 + 69306173300x8 + 58553910415x7 + 17452593620x6 + 6460709986x5

+ 923064940x4 − 358154923x3 − 68749940x2 − 39829184x + 188160 ,

h8(x) = 10752x38 + 170752x37 + 577878x36 + 3053105x35 + 984228x34 − 23188558x33 − 102246102x32

− 395889516x31 − 760723306x30 − 1705980266x29 − 1596565222x28 − 2276395052x27 + 3231831134x26

+ 5854097682x25 + 25834221154x24 + 31361563244x23 + 68452047454x22 + 66134059430x21

+ 106203539470x20 + 83073443318x19 + 106203539470x18 + 66134059430x17 + 68452047454x16

+ 31361563244x15 + 25834221154x14 + 5854097682x13 + 3231831134x12 − 2276395052x11

− 1596565222x10 − 1705980266x9 − 760723306x8 − 395889516x7 − 102246102x6 − 23188558x5

+ 984228x4 + 3053105x3 + 577878x2 + 170752x + 10752 ,

h9(x) = −
((
x2 + 1

) (
x4 − 4x2 + 1

) (
525x6 − 3046x5 + 6403x4 − 8724x3 + 6403x2 − 3046x + 525

))
,

h10(x) = −512
(
x20 + 14x19 + 10x18 − 165x16 − 1350x15 − 772x14 + 378x13 + 2744x12 + 9666x11 + 6572x10

+6318x9 + 2756x8 − 10x7 − 700x6 − 426x5 − 217x4 + 10x2 + 2x + 1
)
,

h11(x) = −525x14 + 7292x13 + 585x12 + 24216x11 + 54643x10 − 810684x9 + 90705x8 − 2177200x7 + 90705x6

− 810684x5 + 54643x4 + 24216x3 + 585x2 + 7292x− 525 ,

h12(x) = 1575x14 + 5896x13 + 10275x12 + 13008x11 − 13171x10 − 62088x9 − 125655x8 − 143008x7 − 125655x6

− 62088x5 − 13171x4 + 13008x3 + 10275x2 + 5896x + 1575 ,

h13(x) = 951168x32 + 45900859x30 + 51945775x28 − 3546200611x26 − 24244274722x24 − 78200280441x22

− 156383651615x20 − 223556226207x18 − 247699144412x16 − 223556226207x14 − 156383651615x12

− 78200280441x10 − 24244274722x8 − 3546200611x6 + 51945775x4 + 45900859x2 + 951168

+ 560
(
192x32 − 70345x30 + 1012248x28 + 16796521x26 + 53924064x24 − 26867973x22

− 515430360x20 − 1341361563x18 − 1778793408x16 − 1341361563x14 − 515430360x12 − 26867973x10

+53924064x8 + 16796521x6 + 1012248x4 − 70345x2 + 192
)

log(2) ,

h14(x) = 192x32 − 70345x30 + 1012248x28 + 16796521x26 + 53924064x24 − 26867973x22 − 515430360x20

− 1341361563x18 − 1778793408x16 − 1341361563x14 − 515430360x12 − 26867973x10 + 53924064x8

+ 16796521x6 + 1012248x4 − 70345x2 + 192 ,

h15(x) = −204672x36 − 696516x34 − 351764697x32 − 5868328356x30 − 21855451003x28 + 28879426080x26

+ 423089614151x24 + 1405082399700x22 + 2571576723341x20 + 2971386471024x18 + 2217835069901x16

+ 1037024194500x14 + 263670375431x12 + 16653367760x10 − 7040142523x8 − 1145605876x6 (16)

− 68389017x4 − 20393116x2 − 150912 + 840
(
768x36 + 40509x34 + 29793x32 − 7333086x30

− 47004293x28 − 67036080x26 + 297881161x24 + 1547420350x22 + 3342011611x20 + 4243955494x18

+ 3342011611x16 + 1547420350x14 + 297881161x12 − 67036080x10 − 47004293x8 − 7333086x6

+29793x4 + 40509x2 + 768
)

log(2) ,

h16(x) = −15360x24 + 119808x22 − 185850x21 + 4669125x20 − 3106950x19 − 18036936x18 + 31412980x17

− 240496596x16 + 168688780x15 + 448451848x14 − 196808960x13 + 1186429342x12 − 196808960x11

+ 448451848x10 + 168688780x9 − 240496596x8 + 31412980x7 − 18036936x6 − 3106950x5

+ 4669125x4 − 185850x3 + 119808x2 − 15360 − 840
(
x2 − 1

)2 (
525x14 − 2498x13 + 5430x12 − 6324x11
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− 5888x10 + 30882x9 − 60483x8 + 70568x7 − 60483x6 + 30882x5 − 5888x4 − 6324x3 + 5430x2

−2498x + 525)x3 log(2) ,

h17(x) = 768x36 + 40509x34 + 29793x32 − 7333086x30 − 47004293x28 − 67036080x26 + 297881161x24

+ 1547420350x22 + 3342011611x20 + 4243955494x18 + 3342011611x16 + 1547420350x14

+ 297881161x12 − 67036080x10 − 47004293x8 − 7333086x6 + 29793x4 + 40509x2 + 768 ,

h18(x) = 23040x24 − 148992x22 − 4639573x20 + 25857531x18 + 586492950x16 − 726118970x14

− 3828293052x12 − 1573668348x10 + 318087434x8 + 19761210x6 − 8862735x4 + 698369x2 + 32256

− 430080
(
7x20 − 675x16 + 189x14 + 4833x12 + 3159x10 − 5x8 − 213x6 + x2

)
log(2) ,

h19(x) = −6144x36 − 30720x34 + 898179x32 + 4285158x30 − 127956687x28 − 1319480036x26 − 5889432997x24

− 15595791494x22 − 27197011983x20 − 32592942840x18 − 27197011983x16 − 15595791494x14

− 5889432997x12 − 1319480036x10 − 127956687x8 + 4285158x6 + 898179x4 − 30720x2 − 6144

+ 336
(
x2 + 1

)8 (
1823x12 + 6054x10 − 202671x8 − 544300x6 − 202671x4 + 6054x2 + 1823

)
x4 log(2) ,

h20(x) = −15360x24 + 119808x22 + 185850x21 + 4669125x20 + 3106950x19 − 18036936x18 − 31412980x17

− 240496596x16 − 168688780x15 + 448451848x14 + 196808960x13 + 1186429342x12 + 196808960x11

+ 448451848x10 − 168688780x9 − 240496596x8 − 31412980x7 − 18036936x6 + 3106950x5

+ 4669125x4 + 185850x3 + 119808x2 − 15360 + 840
(
x2 − 1

)2 (
525x14 + 2498x13 + 5430x12

+ 6324x11 − 5888x10 − 30882x9 − 60483x8 − 70568x7 − 60483x6 − 30882x5 − 5888x4 + 6324x3

+5430x2 + 2498x + 525
)
x3 log(2) ,

h21(x) = −525x14 + 2498x13 − 5430x12 + 6324x11 + 5888x10 − 30882x9 + 60483x8 − 70568x7 + 60483x6

− 30882x5 + 5888x4 + 6324x3 − 5430x2 + 2498x− 525 ,

h22(x) = −2273x12 − 6234x10 + 202833x8 + 545236x6 + 202833x4 − 6234x2 − 2273 ,

h23(x) =
(
x2 + 1

) (
525x12 − 4096x11 − 1110x10 − 8192x9 − 285x8 + 69632x7 − 4404x6 + 69632x5 − 285x4

−8192x3 − 1110x2 − 4096x + 525
)
,

h24(x) = −6015x18 + 20963x16 + 380928x15 − 9540x14 + 16384x13 − 58956x12 − 4055040x11 + 110390x10

− 4214784x9 − 64734x8 − 61440x7 − 6756x6 + 466944x5 + 19028x4 − 3855x2 − 4096x− 525 ,

h25(x) = −512
(
9x18 − 63x14 + 263x12 − 1509x10 − 2697x8 − 5x6 + 357x4 − 3

)
,

h26(x) = −512
(
7x18 − 675x14 + 189x12 + 4833x10 + 3159x8 − 5x6 − 213x4 + 1

)
,

h27(x) = 1024
(
3x12 + 9x10 − 207x8 − 532x6 − 189x4 + 3x2 + 1

)
,

h28(x) = 6015x18 − 20963x16 + 380928x15 + 9540x14 + 16384x13 + 58956x12 − 4055040x11 − 110390x10

− 4214784x9 + 64734x8 − 61440x7 + 6756x6 + 466944x5 − 19028x4 + 3855x2 − 4096x + 525 ,

h29(x) = 1823x12 + 6054x10 − 202671x8 − 544300x6 − 202671x4 + 6054x2 + 1823 ,

h30(x) = −
((
x2 + 1

) (
525x12 + 4096x11 − 1110x10 + 8192x9 − 285x8 − 69632x7 − 4404x6 − 69632x5

−285x4 + 8192x3 − 1110x2 + 4096x + 525
))

,

h31(x) = 525x14 + 2498x13 + 5430x12 + 6324x11 − 5888x10 − 30882x9 − 60483x8 − 70568x7 − 60483x6

− 30882x5 − 5888x4 + 6324x3 + 5430x2 + 2498x + 525

d1(x) = −ν2
(
ν2
(
385x14 + 590x13 − 5355x12 + 9960x11 − 12517x10 + 8802x9 − 9137x8 + 6352x7 − 9137x6

+8802x5 − 12517x4 + 9960x3 − 5355x2 + 590x + 385
)

(x− 1)6 + 8νx
(
175x14 + 650x13 − 970x12

+ 2972x11 − 2012x10 + 3414x9 − 905x8 + 3080x7 − 905x6 + 3414x5 − 2012x4 + 2972x3 − 970x2

+650x + 175) (x− 1)4 + 32x2
(
35x16 + 105x15 − 310x14 + 725x13 − 995x12 + 1331x11 − 1150x10
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+1103x9 − 920x8 + 1103x7 − 1150x6 + 1331x5 − 995x4 + 725x3 − 310x2 + 105x + 35
))

,

d2(x) = 12
(
−ν
(
x20 + 14x19 + 10x18 − 165x16 − 1350x15 − 772x14 + 378x13 + 2744x12 + 9666x11 + 6572x10

+6318x9 + 2756x8 − 10x7 − 700x6 − 426x5 − 217x4 + 10x2 + 2x + 1
)

+ 7x19 − 675x15 + 189x13

+4833x11 + 3159x9 − 5x7 − 213x5 + x
)
,

d3(x) = −3
(
ν(x− 1)2

(
525x12 − 3046x11 + 4828x10 + 414x9 − 14381x8 + 32264x7 − 37368x6 + 32264x5

−14381x4 + 414x3 + 4828x2 − 3046x + 525
)
− 525x14 + 2498x13 − 5430x12 + 6324x11 + 5888x10

−30882x9 + 60483x8 − 70568x7 + 60483x6 − 30882x5 + 5888x4 + 6324x3 − 5430x2 + 2498x− 525
)
,

d4(x) = 3
(
ν
(
1575x14 + 5896x13 + 10275x12 + 13008x11 − 13171x10 − 62088x9 − 125655x8 − 143008x7

−125655x6 − 62088x5 − 13171x4 + 13008x3 + 10275x2 + 5896x + 1575
)
− 525x14 − 2498x13 − 5430x12

− 6324x11 + 5888x10 + 30882x9 + 60483x8 + 70568x7 + 60483x6 + 30882x5 + 5888x4

−6324x3 − 5430x2 − 2498x− 525
)
,

d5(x) = Γν2
(
ν(x− 1)4 + 2

(
x3 + x

))2 (
ν
(
10752x38 + 170752x37 + 577878x36 + 3053105x35 + 984228x34

− 23188558x33 − 102246102x32 − 395889516x31 − 760723306x30 − 1705980266x29 − 1596565222x28

− 2276395052x27 + 3231831134x26 + 5854097682x25 + 25834221154x24 + 31361563244x23

+ 68452047454x22 + 66134059430x21 + 106203539470x20 + 83073443318x19 + 106203539470x18

+ 66134059430x17 + 68452047454x16 + 31361563244x15 + 25834221154x14 + 5854097682x13

+ 3231831134x12 − 2276395052x11 − 1596565222x10 − 1705980266x9 − 760723306x8 − 395889516x7

−102246102x6 − 23188558x5 + 984228x4 + 3053105x3 + 577878x2 + 170752x + 10752
)
− 7

(
768x38

+ 41277x36 + 70302x34 − 7303293x32 − 54337379x30 − 114040373x28 + 230845081x26 + 1845301511x24

+ 4889431961x22 + 7585967105x20 + 7585967105x18 + 4889431961x16 + 1845301511x14 + 230845081x12

−114040373x10 − 54337379x8 − 7303293x6 + 70302x4 + 41277x2 + 768
))

− 280ν2x
(
x2 − 1

)2 (
x2 + 1

)9 (
ν3
(
385x17 − 720x16 − 2935x15 + 11280x14 − 16357x13 + 11668x12

− 869x11 − 1616x10 + 1727x9 + 4492x8 − 6553x7 + 8752x6 + 597x5 − 10868x4 + 15285x3 − 10160x2

+3600x− 540) (x− 1)6 + ν2x
(
1785x19 − 3930x18 − 9230x17 + 55878x16 − 122324x15 + 154718x14

− 114554x13 + 40958x12 + 6514x11 + 5342x10 − 40506x9 + 77518x8 − 62380x7 − 9182x6 + 102394x5

−142718x4 + 115733x3 − 59268x2 + 18120x− 2580
)

(x− 1)2 + 8νx2
(
315x19 − 375x18 − 1955x17

+ 7701x16 − 14693x15 + 17822x14 − 13841x13 + 5750x12 + 109x11 + 1148x10 − 5121x9 + 9556x8

−7183x7 − 1382x6 + 11713x5 − 16334x4 + 14012x3 − 8061x2 + 2820x− 465
)

+ 16x3
(
70x17 + 105x16

− 330x15 + 620x14 − 747x13 + 606x12 − 337x11 − 228x10 − 216x9 − 676x7 + 228x6 − 27x5 − 606x4 (17)

+623x3 − 620x2 + 360x− 105
))

,

d6(x) = ν2
(
ν2
(
385x14 + 590x13 − 5355x12 + 9960x11 − 12517x10 + 8802x9 − 9137x8 + 6352x7 − 9137x6

+8802x5 − 12517x4 + 9960x3 − 5355x2 + 590x + 385
)

(x− 1)6 + 8νx
(
175x14 + 650x13 − 970x12

+ 2972x11 − 2012x10 + 3414x9 − 905x8 + 3080x7 − 905x6 + 3414x5 − 2012x4 + 2972x3 − 970x2 + 650x

+175) (x− 1)4 + 32x2
(
35x16 + 105x15 − 310x14 + 725x13 − 995x12 + 1331x11 − 1150x10 + 1103x9

−920x8 + 1103x7 − 1150x6 + 1331x5 − 995x4 + 725x3 − 310x2 + 105x + 35
))

,

d7(x) = −3
(
ν
(
525x14 − 7292x13 − 585x12 − 24216x11 − 54643x10 + 810684x9 − 90705x8

+2177200x7 − 90705x6 + 810684x5 − 54643x4 − 24216x3 − 585x2 − 7292x + 525
)

+ 2x
(
1823x12

+6054x10 − 202671x8 − 544300x6 − 202671x4 + 6054x2 + 1823
))

,

d8(x) = ν
(
5775x14 − 11884x13 + 65745x12 − 47352x11 − 122509x10 + 932268x9 − 807123x8 + 2448240x7

−807123x6 + 932268x5 − 122509x4 − 47352x3 + 65745x2 − 11884x + 5775
)
− 3150x14 + 8642x13

− 32580x12 + 24756x11 + 35328x10 − 467106x9 + 362898x8 − 1229736x7 + 362898x6 − 467106x5
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+ 35328x4 + 24756x3 − 32580x2 + 8642x− 3150 ,

d9(x) = Γν2
(
ν(x− 1)4 + 2

(
x3 + x

))2 (
ν
(
188160x34 − 39829184x33 − 68749940x32 − 358154923x31

+ 923064940x30 + 6460709986x29 + 17452593620x28 + 58553910415x27 + 69306173300x26

+ 163660060004x25 + 26514969180x24 + 64744381653x23 − 531452366340x22 − 695910106626x21

− 1819656084540x20 − 1960277378745x19 − 3057751871580x18 − 2626177239560x17 − 3057751871580x16

− 1960277378745x15 − 1819656084540x14 − 695910106626x13 − 531452366340x12 + 64744381653x11

+ 26514969180x10 + 163660060004x9 + 69306173300x8 + 58553910415x7 + 17452593620x6

+6460709986x5 + 923064940x4 − 358154923x3 − 68749940x2 − 39829184x + 188160
)
− 490

(
192x34

− 70153x32 + 941903x30 + 17808769x28 + 70720585x26 + 27056091x24 − 542298333x22 − 1856791923x20

− 3120154971x18 − 3120154971x16 − 1856791923x14 − 542298333x12 + 27056091x10 + 70720585x8

+17808769x6 + 941903x4 − 70153x2 + 192
))

− 9800ν2(x− 1)2
(
x2 + 1

)8 (
ν3
(
1155x18 − 6738x17

+ 18579x16 − 51312x15 + 168696x14 − 389296x13 + 490760x12 − 309040x11 − 86294x10 + 240964x9

−86294x8 − 309040x7 + 490760x6 − 389296x5 + 168696x4 − 51312x3 + 18579x2 − 6738x + 1155
)

(x− 1)6

+ ν2x
(
5355x20 − 33756x19 + 108102x18 − 338700x17 + 1074299x16 − 2555024x15 + 4170464x14

− 4614000x13 + 2831578x12 + 131816x11 − 1707724x10 + 131816x9 + 2831578x8 − 4614000x7 + 4170464x6

−2555024x5 + 1074299x4 − 338700x3 + 108102x2 − 33756x + 5355
)

(x− 1)2 + 4νx2
(
1890x20 − 10191x19

+ 28941x18 − 100995x17 + 326992x16 − 683404x15 + 981376x14 − 1053108x13 + 701390x12 − 4718x11

− 413210x10 − 4718x9 + 701390x8 − 1053108x7 + 981376x6 − 683404x5 + 326992x4 − 100995x3

+28941x2 − 10191x + 1890
)

+ 8x3
(
420x18 − 1167x17 + 2355x16 − 14184x15 + 34723x14

− 35944x13 + 42525x12 − 38792x11 + 4457x10 + 41934x9 + 4457x8 − 38792x7 + 42525x6 − 35944x5

+34723x4 − 14184x3 + 2355x2 − 1167x + 420
))
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