
ar
X

iv
:2

5
0
6
.0

7
3
0
3
v
1
  
[p

h
y
si

cs
.a

to
m

-p
h
] 

 8
 J

u
n
 2

0
2
5

TIF-UNIMI-2025-13, DESY-25-080

Towards a Global Search for New Physics with Isotope Shifts

Elina Fuchs∗

Deutsches Elektronen-Synchrotron DESY, Notkestr. 85, 22607 Hamburg, Germany
Institut für Theoretische Physik, Leibniz Universität Hannover, Appelstraße 2, 30167 Hannover, Germany and

Physikalisch-Technische Bundesanstalt, Bundesallee 100, 38116 Braunschweig, Germany

Fiona Kirk†

Physikalisch-Technische Bundesanstalt, Bundesallee 100, 38116 Braunschweig, Germany and
Institut für Theoretische Physik, Leibniz Universität Hannover, Appelstraße 2, 30167 Hannover, Germany

Agnese Mariotti‡

Institut für Theoretische Physik, Leibniz Universität Hannover, Appelstraße 2, 30167 Hannover, Germany

Jan Richter§

Physikalisch-Technische Bundesanstalt, Bundesallee 100, 38116 Braunschweig, Germany

Matteo Robbiati¶

TIF Lab, Dipartimento di Fisica, Università degli Studi di Milano, Italy and
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Isotope shifts have emerged as a sensitive probe of new bosons that couple to electrons and
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2 I INTRODUCTION

I. INTRODUCTION

Atomic precision spectroscopy has emerged as a pow-
erful tool for probing the Standard Model of particle
physics (SM) and its extensions, which address long-
standing questions such as the properties of dark mat-
ter [1–3]. The groundbreaking developments of laser cool-
ing [4–7], optical frequency combs [8, 9], optical tweez-
ers [10–12], optical lattices [13–16] and quantum logic
spectroscopy [17–20] have increased the relative precision
of optical atomic clocks to the level of 10−18 [21, 22]. As
a result of this unparalleled precision, clock comparisons
and other differential spectroscopic measurements probe
relevant parts of the parameter space of light dark matter
and dark portal models.
A prime example for such developments is isotope-

shift spectroscopy, a well-established technique com-
monly used to determine nuclear charge radii [23–27], but
more recently proposed as a method to search for hypo-
thetical new bosons mediating an additional interaction
between neutrons and electrons[28, 29]. Isotope shifts
can probe bosons in the eV to MeV mass range, allowing
them to bridge the gap between fifth force searches via
the Casimir effect [30], beam dump experiments [31–33]
and searches for exotic meson decays at colliders [34, 35].
New vector or scalar bosons, such as the ones probed by
isotope shift spectroscopy [36], are predicted by a wide
range of extensions of the SM. These include models that
gauge baryon minus lepton number (B−L), which result
in a new vector boson Z ′, or so-called portal models that
introduce new light scalar or vector mediators between
the SM and dark matter [37].
The new physics search proposed in Refs. [28, 29] is

based on the so-called King plot method [23, 24], which
at leading order predicts a linear relation between isotope
shifts in different electronic transitions. Using King plots
reduces the reliance on atomic structure calculations,
which are limited in precision by non-perturbative and
many-body effects, particularly within the nucleus. This
approach allows new physics signals to be constrained
using isotope shift data.
Given the long history of remarkably linear King plots,

King plot searches for new physics attracted a lot of
attention and significant progress was made in improv-
ing the precision of the isotope shift and nuclear mass
measurements, with notable advancements in neutral
Ca [38, 39], Ca+ [26, 40–43] and Ca14+ [43], as well as in
neutral Yb [44–47] and Yb+ [48–50]. The first observa-
tion of a nonlinear King plot was reported in Ref. [48],
which employed the 2S1/2 → 2D3/2 vs. 2S1/2 → 2D5/2

transitions in Yb+, measured at a precision of about 300
Hz. This so-called “King nonlinearity” was confirmed by
subsequent measurements [49, 50] and is currently found
to be at the level of 20.17(2) kHz [50]. Recently, nonlinear
isotope shifts have also been observed in the 3P0 → 3P1

transition, measured at sub-Hz precision in Ca14+, and
in the 2S1/2 → 2D5/2 transition, measured in Ca+, com-
bined with nuclear mass ratios with relative uncertainties

below 4× 10−11 [43].

Although the presence of nonlinearities complicates
King plot searches for new physics, it is by no means
a show-stopper: Progress in atomic and nuclear struc-
ture theory has facilitated the identification of the lead-
ing higher-order effects in Yb [49–51] and in Ca King
plots [43, 52], whereas the development of the Gener-
alised King Plot [53] showed that the data-driven King
plot approach can be generalised so as to provide con-
straints on new physics, even in the presence of higher-
order nuclear effects. For a recent review of the relevance
of (nonlinear) King plots for the search for new (nuclear)
physics, see Ref. [54].

The King plot analysis is often restricted to even iso-
topes to avoid the effects of the nuclear spin, namely
hyperfine interactions, which are expected to introduce
additional nonlinear effects in the King plot [55]. Ref. [56]
discusses the challenges associated with using odd Yb iso-
topes in King plot analyses. Another example is provided
by Refs. [57, 58]: although the King plots for Cd and Zn
are linear, the hyperfine interactions would potentially
be observable at Hz precision.

With a wealth of high-precision isotope shift data now
available for different elements and charged states, a sys-
tematic approach is needed to assess the constraints on
new physics contributions, which are expected to be gov-
erned by the same couplings to electrons and to neutrons,
irrespective of the element under consideration. In this
work we first review the (generalised) King plot [29, 53],
the no-mass (generalised) King plot [53] and the projec-
tion [41] methods, which follow a purely algebraic ap-
proach (Section II), before presenting our code kifit,
which provides for the first time a framework to combine
all linear King plots across elements in one global con-
straint on new physics (Section III). The framework pro-
vided by kifit is based on the fit presented in Ref. [36],
but was significantly extended to handle contemporary
high-precision isotope shift data. kifit performs a fit
to linear King plots plus new physics, while the incor-
poration of higher-order nuclear effects, that would be
necessary to analyse nonlinear King plots, is left to fu-
ture work. Nonetheless, kifit presents an important
step towards a global view of isotope shift data. In
Section IV we compare kifit with the algebraic meth-
ods introduced in Section II, before concluding in Sec-
tion V. In the appendices we provide further details on
the electronic structure calculations with AMBiT [59] (Ap-
pendix A), how the choice of transitions used in King
plots affects the sensitivity to new physics (Appendix B),
the impact of experimental uncertainties on the margin
for new physics (Appendix C), a short manual for our
code kifit and a list of implemented validation checks
(Appendix D), an analysis of the impact of data sparsity
on the fit (Appendix E), as well as a summary of the
available state-of-the-art isotope shift data and isotope
masses (Appendix F).
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any deviation from the linear King relation in Eq. (5).
As long as these are smaller or comparable to the exper-
imental uncertainties, the King plot is considered linear.
Nonlinearities may be caused by higher-order nuclear

or electronic corrections, or by new physics contribu-
tions. As long as the higher-order SM contributions
are negligible or can be determined by additional
experimental and theoretical input, King plots can be
used to place constraints on the mass and couplings of
a new boson φ inducing a new interaction between the
bound electrons and the neutrons inside the nucleus [29].
Assuming φ couples linearly to neutrons and electrons,
this effect can be described by a Yukawa potential [28, 69]

VNP(r,mφ) = −αNP(A− Z)
e−mφr

r
, (6)

expressed here in relativistic units (c = ~ = 1). Here,
αNP = (−1)s yeyn

4π is defined as the product of the new
physics couplings to electrons (ye) and to neutrons (yn),
while s = 0, 1, 2 denotes the spin, mφ corresponds to
the mass of the new light boson φ and A and Z are re-
spectively the mass and atomic numbers of the consid-
ered isotope. This introduces a new term in the isotope
shifts [29]

νai |pred. = Kiµ
a + Fiδ〈r2〉a +

αNP

αEM
Xiγ

a (7)

where we introduced the subscript “pred” to indicate the
predicted isotope shift in the presence of new physics.
Assuming a linear King plot, we can use Eq. (7) to set
a bound on the new physics coupling αNP, expressed in
units of the fine structure constant αEM

3. The factor
γa ≡ A − A′ is the difference in neutron number be-
tween the isotopes A and A′, while the electronic coef-
ficients Xi quantify the sensitivity of the transition fre-
quency νi to shifts induced by the new physics potential
in Eq. (6). The leading behaviour can be understood in
a perturbative approach, in which the radial wave func-

tions Ψinit,fin
i (r) of the states involved in the transition

i are assumed to be unchanged compared to the SM. In
this case, the coefficient Xi corresponds to the difference
between the overlap of the new physics potential (Eq. (6))
with the final- and initial-state wave functions:

Xi(mφ) =

∫
e−mφr

r

[
|Ψfin

i (r)|2 − |Ψinit
i (r)|2

]
dr . (8)

The overlap with the new physics potential is particularly
pronounced for S-state wave functions. Consequently
narrow transitions involving S-states are favourable for
isotope shift-based new physics searches.

3 Note that alternative conventions exist in the literature. An
equivalent relation in terms of yeyn rather than αNP/αEM can
be obtained by rescaling the X coefficients (see Appendix A).

As discussed in Appendix A, for the numerical cal-
culation of the new physics electronic coefficients, we
follow Ref. [29] and use the public code AMBiT [59], which
applies a non-perturbative finite field method that adds
the new physics potential directly to the Hamiltonian in
the Dirac equation.

Combining Eq. (7) for the transitions i = 1, 2, we ob-
tain the modified King relation

ν̃2|pred. = K211+ F21ν̃1 +
αNP

αEM
X21γ̃ , (9)

where we defined X21 ≡ X2−F21X1 and γ̃ with elements

γ̃a ≡ γa

µa . Eq. (9) implies that ν̃2|pred. has a component

along γ̃, which pushes it out of the King plane, as visu-
alised in Fig. 2.

If n = 3 isotope pairs are probed, the system of isotope
shift equations Eq. (9) can be solved for the new physics
coupling [29]:

αNP

αEM
=

det (ν̃1, ν̃2,1)

εijdet (Xiγ̃, ν̃j ,1)
=

Vdat

Vpred
, (10)

where εij is the 2-dimensional Levi-Civita symbol and
summation over repeated indices is implied. det(u,v,w)
denotes the determinant of the square matrix whose
columns are the vectors u, v and w. In the following,
we will refer to Eq. (10) as the Minimal King Plot (KP)
formula 4. Note that the normalisation of the vectors en-
tering Eq. (10) does not affect the result, meaning that
(ν̃1, ν̃2,1) can be replaced by (ν1,ν2,µ) or by frequency-
normalised counterparts. Geometrically, Vdat can be vi-
sualised either as the volume spanned by data points in
the King plot (see Fig. 1) or as the volume of the paral-
lelepiped spanned by ν̃1, ν̃2 and 1 (see Fig. 2). Similarly,
Vpred measures the predicted volume spanned by the data
vectors in the presence of new physics contributions.

It is instructive to split Vdat and Vpred into their re-
spective electronic and nuclear contributions. Assuming
the isotope shifts satisfy Eq. (7) and defining

M =



X1 F1

X2 F2


 , N =




γ̃1 δ〈r̃2〉1 1

γ̃2 δ〈r̃2〉2 1

γ̃3 δ〈r̃2〉3 1




, (11)

where δ〈r̃2〉a ≡ δ〈r2〉a/µa denotes the mass-normalised
charge radius variance, we can rewrite Vpred as

Vpred =εijdet (Xiγ̃, ν̃j ,1) = det (M) det (N )

=(F1X2 − F2X1)det
(
γ̃, δ〈r̃2〉,1

)
. (12)

4 In the kifit code, Eq. (10) corresponds to the 3-dimensional
case of the generalised King plot formula, presented in Sec. II B.
Here 3 refers to the number of isotope pairs, i.e. to the number
of data points in the King plot.
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This equation explicitly shows that King plots are
sensitive to the new physics coupling when the nuclear
and electronic quantities simultaneously “open up” new
dimensions in isotope-pair space and in transition space.

The solution of αNP in Eq. (10) corresponds to the
value of the coupling required to reproduce the central
values of the King plot points ν̃ai , i = 1, 2, a = 1, 2, 3.
However, the King plot method cannot exclude higher-
order SM contributions to the isotope shifts and thus
cannot identify an observed nonlinearity as being of pure
new physics origin. In other words, it is not a discovery
tool, but can only be used to set bounds on the coupling
αNP. The Nσ bounds on αNP can be estimated as

〈αNP〉+Nσ[αNP] . (13)

With 〈αNP〉 we denote the absolute value of αNP ob-
tained for the experimental central values of the input
parameters (isotope shifts νai and nuclear masses mA).
The uncertainty on αNP, σ[αNP], can either be estimated
using (linear) error propagation or with a Monte Carlo
approach. The latter involves the generation of samples 5

of the input parameters from a normal distributions fixed
by the respective experimental central values and uncer-
tainties:

νai ∼ N (〈νai 〉, σ[νai ]) , mA ∼ N
(
〈mA〉, σ[mA]

)
(14)

and similarly for the reference isotope masses mA′

.
Then, σ[αNP] is estimated as the standard deviation of
the corresponding αNP values. In this case one should
pay attention whether the distribution of the αNP values
can be accurately described by a Gaussian.

As already discussed in Ref. [29], the mφ-range that
King plots are particularly sensitive to is dictated by the
mφ-dependence of the X coefficients (see Eqs. (6) and
(8) or Fig. 15): In the “massless” limit, the Yukawa po-
tential (Eq. (6)) takes the form VNP ∝ 1/r and the elec-
tronic coefficients X, and consequently the bounds on
αNP, become independent of mφ (see Figs. 15 and 16,
respectively). This corresponds to the case where the in-
teraction range of the mediator φ (Compton wavelength
λφ = h/(mφc)) exceeds the size of the atom or ion, and
the overlap of the Yukawa potential with the electronic
wave functions saturates at maximal King plot sensitivity
to new physics.
In the intermediate mφ region, the values of the X

coefficients are sensitive to the value of mφ and the com-
bination of electronic coefficients that enters Vpred (see
Eq. (12)) may cancel for specific values of mφ, leading to
the characteristic peaks that are visible e.g. in Fig. 16.

5 In the kifit code, the number of samples num det samples is a
hyperparameter that can be set by the user.

In the large-mφ limit, the Yukawa potential can be
approximated by VNP ∝ δ(r)/(mφr)

2. This limit cor-
responds to the case where the Compton wavelength of
φ is smaller than the nuclear charge radius and the in-
teraction mediated by φ becomes a contact interaction.
In this case the King plot method is no longer able to
distinguish the new physics shift from the field shift in-
duced by changes in the nuclear radius. The X coeffi-
cients align themselves with the electronic field shift co-
efficients 6 Fi ∝ |Ψfin

i (0)| − |Ψinit
i (0)| in such a way that

Xi/Xj → Fi/Fj , and consequently the new physics pa-
rameters αNP

αEM
γa can no longer be distinguished from the

charge radius variance δ〈r2〉a. The resulting suppression
of the sensitivity to new physics can be observed e.g. in
Fig. 16.

In Appendix B, a King plot analysis is applied to se-
lected transitions in Ca+ to illustrate the behaviour of
the electronic part of Vpred across different transitions.
Moreover, the impact of the uncertainties on the X coef-
ficients is briefly discussed therein.

Additional Algebraic Methods

For completeness, let us briefly introduce the No-Mass
King Plot and the Projection Method, which provide al-
ternatives to Eq. (10) that can be beneficial, respectively,
in the case of large nuclear mass uncertainties and in the
case of isotope shift data sets for two transitions but more
than 3 isotope pairs.

No-Mass King Plot — The No-Mass King Plot
(NMKP) uses isotope shift data not only to eliminate
the charge radius variance δ〈r2〉 from Eq. (7), but also
the nuclear masses. This requires isotope shift measure-
ments for an additional transition ν3, yielding [53] 7:

αNP

αEM
=

2det (ν1,ν2,ν3)

εijkdet (Xiγ,νj ,νk)
. (15)

The denominator takes a particularly symmetric form in
this case:

Vpred =
1

2
εijkdet (Xiγ,νj ,νk) = det(M)det(N ) (16)

with

M =




X1 K1 F1

X2 K2 F2

X3 K3 F3




, N =




γ1 µ1 δ〈r2〉1

γ2 µ2 δ〈r2〉2

γ3 µ3 δ〈r2〉3




. (17)

6 Note that uncertainties in the X coefficients, which are predicted
by means of atomic structure calculations, generally spoil this
behaviour. However, it can easily be restored by rescaling the Xi

coefficients in such a way that Xi/Xj → Fij |dat, where Fij |dat
is the slope of best fit line to the King plot data.

7 In the kifit code this formula is referred to as the “dimension
3 No-Mass Generalised King Plot”.
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The No-Mass King Plot formula allows to mitigate un-
certainties on the nuclear masses when their effect on the
uncertainty estimation in Eq. (13) dominates over that
of the isotope shift uncertainties.
Projection Method — The Projection Method pre-

sented in Ref. [41], yields a bound on new physics using
isotope shift data for 2 transitions measured in n isotope
pairs. Introducing the (n× 2) matrix

Dw ≡ (ν̃1,w) , (18)

where w is a generic n-vector in isotope-pair space, we
can define the projection of the vector 1 on the plane
spanned by the vectors ν̃1 and w as

pw = Dw

(
D⊤

wDw

)−1
D⊤

w1 , (19)

where ⊤ denotes the transpose. Then, αNP can be ex-
pressed as

∣∣∣∣
αNP

αEM

∣∣∣∣ =
V (1, ν̃1, ν̃2)

|X21|V (1, ν̃1, γ̃)
, (20)

where

V (1, ν̃1,w) = ‖1− pw‖
√
‖ν̃1‖2‖w‖2 − (ν̃1 ·w)

2
,

(21)

is the volume of the parallelepiped spanned by the vectors
1, ν̃1 and w. Notice that Eq. (20) reduces to an equa-
tion similar to the Minimal King Plot formula (Eq. (10)),
for n = 3 isotope pairs, however, it is insensitive to the
sign of αNP. When sampling αNP (see discussion around
Eq. (13)), this insensitivity to the sign can lead to a dis-
tortion of the distribution.

B. Algebraic Methods for Nonlinear King Plots

In the previous section, we discussed how isotope shifts
that produce linear King plots can be used to set bounds
on the new physics coupling. However, the increasing
sensitivity of isotope shift and nuclear mass measure-
ments has resolved deviations from Eq. (1) (see e.g.
samarium (Sm) [61, 70, 71] and ytterbium (Yb) [47–
50, 72, 73] King plots, and the combination of singly and
highly-charged calcium (Ca) [43] 8), calling for a more
detailed analysis of the SM background. Assuming fac-
torisability of the electronic and nuclear contributions,
we denote the next-to-leading SM contribution by Hiη

a,
such that

νai = Kiµ
a + Fiδ〈r2〉a +Hiη

a + . . .+
αNP

αEM
Xiγ

a , (22)

8 After a nonlinearity had been measured recently in cadmium
(Cd) [74], linearity was restored in [57].

where the ellipsis is a placeholder for unresolved higher-
order SM contributions. In the presence of King plot
nonlinearities, methods beyond the ones discussed in the
previous section are needed. In the following section we
discuss how the main sources of nonlinearity can be iden-
tified and eliminated, either in a data-driven way, or us-
ing additional theoretical input, and why King plots re-
main a useful tool to search for new physics.

The Nonlinearity Decomposition

If at least four isotope pairs are probed, there is a clear
hierarchy between the King nonlinearities, and predic-
tions for their nuclear structure are available, the Non-
linearity Decomposition Plot [48, 49] can provide useful
insights into the origin of the dominant King nonlinearity.
The main idea is to project the isotope shift data onto
the n basis vectors (1, ν̃1,Λ

1, . . . ,Λn−2), where 1 and
ν̃1 define the plane of “King linearity”, and the linearly

independent vectors {Λℓ}(n−2)
ℓ=1 , which can be chosen to

be orthogonal 9 to 1 and ν̃1, define a basis for the “King
nonlinearity space”:

ν̃i = Ki11+ Fi1ν̃1 +

n−2∑

ℓ=1

λℓ
i1Λ

ℓ . (23)

In the minimal case of 4 isotope pairs, as in Refs. [48–
50] and Ref. [43], which considered the 5 even stable iso-
topes of Yb and Ca, respectively, the basis vectors of the
King nonlinearity space can be expressed as [49]

Λ+ ∼
(
ν̃31 − ν̃21 , ν̃

1
1 − ν̃41 , ν̃

4
1 − ν̃11 , ν̃

2
1 − ν̃31

)
,

Λ− ∼
(
ν̃41 − ν̃21 , ν̃

1
1 − ν̃31 , ν̃

2
1 − ν̃41 , ν̃

3
1 − ν̃11

)
,

(24)

and Eq. (23) reads

ν̃i = Ki11+ Fi1ν̃1 + λ+
i1Λ

+ + λ−
i1Λ

− . (25)

The projections λ+
i1 and λ−

i1 are used as coordinates in
the Nonlinearity Decomposition Plot, which in the case of
4 isotope pairs is 2-dimensional, as illustrated in Fig. 3:
Each point (λ+

i1, λ
−
i1), i = 2, 3 in the Nonlinearity De-

composition Plot represents the nonlinearities in the 2-
dimensional King plot constructed from the transitions i
and 1. If its uncertainty ellipse contains the origin of the
(λ+

i1, λ
−
i1) plane, the associated King plot can be consid-

ered to be linear, else additional terms need to be added
to the isotope shift equations to describe the data.

The Nonlinearity Decomposition Plot is particularly
useful when there is a strong hierarchy between the non-
linearities. In the case of one dominant King nonlin-
earity that can be factorised into electronic and nuclear

9 The results in this section can, of course, be generalised to the
case where the vectors Λℓ are not orthogonal to the basis vectors
1 and ν̃1. In this case the projections of the higher-order terms
such as Hiη

a onto 1 and ν̃1 need to be taken into account.
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KP NMKP GKP NMGKP kifit

Eqs. (10) (15) (32) (33) Sec. III

Isotope pairs 3 3 3 ≤ n 3 ≤ n 3 ≤ n

Transitions 2 3 n− 1 n 2 ≤ m

Spurions - - n− 3 n− 3 -

TABLE I. Summary of the number of transitions and iso-
tope pairs that are required by the different algebraic methods
presented in Section II and by the King plot fit kifit intro-
duced in Section III. (Note that m and n are independent
integers.) For the GKP and the NMGKP we also give the
number of higher-order nuclear parameters (spurions) that
are eliminated while setting a bound on the coupling αNP.
KP and NMKP are the minimal cases of GKP and NMGKP,
respectively.

term η̃a, leading to

ν̃a3 = K321 + F321ν̃
a
1 +H321ν̃

a
2 + . . .+

αNP

αEM
X321γ̃

a ,

(31)

with H321 ≡ H31/H21 and P321 = P31 − H321P21, with
P ∈ {K,F,X}. Assuming the higher-order SM terms
represented by the ellipsis are negligible, the isotope
shift data can be used to set bounds on the new physics
term (see fit in Ref. [49]). Note, however, that any
direct extraction of αNP from Eq. (31) will be affected
by the large theoretical uncertainties associated with
the prediction for the electronic coefficient X321, corre-
sponding to a difference differences of the X coefficients
introduced in Eq. (7).

One of the main strengths of the Generalised King Plot
formulas is that they directly use the X coefficients in-
troduced in Eq. (7) rather than relying on differences
thereof. Assuming isotope shifts for m transitions are
measured in n = m + 1 isotope pairs, solving the sys-
tem of m×n isotope shift equations for αNP leads to the
Generalised King Plot (GKP) formula [53] 10:

αNP

αEM
=

(n− 2)! det (ν̃1, . . . , ν̃n−1,1)

εi1...in−1det
(
Xi1 γ̃, ν̃i2 , . . . , ν̃in−1 ,1

) , (32)

As briefly suggested in Ref. [53], if higher-order SM
contributions are present and the uncertainties on the
nuclear masses are a limiting factor, it can be advanta-
geous to combine the benefits of the GKP and NMKP

10 In the kifit code this formula is referred to as the “dimension n
Generalised King Plot”, where n is the number of isotope pairs.
Using frequency-normalised quantities, i.e. τ̄a ≡ τa/νa1 , τ ∈
{νi, µ, γ}, i = 1, . . . ,m, Eq. (32) takes the form

αNP

αEM
=

(n− 2)! det (ν̄1, . . . , ν̄n−1, µ̄)

εi1...in−1det
(

Xi1 γ̄, ν̄i2 , . . . , ν̄in−1 , µ̄
) .

(Eq. (15)) formulas, obtaining a No-Mass Generalised
King Plot (NMGKP) formula:

αNP

αEM
=

(n− 1)! det (ν1,ν2, . . . ,νn)

εi1,i2,...,indet (Xi1γ,νi2 , . . . ,νin)
. (33)

Subtracting SM Nonlinearities

For lighter systems such as Ca, where the mass shift
dominates over the field shift, the next-to-leading order
SM contribution to Eq. (3) might be the second-order

mass shift [52], νai |MS(2) = K
(2)
i µa(2), where µa(2) ≡

1/(mA)2 − 1/(mA′

)2 is the difference of the squared in-

verse nuclear masses and K
(2)
i is an electronic coefficient.

Since in this case the nuclear parameters (namely, the iso-
tope masses) can be determined experimentally at high
precision, the second-order mass shift can be kept explicit
in the isotope shift equations, such that

ν̃a2 = K21 + F21ν̃
a
1 +

αNP

αEM
X21γ̃

a +K
(2)
21 µ̃a(2). (34)

If the frequency shifts νai , i = 1, 2, are measured in four
isotope pairs, Eq. (34) can then be solved for αNP, yield-
ing

αNP

αEM
=

det
(
ν̃1, ν̃2,1, µ̃

(2)
)

εij det
(
Xiγ̃, ν̃j ,1, µ̃(2)

) , (35)

where all bold symbols are 4-vectors in isotope-pair
space. In this case one higher-order effect can be taken
into account without adding an additional transition. We
will refer to this equation as the Nuclear Input King Plot
(NIKP) formula.

Alternatively, if the the electronic coefficients K
(2)
i can

be predicted with sufficient accuracy (see e.g. Ref. [43,
52], where a 10% uncertainty is assigned to the prediction

of K
(2)
i ), the second-order mass shift can be subtracted

from the measured isotope shift [43], yielding an isotope
shift equation which resembles Eq. (3):
(
ν̃a2 −K

(2)
21 µ̃a(2)

)
= K21 + F21ν̃

a
1 + αNPX21γ̃

a . (36)

Now αNP can be obtained using Eq. (10) with the mod-

ification ν̃a2 → (ν̃a2 )
′
= ν̃a2 − K

(2)
21 µ̃a(2). Since K

(2)
i de-

pends only on the electronic structure, it induces cor-
relations between the objects {(ν̃a2 )′}na=1, which in turn
reduce the impact of the uncertainty on the coefficients

K
(2)
i on σ[αNP] [43].
The strategy of subtracting higher-order SM contri-

butions until relations such as Eq. (36) arise, could be
promising to bridge the gap between light elements such
as hydrogen, deuterium or helium [75–78], where spec-
troscopic bounds can be derived from a direct compari-
son of predictions and measurements, and heavy elements
such as Yb, where corrections to the charge distribution,
such as nuclear deformation, are sizeable but hard to pre-
dict from first principles [50].
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FIG. 5. Illustration of a 3 dimensional King plot with a King
line ℓ(0) (black), fixed by the fit parameters φj1 (see Eq. (38))
and K⊥

j1, j = 2, 3 (see Eq. (40)) and oriented in the direction
of the unit vector êF . The lines ℓj1, j = 2, 3, represent the
King lines of the 2-dimensional King plots constructed for the
transition pairs (1, 2) and (1, 3), respectively.

and Fig. 5), takes the form:

êF ≡ F

‖F‖ =
1√

1 +
∑m

j=2 tan
2 φj1




1

tanφ21...

tanφm1




. (38)

We can define an angle φ which satisfies

cosφ =
1√

1 +
∑m

j=2 tan
2 φj1

(39)

and corresponds to the angle between the direction ê1 =
(1, 0, . . . , 0) fixed by the reference transition 1 and the
King line. In the case of 2 transitions, φ = φ21 (see also
Fig. 4).
Instead of taking the m− 1 intercepts {Kj1}mj=2 to be

fit parameters, we introduce

K⊥ ≡




K⊥
11

K⊥
21...

K⊥
m1




=




−∑m
j=2 sinφj1Kj1

cosφ21K21...

cosφm1Km1




, (40)

which is orthogonal to êF , and fit to the the m− 1 pro-
jected intercepts {K⊥

j1}mj=2. This parametrisation is cru-
cial for the numerical stability of the fit in the limit where
êF and K approach collinearity and K⊥

j1 ≪ Kj1.

The initial guesses {〈K⊥
j1〉, 〈φj1〉}mj=2 for the 2(m − 1)

fit parameters and their covariance matrix Σ
(j1)
Kφ are de-

termined by a set of (m − 1) linear fits. Since King
plots are constructed from pairs of isotope shifts, all
of which have uncertainties, we perform orthogonal dis-
tance regression (ODR) [79] that is implemented in the
scipy.odr method of the Scipy package [80].

Once the background (i.e. the linear King plot) is
fixed, we can proceed with the parametrisation of the sig-
nal: the new physics term introduced in Eq. (9) leads to

isotope-pair dependent shifts of the data points in tran-
sition space (i.e. in the King plot):

δa =
αNP

αEM
γ̃aX , X = (0, X21, . . . , Xm1)

⊤
. (41)

Here, Xj1 ≡ Xj−Fj1X1 = Xj−tanφj1X1, j = 2, . . . ,m,
are the electronic coefficients that are constructed from
the fit parameter φj1 and the coefficientsXi, i = 1, . . . ,m
determined by means of atomic structure calculations
(see Section IIA and Appendix A). The predictions
ν̃a|pred. incorporating the linear isotope shift behaviour
plus the shifts predicted by the new physics term are
simply given by

ν̃a|pred. =ν̃a|lin. + δa , a = 1, . . . , n. (42)

For each isotope pair a, Eq. (42) defines a parallel line

ℓ(a) to the King line ℓ(0). In Fig. 4, ~Qa = (ν̃a1 , ν̃
a
2 |pred.),

a = 1, 2, 3, and the vectors δa with their associated lines
ℓ(a) are depicted in purple.

Since it is impossible to distinguish a constant shift of
all points ν̃ai , 1 < i ≤ m, from a variation of the mass
shift coefficientsKi1, we only include the variations σ[δa]
with respect to the mean new physics-induced shift in our
new physics predictions. The elements of σ[δa] can be
estimated as

σ[δaj ] =
αNP

αEM

(
γ̃a − 〈γ̃〉j

)
Xj1 , (43)

where

〈γ̃〉j =
∑n

a=1 γ̃
aσ[ν̃aj ]∑n

b=1 σ[ν̃
b
j ]

, j = 2, . . . ,m (44)

is the average value of the new physics nuclear parameter
γ̃a, weighted by the uncertainties on the mass-normalised
isotope shifts. (Note that by construction σ[δa1 ] = 0 ∀a,
since X11 = 0, see Eq. (41)). In this way the constant
shift induced by the quantities 〈γ̃〉i is effectively absorbed
in the fit parameters {K⊥

j1}mj=2, leading to a corrected
mass shift vector

K′ = K+ 〈γ̃〉 , (45)

with 〈γ̃〉 = (〈γ̃〉1, . . . , 〈γ̃〉n)⊤. Using these definitions,
we obtain for the isotope shift

ν̃a|pred. =K′ + ν̃a1F + σ[δa] , a = 1, . . . , n. (46)

For simplicity, we will omit the prime in K′ in the fol-
lowing.
Note that in general Eq. (44) induces a slight asymme-

try under exchange of transitions. In order to cross-check
the parametrisation, we implement in the kifit code a
transition-independent version of σ[δa], with

〈γ̃〉 ≡ 1

n

n∑

a=1

γ̃a = 〈γ̃〉i , ∀i . (47)

The invariance of the kifit construction under exchange
of transitions is discussed in more detail in Appendix D 3.
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Construction of the Log-Likelihood

The aim of the King plot fit is to minimize the dis-

tances of the experimental data points ν̃a (denoted ~P a

in Fig. 4) from the parallel lines ℓ(a). These distances are
given by

da =∆a − (∆a · êF ) êF , a = 1, . . . , n . (48)

with êF as defined in Eq. (38) and the vectors ∆a that
connect the predictions ν̃a|pred. with the data points
ν̃a 11:

∆a ≡ν̃a − ν̃a|pred. = ν̃a − (K+ ν̃a1F + σ[δa]) . (49)

More explicitly,

da1 =− 1

‖F‖2
m∑

k=2

tan(φk1)∆
a
k1 ,

daj 6=1 =∆a
j1 + tan(φj1)d

a
1 ,

(50)

where ‖F‖2 = 1 +
∑m

j=2 tan
2 φj1 (see Eq. (38)) and

∆a
j1 =ν̃aj −

(
Kj1 +

tanφj1

‖F‖ ν̃a1 + σ[δaj1]

)
. (51)

Assuming that the Euclidean norms ‖d a‖ =√∑m
i=1 (d

a
i )

2
approximately follow a multivariate

normal distribution, we define the negative log-likelihood

− logL ∝ 1

2

n∑

a=1

n∑

b=1

[
log Σab + ‖d a‖

(
Σab

d

)−1 ‖d b‖
]
,

(52)

where Σab
d ≡ Cov

(
‖d a‖, ‖d b‖

)
denotes the covariance of

the norms ‖d a‖ and ‖d b‖. In vector notation,

− logL ∝ 1

2

[
log detΣd + dΣ−1

d d
]
, (53)

where d ≡ (‖d 1‖, . . . , ‖dn‖)⊤ and Σd is the associated
covariance matrix. The latter can be estimated in dif-
ferent ways. For an order-of-magnitude estimate, linear
error propagation is sufficient. Assuming the frequency
measurements are independent,

Σab
d =

m∑

i=1

n∑

c=1

(
∂‖d a‖
∂νci

σ[νci ]

)2

δab

+
∑

A

∂‖d a‖
∂mA

σ[mA]2
∂‖d b‖
∂mA

+
∑

A′

∂‖d a‖
∂mA′

σ[mA′

]2
∂‖d b‖
∂mA′

+

m∑

j=2

(
∇

(j1)
Kφ‖d a‖

)⊤
Σ

(j1)
Kφ

(
∇

(j1)
Kφ‖d b‖

)
, (54)

11 Here we are assuming that we only ever compare one data point
ν̃
a with a given prediction ν̃

a|pred.. In presence of s measure-
ments of the same isotope shift νai , s different copies of the el-
ement ∆a

i would need to be taken into account. In the current
version of the kifit code, we assume these complementary mea-
surements to be independent, such that they can be combined in
a similar way to separate elements (see Eq. (57)).

where the small indices run over isotope pairs and the
capital ones run over isotopes. Here we introduced the

notation ∇j1
Kφ ≡

(
∂K⊥

j1
, ∂φj1

)⊤
and the 2× 2 covariance

matrix Σ
(j1)
Kφ of the fit parameters K⊥

j1 and φj1, which
is determined by performing ODR on the data points
{(ν̃a1 , ν̃aj )}na=1, as explained in the previous paragraph.

Rather than linear error propagation, the kifit code
estimates the covariance matrix Σd by means of a sim-
ple Monte Carlo approach, in which the input parameters
mA, mA′

and νai , a = 1, . . . , n are sampled from Gaussian
distributions fixed by the experimental central values and
uncertainties (see Eq. (14)), whereas the fit parameters
{K⊥

j1, φj1}mj=2 are sampled from the Gaussian distribu-

tion fixed by the best fit results {〈K⊥
j1〉, 〈φj1〉}mj=2 and

the covariance matrix Σ
(j1)
Kφ:

(K⊥
j1, φj1) ∼N

(
〈K⊥

j1〉, 〈φj1〉,Σ(j1)
Kφ

)
. (55)

For better numerical stability, the Cholesky decom-
position [81] Σd = LL⊤ into two uniquely determined,
lower triangular matrices L, is performed and Eq. (53) is
reformulated as

− logL ∝ 1

2

[
2

n∑

a=1

log(Laa)x+ x⊤x

]
, (56)

where x = L−1d and Laa are the diagonal elements of L.
The numerical stability can be further improved by

employing a regularised version of the covariance matrix,

Σ
(λ)
d = Σd + λIn, where In is the identity matrix and

λ ≪ 1 is a regulator with the default value λ = 0. We
explicitly checked that the spectral decomposition and
the Cholesky decomposition lead to comparable results,
that these are stable and that the associated numerical
uncertainties are negligible.

Since the Fisher information I(αNP) = −E

[
∂2 logL
∂α2

NP

]
,

i.e. the curvature of the log-likelihood with respect to
αNP, is invariant under linear rescaling of d, so are the
confidence intervals for αNP. This was checked explicitly
in the kifit code by varying the normalisation of d.

Having defined the log-likelihood for one set of inde-
pendent isotope shifts, the generalisation to a combined
log-likelihood is straightforward: Assuming zero correla-
tion between the data sets, the total log-likelihood corre-
sponds to the direct sum of the log-likelihoods logL(E),
associated to the chemical elements (or independent data
sets) E = 1, 2, . . .:

− logL(αNP) = −
∑

E

logL(E)(αNP) . (57)

For a fixed value of αNP and a set of input and fit pa-
rameter samples (see Eqs. (14), (55)), the code evaluates
this sum and computes the ∆χ2 values

∆χ2 ≡ 2 (x−Q [x, p]) , (58)
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where x = − logL(αNP) and Q[x, p] denotes the pth per-
centile of the negative log-likelihood values of the full set
of αNP samples. The value of p is a hyperparameter that
can be fixed by the user (min percentile, in kifit).
For p = 0, the minimum of the negative log-likelihood,
min (− logL(αNP)), is computed. The use of small val-
ues of p can reduce the sensitivity to numerical outliers
but too large p-values will lead to an excessive downward
shift of the ∆χ2 values and thus to an overly conservative
confidence interval.
In the next section, we will illustrate how the window

of favoured αNP values is determined in the kifit code,
while in Sec. III C we will discuss how the confidence
intervals and their uncertainties are estimated.
The general structure of the kifit code is illustrated

in Fig. 6.

B. Determining the Search Window (Search Phase)

The purpose of the search phase is to determine a
favoured range of αNP values. These will serve as a pool
for the Monte Carlo sampling that kifit uses to esti-
mate the confidence interval. In the code, two different
search options are implemented:

• The generally faster detlogrid option constructs
a logarithmic grid of αNP values, with limits fixed
by

[αNP|algmin − logrid frac,

αNP|algmax + logrid frac], (59)

where αNP|algmin and αNP|algmax are the minimum and
maximum values found by the algebraic methods
(see Eqs. (10), (15), (32) and (33)), for all possible
combinations of the experimental input data, while
logrid frac is a user-defined additional number of
orders of magnitude used to enlarge the αNP scan
region.

• The globalogrid option performs an even more
agnostic search on a logarithmic grid between
αNP = 10−15 and a maximal exponent which in-
creases with mφ.

As described in the previous section, evaluating the
log-likelihood for a given value of αNP involves sampling
both the input and the fit parameters.
The number of αNP samples used in the search phase,

and the number of input parameters and fit parameters
{K⊥

j1, φj1}mj=2 per αNP sample can be set by the user. The
search window [α↓, α↑] is then fixed by the minimum and
maximum αNP values, α↓ and α↑, whose ∆χ2 values lie
below a ∆χ2 value that is sufficiently large to capture all
potentially interesting regions in αNP space (see Fig. 7).
Although several orders of magnitude have to be

scanned and the Monte Carlo approach only gives re-
liable results if sufficient statistics are available, we find

that both search strategies work and give comparable re-
sults (see Fig. 11).

C. Estimating the Confidence Interval
(Experiment Phase)

Once the search window [α↓, α↑] is fixed, Nexp experi-
ments are performed with the aim of determining a reli-
able confidence interval for αNP. In each experiment:

1. A user-defined number Nα of αNP samples are
drawn from the normal distribution

αNP ∼ N (α∗,max (|α∗ − α↓|, |α↑ − α∗|)) ,

where α∗ is the αNP value within the search window
with the lowest negative log-likelihood.

2. For each of the αNP samples, the input and fit pa-
rameters are sampled as described in Eq. (14) and
(55).

3. Values of ∆χ2 (Eq. (58)) are computed using the
samples determined in the previous steps. We ob-
tain NαNexp points in the (αNP, ∆χ2)-plane (see
Fig. 8).

4. For each experiment e, a confidence interval[
αe
↓, α

e
↑

]
is determined by finding the minimum and

maximum αNP samples whose ∆χ2 values are be-
low the critical ∆χ2 value associated to 2m + 1
degrees of freedom and the number N of σ (N = 2
being the default value, see red horizontal lines in
Fig. 8).

5. For each experiment e, a best fit value αe
∗ is deter-

mined, defined as the αNP value with the smallest
associated negative log-likelihood.

The number of experiments, Nexp, the number of input
and fit parameter samples, the number Nα of αNP

samples and the number N of σ are hyper-parameters
that can be fixed by the user. For a stability analysis,
see Appendix D 1.

Finally, the results of the Nexp experiments are col-
lected and the final estimation of the confidence interval
for αNP is determined in the consolidation phase.

D. Producing Results (Consolidation Phase)

Since numerical simulations are used in kifit to esti-
mate the new physics bounds, we need a robust strategy
to compute both the estimation and its uncertainty. To
do so, we apply a technique inspired by the blocking aver-
age method (BAM), which is commonly used to compute
statistically independent estimations starting from a sim-
ulated set of possibly correlated data [82]. To facilitate
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Simulate experiments Divide into B "big enough" blocks

Estimation at iteration b as average of rst b guesses

Uncertainty at iteration b is the standard 
deviation of the rst b estimations

FIG. 9. Illustration of the blocking method applied to the
estimation of the lower bound (for upper bound: α↓ → α↑).
The Nexp simulated experiments are divided into b = 1, . . . , B
blocks, for each of which the minimum lower bound on αNP,

α
(b)
↓ , is computed. The estimations {α(b)

↓ }
B
b=1 are then used

to compute an iterative average, the final estimation for the
lower bound being 〈α↓〉B .

mφ, i.e. for different values of the X coefficients (see e.g.
Eq. (8)).

Fig. 11 compares the 2σ bounds obtained by the kifit
algorithm (orange) to those obtained using the algebraic
methods for subsets of the isotope shift data. The re-
sults using the Minimal King Plot formula (Eq. (10)) are
shown in blue, the No-Mass King Plot results (Eq. (15))
in green and the results using the projection method
(Eq. (20)) with n = 3 in purple. For each of these meth-
ods, the most stringent limits on αNP are connected by
lines of matching colour. The horizontal black dashed
lines indicate the thresholds between which the plot scale
is linear.

As in Fig. 8, the orange stars and bars represent the
best fit points and their 1σ uncertainties, as obtained by
kifit. Note that at high-mass values the kifit sampling
becomes more challenging: the points drawn to evaluate
the likelihood are more widely spread around the curve
that they trace, and consequently the confidence inter-
vals produced by the experiments exhibit greater vari-
ance than at low masses. To mitigate this effect, it is
advisable to improve the Monte Carlo sampling, for ex-
ample by increasing the number of sampled points, us-
ing variance reduction techniques, or adopting adaptive
strategies in which computational effort grows in propor-
tion to the mass under analysis. In this example we have
kept the simulation parameters fixed, so what we observe
at high masses is, unsurprisingly, larger error bars. Fi-
nally, since we employed a very conservative technique to
define the bounds estimates, it is also reasonable to see
the bounds widen at high masses.
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FIG. 10. Blocking method applied to the estimation of
the upper bound on αNP/αEM after executing the procedure
described in Sec. IIID. These results have been collected from
Nexp = 500 experiments divided into B = 50 blocks.

E. Comparison to a Previous King Plot Fit

As already mentioned in the introduction, the geomet-
ric construction used by kifit (see Section IIIA) is in-
spired by the King plot fit proposed in Ref. [36], but there
are some notable differences in the definition of the log-
likelihood and the fit parameters. These differences will
be discussed in this section.

The fit in Ref. [36] was developed for the case of sim-
ilar uncertainties across all transitions and isotope pairs
(which was the case for the isotope shift data available
at that time) and under the (strong) assumptions of un-
correlated uncertainties. In our notation, the χ2 function
proposed in Ref. [36], takes the form

χ2
a =

m∑

i=1

(
d̂ai

σ[ν̃ai ]

)2

, d̂ai = ν̃ai −
(
Ki1 +

αNP

αEM
γ̃aXi1

)
.

(64)

In order to illustrate the main difference between this
definition of χ2 and Eq. (58), let us consider the 2-
dimensional setup illustrated in Fig. 4, which is char-
acterised by one inclination angle φ21. In this case the

elements d̂ai take the particularly simple form

d̂a1 = ‖d a‖ sinφ21 , d̂a2 = ‖d a‖ cosφ21 , (65)

such that Eq. (64) reads

χ2
a = ‖d a‖2

{(
sinφ21

σ[ν̃a1 ]

)2

+

(
cosφ21

σ[ν̃a2 ]

)2
}

, (66)

where ‖d a‖2 = ‖∆a‖ cosφ21.
Eq. (66) explicitly shows how separately normalising

the components of d a by the uncertainties σ[ν̃ai ] dis-
torts the fit: If the data set under consideration has
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3.
[
αLB
NP, α

UB
NP

]
: What are the minimum and maximum

αNP values whose ∆χ2 values are below the critical
∆χ2 value associated to 2m+1 degrees of freedom
and Nσ?

In the rest of the section, we will contrast these ap-
proaches in more detail, discuss their respective advan-
tages and disadvantages, present our results and suggest
when to apply which method.

A. Blind Directions

Since both approaches are based on the King plot for-
malism, they inherit the blind directions of the King plot:
As discussed in Section IIA, in particular in Eqs. (11)
and (12), the King plot method is only sensitive to effects
that have a component orthogonal to the mass shift or
the field shift, i.e. that lead to a “misalignment” both in
transition space and in isotope pair space. In a standard
King plot in transition space such a misalignment man-
ifests itself in a deviation from the King line (Eq. (5)).
This is the effect that the King plot fit looks for. Equiva-
lently, it can be viewed as a component orthogonal to the
plane of King linearity fixed by the basis vectors µ and
δ〈r2〉 (or equivalently 1 and ν̃1, as in Fig. 2) in isotope
pair space. This is the effect exploited by the algebraic
methods and the nonlinearity decomposition (Eq. (23)).
The blind directions of the King plot method and their

manifestations in the algebraic methods and on the King
plot fit kifit are summarised in Table II: Using the
notation of Eq. (12), they can be described by vanishing
determinants of the matrix of electronic or nuclear
factors or, in kifit, either by an alignment of the elec-
tronic coefficients Xj/X1 and Fj1 = Fj/F1 leading to a
vanishing coefficient Xj1 → 0, or by a global shift of the
King line, which cannot be distinguished from a redefini-
tion of the electronic mass shift coefficient K (see Fig. 4).

Another common feature of the fit and the algebraic
methods which is inherited from the King plot, is the in-
sensitivity to the experimental uncertainties parallel to
the King line: Whereas this is true by construction for
the King plot fit (see Fig. 4), it is less obvious in the
case of the algebraic methods. In Appendix C we check
explicitly that the effect of the isotope shift uncertain-
ties parallel to the King line has a negligible impact on
σ[αNP].

B. Geometric Construction & Form of Data Sets

The most obvious difference lies in the geometric con-
structions. The algebraic methods compare volumes con-
structed from a combination of data points and predic-
tions (see Fig. 1), providing one constraint on αNP per
data set. It is for this reason that the data sets used
by the algebraic methods must have a fixed size (see Ta-
ble I).

Algebraic Methods kifit

det(N )→ 0 γ̃a → 〈γ̃〉 ∀a

det(M)→ 0 Xj1 → 0 ∀j

TABLE II. Blind directions of the King plot method and how
they manifest themselves in the algebraic methods and in
the fit. The matrices M and N are defined in Eq. (12) and
(16) for the cases of the simple King plot and the No-Mass
King Plot, respectively, whereas Xj1 and 〈γ̃〉 are defined in
Eqs. (41) and (43), respectively.

The fit, on the other hand, minimizes the distances
‖d a‖ of the data points ν̃a from the set of King lines
{ℓ(a)}na=1, which are determined by a combination of the
best linear fit to data, ℓ(0), and the predicted nonlinear-
ity induced by new physics (see Fig. 4). Since the fit
is based on a log-likelihood, which sums over the data
points (Eq. (52)), it can handle data sets of dimension
(n,m), with 3 ≤ n and 2 ≤ m, but where n and m
are independent (see Table I), and also combine multiple
data sets, enabling global fits to data. This makes the
fit particularly valuable for the search for new physics,
which is expected to couple in the same way to electrons
and neutrons, irrespective of the element.

Size of Data Sets

Whereas the algebraic methods work best for small
data sets, the fit relies on the presence of sufficiently
large and diverse data sets. When this is not the case,
there is a risk of overfitting. Overfitting happens when
a statistical model is too expressive for a given dataset.
The optimal fit parameters are obtained by learning the
statistical fluctuations or any other source of error. For
example, using a data set with two points only, we would
obtain a perfect interpolation and could define a margin
for new physics in the form of a finite value for σ[αNP],
but at the same time, we would be performing maxi-
mum over-fitting: All data is used to fix the fit param-
eters {K⊥

j1, φj1}mj=2 and the bound on the remaining fit
parameter αNP is meaningless. Indeed, in order to fit
2(m − 1) + 1 = 2m − 1 degrees of freedom with n data
points, each of which contributes an additional scalar
constraint (distance ‖d a‖), n ≥ 2m − 1 data points are
required (see also Table I).

Data sets with just 2 transitions and 2 isotope pairs
are not considered in King plots for precisely this reason.
However, since the statistical uncertainty associated to
the spread of the points is expected to scale as 1/

√
n, the

fit, which minimises the distances from the data points to
the King line, will significantly underestimate the bounds
on |αNP| in the limit of sparse data.

In Appendix E, we generate mock data starting from a
set of linear relations. This allows us to study the impact
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uncertainty [84]) and Cd (6 stable isotopes of which 5
are even, plus one even isotope with τ1/2 ∼ 1019 y;
Ref. [85] reached a resolution of few MHz for isotope
shifts in two transitions), plus the hitherto unexploited
metastable isotopes in Ca and Yb, amongst others.
Recently, several additional isotope shift measure-

ments were completed: Ref. [86] achieved a precision be-
low 10Hz in the 431 nm transition in neutral Yb; Ref. [87]
reduced the uncertainty of isotope shifts in the 369 nm
and 935 nm transitions in Yb+ to the sub-MHz level;
Ref [88] measured isotope shifts in four metastable state
transitions in Yb+ at 30MHz and sub-MHz level. The
isotope shift in the fine structure splitting of P states
in Kr+ was measured at sub-MHz precision in Ref. [89].
Isotope shifts measured at sub-10MHz precision in Th3+

were reported in Ref. [90]. Ref. [91] determined isotope
shifts in 3 isotope pairs in Rydberg transitions of Sr (in-
cluding the odd isotope 87Sr) at a sub-MHz precision.
Ref. [92] extended the King plot analysis to isotope shifts
in diatomic molecules. These developments add to the
growing treasure of isotope shift data and pave the path
towards high-precision isotope shifts in a multitude of
elements and even molecules.
Whereas the current version of the kifit code is lim-

ited to King plots that are linear within uncertainties,
King plot nonlinearities could be included in future ver-
sions, e.g. by subtracting them as in Ref. [43], provided
accurate predictions or complementary experimental in-
put are available. The framework provided by the kifit
code might even be applied to obtain insights into higher-
order nuclear effects in a data-driven way, as was sug-
gested in Ref. [50].
Note that all King plot searches for new physics, in-

cluding kifit, rely on predictions for the electronic co-
efficients that enter the new physics term, while the
analysis of nonlinear King plots using kifit-like setups
would additionally require predictions for higher-order
SM terms. For this reason, it may be beneficial to fo-
cus on elements whose dominant King nonlinearities are
higher-order mass shifts, in which case the nuclear contri-
butions can be determined from experimental data and
the electronic coefficients can be predicted with compar-
atively good precision [43, 52]. In systems where the
second-order mass shift is the only resolvable King non-
linearity, the Nuclear Input King Plot formula presented
in this work can be employed to extract the new physics
coupling from isotope shift data for just two transitions
and four isotope pairs.
In conclusion, we encourage experimentalists to

measure isotope shifts across additional transitions

and isotopes, even if the initial precision is lower than
that of the best current measurements. Additional
data points can help eliminate higher-order effects in
the isotope shift equations and stabilise the bounds
on new physics. They also provide new insights into
nuclear structure and can thus be used to refine nuclear
models. If new isotope shifts are measured before the
corresponding isotope masses, the No-Mass King Plot
and its generalised version facilitate a first analysis of
the new data and indicate the required precision of the
mass measurements to achieve competitive sensitivity
to new physics and the nuclear shape. Ultimately, it is
the combination of new measurements, advancements in
atomic and nuclear structure theory and global (King
plot) analyses that will enhance the sensitivity to new
physics and to nuclear effects.
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Appendix A: Calculation of Electronic Coefficients
in Ca+

In this section we present some details of the calcula-
tion of the electronic new physics coefficients in Ca+ 12.
Similar to Ref. [29], we applied the finite field method.
In this approach, the new physics potential

VNP(r,mφ) = λ
1

4πr
e−mφr (A1)

is directly added to the Hamiltonian in the Dirac equa-
tion, including a dimensionless scaling parameter λ.
Then, the eigenenergies of the considered states are cal-
culated by solving the Dirac equation for different val-
ues of the parameter λ. Finally, the X coefficient can
be extracted by taking the numerical derivative of the
eigenenergies with respect to λ:

Xi =
∂Ei (λ)

∂λ

∣∣∣∣
λ=0

. (A2)

In a similar manner, the FS coefficients Fi are evaluated
by calculating the energies for different nuclear radii and
taking the numerical derivative of the eigen-energies with
respect to δ〈r2〉:

Fi =
∂Ei (λ)

∂δ〈r2〉

∣∣∣∣
δ〈r2〉=0

. (A3)

To obtain the eigenenergies, electronic structure calcu-
lations are performed using the AMBiT code, which is
based on a combination of configuration interaction (CI)
and many-body perturbation theory (MBPT) (see e.g.
Refs. [93–96]) and is thoroughly described in Ref. [59].
The specifics of the calculations for Ca+ are overviewed
in the appendices of Ref. [43].

The results for the X and F coefficients are sum-
marised in Tab. IV and Fig. 15 and are in good
agreement with reference values from [52].

As discussed in the main text in the high-mass regime
the ratio of the X coefficients approaches the ratio of
field shift coefficients, leading to the loss of sensitivity
to new physics. Since even a small discrepancy between
the experimental and theoretical values of the field shift
ratio Fj/Fi can significantly impact the high-mass behav-
ior of the bounds on new physics, the X coefficients are
rescaled so that in the high-mass limit the ratio Xj/Xi

approaches the experimental field shift ratio F exp
j /F exp

i ,
which is obtained from a linear fit to King plot measure-
ments.

Note that the conventions for the new physics coeffi-
cients (referred to as D coefficients e.g. in Refs. [48, 49])

12 The X coefficients for Yb used in this paper were calculated in
Ref. [47–49] and obtained from J. Berengut via personal commu-
nication.
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Transition (i)
∆E Fi Ki Xi(mφ = 1 keV) Xi(mφ = 104 keV)

[eV] [eV/fm2] [eV·u] [eV] [eV]

ν397: 3p
64s 2S1/2 → 3p64p 2P1/2 3.16 −1.19× 10−6 1.11 1.29× 10−4

3.12 [97] −1.18× 10−6 [52] −1.59× 10−3 [52]

ν732: 3p
64s 2S1/2 → 3p63d 2D3/2 1.677 −1.559× 10−6 −2.95 1.71× 10−4

1.692 [97] −1.567× 10−6 [52] −1.017× 10−2 [52]

ν729: 3p
64s 2S1/2 → 3p63d 2D5/2 1.685 −1.557× 10−6 −2.93 1.70× 10−4

1.700 [97] −1.565× 10−6 [52] −1.012× 10−2 [52]

TABLE IV. Transition energies (∆E) and electronic field shift (Fi), mass shift (Ki) and new physics (Xi) coefficients for three
transitions in Ca+. Values of ∆E, Fi and Xi were calculated using the CI + MBPT method implemented in AMBiT [59] (see
also Appendix A). The latter are reported for two different values of the mediator mass mφ. The results are in good agreement
with the transition energies given in Ref. [97] and the electronic coefficients of Ref. [52]. The values for Ki are taken from
Ref. [52]. Values for νDSIS can be obtained from the difference of ν729 and ν732. In Ref. [52], the uncertainties on Fi and Ki

are estimated to be 5% and 10%, respectively. For Xi, we estimate the uncertainty to be about 10%.

Appendix C: Projection of Uncertainties

To better understand how the uncertainties on the
measured isotope shifts and atomic masses propagate to
the bounds on the new physics coupling, we can project
the experimental uncertainties onto the directions paral-
lel and perpendicular to the King line and evaluate their
impact on the uncertainty on αNP:

Σα
‖ =

(
∇ν̃αNP

)⊤
P‖Σν̃P‖∇ν̃αNP ≡

(
σ[αNP]

(1)
KP,‖

)2

Σα
⊥ =

(
∇ν̃αNP

)⊤
P⊥Σν̃P⊥∇ν̃αNP ≡

(
σ[αNP]

(1)
KP,⊥

)2

Σα
‖⊥ =

(
∇ν̃αNP

)⊤
P‖Σν̃P⊥∇ν̃αNP = (Σα

⊥‖)
⊤ , (C1)

Here the superscript (1) indicates that we are applying
linear error propagation, whereas

∇ν̃αNP =




∂αNP

∂ν̃1
1

· · · ∂αNP

∂ν̃1
m

...
. . .

...

∂αNP

∂ν̃n
1

· · · ∂αNP

∂ν̃n
m




(C2)

corresponds to the gradient of αNP with respect to the
n×m mass-normalised isotope shifts {ν̃ai }1≤a≤n

1≤i≤m (points

in the King plot), and

Σν̃ =




Σ11
ν̃ · · · Σ1n

ν̃

...
. . .

...

Σn1
ν̃ · · · Σnn

ν̃




(C3)

denotes the (m×m×n×n)-dimensional covariance ma-
trix of the set of n mass-normalised isotope shift vectors
{ν̃a}na=1. The entries of Σν̃ are (m × m)-dimensional
covariance matrices associated to ν̃a = (ν̃a1 , . . . , ν̃

a
m) and

ν̃b = (ν̃b1, . . . , ν̃
b
m):

Σab
ν̃ =




Cov(ν̃a1 , ν̃
b
1) · · · Cov(ν̃a1 , ν̃

b
m)

...
. . .

...

Cov(ν̃a1 , ν̃
b
m) · · · Cov(ν̃am, ν̃bm)




, (C4)

where

Cov(ν̃ai ,ν̃
b
j ) =

m∑

k=1

n∑

c=1

(
∂ν̃ai
∂νck

σ[νck]
2
∂ν̃bj
∂νck

+
∂ν̃ai
∂mc

σ[mc]2
∂ν̃bj
∂mc

+
∂ν̃ai
∂mc′

σ[mc′ ]2
∂ν̃bj
∂mc′

)
,

(C5)

assuming the isotope shift and mass measurements are
independent. The objects P‖ and P⊥ in Eq. (C1) are
n × n ×m ×m-dimensional projectors onto the parallel
and perpendicular directions,

P‖ =✶n ⊗ P‖ = diag
(
P‖, . . . , P‖

)
n

(C6)

P⊥ =✶n ⊗ P⊥ = diag (P⊥, . . . , P⊥)n . (C7)

Here ⊗ denotes the tensor product and P‖ and P⊥ are
the m×m-dimensional projectors

P‖ =êF ê⊤F , P⊥ =✶m − êF ê⊤F , (C8)

P 2
‖ =P‖ , P⊤

‖ = P‖ , P 2
⊥ =P⊥ , P⊤

⊥ = P⊥ , (C9)
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the new boson masses mφ (each line corresponding
to a separate value of mφ). In the current version
of kifit, the sig Xcoeffs files are not employed.

ISinstitutions and massinstitution list the insti-
tutions where the isotope shift measurements con-
tained in nu and the isotope masses measurements
contained in isotopes datafiles were respectively car-
ried out, while year reports the year of the most re-
cent isotope shift measurements collected in the folder.
If no massinstitution is specified, isotope masses
measurement are taken from either AME2020 [101]
or AME2016 [66], as reported in the heading of
the isotopes datafiles. Similarly, the heading of
ISinstitutions datafiles reports, in shorthand nota-
tion, the publications from which we extracted the iso-
tope shift measurements, as well as for the electronic
transition. Table V provides a list of the data folders
available within kifit, the shorthand notation adopted
to refer to the institutions and the “dimension” of the
dataset, i.e. number of transitions (m) and isotope pairs
(n).
In order for the element elem to become a “valid”

kifit element, its identification (e.g. elem) needs
to be added to the list of elements collected in
kifit/src/user elements.py.

Setting up the Simulation Parameters

The kifit run can be customised through various hy-
perparameters. These can be parsed by kifit directly
via the command line, or provided in the form of a JSON
file. An example kifit configuration could be the follow-
ing:

1 # config.json

2 {

3 # Here we list the elements whose data is to

be combined:

4 "element_list": ["elem", "extra_elem"],

5 # When more than one element is listed above

, use globalogrid:

6 "search_mode": "globalogrid",

7 # Experiments and block sizes for blocking

8 "num_exp": 100,

9 "block_size": 20,

10 # Sampled points in the MC

11 "num_alphasamples_search": 500,

12 "num_elemsamples_per_alphasample_search":

500,

13 "num_elemsamples_exp": 500,

14 "num_alphasamples_exp": 500,

15 "min_percentile": 2,

16 # The target mass indices

17 "x0_fit": [0],

18 "x0_det": [0],

19 "gkp_dims": [3],

20 # Algebraic methods ’ params

21 "nmgkp_dims": [3],

22 "proj_dims": [3],

23 "num_det_samples": 5000,

24 "num_sigmas": 2,

25 }

More parameters can be added to the configuration file,
and we recommend referring to the official documenta-
tion for a more detailed explanation.

Running the Algorithm

Once the input files are organised and the kifit con-
figuration is defined, we can write a python script to com-
pute the estimation of the new physics bounds. As shown
in Fig. 19, we use a Runner object (Runner.config) to
share information among the kifit tools.

1 from kifit.run import Runner

2 from kifit.config import RunParams

3

4 # Set the kifit parameters given in the

configuration file

5 # (Leave the arguments empty if parsing from

command line)

6 params = RunParams(configuration_file="config.

json")

7

8 # initialize the runner

9 runner = Runner(params)

10

11 # Run

12 runner.run()

13

14 # If needed , generate plots

15 runner.generate_all_alphaNP_ll_plots ()

Collecting results

The output of kifit is stored in the kifit/results
folder, which can contain two sub-folders: output data,
containing the numerical results in the form of JSON
files, and plots, containing the final plots plus the
real-time plots, if requested by the user. Once a
kifit run is completed and the numerical results are
collected, the user can exploit the same configura-
tion file as above to process data and generate more
plots, using the functions provided in plot.py. (Sim-
ply replace runner.run() with a command such as
runner.generate all alphaNP ll plots().)

3. Validation of the Algorithm

We performed a series of validation simulations to
highlight the robustness to the procedure sketched above,
and to gain a better understanding of the optimal hyper-
parameters required to run a kifit experiment. Table VI
lists the benchmark values, while the bar plots in Fig. 20
illustrate the stability of the code as we vary one of the
hyperparameters after the other.

The sensitivity of the code to the choice of the refer-
ence transition was investigated explicitly. Although the
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kifit folder Isotope shifts Masses n×m

Ca PTB 2015 Gebert2015 [26] [101] 3× 2

Ca WT Aarhus 2020 Knollmann2019[98]+Solaro2020 [41] [101] 4× 2

Ca WT Aarhus 2024 Solaro2020 [41], Knollmann2023 [99], Chang2024 [102] [101] 4× 2

Ca WT Aarhus PTB 2020 Knollmann2019 [98], Solaro2020 [41], Gebert2015 [26] [101] 3× 4

Ca WT Aarhus PTB 2024 Knollmann2023 [99], Chang2024 [102], Gebert2015 [26] [101] 3× 4

Ca24min Knollmann2023 [99], Chang2024 [102] [66] 3× 2

Camin Knollmann2019 [98], Solaro2020 [41] [66] 3× 2

Ca testdata Knollmann2019 [98], Solaro2020 [41], Gebert2015 [26] [66] 3× 4

Ca3pointsTEST * Knollmann2023 [99], Chang2024 [102] [66] 3× 2

Ca4pointsTEST * Knollmann2023 [99], Chang2024 [102] [66] 4× 2

Ca10pointsTEST mock data [66] 10× 2

Yb Kyoto MIT GSI 2022 Ono2022 [72], Counts2020 [48], Hur2022 [49], Figueroa2022 [47] [66] 4× 5

Yb Kyoto MIT GSI PTB 2024 Ono2022 [72], Door2024 [50], Counts2020 [48], Figueroa2022 [47] [66] 4× 5

Yb Kyoto MIT GSI PTB MPIK 2024 Ono2022 [72], Door2024 [50], Counts2020 [48], Figueroa2022 [47] [50] 4× 5

Yb PTB MPIK 2024 Door2024 [50] [50] 4× 2

TABLE V. kifit data folders with the corresponding references (2nd & 3rd columns) and dimensions (number of transitions
m and isotope pairs n, 4th column). The datafiles marked with an asterisk use artificially modified uncertainties for the isotope
shifts and were used as test datafiles. The mock data for Ca10pointsTEST was generated using Eq. (1), the electronic coefficients
from Tab. IV and the nuclear masses and charge radii from Refs. [25, 66], plus small artificial King nonlinearities.

Hyperparameter Value

num elemsaples per alphasample search 500

num exp 200

block size 20

min percentile 5

num alphasamples exp 500

num elemsamples exp 500

TABLE VI. Default values of the kifit hyperparameters set
in our validation test. In Fig. 20 these values are varied one
by one to investigate their impact on the kifit estimation.

reference transition seems to play a special role in the
construction of the King plot fit (see e.g. Eqs. (37), (41)
or Fig. 4), the relations between the reference transition
and the other transitions are symmetric and

|daji| = |daij | , (D1)

where we denoted daj ≡ daji (see Eq. (48)), i.e. we explic-
itly mentioned the reference transition i.

This property is particularly easy to observe in the 2-

dimensional case:

|da21| =|δa21 cosφ21|

=

∣∣∣∣
αNP

αEM
(X2 − tanφ21X1)

(
γ̃a − 〈γ̃〉2

)
cosφ21

∣∣∣∣
(∗)

=

∣∣∣∣
αNP

αEM
(tanφ12X2 −X1)

(
γ̃a − 〈γ̃〉1

)
cosφ12

∣∣∣∣
=|δa12 cosφ12| = |da12| , (D2)

where in (∗) we assumed that 〈γ̃〉2 = 〈γ̃〉1, which is the
case if we employ the definition given in Eq. (47).

The symmetry of the log-likelihood construction can
be observed in Fig. 21, which shows the outputs of one
of the our numerical tests of kifit (can be found in
the kifit/src/tests folder). Both were produced us-
ing the same input data (central values and uncertain-
ties of the mass and frequency measurements) and αNP

samples, but the upper plot in Fig. 21 shows the ∆χ2

values computed using the manifestly symmetric version
of σ[δai1] (Eq. (47)), while the definition given in Eq. (44)
was used in the making of the lower plot in Fig. 21. The
different colours represent different sets of samples of the
input parameters (transition frequencies and masses, see
Eq. (14)) and fit parameters K⊥

21 and φ21 (see Eq. (55)):
The label “Ca ji, Ca lk samples”, means that the ele-
ment Ca with the set of transitions k, l, where k is the
reference transition, was used to generate samples of the
input parameters and fit parameters, and that the ∆χ2

function associated to the element Ca ji, where i is the
reference transition, was evaluated. As can be seen in
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FIG. 20. Estimated αNP/αEM values (central dots) and bounds (bars) obtained executing kifit. The subplots show the impact
of varying one of the relevant hyperparameters at a time.

Fig. 21, the manifestly symmetric version of 〈γ̃〉 given
in Eq. (47) leads to a ∆χ2 that is invariant under the
exchange of transitions (12 → 21). The ∆χ2 values vary
slightly between different sets of samples (Ca 21 samples
vs. Ca 12 samples), but this is precisely the spread which
is captured in the experiment phase (Section III C) and
by the blocking method described in Section IIID. This
spread is present between all four sets of results when
using the definition for 〈γ̃〉 given in Eq. (44) (Fig. 21).
A number of complementary tests were directly imple-

mented as pytests in the kifit code. A non-exhaustive
list of the tests is given in the following. For details,
please directly check the kifit/src/tests folder.

test build

• Loading elements, checking dimensions of input
data.

• Comparison of results of ODR and linear regression
in linear fit to King plot data.

• Numerical cross-checks of kifit construction
against results obtained with Mathematica.

• Numerical cross-checks of implementation of alge-
braic methods in kifit against results obtained
with Mathematica.

test detools

• Numerical cross-checks of uncertainties computed
for algebraic methods in kifit against results ob-
tained with Mathematica.

• Plot distribution of αNP values.

test fitools

• Numerical cross-checks of kifit construction for
single point (sample) in parameter space against
results obtained with Mathematica. The procedure
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(38), (49)):

δ(a,m,s) =
1

σ
√
m
‖∆(a,m,s) − (∆(a,m,s) · êf )êf‖ (E4)

with

∆(a,m,s) =
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(E5)

and êf = (1, b
(a,s)
1 , . . . , b

(a,s)
m ), and a normalisation σ

√
m

that captures the asymptotic behaviour of the uncertain-
ties on the sum. We then define

δ(n,m) ≡
〈
1

n

n∑

a=1

δ(a,m,s)

〉

(s)

,

σ[δ(n,m)] ≡σ

[
1

n

n∑

a=1

δ(a,m,s)

]

(s)

,

(E6)

where 〈.〉(s) and σ[.](s) denote the average and the stan-

dard deviation over the samples (s). In Fig. 23, δ(n,m)

and σ[δ(n,m)] are plotted as a function of the number of

points n and for different dimensions m. δ(n,m) can be
viewed as the average distance, normalised by the ex-
perimental uncertainties, of a point a in a data set of
size n to the best-fit line. δ(n,m) increases with n be-
cause the uncertainty on the distance to the line receives
an additional contribution from the increasing spread
of the data points, which for the mock data employed
here has variance σn (see Eq. (E2)). This residual n-
dependence is again captured by a function of the form
f(n) = θ1/

√
n− θ2 + θ3, this time with (θ1, θ2, θ3) ≈

(−0.6, 1.6, 1) for the first 15 points in m = 2 dimensions.
Fig. 23 shows that increasing the number of data points
from 3 by a few can significantly improve the reliability
of the fit results.

The m-dependence of δ(n,m) is less pronounced, as can
be observed in Fig. 24. Nonetheless, measurements of
additional transitions can improve the heterogeneity of
the data and thus the reliability of the bounds on αNP.

Appendix F: Isotope Shift and Atomic/Nuclear
Mass Data

In Tables IX and X, we collect the available isotope
shift measurements for Ca and Yb. The most recent
measurements for the isotope masses can be found in
Tables VII and VIII. We mark with an asterisk the values
that are included in the kifit folders.
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Isotope A mA [amu] [103] mA [amu] [66] mA/m40 [43]

40 39.962590866(22) 39.962590851(22) 1

42 41.95861783(16) 41.95861778(16) 1.049 961 066 498(15)

44 43.9554815(3) 43.9554815(3) 1.099 943 105 797(15)

46 45.9536880(24) 45.9536877(24) 1.149 958 773 895(30)

48 47.95252290(10) 47.952522654(19) 1.199 990 087 090(40)

TABLE VII. Atomic masses of Ca isotopes from Refs. [66, 103]. The third column shows the ratios of bare nuclear masses to
the mass of isotope A = 40, as reported in Ref. [43].

Isotope A mA [amu] [103] mA [amu] [66] mA/m172 [50]

168 167.9338891(13) 167.93389130(10) 0.976715921749(4)

170 169.934767246(11) 169.934767243(11) 0.988355799258(4)

172 171.936386659(15) 171.936386654(15) 1

174 173.938867548(12) 173.938867546(12) 1.011649212140(4)

176 175.942574709(16) 175.942574706(16) 1.023305557965(4)

TABLE VIII. Atomic masses of Yb isotopes from Refs. [66, 103]. The third column shows ratios of bare nuclear masses to the
mass of isotope A = 172, as reported in Ref. [50].
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(A,A′)
Ca+:42S1/2 → 32D5/2 Ca+:32D3/2 → 32D5/2 Ca+:4s2S1/2 → 4p2P1/2

[729 nm] DD [397 nm]

(40, 42)

∗2 771 872 467.6(7.6) [98] ∗-3 519 896(24) [41]
∗425 706 000(94 000) [26]

2 771 873 000(2000) [41] ∗-3 519 910(9.7) [102]
425 490 000(150 000) [104]

2 771 872 430.217(27) [43] -3 519 944.6(60) [43]

(40, 44)

∗5 340 887 394.6(7.8) [98] ∗-6 792 470(22) [41]
∗849 534 000(74 000) [26]

5 340 888 000(2000) [41] ∗-6 792 440(6) [102]
849 000 000(140 000) [104]

5 340 887 395.288(38) [43] -6 792 440.1(59) [43]

(40, 46)
∗7 768 401 000(2000) [41]

∗-9 901 524(21) [41]
∗1 297 610 000(340 000)

[104]

7 768 401 432.916(63) [43]

∗-9 901 520(2828.43) [102]

-9 901 524(21) [43]

(40, 48)

9 990 382 525.0(4.9) [99] -12 746 610(27) [41]
1 705 389 000(60 000) [26]

9 990 383 000(2000) [41] ∗-12 746 600(7.5) [102]
1 705 460 000(140 000) [104]

9 990 382 526.834(55) [43] -12 746 588.2(57) [43]

(A,A′)
Ca+:42S1/2 → 32D3/2 Ca+: 42S1/2 → 4p 2P3/2 Ca+:3d2D3/2 → 4p2P1/2

[732 nm] [393 nm] [866 nm]

(40, 42) 2 775 392 374.8(6.0) [102]
426 040 000(150 000) [104]

∗-2 349 974 000(99 000) [26]

425 932 000 (71 000) [27]
2 366 000 000(59 000 000) [105]

2 352 100 000(2 100 000) [38]

(40, 44) 5 347 679 835.4(5.9) [102]
850 090 000(140 000) [104]

∗-4 498 883 000(80 000) [26]

850 231 000(65 000) [27]
4 509 000 000(24 000 000) [105]

4 499 300 000(2 300 000) [38]

(40, 46)
1 299 070 000(580 000) [104]

1 301 000 000(3 600 000) [106]

(40, 48) 10 003 129 115.1(5.7) [102]
1 707 580 000(160 000) [104] ∗-8 297 769 000(81 000) [26]

1 707 945 000(67 000) [27] 8 296 700 000(3 200 000) [38]

(A,A′)
Ca+: 2D5/2 →

2 P3/2 Ca+:2D3/2 →
2 P3/2 Ca14+: 3P0 →

3P1

[854 nm] [850 nm] [570 nm]

(40, 42)
2 272 000 000(94 000 000) [105] 2 359 000 000(64 000 000) [105]

539 088 421.24(12) [43]
2 347 600 000(3 900 000) [38] 2 351 450 000(700 000) [38]

(40, 44)
4 510 000 000(19 000 000) [105] 4 538 000 000(27 000 000) [105]

1 030 447 731.64(11) [43]
4 489 800 000(3 600 000) [38] 4 497 270 000(900 000) [38]

(40, 46) 6 470 100 000(2 400 000) [38] 1 481 135 946.74(14) [43]

(40, 48) 8 277 900 000(5 000 000) [38] 8 295 060 000(1 100 000) [38] 1 894 297 294.53(14) [43]

TABLE IX. Isotope shifts of Ca+ and Ca14+, expressed in Hz. Values included in kifit are marked with an asterisk. Notice
that Ref. [102] reports measurements of the 42S1/2 → 32D3/2 transition, and the corresponding DD-transition values are derived

therein from their measurement of 42S1/2 → 32D3/2 and the 42S1/2 → 32D5/2 reported in Ref.s [41, 98, 99]. Similarly, the

DD-transition values reported in Ref. [43] are derived from their measurement of 42S1/2 → 32D5/2 and the 42S1/2 → 32D3/2

reported in Ref.[102].
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(A,A′)
(α) Yb+:2S1/2 →

2 D5/2 (β) Yb+:2S1/2 →
2 D3/2 (γ) Yb+: 2S1/2 →

2 F7/2

[411 nm] [436 nm] [467 nm]

(168, 170)
∗2 179 098 930(210) [48] ∗2 212 391 850(370) [48]

∗-4 438 160 300(500) [49]
∗2 179 098 868.0(5.3) [50] ∗-4 438 159 671.1(15.7) [50]

(170, 172)
∗2 044 854 780(340) [48] ∗2 076 421 580(390) [48]

∗-4 149 190 380(450) [49]
∗2 044 851 281.0(4.9) [50] ∗-4 149 190 501.1(15.7) [50]

(172, 174)
∗1 583 068 420(360) [48] ∗1 609 181 470(220) [48]

∗-3 132 321 600(500) [49]
∗1 583 064 149.3(4.8) [50] ∗-3 132 320 458.1(15.7) [50]

(174, 176)
∗1 509 055 290(280) [48] ∗1 534 144 060(240) [48]

∗-2 976 391 600(480) [49]
∗1 509 053 195.8(4.7) [50] ∗-2 976 392 045.3(15.7) [50]

(168, 172) -8 587 352 000(470) [49]

(170, 174) 3 627 922950(500) [48] 3 685 601950(330) [48] -7 281 511 880(450) [49]

(172, 176) -6 108 712 930(440) [49]

(A,A′)
(ǫ) Yb:1S0 →

1 D2 (δ) Yb:1S0 →
3 P0 Yb:4f146s21S0 ←→ 4f135d6s2

[361 nm] [578 nm] [431 nm]

(168, 170) ∗1 781 785 360(710) [47] ∗1 358 484 476.2(2.2)tot [72]
-1 753 930 000(3000)stat [107]

-1 753 952 000(26 000) [73]

(170, 172) ∗1 672 021 510(300) [47] ∗1 275 772 006(2.8)stat [72]
-1 630 050 000(3000)stat [107]

-1 630 028 000(26 000) [73]

(172, 174) ∗1 294 454 440(240) [47] ∗992 714 586.6(2.1)tot [72]
-1 180 614 000(2000)stat [107]

-1 180 616 000(25 000) [73]

(174, 176) ∗1 233 942 190(310) [47] ∗946 921 774.9(2.9)tot [72]
-1 115 766 000(6000)stat [107]

-1 115 787 000(24 000) [73]

(168, 172) 3 453 805 270(83) [47]

(172, 176) 2 528 396 500(34) [47]

(A,A′)
Yb+: 62S1/2 → 62P o

1/2 Yb+:62S1/2 → 62P o
3/2 Yb: 61S0 → 63P o

1

[369 nm] [329 nm] [556 nm]

(168, 170) -1 368 630 000(500000) [44]

(170, 172) -1 623 300(800) [108] -1 459 000(21000) [109] -1 286 470(500) [44]

(172, 174) -1 275 300(700) [108] -1 154 000(11000) [109] -1 000 280(500) [44]

(172, 176) -2 492 800(1000) [108] -2 259 000(13000) [109] -1 955 040(500) [44]

(174, 176) -954 760 000(5000000) [44]

(A,A′)
Yb+: 1S0 →

1 P1

[399 nm]

(174, 168) 1 888 800 000(110 000) [46]

(174, 172) 1 190 360 000(490 000) [46]

(174, 172) -250 780 000(330 000) [46]

(174, 176) -508 890 000(090 000) [46]

TABLE X. Isotope shifts for Yb and Yb+, expressed in Hz. Values included in kifit are marked with an asterisk. Isotopes
used in this work are organised in pairs (A,A′) with A′ = A + 2. The data for the other isotope pairs can be used for cross-
checks.


