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ABSTRACT: Slow flavor evolution (defined as driven by neutrino masses and not necessarily
“slow”) is receiving fresh attention in the context of compact astrophysical environments. In
Part T of this series, we have studied the slow-mode dispersion relation following our recently
developed analogy to plasma waves. The concept of resonance between flavor waves in the
linear regime and propagating neutrinos is the defining feature of this approach. It is best
motivated for weak instabilities, which probably is the most relevant regime in self-consistent
astrophysical environments because these will try to eliminate the cause of instability. We
here go beyond the dispersion relation alone (which by definition applies to infinite media)
and consider the group velocities of unstable modes that determines whether the instability
relaxes within the region where it first appears (absolute), or away from it (convective).
We show that all weak instabilities are convective so that their further evolution is not
local. Therefore, studying their consequences numerically in small boxes from given initial
conditions may not always be appropriate.
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1 Introduction

The flavor evolution of a sufficiently dense neutrino gas, such as in a supernova (SN) core
or in a neutron star merger (NSM), proceeds primarily due to the weak interaction among
neutrinos [1] because the evolution driven by masses and flavor mixing is suppressed by the
large matter effect [2]. The weak potential produced by neutrinos which are not exactly
in a flavor eigenstate induces neutrinos to evolve away from their flavor eigenstates and
can trigger runaway modes of flavor conversion which are known as flavor instabilities [3-6].
These forms of collective evolution may be understood in terms of pairwise conversions of the
type velVe — V,U; (x = p or 7), which can also happen via scattering processes, but are sped
up on the refractive level through coherent transformations driven by the weak interaction
potential, effectively realizing a collisionless neutrino plasma.

How these instabilities are triggered and evolve in an astrophysical environment is mostly
an open question. The evolution of the runaway modes can be studied in detail in the linear
phase, when the deviation from flavor eigenstates is small. The corresponding linear stability
analysis (LSA) acts as a diagnostic tool, answering the question of whether an initial flavor
configuration remains stable, or becomes unstable by developing exponentially growing flavor
conversions. In the latter case, LSA can only describe the early phases of evolution, before the
initial flavor perturbation becomes too large. Still, LSA is the main tool to develop intuition,
since it helps us understand the conditions under which the system develops runaway modes.

The main insight that, over the years, has been developed from LSA is that a flavor
instability always appears, provided that it is allowed by the conservation laws, and specifically



the conservation of lepton number [7, 8]. This statement has not been formally proven, yet it
seems verified by all known forms of flavor conversions. In the limit of vanishing mass splittings,
the individual oscillation frequencies of neutrino flavor eigenstates is independent of energy
and is equal for neutrinos and antineutrinos, so only the energy-integrated lepton number
matters (neutrinos minus antineutrinos), which is often called the e-x lepton number. If this
quantity changes sign across the angular distribution of the neutrinos (a so-called angular
crossing), then an instability is guaranteed [8-10], and its growth rate is independent of the
vacuum frequency and is completely determined by the refractive energy shift due to neutrinos,
which is of the order of u = v/2Gr(n, +nz), where G is the Fermi constant and n, and nz the
neutrino and antineutrino number densities. In fact, since only the lepton number can enter
the dynamics, by introducing the lepton-over-neutrino number ratio € = (n, — nz)/(n, + ny),
the growth rate of these instability is of the order of v ~ pe. Since this rate is orders
of magnitude larger than the vacuum frequency, this form of collective transformation is
known as fast flavor instability [8, 11-22]. The fast-growing modes usually correspond to
inhomogeneous waves with a typical wavelength comparable with the inverse growth rate,
a conclusion that can be understood intuitively since, over a timescale 7 ~ (ue)~! during
which the perturbation grows, neutrinos stream over comparable distances, spontaneously
developing inhomogeneities over such scales.

On the other hand, even without an angular crossing, the system may still be unstable if
lepton number changes among neutrinos and antineutrinos, essentially ensuring the presence
of v, and 7, for pairwise conversions. In Part I of this series [23], we have considered these
slow instabilities, showing that they usually grow in time with a rate v ~ wg cos 20y /€, where
wg = 6m?/2FE is the energy splitting caused by the squared-mass splitting dm? at energy
FE, and 60y is the mixing angle in vacuum. While the typical timescale for instability growth
is relatively large, the length scales of the instability are still very short, of the order of
A ~ (pe)~!, similar to the fast instability. These slow instabilities will grow in time even
in the inner regions of a SN, provided that ~ exceeds the collisional rate of neutrinos. The
results of Part I suggest that a complete focus on fast flavor instabilities may be missing part
of the point, since slow instabilities can also affect the properties of the SN core, even in the
absence of angular crossings, as also noticed earlier in numerical examples in ref. [24].

Our conclusions in Part I show that slow instabilities start being relevant already at
large densities in the SN core, and are difficult to relate with the older treatments of slow
instabilities, in which they were assumed to happen only outside of the SN core (e.g. refs. [25—
34]), and were treated as a static flavor evolution along the direction of the neutrino stationary
outflow. The SN surface acted in these early formulations as a stationary boundary (“bulb
model”) from which perturbations would grow spatially. In fact, this formulation is part
of a bigger disconnect between the older and the more recent literature on collective flavor
conversions. In papers until approximately 2015, it was customary to consider the spatial
evolution of neutrinos along their outflow direction; in more recent papers, concomitant with
the discovery of the fast flavor instability, it has become customary to consider the temporal
evolution of a system with a given initial condition (see, e.g., refs. [35-40]). The relation
between the two formulations of the problem has been somewhat forgotten as a question. In
general, it is not even clear whether a formulation in terms of an initial condition extracted



from a SN profile is a realistic or correct one at all. Ideally we would like to solve the time
evolution of the neutrino gas simultaneously with the matter background in which it evolves,
but since this is beyond our computational reach, the question remains: how do fast and
slow instabilities evolve in space and time? Should their evolution be treated as a stationary
amplification in space, or as a temporal growth?

The situation becomes physically more transparent in light of our recent interpretation
of instabilities as resonant emission of flavor waves by neutrinos [8, 22, 23]. As an instability
first appears in the evolution of an astrophysical environment, wavepackets of flavor waves
move with the group velocity, determined by the real part of the eigenfrequency, while they
grow with a rate determined by its imaginary part. The flavor waves can be understood
as a new, emergent degree of freedom, and as we have recently shown [41], the energy of
their quanta, the flavomons, can be uniquely defined as an independent degree of freedom.
If the imaginary part is large enough, the wavepackets grow within the region where they
are first produced, and where the original perturbation is located. The instability is then
said to be absolute, inducing first a local relaxation. Instead, if the imaginary part is not
large enough, the flavor wavepackets move so rapidly that they grow only away from the
region where they are first produced. The instability is then defined convective. In this case,
a beam of neutrinos in a localized region exhibiting an instability steadily sources flavor
waves which grow while leaving the region, leading to a spatial amplification rather than a
temporal growth within the original site of emission. (The classification of instabilities as
absolute or convective is standard in plasma physics and was introduced to the area of flavor
conversion in ref. [42] and also studied in ref. [43].) These arguments suggest that absolute
instabilities lead to a local growth in time, while convective instabilities lead to a non-local
amplification in space. On the other hand, these conclusions cannot be taken as too generic,
and must always be adapted to the physical problem at hand.

These simple physical insights must now be connected with the flavor instabilities
identified for dense neutrino gases. Here we consider this question, with a special focus on
the small-scale slow instabilities we have identified in Part I. Our main conclusion is that
all instabilities, both fast and slow, are convective when they are sufficiently weak. The
resonance picture makes this result particularly intuitive: for a weak instability, flavor waves
grow resonantly, so that they are preferentially emitted in phase with the ultra-relativistic
neutrinos, therefore moving with the speed of light. Since in any physical system an instability
must appear at first as a weak instability [8, 21, 22], at the onset of instability one can never
truly neglect the large-scale spatial structure of the neutrino flow. Besides identifying weak
instabilities as convective, we also point out a fundamental difference between slow and fast
instabilities. For fast instabilities, the growing waves are all directed towards the “flipped”
region of the crossing, i.e., in the direction of the neutrinos carrying opposite lepton number to
the bulk of the medium, similar to the sketch in figure 1. On the other hand, slow instabilities
do not depend on the existence of a crossing, and therefore unstable waves can grow resonantly
in all directions in which there are moving neutrinos, regardless of the lepton number they
carry. Therefore, close to the decoupling region, where neutrinos are not too anisotropic, we
expect that, while the instability is convective, growing waves move in all direction.
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Figure 1. Pattern of instability growth for fast and slow instabilities. The green arrows show
the direction along which a weak initial perturbation grows convectively. For fast instabilities, this
direction depends on the neutrino angular distribution, sketched within the left panel; the small
“flipped” side of the crossing — similar to a beam of antineutrinos moving through a neutrino gas
— determines the direction of the growing modes. On the other hand, weak slow instabilities in an
approximately isotropic medium are also convective, but without a preferred direction of motion.

To show these results, we proceed in section 2 to first summarize the equations of
motion (EOM) that we use to describe collective conversions; here we also summarize the
resonance picture of the instability that we developed in refs. [8, 22, 23]. In section 3 we
briefly review the formal distinction between absolute and convective instabilities in a general
sense. Finally, in section 4, we consider a continuous angular distribution for neutrinos
and determine the properties of fast and slow instabilities for such a system. Our primary
interest is on slow instabilities within the core, which are primarily inhomogeneous as we
have discussed in Part I, but we also reconsider the problem of fast instability, showing that
in the resonant picture their convective nature is easily understood. Finally, we summarize

and discuss our results in section 5.

2 Dispersion relation and collective instabilities

2.1 Quantum kinetic equations

The flavor content of a dense neutrino gas is best described in terms of a density matrix
o(p,r,t) that depends on momentum p, space r, and time t. The diagonal elements poq = fo
are the usual distribution functions for flavor «, which in our two-flavor context is taken to be
a = e or u. The off-diagonal elements, that we denote as 1,3 = pag, represent the coherence
between flavor o and 3, and are non-vanishing if there are neutrinos in a superposition state



between different flavors. In linear approximation, it is the flavor field 1,3 that carries all
the dynamics. In general, the evolution of this density matrix is determined by a set of
quantum kinetic equations (QKE) [44-54]

(at +v- al‘)@(p7 r, t) = _i[H(pv r, t)v Q(pa r, t)}v (21>

and similarly for the antineutrino density matrix g(p,r,t). We neglect any collisional term
either among neutrinos or with matter, which could lead to new forms of flavor conversions
and collisional instabilities [55-61]. The refractive Hamiltonian felt by neutrinos is

3/

2
H(p,r,t) = :l:g/l—E +V2GrN + V2Gk / (C;:)B lo(p',r,t) —o(p',r,)](1 =V -v), (2.2)

where M is the neutrino mass matrix and the negative sign applies to antineutrinos. In the
rest frame of the medium, matter refraction is determined by the matrix N of net charged
fermion densities, i.e., it has n,- — n.+ etc. on the diagonal. The last term in eq. (2.2)
corresponds to refraction induced by other neutrinos, and is therefore the self-interaction
term driving collective neutrino flavor evolution.

We assume that the evolution proceeds in axial symmetry along a coordinate that we
call » and denote by v = cos 8 the cosine of the angle between that direction and the neutrino
velocity v = p/|p|, leading to the dimensionally reduced equation

(0 + v0,) o(v, 1, t) = —i[H(v, 1, t), 0(v, 7, 1)]. (2.3)

The density matrices o(v,7,t) are now normalized to Tr [ dv o(v,r,t) = n, /(n, + ny), the
relative local number density of neutrinos of all flavors, so that they are dimensionless. With
this choice, the effective Hamiltonian becomes

2

H(v,r t) = :EQA—E +v2GpN + u/:l dv' [o(v',rt) — (v, r, t)] (1 — v'v), (2.4)
where the effective neutrino-neutrino interaction strength is u = v/2Gp(n, + ny). There is
an implicit assumption that ¢ depends on space only through the coordinate r. We are
therefore neglecting the possibility of spontaneous breaking of homogeneity in the plane
transverse to that direction.

One commonly proceeds by assuming that neutrinos in a certain region of space, or
initially at a certain moment in time, are very close to flavor eigenstates, so that |¢,s5| < fa.
Which of the two formulations should be taken as more realistic is essentially the topic of
this paper; regardless of this question, close to this region in space or time, the equations
can be linearized in terms of 1,5. The linearized equations have been obtained in this form
in Paper I [23], so we only briefly recall the main steps. Assuming only two flavors, any
Hermitian 2 x 2 matrix A can be expressed in terms of a polarization vector (Ag, A) as
A= %(Aoao +A- &). Here, & are the Pauli matrices, ¢ is the 2x2 unit matrix, Ay = TrA,
and A; = Tr(Ao;) with i =1, 2 or 3. In the flavor basis, the matter term is written as %)\03
with A = /2Gp(n.- — ne+) if only electrons and positrons are present. Moreover, we write
the vacuum oscillation term in the usual convention and notation

M2 mi+mioy m3—mi B.&

2E ~  2E 2 2F 2 (2.5)



with my < mg being the masses of the two neutrino mass eigenstates. Here the “magnetic
field” is a unit vector in flavor space which in the flavor basis has the components

B = (sin 20y, 0, — cos 26y), (2.6)

where Ay is the vacuum mixing angle. The vacuum oscillation frequency is denoted by

2 2
my —my
= 2.7
WE ‘ 28 ; ( )
defined to be positive. Thus, the Hamiltonian describing vacuum flavor evolution is
Hy — wE [— .cos 20y sin 26y ' (2.8)
2 sin 20y cos 260y

Since wg is positive, cos 260y > 0 implies normal mass ordering, while cos 26y < 0 implies
inverted ordering.

In order to proceed with the linearization, we introduce the polarization vectors describing
the density matrices of neutrinos P = Tr(p#) and antineutrinos P = Tr(33), and their
difference D = P — ﬁ The small quantities describing flavor coherence can now be described
by ¢ = P*+iP¥ and ¢) = P* +iP?, while we denote the z components simply by P = P? and
P =P° and D = P — P. The evolution equations for ¢ and v, already linearized, are now

(Gt + 'Uar)i/J = —i(chv — )\)’lﬁ -+ Z'/L[lb(D() — UDl) — P<\I/0 — U\Ifl)] — inSVP, (2.9&)
(8t + v@r)ﬂ = +i(chv + )\)E + Z'M[@(DO — UDl) — P(‘I’U - U‘l’l)] + inSVP, (2.9b)

where we have introduced the notation ¥(v) = v(v) — 1(v) and the moments of the distribu-
tions D,, = [ dvv™D(v) and similarly for ¥. The notation ¢y = cos 26y and sy = sin 26y is
used for compactness. Here A = v/2Gg(n,- — n.+) accounts for matter refraction. In this
work, we assume monoenergetic neutrinos and antineutrinos, otherwise in the moments D,,
and ¥, we should also integrate over energies.

The terms proportional to sy act here as a source term, since they are the only inho-
mogeneous terms which do not vanish as 1 and 1) tend to zero. If the homogeneous part of
this system admits exponentially growing solutions, then the system is unstable and allows
for runaway modes of flavor conversions. The key question of LSA is therefore to diagnose
the possible existence of such unstable solutions for the homogeneous part. The strategy to
verifying the existence of unstable solutions is usually to consider a volume element which is
small compared to the characteristic scale over which a SN or NSM profile changes, so that
we may take it to be homogeneous. We then look for solutions 1) — 1e*57~** the normal
modes of the system. The approximation of homogeneous background medium only holds
if K—1, the wavelength of the modes, is much smaller than the scale of inhomogeneity of
the environment. Therefore, this entire approach to LSA can only diagnose the existence
of unstable small-scale modes.

As we now summarize, both in fast and slow flavor conversions, the primary unstable
modes are inhomogeneous with a very short wavelength, retrospectively justifying this



approximation. With this form for the solution, and introducing the usual shifted variables
w=Q4+ uDy+ X and k = K + puD1, we find

P
Y= m(‘yo —v¥y), (2.10a)
E = %(\IIO - Uq’l), (2.10b)

with @p = wgey. Here we have also set = 1, with a suitable redefinition of the units
of time and space. So far, we have implicitly assumed that ¥ depends only on v, and has
no dependence on the direction of the momentum in the plane transverse to the spatial
coordinate r. In Part I, we have explored also the axially-breaking modes in which 1) depends
on this additional direction, whereas here, we focus on the longitudinal modes only. By
requiring consistency of eq. (2.10), we obtain the dispersion relation

(Ip— 1) (I +1)— I} =0, (2.11)

where

I, = /Wdu—/wdv. (2.12)

w—kv— Qg w—kv+ &g

These integrals are ill-defined for subluminal modes, i.e., with |(w +@g)/k| < 1, due to the
singularity in the denominator w — kv + wp = 0.

Indeed, there are no normal modes with w real and subluminal and which are collective;
instead, the normal subluminal modes with real eigenfrequency are the Case-van Kampen
modes, which we introduced in the context of fast flavor conversions in refs. [8, 19] and for
slow flavor conversions in Part I, and which correspond to non-collective modes streaming
with individual neutrinos. Instead, below the light cone there can be a collective form of
damping, known as Landau damping, corresponding to flavor waves decohering among the
continuum of Case-van Kampen modes. The Landau-damped modes are not normal modes,
but they correspond to physical excitations of the medium, in contrast to individual Case-van
Kampen modes that have singular wave functions and as such are not physical. To capture
the Landau-damped modes, the definition of the integrals I,, needs be modified to

I, = / P / plop" (2.13)

w—kv— QO + 1€ w—kv+ O + i€

where the 7e prescription is enforced by causality and it schematically indicates that the
integral over v must be done over a contour in the complex plane passing below the singularity
in the denominator; so if Im(w) < 0 the contour must be deformed to pass below the singular
point. The unstable modes are captured by either form of the dispersion relation; however,
because the unstable modes are analytically the continuation of the Landau-damped modes,
using the integrals I,, in place of I,, allows us to find all of the modes, since in this analytical
version of the dispersion relation, modes can only appear and disappear on the light cone,
but are otherwise continuous functions.



2.2 Summary of collective instability branches

Let us briefly review what is currently known about the unstable solutions of egs. (2.9). In
the limit wg — 0, the system may admit unstable solutions, the fast flavor instabilities we
have already discussed. In this case, we easily see that egs. (2.10) effectively depend only
on the difference ¥ = 1) — 1), and we can write
D
w — kv

U=

(o — vW¥y). (2.14)

The existence of unstable solutions with Im(w) > 0, first noted by Sawyer [11-14], was
recognized to be relevant to a SN environment in ref. [15] and boosted the entire research on
flavor conversions. While these early works have been primarily driven by the existence of
unstable solutions to the mathematical system, in refs. [8, 22] we have developed a theory
of neutrino fast flavor conversions that makes their appearance intuitive. In this viewpoint,
the four-vector W# = (WY Wl 0,0) is regarded as a field, similar to the electromagnetic
field; the elementary excitations of this field are usually called flavor waves. A neutrino
with velocity v can absorb or emit flavor waves, according to eq. (2.14), with an amplitude
proportional to D(v). A flavor wave whose frequency satisfies the resonance condition w = kv
for some neutrinos moving with cos = v can be emitted or absorbed by that neutrino in a
Cherenkov process; this is already signaled by the vanishing denominator in eq. (2.14). In
the absence of an angular crossing, the spontaneous growth of flavor waves is impossible due
to lepton number conservation [7, 8], so the only process allowed is Cherenkov absorption;
the flavor waves are Landau-damped. In the presence of an angular crossing, a “flipped”
region appears in which D(v) changes sign. If there are flavor waves resonant with neutrinos
in this region, the Cherenkov absorption turns into Cherenkov emission; waves are not
Landau-damped, but rather compulsively emitted by neutrinos, leading to the exponential
growth of the collective field WH.

In Part I of this series, we have shown that, even in the absence of angular crossings,
the system of egs. (2.10) admits unstable solutions if P(v) and P(v) have equal sign. The
existence of slow instabilities, once the mass splitting @g are nonzero, has long been known.
However, we have shown that the properties of slow instabilities are dramatically different
depending on the relative asymmetry between P(v) and P(v). If P(v) and P(v) are very
close together for all velocities — we roughly denote by ¢ = max, [(P —P)/(P+ P)}, SO
that the concrete condition can be formulated as € < /@g/p — then the properties of the
instability are similar to the historical slow flavor pendulum. Unstable modes grow with a
rate v = Im(w) ~ /@pu, and have wavenumbers which can reach up to k ~ \/Ogu. On the
other hand, within a SN core, the ratio \/@g/u ~ 1073 — 1072, so unless the neutrino and
antineutrino fluxes are equal up to the percent level, we probably are not in this regime.

Instead, in the opposite regime € > \/@g /11, we have shown that slow instabilities still
exist, but with very different properties. The typical growth rates are much slower, of the
order v ~ wpg/e, while only modes with large wavenumber, of the order of K ~ pue, can
become unstable. These instabilities are very close to the light cone, meaning that their phase
velocity w/k is very close to 1 in any direction. Presumably this is the most relevant form of
slow instability within a SN core or a NSM, where € may be expected to be of the order of 10%,
although a concrete study based on specific simulation models has not yet been performed.



2.3 Source terms of the instability

For the purpose of determining the space-time evolution of an instability, we will often refer
to the source term of the instability, i.e., the initial seed of flavor coherence which grows
exponentially. In particular, it is of primary importance to know what is the space-time
distribution of this source term. A detailed discussion of this topic is lacking from the
literature, in which the instability is often said to be triggered by the vacuum mixing angle —
or sometimes by an effective in-matter mixing angle — without clarifying what this entails
for the space-time dependence of the source term.

In the context of the EOM for collective flavor evolution, what drives the instability is
the term in eqgs. (2.9) proportional to sy. Clearly this is proportional to the neutrino and
antineutrino density P and P. Since we are assuming a homogeneous background medium,
at first sight it would appear that the source term is only present for the homogeneous mode
K = 0. However, in reality the neutrino density will never be perfectly homogeneous, and will
always possess small-scale fluctuations of small amplitude. Such fluctuations are unavoidably
driven by the small inhomogeneities of the matter profile which in turn are driven e.g. by
hydrodynamic turbulence. Hence, terms driving inhomogeneous modes are always present,
albeit with amplitudes much smaller than the term driving the homogeneous mode.

Nevertheless, the former are presumably much more important, at least at the onset of
the instability. First of all, what we call the homogeneous mode — which has been studied
in detail and is often associated with regular pendulum-like behavior — is actually ill-defined
in a realistic environment, since its wavelength is comparable with the large-scale variations
of the SN or NSM profile. So the approximation of infinite medium underlying the dispersion
relation breaks down completely. Secondly, even if the seed for homogeneous or large-scale
modes with K ~ 0 is very large, the instability grows only if these modes are unstable. As
we will see, when an instability first appears, it is very weak, and the range of unstable
wavenumbers is very narrow; for fast instabilities, this has been shown in refs. [8, 22, 62],
while for slow instabilities in Part I of this series. It would be quite coincidential if a narrow
interval of unstable wavenumbers which are of the order of K ~ pue would contain exactly
the value K = 0. Without fine tuning, one expects only small-scale modes to be unstable
at the onset of instability, and therefore the seed for small-scale modes, albeit being much
smaller, is the most important driving term in the EOM.

Therefore, in a realistic environment we expect the seed term to be proportional to
wgsydP(r,t), where §P(r,t) is the fluctuating component of the neutrino density, and
analogously for antineutrinos. We have added here also a time dependence; generally, if the
initial neutrino configuration at t = 0 is §P°(r), at a time ¢ due to the streaming of neutrinos
this will be §P(r,t) = §P°(r — vt). The situation is of course even more complex, because
in reality neutrinos are still collisionally coupled to the medium, which fluctuates also in
time due to hydrodynamic turbulence, which means that §P(r,t) will likely fluctuate in time
and space following the medium, but to capture the latter effect, the collisional coupling
should be taken into account. For the purpose of this work, we can schematically consider
the source term to be essentially free; so when we discuss a localized perturbation, we can
schematically represent it as a localized “bump” §P°(r) which propagates with velocity v.
It is clear that in reality this source term will appear at any point in space and time, with
consequences to be discussed later.



3 Classification of instabilities

3.1 Absolute and convective instabilities

In the field of fast flavor evolution, a distinction between absolute and collective instabilities
was drawn early [42, 43]. While these works present a formal discussion, elaborating on
the criteria that separate the two cases, an intuitive explanation of their nature (e.g. why
fast instabilities can transition from convective to absolute as they become stronger), and
especially a discussion of what are the practical consequences of this distinction, is still
missing. Here we will revise this question, both for fast and slow flavor evolution.

We begin with a short recap of the concept of absolute and convective instabilities. For
an unstable system, a plane-wave perturbation with a wavevector K can grow exponentially.
However, realistic perturbations are not in the form of plane waves, but rather in the form
of localized structures. Therefore, a localized perturbation may propagate so rapidly that
it grows only far away from its original location. This possibility was first pointed out by
Twiss [63-65] and Landau and Lifshitz [66]. In the linear phase of evolution, such structures
can be written as a superposition of plane waves, each oscillating and potentially growing
if its eigenfrequency w(k) has a positive imaginary part.

A simple heuristic argument to differentiate between absolute and convective instabilities
can be made following Kadomtsev [67]. We assume that the growth rate is maximum at a
wavenumber kg, so that around this value we may expand

w =~ wy + Uk + %5/& +i (70 - gw) : (3.1)

where 6k = k — kg, whereas U, «, and 3 are coefficients. For simplicity, we consider that the
collective field is described by a single quantity, say, Wg; it is easy to generalize the argument
to any number of degrees of freedom. The evolution in time of Wy is therefore given by

o (r,t) = / dk eFr= MG (k. 0), (3.2)

where U is the Fourier transform of the initial wavepacket. One can reasonably expect that
after a while only amplitudes for wavenumbers around kg will be relatively large. Therefore,
we may evaluate Wo(k,0) ~ Wo(ko,0). The remaining integral yields explicitly

~ 2T
\110(7’, t) ~ \IIO(]{ZO,O) m
. alz — Ut)? x — Ut)?
X exp [z <k0r —wot + M) + (’yot — M)] . (3.3)

At any fixed position, the perturbation initially grows, but as ¢ — oo, it will keep grow-
ing only if

2’)/()(012 + B2)
— 5

Therefore, there is a critical group velocity for the most unstable mode, above which the

U? < (3.4)

unstable wavepacket at any fixed position actually is damped with time. The simple reason

,10,



is that the wavepacket propagates so rapidly that it convects away the instability which
hence is called convective. Vice versa, if at any point in space the perturbation ultimately
grows unbounded, the instability is absolute.

This reasoning is only heuristic because it uses an expansion of the dispersion relation
close to the wavenumber carrying maximum growth. A more formal approach [68] requires
one to consider the evolution of Wy(r,t) for an arbitrary dispersion relation at infinitely late
times, leading to a simple, albeit somewhat formal, criterion of discrimination. The instability
is absolute if there exists a (generally complex) value of k for which dw/dk = 0 and Im(w) > 0,
i.e., there must be an unstable eigenmode with vanishing group velocity. Intuitively, such an
eigenmode with vanishing group velocity “stays” in the system while growing. In fact, we can
easily see that eq. (3.4) corresponds exactly to the condition that Im(w) > 0 for dw/dk =0
with the dispersion relation eq. (3.1). In other words, eq. (3.4) is correct provided that the
mode with vanishing group velocity is sufficiently close to the one with maximum growth rate.

If a system exhibits an absolute instability, there is no question that its evolution must
be formulated as an evolution in time starting from a given initial configuration. On the
other hand, the situation is more puzzling if there are only convective instabilities. Since
the instability is convective, any initial perturbation from a region centered around a point
ro will grow while moving away, effectively disappearing. If the source of the perturbation
remains active at rg — for our collective instabilities this is more or less ensured, because
the source term discussed in section 2.3 remains non-vanishing in proportion to §P(rg,t)
— the instability is continuously sourced. In the immediate vicinity of r¢ the perturbation
then remains small, but it grows spatially away from rg, due to the overlapping growing
wavepackets emitted from rg. One might therefore be tempted to treat this as a boundary-
value problem, with the boundary condition of a vanishing perturbation at ry and the source
term discussed in section 2.3. Therefore, one might conclude that if the dispersion relation
admits solutions with Im(k) < 0 for some real wp, and the perturbation is sourced at a
frequency wg, there would be spatial amplification of the perturbations for r > rg, so that

ik(r=ro) grows exponentially.

the factor e

However, while in many circumstances this strategy may provide the correct answer, one
should remember that this is not in general a correct procedure. The existence of a solution
with complex k(wp) alone does not ensure its appearance in a concrete physical problem. As
a simple counter example, consider a system of two neutrino beams (no antineutrinos) with
the same number of electron neutrinos moving with opposite velocities; so we take vy = 1,
vy = —1, and P = P, = 1. The integrals I,, in eq. (2.13) reduce to simple sums, and the

final dispersion relation eq. (2.11) reduces to
w? =k + 4; (3.5)

we have taken @ = 0 for simplicity, since there are no antineutrinos and it therefore would
make no difference. Obviously there are no unstable modes because our system does not
contain initially any antineutrino or muon neutrino, and so pairwise conversions are not
possible. Nevertheless, for —2 < w < 2, the system admits modes with Im(k) # 0, both
positive and negative. Clearly these modes cannot correspond to a spatial growth, which
is forbidden by lepton number conservation.
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We can easily understand what has gone wrong; since the two beams are moving in
opposite directions, information flows both ways, preventing a boundary-value problem.
This serves as a warning that general statements regarding the correct formulation of the
problem are difficult to establish. Such statements can be made based on formal criteria,
which were obtained long ago in plasma physics. In particular, one can show [69] that
spatially growing solutions exist if (i) the system has only convective instabilities (if it has
no instability, as in the two-beam example above, there can be no spatial growth; and if
it has absolute instabilities, the perturbation grows locally and a boundary-value problem
would be ill-defined anyway), and (ii) if the system is excited at a frequency wy such that
Im[k(wo)] < 0 (for r > rg) and Im[k(wp + iM)] < 0 with M — oco. Such criteria are hard to
apply in practice, and they do not particularly help to develop an intuitive understanding of
the behavior of the instability. Therefore, rather than relying exclusively on these formal
results, we will undertake a discussion of collective neutrino instabilities based primarily on
specific examples, and use physical arguments to understand the absolute versus convective
nature of the instability and what this entails in practice for its evolution.

3.2 Analytical properties of the dispersion relation for complex k

Before proceeding with these practical examples, let us briefly reconsider how the usual
dispersion relation must be extended to include complex values of k. This is a mostly technical
intermezzo that is not directly needed to follow our later physical discussion, but is important
to reproduce our results for the solutions with complex k.

For a system with discrete degrees of freedom, e.g., a discrete system of neutrino beams,
the dispersion relation is a polynomial in w and k. Therefore, its analytical continuation to
complex values of these variables is simple. For a continuous angular distribution, however,
the situation becomes considerably more complicated. We have already discussed in multiple
papers [8, 19, 22, 23, 62] how the analytical continuation must be performed for real k and
complex w. To ensure causality, any integral of the form

Flw, k) = /H J(v)dv (3.6)

—1 w—kv’

where f(v) is an arbitrary function of the velocity (the discussion is trivially generalized if
w — w + @p in the denominator), must be extended with the ie prescription
L f(v)dv

F(w,k) = /_1 Lo (3.7)
Formally, this means that the analytical continuation must be done by continuously lowering
the imaginary part of w from Im(w) — oo to Im(w) = wy, the required value. Since for
Im(w) — 400, the pole of the integrand in eq. (3.7) is at v = w/k, so Im(v) — foo for k > 0
or k < 0 respectively, this means that the integration contour in v must be deformed to pass
below the pole v = w/k if k > 0, or above if k < 0. Hence, we can maintain the original
definition in eq. (3.6) for Im(w) > 0. In the opposite case, we must deform the contour to
surround the singularity, which introduces a separate contribution to the integral coming
from the small circle surrounding the singularity

Lf(wydv 2w, (w
F(w, k) = /_: {u(—)li:iv - 2|l<:] <k:> for Im(w) <O0. (3.8)
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An additional consequence is that the hard integration boundary at v = 41, if Im(w) < 0
and Re(w/k) = £1, makes the integral ill-defined. The nature of this singularity is a branch
cut [8], and so F(w, k) for real k has two branch cuts at Re(w) = £k and Im(w) < 0.

We must now extend this definition to complex values of k. This extension is defined
once again by the general principle that for Im(w) — oo, the integral must be defined as
in eq. (3.6), and as Im(w) is lowered to finite values, the integration contour in v must be
deformed such as to never touch the singularity v = w/k. If we write w = wg + iw; and
k = kg + iky, this singularity lies at

_ (wrkr —wrky) +i(wikr — wrkr)
k% + k7

. (3.9)

As wy; — oo, this pole lies above the real axis of v for kg > 0, and below it for kg < 0. Provided
that wr —wprkr/kr > 0, the pole remains above (or below) the real axis of v, so there is no need
to deform the contour. Therefore, for generic values of w and k, the integral remains defined
as in eq. (3.6) if wy —wgrkr/kr > 0. In the opposite case, we must deform the contour so that

1 f(v) dv 2mi w
Fw, k) = — — f —wrkr/kr <0 3.10
(w, k) /_1 w— kv ksign(kR)f (k) or wr —wrki/kr ( )
after acquiring once again a contribution from the small circle surrounding the pole.
We have thus found the general definition for the integral. It ensures analyticity of
F(w, k), except at the branch cuts. However, we can now realize that these are always in the
half space wy — wrkr/kr < 0, but they correspond to Re(v) = +1, i.e., to the lines

wrk wrk
CRVRTOIN _ 41, (3.11)
k% + k7
These are the generalized branch cuts of F'(w, k), which is particularly important information,
because these are the places in the complex plane where the solutions of the dispersion relation
may disappear abruptly, whereas otherwise they must vary continuously. Later we will seek
solutions with real w and complex k, so having identified these branch cuts is an important
guide, since we now know that solutions with complex k and real w can disappear abruptly if
wk[ ka

— >0 and

= 4. 3.12
kr k% + k? (3.12)

Our examples will indeed show that complex branches of k disappear abruptly if this
condition is verified.

4 Space-time evolution of collective instabilities

In this section, we discuss the absolute versus convective nature of the main forms of collective
instabilities in the flavor evolution of a dense neutrino gas. Our primary aim is to clarify
that even the formulation of the problem, i.e., its initial or boundary condition, may be
more subtle than had been assumed.
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Figure 2. Solutions of the dispersion relation for the stable angular distribution of eq. (4.1). Left
panels: complex w and real k. Center and right panels: real w and complex k, in black the branches
with Im (k) = 0, in colors those with Im(k) # 0.

4.1 Stable configuration

As a first case, we begin with a completely stable example, which already reveals nontrivial
questions concerning the dispersion relation. To this end, we use an uncrossed angular
distribution in the fast flavor limit (no vacuum frequency). Specifically, we use the same
angular distribution previously adopted in Paper I [23] and shown there in figure 1

P(v) =05 and P(v) =047 +0.025exp [~(1 - v)?]. (4.1)

There is no angular crossing and therefore no fast instability and there is no vacuum frequency
and therefore no slow instability either. In figure 2, we show the solutions of the dispersion
relation eq. (2.11) for the physical modes, i.e., using the modified definition of the integrals
I, in eq. (2.13). We show both the solutions with complex w and real &k (left panel), and
the solutions with real w and complex k (center and right panels).

In the left panels, there are no unstable branches, but there are two branches of Landau-
damped modes (dashed lines) already familiar from Paper I. The damping is understood as
decoherence over the continuum of Case-van Kampen modes or, in a different language, as
Cherenkov absorption of flavor waves on neutrinos resonant with the mode. More interestingly,
in the center panel we see the emergence of branches of complex k for real frequencies w. Such
branches are also shown, for different angular distributions, in ref. [43], although there they
disappear abruptly at w = 0. With our modified dispersion relation, which has the correct

— 14 —



0.1 : -

=¥
L;(}
~ 0 -
3
-0.1 : : : . .
3
z O T T -
et
— Stable
=== Unstable
Landau-damped
-0.1 : :
-0.1 0 -0.1 0 -0.1 0 0.1

Re(k) Re(k) Im(k) [x10]

Figure 3. Same as figure 2, now for the crossed angular distribution of eq. (4.2).

analytical properties enforced by causality, we see that these branches do not disappear at
w = 0, but rather they continue until they reach a branch cut of the dispersion relation,
which occurs where eq. (3.12) is satisfied.

What is the physical meaning of these branches of complex k7 Since the system as
a whole is stable (it does not possess modes growing in time), they cannot correspond to
spatial amplification. While this is obvious from a physical perspective, we have verified it
explicitly by checking that, for a given point on the branch of complex k, if we increase Im(w)
continuously from 0, the value of Im(k) never changes sign. As we discussed in section 3,
this ensures the absence of spatial amplification. Instead, these modes correspond to a
regime of non-transparency; if the system is steadily forced at a temporal frequency w for
which a mode with complex k appears, the perturbation will gradually dissipate away from
the region where the forcing happens. Physically this effect is similar to driving a plasma
perturbation with a frequency below the plasma frequency — the perturbation exponentially
declines with distance from the source.

4.2 Fast instability

We now slightly deform the angular distribution so that an angular crossing emerges, while
maintaining & = 0, implying a fast instability. The general properties of the dispersion
relation were first studied in ref. [43], and more recently in ref. [62] in light of the more
appropriate analytical dispersion relation introduced in refs. [8, 22]. Here we focus on the
case of a very shallow angular crossing, following the general principle that at its onset an
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instability is always weak [21]. Therefore, we use as an angular distribution
P(v) =05 and P(v) =047+ 0.0302exp [—(1 - v)?]; (4.2)

the specific numerical values are chosen to maximize visibility of the branches with complex
wavenumbers.

Figure 3 shows the solutions of the dispersion relation with real k and complex w (left
panel) and with real w and complex k (center and right panels). For real k, we observe the
typical structure already found in ref. [62], i.e., the two stable branches of the uncrossed case
(figure 2) merge into a single branch that crosses the light cone. In turn, the Landau-damped
branches, which previously were confined below the light cone with a negative growth rate,
can now develop a positive growth rate when their phase velocity becomes larger than the
crossing velocity v. where the lepton number P(v) — P(v) changes sign. These unstable
modes finally merge with the stable branch outside of the light cone; this merging happens
at the points where the stable branch has a wertical tangent, i.e., where dw/dk — 400,
as proven in refs. [22, 43].

We stress that for such weakly unstable angular distributions — which are the physical
cases of interest since an instability always appears first within a weakly unstable configuration
— the range of wavenumbers that becomes unstable is extremely narrow, and contains
wavenumbers of the order k ~ pe. Since this range is so narrow, it would be coincidental or
fine tuned if it happened to contain also the special value k = G1 or K = 0, the homogeneous
mode. Therefore, we conclude that at their onset fast instabilities are always small-scale, and
for a weakly unstable angular distribution the homogeneous mode is stable unless fine-tuned
cases are considered.

The first question is whether the instability is absolute or convective, and the answer
first provided in ref. [43] is that it is convective. To see this explicitly, we use the insight
from section 3 that an instability is absolute if there is a mode with generically complex k
and w, vanishing group velocity dw/dk = 0, and Im(w) > 0. In this case, we see that the
stable branch, with Im(w) = 0, has two pairs of points with horizontal tangent and vanishing
group velocity: one in the upper half-plane, and one in the lower. These pairs of modes are
stable, and therefore cannot lead to a local growth of the instability. Hence, the instability
as a whole is convective. As the angular crossing becomes deeper, each pair of points with
horizontal tangent can disappear, turning the instability absolute [43, 62]. Here, we do not
explore this regime, and focus on this single example of a very shallow angular crossing.

The convective nature of the instability can be viewed from another perspective. The
unstable modes appear only in the narrow vicinity of the crossing velocity v., which for a
weak crossing is very close to 1. Therefore, these modes have, at their onset, both a phase
and a group velocity very close to the speed of light. This is not a purely mathematical
property; it descends from the resonance picture of the fast instability [8, 22|, so that the
growing modes are the ones that can be resonantly emitted from the neutrinos beyond the
crossing. Therefore, the unstable modes move with a preferential direction (we might say
“towards” the crossing) with a velocity very close to the speed of light.

Since the instability is convective, an initial localized perturbation moves away from
that region, in a direction defined by the angular crossing. Therefore, there must be spatial
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amplification in this direction and one may ask about this growth rate. Therefore, we now
focus on the branches of complex wavenumber k for real frequency w. They appear in
correspondence to every point at which the real branch has a horizontal tangent dw/dk = 0,
in the same way that branches of complex w appear where the real branch has a vertical
tangent. Therefore, there are four branches of complex k. Two of them — the green and
purple ones in figure 3 — are only a slight deformation of the branches with the same colors
already existing for the stable case in figure 2. Therefore, these branches do not correspond
to a spatial amplification, but to a non-transparency of the medium. Instead, the cyan and
orange branches in figure 3 appear only because of the crossing, and therefore must lead to
spatial amplification. Indeed, from their imaginary parts (right panel of figure 3), we see that
in a very narrow range of frequencies close to the onset of the mode they are negative. This is
the range of frequencies for which spatial amplification appears. We can prove this formally by
considering how the imaginary part Im(k) for these solutions changes by increasing Im(w); we
have explicitly tested that Im(k) changes sign in these narrow frequency intervals, confirming
that they lead to spatial amplification.

However, it is simpler to understand this result based on our physical picture. The
unstable modes move with the speed of light and with a positive velocity, i.e., to the right.
Therefore, these two branches can lead to a spatial amplification only if Im(k) < 0, so that
e" o e Bz grows in the direction of the unstable modes. If a perturbation has frequency
components within the narrow range where the cyan and orange curves have Im(k) < 0, such
components will exponentially grow in space, rather than in time. We should also note that
the point at which the curves for Im(k) = 0 correspond to a phase velocity equal to the
crossing velocity v., and in fact they intersect the branches of complex w and real k where
they also pass through Im(w) = 0, transitioning from unstable to Landau-damped. This
allows us to identify rather easily the extremal frequencies at which the spatial amplification
appears: they simply correspond to w4+ = vck+, where k4 are the wavenumbers marking the
appearance of (subluminal) unstable modes, which we determined in ref. [22]. The frequency
range of spatial amplification has also two superluminal boundaries, where the complex k
branches merge with the real branches, which correspond to the superluminal boundaries of
the range of unstable wavenumbers k; as discussed in our previous works, these threshold
values cannot be determined by a simple explicit formula.

In summary, we have shown that a weak fast instability has a preferential direction, i.e.,
the one towards the shallow crossing region. Unstable modes grow in this direction, and
therefore a stationary source of perturbations can produce a spatially growing signal in that
direction, provided that the perturbations contain Fourier frequencies in the narrow range in
which Im(k) < 0 for the branches passing through the crossing velocity.

4.3 Slow instability in a near-isotropic gas

We next modify the original stable case of section 4.1 in a different way, i.e., by introducing a
non-vanishing vacuum frequency. In Paper I, we have systematically discussed the different
regimes as the vacuum frequency is increased, both in normal and inverted ordering. Here
we focus on a single case, namely inverted ordering with @z = —107°, whereas the angular
distribution is again the uncrossed one of eq. (4.1). We are therefore looking at a case where
|wp| < pe?, which in Paper I we have identified as the resonant regime.
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Figure 5. Zoomed-in version of figure 4, to highlight the novel modes appearing close to the origin.
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The structure of the modes is shown in figure 4. In the left panel, we show the unstable
modes for real k and complex w, which we have already analyzed in Paper I [23] (see figure 2
for comparison). To briefly review the structure of these modes here, note that at large k,
what was a single stable branch for @ = 0 (see figure 2) produces two unstable branches
moving close to the light cone. They merge into a real branch at smaller values of k. The
stable branch close to the light cone for negative w does not suffer strong changes due to
the non-vanishing &g.

We again conclude that the slow instability is convective. Mathematically, we see that
the real branch for w > 0 in figure 4 has developed four points with horizontal tangent
dw/dk = 0, which therefore correspond to stable modes with vanishing group velocity. A
more physical way to understand the convective nature of the instability is to note that once
again the unstable waves feed on the resonant interaction with neutrinos moving along the
light cone, and therefore the unstable waves have a group velocity close to the speed of light.
This is easy to show mathematically; in Paper I, we have shown that for the resonant modes,
an approximate form for the frequency is w = +k + x(k), with x(k) < k. Moreover, we
have derived explicit expressions for x(k) when k is very large; for our purposes, we simply
notice that since x < k, it follows immediately that dw/dk ~ +1.

Since the instability is convective, we now ask about the spatial amplification it leads to,
studying the structure of the modes for real w and complex k. Once again, the green and
purple branches are just slight deformations of the analogous ones appearing in the stable
case in figure 2, and therefore lead only to non-transparency. Instead, we now observe the
appearance of two branches of complex k, the orange and cyan ones in the central and right
panels of figure 4. These branches merge with the real one at the points where the latter
has a horizontal tangent dw/dk = 0, and clearly correspond to the branches of complex w
and real k in the left panel. In fact, we can show this explicitly; since the unstable branches
are written as w = k + x(k) with x(k) < 1, it follows immediately that there must also
be solutions of the form k = w — x(w) to first order in x, which therefore have a complex
wavenumber and real frequency. Thus, the cyan and orange branches must correspond to
spatial amplification, originating from the unstable wavepackets that are continuously sourced
and leave their region steadily. Indeed, we see that the cyan branch, which moves with a
positive group velocity has Im(k) < 0, so it grows for z > 0, while the orange branch with
a negative group velocity has Im(k) > 0, so it grows for z < 0.

For very small k, there are additional branches of complex k; to see them clearly, we
also show in figure 5 a zoomed-in version of figure 4. The left panel of this figure was
already shown in Paper I. We now see that the two real branches formed in this very narrow
region close to the origin are in fact connected by a branch of complex &k (shown in green),
and two additional branches of complex & (shown in blue and red) also originate from this
region. Since these branches do not correspond to any branch of unstable frequency, we can
already anticipate that they cannot lead to spatial amplification. Indeed, we have explicitly
verified that for such solutions Im(k) does not change sign as Im(w) — 400, so they must
correspond to non-transparency.

We conclude that the most interesting effect induced by slow instabilities corresponds to
the spatial amplification of modes moving with the speed of light (the cyan and orange complex
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k branches in this example). Any flavor perturbation grows exponentially with distance from
its initial appearance, with a typical growth rate of the order of Im(k) x &g /e. We have here
an apparent paradox: while the spatial growth rate is very small, the real part Re(k) ~ pe.
The two quantities are however disconnected; the real part Re(k) ~ Re(w) corresponds to
the wavelength of the growing modes that leave the region, while their spatial growth rates
measure the typical distance over which they become large. To consistently capture the growth

1 is required.

of these slow modes, a spatial resolution comparable with [Re(k)] =t ~ (ue)~

Finally, from this discussion it might appear that slow modes move preferentially along
both the positive and negative z axis, as if this was a special direction in the system. In
reality, however, as already discussed in Paper I, this conclusion derives from limiting our
discussion to modes with wavevector k along the axis of symmetry. However, it is clear that
there are unstable modes moving in any direction in which there are neutrinos; in Paper I,
we have shown that the typical growth rate of a mode along a given direction is proportional
to Im(x) o< @p[P(v) + P(v)]/[P(v) — P(v)], see eq. (5.19) in [23]. Therefore, the space-time
evolution of slow instabilities can be schematically represented as in figure 1: from a given
region, there are unstable modes leaving in any direction in which there are neutrinos, and
their growth rate is larger for the direction in which the ratio between lepton and neutrino
number is smallest. Of course, if there are directions where this ratio becomes anomalously
small due to an angular crossing, our approximations fail, but the reason is quite simple;
along such directions, there will be fast-unstable modes which are then much more important
than the slow modes we consider here.

4.4 Slow instability far from the decoupling region

We finally mention a topic mainly of historical relevance, namely the case of slow instabilities
starting far from the decoupling region, where the neutrino angular distribution is strongly
forward peaked. This was the primary concept of slow neutrino flavor instabilities in works
before 2015, which were treated with a formalism characteristically different than the current
one; rather than considering an initial condition for the unperturbed neutrino flow, which
is then evolved in time, one took the opposite viewpoint of imposing a boundary condition
on a region close to the central protoneutron star (neutrino bulb model) and evolving the
flow in space for radii beyond this boundary [26, 27].

Our current work retrospectively justifies this attitude for the specific problem considered
in these papers, and at the same time shows the limitations of this approach. As we have seen,
the slow instability is convective, with unstable modes resonantly growing along any direction
in which there are neutrinos. In a neutrino gas with a strongly forward-peaked angular
distribution, if there are no neutrinos moving backward, this means that the spatial growth is
only along the radial direction. Therefore, there will be a branch of real frequencies such that
a small perturbation at the inner region, containing Fourier components at such frequencies, is
spatially amplified at larger radii. Thus, the convective nature of the instability justifies the old
“spatial” approach, showing however that the spatially growing signal needs not be perfectly
static; there will be an entire range of frequencies whose modes are spatially amplified, a
point first noted by refs. [31, 32]. In fact, the convective nature of a forward-moving neutrino
gas has greater generality than the slow instabilities only. In such a setup, since neutrinos
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can only move forward, the information flow also must only be forward, meaning that there
can be no information about the growth of flavor perturbations propagating downstream of
the flow. This statement, while intuitive, can be formally proven by noting that the EOM
admit a set of characteristics along the neutrino trajectories, and that a fixed boundary at
r = const. spawns only characteristics that leave the surface.

One aspect that was long discussed for slow instabilities in the SN context was the
relevance of the so-called halo effect [70, 71], i.e., a backward-reflected neutrino component
which is small (perhaps 1% of the forward-moving neutrinos), but with a wide angular
distribution. Since the angular distribution contains in this case backward-moving neutrinos,
the general arguments in favor of a boundary formulation of the problem fail, since there is
a flow of information towards the inner PNS, as well as unstable slow modes moving along
the direction of ingoing neutrinos. In fact, there might even be fast-unstable modes along
such directions, if the halo particles are dominated by antineutrinos [35, 72]. However, if
the amount of lepton number in the halo flux is sufficiently small, their impact is similarly
small and does not alter directly the above statements.

The halo neutrinos can be treated perturbatively in that their density matrix is regarded
as a small perturbation, propagating in the unperturbed medium of the forward-moving
neutrinos. Due to neutrino-neutrino interactions, the halo neutrinos can therefore exchange
lepton number with the forward beam; this is indeed what happens in fast instabilities, where
close to the crossing velocity there is a resonant growth of flavor waves which drain lepton
number from the “flipped” region — in this case, from the halo neutrinos — carrying it
to neighboring velocities — in this case, into the forward-moving neutrinos. This is the
main feedback that the halo neutrinos have on the forward-moving ones. For slow resonant
instabilities, the impact is even more limited, since, as we have seen, unstable modes resonate
only with neutrinos along the direction of their velocity, and therefore they can drain the
halo neutrinos of their lepton number independently of neutrinos moving in other directions
— lepton number is here exchanged between neutrinos and antineutrinos moving collinearly,
rather than between neutrinos moving across neighboring directions. Therefore, provided
that the lepton number in the halo is much smaller than the one in the forward beam, the
impact of the halo is perturbative and does not alter our previous statements. Ref. [30]
reached a similar conclusion based on a numerical approach.

After having justified the historical treatment for the formulation in terms of slow
instabilities far from the decoupling region, we can now finally understand why such treatment
fails: the problem itself is ill-formulated. Slow instabilities can appear already much deeper,
close to the decoupling region, even in the absence of angular crossings. In this region, the
neutrino angular distribution is much less forward-peaked, and therefore unstable modes
will move along all directions as sketched in figure 1. Therefore, a boundary formulation
is ultimately unjustified due to the much earlier appearance of slow instabilities, close to
the decoupling region. Understanding where such instabilities precisely arise is a topic that
we will explore in an upcoming work.

— 21 —



5 Discussion

We have extended the theory of slow instabilities formulated in Paper I [23], as well as the
parallel theory of fast instabilities developed in refs. [8, 22], to answer an overlooked question:
how does a localized perturbation evolve in space and time? The growth rates of plane waves
cannot provide the answer, because these are by definition not local.

Our main conclusions follow from the analogous theory of space-time evolution of plasma
instabilities (e.g. ref. [73]). If the growing waves have too large a group velocity, they can
escape the original region before growing, leading to a convective instability, while if their
group velocity is not too large, some of them will grow locally, leading to an absolute instability.
This classification was formally introduced to the flavor community in refs. [42, 43], where
the dispersion relation of fast-unstable systems was analyzed to determine whether their
instability was absolute or convective. However, the question of what this entails for the
space-time evolution of the instability was left open.

Our discussion was mainly guided by two key examples, relating to a fast-unstable and
a slow-unstable system. In both cases, we focus on situations of weak instability, in which
the growth rate is not very large; this is done in the fast-unstable case by considering a
shallow angular crossing, while in the slow-unstable case by considering the limit &p < pe.
The physical motivation for this choice, introduced in refs. [8, 21, 22], is that an instability,
at its onset, is always weak, and before it can become very strong, the medium, coupled
with flavor conversions, presumably reacts to avoid its formation, although this effect can
only be captured by a self-consistent implementation of flavor conversions, feedback on the
medium, and medium evolution.

In the fast-unstable case, a weak instability is convective. This result is not new [43], and
we have recently re-discussed it in the context of the resonant theory of fast instabilities [62].
Unstable waves are emitted in phase with neutrinos in the “flipped” region beyond the crossing,
and hence have a group velocity close to the speed of light, moving together with these
neutrinos and effectively leaving the system. This implies that the source of the perturbations,
which ultimately is the mixing angle, produces a spatial growth in the direction of the flipped
neutrinos, starting from the point where the crossing first appears. So, for example, if the
crossing is produced by a beam of antineutrinos passing through a neutrino medium and

~Im(k)z gpatially for

starting at a point z = 0, the intensity of the flavor field grows as x e
z > 0 if the flipped neutrinos move towards positive z. For stronger instabilities, with a
more pronounced angular crossing, the instability becomes absolute and grows locally even
within the region where the crossing is located [62].

We may next ask what this means for a concrete formulation of the problem of fast
instability. Many authors, based on numerical approaches, have considered small volume
elements (periodic boxes) in which an initial perturbation grows in time; the medium is
effectively treated as infinite and homogeneous. In reality, a region containing a crossing is not
infinite and thus, for a convective instability, flavor waves grow spatially from the boundaries.
The range over which this growth happens is of the order of a few wavelengths (ue)™!;
since the size of the crossing region is comparable with the SN or NSM inhomogeneity scale
¢ > (pe)~!, numerical treatments based on periodic boxes can still describe flavor evolution

at distances much larger than (ue)~! from the edge. Still, at sufficiently late times £/vg, ~ ,
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where v, is the group velocity of unstable waves, the effects of the boundaries will be felt
anywhere within the unstable region, and the description in terms of periodic boxes will fail.

For the slow-unstable case, that we have introduced in Paper I, in the limit &g < pe?,
the instability is also formally convective. However, flavor waves now grow resonantly with
neutrinos moving in all directions, different from the fast case where they only grow in a
preferential direction, that of the flipped neutrinos. This means that perturbations grow
spatially along any direction. In addition, even though the unstable slow modes have small
scales, with a wavelength comparable to the fast modes of the order of (ue)~!, they grow
over much longer time scales, of the order of wgl. Since these scales are comparable with
the light-crossing time over the inhomogeneity length scale of a SN profile ¢, a periodic-box
approach would presumably not be helpful; within a time @wg in which the wave grows sizably,
it has already traversed through the inhomogeneous medium over a length ¢. Notice that for
slow instabilities, the more complete space-time treatment that we adopt here, rather than
the usual plane-wave dispersion relation, is crucial, because the wavelengths and growth rates
differ widely, so it is not immediately clear what should be compared with the inhomogeneity
scale. The space-time approach we use here clarifies this point, showing that, even though the
modes have a wavelength of the order of (ue)~!, much shorter than the inhomogeneity scale
£, they lead to spatial growth over length scales of order (Dgl, which is instead comparable.

In summary, we have argued that the often-used periodic boxes to describe fast instabilities
likely cover only the early stages of instability growth. Boundary effects, and more generally,
the impact of large-scale inhomogeneities, are crucial, especially for weak instabilities, because
of their convective nature. For slow instabilities, the periodic-box approach seems even less
likely to succeed, due to the comparable inhomogeneity length scale ¢ and spatial growth
rate @El.

A more appropriate description might involve a full, large-scale inhomogeneous SN
profile, and determining the flavor evolution therein based on the full quantum-kinetic
equations, including collision terms. Such a formulation is followed in the works of the NBI
group [38, 74-76], who have also stressed that the impact of a localized instability could be
primarily felt elsewhere as a result of neutrino streaming. However, realistic implementations
pose formidable challenges that have not yet been resolved. First of all, post-processed SN
simulations, obtained without accounting for flavor conversions, are usually adopted as a
starting point, but these are intrinsically inconsistent, as we stressed in ref. [21]. Rather,
one could start from simulations exhibiting weak instabilities, at their first appearance,
although likely this would happen during the SN infall phase. As we have discussed, such
instabilities only appear at very short scales, so they cannot be captured unless a sufficient
spatial resolution, perhaps of the order of a few cm in the SN core, is achieved. For weak
instabilities, a coarser resolution would completely overlook the existence of an instability
altogether, but such a small numerical scale does not exist in practical SN simulations and
therefore are entirely subgrid in numerical reality.

Even for strongly unstable configurations, as they appear in the post-processing of
inconsistent simulations, it remains unclear whether a coarse spatial resolution could capture
the evolution of the instability, and if so, what would be the physical reason. From theory
alone it would appear that a resolution comparable with the scale of a few cm would be
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needed in any case, since small-scale structure appears even in the early stages of linear
evolution which can be captured by analytical studies. A recent numerical work also argues
in this direction [77].

An additional limitation of current numerical treatments is that they should also include
the usually neglected matter term, which cannot be eliminated in any obvious way, in
contrast to what is sometimes stated, and whose role may be especially important due to
its large-scale inhomogeneity.

Since a complete treatment of these aspects seems computationally unfeasible, we argue
that the periodic-box approach — which as we have discussed is a good starting point for
the early stages of fast flavor evolution — should be complemented by a study of the spatial
evolution of unstable flavor waves in an inhomogeneous medium. This topic, which has
not received much attention, seems crucial to determine the concrete evolution of flavor
instabilities, both fast and slow, close to the decoupling region of a SN.

Acknowledgments

DFGF is supported by the Alexander von Humboldt Foundation (Germany), whereas GGR
acknowledges partial support by the German Research Foundation (DFG) through the
Collaborative Research Centre “Neutrinos and Dark Matter in Astro- and Particle Physics
(NDM),” Grant SFB-1258-283604770, and under Germany’s Excellence Strategy through
the Cluster of Excellence ORIGINS EXC-2094-390783311.

Data Availability Statement. This article has no associated data or the data will not
be deposited.

Code Availability Statement. This article has no associated code or the code will not
be deposited.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.

References

[1] J.T. Pantaleone, Neutrino oscillations at high densities, Phys. Lett. B 287 (1992) 128 [nSPIRE].
[2] L. Wolfenstein, Neutrino oscillations and stellar collapse, Phys. Rev. D 20 (1979) 2634 [INSPIRE].
[3] S. Samuel, Neutrino oscillations in dense neutrino gases, Phys. Rev. D 48 (1993) 1462 INSPIRE].
[

4] S. Samuel, Bimodal coherence in dense selfinteracting neutrino gases, Phys. Rev. D 53 (1996)
5382 [hep-ph/9604341] INSPIRE].

[5] H. Duan, G.M. Fuller and Y .-Z. Qian, Collective neutrino flavor transformation in supernovae,
Phys. Rev. D 74 (2006) 123004 [astro-ph/0511275] [INSPIRE].

[6] H. Duan, G.M. Fuller, J. Carlson and Y.-Z. Qian, Simulation of coherent non-linear neutrino
flavor transformation in the supernova environment. 1. Correlated neutrino trajectories, Phys.
Rev. D 74 (2006) 105014 [astro-ph/0606616] [INSPIRE].

— 24 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/0370-2693(92)91887-F
https://inspirehep.net/literature/32178
https://doi.org/10.1103/PhysRevD.20.2634
https://inspirehep.net/literature/142307
https://doi.org/10.1103/PhysRevD.48.1462
https://inspirehep.net/literature/353710
https://doi.org/10.1103/PhysRevD.53.5382
https://doi.org/10.1103/PhysRevD.53.5382
https://doi.org/10.48550/arXiv.hep-ph/9604341
https://inspirehep.net/literature/403766
https://doi.org/10.1103/PhysRevD.74.123004
https://doi.org/10.48550/arXiv.astro-ph/0511275
https://inspirehep.net/literature/697337
https://doi.org/10.1103/PhysRevD.74.105014
https://doi.org/10.1103/PhysRevD.74.105014
https://doi.org/10.48550/arXiv.astro-ph/0606616
https://inspirehep.net/literature/720004

(7]
8]

[9]

[10]

[11]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

L. Johns, Ergodicity demystifies fast neutrino flavor instability, arXiv:2402.08896 [INSPIRE].

D.F.G. Fiorillo and G.G. Raffelt, Theory of neutrino fast flavor evolution. Part I. Linear
response theory and stability conditions, JHEP 08 (2024) 225 [arXiv:2406.06708] [INSPIRE].

T. Morinaga, Fast neutrino flavor instability and neutrino flavor lepton number crossings, Phys.
Rev. D 105 (2022) 1101301 [arXiv:2103.15267] [INSPIRE].

B. Dasgupta, Collective neutrino flavor instability requires a crossing, Phys. Rev. Lett. 128
(2022) 081102 [arXiv:2110.00192] [INSPIRE].

R.F. Sawyer, ‘Classical’ instabilities and ‘quantum’ speed-up in the evolution of neutrino clouds,
hep-ph/0408265 INSPIRE].

R.F. Sawyer, The multi-angle instability in dense neutrino systems, Phys. Rev. D 79 (2009)
105003 [arXiv:0803.4319] [INSPIRE].

R.F. Sawyer, Neutrino cloud instabilities just above the neutrino sphere of a supernova, Phys.
Rev. Lett. 116 (2016) 081101 [arXiv:1509.03323] [INSPIRE].

S. Chakraborty, R.S. Hansen, 1. Izaguirre and G. Raffelt, Self-induced neutrino flavor conversion
without flavor mizing, JCAP 03 (2016) 042 [arXiv:1602.00698] [INSPIRE].

I. Izaguirre, G. Raffelt and I. Tamborra, Fast pairwise conversion of supernova neutrinos: a
dispersion-relation approach, Phys. Rev. Lett. 118 (2017) 021101 [arXiv:1610.01612] [INSPIRE].

S. Airen et al., Normal-mode analysis for collective neutrino oscillations, JCAP 12 (2018) 019
[arXiv:1809.09137] [INSPIRE].

L. Johns, H. Nagakura, G.M. Fuller and A. Burrows, Neutrino oscillations in supernovae:
angular moments and fast instabilities, Phys. Rev. D 101 (2020) 043009 [arXiv:1910.05682]
[INSPIRE].

I. Padilla-Gay, I. Tamborra and G.G. Raffelt, Neutrino flavor pendulum reloaded: the case of fast
pairwise conversion, Phys. Rev. Lett. 128 (2022) 121102 [arXiv:2109.14627] [INSPIRE].

D.F.G. Fiorillo and G.G. Raffelt, Slow and fast collective neutrino oscillations: invariants and
reciprocity, Phys. Rev. D 107 (2023) 043024 [arXiv:2301.09650] [INSPIRE].

D.F.G. Fiorillo and G.G. Raffelt, Flavor solitons in dense neutrino gases, Phys. Rev. D 107
(2023) 123024 [arXiv:2303.12143] [INSPIRE].

D.F.G. Fiorillo and G.G. Raffelt, Fast flavor conversions at the edge of instability in a two-beam
model, Phys. Rev. Lett. 133 (2024) 221004 [arXiv:2403.12189] [INSPIRE].

D.F.G. Fiorillo and G.G. Raffelt, Theory of neutrino fast flavor evolution. Part II. Solutions at
the edge of instability, JHEP 12 (2024) 205 [arXiv:2409.17232] [INSPIRE].

D.F.G. Fiorillo and G.G. Raffelt, Theory of neutrino slow flavor evolution. Part 1. Homogeneous
medium, JHEP 04 (2025) 146 [arXiv:2412.02747] [INSPIRE].

P. Dedin Neto, I. Tamborra and S. Shalgar, Energy dependence of flavor instabilities stemming
from crossings in the neutrino flavor lepton number angular distribution, arXiv:2312.06556
[INSPIRE].

G.G. Raffelt and A.Y. Smirnov, Self-induced spectral splits in supernova neutrino fluzes, Phys.
Rev. D 76 (2007) 081301 [Erratum ibid. 77 (2008) 029903] [arXiv:0705.1830] [NSPIRE].

H. Duan and J.P. Kneller, Neutrino flavour transformation in supernovae, J. Phys. G 36 (2009)
113201 [arXiv:0904.0974] [INSPIRE].

,25,


https://doi.org/10.48550/arXiv.2402.08896
https://inspirehep.net/literature/2758413
https://doi.org/10.1007/JHEP08(2024)225
https://doi.org/10.48550/arXiv.2406.06708
https://inspirehep.net/literature/2796943
https://doi.org/10.1103/PhysRevD.105.L101301
https://doi.org/10.1103/PhysRevD.105.L101301
https://doi.org/10.48550/arXiv.2103.15267
https://inspirehep.net/literature/1854215
https://doi.org/10.1103/PhysRevLett.128.081102
https://doi.org/10.1103/PhysRevLett.128.081102
https://doi.org/10.48550/arXiv.2110.00192
https://inspirehep.net/literature/1937324
https://doi.org/10.48550/arXiv.hep-ph/0408265
https://inspirehep.net/literature/657379
https://doi.org/10.1103/PhysRevD.79.105003
https://doi.org/10.1103/PhysRevD.79.105003
https://doi.org/10.48550/arXiv.0803.4319
https://inspirehep.net/literature/782364
https://doi.org/10.1103/PhysRevLett.116.081101
https://doi.org/10.1103/PhysRevLett.116.081101
https://doi.org/10.48550/arXiv.1509.03323
https://inspirehep.net/literature/1393031
https://doi.org/10.1088/1475-7516/2016/03/042
https://doi.org/10.48550/arXiv.1602.00698
https://inspirehep.net/literature/1419033
https://doi.org/10.1103/PhysRevLett.118.021101
https://doi.org/10.48550/arXiv.1610.01612
https://inspirehep.net/literature/1490033
https://doi.org/10.1088/1475-7516/2018/12/019
https://doi.org/10.48550/arXiv.1809.09137
https://inspirehep.net/literature/1695351
https://doi.org/10.1103/PhysRevD.101.043009
https://doi.org/10.48550/arXiv.1910.05682
https://inspirehep.net/literature/1758840
https://doi.org/10.1103/PhysRevLett.128.121102
https://doi.org/10.48550/arXiv.2109.14627
https://inspirehep.net/literature/1935819
https://doi.org/10.1103/PhysRevD.107.043024
https://doi.org/10.48550/arXiv.2301.09650
https://inspirehep.net/literature/2626046
https://doi.org/10.1103/PhysRevD.107.123024
https://doi.org/10.1103/PhysRevD.107.123024
https://doi.org/10.48550/arXiv.2303.12143
https://inspirehep.net/literature/2644958
https://doi.org/10.1103/PhysRevLett.133.221004
https://doi.org/10.48550/arXiv.2403.12189
https://inspirehep.net/literature/2769991
https://doi.org/10.1007/JHEP12(2024)205
https://doi.org/10.48550/arXiv.2409.17232
https://inspirehep.net/literature/2833946
https://doi.org/10.1007/JHEP04(2025)146
https://doi.org/10.48550/arXiv.2412.02747
https://inspirehep.net/literature/2855794
https://doi.org/10.48550/arXiv.2312.06556
https://inspirehep.net/literature/2734928
https://doi.org/10.1103/PhysRevD.76.081301
https://doi.org/10.1103/PhysRevD.76.081301
https://doi.org/10.48550/arXiv.0705.1830
https://inspirehep.net/literature/750472
https://doi.org/10.1088/0954-3899/36/11/113201
https://doi.org/10.1088/0954-3899/36/11/113201
https://doi.org/10.48550/arXiv.0904.0974
https://inspirehep.net/literature/817382

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

H. Duan, G.M. Fuller and Y.-Z. Qian, Collective neutrino oscillations, Ann. Rev. Nucl. Part. Sci.
60 (2010) 569 [arXiv:1001.2799] [INSPIRE].

G. Mangano, A. Mirizzi and N. Saviano, Damping the neutrino flavor pendulum by breaking
homogeneity, Phys. Rev. D 89 (2014) 073017 [arXiv:1403.1892] [InSPIRE].

H. Duan and S. Shalgar, Flavor instabilities in the neutrino line model, Phys. Lett. B 747 (2015)
139 [arXiv:1412.7097] [INSPIRE].

S. Abbar, H. Duan and S. Shalgar, Flavor instabilities in the multiangle neutrino line model,
Phys. Rev. D 92 (2015) 065019 [arXiv:1507.08992] [INSPIRE].

S. Abbar and H. Duan, Neutrino flavor instabilities in a time-dependent supernova model, Phys.
Lett. B 751 (2015) 43 [arXiv:1509.01538] [INSPIRE].

B. Dasgupta and A. Mirizzi, Temporal instability enables neutrino flavor conversions deep inside
supernovae, Phys. Rev. D 92 (2015) 125030 [arXiv:1509.03171] iNSPIRE].

F. Capozzi, B. Dasgupta and A. Mirizzi, Self-induced temporal instability from a neutrino
antenna, JCAP 04 (2016) 043 [arXiv:1603.03288] [INSPIRE].

A. Mirizzi, G. Mangano and N. Saviano, Self-induced flavor instabilities of a dense neutrino
stream in a two-dimensional model, Phys. Rev. D 92 (2015) 021702 [arXiv:1503.03485]
[INSPIRE].

M. Zaizen and T. Morinaga, Nonlinear evolution of fast neutrino flavor conversion in the
preshock region of core-collapse supernovae, Phys. Rev. D 104 (2021) 083035
[arXiv:2104.10532] [INSPIRE].

M.-R. Wu, M. George, C.-Y. Lin and Z. Xiong, Collective fast neutrino flavor conversions in a
1D boz: initial conditions and long-term evolution, Phys. Rev. D 104 (2021) 103003
[arXiv:2108.09886] [INSPIRE].

G. Sigl, Simulations of fast neutrino flavor conversions with interactions in inhomogeneous
media, Phys. Rev. D 105 (2022) 043005 [arXiv:2109.00091] [nSPIRE].

S. Shalgar and I. Tamborra, Neutrino flavor conversion, advection, and collisions: toward the
full solution, Phys. Rev. D 107 (2023) 063025 [arXiv:2207.04058] [INSPIRE].

S. Richers et al., Code comparison for fast flavor instability simulations, Phys. Rev. D 106
(2022) 043011 [arXiv:2205.06282] [INSPIRE].

S. Bhattacharyya and B. Dasgupta, Elaborating the ultimate fate of fast collective neutrino
flavor oscillations, Phys. Rev. D 106 (2022) 103039 [arXiv:2205.05129] InSPIRE].

D.F.G. Fiorillo and G.G. Raffelt, Collective flavor conversions are interactions of neutrinos with
quantized flavor waves, Phys. Rev. Lett. 134 (2025) 211003 [arXiv:2502.06935] [INSPIRE].

F. Capozzi et al., Fast flavor conversions of supernova neutrinos: classifying instabilities via
dispersion relations, Phys. Rev. D 96 (2017) 043016 [arXiv:1706.03360] [INSPIRE].

C.Yi, L. Ma, J.D. Martin and H. Duan, Dispersion relation of the fast neutrino oscillation wave,
Phys. Rev. D 99 (2019) 063005 [arXiv:1901.01546] [INSPIRE].

A.D. Dolgov, Neutrinos in the early universe, Sov. J. Nucl. Phys. 33 (1981) 700 [INSPIRE].

M.A. Rudzsky, Kinetic equations for neutrino spin- and type-oscillations in a medium, Astrophys.
Space Sci. 165 (1990) 65 [INSPIRE].

G. Sigl and G. Raffelt, General kinetic description of relativistic mized neutrinos, Nucl. Phys. B
406 (1993) 423 [INSPIRE].

— 26 —


https://doi.org/10.1146/annurev.nucl.012809.104524
https://doi.org/10.1146/annurev.nucl.012809.104524
https://doi.org/10.48550/arXiv.1001.2799
https://inspirehep.net/literature/842977
https://doi.org/10.1103/PhysRevD.89.073017
https://doi.org/10.48550/arXiv.1403.1892
https://inspirehep.net/literature/1285179
https://doi.org/10.1016/j.physletb.2015.05.057
https://doi.org/10.1016/j.physletb.2015.05.057
https://doi.org/10.48550/arXiv.1412.7097
https://inspirehep.net/literature/1335236
https://doi.org/10.1103/PhysRevD.92.065019
https://doi.org/10.48550/arXiv.1507.08992
https://inspirehep.net/literature/1385864
https://doi.org/10.1016/j.physletb.2015.10.019
https://doi.org/10.1016/j.physletb.2015.10.019
https://doi.org/10.48550/arXiv.1509.01538
https://inspirehep.net/literature/1391785
https://doi.org/10.1103/PhysRevD.92.125030
https://doi.org/10.48550/arXiv.1509.03171
https://inspirehep.net/literature/1392776
https://doi.org/10.1088/1475-7516/2016/04/043
https://doi.org/10.48550/arXiv.1603.03288
https://inspirehep.net/literature/1427003
https://doi.org/10.1103/PhysRevD.92.021702
https://doi.org/10.48550/arXiv.1503.03485
https://inspirehep.net/literature/1351875
https://doi.org/10.1103/PhysRevD.104.083035
https://doi.org/10.48550/arXiv.2104.10532
https://inspirehep.net/literature/1859557
https://doi.org/10.1103/PhysRevD.104.103003
https://doi.org/10.48550/arXiv.2108.09886
https://inspirehep.net/literature/1909207
https://doi.org/10.1103/PhysRevD.105.043005
https://doi.org/10.48550/arXiv.2109.00091
https://inspirehep.net/literature/1914751
https://doi.org/10.1103/PhysRevD.107.063025
https://doi.org/10.48550/arXiv.2207.04058
https://inspirehep.net/literature/2108993
https://doi.org/10.1103/PhysRevD.106.043011
https://doi.org/10.1103/PhysRevD.106.043011
https://doi.org/10.48550/arXiv.2205.06282
https://inspirehep.net/literature/2081846
https://doi.org/10.1103/PhysRevD.106.103039
https://doi.org/10.48550/arXiv.2205.05129
https://inspirehep.net/literature/2080024
https://doi.org/10.1103/PhysRevLett.134.211003
https://doi.org/10.48550/arXiv.2502.06935
https://inspirehep.net/literature/2878722
https://doi.org/10.1103/PhysRevD.96.043016
https://doi.org/10.48550/arXiv.1706.03360
https://inspirehep.net/literature/1604289
https://doi.org/10.1103/PhysRevD.99.063005
https://doi.org/10.48550/arXiv.1901.01546
https://inspirehep.net/literature/1712365
https://inspirehep.net/literature/160949
https://doi.org/10.1007/bf00653658
https://doi.org/10.1007/bf00653658
https://inspirehep.net/literature/2814005
https://doi.org/10.1016/0550-3213(93)90175-O
https://doi.org/10.1016/0550-3213(93)90175-O
https://inspirehep.net/literature/33842

[47]

[48]

[49]

[50]

[51]

[55]

[56]

[57]

[65]
[66]
[67]

M. Sirera and A. Perez, Relativistic Wigner function approach to neutrino propagation in matter,
Phys. Rev. D 59 (1999) 125011 [hep-ph/9810347| [INSPIRE].

S. Yamada, Boltzmann equations for neutrinos with flavor mizings, Phys. Rev. D 62 (2000)
093026 [astro-ph/0002502] [INSPIRE].

A. Vlasenko, G.M. Fuller and V. Cirigliano, Neutrino quantum kinetics, Phys. Rev. D 89 (2014)
105004 [arXiv:1309.2628] [INSPIRE].

C. Volpe, D. Vadnanen and C. Espinoza, Extended evolution equations for neutrino propagation
in astrophysical and cosmological environments, Phys. Rev. D 87 (2013) 113010
[arXiv:1302.2374] [INSPIRE].

J. Serreau and C. Volpe, Neutrino-antineutrino correlations in dense anisotropic media, Phys.
Rev. D 90 (2014) 125040 [arXiv:1409.3591] [INSPIRE].

A. Kartavtsev, G. Raffelt and H. Vogel, Neutrino propagation in media: flavor-, helicity-, and
pair correlations, Phys. Rev. D 91 (2015) 125020 [arXiv:1504.03230] [INSPIRE].

D.F.G. Fiorillo, G.G. Raffelt and G. Sigl, Inhomogeneous kinetic equation for mized neutrinos:
tracing the missing energy, Phys. Rev. Lett. 133 (2024) 021002 [arXiv:2401.05278] [INSPIRE].

D.F.G. Fiorillo, G.G. Raffelt and G. Sigl, Collective neutrino-antineutrino oscillations in dense
neutrino environments?, Phys. Rev. D 109 (2024) 043031 [arXiv:2401.02478] [INSPIRE].

L. Johns, Collisional flavor instabilities of supernova neutrinos, Phys. Rev. Lett. 130 (2023)
191001 [arXiv:2104.11369] [INSPIRE].

Z. Xiong, L. Johns, M.-R. Wu and H. Duan, Collisional flavor instability in dense neutrino gases,
Phys. Rev. D 108 (2023) 083002 [arXiv:2212.03750] [INSPIRE].

J. Liu, M. Zaizen and S. Yamada, Systematic study of the resonancelike structure in the
collisional flavor instability of neutrinos, Phys. Rev. D 107 (2023) 123011 [arXiv:2302.06263|
[INSPIRE].

Y .-C. Lin and H. Duan, Collision-induced flavor instability in dense neutrino gases with
energy-dependent scattering, Phys. Rev. D 107 (2023) 083034 [arXiv:2210.09218] [NSPIRE].

L. Johns and Z. Xiong, Collisional instabilities of neutrinos and their interplay with fast flavor
conversion in compact objects, Phys. Rev. D 106 (2022) 103029 [arXiv:2208.11059] [INnSPIRE].

I. Padilla-Gay, I. Tamborra and G.G. Raffelt, Neutrino fast flavor pendulum. II. Collisional
damping, Phys. Rev. D 106 (2022) 103031 [arXiv:2209.11235] [InSPIRE].

D.F.G. Fiorillo, I. Padilla-Gay and G.G. Raffelt, Collisions and collective flavor conversion:
integrating out the fast dynamics, Phys. Rev. D 109 (2024) 063021 [arXiv:2312.07612]
[INSPIRE].

D.F.G. Fiorillo, M. Goimil-Garcia and G.G. Raffelt, Fast flavor pendulum: instability condition,
Phys. Rev. D 111 (2025) 083028 [arXiv:2412.09027] [iNSPIRE].

R.Q. Twiss, On oscillations in electron streams, Proc. Phys. Soc. B 64 (1951) 654.

R.Q. Twiss, Growth of electron space-charge and radio waves in moving ion streams, Phil. Mag.

4 (1959) 868.

R.Q. Twiss, Propagation in electron-ion streams, Phys. Rev. 88 (1952) 1392.

L.D. Landau and E.M. Lifshitz, Fluid mechanics: volume 6, Elsevier (1987).

B.B. Kadomtsev, Plasma turbulence, Academic Press, New York, NY, U.S.A. (1965).

— 27 —


https://doi.org/10.1103/PhysRevD.59.125011
https://doi.org/10.48550/arXiv.hep-ph/9810347
https://inspirehep.net/literature/477830
https://doi.org/10.1103/PhysRevD.62.093026
https://doi.org/10.1103/PhysRevD.62.093026
https://doi.org/10.48550/arXiv.astro-ph/0002502
https://inspirehep.net/literature/524445
https://doi.org/10.1103/PhysRevD.89.105004
https://doi.org/10.1103/PhysRevD.89.105004
https://doi.org/10.48550/arXiv.1309.2628
https://inspirehep.net/literature/1253543
https://doi.org/10.1103/PhysRevD.87.113010
https://doi.org/10.48550/arXiv.1302.2374
https://inspirehep.net/literature/1218310
https://doi.org/10.1103/PhysRevD.90.125040
https://doi.org/10.1103/PhysRevD.90.125040
https://doi.org/10.48550/arXiv.1409.3591
https://inspirehep.net/literature/1316304
https://doi.org/10.1103/PhysRevD.91.125020
https://doi.org/10.48550/arXiv.1504.03230
https://inspirehep.net/literature/1359310
https://doi.org/10.1103/PhysRevLett.133.021002
https://doi.org/10.48550/arXiv.2401.05278
https://inspirehep.net/literature/2745292
https://doi.org/10.1103/PhysRevD.109.043031
https://doi.org/10.48550/arXiv.2401.02478
https://inspirehep.net/literature/2743589
https://doi.org/10.1103/PhysRevLett.130.191001
https://doi.org/10.1103/PhysRevLett.130.191001
https://doi.org/10.48550/arXiv.2104.11369
https://inspirehep.net/literature/1860516
https://doi.org/10.1103/PhysRevD.108.083002
https://doi.org/10.48550/arXiv.2212.03750
https://inspirehep.net/literature/2611475
https://doi.org/10.1103/PhysRevD.107.123011
https://doi.org/10.48550/arXiv.2302.06263
https://inspirehep.net/literature/2667922
https://doi.org/10.1103/PhysRevD.107.083034
https://doi.org/10.48550/arXiv.2210.09218
https://inspirehep.net/literature/2165973
https://doi.org/10.1103/PhysRevD.106.103029
https://doi.org/10.48550/arXiv.2208.11059
https://inspirehep.net/literature/2140455
https://doi.org/10.1103/PhysRevD.106.103031
https://doi.org/10.48550/arXiv.2209.11235
https://inspirehep.net/literature/2155786
https://doi.org/10.1103/PhysRevD.109.063021
https://doi.org/10.48550/arXiv.2312.07612
https://inspirehep.net/literature/2736540
https://doi.org/10.1103/PhysRevD.111.083028
https://doi.org/10.48550/arXiv.2412.09027
https://inspirehep.net/literature/2858870
https://doi.org/10.1088/0370-1301/64/8/305
https://doi.org/10.1080/14786435908238244
https://doi.org/10.1080/14786435908238244
https://doi.org/10.1103/physrev.88.1392

[68]
[69]

[74]

[75]

[76]

P.A. Sturrock, Kinematics of growing waves, Phys. Rev. 112 (1958) 1488 [INSPIRE].

R.J. Briggs, FElectron-stream interaction with plasmas, volume 187, MIT Press, Cambridge, MA,
U.S.A. (1964).

J.F. Cherry et al., Neutrino scattering and flavor transformation in supernovae, Phys. Rev. Lett.
108 (2012) 261104 [arXiv:1203.1607] [INSPIRE].

S. Sarikas et al., Supernova neutrino halo and the suppression of self-induced flavor conversion,
Phys. Rev. D 85 (2012) 113007 [arXiv:1204.0971] INSPIRE].

S. Abbar and F. Capozzi, Suppression of fast neutrino flavor conversions occurring at large
distances in core-collapse supernovae, JCAP 03 (2022) 051 [arXiv:2111.14880] [INSPIRE].

A. Bers, Space-time evolution of linear instabilities — absolute and convective, in Plasma physics
and fusion plasma electrodynamics, Oxford University Press, Oxford, U.K. (2016), p. 1124-1199
[DOI:10.1093/acprof : 0s0/9780199295784.003.0018].

S. Shalgar and I. Tamborra, Neutrino decoupling is altered by flavor conversion, Phys. Rev. D
108 (2023) 043006 [arXiv:2206.00676] INSPIRE].

M. Cornelius, S. Shalgar and I. Tamborra, Perturbing fast neutrino flavor conversion, JCAP 02
(2024) 038 [arXiv:2312.03839] [INSPIRE].

M. Cornelius, S. Shalgar and I. Tamborra, Neutrino quantum kinetics in two spatial dimensions,
JCAP 11 (2024) 060 [arXiv:2407.04769] [iNSPIRE].

H. Nagakura, M. Zaizen, J. Liu and L. Johns, Resolution requirements for numerical modeling of
neutrino quantum kinetics, Phys. Rev. D 111 (2025) 043028 [arXiv:2501.14145] [InSPIRE].

— 28 —


https://doi.org/10.1103/PhysRev.112.1488
https://inspirehep.net/literature/46146
https://doi.org/10.1103/PhysRevLett.108.261104
https://doi.org/10.1103/PhysRevLett.108.261104
https://doi.org/10.48550/arXiv.1203.1607
https://inspirehep.net/literature/1093126
https://doi.org/10.1103/PhysRevD.85.113007
https://doi.org/10.48550/arXiv.1204.0971
https://inspirehep.net/literature/1103031
https://doi.org/10.1088/1475-7516/2022/03/051
https://doi.org/10.48550/arXiv.2111.14880
https://inspirehep.net/literature/1980718
https://doi.org/10.1093/acprof:oso/9780199295784.003.0018
https://doi.org/10.1103/PhysRevD.108.043006
https://doi.org/10.1103/PhysRevD.108.043006
https://doi.org/10.48550/arXiv.2206.00676
https://inspirehep.net/literature/2090804
https://doi.org/10.1088/1475-7516/2024/02/038
https://doi.org/10.1088/1475-7516/2024/02/038
https://doi.org/10.48550/arXiv.2312.03839
https://inspirehep.net/literature/2732710
https://doi.org/10.1088/1475-7516/2024/11/060
https://doi.org/10.48550/arXiv.2407.04769
https://inspirehep.net/literature/2805775
https://doi.org/10.1103/PhysRevD.111.043028
https://doi.org/10.48550/arXiv.2501.14145
https://inspirehep.net/literature/2872305

	Introduction
	Dispersion relation and collective instabilities
	Quantum kinetic equations
	Summary of collective instability branches
	Source terms of the instability

	Classification of instabilities
	Absolute and convective instabilities
	Analytical properties of the dispersion relation for complex k

	Space-time evolution of collective instabilities
	Stable configuration
	Fast instability
	Slow instability in a near-isotropic gas
	Slow instability far from the decoupling region

	Discussion

